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SYMBOLS AND DEFINITIONS

VPS — vertical plane of symmetry
HPS — horizontal plane of symmetry
TE — transverse electric
™ — transverse magnetic

o LSE — longitudinal section electric

5 LSM — longitudinal section magnetic

- QLSE — quasi-LSE

' QLSM — quasi-LSM
FHOM — first higher order mode
DRWG — double ridged waveguide (empty)
DSLRWG — dielectric slab loaded rectangular waveguide
DLDRWG - dielectric loaded double ridged waveguide
Pgpy — peak power breakdown
Puve — maximum voltage equivalent power
(M.E) — magnetic wall at VPS, electric wall at HPS
(E.E) — electric wall at VPS, electric wall at HPS
(M.M) — magnetic wall at VPS, magnetic wall at HPS
(E.M) — electric wall at VPS, magnetic wall at HPS
BW — bandwidth
j - V=T
w — radian frequency
f — cyclic frequency
€ — permittivity
€, — relative permittivity
Mo — permeability of free space
p — x-directed component of wave vector
k — vy-directed component of wave vector
J¢] — z-directed component of wave vector
@ — loss term of complex propagation constant
y — complex propagation constant, = o + jg
) — Kronecker delta function
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AN INVESTIGATION OF
DIELECTRIC LOADED RIDGED WAVEGUIDE

1.0 INTRODUCTION

1.1 Background

Many types of transmission media are used in the microwave portion of the frequency spectrum
for guidance of electromagnetic eneryy. Waveguide, coaxial cable, twin lead, stripline, and micro-
strip constitute some of the more common types, and a variety of different configurations exists for
each. In this report such waveguide types as dielectric waveguide and coplanar waveguide are not con-
sidered, and the term waveguide is restricted to mean conducting cylindrical tubes with a uniform, but
not necessarily homogeneous, cross-sectional geometry.

Two important characteristics of waveguide are: (1) low insertion loss and (2) high-power capabil-
ity. In both of thase categories, waveguide is distinctly superior to other transmission media, and for
many high-power applications, waveguide is the only choice. Waveguide is not without its disadvan-
tages, however. Factors such as size, weight, and cost are outside the scope of this investigation, but
the dispersive nature of waveguide [1,2] and the problems that can arise from multimoding, or the

simultaneous propagation of different waveguide modes [2,3], are important considerations and are dis-
cussed in detail in Section 1.2.

Most early waveguide development [4-7] concentrated on rectangular and circular cross sections
with homogeneous loading. The solutions to the boundary value problems posed by these regular cross
sections are straightforward [1.8], and the real effort was in work on special features (bends. tuning
posts, junctions, coupling slits, etc.). One of the first nonregular waveguide cross sections to receive
much attention was ridged waveguide (Fig. 1). Early analyses of such waveguide geometry have been
done with a number of different approaches {2,7.9-13]. One of the first investigations using numerical
solutions was conducted by Montgomery [14] in 1971 using the Ritz-Galerkin method.

(a) double ridged (b) single ridged

Fig. 1 — Cross section of ridged waveguide

Every mode of propagation in any waveguide may be characterized by its field distribution. For
homogeneous waveguides, modes are usually classified as TE (transverse electric) or TM (transverse
magnetic) [1.2.8]. The principal. or dominant. waveguide mode is the mode with the lowest cutoff fre-
quency. A fractional bandwidth may be defined as the ratio of the cutoff frequency of some higher
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CHARLES W. YOUNG, JR.

order mode and the cutoff frequency of the dominant mode. For a true single mode bandwidth. the
maximum operating frequency is limited to the cutoff frequency /. of the first higher order mode that
can propagate. thus, the single mode bandwidth is

/. (first higher order mode)

BW =
v £, (dominant mode)

Ridged waveguide achieves a large single-mode bandwidth as a result of the excess capacitance in the
center of the waveguide (a consequence of the reduced height in the gap region} which has the effect
of lowering the cutoff frequency of the dominant TE,; mode. The next propagating mode is the TE,
mode which has an electric field null in the center; thus, the added capacitance has only a second order
effect on the TE;, cutoff frequency. A characteristic of ridged waveguide is the high wall current den-
sity in the ridge region. which results in a greater transmission loss than conventional waveguide. For
many applications, a more serious disadvantage is the greatly reduced peak power breakdown level due
to the increased electric field intensity in the ridge gap.

An alternative method for increasing the TE, ,-TE, , bandwidth of rectangular waveguide is place-
ment of a dielectric slab vertically in the center (Fig. 2). This dielectric slab loaded rectangular
waveguide has received considerable attention [15-24). The two most notable features [18] are: (1)
TE, ,-TE,, bandwidths comparable to those of ridged waveguide could be achieved, and (2) the
power-handling capacity was increased over that of air-filled rectangular waveguide as a consequence of
the higher breakdown strength of the dielectric material. The increase in power-handling capacity was
emphasized in 1976 by Findakly and Haskel [23]. Dielectric slab loaded rectangular waveguide also
achieves a large TE,(-TE;, bandwidth as a result of the added capacitance in the center of the
waveguide, but with the added capacitance due to the higher dielectric constant of the slab rather than
to a reduced height. However, the first higher order mode to propagate in this waveguide structure
usually is not the TE, , mode. Because of the dielectric loading, LSE (longitudinal section electric) and
LSM (longitudinal section magnetic) modes [1-3,18] may propagate prior to the TE; , mode. Except
for waveguides with small aspect ratios (height-to-width ratios). the first higher order mode to
propagate will be the LSE, | mode as shown by Gardiol [19]. The extensive bandwidth-power capacity
design information of [23] uses a TE, o-TE,, definition for bandwidth, assuming that intervening LSE
and LSM modes could be suppressed or eliminated. The importance of limiting the waveguide propaga-
tion to a single mode is shown in [3] and (24].

Ve

/2

Fig. 2 — Cross section of dielectric slab loaded
rectangular waveguide

One shortcoming of dielectric slab loaded rectangular waveguide is the limited increase in
bandwidth provided by dielectric materials with low 1o moderate values of relative dielectric constant e, .
The TE, ,,-TE,,, bandwidth is dependent on the thickness of the dielectric slab as well as €,; however.
the minimum required value of €, increases very rapidly with bandwidth. From {23]. a fractional
bandwidth of 5.25 requires a value of €, of at least 50. High dielectric materials are available but gen-
crally have much greater loss than low e, materials [25.26]. Also, large e, materials are usually more
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difficult to machine, can be very sensitive to temperature and atmospheric humidity, and in many cases
are anisotropic.

1.2 Objectives

The purpose of this investigation is a theoretical analysis of a waveguide structure which is a com-
posite of the two types discussed in Section 1.1, air-filled ridged waveguide and dielectric slab loaded
rectangular waveguide. The generalized cross section of this partially dielectric loaded double ridged
waveguide is shown in Fig. 3. The principal objective will be a complete modal analysis of this
waveguide structure. The only previous theoretical investigation of this waveguide found in the techni-
cal literature was conducted by Magerl [27], with analysis restricted to a geometry where the dielectric
width was exactly that of the ridge and with only a limited discussion of modes other than presumed
TE,, o modes. Although Magerl’s analysis is valid for cutoff frequencies of the TE,, ; modes, true TE
modes do not exist above cutoff [28]. With the complete modal analysis of this investigation, the cut-
off frequency of any waveguide mode may be calculated, thus allowing the true single mode bandwidth
to be determined. Also, this analysis will take into account the deviation of the dominant mode from a
true TE mode for frequencies above cutoff, and will allow numerical evaluation of propagation terms
(phase and loss) and peak power breakdown levels as a function of frequency for the waveguide of Fig.
3. A secondary objective of this investigation will be to show that the dielectric loaded ridged
waveguide may be designed to have a much greater theoretical peak power breakdown level than either
air-filled ridged waveguide or dielectric slab loaded rectangular waveguide having an equal single mode
bandwidth.

¥t -
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Fig. 3 — Cross section of dielectric loaded
double nidged waveguide

The single mode bandwidth condition, where the maximum operating frequency is limited to the
cutoff frequency of the first higher order mode that can propagate, is an imporiant consideration.
Although waveguides may be used in an overmoded condition where more than one mode may
propagate. it is standard practice to limit if possible the operating frequency 1o the frequency range
where only the dominant mode propagates. This is done to prevent coupling between modes. If more
than one mode may propagate. some degree of couphng is incvitable 1in any real device because of
slight geometrical imperfections. Energy coupled fron the dominant mode into any propagating higher
order mode may then be trapped between discontinuitics. such as bends. and give rise to cavity effects.
For high Q cavities. even a small coupling may thus produce sharp absorption peaks at the resonant fre-
quencies of the cavities [2.8.19]. Mode suppression technigues such as properly oriented resistive film
act to increase the attenuation for the higher order modes [3.24]. thereby lowering the Q factor of the
corresponding cavities and greatly reducing the absorption peaks. For high-power operation., where
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such techniques for higher order mode suppression may be impractical due to arcing or melting of the
resistive film, single mode bandwidth operation is therefore highly desirable.

A simplified explanation of how the composite waveguide structure of Fig. 3 could achieve a
larger single mode bandwidth-power breakdown product than either of its constituent waveguide types
may be made from an intuitive viewpoint. The added capacitance in the center of this waveguide is a
combined effect of the reduced height in the gap and the dielectric loading. The added capacitance
lowers the cutoff frequency of the dominant (TE, 4-like) mode which has a maximum electric field in
the center of the waveguide, but has little effect on the cutoff frequency of the TE,-like mode which
has an electric field null at the center. The modes are referred to as TE,, ,-like because true TE modes
do not exist in this structure { nor do true TM, true LSE, or true LSM modes), as will be shown. The
effect on the power breakdown level of the increased electric field intensity for the dominant mode in
the region of the gap is offset by the increased breakdown strength of the dielectric. Since the vertical
walls of the ridge are conducting surfaces, tangential electric fields may not exist there. The higher
order LSE-like and LSM-like modes, which have electric fields tangential to the ridge wall, will there-
fore have an effective height less than the waveguide height, with a corresponding increase in cutoff
frequency.

The dielectric slab must extend past either wall of the ridge, with the H shape shown in Fig. 3, if
the addition of the dielectric is to maximize the power breakdown level. This is necessary because the
strong fringing fields from the gap could cause arcing in air.

In Section 2, the mathematical development of the theoretical analysis is made to confirm this
intuitive explanation. Numerical results obtained from this theoretical analysis are compared with the
results of other theory. In Section 3, this analysis is further substantiated by comparison of theoretical
results with experimental data from measurements on waveguide samples with varing geometries. Sec-
tion 4 presents some of the characteristics of dietectric loaded ridged waveguide and compares the
waveguide performance parameters with those of air-filled ridged waveguide and dielectric slab loaded
rectangular waveguide.

2.0 WAVEGUIDE THEORETICAL ANALYSIS

2.1 Discussion of Analysis Approach

As noted by Lewin [29], the number of waveguide problems capable of exact solution is limited
to a few very simple shapes, even when the common approximations of ideal geometry and infinite wall
conductivity are made. Approximate solutions for more complicated waveguide shapes may be found
via a number of methods and techniques. Some classes of waveguides are more suited to certain
analysis methods than to other methods. Of the variety of methods available for finding numerical
solutions 1o the hollow waveguide problem [30.31]., many are not applicable for analysis of inho-
mogeneous waveguides. A review of different analysis methods which are suitable for obtaining a solu-
tion to the general inhomogeneous dielectric loaded waveguide problem may be found in Ref. 32.
These methods include the transverse equivalent transmission line concept [1,7,9,11,33-39]. perturba-
tion methods [1,40-45), variational methods [1,38.41,46-50]. Rayleigh-Ritz methods [1,38.41,
46.47.51-53]. reaction concepts [41.47,54], and finite difference or finite element methods [55-60].

The transverse resonance method is probably the least complex of the possible approaches that
may be used to find solutions for waveguide configurations of the type shown in Fig. 3. In this
method, an equivalent transmission line circuit is formed to represent propagation characteristics in one
of the transverse dimensions of the waveguide rather than along the waveguide axis [1.2]. Discontinui-
ties along the transverse axis are reflected as lumped elements in the equivalent circuit. In general,
each propagating mode will require a different equivalent circuit for analysis.

The computational requirements of the transverse resonance method are much less than those of
other numerical methods, but there are two drawbacks to the use of this method to analyze the

4
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waveguide of Fig. 3. First, the transverse resonance method gives only the propagation characteristics
with no insight into the behavior of the fields; the electric field distribution is required to determine the’
power breakdown of the waveguide. Second is the question of a suitable equivalent circuit to represent
the discontinuity formed by the ridge walls. This discontinuity is reflected as a change of the
waveguide height in the transverse direction. By use of quasistatic methods and conformal mapping,
such a discontinuity may be shown to have an equivalent transmission line circuit consisting of a shunt
capacitance at the junction of two transmission lines of unequal characteristic impedance (7.33,38,39].
However, this derivation of the shunt capacitance assumes a propagating TE mode with only a vertical
component of electric field incident upon the discontinuity formed by the height change, and further
assumes the discontinuity to be isolated, i.e., far removed from other discontinuities in the waveguide.
In the case of air-filled (or any homogeneous dielectric loaded) ridged waveguide, the TE,, and TE,
propagating modes each satisfy the first assumption: the propagating component of the transverse wave
is TE to the ridge wall with no axial component of electric field [7,9,11]. Corrections to the value of
the shunt capacitance in the equivalent transmission line circuit may be made to correct for proximity
effects due to narrow ridges and/or close in sidewalls [10].

When attempting to find an equivalent circuit to represent the ridge wall in the partially dielectric
loaded ridged waveguide of Fig. 3, several problems arise as a consequence of the inhomogeneous
dielectric loading. In the absence of the ridge, modes other than TE,, o are characterized as LSE or
LSM. Introduction of the ridge will cause distortion of the fields from true LSE or LSM nature, but as
in the undistorted case the propagating components of the transverse wave will have axial components
of electric field. Equivalent circuits to represent the change in waveguide height for incident modes
other than the dominant mode (no axial electric field component) were not found in the technical
literature. Without a suitable equivalent circuit to represent the effects of the ridge walls, the
transverse resonance method is not applicable for analysis of the distorted LSE,, ,(n # 0) and LSM
modes. Even for the distorted TE,, ;, (LSE,, ;) modes, the accuracy of an equivalent circuit such as that
from (7] may be questionable. An axial component of electric field must exist to satisfy the required
boundary conditions at frequencies above cutoff [28]. Although this axial electric field may be evanes-
cent, leaving the propagating portion of the transverse wave incident on the effective waveguide height
change the dominant mode. the equivalent circuit derivation does not consider any axial electric field
since none exists for the homogeneous case. An additional limitation on the accuracy of the derived
shunt capacitance is due to the possible proximity of the discontinuity at the air-dielectric interface to
the discontinuity at the ridge walls. Corrections to the shunt capacitive term for proximity effects such
as in Ref. 10 do not consider a change of the dielectric media.

L a e ARE NS MRS g sl L aa

1 Despite the drawbacks of the transverse resonance method for analysis of the waveguide of Fig. 3,
approximate solutions for the propagation characteristics of the dominant mode that may be obtained
using this method are useful for several reasons. As the ridge depth becomes small (d — b in Fig. 3),
the solution must approach that of the diciectric slab loaded rectangular waveguide for which the dom-
‘nant mode is the TE; , mode. At the dominant mode cutoff frequency of the actual ridged waveguide,
the axial component of electric fields vanishes. thus the equivalent circuit derivation from Ref. 7 to
represent the effect of the ridge walls need only consider proximity effects. At frequencies above cut-
off, the dominant mode may be considered as a TE,,, mode distorted by the presence of the ridge. To
] a first order approximation, the evanescent axial component of electric field may be ignored and the
; dominant mode treated as true TE, . The departure of the dominant mode from a true TE; 3 mode
[ will increase as the ridge gap becomes smaller. The solution obtained by the transverse resonance
b

method thus will not be exact, but may provide sufficient accuracy for many purposes. Since the com-
putational requirements are minor, the method is useful to provide approximate propagation charac-
teristics of the dominant mode as a starting point in the scarch for a numerical solution of the more
rigorous (and considerably more complex) analysis developed in Section 2.2,

Appendix A outlines a detailed development of the transverse resonance method to solve for the
propagation characteristics of the waveguide of Fig. 3. The development includes the TE,, mode as
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well as the TE; 5 mode since all of the arguments made concerning the approximations of the method
for the distorted TE, ; mode apply to the distorted Tk o mode as well.

As pointed out in Section 1.1, the first higher order mode to propagate in dielectric slab loaded
rectangular waveguide may not be the TE; ; mode. Both the LSE, ; and LSM;, mode are likely to have
lower cutoff frequencies than the TE;, mode. For the partially dielectric loaded double ridged
waveguide, the distorted versions of these longitudinal section modes must have their cutoff frequen-
cies determined if the single mode bandwidth criteria is to be used. For lack of a suitable equivalent
circuit to represent the effects of the discontinuity at the ridge walls, the transverse resonance method
is unsuitable for analysis of these higher order modes, thus another analysis approach must be found.
A second reason for finding another means of waveguide analysis is the questionable approximations
that were made for the distorted TE,, ; modes. A more rigorous solution is desirable, preferably one
that uses the same analysis method for all waveguide modes.

A perturbation method was rejected as a viable analysis approach for the partially dielectric loaded
ridged waveguide because of the possible large deviation from the unperturbed problem, the dielectric
slab loaded rectangular waveguide, for which the solution is readily available (Appendix B}. Some con-
sideration was given to the possibility of deriving an equivalent circuit to represent the effects of the
ridge walls for higher order LSE- and LSM-type modes, as well as to account for the axial electric fields
for the distorted TE,, ; modes, thus allowing a more accurate analysis with the transverse resonance
method. It. was determined that an accurate equivalent circuit could not be derived for which the ele-
ment values would be a function of the ridge wall discontinuity alone; all of the geometry parameters
(Fig. 3) would be required to numerically define the element values. Such a process essentially would
constitute the rationale "solve the problem to find the quantity needed to solve the problem.” an obvi-
ously circuitous approach.

Many of the analysis approaches described in Ref. 32 are appropriate for obtaining numerical solu-
tions for waveguides with arbitrary or very complex cross sections. While such methods could be used
to obtain numerical solutions for the partially dielectric loaded double ridged waveguide, the computa-
tional requirements would be considerably in excess of a method which utilized the rectangular features
of this waveguide with analysis restricted 10 the generalized cross section shown in Fig. 3. The
approach of the latter method was selected for the waveguide analysis. Section 2.2 presents the
mathematical development of the analysis. This analysis uses the Galerkin form [46.47] of the
Rayleigh-Ritz method. This procedure is commonly referred to as the Ritz-Galerkin method [14] and
constitutes a mode-matching technique [48,58].

2.2 Analysis of Lossless Waveguide

The appropriate physical parameters of the partially dielectric loaded double ridged waveguide
under investigation are defined in Fig. 3. Only those configurations possessing physical symmetry in
both the vertical and horizontal planes are considered. For the initial analysis, the following assump-
tions will be made:

® The waveguide is lossless, with the metal walls being perfect conductors and the loss tangent of
the dielectric material equal to zero. Loss calculations will be made at a later stage by using
perturbational techniques.

@ The dielectric material is homogeneous and isotropic with a relative permittivity €, and a per-
meability equal to that of free space, ug.

® The interior volume of the waveguide is charge-free.

® Axial propagation is unidirectional in the +: direction.

® Time dependence of all fields has the form exp (+jwt). where j = v—1 and w is the radian
frequency.
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Vdvantage May be tiken of the horizontal symmetry 1o reduce the model for analyvsis to a half
Cross aechon as shown o Frgo 40 with cither a magnetic wall or an electric wall placed at the vertical
s ot scmmatny (VPS)Y g4 = x The model could be further reduced to one guadrant of the cross ‘

we. oo me v ttae of the vertical ssmmetry. but such a further reduction wouid offer no real advantages
Co « casis Because of the vertical symmetry, however, either an electric wall or a magnetic wall

~ vt st gt the honizontal plane of symmetry (HPS) at v = 0. The type of wall. electric
! oot o GO at the VPS s independent of the wall type at the HPS. The resulting solutions

woone A rtorent tor the tour possible combinations of symmetry conditions.  Until further clarification

S ol the wall condiions at the planes of symmetry will be indicated by a two-letter combina-

vonowsth the hast letter denoting the wall tvpe at the VPS and the second denoting the wall type at the
FIPS  The tour solutions will then be detined as (ML E£), (MO MY (E. M) and (£, E).

Vertical Plane of Symmetry

(VPS)-Electric Or Magnetic Wall

Region Regior Reglonl
- | ———>e—, €3 =

y=b/2 // : y
/

€

XxX==-X X=- ‘2 X=X 3
Horizontal Plane of Symmetry

(HPS)-Electric Or Magnetic Wall

g 4 — Model for anafysis

The relationship between the xv-direction parameters of the model for analysis (Fig. 4) and those
of the waveguide (Fig. 3) are given by:

Ny = (a — )2 (2.1a)
(2.1

(2.1¢)

o= (1 — 52
A YDA

The model will be separated into three homogencous rectangular regions:

Region | —v S v < - v -h2svs b2
Region 2 ~ v <l -h2gaigh?

Region 3 0 v v Jd2€vsd2
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The rectangular coordinate system is the natural choice for an analysis of this configuration. The axes
are defined in Fig. 4. The respective unit vectors are a,, a,, and a,.

For the assumptions noted, Maxwell’s equations reduce to:

R AN VR 7. % L ISR S A S

V x E = —jouH (2.2a)
V x H = jweE (2.2b)
V- E=0 (2.2¢)
V- -H=0. (2.2d)
Amplitudes are peak rather than RMS. Appropriate boundary conditions are:

‘ nx E=01[ . ail electric walls

Y n-H=0 l (2.3a)
n-E=0 |, ail magnetic walls

n x H | continuous across the

n X E | air-dielectric interface (2.3c)

where n is the unit vector normal to the applicable surface. Taking the curl of both sides of Eq. (2.2a)
and substituting Eq. (2.2b) gives

V x V x E = wlyge€E.
Using the vector identity
VUXxVXxE=-VXE+V (V-E)
and (2.2¢) gives the Helmholtz equation [40]

VIE+w!ue E=0 (2.4a)
where V! is the vector Laplacian operator [44]. A similar derivation for H gives
VIH+ wluge H=0. (2.4b)

In rectangular coordinates,

Vi=aVit+a, Vit+a VI

where
vl = i + _Qi + 62
ax?  9y? 92
Thus
2 2 2
o 8 9 V=-wlujeV¥ 2.5

ax: 9yl 9z

forw=EFE E E. H_H orH..

Because of the homogeneous nature and rectangular shape of each region in Fig. 4, a separable
solution may be presumed to exist [61] for all the fields in the region. The full solution will be a
superposition, or linear combination, of particular solutions each of which satisties Maxwell’s equations
at all points within the region. The required boundary conditions for the region will be satisfied by the
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full solution, but in general may not be satisfied completely by any particular solution. For ¥ AR
representing any of the six field quantities, e
¥ (xyz)=Ya, ¥, (xyz) Py
n

"
! where the constants a, must be determined and each particular solution has the form
! v, (xy.2)=X,(x) Y, () Z,(z2).
' The vector representation of the particular solution may be expressed as
» E,=a, E . ,+ a, Er.n ta. E, "
/ H,=a, H.,+a H +a H., 2o
t Since each particular solution must satisfy Maxwell’s equations, ’;:»“
¥V x E" =—jw ug H,, (2.6a) aa
VxH,=jweE, (2.6b)
: V-E, =0 (2.6c)
. vV -H,=0. (2.6d)
| Also. Eag. (2.52 must hold for all field components of each particular solution, thus
X, Y 2, +X,Y,2, + X,Y,Z, = —w’ug€ X,Y,Z, where the double prime superscript denotes the
second derivative with respect to the corresponding variable. The time dependence has been stipulated
to be harmonic with the form eprmt) and is implicit for all fields. Since the product X, Y, Z, cannot
be zero if a solution is to exist, X,/X, + Y,/ Y, + Z,/Z, = —w?uee. Since x, y, and z are indepen-
3 dent variables, each function must separately equal a constant. With
X,/ X, = p] (2.72) ?
\ Y,/ Y, = —k? (2.7b) {,_
] . P “.I’; A
Y Z,,/Z" = —B'% (27C) ‘t-'.:\’.:!
\ . . .. SR
X the separation equation is given by ; "-.-.}.'
. )
{33 + k,,2 - p,,z = wzp.o €. (2.7d)
‘& .-"\-"
The general solution for Eq. (2.7¢) is :f:':;'.‘:‘_’. '
- IR S
. RASEAE
Z,(2) = ¢y exp (jB,2) + ¢, exp (—jB,z). AN
LY
Any propagating mode must have a unique axial dependence. Since propagation has been assumed to Ry
be unidirectional in the + z direction, 82 is single valued, 82 = 82 and because the time dependence is SR
taken as exp (jwr), the axial dependence for all fields is Z(z) = exp (—jBz). Like the time depen- s :
dence, the axial dependence will be implicit henceforth for all field quantities. The amplitude will be .
. absorbed into the individual field amplitude term.
The general solution for the differential equation of Eq. (2.7b) is
Y, (y) = ¢ sin (k,») + ¢, cos(k,y).
3 In a region with height &, the fields £, E., and H, must be zero at y = #/2 and at = —h/2 by virtue
q of Eq. (2.3a). Thenfor¥ = E,, E., or H,,

wl_l‘:th/? = 2 Xn (x) yn (."‘)Ir-ih/'z =0

:. }:‘T‘;"‘- :u

ava™ .
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which can be true for all x in the region only it ¥, (v = = h/2) = 0 for all n. Thus,
¢y sin (K, h/2) + ¢y cos (k, h/2) =0
and
~¢, sin (k,h/2) + ¢>cos (k,h/2) = 0.

Addition and subtraction of these last two equations will show that Y, (neglecting the amplitude term
which will be absorbed into the overall amplitude for ¥, ) must have one of two forms:

Y, (y) =cos (k,y). with k, = Q2n + Dn/h (2.8a)

or
Y, (y) =sin (k,y). with k, = 2nm/h (2.8b)
for n=0, 1. 2. 3, .... If Maxwell's equations are 10 hold at all points within the region, then E, ,, E. .

and H, , must have the same v-dependence. Furthermore, £, ,. H, ,. and H., must have the com-
plementary v dependence. If the y-dependence of the nath term of E,, E.., and H, is
cos [(2n + 1) = yv/h]. then the y dependence of the nth term of E,. H, . and H. must be
sin {(2n + 1) 7 v/ hl. if the v-dependence of the nth term of E,. E.. and H, is sin (2n 7 y/h), the
vy-dependence of the nthtermof E.. H, . and H. is cos Qn w v/h).

The boundary condition (electric or magnetic wall) at the HPS will determine the type of y-
dependence for the fields. For (M E) and (£ .E) solutions, E,. E., and H, must vanish at v = 0. The
v-dependence for E, . E. . and H, , is therefore sin (2n 7 v/#) and that for E,,.H ,.and H., is
cos 2n 7 y/h). The (M. M) and (E M) solutions require £, H,. and H. to vanish at y = 0, thus
E.,. E.,.and H , must have the v-dependence cos [(2n + 1) = v/h] while E, ,. H, ,. and H.,
have sin [(2n + 1) & »/h] as their y-dependence.

The general solution to the differential equation of Eq. (2.7a) may be expressed in several forms.
For positive values of p,f. the solution is normally expressed as

X, (x) = a,, cosh p,x + a5, sinh p,x
b] ~ . v hi . .
where p, = ~/p,;. For negative values of p;. the solution is normally expressed as
X, (x) =a, cos (\/=p; x) + a,, sin /=p] x).
The solution when p,” equals zero is
-"n(-\') =da), t as, X.

The hyperbolic form may be used for p; negative or zero if for the former case p, 1s laken as imag-

inary.
Py =~pi=J~—piforpl <0

This would result in a complex representation for X, (x) when p; is negative since
cosh j18] = cos |0] (real)
sinh jlel = j sin |6} (imaginary).
Such a complex representation may be avoided by expressing the general solution to (2.7a) as

X,(x) = a,, cosh (p,x) + a,, sinh (p,x) /p,. (2.9)

10
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This expression is equivalent to the conventional hyperbolic solution, differing only in the form of the
constant of the sinh term. To conform with the known solution when p? is zero, the limiting definition
will be used:

m
Pn p"—'ﬂ Pn

sinh p, x i sinh p,x
= 0
=X for p; = 0.
By using Eq. (2.9) 10 represent the x-dependence of the fields regardless of the value of p?,
unnecessary complications in the mathematical notation will be avoided as will the need for imaginary

amplitude coefficients. Examination of Eq. (2.9) will show that X, (x) and all of its derivatives remain
real when the amplitude terms are real, regardless of the value of p; (positive, negative, or zero).

The development of the field expression thus far may be summarized as follows: in each region,
the x- and yv-dependence of each of the field quantities may be expressed as a series,

V(e y) =¥ X, (x) Y,0).
n
The x-dependence will have the general form
X,(x) = a, cosh (p,x) + b, sinh (p,x) /p,

where the amplitude terms a, and b, will differ for the different fields. The value of p, in each region
is determined by the separation equation, with

p"Z = Bz + I"n2 - wzuue
and
Pn =~/ pifor pl= 0

Pn = JN/p2| for p2 < 0.

The y-dependence will use a double notation for compactness. The fields E,, E., and H, will have

sin
Y, (v) = cos| KnY
while the fields £,. H,, and H. will have
cos
yn (‘) = sin I\,,_V,

where the upper trigonometric function is to be used for (M.E) and (E.E) solutions (an electric wall
at y = 0) with &k, = 2nw/h and h is the waveguide height in the particular region. For (M. M) and
(E.M) solutions (a magnetic wall at » = 0), the lower trigonometric function is to be used, with
k, = (2n + 1) w/h. The question of limits on the summation in the series representation for the fields
will be deferred until a later stage in the analysis development.

The boundary conditions at the horizontal conducting surfaces of the waveguide have been used
to formulate the field expressions to this point. The remaining boundary conditions to be satisfied are
at the vertical side wall, at the air-dielectric interface, at the plane of the ridge wall, and at the vertical
plane of symmetry. Before proceeding to these boundary conditions, it is necessary to consider in more
detail the analysis approach and how it will be expected to yield a numerical solution. In Appendix B,

.
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the general solution for the dielectric slab loaded rectangular waveguide is shown to reduce to an eigen-
value problem of the form

E,
M-~ =0
H

X

where the eigenvectors are the modal coefficients of the x-directed electric and magnetic fields. The
field distribution for any mode of the partially dielectric loaded double ridged waveguide may be viewed
as a distorted field distribution of the corresponding mode in dielectric slab loaded rectangular
waveguide, with the distortion resulting from the presence of the conducting surfaces of the ridges.
Therefore for this analysis the approach follows that for the dielectric slab loaded rectangular
waveguide.

If the eigenvectors of the eigenvalue problem are to represent the x-directed electric and magnetic
fields, it will be necessary to find the relationship between these fields and the orthogonal fields.
Maxwell’s curl Egs. (2.2a, 2.2b) may be expanded as

—jw o H, = gay_ E. —% E, (2.10a)
. 9 9

~jo o H, = & B~ E, (2.10b)

—jw o H. = 5"’; E, - 36; E, (2.10¢)
jweE, = 5"’; H. - %Hy (2.10d)
jo e E, = 56* H, — % H, (2.10¢)
jwe E, = 3‘; H, - 5"’; H, (2.100

Since the z-dependence for all fields is implicit as exp (—jB:). the differential operator 3/9- may be
replaced by —jB. Substitution of Eq. (2.10¢) into Eq. (2.10e) will yield the relation

9’ J 4
(wiug € + ) B= gy 5y B TwmBHL (2.11a)
In a similar fashion, substitution of Eq. (2.10b) into Eq. (2.10f) will give
’ 9’ ) . 0
e+ .= —jB —E, + = ‘
(W, € o ) E. iB Fy” E. +jwpug EY! H.. (2.11b)
while substitution of Eq. (2.10f) into Eq. (2.10b} gives
e + L) H —wepE + L Ly (2.110)
(w K€ axz ) H) w € ﬂ X ax ay X ¢
and substitution of Eq. (2.10e) into Eq. (2.10¢) gives
(e + XV H = —jwe L E—jg D 1. (2.11d)
ox? gy 7 gx

Since Eq. (2.11) were derived directly from Maxwell's equations. they may used to determine the rela-
tionship between ficlds on a term-by-term basis in the series expansion for the fields.

In Region 1. the conducting sidewall at x = —x, (Fig. 4) requires E,, £., and H, to vanish at this
plane. This boundary condition may be used to eliminate one of the unknown amplitude coefficients in

12
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the generalized form of the x-dependence for each term in the field expansion. With
¥ix.y) =X, X, (x) ¥, (x) representing any field. £, E.. or H,, it is easily shown that each term X,
must be zero at x = —x; if ¥ is to vanish at all points on the sidewall. Using the generalized form for
X, (x) from (2.9),

a, ,cosh (=p,x|) + a,, sinh (—=p,x)) /p, =0,
thus
sinh (p".\'\)
Aen 20 p,,COSh (pn'\.l) -
The x-dependence for these fields now becomes

d)n

X, (0 = p,cosh (p,x,)

sinh (p,x,) cosh (p,x) + cosh (p,x}) sinh (p,x)|.

A new constant may be defined as
b, = a, , /cosh (p,x)
and the mathematical identity
cosh 6 sinh ¢ + sinh 0 cosh ¢ = sinh (8 + ¢)

used to further reduce the x dependence to

X,(x) = b, sinh [p,(x + x))] /p,

for the fields E,, E,, and H,. Since Maxwell's equations must be satisfied on a term-by-term basis,
and at every point within the region, the x-dependence for the nth modal component of the field
E,, H,, and H, must have the form

X, (x) = ¢, cosh [p, (x + x))].

The 1/p, term is absorbed into the constant to maintain consistency with the form of Eq. (2.9).

The fields of Region | are now expressed as

n
Ex“) = ”ZAI'" cosh [[)1_"(.\' + .\'l)] : cos /\'1.,, y (2.124)
sinh [p; , (x + x;)] |fcos
n _ n ) S
EV = ZBL" o sin King) (2.12b)
n N
. sinh [p;, (x + x;}  |sin
E:“) = Z/C].n ;] : cos Kinlk (2.12¢)
n N
sinh [p, , (x + x)] |cos
(n _ - . .
H\' - 2 Dl.n Py sin I‘I.n 3 (led’
n N
HY =¥ Fy, cosh [p,, (x + x]- o ki ¥ (2.12e)
I3 < l.n ln Y Rl cos l.n . .
m_ . AURRRSTN hd -
H. Y Gy cosh lpy, v+ x)]-)oL ki, (2.120)
n

13
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where the extra subscript 1 on the amplitude constants and the constants p, and k,, and the extra
superscript (1) on the fields are to distinguish these quantities from the corresponding quantities in the
other regions. The constant j is included in the expressions for the axial (z-directed) fields to allow
the amplitude coefficients to be real, thus avoiding the need for complex arithmetic in the numerical
computations. The dual y-dependence notation will avoid much of the notational repetition that other-
wise would be necessary for separate derivations to correspond to the two different types of wall condi-
tions (electric or magnetic) at v = 0 imposed by symmetry consideration. For (M_.E) and (E.E) solu-
tions, the upper trigonometric function is applicable, with

ki,=2nw/b. (2.13a)
For (E.M) and (M M) solutions, the lower trigonometric function is applicable. with

ki,=Qun+1)a/b (2.13b)
The separation equation for Region 1 becomes

plz.n = Bz + klz.n - wzﬂ-OeU (213(:)

and p; , will be real or imaginary, depending on the sign of p{, .

Equations (2.11) may be used on a modal component, or term-by-term. basis with the fields

given in Egs. (2.12) to obtain a relationship between the various amplitude coefficients. Applying Eq.
(2.11a) to (2.12) yields

. , . [N
((U',ul)fl) + plin) Bl.n sinh [pl.n (x + .\'|)] /pl’" ' |Sin kl'"
) COos
=(=x kl.n) Pin Al.n sinh [pl.n (x + '\‘“] ) sin kl'" \
. [N
— Wiy B Dllu sinh [pl.n (x + xl)] /pl-" ) sin kl'" - (2.14)

The + notation on &, , is the result of the dual notation for the y-dependence. whenever the + (or F)
notation is encountered, the upper symbol is to be used for (M .E) or (E_E) solutions while the lower
symbol is 10 be used for (M M) or (E M) solutions. The expression p, , sinh [p, , (x + x;)] may be
replaced by the expression pi, sinh [p,, (x + x)1/p,, forall p{, (p,, real or imaginary) if the lim-
iting definition is used.
sinh [p, , (x + x}]
pl-” l.n=0

sinh [p, , (x + x})]

lim
Pyn—0 P

X+ x).

With this replacement in Eq. (2.14), the relationship between the amplitude coelficients must be
(ot + i) Bry=% ki, pi, A, —wpaB D,
for Eq. (2.14) 1o hold at all points in the region. From Eq. (2.13¢)
w:#u €+ I’I:.n =B+ klz.n;
thus

‘/3: + /‘l:n) Bl.n == kl.u plz.n '4|.n _w#l'ﬁ DlJI'

rErd

A
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} In a similar fashion, Egs. (2.11b), (2.11¢) and (2.11d) may be used with Eqgs. (2.12) to obiain the
‘ relationship of the amplitude coefficients of E.'', H'V. and H!!. respeciively, with the amplitude

coefficients of E!'" and H!". The complete results are given by
| (32 + klz.n)Bl.n == ki, plz.n A, —wuB D, (2.15a)
(Bz + l‘lzn) Cl.n == ﬂ plz.n Al.n ¥ kLn w fg Dl_n (ZISb)
; (BZ + klz.n) Fl.n =w G()B Al‘n + kl.n Dl.n (2.15¢)
B+ ki) G, =Fh we A, —BD, (2.15d)

The relationships expressed in Eg. (2.15) may be reduced to matrix form as

| 3
’ W1 0 C, -¢ ;rt K, P | 0 ] A,
SRR | B Il EERTE R [ EERREE EREEE (2.16)
0 | W B, :tK|| o 0 |—w#0U] D,
]
]
]
i .
v 0 F ~-b | K, ||oe U} 0 A
RN I B I B EEREE I EEPEE TR 217
0 2 G, + K, | ¢ 0 | U D,

where the vectors €. By, Fi, G;. Ay, and D, are column vectors having the ordered components C .
B, ,.F .G ,.4,,. and D, ,. respectively.

"

The matrices ¢, ®. K, and P{ are diagonal matrices with elements

Wil = B+ ki) 8,0, (2.18a)
{®},, ., =B8,., (2.18b)
(Kb w = Kin B (2.18¢)
(P wn = DL Bn (2.18d)

where 8, is the Kronecker delta function

S,y=1 form=n

=0 form#n

and U is the unit matrix. Since the question of limits on the summation in the series expansion for the
ficlds has yet to be addressed. no attempt will be made in the analysis to make the index notation of
the various vectors and matrices conform with the conventional notation in which the integer indices
start at one. Such a departure from convention should not cause confusion in the mathematical treat- :
ment of the analysis. When programming a computer to solve for a numerical solution, however, cau- e
tion must be exercised since most computer routines require the conventional indexing method.

From Eqs. (2.12), it is apparent that for terms where k;, is zero (encountered only in 'J‘:
(M .E) and (E E) solutions with »n equal to zero) the corresponding modal components of

EM, E!V. and H'" vanish everywhere, and the amplitude coefficients 4. Cy . and F|, are there-
fore meaningless. To maintain a consistent notation. these clements will be carried in the development

v e e e
ln'r'l

1
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when &, is zero, but strictly as dummy elements not to be included in the final solution. There is
further discussion of this issue later in the development of the analysis.

The situation at the waveguide cutoff frequency (where by definition 8 = 0 ) for any mode con-
taining terms with &, , = 0. where i = 1. 2, or 3. in the series expansion for the fields will be referred
to as a singular condition. For a singular condition (2.15) losses meaning for k, , = 0 since both sides
of each equation are zero. However, Eq. {2.10c) may be applied directly to Eq. (2.12) to give

Bl,()=w/.l.() GI.O fOf,B=O. kl.n = 0. (2.19)

The result of Eq. (2.19) aliernatively could be obtained by a limiting definition with Egs. (2.15a) and

B B o=—wuoB Dy

B’ Go=~-8 Do
Obviously. lin?) D, o = 0; however,
g

im 20 _
- = Mo
g0 Gy

For the matrix equations of (2.16) and (2.17) to remain valid for the singular condition, the matrices
¥ and ® must be modified as

W, = B+ ki, +8% 6, (2.20)
{®},,=B+3895,, (2.21)

lforB =0,k,=0

8= .
Ootherwise.

(2.22)

Also. for the singular condition the leading element of the vector D, must be — G, rather than D .
The modifications to the matrices ¢ and & will cause (2.16) and (2.17) to give

Cio=—pio 410
Flo=wen A

for the singular condition. but the relationship of these three coefficients is meaningless since they are
dummy elements.

In Region 3, the development of the x-dependence for the fields is similar to that for Region 1.
For (M_.E) and (M _M) solutions, the vertical plane of symmetry represents a magnetic wall, thus
E.. H.. and H. must vanish at x = x;, and the x-dependence for the modal components of these fields
is found to be of the form

X, (x) = ¢, sinh [ps,(x — x3)]1/p3,- 2.23)

For Maxwell’s equations to hold for all points in the region, the x-dependence for the modal com-
ponents of the fields £, E., and H, then must have the form

X,(x) = c3, cosh [p; ,(x — x3)]. (2.29)

For (£ M) and (E E) solutions, the VPS represents an electric wall, thus E,, E., and H, must vanish
at x = x;. The x-dependence of the fields then reverses from the case for (M .E) and (M M) solu-
tions, with the x-dependence of the modal components being given by (2.23) for the fields
E . E.. and H, and by (2.24) for the fields E,, H,, and H.,.
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For (M.E) and (M, M) solutions, the series expansions for the fields of Region 3 then become

sinh [p; ,(x — x3)] [sin
3) _ n . '
E”7 = ;As.n r cos| K3n ¥ (2.25a)
¢
E® = ¥ By, cosh [py, (x = x)] - [t ks (2.25b)
(3) : sin (2.2
EZ = ;/ CJ.n cosh [pl.n (x - '\’3)] ) cos k].n y .25¢)
HY = D h [p;,(x — x3)] - cos k (2.25d)
x z 3.n COSIL L3 , (X X3 sin 3n Y .
-~ sinh [p3 , (x — x3)] [sin
Hr - ”Z F3*" p3.n cOoS k3.n y (2256)
Do sinh [p; , (x — x3)] |eos|
H = ;/ G Prn sin] K3 ¥ (2.250)
while for (E,E) and(£,M) solutions the fields are
n
EY = F A3, cosh [py, (x = x)1 - oof ks v (2.26a)
3 _ sinh [p;, (x — xy)] [cos
E7 =L B, e sin} K3 ¥ (2.26b)
3 _ ) sinh [p3 ,(x — x3)] ' sin ,
ET =27 G oo cos| K3 ¥ (2.26¢)
3 sinh [p; , (x = xy)]  jeos
HT = X Dy o sin| k3n ¥ (2.26d)
3) sin
H” = ; F3 cosh [py , (x — x3)] - N ks y (2.26e)
3) . cos
H!Y = ¥ j Gy, cosh [py , (x = xy)] - | 1 Kyy 0 (2.26f)

Analogous to the case for Region 1, the upper trigonometric function for the y-dependence is to be
used for (M,E) and (E,E) solutions with

ky,=2nw/d (2.27a)
while the lower trigonometric function is to be used for (M. M) and (E,M) solutions with
ki, =Qn+1)n/d (2.27b)
The separation equation for all solutions is given by
pin=B+ ki, —wnocoe, (2.27¢)

where €, is the relative dielectric constant of the dielectric material.
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»
»

The relationship between the amplitude coefficients of the modal components in the series expan-
sion for the fields in Region 3 may be found in a manner similar to that of Region 1. For
(M _E) and (M M) solutions, (2.11) is applied to (2.25) on a term-by-term basis, with the results f

vy

B+ ki) Cyn=-B A3, F ky,wmpoDs,
B>+ k},) B, =+ k3, Ay, —wpoB D;,
B+ ki) Fy,=wesB Ay, F ks, pi,D;,
(B’ + ki) Gy, =F ki, we; A3, — B p}, Dy,

(2.28a)
(2.28b)
(2.28¢)
(2.28d)

“a e B Ty v
LmeE 4
r T

o
a
l'4 .

where €3 = €,¢. For (E.E) and (E,M) solutions , the results of applying Eq. (2.11) to Eq. (2.26) are

& (ﬁz + k32n) C3,n = _B p32n A3.n + k3,n @ Mo DJ.n (2.29a)
“. (Bz + klzn) BJ.n == k].n p32.n AJ.n —wuB DJ.n (2.29b)
F (Bz + k32n) F3.n =w €3 B AJ.n + kJ.n DJ.n (2.29¢)
.: (Bz + k‘;z,,) G}_" =% k3.,, w €3 AJ.,, -8 D3~,,. (2.294d)
.
E-_:j Expressed in matrix form, Eqs. (2.28) and (2.29) are given by
X | | !
3 10 || G -b | £K; we I o A;
e b | R Bl IR IR I IER I lo.... (2.30)
0 | ¥ B; +K; | 0 : —wpol D; .
| | s
s | 0 || Fs -¢ | K [|we;U | 0 A Ay
R Il | Bl Bl Bt Bttt | IRt ELICIC | I (2.31) {{1‘.;}“
0 | ¥ G; +K, | b 0 [ Wy D, RGIRAY
Nk

where the vectors C;, B;, F3, G;, A;, and D; are column vectors, with the elements of C; being the
ordered amplitude coefficients C;,, etc. The matrices ¢;, K3, and P} are diagonal matrices with ele-
ments

(Wil mo = B+ k$, +895,, (2.32a)
{Kl}m.n = k3.n6mn (232b) :
(P .o = P3.Brmn- (2.32¢)

The matrix & is the same as for Region | and is given by (2.21). The matrices W, and W, are also s
diagonal. and for (M ,E) and (M M) solutions :
(2.33a) ey
(2.33b)
while for (E.E) and (£.M) solutions

(2.34a)
(2.34) Oy
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The singular condition (8° = 1) in Region 3 is treated in a manner similar to that for Region 2. For
k3 , equal to zero, then in the limit as 8 becomes small, from Eqs. (2.28)

limD; ;=0
s—0
Im Ba ®
— T wug
s—=0Gy,

Thus, for the matrix equations of Egs. (2.30) and (2.31) to remain valid, the leading element of the
vector D; must be replaced as ~ G ¢/ p#o for the singular condition in (M, E) solutions. For the singu-
lar condition in (E,E) solutions, the leading element of Dy must be —G; . For the singular condition,
the coefficients 43;4. C;, and F3o are dummy coefficients; thus, the relationship between them is
immaterial. In (E.M) and (M.M) solutions, the singular condition is not encountered since &, , is
nonzero for all n in each region. i = 1, 2, 3.

In Region 2, the x-dependence of each modal component in the series expansion for the fields
will retain the general form given in Eq. (2.9) with two unknown amplitude coefficients. The fields of
Region 2 are then given by

sin
E = TIAL%) cosh () + AL sinh (p0x)/pz] - {Coslkz«,,y (2.35a)
cos
E/* = Y(B33) cosh (py,x) + By sinh (py,x)/py,) - Lin}klny (2.35b)
sin
£ = TIICH cosh (o) + € sinh (2 )/ s, - lcoslkz.n." (2.35¢)
cos
H(Q) = ZIDZH;I) cosh (pZ.nX) + D2(._n) sinh (pZ.n-\')/I’ln] ) |sinlk2-"y (2.35d)
H? = Y (F33) cosh (py ,x) + F33) sinh (p; ,x)/ps,] - o Ky, (2.35¢)
v . 2.n 2.n 2.n 2.n- P2 cos|™2.n- .
H!? = ¥j[G33) cosh (py ,x) + G37' sinh (py ,x)/py ] - [C'OS]’\" v (2.350
Py e N/ N/ n - . Sln w1 N

where the upper trigonometric function in the y-dependence is applicable for (M .E) and (E.E) solu-
tions, with

ky,=2nnlb (2.36a)

and the lower trigonometric function is applicable for (£.M) and (M M) solutions, with

ky,=Qn+ Dn/b (2.36b)
and for all solutions the separation equation for Region 2 becomes
pzzh,, = /33 + kf_,, - (uzun € (2.36¢)
19
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where €, = €,¢,. The superscript notation on the amplitude coefficients in this region is used to distin-
guish between these (unknown) constants. The choice of the (+) and (—) superscript notation was
made to reflect the fact that the cosh (sinh) function may be expressed as the sum (difference) of two
exponential functions.

Obtaining a relationship between amplitude coefficients in Region 2 is slightly more complicated
than in Regions | or 3 because of the presence of both sinh and cosh terms in the x-dependence of
cach modal component in the series expansion of the fields. Upon application of Egs. (2.11a) to (2.35)
on a modal component. or term-by-term, basis

cos
Uy, (B2 cosh (py ,x) + By sinh (py , x)/ po 1 [0 (K2
::: . l cos
’t- = (ikZ.npl.n)[Aé.tl sinh (pl.u-\.) + AZ;n] cosh (pZ.nx)/pl.n) ’ sin k2,ny
.
' ) . cos
5 — wug BID;Y) cosh (p, ,x) + D37’ sinh (py ,x)/ p; | - sin|K2n¥ (237
v

where
d’ln = wzﬂl) € — plz.n
= /32 + k.’:.n'
The function ps, sinh (p,,v) may be expressed as p3, sinh (py,x)/p,,. and the function
P2, cosh (p, x)/ps, expressed as cosh (p,,x). if the limiting definitions are used for p,, equal to

zero. Since Eqg. (2.37) must hold for alf points within the region. the coefficients of the cosh and sinh
terms may be collected separately, with the results

(B* + ki)B1 = £k, 47, — wpdBD]Y (2.38a)
(B*+ ki, )B1, = £k:,p3,A415 ~ wpBDy,. (2.38b)

Il

In a similar fashion. the remaining cquations of Egs. (2.11) may be used with Eqgs. (2.35) to give

(B2 + ki NC3) = — BAS,Fky oug DY (2.38¢)
B+ ki, )Cy,' = — Bpi,A35Fky ou DI, (2.384)
(B + k3 F3) = wey B A3)Fk,, DY) (2.38e)
B+ k3, F1, = wey B A35'Fhy,pia DI (2.38f)
(B2 + ki NG = Fhy we 4% — BD;,) (2.38g)
(B2 + k$,)G3,) = Fhy we 435 — Bpi, Di*). (2.38h)

3 As for the case in Regions 1 and 3, the dual sign notation associated with the &, , term arises as a

; conscequence of the dual notation in the trigonometric representation for the yv-dependence of the vari-
ous modal components. For M E) and (£.F) solutions the upper sign is applicable, while the lower
sign is applicable for (£ M) and (M M) solutions.

The equations of (2.38) may be expressed in matrix form as




s
« .

. - . . . - - - . - . . - - . ot e T . . . - ~ -~
A o s e . . .t AN A o e st - e e ™ *, A ALY v P S I AL
[RBIROIR AR I A W PRI S GV WY TN G PN S SIS I S L I TR T T Th SRR TR, PN, PN

. P Y Y P

I _ | .

Y2 1 0 c;”’ -¢ | K, Pi 0 A"
N | R I R I | IR [ == .- (2.40)

I Us BZ(—) iKZ I ¢ 0 | TWMg U D(—)

| | |

Y | 0 F;* -¢ | =K, we U | 0 AT
cee e B IR I IR I - (2.41)

0 | IJIZ GZH') IKZ | e ) 0 I U D(_)

| |

v | 0 F3™' ¢ K|l we; U | 0 Ay
R O | I S DR U | B e (2.42)

0 | ¥ G(A) i’Kz | [} 0 | PZZ D(+)

where the vectors are column vectors with each having elements corresponding to the ordered terms of
the respective amplitude coefficients. The matrices ¢,, K, and P are diagonal matrices whose ele-
ments are

Wl = |8+ ki, + 8",8mn (2.43a)
lI<2]m.n = kz‘namn (243b)
{Pzz}m.n = pZZ,nSmn' (243C)

The matrix ® is given by Eq. (2.21). The treatment of the singular condition in Region 2 is similar to
that for Regions 1 and 3. From Eqgs. (2.38)

lim D3y =0
B—0 ’
lim Diy’ =0
8—0 )
(+)
. By Wik
lim = "7
80 Gy Pio
(—)
lim B = wu
= wig
8=0 Gi%

for k, o= 0. Thus. the leading elements of the vectors D;*' and D3~ must be changed from D%’ and
. 2.

Diy 10 —G33'/pio and —Gi} . respectively, for the singular condition if the matrix equations of
(2.39)-(2.42) are to remain valid. Analogous to the case in Regions 1 and 3. the amplitude coefficients
AR ALY Ciy. €y, Fib) . and Fiy' are dummy coefficients for the singular condition and the
resulting relationships of these terms are immaterial.

In each region i, with i = 1, 2, 3. the matrix notation may be condensed somewhat with the fol-
lowing representation:

!
d}/ |0
L R (2.44)
0 | u,
|
-¢ | tK,
P R (2.45)
+K, | ®
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Simple matrix multiplication will show
AN, =V, fori=1 213 (2.46)
It is apparent that A, and W, each possess an inverse, with
ATl =W (2.47)
The need for the special treatment of the singular condition is obvious if inverse operations are to be

made with these matrices.

While matrices in general do not commute, diagonal matrices do commute [62.63]. Thus, the
|

b | b,
matrix ¥, and its inverse ¥,;”! will commute with any matrix of the form | - - - | - - - | where each of
b3 | by
the ¢ submatrices is a diagonal matrix (hence all are square matrices of the same size), and the matrix
I
r | 0
A, will commute with any matrix of the form | - - - | - - - | where each submatrix I' is diagonal, as
0

may be shown by simple matrix manipulation. These commutation properties will be used in later
stages of the analysis without further comment as to the validity of the commutation operation.

In each of the three regions for the waveguide analysis, the y-dependence functions sin &, ,» and
cos k, ,» may be considered the basis functions for the series expansion of the fields [46,47,51]. These
basis functions are orthogonal on the interval —h/2 £ y < h/2, where A is the height of the particular
region. For (E.M) and (M M) solutions, with k,,, = 2n + D)n/h

he o ' Oforn = m

f_m sin (k; ,v) sin (k, ,¥)dy = hi2for n = m (2.48a)
02 Oforn & m

f—h/2 cos (k; ,y) cos (k; ,¥)dy = B2 for n=m (2.48b)
2

f‘h/z sin (k, ,v) cos (k, ,,v)dv = 0 for all n. m. (2.48¢)

For (M ,E) and (E ,E) solutions, k; , has the form k, , = 2nw/h, and the orthogonality of the basis
functions is the same as for (E,M) and (M M) solutions with the exception of » and m both equal to

zero:
hi2
f—:,/z sin (k, ,») sin (K, ,»)dy =0forn=m=20 (2.48d)
hi2
f_m cos (k, ,v) cos (k. ,y)dy = hforn=m=0. (2.48¢)
The interface between Regions 1 and 2 is the air-dielectric boundary at x = —x,. The tangential
components of the electric and magnetic fields must be continuous at this interface, thus
E,‘”L -, EJ"L. - (2.49a)
E:‘Z’L._ L= E_.‘”L -\ (2.49b)
H‘mL 1Ll (2.49c)
HJ”L .= H..‘“l‘ - (2.49d)
22
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For any given waveguide mode, symmetry considerations require the same effective wall type (electric
or magnetic) for all regions at the HPS, y = 0. Since Region 1 and Region 2 each have a height b,
ky, = kj, for all n and all modes. The result of applying an integral operator ff(g)dg to a function
g(€) will be defined as [ f(£)g(¢)dé, where any integration limits on the integral operator will reflect
as limits in the resultant integral. The series expansions for the various fields may be substituted into
Eq. (2.49). Subseyuent application of the appropriate integral operator, either [ %7, sin (k; ,y)dy or

b2, cos (ky ny)dy, dependent on the form of the basis functions for the particular field, to both sides
of the equations will show that the equalities of (2.49) are valid on a modal component, or term-by-
term basis. Thus,

B, , sinh [p; , (x; — x)))/py., = B35} cosh (p,,x;) — B33 sinh (py,x))/p,, (2.50a)
Ci., sinh [py , (x; — x)V/py,, = C33) cosh (p,,x;) — C33' sinh (py , %)/ P2y (2.50b)
F, , cosh [p; ,(x; — x)1 = F§%) cosh (p, ,x)) — Fy,) sinh (py ,x2)/py., (2.50¢)

Gi.. cosh [p; , (x; = x))1 = G313 cosh (py ,x3) — G313 sinh (3, %))/ 2.y (2.50d)

where the y-dependence has been eliminated by virtue of the orthogonality of the basis functions. The
relationships of Egs. (2.50) may be expressed in matrix form as

| I I
o | 0 C ;" o c;" 857 1 0 c;”
IR | BRIl IR TR | IR e NN IR | (2.51)
O l BI(E) Bl 0 | 02(-4’) BZ(+) 0 I 02(—) Bz(—)
| I 5 | -
9" | o Fy 37 | 0 Fi¥ I F;~
S Bt | Bl Bl Bl IRttt | Il Ea sl Bt | B (2.52)
0 | OI(H) Gl 0 | 02(4') G2(+) O I 92(—' Gz(—)
where each of the @ matrices is diagonal with
‘01(5)},,,‘,, = sinh [p;,,, = x2)]/pl.n8mn (2.53a)
{0{"'},, , = cosh [p, , (x; = x2)18 s (2.53b)
{051} . = cosh (py ,X3)8 (2.54a)
{057}y = sinh (py ,X2)/ P2 n8 mu- (2.54b)

Further compactness for the matrix notation may be obtained by defining new matrices for the doubled
A matrices:

l
ol | o
CHAE I (2.552)
0 | ol(ﬁ)
I
8" | o
O = (2.55b)
VI
PSS : 0
O = (2.55¢)
0 | e
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S (2.55d)

to give

’
» e N
P QA O OV . S Y

) 1
=-@/B ... [ === A0 -G-(; -l - 057! ---- . (2.57)
2

o
|
£
*
<
()]
0
'
s 50 S

e .,
A 2R
. el

"
P

But from Egs. (2.16) and (2.47)

¥ v "’
-"a“'n ‘.

XA
s, A,:y“

“
.-

W AR I e (2.58)
B] 0 | —w gy v Dl

-

In
’
AT

v
s
L}

s
',

while from Eqgs. (2.17) and (2.47) """"

F weg U | 0 A
A|---]=]------ [=-=--- -] (2.59)
G| 0 | U D| .\-'.‘- N

- \
The commutation properties of the matrices may then be used to show that the left-hand sides of R =_
(2.56) and (2.57) are both equal to SRR
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; thus the right-hand sides of these two equations may be set equal. Substituting from Egs. (2.39) 10
! (2.42), the results are
I | {—)
weg U | 0 u 0 A;
[ TELA) | ==--- AT 1 A8 Z4L WY [ | ===
I o , v | —wpo U || Dy
) |
PZ. | 0 A(-H
; 057l - |-
b 0 | —wio U || D’
4
. I | +)
Pt I 0 we;, U | 0 A
¥ - 1 L] [ [ ==---- AL 1—03PWIA| --- - ===
O | Wi U 0 | U D(—’
]
]
|
i we) U I 0 Az(_)
+6O37W [ ===~ N (2.60)

The matrix \| commutes with the matrices @3 and @37 and since A, = \,

,\I\VZ_I.\z = U

With both sides of Eq. (2.60) premultiplied by

collection of like terms will then give

|
erPIZ J 0 AZ(_'

O+ -0 - -
| P

tra
o
+

) | :

Py 0 Ps

= TR IR (_)I(f_l(_)5+) + o
0 | U 0

|
| 2

S (TR Tl | IR (2.61a)
|

The results of Eq. (2.61a) may be expressed as
Q:7A; = QA (2.61b)
0y''D:;" = Q@ 'Dy ! (2.61¢)
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*
\ where the diagonal Q matrices are given by
h
‘n QA(+D=EIP|20|(EIOZ(+)+PZZOI(HJOZ(—I (2623)
=€, Plo(E05 + 00y (2.62b)
. lt)+l = GI(H)OZ(H + PZZOI({;')OZ(—J (2.62¢c)
t 05 =0 + oHgs). (2.62d)
h
Y With this Q matrix notation
- (+) I (+) {(—) | (—)
: 0 A; a0 A;
. I R | B I IR IR | IR (2.63)
_ 0 0y | bt 0 |0y || D
‘ The remaining boundary conditions to be satisfied are at the interface between Regions 2 and 3.
- This interface is the plane of the ridge wall, x = 0. Continuity of tangential magnetic field requires
[ H,.‘Z’l = H‘F“\ (2.64a)
g : =0 : v=0
. HJZ’{ - H.'”‘ (2.64b)
. (=0 = =0
L for all y€{Y,}, where
: {r) ={-d/2< y< d/2}.
:: The tangential electric field must also be continuous at this interface. In addition, the tangential elec- ,-.:'__. '_-;:
N tric field of Region 2 must vanish on the conducting surface of the ridge walls, thus
. RRECAE A
< S,
' @ ES | mofory € {11 AN
. Ey |x-0 = Oforx=0,y € {YZ} (2.65a)
N o EP| g fory € {1}
:; E: Iv‘-_—_() = 0 for x = 0‘ ¥ € {YZ} (265b)
where
. (Vi =1{-6/2<y <—-d/2. d/2 < y < b/2}.
>

The requirements of Egs. (2.65) ensure the condition that H!? will also vanish on the surface
X x =0,y €{Y,) since H/* may be expressed in terms of E'? and H'? by means of Maxwell's curl
- equation (2.2a).

(]

It is apparent that an infinite number of terms must be used in the series expansion for the fields
if the requirements of Egs. (2.64) and (2.65) are to be completely fulfilled. If a numerical solution is
10 be obtained. the series must be truncated to some finite number of terms. The resulting error in the
i solution will depend on the number of terms used in the numerical calculations and on the convergence
properties of the solution. i.e.. how rapidly the solution converges with an increasing number of terms.
The convergence properties will be discussed at a later stage of the analysis, and it will be shown that

O N

(. 26
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accuracies of better than 1% may be obtained with as few as five or six terms in the series expansion
tor the ficlds.

At x = 0, the tangential field components in Region 2 reduce to

N,
2) — X g+ feost o
EI l\=()- 2 BZ,n lsin] /‘Z.'l.‘
n=0
N, .
] _ o ot |SIn] ,
[": |r=l)—</ 20(2.1/ [COS I‘ln.‘
n=

v, .
(2 ~ o+ |sing .
H\ '\'=0 = 2 Fl,n [COS] /‘Z.n.‘
n=0

N,
M R +) |COS| .
H. l\=n—./ 2(,)62‘" Sin] Kany
"=

where the number of terms in the series expansion for the fields has been truncated to Ny terms, with

/V]’= N2+ ]

In Region 3. the tangential fields at x = 0 are given by

A%
&Y _ = plE) cos| . .
E\ |\=U‘— z“ 0]./; 33.11 [sin A.‘.n.»
n=

\
2 .
R} _ (E) siny o,
E: |\=-()_./ z 034 Cl.n' l‘ln.l

CosS
n=0
vy .
R — X gl sin| .
Ill ]vn's() = 2 93.;1 F3.n |COS /\3‘,,)'
n=(}

\,
. cos
H;‘:“I\sl) =7 z 9_:_’11)(;3‘" [Sinl k.‘.n.V

n=0

where for (M E) and (M M) solutions

935 = cosh (p; ,x3) (2.66a)

83! = = sinh (p3 ,x3)/ P, (2.66b)
while for (E_E) and (£,M) solutions

935’ = —sinh (p; )/ p3., (2.67a)

811" = cosh (py ,x3). (2.67b)

Note that it is not necessary to truncate the number of terms for the serics expansion of the fields in
Region 3 to the same number of terms used in Regions | and 2. For this analysis. however, the fields
in al! regions will use the same number of terms in the series expansion 1o obtain numerical solutions.

To procced further with the boundary conditions of Eqs. (2.64) and (2.65). it is necessary to dis-
tinguish between the two types of wall conditions, electric or magnetic, at the HPS. For an an electric
wall at v = 0, the solutions are (M.E) and (E£.E), and the upper trigonometric function in the y-

dependence is used, with k; , = 2nw/b and k3, = 2nmw/d. Substitution of the truncated series for the
fields into Eq. (2.64b) gives

\\ \‘V
Y 030Gy, cos Qnmy/d) = ¥ .G cos Qnmy/b).
n=0 n={)

27

LA

Slele

ve

"" 'y
P




o

CHARLES W. YOUNG, JR.

Applying to both sides of this equation the integral operator [ 97, cos (2mmy/d)dy, where m
takes the values 0, 1, 2, ..., N, then gives

e e 46" 8 a

N a2
do{f’ Gy = dG3§' + ¥ G13) f_m cos Qnwy/b)dy
n=1

and

d (H) (+) a2 ge: (+) a2
3 077Gy = G2} f_m cos Qmny/d)dy + Y, Gi, f_m cos 2nmy/b) cos 2mmy/d)dy

n=1

»

I

£

for m =2 1. But

4
f—d/Z cos 2nmwy/b)dy = d sinc (nwd/b)

RN e s

d/?
f_m cos 2mmy/d)dy = 0form = 1

and using the mathematical identity
COs a COS 8 = %[cos (a — B) + cos (a + B)]
b the second summation integral may be evaluated as

/2
f—:‘z cos 2nmy/b) cos Qmmy/d)dy = {sinc [w(m — nd/b)] + sinc [w(m + nd/b)1}d/2

where the sinc function is given by

sin(r)
T

sinc(r) =

With the height ratio defined as

ks

r=d/b

then

N,
918G o= Gy + 3 sinc (nwr)GyY
n=1
and
)
931Gy = Ylsinc [w(m ~ nr)] + sinc [w(m + nr)1G§Y)

n=1

DY I S

for m 2 1. In matrix form, the results are

: 93‘”’(;} = AM‘GQ(*' (268)

where the matrix 93/ is diagonal with

; {01}, , = 03" dmn (2.69)

and the matrix My is given by

lform=0,n=0
sinc (nwr)yform=0,n=0

man =1 0form=z0.n=0 (2.70)
sinc [w{m — nr)l +sinc letm + nr)) form = 0, n = 0.

(M)

28
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Substitution of the truncated series representation for the fields #'? and H'' into Eq. (2.64a)
gives

N,
Y 0550 Fs , sin Qnuy/d) = 2 Fi%) sin Qnmy/b).

n=0 n=0

Here the coefficients Fy and Fi}' are strictly dummy elements since the modal components in both
regions correspondmg to n = 0 are nonexistent. Applying to both sides of this equation, the integral
operator f" 172 sin Qmmy/d)dy with m = 1, 2, ... N;, and using the mathematical identity

sina sin 8 = %[cos (a — B) — cos (a + B)]

will yield

O F; . = 2[smc [r (m — nr)) — sinc [w (m + n))}F3?)

n=1
for m 2 1. The dummy elements F;, and F;*' may be expressed as
(H)F3 0= 0 - FZ(T),
Thus, in matrix form

6{'F; = M F§*! 2.71D)
where the diagonal matrix i/’ is given by Eq. (2.69) and the matrix M; is given by

Oform=0o0rn=0

(M3} = sinc [w{(m — nr)) —sinclm(m + nr)l form # 0, n = O

(2.72)

The boundary conditions for £!2 and E*" at x = 0 are given by Eq. (2.65a). Applying to both
sides of this equation the integral operator [ %3, cos 2mwy/b)dy where m = 0,1, 2, ... . N, gives

dl2 /2
f " E(Z’L-O cos 2mmy/bl)dy =f s Er(")l.\:u cos Qmay!b)dy.

Here the integration limits on the left may be extended to +5/2 since £,°’ must vanish on the con-
ducting side walls of the ridges at x = 0. y € {Y,}. Thus,

b/2 d/2
f " E?| ocos Qmmy/b)dy = f 2 E _p cos Qmay/b)dy. (2.73)
_an E
Since a finite series representation for E'? cannot be identically zero for all v € {Y,} at x = 0, the
approximation is apparent for the truncated series. With this approximation, substitution of the series
representation for £ and £ into (2.73) will show that

L]

By = r8i§'By
N,
2r sinc (mmr)8ih' By + r Y isine [a(n — mr)] + sinc [w(n + mr)ll6, , By, for m 2 1.

n=1

(+)
BZ.m

In matrix form these results may be expressed as

B;"' = M,9;"'B, (2.74)
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. where the diagonal matrix #1%' is given by

' {08, = 655 8,0, (2.75)

and the matrix M, is given by

rtorm=0,n=20

0form=0,n#0

2r sinc (mawr) form # 0, n=0

risinc [w(n — mr)] + sinc lw(n + me)l) for m = 0, n = 0.

{/WZ}m.u = (276)

The boundary conditions for E.'? and E.* at x = 0 are given by Eq. (2.65b). Application to
both sides of this equation of the integral operator [ 42, sin Qmmy/b)dy, with m = 1,2, ..., N,, and
extension of the integration limits in region 2 to + b/2 (since E/?| o= 0for y € {Y,}) gives

bi2 dr2 ] .
[ EDysin Qmay/o)ay = [ EP o sin Qmmy/b)db.

Substitution of the truncated series representation for £ and E'*' and appropriate evaluation of the
integrals will then yield
.\':
Cit=r Ylsince lwln — mr)] = sinc [#(n + mr))}6;,Cs .

2m
n=1

The coefficients €33 and Cy, are dummy elements and may be included in the matrix representation
with

Ci*' = M9;4'C, (2.77)
where the matrix M, s given by

Oform=00rn=0

risine [w(n = mr)l} = sinc lw(n + mr))} for m = 0, n = 0. (2.78)

“‘Il’m.n =

The relationships developed thus far between amplitude coefficients of similar tangential fields in
Regions 2 and 3 have been for (M E) and (E E) solutions. The dummy coefficients as described are
included only as a convenience to simplify the notation. These dummy elements will later be discarded
as they have no bearing on the numerical solution.

For (M .M) and (E._M) solutions, corresponding 10 a magnetic wall at y = 0, the lower trig-
onometric function of the y-dependence is used in the series expansion of the fields, with
ky,=Qn+ Dn/b and k;, = 2n + )w/d. For these solutions. the singular condition does not
exist: i.e., neither k>, or k3, is zero for any value of n: thus, there are no dummy coefficients. The
procedure for obtaining relationships between amplitude coefficients of similar tangential fields is simi-
far to that used for (M.E) and (E.E) solutions. Application to Egs. (2.64a) and (2.64b) of the integral
operators [ 42, cos [2m + Day/d dy and [ 42, sin [(2m + Dwy/dldy. respectively, will yield upon
substitution of the truncated series representation for the fields

vV,
Y (sinc %((2»; + 1) = 2n + Drl + sinc %[(2», + D+ Qn+ DrllF)

n=0
A
Y (sinc %[(2»; +1) = (Zn + Drl = sinc %[(Zm + 1)+ Qn+ DrliGiy
n=0
for m=0,1.2..... N, Application to Egs. (2.65a) and (2.65b) of the integral operators
Jar sin [(2m + Day/bldy and [47; cos [(2m + Day/bldy. respectively, with the integration limits

I’ ‘II)F]_,"

3

)
#1'm (’l.m
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extended 1o +b/2 for the tangential electric fields in Region 2. and subsequent substitution of the
truncated series representation for these fields will yield

2.m

N,
B =rY lsinc %[(Zn +1) = Q2m+ 1)r] - sinc %[(2” + 1+ Qm + Drllest)B;,
n=0

N,
Cylm=rY {sinc %[(Zn + 1) = Q2m + Dr] + sinc 12'—[(2,1 + D+ Qm+ Drlleif's;,
n=0
for m=0,1,2,.... N, In matrix form the results appear identical to those for (M.E) and (E.E)
solutions, with

Cit' = M8it'C, (2.79a)
BiY = M,9{¢'B; (2.79b)
0{H'F; = M;F5* (2.79¢)
Gy = M G;* (2.79d)

where, however, the matrices M|, M;, M;, and M, are different. For (M M) and (£, M) solutions

(M)}, , = rlsinc %[(2,1 +1) = Qm + Drl +sinc %[(2,1 + 1D+ Qm+Drl}  (2.80a)

(M}, , = rlsinc %[(Zn +1) = Qm+Dr) - sinclzr—[(2n +1D+Qm+1r)]  (2.80b)
(M.}, , = sinc %[(M + 1) = Qn+ 1r] +sinc %[(2”’ +1)+ Qn+Drl (2.80c)
(M}, , = sinc %[(Zm +1) = 2n + Dr] = sinc %[(2," + 1+ Qn+Drl. (2.80d)

The elements of the diagonal matrices 8{¢’ and i/’ are given by Egs. (2.66) or (2.67), dependent on
the type of wall condition at the VPS, x = x;.

With the matrix form of Eq. (2.79) valid for all solutions. the four separate matrix equations may
be combined into a pair of matrix equations as

C2(+) . C3
ceee =M O] - (2.81)
B;" B,
F] F2(+)
O - =My ---- (2.82)
3 G;"
where
I
M0
My=1|------ (2.83a)
01 m,
I
My 0
My=\|------ (2.83b)
0 M,
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OB =|... |- - - - (2.84a) LA
0 | 03(5) 7
LIS Moty
b’.l '
‘r::.r" y
| NI
03””| 0 t%, ::'
O =1-ccq---. (2.84b) s
0 |65%
From Eq. (2.30)
I
C; Wa | 0 A3
e =W Al o
B; | —ouolU || D3 s
while Egs. (2.31) and (2.46) may be used to give
| -1 v:'.
A_; we;U i 0 F3 :
o il EENREE o Al .
D, 0 | W G;
thus
1
— W,
C; we3 4 { 0 F;
e =Wt Agf- - - j------ Asl-- . (2.85)
B'{ O '_wuo WD G}
This last result will be expressed as
G F;
ol =2Z]... (2.86)
B; G;

Substitution of Egs. (2.44) and (2.45) into Eq. (2.85) will show the submatrices of Z are diagonal with

1
Z||=!Il3—|[_—‘e—¢W4¢ +(U[.L0K3W5IK3 (2878)
wWeE3
Ziy= £ Kb w—ls— W, — oy w,;'].l,;' (2.87b)
3
ZZI = le (2.87¢)

Zy= 'llj-l[_l_e KiW,Ki+ oud W,)"d)]. (2.87d)
WE
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The * notation for the submatrices Z,; and Z,, is analogous to that for the individual regions, with
the upper sign used for (M,E) and (E.E) solutions and the lower sign for (M.,M) and (E.M)
solutions.

Substitution of Eq. (2.86) into Eq. (2.81) will give

C(+) F(+)
2 -1
el =M©PZ [93““] Myl - -- (2.88)
BZ(+) GZ(H
or
C2(+) F2(+)
e =R)---- (2.89)
B§+) Gz(+)
where the matrix R is given by
R =M ,0{EZ[0{"]" M, (2.90)
If R is partitioned as
J
Ry | Ry
R=|--------
Ry | Rn

substitution of the appropriate lower order submatrices into Eq. (2.88) will show that each of the sub-
matrices of R is a square matrix, with

R, =MOEZ, 07" M, (2.91a)
Ry;= M©iEZ,0{"1"' M, (2.91b)
Ry, = MPEZ, 07" M, (2.91¢)
Ry = M®EZ,07]! M, (2.91d)

Using Eqgs. (2.44) and (2.45), Eq. (2.41) will show that

N . 2RV I [----- (2.92)
0
while Eq. (2.39) will show that

I
I

Agf----l=]------ == — 293
}
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Premultiplication of Eq. (2.89) by A, with subsequent substitution of Egs. (2.92) and (2.93) will give ;1-‘:-."»_
. : :;\.;
| e
~ U : 0 Ay we;U | 0 Ay R
------ R | R e V7.4 254 | BRI | I (2.94)
& 0 |~wmU|{ D"’ 0 U D RTan,
¥ e
g NN
; From Eq. (2.63) :.-_.::_:::
) (r ) (+) _ Al :'.:'.':
+ 1 0 2 + 1 0 2 :
-—--l—--- - - - - =---—|——-— - - . - s
: O ]Q[‘)" Dzl-l 0 [Ql()+l D1+)
o
f thus premultiplication of Eq. (2.94) by
b B ]
0
- -
0 |Q[()+)
will give
l (+) l (+) --) l ’ I t+)
u o0 a1 0 A; 0:71 0 we; U 0 A
““““ I"““ ""I"")’ "l')' =—""1"".\3R‘l’2‘1\7"""""- .- - -
— 7 - - ! (-
0 | w,unl/ 0 IQI) D: 0 IQ[()H 0 | L DZ
or
A2(+)
T1----1=0 (2.95)
X Dy’
N with the matrix T defined as
I | | I
u | 0 0" 1 o 05" 1 o0 we U |
T=|------ [ ------ Hal e + ----|--(-)—S ----- f=---- (2.96)
0 | eVl 0 Oy 0 oy 0 ¢
: where the matrix S is given by
S =ARV¥;'\, (2.97)
= \>R A\ W L
\ Partitioning the matrix S as
Sul sy
S=Ff--J....
Sy Sy

substitution of the appropriate lower order submatrices into Eq. (2.97) will show that the submatrices of
S are square, with

S||=¢R||¢;¢R|1K3¥l\’szl(b"‘K’gR::k’: (2.98a)
Sy=FOR K, — DR xb + K:R K> + K:Rd (2.98b)
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Sgl = ;KJR“(D + ’\,ZRIZKZ - ‘DRN(D + Q)RQQKQ (2.98¢)
y = K:R”Kzi' KQRIZQ) i"bRg]K:‘*“DRgg(b. (298d)

S
Again, the (£) and (F) symbolism is the result of the dual sign notation used to distinguish the type
of wall condition at y = 0, with the upper sign to be used for {(M.£) and (E.E) solutions and the
lower sign for (M M) and (E.M) solutions.

<

r

The expression of Eq. (2.95) represents an eigenvalue problem for which the eigenvalue is zero
[51.63]. For a nontrivial solution to exist, the determinant of the matrix 7 must vanish:

det [T]=0.

All elements of T are determined uniquely for given values of radian frequency w and propagation con-
stant B when the type of solution; i.e.. (M. E), (M M), (E.M), or (E.E). is specified. Thus, the fre-
quency may be fixed and 8 taken as the unknown, with

det [T(B)] =0

the requirement for a numerical solution for 8, or the propagation constant may be fixed and w taken
as the unknown. In the latter case. only the cutoff frequency will be sought, with B = 0. thus

det [Tlw )] =0
is the requirement for a numerical solution for cutoff for any mode.

The matrix T may be partitioned into square submatrices as

where from Eq. (2.96)
T= 04"+ we0,7'S),
Tii= Q4 'Sp
Ty = we 0578y
Tor=Q5"'Sn — wuoQp .

For the waveguide modes where the singular condition is not encountered: i.e., k, o # 0, examination
of the matrix equations used to develop Eq. (2.95) will show that all elements of the matrices T, and
T3y vanish at the mode cutoft frequency where 8 = 0. Thus, when solving for the cutoff frequency of
these modes.

= det [T”] - det [ng]
=0
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and the requirement for the cutoff frequency is either

det [T)(w )] =0 (2.99a)
or

det [Ty (w )] = 0. (2.99pb)

In the general case, both determinants will not be zero simultaneously, i.e., for the same frequency.
For Eq. (2.95) to remain valid when det [T};(w.)] = 0 but det [T5,(w,)] # 0, the vector D{~’ must
vanish. If D;~) = 0, then from (2.61-c) D§* = 0. Thus, the waveguide mode with cutoff frequency
determined by Eq. (2.99a) has no x-directed component of magnetic field at cutoff, analogous to the
condition for LSM modes in dielectric slab loaded rectangular waveguide (Appendix B), and will be
referred to as a quasi-LSM, or QLSM mode.

If det [Tyy(w,)] = 0, but det [T};(w.)] # 0, then the vector Aj*) must vanish for Eq. (2.95) to
remain valid. From Eq. (2.61b) Af™) = 0if Af*’ = 0, and the waveguide mode corresponding to the
cutoff condition imposed by Eq. (2.99b) thus has no x-directed component of electric field at cutoff,
analogous to the condition for LSE modes in dielectric slab loaded rectangular waveguide (Appendix
B). and will be referred to therefore as a quasi-LSE, or QLSE mode.

Note that the QLSE and QLSM modes of the dielectric loaded ridged waveguide do possess x-
directed components of electric field and magnetic field, respectively, at frequencies above cutoff. This
is in contrast to the LSE and LSM modes of dielectric slab loaded rectangular waveguide, for which the
x-directed components of electric field and magnetic field, respectively, maintain zero magnitude at fre-
quencies above cutoff. Additional discussions of the QLSE and QLSM modes at frequencies above cut-
off will be postponed until a more specific classification is formulated for the different waveguide
modes.

For the waveguide modes where the singular condition exists at cutoff, i.e., k,o = 0fori = 1, 2,

3. the vector element Az‘f{)’ is a dummy element. To eliminate this dummy element, the eigenvalue
problem of Eq. (2.95) must be modified to

Tl ----{=0 (2.100)

where T’ is the matrix formed by deleting the first row and first column of the matrix 7. The vector
A" is the vector As* less the first, or dummy, element 45%'. When solving for 8 at frequencies
above cutoff, the vector D5~ is the same as the vector D;~’. When solving for the mode cutoff fre-
quency, with 8 = 0, the vector D, is the vector D;~', but with the leading element D;g’ replaced as

~G3} . The matrix T’ may be partitioned as

where Ty, is the matrix T, less the first row and first column. T, is the matrix T); less the first row,
T3, is the matrix T less the first column. The matrices 7y, and 73, are nonsquare. It is straightfor-
ward to show that the eigenvalue problem of (2.100) is exactly the same as would have been obtained
had the development not included the dummy elements to maintain a consistent notation for the
mathematical analysis. The required condition for a numerical solution is thus

det [T(w.8)] =0
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where either w or 8 may be treated as the unknown quantity. The only types of waveguide modes for
which the singular condition exists, thus requiring modification of the matrix T to T in the eigenvalue
sclution, are QLSE modes. This point will be clarified after the discussion of additional parameters
which may be used to further specify the different waveguide modes.

Thus far in the analysis of the dielectric loaded double ridged waveguide, the specifications for the
waveguide mode(s) have been the effective wall conditions, electric or magnetic, at the two planes of
symmetry, with an additional classification of each mode as either QLSE or QLSM, dependent on the
eigenvalue solution at the cutoff frequency. For each of the wall condition solution types,
(M.E),(M M) (E.E), and (E,M), there will exist an infinite number of both QLSE and QLSM
waveguide modes. This situation is comparable to the infinite number of LSE and LSM modes that
exist in dielectric slab loaded rectangular waveguide (Appendix B). In the case for the latter
waveguide, an index integer pair is used to uniquely specify each of the LSE and LSM modes with any
given mode characterized as the LSE, , mode or the LSM,, , mode. The first index m refers to the
number of half cyclic variations of each of the existing (nonzero ) fields E,, E,, E,, H,, H,, and H,, as
a function of x within the waveguide, i.e., from sidewall to sidewall. The second index n refers to the
number of half cyclic variations of each field as a function of y, i.e., from topwall to bottomwall.

In the dielectric loaded ridged waveguide, the fields of every propagating mode consist of an infi-
nite number of modal components. A single index integer pair may be used, however, to uniquely
specify each mode, in a manner analogous to that for the LSE and LSM modes of dielectric slab loaded
rectangular waveguide, if the integers refer to the number of half cyclic variations of the fields of the
lowest order modal component present, i.e., the modal component with the smallest value of n. The
y-dependence of the #'" modal component in region i is

(i) = |sin
fn (V) ‘COS] ki‘ny .

with the choice of the sin or cos function determined by the specific field. For (M,E) and (E,E)
modes, with an effective electric wall at y = 0, in each region with height 4;

ki » = 2nw/ h;;

thus the number of half cyclic variations (topwall to bottomwall) of fields of the nth modal component
is 2n. For (M,M) and (E,M) modes, with an effective magnetic wall at y = 0, k; , = 2n + D)a/h;;
thus the fields of the nth modal component have 2n + 1 half cyclic variations from topwall to bot-
tomwall. With each waveguide mode classified as QLSE,, ,- or QLSM,, -, the lowest order modal com-
ponent of the propagating mode is given by n’ = 2n for (M,E) and (E,E) modes, and by n" = 2n + |
for (M, M) and (E,M) modes. In the series expansion of the fields, this represents a lower limit ng on
the summation index n. For n’ an even integer (corresponding to an electric wall at y = Q) the
QLSE,, ,, and QLSM,, ,, modes have the lowest order field components with ng= n’/2, or
King = n'w/h;. For n’ an odd integer {(corresponding to a magnetic wall at y = 0), the QLSE,, ,- and
QLSM,, ,» modes have the lowest order field components with ng = (n’ — 1)/2, or k; , = n'm/h;. With

the lower limit set on the summation for all fields in each region, each of the matrices developed earlier
in this section is thus dependent on this value for ny. Some caution must be exercised when assigning
the index notation for matrix and vector quantities in any computer program since most computer sub-
routines for matrix operations require a lowest order index of one.

For each propagating waveguide mode, the type of effective wall condition at the vertical plane of
symmetry, x = x;, will determine the symmetry aspects of each of the field components. With an
effective magnetic wall at x = x;, the tangential magnetic fields H, and H, and the normal electric field
E, must be antisymmetric about the VPS, while the tangential electric fields £, and E; and the normal
magnetic field H, must be symmetric about the VPS. For an effective electric wall at x = x;, the sym-
metry conditions are reversed, with the fields E,, E., and H, antisymmetric and the fields H,, H.. and
E, symmetric about the VPS. The dependence of the field symmetry (antisymmetry) on the effective
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wall type at the VPS is identical to that for the LSE and LSM modes of dielectric slab loaded rectangu-
lar waveguide (Appendix B). To maintain the analogy with the propagating modes of the latter
waveguide, the first index of both the QLSE, , and QLSM,, , modes of the dielectric loaded ridged
waveguide will be an odd (even) integer for an effective magnetic (electric) wall at the VPS, x = x;.
The four combinations of effective wall conditions at the two planes (vertical, horizontal) of physical
symmetry thus are reflected as restrictions on the index pair m.n’ for either the QLSE,, , mode or the
QLSM,, , mode with

Wall conditions m n'
(M.E) - odd even
(E.E) — even  even
(M. M) — odd odd
(E.M) — even odd (2.101)

In any propagating mode, the higher order modal components (terms of the series expansion for
the fields with n larger than the lower limit ny) will in general be evanescent with respect to x; i.e., the
fields of these modal components will decay exponentially with distance from the ridge walls. For this
reason, and to maintain an analogy with the index notation for modes of dielectric slab loaded rectangu-
lar waveguide, the first index m of both QLSE,, ,- and QLSM,, ,- modes will be used to describe the
number of half cyclic variations (sidewall to sidewall) in the fields of the lowest order modal com-
ponent, i.e., the field terms (with other than zero amplitude) corresponding to n = ny in the series
expansions.

An equivalent but considerably more simplified description for the correlation between the field
structure and the propagating mode designation may be obtained by viewing the modes of dielectric
loaded ridged waveguide as the corresponding modes of dielectric slab loaded rectangular waveguide
with fields that have been distorted due to the presence of the ridges. Thus, the QLSX,, , mode,
where m and n' are fixed integers and X denotes either E or M, would become the LSX,, , mode if
the ridges were to vanish, i.e., if the ridged waveguide was reduced to rectangular waveguide. Of
course, the mode cutoff frequency and the propagation characteristics, as well as the exact field struc-
ture, would vary as the ridges were withdrawn.

The assumption of a lower limit ny other than zero for the summation index n in the series
expansion for the fields of dielectric loaded ridged waveguide has an equivalent assumption if the
corresponding waveguide mode is viewed as a distorted mode of dielectric slab loaded rectangular
waveguide. The equivalent assumption is that the single modal component of the undistorted mode (in
rectangular waveguide) remains as the lowest order modal component upon introduction of the ridges.
As an example, the LSE; ; mode of dielectric slab loaded rectangular waveguide has fields that have a
y-dependence f(y) = [:g;] 2wy/h. Upon introduction of the ridges, the fields of this mode are dis-
torted, with the mode becoming the QLSE; , mode. Using the y-dependence to form the basis func-

tions for a series expansion of the fields in each region /i, with f, , = Eg;

gg;] 2mwy/h,, or that the lower limit on the summa-

2nwy/h, the assumption is

that the lowest order modal component has f, , = l
tion index n is ng = 1.

The assumption of a lowest order modal component for the higher order waveguide modes is sup-
ported to some extent by numerical calculations made for several modes and several waveguide
geometries. The cutoff frequency was calculated using the appropriate value for n, in the series expan-
sions (thus setting the elements of the matrix for the eigenvalue solution) and compared with the cut-
off frequency obtained when the lower limit was forced as ny = 0. For most waveguide modes and
geometries tested, the agreement was excellent—less than 1% difference. Some comparisons were
poor, possibly because of the difficulty in finding numerical solutions to the eigenvalue problem due 10
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the close proximity of poles and zeros of the determinant for the higher order modes. Such compari-
sons were made only for QLSE,, , and QLSM,, , modes with n” = 2 since the lowest order modal
component of modes with n° = 0 and n" = | correspond to the lower limit ny, = 0. As discussed in
the following paragraph, both the dominant mode and the first higher order mode will always have a
lowest order modal component n, = 0. Since the primary objective of this investigation concerns the
single mode bandwidth and field characteristics of the dominant mode, no further effort was made to
rigorously justify the assumption of a lowest order modal component with n;, # 0 for these higher
order waveguide modes.

For the QLSX,,, mode (X = E or X = H) of dielectric loaded ridged waveguide. increas'ng
either integer index will raise the cutoff frequency, analogous to the case for the modes of dielectric
slab loaded rectangular waveguide. Also, by analogy with the latter waveguide, the first index of the
QLSE,, , mode is restricted to nonzero positive integers, while the second index of the QLSM,, ,
mode is restricted to nonzero positive integers. The possible propagating modes for dielectric loaded
ridged waveguide are thus the QLSE,, , modes, with m =1,2.3. ... and n'= 0,1, 2, ... . and the
QLSM,, , modes, with m=0,1,2, ... and n" =1, 2,3..... As discussed earlier. the matrix of the
eigenvalue problem is a function of each of these indices. A simple comparison of index pairs for the
different modes will show that the two waveguide modes with the lowest cutoff frequencies. i.e., the
dominant mode (lowest f.) and the first higher order mode (second lowest f.), must be a pair of
modes from a group of four modes: the QLSE,; ; mode, the QLSE,; mode, the QLSE, ; mode, and the
QLSM; , mode. These four modes represent respectively the four mode types, (M, E) (E.E) . (M. M),
and (E. M), describing the effective wall conditions at the (vertical, horizontal) symmetry planes. For
practical applications, the waveguide geometry usually will be chosen so that the QLSE, ; mode is the
dominant mode.

Discussion on two issues raised earlier concerning certain properties of different waveguide modes
may now be continued with greater clarity since the mode designation has been completed. Since the
singular condition arises only at waveguide cutoff for modes with the lowest order modal component
having &, o = 0 and thus occurs only for modes with the index #' = 0, and since n’ > 0 for QLSM,, ,,
modes, the singular condition exists only for QLSE modes, or more specifically the QLSE,, o modes,
and then only at cutoff. The second issue is that of the x-directed electric and magnetic fields of the
QLSE,, ., and QLSM,, , modes where n" &= 0. As pointed out earlier, £, = 0 at cutoff for the
QLSE,, ,- mode but at frequencies above cutoff £, # 0, while for the QLSM,, ,, mode H, = 0 only at
cutoff. If solving for the propagation constant 8 at some fixed frequency, the full determinant T must
be used with

det [T]=0 (2.102)

the requirement for a numerical solution. If the frequency is above the cutoff frequency of the
QLSE,, , mode and that of the QLSM,, ,, mode, where m and n’ are fixed with n" > 0, separate roots
to (2.102) will be found corresponding to the different values of 8 for the two waveguide modes. The
lower root for B will normally (but not always) correspond to the mode with the larger cutoff fre-
quency. The specific waveguide geometry will determine which mode has the larger cutoff frequency.
By tracking the root(s) for 8 as a function of frequency from cutoff for each mode, and solving the
eigenvector problem to determine amplitude coefficients of the various modal components, it is possi-
ble to compare the field magnitudes of the different modes. Such a procedure was used to compare the
fields of the QLSE, ; mode with the fields of the QLSM, ; mode for several waveguide geometries. In
each case, the most pronounced variation of any field component between the two modes at a fre-
quency well above cutoff of either mode was in the relative magnitudes of the lowest order
(k, o = m/h;)) modal component of E, and H.. With all fields normalized to unit power flow in the
waveguide, the QLSE; | mode had a consistently smaller magnitude for the lowest order term of £, and
a consistently higher magnitude for the lowest order term of H, than the corresponding modal com-
ponent amplitudes of the QLSM, | mode. The amplitude difference between like ficlds varied from a
factor of 3 to more than 2 orders of magnitude, dependent on the specific waveguide geometry and the
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point where the comparison was made. For the QLSE,; and QLSM, | modes at least, this comparison
lends additional credence to the nomenclature of quasi-LSE and quasi-LSM modes.

As discussed earlier, the QLSE,, o modes use the matrix T’ in the eigenvalue solution, where the
matrix T’ is formed by deleting the first row and column of the matrix T of (2.96). This reduction of
the matrix is necessary to eliminate the effects of the dummy vector coefficients—corresponding to the
zero amplitudes of the n = O order modal components of E,. E., and H,—on the eigenvalue develop-
ment. For any given frequency above cutoff, the requirement for a numerical solution is

det [T'(B)] = 0.

When solving for the cutoff frequency of a QLSE,, , mode, the computational requirements may be
reduced by partitioning the matrix 7" as

If Ny terms were used in the series expansion for the fields, then the matrix T will be square, with size
2N7 x 2Ny, The matrix T is square also, 2Ny — 1) X (2Ny — 1), The submatrices 7, and 7, are
both square, where 7, is Ny x Ny while 75, is (Ny — 1) x (Ny — 1). While the submatrices 7, and
T, are both nonsquare, it is a straightforward procedure 10 show that each is a null matrix, i.e., all ele-
ments are zero, when 8 = 0. The requirement for a numerical solution for cutoff

det [T{w. )] =0 (2.103)
may thus be reduced to
det [‘r“(w‘.)] - det [Tzz(w()] =0.

With the matrix 7" partitioned as described, the full eigenvalue problem for cutoff of a QLSE,, o mode
is given by

A5y
|
|
| Az‘ﬁv’,
Th | O _GH)
AT | IR P (2.104)
0 | 7 D{y
A
|
Dy,

where the coefficient Dj3’' has been replaced as —-Gz‘f)’ as discussed for the singular condition. If at
some trial value of w, the determinant of the matrix 7,, were 10 vanish, but det {r,} # 0, then all of
the lowest order (n = 0) model field components must vanish if (2.104) is to be satisfied. since D;3’
= 0 at cutoff. Thus, det [r;,] = 0 for a QLSE,, , mode at cutoff, a fact confirmed by numerical
evaluation of this determinant for a variety of waveguide geometries.

The requirement for waveguide cutoff of a QLSE,,  mode is thus
det [T”(wc)] = 0. (2.105)

Since det [ry(w )] # 0, then H, = 0 to satisfy (2.104). This is in contrast to the cutoff of
QLSE,, , .0 modes, for which £, = 0. However, the lowest order modal component of E,, E, g. is
zero for the QLSE,, , mode.
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In addition to the null field features that have already been pointed out for cutoff conditions of
the different waveguide modes, other features are readily seen upon examination of the relationships
developed earlier between the x-directed electric and magnetic fields and the remained field com-
ponents. For waveguide cutoff, the fields can be summarized for different modes:

E, H, H =0

QLSM,, , modes E.E.H =0

E.E. H =0

QL3En.n modes | gy H =0

E,H,.H =0
E. H, =0
Eo=0

E  p50= 0.

QLSE,, ¢ modes

Once the solution is obtained for a given waveguide mode, i.e., either the cutoff frequency w,
(with 8 = 0) or the propagation term 8 (for a fixed frequency) is found to satisfy the null requirement
of the appropriate determinant, conventional linear algebra techniques [51,62-65] may be used to calcu-
late the eigenvector associated with the full matrix, from Egs. (2.95) or (2.100). With the amplitude
coefficients represented by the elements of the vectors A~ and D{*’ then known, calculation of the
remaining field amplitudes in all regions may be accomplished in a straightforward manner.

For the purposes of this investigation, the only mode that requires numerical evaluation of the
fields is the dominant mode. Because of practical considerations, only those waveguide geometries for
which the dominant mode is the QLSE;  mode will be considered. As with any waveguide, the opera-
tional frequency cannot be too close to cutoff because of greatly increased attenuation and dispersion.
These considerations will normally limit the lowest frequency of operation to 15 to 20% above cutoff.
Therefore, the details of the numerical determination of the fields will be given only for the QLSE,;
mode at frequencies above cutoff.

Once B is found for any given frequency w > w,, i.e., det [T'(w,8)] = 0, the matrix T" is fixed
and the vectors A, and D{~) may be calculated from Eq. (2.100). Because A5} is effectively zero
(since k9 = 0), the full vector Aj*) is thus known. The vectors A{~ and D;*) may be calculated
from Eqgs. (2.61b) and (2.61¢):

Az(—) = [Q"(—)]—l Q,4(+)A2(+)
D2(+) = [Ql()+)]—l QL(;)DZ(_)-

The remaining amplitude terms of Region 2 may then be found by using Eqs. (2.39) to (2.42), with
B{" = [y ' KA — wugBDSY)
Bi = [y, '[K,PIASY — wueBDS)
CiP = [ l7"[BA;” + wuoKDIY]
Ci) = —[wl ' (BPI ALY + wu oK Di™)
Fit = [y)) ' we,BA{Y — K,DS7']
Fi = [po) ' [we,8A57 - K,P§D;*]
Gt = — [y,) ' we, KA + DS
G = — )l ' lwe, K A7 + BPIDSY]
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where the matrix @ is replaced as BU for w > w, and the upper (+) symbolism used for + K, since
the QLSE, o mode is a (M .F) mode. All of the vector elements may be calculated on a term-by-term
basis in Region 2 since all of the matrices involved are diagonal.

A number of different methods could be used to find the coefficients of the field components in
Region 3 once those of Region 2 arc calculated. The method chosen was to first calculate F; and G;.
From Eq. (2.79¢)

F3 = lg;ll)]_lM3F2‘+’
while from Eq. (2.79d)
G; = [6;"'1""MG;3*.

Determination of F; and G; requires matrix operations since neither M; or My are diagonal matrices.
Since W, = U and W), = P} for a (M.E) mode, Egs. (2.44) 10 (2.46) together with Eq. (2.31) will
give

A; LIBF.z - K;G;l
we3

DJ -[P%];I[K‘;FJ'*BG]]

Then Eq. (2.30) may be used to obtain
Cy = =31 [BA; + wpoK;Ds)
B; =[y:) ' [K:A; ~ wpy8D;).
The clements of the vectors Aj, D;, C;. and B; may be calculated on a term-by-term basis since all of

the matrices involved in calculating these vectors are diagonal. -

The modal component coefficients of the fields in Region 1 may be found by matching tangential
fields on a term-by-term basis at the air-dielectric interface, x = —~x,. With this procedure, terms of
the form

a, cosh (py ,x3) — b, sinh (p; ,x5)

will be encountered where the coefficients @, and b, approach the same value as n becomes large. For
large n, the term p, , is almost proportional to n, thus the cosh and sinh functions increase exponen-
tially with n. With as few as five terms in the series expansion for the fields, significant errors can be
caused by the numerical inaccuracy inherent in the calculation of the difference between two very large
numbers [64]. Such computational errors may be avoided by matching the normal field components at
x = —x3. Using the matrix notation of Eq. (2.53),

BINA, =€, [057ASY — 9§ AL) (2.106)
96D, = 9;V'D{* ~ 94-'D{ (2.107)

where the vector elements A4, . 435 and A5, are zero magnitude. Substitution of Eq. (2.61b) into
Eq. (2.106) gives

Ol“”AI = G,IQ/:»—)]—I[Q/:—)O{H — Q’;+)02(~)]A2(+)'
Subscquent substitution for the matrices Q4 ' and Q4* from (2.62) and appropriate commutation of
the diagonal matrices yields
OI””AI = e,[QA(—)]—IISIPIZO;E)[02(+)02(—) _ 9;,l+)021~)] + 0]([!)[92(+D02(+> - P2202(~)05» )”A2(+)'
But

0:7'0;* — Pig3 0 = U,
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thus premultiplication by [8/]7' yields
A =¢l101 A (2.108)

In a similar fashion, Eqgs. (2.61¢) and (2.62) may be used with Eq. (2.107) to show that
D, = [@}V')'D;. (2.109)

The results of Eqs. (2.108) and (2.109) could also have been obtained by matching the tangential fields
at x = —x; and using the relationships between the fields from Eqgs. (2.16) and (2.17) to obtain cancel-
lation of many terms. Such a procedure is straightforward but considerably more detailed than the
method shown.

Once numerical quantities for the elements of A, and D, are found from Egs. (2.108) and
(2.109), calculation of the remaining field coefficients in Region 1 may be accomplished by using Egs.
(2.16) and (2.17) directly:

C,=-ly,) ' [BP} A, + wuok D))
B, = [v 'K \PIA| — wpeBD)]
Fi = [0] ' lwesBA| — K D))

G = —[\bllkl[‘”e()KlAl - BD,l.

Since all matrices involved in the calculation of the amplitude vectors in Region 1 are diagonal, the
coefficients may be determined on a term-by-term basis. The magnitude of any field may then be cal-
culated at any point within the waveguide.

The number of terms Ny used in the series expansions of the fields affects the accuracy of the
numerical solution. Numerical calculations for a variety of waveguide geometries indicated rapid con-
vergence of solutions, for both w, and 8. For all geometries tested, as few as five terms gave solutions
within 0.5% of the numerical value obtained by using many more terms. Convergence characteristics of
the cutoff frequencies for the four lowest order waveguide modes are shown in Table 1 for a typical
waveguide geometry. The convergence characteristics for 8 of the QLSE; ; mode are shown in Table 2.

2.3 Peak Power Capacity

The peak power capacity of a waveguide is the maximum microwave power the waveguide will
carry without arcing due to the large electric fields within the waveguide. The power level at which arc-
ing occurs is referred (o as the peak power breakdown level. The specified peak power capacity for
some waveguides may include a safety factor; however, for purposes of this investigation the peak
power capacity and the peak power breakdown level will be considered as equal unless otherwise noted.

The time-averaged power transmitted across any closed surface S is (40,41]

P-3Re[[ ExH" g

The coordinate system used in Section 2.2 will be used here also, with the waveguide axis in the a;
direction. Propagation again will be assumed to be in the positive a. direction. The surface of integra-
tion is thus the interior cross section of the waveguide of Fig. 3, and with dS = a.dxdy, then

(E x H*) - dS = (E H? — E, H*)dxdy.

Advantage may be taken of the waveguide symmetry to limit the integration to the left half if a factor
of 2 is included in the power calculations. The surface integration will be separated into three regions
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Table 1 — Convergence Characteristics of Cutoff Frequencies
for Different Modes

Waveguide geometry parameters:

a=1.01(254) s =02 (0.51)
= 0.4 (1.02) =104 (1.02)
d=0.15(038) €, =40

Dimensions are in inches (cm)

Mode Cutoff Frequency in GHz

Nr | QLSE;p | QLSEyo | QLSE,; | QLSM,
1 2.4528 9.6587 14.3651 12.3792
2 2.2497 8.8459 14.8782 12.3141
3 2.2478 8.8425 15.0177 12.3065
4 2.2392 8.8062 15.0146 12.3058
5 2.2353 8.7911 15.0555 12.2996
6 2.2352 8.7903 15.0611 12.2996
7 2.2329 8.7808 15.0667 12.2983
8 2.2327 8.7800 15.0782 12.2967
9 2.2321 8.7776 15.0776 12.2979

10 2.2313 8.7747 15.0831 12.2959

11 2.2315 8.7748 15.0862 12.2955

12 2.2310 8.7729 15.0862 12.2955

13 2.2308 8.7722 15.0899 12.2949

14 2.2308 8.7720 15.0903 12.2948

15 2.2304 8.7706 15.0915 12.2946

16 2.2304 8.7706 15.0935 12.2943
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Table 2 — Convergence Characteristics of Waveguide Parameters
for QLSE, , Mode

Waveguide geometry parameters:

= 1.0 (2.54) s =0.2 (0.5
b =104 (102 r=041(1.02)
d=015(038) € =40 tans=10"

Dimensions are in inches (cm) Copper Walls

Frequency = 3.5 GHz QLSE,, /. = 2.23 GHz
Nr | B (7em) P?):f::( (:(IZK"])' Pl;:s::( ?E;v\'n)z (dB/(:r;.eter) (dB/(:r;Ieter)
| I | 36589 6009.4 71958 0.1791 0.0818 _
2| 39517 2863.4 8984.8 0.1806 0.0768 R
3| 39548 28412 8957.5 0.1858 0.0768 Tl
4 | 39.65 28338 9120.1 0.1885 0.0766
5| 397.18 2837.0 9187.4 0.1902 0.0765 S
| 6 | 39721 2835.1 9188.9 0.1916 0.0765 A
7| 397.54 2830.4 9221.6 0.1929 0.0765
| 8 | 397.56 2831.2 9225.3 0.1935 0.0765
9 | 39761 2828.7 9232.6 0.1946 0.0765
10 | 397.54 2828.0 9242.6 0.1951 0.0765 b
1| 397.54 2838.3 9242.0 0.1957 0.0765 RS
12 | 397.76 2826.4 9248.7 0.1964 0.0765 ,,"E
13 | 397.81 2826.6 9250.9 0.1966 0.0764 S
14 | 397.81 2826.1 9251.5 0.1970 0.0764 Sarce;
1S | 397.84 2825.4 9255.6 0.1973 0.0764 R
16 | 397.84 2845 4 93213 0.1963 0.0768
Notes:

(1) Power for breakdown at air-dielectric interface
(2) Power for breakdown in dielectric
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to conform with the region definition shown in Fig. 4. Since the expressions developed for the :'.t‘;.:a.
transverse fields £,, E,, H,, and H, are real, the power carried by the waveguide is Yo
3
P=2Y P (2.110a)
i=1
with
Po= 2 [ LIEDHS - £ H sy (2.110b)

where the i subscripts and superscripts denote the particular region and with the appropriate integration
limits for each region.

The only propagating mode for which power breakdown is of interes. for this investigation is the
dominant, or QLSE,; y mode. For this mode, in each region the nth modal component of E, and H,
has a y-dependence given by sin (2nwy/h), while the nth modal component of E, and H, has a y-
dependence given by cos (2nmy/h), where h is the height of the region. Because of the orthogonality
of these functions, the cross products generated by substitution of the series representation for the
fields will vanish when the y integration is performed. Thus the expression for the power in each
region may be reduced to

where the n subscript on each field quantity denotes the nth modal component for that field. For the
dominant mode, the lower limit on » in the summation is zero. The upper limit is theoretically infi-
nite, as in the analysis to determine the propagation characteristics; but as in the latter analysis, the
number of terms must be truncated at some finite value for a numerical solution. The number of
terms that can be used to find P, is obviously limited by the number of terms N used in the propaga-
tion analysis, and for power breakdown caiculations will be set equal to Ny. The effect of the series
truncation on power breakdown determination will be discussed after the mathematical development
has been completed.

In Region 1, substitution of the series representation for the fields from Eq. (2.12) into Eq.
(2.111) gives

where

and

The mathematical identities

may be used to evaluate /{, and /{*, as

-3/ JIESHS ~ B H sy @2.111)

Z

2

b/2
Al.nFl.nI‘l‘.n f 5/2

b2
Py = % sinfQQnwy/b)dy — B, ,D, I, f__b ) cos’(2nmy/b)dy

:

1, = f:‘lz COSh2[P|.,,(X + x)]dx

I, = ff.,: sinh’lp, , (x + x))/pi, dx

cosh’d = (cosh 20 + 1)/2 (2.112a)
sinh?9 = (cosh 20 — 1)/2 (2.112b)

= {COSh [[7|‘,,(.\’| - .\'g)] sinh [[’]_,,(.\'| - .\'3)]/,7[_,, + (.\'l - \3)}/2
Ss,, = {COSh [[lli,,(.‘] - X:)] sinh [[7|>,,(.\'| - .\‘3)]//’;.,, - (.\'| - \3)}/2 [7[2_,,.
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After the v integration is performed, the expression for P, becomes

bB, \D pE:
sz = ﬁ() g- 2 (Al.nFl_nI‘I‘.ﬁ - Bl.nDLn”%n)' (2.113)

P|=-

In Region 3. substitution of the series representation for the fields from Eq. (2.25) into Eq.
(2.111) gives

-

1

d/2 . B /2 2
Pi= 3 T | AsaFoalty f",,/z sinQnwy/d)dy — By Dy, 15, [ cos?Qnmy/d)dy

uM,

L
2,

Iifn = f()' J SinhZ[pJ.n (x - x3)]/p32'" dx
and
15, = fo. 3 CoShzlpJ.n (x - x3)]dx.

The mathematical identities given in Eq. (2.112) may be used to evaluate /¥, and ¢, as

= [cosh (p3 ,x3) sinh (p3 ,x3)/p3, — x3l/2p3,
= [cosh (p3_ ,x3) sinh (p3 ,x3)/p;3, + x31/2.
The y integration will then yield

dB; oD Ak
PJ=_ +30 I d 2('4311[:1"[3" BJ.nDl.nIg‘:n) (2.114)
n=1

In Region 2, the series representation of the fields from Eq. (2.35) is more complicated than in
Regions 1 and 3, and substitution into Eq. (2.111) will give rise to additional terms:

N 5/2
P, = % Y AT P, + A FIS, + (A5 F) + A FE) IS, f_m sin?2nwy/b)dy
n=0

b/2
— [By}) D3RI, + By, DS I8, + (B D% + By D)) Is,] f_m cos’ Qnwy/b)dy

where

0
15, = f_y\,’ cosh?(p, ,x)dx

0
Iy, = fz sinh¥(py ,x)/pd, dx

0
¥, = f-xz cosh (p, ,x) sinh (p,y ,x)/p,., dx

Again, using the identities given in Eq. (2.112), the hyperbolic integrals may be evaluated as
15, = lcosh (p; ,x;) sinh (py ,x))/py , + x31/2
= [cosh (p, ,x)) sinh (p, ,x))/py, — x:)/2p},
= — [sinh (p, ,x3)/py 142

47




3

o,

b

Ao CHARLES W. YOUNG, JR.

X After performing the y integration

G Py=— ﬁ(B BDHIL, + BIYDG P + (BSI DL + BSY D))
1 b ~2

-: +37 3 {1433 Fi) — Biy DIV, + (455 FS3) — B DIV,

'3 n=1

. + [437) Fi3) + A FSS) — B3, DY) — BV DiVIs, L. (2.115)
) Calculations using Eq. (2.115) directly will cause numerical errors when the number of terms Ny in the
series expansion for the fields is large. These errors arise because Eq. (2.115) requires taking the
g difference between two very large numbers, analogous to the situation when calculating numerical
< values for the modal amplitudes in Region 1 as discussed in Section 2.2. Such numerical accuracy
- problems may be avoided in this case by using the elements of the Q matrices from Eq. (2.62) to

reduce the expression given in Eq. (2.115). Using the notation of Eq. (2.54), with

‘, ;%) = cosh (py ,x;)

¢ 81 = sinh (py ,x))/p2.,

; then

y ¢ = (854047 + x,)/2 (2.116a)
o 15, = 1057653 — x,)/2p3, (2.116b)
= I5,=- [02_“,,’]2/2. (2.116¢)
N In Eq. (2.115) the notation

dFE = A, + A3 FISE, + A5 FiY) + A3 FE, (2.117)
: and
2 o0 = B3 D3y IS, + BiL' DG I, + (B DY) + BYY) DI, (2.118)
;

will be used for all values of n. Substitution of Egs. (2.116) into (2.117) will yield

: b3t = xzum'“ — A3
@ W FL1035 ALY = 02543512 + 010 FiL 1015 AL pd — 0250 423))/2.

: From Eq. (2.61b)

N Q”’A (+) _ Q/;qu(--)

n n

l: thus,
:':: OHN,A 3 02( II)AZ n = [Q/: n)ou’) Q(+’02( n)]AZHIFI)/Q4 n (2] 19)
"s . e -'
by 9’ n)AZ( n)/pZ n 02(.-11)’4';:) = [Q; RZH;l,/p’ n Q,: n)OZ( n‘]AZ' /Q . (2.120) =
" DDA
" From Egs. (2.62a) and (2.62b)

:: z:+n) = Erplz.ngl(.f;;,al; + 153 1101(’“02 " (2.121a)
Qi =€.pt. 01505, + 0053 (2.121b)
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where 8{£) and 9{#’ are given by Eq. (2.53). Substitution of Eq. (2.121) into Egs. (2.119) and (2.120),
with proper rearrangement of terms and use of the mathematical identity

cosh’¢— sinh?{ = 1,
will yield

035 ALY — 01545, = 04341047
035 A3 i, — 01,455 = €,p1,0(5 434 1p1,047,
Thus. ¢3'% may be expressed as
1= %[leA 1w F3 = AL F P2 + 005 AT O FLL e pla010 FLL 3, ,J.‘,,']. (2.122)
In a similar fashion, substituting Eq. (2.116) into Eq. (2.118) and using Eqgs. (2.61¢), (2.62¢). and
(2.62d) will yield
o2 = HB2DL - BIDLYRL + 05y D WIS 8L + ol LA V5] 212

The expression for the power in Region 2 then becomes

P=- 2o+ L :;2]((1)51,’,‘— 650). (2.124)

If in both Egs. (2.122) and (2.123), the quantities 8% and 6% are calculated as
811 = exp [p,, (x; — x) {1 + exp [=2p,, (x; — x,)1}/2 (2.125a)
8{E = exp [p, , (x; — x)) U1 ~exp [=2p, , (x; = x) 1}/ 2p, (2.125b)

and the common exponential term taken outside the brackets, the numerical computation does not
require taking the difference between two very large numbers.

Calculations in all regions must consider the sign of p?,. For those modal components where p’,
is negative, the hyperbolic functions may be replaced by their trigonometric counterparts with

Piin = _pl?/l for pl?n < 0.

The power being carried by the waveguide, as calculated from Eq. (2.110) together with Egs.
(2.113), (2.114), and (2.124), is dependent on the magnitude of the (arbitrary) normalization constant
used in solving for the eigenvector of amplitude coefficients in Eq. (2.100). Since the waveguide is a
linear device, the power is proportional to the square of the electric field magnitude. Using 4 zero sub-
script to denote numerical quantities corresponding to the eigenvector normalization,

P/IE|? = Py|E,|? (2.126)

for a given waveguide geometry and fixed frequency. The equality is vaiid for the electric field at any
point and in any direction as long as E and E, are similarly defined.

Peak power breakdown in the dielectric loaded ridged waveguide of Fig. 3 will occur when either
(1) the maximum electric field in the air region exceeds the electric breakdown strength of air, E8” or
(2) the maximum electric field in the dielectric exceeds the electric breakdown strength of the dielec-
tric, E8...... In any complete rigorous analysis, such as this approach with an infinite number of
terms in the series expansion for the fields, a singularity in E will be found at the corners of the ridge
[11,14,66]. Any ridged waveguide with perfectly square ridge corners would, in theory, break down at

(Y

1)
f *r

PR

'y

v "
b

[y
~‘.
”
2
¥




ML AN

CHARLES W. YOUNG. JR.

vanishing small power levels. However, if the corners of the ridge are slightly rounded, as is done in
practice [11], the E fields remain finite. The ratio of the maximum electric field intensity at the ridge
corners, £, to that at the center of the ridge, E., is then a function of the corner radius [11]. Peak
power breakdown will occur in the dielectric when E; > E$5 ... Different dielectric materials have
different breakdown strengths which in general will be dependent on several variables such as dielectric
thickness and moisture content [25,26]. Rather than introduce additional parameters, the power break-
down aspect of this investigation will make the following assumptions unless otherwise noted: (1) the
breakdown strength of the dielectric is 10 times that of dry air, and (2) the E;/E, ratio is 2.5. The
basis for the first assumption is the dielectric strength of polystyrene, with £82 = 700 volts/mil [25].
Other dielectrics such as polyethylene have substantially greater breakdown strengths [26]. The basis
for the second assumption is the article by Hopfer on ridged waveguide {11] which shows a ratio of 2.5
for E/E, 10 be a conservative value. For most configurations of the dielectric loaded ridged
waveguide, air breakdown will occur at a much lower power level than that for breakdown in the dielec-
tric, and the exact values of E,/E. and EBD ... will not be relevant. If the waveguide is such that the
actual value of either of these two parameters is sufficiently different from the assumed values—larger
E,/E, or smaller E8R ... —so as to result in dielectric breakdown at a lower power level than that for
air breakdown, appropriate corrections must be made for power breakdown.

At all points in the waveguide, the axially directed electric field E. is small in comparison with the
transverse electric field E;, where E; = a E, + a, E,, for the dominant, or QLSE, y mode at frequen-
cies above cutoff. Since E. is in phase quadralure with E, and £, the maximum electric field will lie
in the x-v plane. At the center of the waveguide E, is zero for the QLSE, ; mode because of the effec-
tive magnetic wall at that plane; thus, the maximum electric field will be |E ... From Eq. (2.25b),
E, at the waveguide center is

Eliy, = 2 B, cos 2nmy/d).
ﬂ—-
Since the coefficients B;, are a function of frequency and waveguide geometry, no rigorous procedure
is available to find the maximum in terms of a general function of the coefficients. Investigation of
numerous configurations, however, has shown the coefficients to alternate in sign. At the ridge sur-
faces. v = = d/2,
,\'2
E» I.\=,\3 = Z =n" B; .

n=0

thus. the maximum value of £, occurs at the ridge. Calculation of E,_ as

N,
E =Y |8, (2.127
n=0
must then be i worst case condition since
lE (x = x| < K (2.128)

where the equality in Eq. (2.128) is valid at v = £ d/2 for all of the many waveguide geometries that
were checked. The maximum clectric field within the dielectric will then be taken as 2.5 E, with E
calculated from Eq. (2.127). The peak power level for diclectric breakdown is thus

B
o 0 EBPYP

Pl = 5550 0T
dicleatnie [2,\Z|Bl " “-

or

A
l’\"’l’k"lk'\l”\ = ](.‘ ( I"-{*h,) ,II)“/ Z ‘ B‘ n l

(2.129)
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where the coefficients B;, are the same used to calculate the normalized power P;. Unless otherwise
noted, the value for air breakdown will be taken [11,25] as

EBD = 30,000 volts/cm. (2.130)

l In the air region, the maximum electric field will occur at the air-dielectric interface, x = —x; in
‘ Fig. 4. At this plane, the fields are found from Egs. (2.12)
|
|

N,
Eclemex,= 2‘1 A\, cosh [p; , (x) — x)] sin Qnmy/b)

4

3

N,
Ey|x-_xZ = ¥ By, sinh [py ,(x; = x)1/py , cos Qnmy/b).

n=\

20

&
-

The magnitude of the transverse field is
IE;| = (E2+ E)'2.

Investigation of several waveguide geometries showed the point of maximum |IE+| to occur at varying
distances from the horizontal plane of symmetry at y = 0, depending upon the thickness of the dielec-
tric piece and the ridge gap. For large (¢ — s)/d ratios, the maximum occurs at y = 0; as this ratio
decreases the point of maximum |E ;| approaches y = d/2. Such behavior is to be expected when the
fringing nature of the fields due to the ridge is considered. To determine the maximum electric field in
the air region, |E;| was calculated at x = —x; for 33 equally spaced points for y, from y = 0 to
y = d/2, with |E 7|, taken as the maximum of these values. The peak power level for air breakdown
is thus calculated as

R K18

N ]

JY

PEP = Po(EZP)Y|ET|ux (2.131)
where the coefficients used to find |E |, are the same used to calculate the normalized power P,

Of course, the peak power capacity of the waveguide is the lesser of the two breakdown power
levels, PED or PED. ... As mentioned earlier, the power capacity will be limited by air breakdown for
most of the configurations investigated. The distinction will be made apparent for those conditions
where breakdown is in the dielectric rather than in the air.

Convergence characteristics of the numerical values calculated for power breakdown, both in air
and in the dielectric, are shown in Table 2 for a typical waveguide geometry. While the calculated
values for power do not converge as rapidly with increasing Ny as do the values for f,. or 8, as few as
four terms in the series expansion for the fields will generally yield a value within +2% of that
obtained using many more terms.

2.4 Attenuation Calculations from Perturbation of the Lossless Condition

Up until this point, the waveguide of Fig. 3 has been assumed to be lossless, with the complex
propagation constant y = o + j8 having the loss term o equal to zero. This is a conventional assump-
tion made when deriving the propagation characteristics of low loss transmission lines such as
waveguide [1,2,16,41]. Of course, any physical transmission media has some finite loss. If the
transmission loss is small, the conventional approach to theoretically determine the loss term is to
assume that the perturbation of the actual (lossy) fields from the fields of the lossless condition is
negligible. The lossless field distribution, together with parameters such as the conductivity of metallic
conductors and the loss factor of dielectric materials, is then used to calculate the loss term [1,2]. Such
an approach will be used to calculate the loss of the dielectric slab loaded ridged waveguide of this
investigation.
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For this attenuation analysis, the axis definition of Fig. 4 will be used and propagation in the posi-
tive a. direction will be assumed. Each of the fields of the waveguide will vary as exp (~az), thus the
power will vary as exp (—2az). If the power flow at a point z; is Py, the power flow at a point incre-
mentally removed from z,. z5 + Az, is Py exp (—2aA:). Thus,

P(z=1z0) = P(z =25+ Az) = Pyll — exp (- 2aA2)].

If the increment Az is small,
Pz = Z()) - Pz = Z()'*"AZ) = WLAZ

where W, is the power lost per unit length of the waveguide. Thus,

Pyll — exp (— 2aA2)] = W, Az

and if the series expansion

expl—x) =1 — v+ x¥2 = x¥3+ ...

is used for the exponential term, then in the limit as A:- approaches zero

a= W, /2P, (2.132)

For the purposes of this investigation, the power loss will be attributed to two factors only: (1) the
imperfectly conducting metal walls of the waveguide, and (2) the finite resistivity of the dielectric
material used in the center region of the waveguide. Such additional factors as radiation loss are not
applicable. Loss in the air dielectric region will be neglected.

The power per unit length dissipated in the waveguide walls is given by [1.2]

R
— s 2
W, = = ﬁ_lel di (2.133)

where J, is the surface current density and R, is the surface resistivity of the metal. The contour
integration is clockwise around the waveguide boundary. The surface current density is assumed to be
that of the lossless waveguide, with [40.44]

J,=nxH

where n is the unit vector normal to the conducting surface. Thus,

3, 12=[H,|?

where H, is the tangential component of magnetic field at the surface. The surface resistance R, is
[2.45]

R, = Vufulo

where [ is the frequency in Hertz, u is the permeability of the metal (usually u = uy), and o is the
conductivity of the metal. The attenuation due to conductor losses then becomes

R, H, 2
= 134
a, ap, (2.134)
The power flow P, in the waveguide has already been derived in Section 2.3 and will not be repeated

here.
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Advantage will be taken of the field symmetry to calculate the conductor losses. Defining the fol-
lowing surfaces of Fig. 4 as

S, x=-x,-b/2< y < b/2

S 0K x< x3,y=4d/2

..
3
3
Y and letting Wc(" ) be the corresponding power per unit length dissipated at each surface, then
i W= 2WD + 4(WD + WS+ W+ W), (2.135)
$
4 On the surface S,

R b/2

W = _zi [lH“’P + |HV? i, dy.
-b/2

Substituting the series expansion from Eqs (2.12) for the fields Hy“) and H." gives

R N2 b/2
W = lF, v ,,,f " sin Qnwy/b) sin Qmwmy/b)dy

n-O m-O

b/2
+ G,_,,G,‘,,,f_b/2 cos (2nwy/b) cos (Zmn-y/b)dy].

Because of the orthogonality of the y-dependent functions on the interval —b6/2 < y < b/2, the last
equation reduces to

bR,
W = [2610 + 2 (F{, + (;12")] (2.136)
n=1
On the surface S,
R, p-x
W = = f_Xl’“meiz + IHDP, 2 .

Substitution of the series expansion from Egs. (2.12) for H!" and H," then yields

R N2
u/‘fl) Z 2( l)MF’”[DlnDIm‘l’lnm'+'GlnGlm'I’lmn]

n=0 m=0

where the x integration is that for Region 1, with
_ f-x2 sinh [p) ,(x + x))] sinh [p; , (x + x)] ”
Pi.n Pim

Uim = f_;"z cosh [p, ,(x + x)] cosh [p, , (x + x;}dx.
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These two integrals may be evaluated as
U {m = {cosh [p, , (x; — xy)] sinh [p , (x; — x)V/ py
| — cosh [py » (x; = x)) sinh [py,, Oy = x)DV i,V (PR, = i) for n # m
l ¥ m = {cosh [p, ,(x; = xp)] sinh [p, , (x; — x)V/py, — (x; — x)V/2pi,, for n=m
W{m = {PL, cosh Ip, , (x; = x)} sinh [p; , (x, = x)V/py »
— pt . cosh Ipy ,(x; — x)) sinh [py ,, (x; — x)V/ p1 M PE0 — PEW) for n # m
¥{<m = lcosh [p; , (x; — x)] sinh [p, , (x; = x)V/py ., + (x, — x))/2 for n = m.

On the surface S;

R
3 _ )2 )2
W, [IH 12+ |H, l] P
Substitution of the series representation for the fields /% and H,? from Egs. (2.35) gives

R. M N
W((3)= 3 2 Z (_1)n+m| [D2(+”)D(+) + Gzl+”)G(+)] +¢2 nmlDZ( Dznf + (IH)G( )

\

4

F

i

t n=0 m=0

FUEm[DIDE + G16E) + [ DD + 617 ;_—,;]l (2.138)
. where the x integration is that for Region 2, with

U5m = f cosh (p, ,x) cosh (p, ,,x)dx
Uim = f cosh (py.,x) sinh (py nx)/py ,dx

U = f cosh (p, ,,x) sinh (p; ,x)/ p; ,dx

0 smh( x) sinh ( x)
2 = f Pan Pam dx.
P2.nP2.m

After integrating with respect to x, these integrals are found to be

'l’Zunm = {pg.nCOSh(ﬂlme) sinh (pZ,nXZ)/pZ.n

— p} ., cosh (py,x)) sinh (py,, X))/ P2V (3, — pi,0) forn # m (2.139a)
' $$,, = {cosh (py ,x;) sinh (py ,x2)/ P2, + x3)/2 forn=m (2.139b)
Y§5,m = lcosh (py,x;3) cosh (py ,x)) — 1
sinh (p; ,x3) sinh ( )
~ pin P2.n72 P2.mX2 )/ (p}, — pim) forn & m (2.139¢)
P2aP2.m
| W5, = (1 = cosh?(p, ,x)}/2p3, forn=m (2.139d)
¥5m = (1 = cosh (p,,x,) cosh (p, ,x7)
sinh (py ,x;) sinh (p; ,, x;)
+ pi., P2nX2 PrmX2 }/ (p}, - pim) forn = m (2.139¢)
P2nP2.m
U5 = {1 — cosh®(p, , x)}/2p$, forn=m (2.1391)
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d” nm = {COSh ([72.,,-\'2) sinh (p2.mx2)/p2.m
— cosh (p; ,,x;) sinh (P2.,x)/ P2.u} (P34 — PEm) forn = m (2.139g)
¥ 3 = lcosh (p; ,x,) sinh (py ,x)/ Py, — x2}/2p3, for n = m. (2.139h)

The loss per unit length on the side of the ridge wall, or surface Sy, is

W(-U - ﬁ a/2 [(HQ?[Z + IH(Z)|2] dl
¢ 2 b/2 ¥ : x=0
The series representation for the fields may be substituted from Eqs. (2.35), and since dl = — dy
because of the clockwise contour integralion
4 AR (+ R, 2% ) )
Wi = 2 2 Z Fi4 Filndom + —2‘2 Y G Gl (2.140)
n=1 m=1\ n=0 n=0

where

b2
ol =fd/; sin 2nmy/b) sin Cmmwy/b)dy

- b/2
= f . cos (2nmy/b) cos Qmmy/b)dy.
/2

These trigonometric integrals are evaluated as

m = %lsinc[ﬂ(n + m)r]l = sinclmw (n — m)rl} forn # m
3 =1{b—d+dsincQ2nmr)l/4 forn=m

o= %{sinc[w(n + m)rl + sinclm (n — m)rl} for n %= m
w =1{b—d— dsincQnmr))/4 form=m#0

ooy = (b — d)/2 forn=m=0

where r is the height ratio, r = d/b.

Finally, on the surface S5
R

W _ Ryoeh 2 2
W= 2 [0 e ax

Substitution of the series representation for the fields from Egs. (2.25) will yield

) R Vs AN
u/‘(" = 2 Z Z (—nr+m ‘D; "01 ,,,lll\ nm + Gl ,,G} m '1” nm} (2.141)

n=0 m=0

where the x integration is that for Region 5, with

A
Wi, = f“ ' cosh [pi,(x — x3)] cosh [py, (x — x3)ldx

vsinh [pa, (x — x ) sinh [py, (x — xD)]
'JJ\ = J‘” P ! pl ! d.\'.

Pinlim
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These hyperbolic integrals are easily evaluated as

L&, A s LY ..

‘1’3 m = l(p32,n cosh (pJ‘mxfi) sinh (pJ.nXJ)/pJ.n

— (p},, cosh (p3 ,x3) sinh (93, X3)/ D3}/ PE 0 — P m) forn & m (2.142a)

': ¥$m = {cosh (p3 ,x3) sinh (p3 ,x3)/p3, + x3}/2  forn=m (2.142b)
E; W $%m = lcosh(p; ,x;3) sinh (p3 X3)/ P3

. ~ cosh (p3 ,x3) sinh (p3 ,x3)/p3 )/ (3, — P} ) forn # m (2.142¢)

¥, = lcosh (p3 ,x3) sinh (p3 ,x3)/ps, — x3}/2p} , for n = m. (2.142d)

On the four surfaces where the double summation is required to obtain the loss, the contributing
factors are symmetric; i.e., on each surface the loss term for n = i, m = k is the same as the loss term
for n = k. m = i. This fact is easily shown by examination of the various integration terms and may
be used to reduce the number of computations required for numerical solutions. Having obtained the
loss per unit length W.!” on each of the five surfaces S; the total conductor loss per unit length W, is
found from Eq. (2.135), and the attenuation due to the finite conductivity of the metal walls is

. = W_./2P,.
Of course, the set of modal component coefficients used to calculate W, must be the same as that used

to calculate Py as outlined in Section 2.3.

Any physical dielectric will absorb some energy when placed in a time varying electric field. In
addition to conduction loss due to finite resistivity, there are a number of mechanisms which will gen-
erate loss in an imperfect dielectric [2,26,40]. The physics of dielectric loss is outside the scope of this
investigation. The effects of such phenomena on the microwave properties of the subject waveguide
may be included by expressing the dielectric constant as

€e=¢ — je" (2.143)
where €' is the a—c capacitivity and all loss mechanisms are inciuded in the dielectric loss factor € ”
[41]. A commonly used alternative expression to Eq. (2.143) is

= |e| exp (—jdp)
where 8 p is the dielectric loss angle. Thus,

€fe'=tan 8p (2.144)
where tan 8, is the dielectric loss tangent of the material. Good dielectrics have values of tan &p in

the 10~% — 1073 range [25,26].

For macroscopic properties, an equivalent conductance representing all losses in the dielectric (2]

T, =wE€ .
The power loss in the dielectric is given by

Po=J[[ e IEav.

volume

The power loss per unit length along the z-axis due to imperfect dielectric is thus

Wy = [JUER + 151+

E, % dx dy (2.145)
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where the surface integration is over the dielectric portion of the waveguide. Advantage may be taken
of the waveguide symmetry to give

W, =202 + WD) (2.146)

where W,/? and W, are the power loss per unit length in Regions 2 and 3, respectively, of Fig. 4.
W, 2 and W ¥ are calculated from Eq. (2.145) using the fields and integration surface of the
correSpondmg region. In each of the two regions, the integration in (2.145) may be done term-by-
term, with

W = Wi+ Wi+ Wi (2.147a)
for i = 2, 3, where

Wiy = 45 S 1B Pax (2.1470)

for p = x, y, z. Substitution of the series representation for E? from Eq. (2.35a) gives

b2
W, = we’ f “ f o2 l 2[/1 {*) cosh (py,x) + A7) sinh (p; ,x)/p; ] sin (2n1ry/b)l

2
Y (43} cosh (py ,x) + A5, sinh (py ,x)/py.m] sin (mey/b)ldx dy. (2.148)
m=1

Since the functions sin (2n7y/b) and sin (2mmy/b) are orthogonal on the interval —5/2 < y< b/2,
the y integration will eliminate cross products of the different modal components and Eq. (2.148)
reduces to

2
Wd(,zx) w2€ TbZ[[AZ(j')]zl +24 (+)A2(‘—”)]2‘ + [A2(+)]215s }
1

where the x integration terms /5,, I¥, and I, are the same as those used in the power analysis of
Section 2.3, and the same as ¢i§,,, ¥3%,, and ¢3%,,, respectively, of this section with n = m and are
evaluated in Egs. (2.139b), (2.139f), and (2.139h).

The development of W, and W/2 is similar to that for W 2. With substitution of the series
representation for the fields from Egs. (2.35b) and (2.35¢) into Eq. (2.147b)

w2 = “’; 22(1+5”O)

(B13)V15, + 2B3%) Bi3 15, + [Bz(._n’]zlif,,]
n=0

Wiy = T: E[[C“”]ZI + 2035 G, + [Cz‘;,’lzlff,,l.

In Region 3, the calculation of W,» is similar to that for W,? in Region 2. Using the series
representation for the fields in Region 3 from Eq. (2.25) glves

Wil = ZAfn 3
W) = “’; 3 20(1 + 8,0)Bi I
W = zc

n-l
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where the x integration terms /§°, and /§°, are the same as those of Section 2.3 and the same, respec-
tively, as @3, and ¢{5,, of this section with n = m, and are evaluated in Egs. (2.142b) and (2.142d).

Once the full loss per unit length W, due to the imperfect dielectric is found from Eqs. (2.147)
and (2.146) the dielectric attenuation constant is then calculated as

where the amplitude coefficients of the fields are the same for numerical evaluation of both W, and P,.
The total loss per unit length of the waveguide is W, + W,, thus the total attenuation factor due to
conductor losses and imperfect dielectric is

a=a, +ay (2.150)

Each of these attenuation terms is in nepers/unit length. To convert to the more conventional
engineering terminology of dB/unit length, the relation is

exp(—2a ,qpz) = 1078”10

where a,,, = nepers/unit length and a 45 = dB/unit length, thus
Qg = ZOC!,,ep/lﬂlO

or
a,g = 8.686(1,“,,, .

In calculating numerical values for both a,. and «,, large errors may result when the number of
terms Ny in the series expansion for the fields is large. This is due to the computational difficulty
encountered for numerical evaluation of factors such as

a, cosh (p,x) sinh (p,,x) — b, cosh (p,,x) sinh (p,x) (2.151)

when the hyperbolic terms are very large. Accuracy problems were found to be particularly trouble-
some when evaluating the quantity W3 for determination of a. and the quantity W% for determina-
tion of a,. To avoid errors caused by such computational limitations, (2.61) and (2.62) may be used to
reduce the various terms in the double summation equations to expressions where factors like those of
Eq. (2.151) are not present. Such a technique is similar to that used in Section 2.2 for calculation of
the coefficients 4, , and D, ,.

Convergence characteristics for the attenuation terms «, and a, of the QLSE, ; mode as a func-
tion of Ny are shown in Table 2 for a typical waveguide geometry.

2.5 Computer Program Implementation

The mathematics of the theoretical analysis developed in the preceding sections of this chapter
was incorporated in to the computer program DLDRWG to calculate numerical solutions for the dielec-
tric loaded double ridged waveguide. Appendix E2 lists this program. The program is written in
FORTRAN-10 and is designed for use on the DEC-10 timesharing computer.

Input parameters required for the program are the five physical dimensions (in inches) and the
relative dielectric constant of the dielectric material (Fig. 3). The waveguide mode for which a solution
is sought must be specified, as well as the number of terms Ny to be used in the series expansion for
the fields. The cutoff frequency of the particular mode must be found first, then if desired the propa-
gation term 8 may be found for any frequency w > w,. When solving for a root, either w, or 8, two
modes of operations are available. The first is a search mode, for which the user must provide start,
stop, and incremental values of the unknown quantity. This mode enables examination of the deter-
minant value as a function of the unknown parameter and is useful to distinguish sign changes of the
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determinant due to poles from those at the zeros (roots). The second operational mode is an automatic
seek mode to find any root between specified limits. The seek mode uses a combination of the binary
search method and Newton's method to obtain the root [64,65]. Because of the wide variation in the
magnitude of the matrix determinant, the criterion used for root determination was that the unknown
variable, w. or 8, be within 0.001% of the actual determinant zero.

.'
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A
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The program will calculate attenuation and power breakdown levels for the QLSE;, mode only.
If numerical values for these characteristics are requested, the user must supply additional parameter
information: (1) the conductivity of the waveguide walls, normalized to that of copper; (2) the loss
tangent of the dielectric materials; and (3) the electric breakdown strength, relative to that of dry air, of
the dielectric material.

The program will also supply, if desired, the modal amplitude coefficients for the fields in each
region of the waveguide.

In addition to the waveguide configuration of Fig. 3, program DLDRWG will provide numerical
res. 'ts for waveguides in which the dielectric width r is less than the ridge width s as shown in Fig. 5.
The mathematical development of an analysis for such a waveguide geometry closely parallels the
development presented for 12 s, but the details will be omitted since the primary objective of this
investigation concerns large power breakdown levels. The waveguide of Fig. 5 obviously is not
appropriate for high peak power operation because of the large electric field intensity that would be
present at the sides of the dielectric material.
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Fig. 5 — Dielectric loaded double ridged
waveguide with 1 < s

Numerical solutions for dielectric loaded single ridged waveguide, Fig. 6, may be obtained with
this theory by considering the waveguide as the top half of a dielectric loaded double ridged waveguide e
operating in a (M ,E) or (E,E) mode, i.e., with an effective electric wall at the horizontal plane of sym- R
metry. The modes of the waveguide of Fig. 6 thus would be the QLSE,, , and QLSM,, , modes, with MR
n restricted to even integers. of the waveguide of Fig. 3 where all vertical dimensions of the latter RSN
waveguide are double those of the single ridged waveguide. The attenuation calculations for the double
ridged waveguide, however, would not be valid for the single ridged waveguide.
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CRRLS
Theoretical results obtained using program DLDRWG are presented in Fig. 7 for a typical dielec- =
tric loaded double ridged waveguide. Cutoff frequencies for the four lowest order waveguide modes are .
shown, while the power breakdown and propagation characteristics of the dominant QLSE, , mode are -::*s;
s

plotted as functions of frequency. As with any waveguide, the phase term 8 and the power breakdown
rapidly drop to zero as the frequency approaches cutoff, while the attenuation terms a, (conductor
loss) and a, (dielectric loss) each display a minimum value as a function of frequency.
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Fig. 6 — Cross section of dielectric loaded single
ridged waveguide

Waveguide Parameters Mode f. (GHz)

Dimensions In Inches (cm)

500 0= 0.6 (1.524) QLSE , o 37 BW=468
1200 b=0.36 (0914) QLSE, ¢ 16.03 o
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Fig. 7 — Typical waveguide characteristics for QLSE, y mode

2.6 Comparison with Other Theory

Numerical results obtained from the theory presented in this chapter were compared with results
obtained from other sources. For the reduction of the waveguide of Fig. 3 to empty rectangular
waveguide, i.e., d = b and €, = 1, the results obtained from program DLDRWG —cutoff frequencies
and propagation characteristics for all modes, as well as attenuation and power breakdown values for the
dominant TE,, mode—were identical to results obtained from conventional theory [1,2,41.42,67].
With the waveguide of Fig. 3 reduced to dielectric slab loaded rectangular waveguide, d = b, the results
of this theory again were identical with other published results [3,18.20.23,68.69]. Such favorable com-
parison is expected, of course, since for both types of waveguide the mathematics of this theory reduce
exactly to the corresponding mathematics of the conventional theory. This exact reduction is a conse-
quence of the matrices M|, M, M;, and M, of Section 2.2 being diagonal when 4 = b, thus leading to
a diagonal matrix for the eigenvalue problem.
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Comparisons for empty double ridged waveguide (¢, = 1 but ¢ < b in Fig. 3} were made from
several sources. Table 3 shows the agreement of this theory with results of Hopfer [11] for the normal-
ized cutoff wavelength of the TE, ((QLSE; o) and TE;(QLSE, ) modes. The attenuation results of
this theory were between 2% (for BW = 3) and 18% (for BW = §) less than the graphical results
presented by Hopfer.

Table 3 — Comparison of Cutoff Frequencies
with Results from Hopfer

Air-filled double ridged waveguide

A./a TE|y mode A./a TE; 3 mode
s/fa | d/b
This Theory | Hopfer || This Theory | Hopfer

0.1 | 0.1 4.104 4.11 0.911 0.91

0.1 | 0.3 2.863 2.89 0.935 0.93

0.1 | 05 2414 2.43 0.956 0.96

03 | 0.1 5.160 5.15 0.823 0.82

03 | 03 3.257 3.26 0.927 0.93

03 | 05 2.623 2.62 0.960 0.97

0.5 | 0.1 5.395 5.40 1.113 1.12

05 | 03 3.324 3.33 1.132 1.12

05 | 05 2.657 2.67 1.090 1.09
Notes:

(1) b/a=0. e
(2) Nr=6 e

(3) Results from Hopfer {11] are graphical

Power and attenuation comparisons were made using published technical data for standard double
ridged waveguide [67]. For all waveguide geometries tested, the results of this theory agreed within 8%
of the listed values for both attenuation and power. For this comparison, the corner correction data
from Hopfer [11] was used to correct for the increased electric field at the rounded ridge corners and
the power safety factor of 4 included for this theory.

The only published data found in the open literature concerning higher order modes other than
TE, o modes for empty double ridged waveguide were calculated by Montgomery (14]. For the
waveguide case with €, = 1, the QLSE,, , mode designation of this theory may be replaced as a TE,, o
mode since £, = 0; i.e., all modal components of E, vanish for all frequencies. Also, all QLSM modes
reduce to TE modes while all QLSE,, , modes (with n > 0) reduce to TM modes when e, =1 A
comparison of cutoff frequencies for different TE modes obtained from this theory and those from [14]
is shown in Table 4. The trough modes of Montgomery are cross-polarized to the hybrid modes. also,
the trough modes occur in pairs which are almost degenerate, hence the one to two correspondence
with the modal designation of this theory. No numerical results were given in [14] for TM modes
corresponding to the QLSE,, ,(n > 0) modes of this theory.
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Table 4 — Comparison of Numerical Results with
Those of Montgomery

Empty Double Ridged Waveguide

a=05(01.27 d=0.11 (0.28)
b =104 (1.02) s=0.11(0.25)

Dimensions in inches {cm)

This theory™ Montgomery

Mode f. (GHz2) Mode /. (GH2)

QLSE, 6.8907 | TE o Hybrid 6.8570
QLSE,, 249308 | TE, Hybrid 24.8582
QLSE;, | 320311 | TE;, Hybrid 32.0246

QLSM,, | 15.076 TE, , Trough® | 15-1046
QLSM,, | 15.127

QLSM,, | 29.5737
QLSM,, | 29.5742

TEZ‘O TroUgh(Z) 29.5363

QLSM,, | 33.228

QLSM,, [ 33.295

Notes:
(1) With Ny=6
(2) Trough modes are almost degenerate pairs

TE,, Trough'? 33.07123

Magerl [27] had the only information found in the technical literature on dielectric loaded ridged
waveguide, but the investigation was restricted to the case where the dielectric width was exactly equal
to the ridge width (1 = s in Fig. 3). Although the analysis incorrectly assumed a true TE modal struc-
ture, the derivation of cutoff frequencies for modes corresponding to the QLSE, ; and QLSE,; modes
of this theory was valid (28] since E. does vanish at cutoff for these modes. Within thc limitations
inherent in obtaining numerical values from the graphical data of [27], the results were found to be
identical with those of this theory for cutoff of the QLSE, 5 and QLSE,;; modes. Although a brief dis-
cussion of other waveguide modes was made in [27], no analysis was given.

3.0 COMPARISON OF EXPERIMENTAL DATA WITH THEORY

3.1 Propagation Characteristics

Measurements were made on experimental sections of partially dielectric loaded double ridged
waveguide for comparison with the predicted performance of the theory based on the mathematical
analysis derived in Section 2. Since the waveguide is a linear device, propagation characteristics are
independent of power level. The propagation characteristics thus were measured at low-power levels
due to the greater flexibility, increased accuracy and simplified hardware of a low-power measurement
facility as opposed to that for a high-power facility.
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All low-power measurements were made on a computer-aided automatic network analyzer
(ANA), a Hewlett-Packard Model 8409B. This unit can measure complex transmission and reflection
coefficients between 0.1 and 18 GHz of one and two port devices. The theory of operation and charac-
teristics of this type of microwave measurement system are well documented [70-73] and need not be
discussed further. Measurements were made in two bands, the first (low band) covering the 8 to 12
GHz range, and the second (high band) covering the 12 to 18 GHz range. This was necessary to allow
transitions from the coax system of the ANA to the rectangular waveguide sections used to interface
with the waveguide under test (WUT). The interfacing waveguide was standard X-band waveguide for
the low band and standard K,— band waveguide for the high band. These frequency bands were
selected since precision waveguide calibration kits were available for both X and K, waveguide; with
the increased accuracy of the ANA calibration greater accuracy could be achieved in the measurements.
Measurements were made in frequency increments of 0.5 GHz or less.

To obtain the propagation characteristics for a particular dielectric loaded double ridged
waveguide, measurements were made on three different lengths of the waveguide, where each
waveguide sample had the same cross-sectional geometry. Then at each measurement frequency, the
three measured complex transmission coefficients were used, along with the measured physical lengths
of the three samples, to correct for the inherent mismatch between WUT and the interfacing rectangu-
lar waveguides. The effect of the mismatch on the measured propagation characteristics is analyzed in
detail in Appendix D, where the technique used for mismatch correction is derived as Method 3. The
values of the propagation constant 8 that will be shown as experimental data thus are not direct meas-
urement results, but are derived directly from the measured data. Discussion of the waveguide loss, or
attenuation, term a will be made at a later stage in this section.

To allow measurements of waveguides with a variety of cross-sectional geometries, brass test fix-
tures were fabricated as shown in Fig. 8. For each length of waveguide the top and bottom wall sec-
tions were common for all cross-sectional geometries. The sidewall sections as well as the ridge sec-
tions were fabricated in pairs. Screws were used to assemble the complete structure, along with steel
locating pins to minimize side play and allow accurate positioning when changing the geometry. While
not a recommended construction method for an operational waveguide, this method of fabrication
afforded a large degree of freedom in the choice of geometries for the waveguide. The three lengths of
the waveguide used for the low-power tests were 1.25 in. (3.18 cm), 1.474 in. (3.74 cm), and 1.998 in.
(5.07 ¢cm). Corresponding lengths of H-shaped dielectric inserts were machined from polystyrene (e,
=2.54) and from Emerson and Cummings Stycast K-12 (¢, = 12) 1o mate with several housing
geometries. Because of the slight imperfections in both the machining and assembly processes of the
brass housing, it was necessary to make the dielectric inserts slightly undersize to allow assembly and
disassembly of the complete waveguide test pieces.

/-
“ 3, - - ::“::§ §ooIIIs

— — s —— Locating Pins And

Assembiy Screws
Not Shown.

a. Exploded End View b. Assembled Side View

Fig. 8 — Low-power test housing

63




rr.

PR R R

CHARLES W. YOUNG, JR.

The first measurements were made on samples of dielectric slab loaded rectangular waveguide
(DSLRWG) and air-filled double ridged waveguide (DRWG) as a check on the validity of the program
used to correct for mismatch effects. For both waveguide types, the theory of this analysis has already
been shown to agree quite closely with the results of other researches (exact agreement in the case of
DSLRWG). Figure 9 shows the very close agreement between theoretical and measured values of g
for DSLRWG operating in the dominant TE, mode. The agreement is good even for frequencies
where higher order modes may propagate. The absence of an effect on propagation characteristics of
the TE; o mode by higher order modes may be due to the fact that the higher order modes are not
present; i.e., aithough higher order modes may propagate, they are never launched by coupled energy
from the dominant mode. Alternatively, the higher order modes could be present but with no frequen-
cies for resonant conditions near the frequencies at which the measurements were taken, thus produc-
ing negligible effects. If higher order modes of significant magnitudes were present, they would cause
abrupt spikes at resonant frequencies in the otherwise smooth trace of transmission (both magnitude
and phase) through the sample waveguide when the measurement was made in the manual mode of
operation for the ANA on a continuous swept frequency basis. Such a swept frequency measurement
showed no discernible evidence of higher order modes up to 18 GHz for the waveguide of Fig. 9.

Waveguide Parameters Mode f. (GHz2)
Dimensions In Inches (cm)
300 a=0.6 (1.524) LSE o 7.00
b=0.3 (0.762) LSE " 15.33
t=0.202(0.513) LSM,, 16.38
250 €=2 .54 LSE 1679
B LSM; | 20.13
E 200
~
"
@
I
o 150 Theoretical
e Experimental
Q
100 I~
50 - Higher Order Modes
May Propagate
0 ,_sl’ [ L l 1 l 1 l 1 l 1 I

8 10 12 14 16 18
Frequency (Gw2)

Fig. 9 — Comparison of theory with experimental data for
dielectric slab loaded rectangular waveguide

The agreement between theoretical and measured 8 is shown as a function of frequency for the
TE, , mode of DRWG in Fig. 10. For this waveguide. the cutoff frequency of the first higher order
mode is greater than 17 GHz. Any higher order modes would thus be very close to cutoff at the largest
measurement frequency, 18 GHz, and the resultant attenuation so great as to preciude any effect on
the TE, 5 mode measurements.

The initial measurements on the first sample of dielectric loaded double ridged waveguide did not
indicate good agreement with theory, as indicated by the triangular data values of 8 in Fig. 11. For
these measurements, the actual volume of dielectric material was less than the theoretical volume
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250 r Waveguide Parameters
Dimensions In Inches (cm)
a=06 (1.524)
200+ b=0.35 (0.889)
‘E‘ d=0.1 (0.254)
L $:20.098 (0.249)
° €:10
£ 1s0
s -
[
o
| a
100 |- Theory
o © Measured
!
‘ 50
(o] Ly 1 1 | 2 | 1 | 1 | 1 J
i) 10 12 14 16 18
Frequency (GHz)
Fig. 10 — Comparison of theory with experimental data for
empty double ridged waveguide
Waveguide Parameters Mode fc(GHz)
Dimensions In Inches (cm)
[ 0:06 (1.524) QLSE,, 40
325 b b= 0.35 (0.889) QLSMo_n 14.29
d=0.1 (0.254) OLSM._l 14.32 .
- s =0.098(0.249) QLSE , 4 16.17
t=03 (0.762) QLSE,, 21.55 a
275 €,:2.54 a
- o
E -
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~
o 225
v
o
3 L Theoretical
Q a6 o o Experimental Without Si Grease
175 |-
5 o © o Experimental With Si Grease
125 '__, Higher Qrder Modes
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b’
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'8 10 i2 14 T3 8
Frequency (GHz)
Fig. 11 — Comparison of theory with experimental data tor
DLDRWG with QLSE, , f, = 4 GH7
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because of the required loose fit of the dielectric piece for assembly. An effective dielectric constant
may be calculated on a volume basis as
e, V+(V-V)
€., =
eff v

where V is the theoretical volume of the dielectric piece and V' the actual volume of dielectric material.
With €, = 2.54 and V' estimated to be 98% of V, €,,, was calculated to have a value of 2.51. How-
ever, the initial measurements on this waveguide indicated a good fit for €., = 2.2. The possibility
that the dielectric piece (polystyrene) might have some value other than the presumed e, = 2.54 was
considered as a cause for the discrepancy between theory and experiment. Sample pieces of poly-
styrene, machined from the same stock as the waveguide insert, were checked and found to have the
expected €, = 2.54, however. The conclusion was reached that correction for the air gaps at the inter-
face between the dielectric material and the metal waveguide surfaces by a simple volume approxima-
tion to determine €,,, was insufficient.

Rather than trying to derive a more sophisticated method to correct for air gaps, it was decided to
simply eliminate the air gaps. Use of coil dope (polystyrene dissolved in toluene) was considered as a
solution but rejected because of the need to disassemble the waveguide structure to change geometries.
The method finally adapted was to fill the slots of the polystyrene piece with silicone grease prior to
assembly. The relative dielectric constant of this material is slightly greater than that of polystyrene,
with €, = 2.7. Upon assembly of the waveguide structure the excess grease was forced out of the
metal/dielectric interface volume, leaving no air gaps. Such assembly had to be performed slowly and
with caution in order to give the excess grease time to flow and prevent cracking of the polystyrene due
to a build up of hydraulic pressure. The slight difference between €, of the silicone grease and e, of
the polystyrene was then ignored because of the relatively small volume of grease. Of course, the sil-
icone grease did not harden as would have coil dope, and thus caused no problems with disassembly.

Using this silicone grease method for assembly, the measurements on the dielectric loaded double
ridged waveguide were repeated. The agreement between the theoretical and measured values of g8
were excellent as indicated in Fig. 11. For frequencies above 14.3 GHz, swept frequency measure-
ments gave no indication of the presence of propagating higher order modes.

All waveguides using polystyrene as the dielectric material were then assembled with silicone
grease. The agreement between theoretical and measured values of B(QLSE, ; mode) as a function of
frequency is shown in Fig. 12 for a waveguide similar to that of Fig. 11, but with an increased
waveguide width. Swept frequency measurements on the waveguide of Fig. 12 gave definite indications
of the presence of some higher order mode(s) for frequencies above 16 GHz. The large deviation of
the measured 8 (corrected from the raw data) from theory is due to these higher order mode(s) since
the mismatch correction assumes a single mode to be propagating in the sample waveguide (Appendix
D). A similar situation existed for another waveguide with a different geometry as shown in Fig. 13.
For this waveguide, agreement between theory and experiment was good also until higher order modes
began to propagate.

By using the same brass housings, similar experiments using €, = 12 dielectric material were
attempted, although it was recognized that because of the heavy dielectric loading most of the single
mode bandwidth would lie below 8 GHz. An assembly method similar to the silicone grease method
was used, but using a materiai with €, = 12 rather than silicone grease. For such a material it was
decided to use the filler portion of a two-part castable dielectric epoxy with €, = 12.5, without adding
the hardening agent. Two such experiments were made, but both gave poor agreement with theory. In
both cases, one or more of the dielectric pieces was found to be badly cracked when the waveguide
housing was disassembled. This failure of the dielectric material was attributed to two causes. First,
the material from which the dielectric insert was machined was old: experience has shown that dielectric
materials of this type tend to become brittle with age. Secondly, the dielectric epoxy used to fill the air
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Woaveguide Porameters Mode f.(GHz)
- Dimensions In Inches (cm)
0=0.796(2.022) QLSE o 3.31
325 [ b=0.35 (0.889) OLSEZ'O 13.74
d=0.1 (0.254) QLSM, 14.71
i s = 0.098(0.249) oLSM,, 14.74
t=03 (0.762) QLSE, o 20.0Q ]
275 - €:2.54 <
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&
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¥
e Theoretical
by |
© © © Experimental
175 |-
125 I—» Higher Order Modes
May Propagate
T L l i l 1 l 1 l i I
1 10 12 14 16 18
Frequency (GHz)
Fig. 12 — Comparison of theory with experimental data for
DLDRWG with QLSE,  f. = 3.3 GHz
Waveguide Parameters Mode fc(GHz)
Dimensions In Inches (cm)
350 a=06 (1.524) QLSsE, 5.0
b=0.35 (0.889) OLSE 2 0 14.08
d=0.190 (0.483) QLSM‘,'l 15.72
300 - $=0.196 (0.498) OLSM, \ 15.94 °
T t=03 (0.762) QLSE, ) 19.67
] €, 2.54 o © o
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I
by
e
@, 200 |-
Theoretical
150 o o o Experimental
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Fig. 13 — Comparison of theory with experimental data for
DLDRWG with QLSE, , f/, = S GHz
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gap was considerably more viscous than silicone grease; the hydraulic pressure encountered during
assembly split the dielectric. With the poor agreement between experiment and theory attributed to the
cracked dielectric insert, no further experimental attempts were made using a high e, material; the
excellent agreement for the €, = 2.54 waveguide configurations was felt to constitute sufficient experi-
mental verification of the propagation aspects of the theory for the phase term 8.

By using the waveguides with polystyrene dielectrics, the actual cutoff frequencies for the QLSE, ;
mode were confirmed directly. This was done by operating the ANA in a swept frequency mode to
find the frequency at which the transmission through the waveguide rapidly approached zero. For this
measurement, the interfacing waveguide had to be large enough 10 propagate at the cutoff frequency of
the sample waveguide, and conventional S-band rectangular waveguide was used. For some measure-
ments, the S-band waveguide was operated at frequencies where the TE; , mode could propagate; in
this case, however, overmoding of the interfacing waveguide was immaterial since the sample
waveguide would still have infinite attenuation at its cutoff frequency. Since the interior size of the S-
band waveguide was larger than the brass housing of the sample waveguide, aluminum foi! and conduc-
tive copper tape was used to seal the gap between the waveguides and prevent coupling of the two
interfacing waveguide sections via radiation. Dielectric slugs were glued to either end of the sample
waveguide 1o increase the coupling between it and the adjacent sections of S-band waveguide, i.e., to
form crude matching transformers. Such matching transformers, of course, had no effect on the cutoff
frequency of the sample waveguide and were employed to partially overcome the huge discontinuity
resulting from the drastic change in cross section.

Although the accuracy of such an elementary method to measure f, of the sample waveguide is
considerably less than the accuracy of the method used to measure 8 for > f., the measurements
resulted in values of cutoff for the dominant mode that were within 6% of the theoretical value for all
waveguide geometries tested. Comparable deviations of measured values of f. from theory were found
when rectangular waveguide was used as a sample, and when the cutoff frequency was known exactly.

Attempts were made to compare the propagation characteristics of some of the higher order
modes as determined from experimental data with the theoretical values, using resonance conditions for
the propagating higher order modes in a manner similar to that used by Tsandoulas et al. [24]. At fre-
quencies where any higher order mode could propagate in the WUT, a sharp spike in the transmission
loss indicated that a significant degree of coupling existed between the dominant mode and the higher
order mode, with a high Q resonant cavity being formed by the WUT for this higher order mode since
such a mode could not propagate in the adjoining rectangular waveguide. Thus, at the frequency of the
transmission loss spike, the WUT represents to the higher order mode a transmission line with an
effective electrical length equal to an integral number of half wavelengths. The effective length
includes the phase term of the reflection coefficient seen by the higher order mode at either end of the
WUT as well the product Bygy L. With an analysis similar to that developed for the dominant mode in
Appendix D, resonant conditions for any higher order mode occur at frequencies where

BL — ¢p=nmw.forn=1,23, ... 3.1

with ¢é,, the phase of the reflection coefficient at either end of the WUT. Of course, the frequency
dependence of both 8 and &5 is determined by the particular higher order mode.

The waveguide geometry described in Fig. 12 was chosen for the higher order mode measure-
ments. Determination of the higher order mode causing the resonant cavity effect was essential for
comparison of experimental results with theory, and two techniques were tried to deliberately launch
the QLSE, , mode since the QLSE;, mode was the higher order mode with the lowest cutoff frequency.
The first technique used a small rectangular dielectric piece, €, = 13, in the input section of K,
waveguide adjacent to the front face of the WUT and lined up with one arm of the H-shaped poly-
styrene insert. The generation of an asymmetrical component of electric field, due to the off-center
dielectric in the input K, waveguide, was quite effective in launching the QLSE; ¢ mode in the WUT as
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evidenced by the appearance of spikes in the measured dominant mode transmission loss. However,
this technique did not lead to good agreement between experiment and theory for 8 of the QLSE,,
mode. It was determined that the addition of the dielectric piece in the K, waveguide effectively
increased the length of the WUT for this mode since the LSE,; o mode could propagate in the short
length of dielectric slab loaded (off center) rectangular waveguide thus formed.

The second technique tried to deliberately launch the QLSE,,; mode in the WUT consisted of a
simple shift, or offset, of the input K, waveguide (no dielectric loading) relative to the front face of
the WUT. With this offset, the incident field pattern seen by the WUT was nonsymmetrical about its
vertical plane of symmetry, thus increasing the coupling to the QLSE;, mode for which the E, fields
are asymmetrical about the vertical plane of symmetry. This technique also proved effective in launch-
ing the QLSE,, mode, as evidenced by the spikes in the measured transmission loss at frequencies
3 close to the theoretical cutoff frequency of this mode. The magnitude of these loss spikes was reduced
{ as the waveguide offset was decreased, and vanished when no offset was used. Other transmission
spikes remained at higher frequencies, but were determined probably to be due to modes other than the
QLSE;, mode. Only the transmission spikes produced by the waveguide offset were used to obtain
experimental verification of the propagation characteristics for a higher order mode since these spikes
could be attributed to a given mode —the QLSE; mode—with a high degree of confidence.

The change of the phase term ¢, with the offset of the input K, waveguide was immaterial since
this phase quantity could not be measured directly under any circumstances. The condition for higher
order mode resonance given by Eq. (3.1) remains valid if ¢,, is taken as the average of the phase
angles of the reflection coefficients at either end of the WUT for the higher order mode. Since the
quantity ¢,; is some unknown function of frequency, the following approach was used to determine g
for the QLSE, , mode. With equal amounts of waveguide offset on the input end of the WUT, each of
the three lengths of the waveguide described in Fig. 12 was measured for transmission loss on the ANA
using the manual swept frequency mode. For each length, the frequencies at which transmission loss
spikes occurred—due to the waveguide offset—were recorded, and the value of ¢,;, was then calculated
and plotted using Eq. (3.1) and the theoretical value of 8 for the QLSE; o mode. For the short lengths
used for the WUT, determination of the integer value for n was straightforward. Since ¢,, was
independent of the length of the WUT, the plotted values of ¢, were used to construct a best fit linear
dependence of ¢y, as a function of frequency between 14.05 and 16.15 GHz. The theoretical cutoff
frequency of the QLSE,, mode was 13.74 GHz for this waveguide geometry. The lowest frequency
transmission loss spike, at f = 14.05 GHz, occurred in the shortest length sample, corresponding to n
= 1 in Eq. (3.1). The lowest frequency spike for each of the two longer samples occurred at frequen-
cies corresponding to n = 2. The absence of spikes at frequencies corresponding to n = 1 for these
longer samples was disconcerting initially. However, when an extension of the assumed linear fre-
quency dependence of ¢,, was used to calculate the frequencies at which transmission loss spikes would
be predicted for n = 1, such frequencies were found to be very close to the theoretical cutoff fre-
quency. For frequencies very close to cutoff, the attenuation of the QLSE, ; mode would be very large,
and the cavity formed by the WUT for this mode would have such a low Q as to preciude a spike in the
transmission loss of the dominant mode.

L e e o

—

Loss spikes due to the waveguide offset were indicated at frequencies above 16.15 GHz, but were
ignored because of the erratic measured transmission loss at these frequencies—due to unknown higher
order modes—that existed with no offset. The linear approximation of ¢,, varied from —38° at
f = 14,05 GHz to —78° at f = 16.15 GHz, with the calculated values of ¢, having a maximum devia-
tion of £5° from the linear approximation. With the values of ¢,,(f) taken from the linear best fit
curve, calculations for 8 using Eq. (3.1) gave values within 3% of the theoretical value for all frequen-
cies where spikes were noted in the measured transmission loss. It is recognized that this comparison is
of limited value because of (1) the assumption of a linear dependence of ¢, on frequency, and (2) the
use of theoretical 8 to calculate the points of ¢, (f) from which the linear best fit curve was derived.
A more accurate determination of 8 as a function of frequency for this or any higher order mode would
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require either a continuously variable length WUT —ideal, but obviously impossible from a fabrication
standpoint—or a very large number of different lengths of the same waveguide geometry, in order to
have multiple measurements (different lengths) at each spike frequency and thus be able to eliminate
é5> as an unknown in Eq. (3.1). With the three lengths of WUT used, two did have transmission
spikes at one frequency, f = 15.2 GHz. Using Eq. (3.1), ¢,; was eliminated and 8 calculated directly
as B = 94.7°/cm. This value compares favorably with the value 8 = 94.5°/c¢m as determined using the
linear approximation of &,,(f) and the theoretical value 8 = 95.8°/cm for the QLSE,;, mode at this
frequency, thus tending to justify the bootstrap calculations used to compare the theoretical and experi-
mentally derived propagation characteristics at other frequencies for this higher order waveguide mode.

Wiy PR R SE S L I

The approach of Method 3 of Appendix D used to correct for mismatch effects yields an attenua-
tion factor, or loss term «, as well as the phase term 8 for the dominant waveguide mode. However,
this method was found to be unsuitable for calculating a trom the measured data. Using the measured
complex transmission coeflicient of three different length samples resulted in wild fluctuations of calcu-
- lated « as a function of frequency, even calculating a as a negative quantity (waveguide gain rather
' than loss) in some instances. This was determined to be a result of the sensitivity of the mismaich
i correction program to variations of « in the three different length samplies. With the construction tech-
- nique used for the waveguide housing—with six separate metal pieces held together with screws—the
< conductor losses were greatly affected by the effective extra resistance formed at the metal-to-metal
interfaces, although such imperfections had only a negligible effect on the phase term 8. Sizable varia-
tions in attenuation (loss/unit length) thus were not unexpected since the nature of the metal-to-metal
contacts could not be controlled. The effect of variations in actual a between sample lengths on the
calculated values of a and B was checked for a variety of conditions. In each case. the complex
transmission coefficient 1y, of three lengths of an imaginary waveguide was computed, assuming a fixed
B and fixed values for the S-parameters representing the discontinuity at either end of the WUT. Only
« was changed for the three different lengths. Then using the approach of Method 3 incorporated into
program CROOQT3, these computed values of 7). along with the three assumed lengths, were used to
calculate the "measured” values for o and 8. In all cases, 8 was calculated to be within 1% of the
presumed value. but in general the calculated value of a was far removed from the average of the three
presumed values.

B P

P

The method that was used to experimentally determine the attenuation of the dominant mode for
::; comparison with the theoretical value was the approach of Method 4 described in Appendix D. With
< this method, only one length of WUT was required, and the loss term « was calculated at frequencies
_ where the measured transmission loss was minimum, or equivalently where | 1, | was maximum. At
t these frequencies. with | 131, = T.

- (1 - |s”|12) exp (— al) 3.20)
I = IspylPexp (=2al)

from which
a(nepers/length) = —(InX)/L (3.2b)

where

X =10 = 15,192+ 4T s 171+ Is, 17 = 1Y/ Q2T ]s 19, (3.2¢)

The 5.07 ¢m length sample of the waveguide described in Fig. 12 had minimum transmission loss
at frequencies /) = 8.34 GHz, f; = 10.52 GHz, and /3 = 11.85 GHz, with mecasured losses of 0.35 dB
(lry] = 0.961), 0.5 dB ({ry,| = 0.944), and 0.55 dB (ry,l = 0.939), respectively. Using resistive film
loading of the WUT as described in Appendix C, the value of |5y, at these three (requencies was then
measured as 0.776, 0.750, and 0.724, respectively. With a(dB/m) = a (Np/m) - 20/In10, the attenua-
tion was calculated from (3.2) as «(f)) = 1.74 dB/m. o(f,) = 2.83 dB/m. and a(f}) = 3.47 dB/m.
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From the theory, taking the conductivity of brass as ¢ = 1.41 x 10’ mhos/m [74] and the dielectric
loss tangent of polystyrene as tan § = 4.3 x 107¢ [26], the total loss term, & = a, + a,, was predicted
to have values of a(f|) = 1.15 dB/m, a(f;) = 1.37 dB/m, and a(f;) = 1.50 dB/m. At each fre-
quency, the conductor loss term was slightly more than the dielectric loss term. In a ratio comparison,
the ratio (in dB/m) of measured loss to theoretical loss was 1.51 at f|, 2.07 at f,, and 2.31 at f;. Mea-
surements of other waveguide geometries resulted in similar ratios of measured/theoretical attenuation,
in all cases the discrepancy was attributed to the multisection design of the waveguide housing for
which the added resistance at the joints was not taken into account by the theory. Previous experience
with sectioned experimental waveguide housings has indicated discrepancies of similar magnitudes
between theoretical and measured attenuation values.

3.2 Peak Power Breakdown

The peak power breakdown level was measured for one sample of dielectric foaded double ridged
waveguide to give a comparison with the theoretically determined value. The fabrication of this
waveguide was different than that used for low-power tests. A two-piece housing was machined from
aluminum, with the ridges being direct extensions of the top and bottom waveguide walk to prevent
possible arcing at the joints between the walls and separate ridge sections. Repeated assembly and
disassembly was not a consideration, and a fabrication method was sought that would ensure the com-
plete absence of air gaps at the metal/dielectric interface. With polystyrene chosen as the dielectric
material, an H-shaped insert was machined to form a loose fit in the assembled aluminum housing.
The polystyrene surfaces that would mate with the metal surfaces of the housing were then deposited
with a thin (=3000 A evaporated gold film. The complete waveguide section was then assembled
using silver epoxy to fill any voids between the metal walls and the plated surfaces of the polystyrene.
When the high-power tests were made, breakdown occurred in the dielectric rather than in air at the
dielectric side walls although the theory predicted a power breakdown level for the dielectric more than
five times that for air breakdown. It was determined that the dielectric breakdown was due to the
rough surface left by the milling operation at the bottom of the slot in the polystyrene, where the
evaporated gold film effectively formed a conducting surface with very sharp protrusions and irregular
features. The conflict with the theory was attributed to the extreme buildup of electric field intensity at
these sharp points, since the theoretical analysis assumed smooth wall surfaces (Section 2.3). To avoid
arcing within the dielectric due to rough surface conditions, the metal evaporation technique was aban-
doned in favor of the construction method which was finally used for the high power test. This method
used coil dope to fill the space between the smooth metal surfaces and the solid polystyrene #-shaped
insert as shown in Fig. 14, analogous to the use of silicone grease for the low-power tests. The
waveguide was assembled using screws and steel locating pins, and then baked at 90°C in an oven to
drive out the toluene from the coil dope. A rectangular steel insert was then used to remove any last
traces of coil dope from the top and bottom walls at the junction with the polystyrene insert. One end
of this waveguide was shorted by an aluminum plate screwed to the end of the housing. The other end
had a flange to mate with X-band waveguide (not shown in Fig. 14).

The physical length of the waveguide sample (WUT) was chosen to that at a frequency f = 9.368
_ GHz (the frequency of the high-power measurement facility) the electrical length would be such that
- the front face of the sample waveguide would be close to a voltage null position of the standing wave
pattern caused by the short circuit. This aspect of the high-power measurement was necessary to
ensure that power breakdown (arcing) would first occur within the WUT rather than in air at the inter-
face of the WUT and the X-band waveguide of the high-power system. The WUT was fabricated with
an initial length longer than necessary. A brass plunger, U-shaped with rectangular arms machined to
fill the air region of WUT, was then inserted into the WUT to form an adjustable quasi-short circuit.
Using the ANA in the swept frequency mode, the position of the quasi-short was adjusted to a position
. where the front face of the WUT represented a near short circuit to the adjoining section of X-band
waveguide. The insertion depth of the plunger was measured, and a corresponding length then
removed from the backside of the WUT by machining. Addition of the aluminum plate to form the
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Polystyrene

Coil Dope

Two-Plece Brass Housing

Note:Coil Dope ThickneassExaggerated
For lllustration

Fig. 14 — High-power test housing

backside short circuit then completed the fabrication. The dimensions of the waveguide used for the
high-power measurement were: @ = 0.600 in. (1.524 cm), & = 0.250 in. (0.635 cm), 4 = 0.150 in.
(0.381 cm), s = 0.100 in. (0.254 cm), ¢+ = 0.200 in. (0.508 cm), and a length L = 1.587 in. (4.031
cm). With the polystyrene used as the dielectric material, e, = 2.54.

Because of the standing wave within the WUT set up by the short circuit, points of maximum vol-
tage occur at distances equal to an odd number of quarter wavelengths from the short. At these points,
the voltage is twice that due to the wave traveling in either direction. (The small amount of loss in the
short length of the WUT was neglected.) Such voltage peaks thus are equal to the voltage that would
be produced by a single unidirectional wave carrying four times the amount of power carried by either
wave forming the standing wave pattern (Appendix D). Peak power breakdown of the waveguide
occurs when, at any point, the electric field intensity (proportional to the voltage in the equivalent
transmission line circuit) exceeds the breakdown strength of the medium (either air or dielectric) at
that point. Since the power-handling capability of the waveguide has been assumed to be the peak
power breakdown level of the waveguide when propagating energy in a single direction, the power
quantity of interest in the high-power measurement will be the maximum voltage effective power, or

Pyve, equal to four times the power carried by each of the waves forming the standing wave pattern in
the WUT.

Because the actual power levels within the WUT could not be measured directly, it was necessary
to calculate Py in terms of power incident on the front face of the WUT since the latter power could
be measured. From Appendix D, Eq. (D14)

4(1 - ?)
Pyve = 3 52 ; 3.3)
1+ lSzzI + 2|522, cos {
{=1¢y—28L 3.4)

where P, is the peak power incident on the front face of the WUT and s,, is the complex reflection
coefficient of the discontinuity formed at the junction of the WUT and the X-band waveguide, as seen
from the side of the WUT, with

522 = Isnl exp (jdyp).
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Prior to the high-power testing, measurements of the WUT were made at low power using the ANA to
determine the necessary parameters required to calculate Py using Eq. (3.3). Using resistive film to
load the WUT (Appendix C), the complex reflection coefficient of the junction discontinuity, as seen
from the side of the X-band waveguide, was measured as a return loss of 4.4 dB with a phase angle of
176 deg, or equivalently

s; =06 2 176°
From Appendix C, |sy| = |s;,], thus
|S22| = (.6. 3.5)

After removing the resistive film, the complex reflection coefficient of the shorted WUT was measured
as t;,. At the frequency f, = 9.368 GHz,

l“'f=f0 = 0999 L —165‘{
thus verifying that the front face of the WUT would present an approximate short circuit to the X-band
waveguide. Return loss maximums (minimum |¢;,|) were found at frequencies of f; = 8.775 GHz

and f, = 10.76 GHz. The procedure outlined as Method 5 in Appendix D was then used to calculate
¢22. From (D16)

bnljy=Qn+Dm+g,L, i=12 (3.6)

where 8, is the propagation constant of the WUT at the frequency f;. Using Eq. (3.4), ¢, for the fre-
quencies f; and f, were computed as 33.2° and 31.8°, respectively. From (D17), linear interpolation
was used to determine

¢22|f=f0 = 325 o.

Then from Eq. (3.4)
£ = 67.6° (modulo 360° 3.7

at the frequency f,. With the values given by Egs. (3.5) and (3.7), the relationship expressed in Eq.
(3.1) was calculated to be

f EEEET TV P TV VG UG W, e T Y Y T W W W e ww W w. w

Puyve = 1.409 P, (3.8)

at the high power frequency f,. Of course, the numerical constant in Eq. (3.8) would change if either
the iength or geometry of the WUT were different.

Peak power breakdown was measured using a pulsed high-power source. The experimental facility
used is depicted schematically in Fig. 15. The high-power modulator, an FXR 1 Megawatt Test Modu-
lator, was triggered from a 1 kHz pulse generator and powered a Raytheon QK-172 X-band magnetron.
The pulsed output from the magnetron was at an RF frequency of 9.368 GHz, with a repetition rate of
1 kHz and a pulse width adjustable from 0.1 to 1.0 us. The pulse width was set to 0.8 us for the
high-power measurement. Maximum peak power available from the magnetron was 100 kW. The
motor driven power divider was not used and locked into the low loss state. The high voltage from the
modulator was set to achieve maximum power from the magnetron. Peak power incident on the WUT
was controlled by manually adjusting the ganged waveguide sliding shorts, which together with the short
slot 3 dB hybrid coupler and the folded magic tees formed a high-power attenuator, with the excess
power from the magnetron being absorbed by a high-power waveguide load. The coupling between the
main RF line and the thermistor head was measured independently at low-power levels on the ANA for
accuracy in determining the power level incident on the WUT. The total coupling was measured as
-49.8 dB at f = f,, equivalent to a power ratio of 1.05 x 10~°. The power in the RF pulse was flat
within the 0.8 us pulsewidth as measured by the crystal detector output on the oscilloscope. The peak
power incident on the WUT was thus calculated as

- Pulse width P
(Repetition rate) (power coupling) =

W W . W e Ta e ¥ N .
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]
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Meter [ | Head Trig.| Modulator
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Fig. 15 — High-power test circuit

where P, was the average power measured at the thermistor head. With the appropriate numerical
values,
P,(kW) =119 P{(mW),

A peak power meter was used as a check for the power measurement, using a crystal detector in place
of the thermistor, and showed agreement within 2% of the peak power as calculated from the average
power reading. The crystal detector shown connected to channel B of the oscilloscope in Fig. 15 was
used to monitor the shape of the high-power pulse incident on the WUT, while the detector shown
connected to channel 4 was used 10 monitor the reflected power pulse.

In the test to measure the peak power breakdown, the power level was slowly increased from zero
while carefully monitoring the reflected pulse displayed on the oscilloscope and listening for any sounds
of arcing within the WUT with the aid of a stethoscope. The first evidence of breakdown was a sudden
onset of strong jitter in the reflected pulse, accompanied by the sudden and distinctly audible arcing
noise. This first breakdown occurred at an average power of 0.58 mW as measured by the average
power meter, corresponding to an incident peak power level of 69 kW incident on the WUT. Because
of the accumulation of carbon deposits in the WUT, subsequent measurements yielded decreasing
power breakdown levels. After the high-power measurements were concluded, the WUT was disassem-
bled. As expected, the arcing, as evidenced by the carbon buildup, was at regular intervals along the
sides of the polystyrene insert. These intervals corresponded to a half wavelength in the WUT, with
the arcing closest to the short occurring approximately one quarter wavelength from the short and hav-
ing the greatest degree of carbon buildup. There was a very slight trace of arcing within the poly-
styrene, but the majority of breakdown was at the air dielectric interface as predicted by the theory.
There was evidence of arcing at the front face of the WUT also, between corners of the ridge, as evi-
denced by carbon paths across the end of the polystyrene insert. This arcing at the interface of the
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WUT with the X-bund waveguide was attributed to a shift in the position of the maximum in the stand-
ing wave pattern. Prior to the initial breakdown, an approximate voltage null was located at the inter-
face. When the power level was increased sufficiently to cause arcing at a point A./4 from the short,
such arcing effectively produced a short circuit at that point during the short interval of the arc, thus
shifting a near maximum of the standing wave pattern to the front face of the WUT and producing the
arcing at that point.

From Eq. (3.8). the incident peak power of 69 kW for the initial power breakdown measurement
corresponds to an equivalent unidirectional power tevel of Pyye = 97.2 kW. With the voltage break- - .
down strength of air taken as 30 kV/cm, a peak power breakdown value of Pgp = 696 kW is predicted
by the theory. The discrepancy between the peak power breakdown level predicted by the theory and
that determined experimentally was attributed to three factors. First, a power safety factor of 4 is com-
monly utilized in practice for peak power ratings [67]. With this safety factor included, equivalent to
reducing the breakdown strength of air to 15 kV/cm, the theoretical power breakdown of the WUT
reduces to Pgp = 174 kW. The second factor was the presence of small but sharp protrusions of hard- ey
ened coil dope left at the junction of the top and bottom waveguide walls with the sidewalls of the %’g
polystyrene insert. Such protrusions were the result of using the metal mandrel to attempt to remove
all of the excess coil dope from the waveguide. Just as at sharp corners of conducting surfaces,
extreme buildup of electric field intensity can occur at sharp dielectric corners [66]. The theoretical
analysis did not take into account such possible electric field enhancement caused by a flawed assembly
technique. The third factor was the unknown effects of heating within the polystyrene insert. At peak
power breakdown. the average power carried by each wave forming the standing wave within the WUT
was 20 W. Usiag the theoretical value of dielectric loss, power dissipation within the dielectric was cal-
culated as 0.5 W. Since the thermal conductivity of polystyrene is very low and the power level was
raised gradually, it is quite possible that the heating caused portions of the dielectric to weaken or even
melt. forming irregularities on the otherwise smooth sidewalls, thus sharply increasing the electric field
intensity at some points. Thermal effects caused by average power heating were not considered in the
waveguide analysis of this investigation.
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4.0 WAVEGUIDE PERFORMANCE CHARACTERISTICS
4.1 Discussion of General Waveguide Characteristics and Parameters

For the purposes of this investigation, the primary waveguide characteristics of concern are the
single mode bundwidth and the peak power handling capability. Attenuation is also an important factor
but will be considered secondary to the primary characteristics. All results presented in this chapter are
based on the theoretical analysis derived in Section 2.

Material properties such as metal wall conductivity, dielectric breakdown strength, and dielectric
loss tangent will affect the waveguide performance. However, these material properties will not be con-
sidered as design parameters. but will be assumed constant as discussed in Section 2. The wall conduc-
tivity and dielectric loss tangent affect only the waveguide attenuation; corrections to the calculated
attenuation must be made as outlined in Section 2.4 to account for deviation from these assumed
parameter values. The exact value for the dielectric breakdown strength will not affect the peak power
breakdown calculation for most waveguide configurations since breakdown will occur in the air region
rather than in the dielectric. For those cases where the power level for dielectric breakdown is less than
that for air breakdown, or where the actual dielectric strength is significantly less than the assumed
value, corrections to the waveguide power handling capability must be made as discussed in Section 2.3.

The design parameters will consist of the five waveguide dimensions shown in Fig. 3 and the rela-
tive dielectric constant of the diclectric loading material. The six waveguide design parameters are thus
(1) the width a. (2) the height b, (3) the gap height d, (4) the ridge width s, (5) the dielectric width
t. and (6) €,. For many design purposes, the number of variable parameters may be reduced to five by
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normalizing all dimensional quantities to the waveguide width. Conventional frequency scaling tech- f-.f.i y
niques [8] are applicable for such a normalization process. The power-handling capability and attenua- e
tion also may be normalized. Since these waveguide characteristics are of interest for the QLSE, 4, or T
dominant, mode only, they will be normalized to the corresponding characteristics of an empty
rectangular waveguide operating in its dominant (TE, o) mode and at the same frequency. The normal-
ized power will thus be calculated as

Pgp
Pgp (reference WG)

Pgp (normalized) =

while the normalized attenuation due to conductor loss will be calculated as
a,

o, (reference WG)

o (normalized) =

For each configuration of the dielectric loaded double ridged waveguide (DLDRWG), the correspond-
ing reference waveguide is conventional rectangular waveguide with the necessary width to give a TE, o
mode cutoff frequency equal to f, for the QLSE, ; mode of the DLDRWG. The reference waveguide
will use an aspect ratio (height/width) of 0.5 regardless of the aspect ratio of the DLDRWG, and will
assume copper walls and an air voltage breakdown of 30 kV/cm. Since the reference waveguide has no
dielectric loss, the dielectric ioss of the DLDRWG will be normalized to the conductor loss as

a4 (frequency (GHz))'?
a(reference WG)

a,(normalized) =

The added factor of fY? is necessary because of the difference in frequency dependence of a, and ay
(Section 2.4).

Even with the number of design parameters reduced to five, it is obviously impossible to present
complete design information, either in graphical form or otherwise. However, sufficient theoretical
results will be displayed to show typical characteristics for the DLDRWG, and more detailed results will
be presented for a specific dielectric material.

Figures 16 and 17 emphasize the fact that the first higher order mode that may propagate in
DLDRWG is dependent on the exact waveguide geometry. For the fixed parameter ratios given in Fig.
16(a), the first higher order mode (FHOM) is the QLSE;; mode for values of d/b > 0.73, but is the
. QLSE,; y mode for smaller values of d/b. With the fixed parameter ratios changed slightly, Fig. 16(b)
. shows the FHOM to be the QLSE; | mode for d/b > 0.82 but the QLSM,, mode for smaller values of
1 d/b. In Fig. 17, the parameter ratio s/a is treated as the variable, with the ratio t/a maintained as t/a
) = s/a +0.1 and with the other parameters fixed. The FHOM is the QLSM,;; mode for s/a < 0.2 and
: the QLSE,;, mode for s/a > 0.2.

i. For dielectric slab loaded rectangular waveguide with an aspect ratio of 0.5, the LSE,, mode is =
E normally the FHOM. The corresponding QLSE, |, mode in DLDRWG was found never to be the :ﬁ_‘-j"-jf'_-j
FHOM for a variety of geometries where b/a = 0.5 and d/b < 0.5. The elimination of the quasi- ST

LSE, ; mode as the FHOM is the principal reason that the DLDRWG can achieve large single mode - 1

i bandwidths without having to reduce the waveguide aspect ratio. Y "_{:q
. 4.2 Variation of Performance About a Fixed Geometry :‘?‘
i MR
{ To demonstrate some of the characteristics of DLDRWG, a fixed (normalized) geometry was \::*::::::
chosen, with b/a = 0.5, d/b = 0.3, s/a = 0.3, t/a = 0.4, and ¢, = 6. Each of these quantities was ot

1 then treated separately as a variable, with the remaining quantities held constant, and the resulting .'\-_1\::\;:1
change in normalized waveguide performance plotted. The attenuation and power breakdown levels %

were calculated at a frequency f = /3 f,. where f, is the QLSE,, mode cutoff frequency for the AN

corresponding waveguide geometry. :\::\::}::*
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In Fig. 18, the waveguide performance is plotted as a function of the ratio d/6. The dashed por-
tion of the bandwidth curve represents a condition where the QLSE, ; mode is the FHOM, and the
solid portion, the condition where the QLSE,, mode limits the single mode bandwidth. A decreasing
value of d/b provides an increasing bandwidth, but also results in a decreasing power breakdown level
and an increasing attenuation due 1o conductor loss. Note that most of the increase in bandwidth arises
as a consequence of the lowered cutoff frequency of the dominant QLSE,, mode rather than an
increase in the cutoff frequency of the FHOM. For this particular geometry, as d/b is varied from
unity to a value of 0.1, the cutoff frequency of the QLSE, ; mode is reduced by a factor of 2.65, while
the cutoff frequency of the FHOM increases by a factor of 1.41. The size of the reference waveguide
used to normalize the power and attenuation characteristics of the DLDRWG is determined by the cut-
off frequency of the QLSE, 3 mode, and thus increases with bandwidth. With increased size, the refer-
ence waveguide will have greatly increased Pgp and decreased a, thus the variations of normalized
Pgp and a. of the DLDRWG with d/b are accentuated relative to the variations of the corresponding
nonnormalized values.

Other Geometry Porameters
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Fig. 18 — Waveguide performance as a function of
d/ b variation about a fixed geometry

The normalized diclectric loss as a function of d/b wus essentially constant, with a,,, = 10.2 for
dib = 1 and a,,, = 11 for d/b = 0.1. The solid portion of the power breakdown curve represents
voltage breakdown in air, while the dashed portion denotes breakdown of the dielectric material. A
similar convention for plotting power breakdown will be used henceforth.

The parameter ratio of s/a is treated as the variable in Fig. 19. The FHOM was the QLSE,;
mode for all values of s/a. The bandwidth peaks for s/a = 0.17, whereas the power peaks at s/a =
0.07. Any design must therefore consider some trade-off between bandwidth and power. Such trade-
off considerations will be required to determine most paramelers. Here the variation of attenuation is
small, but in other cases the change of attenuation may be large and thus be a factor in determining a
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Other Geometry Parameters
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Fig. 19 — Waveguide performance as a function of
s/a variation about a fixed geometry

final waveguide geometry. The rapid drop in Pgp as s/a becomes small is due to dielectric breakdown
because of the increased electric fields in the gap region. As the ridge width approaches the dielectric
width. s/a — t/a. more of the fringing fields from the ridge gap extend into the air region, thus lower-
ing PBD‘

In Fig. 20, the variable is the ratio t/a. Again the QLSE;, mode is the FHOM. The trade-off
between bandwidth and power is even more pronounced than in Fig. 19. As the width of the dielectric
increases, more and more of the propagating energy is contained in the dielectric, thus dielectric break-
down becomes the limiting factor for power handling capability.

In Fig. 21, the ratio of #/a is taken as the variable quantity. Both power and bandwidth are weak
functions of b/a, and attenuation from dielectric loss is almost constant. Conductor loss is strongly
dependent on the height, however, increasing rapidly as b/a becomes small. A good design philosophy
would incorporate as large an aspect ratio as practical, making up lost power and bandwidth by varying
other parameters which would not lead to such drastic increases in attenuation.

Since the ratio d/ b is fixed, small values of b/a result in small gap spacing, and the consequential
dielectric breakdown is apparent. The solid portion of the bandwidth curve denotes the QLSE;; mode
as the FHOM, while the dashed portion denotes the QLSMy ; mode as the FHOM. For this geometry,
the QLSM,; mode will remain the FHOM for /a > 0.76, and the bandwidth will start to drop sharply
for larger values of b/a. As for any geometry, sufficiently large values of b/a will cause the QLSMg
mode to become the dominant mode. The practical upper limit on b/a for a good design would be the
value at which the bandwidth starts to degrade rapidly.

In Fig. 22. the waveguide performance is plotted with the relative dielectric constant €, as the
variable. Low values of dielectric result in the QLSM,; mode as the FHOM (dashed portion of the
bandwidth curve), while larger values of €, have the QLSE,, mode as the FHOM. For values ol ¢, >
4, the increase in bandwidth is negligible with further increase of €,. while the power is dropping and
the attenuation is increasing rapidly. The curves of Fig. 22, as well as investigation of other waveguide
geometries, dictate that a good design should use the minimum value of €, required to achieve the
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Other Geometry Parometers
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Fig. 22 — Waveguide performance as a function of
€, variation about a fixed geometry

required power and bandwidth. Of course, there will still be performance trade-offs to be made in any
design, and dielectrics with very low values of ¢, will generally have lower breakdown values than that
assumed.

Any number of geometries could be chosen as the fixed geometry and plots made analogous to >
those depicted in Figs. 18 to 22. The resulting variation of waveguide performance with each parameter o
will depend on the initial geometry. It is obviously impossible to describe all of the combinations of ::
performance variations, but certain consistent design aspects stand out: (1) decreasing the value of d/b
will result in larger bandwidths, but will also result in reduced power and increased attenuation; (2)
both bandwidth and power will have peaks as a function of the parameter ratio s/a, usually at different
values of the variable; (3) as the parameter ratio t/a is increased, the power increases until dielectric
breakdown occurs, and the bandwidth will normally decrease but may peak for certain geometries; (4)
bandwidth and power are relatively weak functions of the ratio 4/a if the QLSE,, mode is the FHOM,
but attenuation becomes large as b/a is decreased; and (5) best overall waveguide performance will
normally be achieved with the lowest practical value of ¢, .

4.3 Design Information for ¢, = 2.54

Since low values of e, will normally give the best waveguide performance characteristics, more
detailed design information will be presented for a dielectric with €, = 2.54. This value of ¢, is typical
for a dielectric material such as polystyrene [25,26]. A loss tangent of tan & = 10~* and a dielectric
breakdown strength of 300 kV/cm again will be assumed.

In Fig. 23, bandwidth is plotted as a function of s/a for different values of d/b. The ratio t/a is
not fixed but varies as s/a, with t/a = s/a + 0.1. The rationale for maintaining such a relationship
between t/a and s/a is to have the high strength dielectric extend out far enough to prevent air break-
‘ down due to fringing fields from the gap, yet not so far as to greatly reduce the bandwidth. The ratio

differential constant of 0.1 thus represents a design trade-off between power and bandwidth.
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Other Geometry Parameters
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Fig. 23 — Bandwidth as a function of s/a for e, = 2.54

The FHOM is seen to be the QLSMg | mode for low values of s/a, thus the dashed portion of the
bandwidth curves must be used to define the single mode bandwidth. The bandwidth as defined by the
ratio of cutoff frequencies of the QLSE,, and QLSE;; modes is included for low values of s/a to
emphasize the fact that the FHOM is dependent on the specific geometry. If the ratio of b/a were
reduced (at the expense of increased attenuation), f. for the QLSM,; mode could be raised above f,
for the QLSE;, mode for all s/a, and while both solid and dashed curves would be modified they
would not intersect.

In Fig. 24, the normalized waveguide performance at a frequency f = 3/, is plotted as a func-
tion of s/a for d/b = 0.5, 0.3, and 0.1. Again (/a is maintained as t/a = s/a + 0.1. For all d/b
values, Py, increases with s/a, whereas bandwidth peaks for s/a = 0.2 (from Fig. 23), and the
power/bandwidth trade-off is encountered once again.

In Fig. 25, the ratio s/a is held fixed and normalized waveguide performance plotted as a func-
tion of t/a for d/b = 0.5, 0.3, and 0.1. Bandwidth is also plotted to show the effects of variations of
t/a on this characteristic. In all cases, the power breakdown level is minimum for t/a=s/a. Such a
condition is to be expected since the fringing fields from the gap extend into the air region. The
increase of Pgp, with t/a is dependent on the value of d/b, with lower values of d/b giving a sharper
rise of power. This is a predictable characteristic, since the smaller gaps will have fringing fields which
do not extend out from the ridge walls as far as those of larger gaps.

Breakdown is seen to occur in the dielectric rather than in air for progressively lower values of
t/a as d/b becomes smaller. This is to be expected since lower values of d/b result in increased con-
centration of the propagating energy in the gap region.
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The bandwidth is essentially flat for low values of t/a, and decreasing moderately as t/a increases
to larger values. A maximum power-bandwidth product would set t/a as t/a = s/a + A, where A
would have to be determined for the remaining values of parameters. In general, A would decrease as
d/ b decreases, and typically would have a range from 0.1 to 0.35.

The performance characteristics shown in Figs. 23 to 25 are not intended to provide a complete
design procedure, since even for a fixed value of €, there remain too many variables to plot all charac-
teristics. The depicted characteristics are intended to enable one to obtain an initial design geometry,
and to provide an insight on how to fine-tune the design parameters to achieve the optimum waveguide
performance.

4.4 Performance Comparison With Other Waveguide Types

The performance characteristics of a dielectric loaded ridged waveguide can be compared with
those of other types of waveguide. For a fair comparison, the other waveguides should have a single
mode bandwidth equal to that of the DLDRWG. The waveguides for which the comparison is made
are the dielectric slab loaded rectangular waveguide (DSLRWG) and empty double ridged waveguide
(DRWG). All waveguides are assumed to have copper walls, and all dielectric materials assume the
values tan 8 = 10~% and EJ5,.,. = 300 kV/cm.

The design information presented by Findakly and Haskel [23] and Gardiol [68] for DSLRWG
was used to achieve the optimum design for that waveguide, but with the aspect ratio reduced to force
the TE,, (LSE;p) mode to be the FHOM. The design information of Hoppfer [11] was used to
achieve the optimum design for the DRWG. Performance characteristics of both waveguide types were
calculated with the same program used in the calculations for DLDRWG.

The first comparison is for waveguides with a single mode bandwidth equal to 4.0 and a dominant
mode cutoff frequency f. = 4.0 GHz. For the DSLRWG, the minimum value of €, needed for BW =
4 was found to be ¢, = 18. The remaining parameters used for the DSLRWG were: a = 0.649
(1.648), b = 0.114 (0.290), and r = 0.071 (0.180). Dimensional values are given in inches (centime-
ters). For the DRWG, the parameters were: ¢ = 0.833 (2.116), b = 0.416 (1.057), d = 0.098
(0.249), s = 0.221 (0.561), and €, = 1. Parameters for the DLDRWG were selected as: @ = 0.645
(1.638), b = 0.322 (0.818), d = 0.106 (0.268), s = 0.129 (0.328), + = 0.258 (0.655), and €, = 2.54.
With these parameters, all three waveguide types have f. = 4.0 GHz for the dominant mode and f, =
16.0 GHz for the FHOM. The FHOM is the TE; o mode for DSLRWG, the TE; 3 mode for DRWG,
and the QLSE,; mode for DLDRWG.

Figure 26 shows the difference in the propagation constant 8 for the three different types of
waveguides. As should be expected, the DSLRWG has the largest 8 for frequencies above cutoff
because of the large dielectric loading with €, = 18, while the DRWG has the lowest 8 since ¢, = 1.

Figure 27 compares the attenuation characteristics of the three waveguide types. The large
attenuation of the DSLRWG is due primarily to the reduced aspect ratio required to maintain the cutoff
frequency of the LSE,; mode above that of the TE,, mode and achieve the single mode bandwidth.
As with any waveguide, the attenuation increase for all three types as f — /, is due 1o the rapid
increase of dispersion.

Figure 28 compares power breakdown. The difference in power of the DLDRWG and that of the
DRWG is actually greater than depicted since no corrections were made for corner effects in the latter
waveguide. Such corrections were not required for the DLDRWG since breakdown in air occurred at a
considerably lower power level than that for dielectric breakdown.
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Fig. 28 — Comparison of power breakdown characteristics
for waveguide types with BW = 4

Similar comparisons are made of the three waveguide types for each having a single mode
bandwidth equal to 5.0 in Figs. 29 to 31. The parameters used for the DSLRWG were: a = 1.056
(2.682), 6 = 0.119 (0.302), 1 = 0.076 (0.193), and €, = 42 (the minimum value of €, needed for BW
= 5). An even smaller aspect ratio is required to prevent the LSE, | mode from being the FHOM than
in the case where BW = 4, The parameters used for the DRWG were: @ = 1.396 (3.546), b = 0.698
(1.773), d = 0.108 (0.274), s = 0.378 (0.960), and ¢, = 1. For the DLDRWG, the parameters were
chosen as: @ = 1.046 (2.657), b = 0.522 (1.326), d = 0.105 (0.267), s = 0.209 (0.531), f = 0.450
(1.143), and €, = 2.54. For each type of waveguide, the dominant mode cutoff frequency is 2.0 GHz
while the FHOM has /.= 10 GHz. The FHOM for DSLRWG and DRWG is the TE,, mode, but is
the QLSM,,; mode for DLDRWG.

The propagation constant 8 is shown as a function of frequency for each of the waveguide types
in Fig. 29. Because of the larger degree of dielectric loading in the DSLRWG, where €, = 42, the
difference between B of this waveguide and 8 of the other waveguides is more pronounced than for the
BW = 4 case where e, = 18.

Comparison of Fig. 30 with Fig. 27 will show that the attenuation difference between the
DSLRWG and the other waveguide types to be more pronounced for the BW = § case than for the
BW = 4 case. This is due to the smaller aspect ratio required for BW = 5,

In Fig. 31, the power breakdown levels are shown as a function of frequency for each waveguide.
The increase in power breakdown of the DLDRWG over that of the other waveguide types is consider-

ably more pronounced than for the BW = 4 comparison. The DLDRWG does have dielectric break-
down near the upper end of the design band.
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An interesting feature of the DLDRWG is the behavior of the power breakdown level as a func-
tion of frequency. Unlike the power breakdowns of DSLRWG and DRWG, which essentially flatten
out with frequency, the Pgp, of DLDRWG increases monotonically with frequency until dielectric
breakdown occurs, and is constant for higher frequencies.

When waveguide performance comparisons are made with DSLRWG, it should be noted that the
aspect ratio of this waveguide need not be reduced to maintain the TE; o mode as the FHOM. The cut-
off frequency and dispersion characteristics of the TE, o mode are independent of height, while the
power breakdown level is directly proportional to the height. Also, the attenuation decreases with
increased height. Although f, for the TE,, mode is independent of the waveguide height as well, the
cutoff frequency of the LSE; | mode is not, but decreases rapidly with increasing height, thus restricting
the single mode bandwidth. As an example, for the DSLRWG with BW = 5 used for comparison in
Figs. 29 to 31, the aspect ratio was taken as /a = 0.113. With this aspect ratio, the cutoff frequency
of the LSE; | mode was the same as that of the TE, ; mode, 10 GHz. If the height is increased to give
b/a = 0.189, the cutoff frequency of the LSE, ; mode is reduced to 6.99 GHz (BW = 3.5), and if the
height is increased to give 6/a = 0.5 £, for the LSE, |, mode is reduced to 3.82 GHz (BW = 1.9). Of
course, the optimum values of 1/a and €, to achieve a given bandwidth would be different if considera-
tion were given to the fact that the QLSE,, mode was the FHOM. However, for large single mode
bandwidths, the superior design must maintain an aspect ratio to keep the TE; , mode as the FHOM
because the drop in bandwidth as the aspect ratio is increased is much greater than the corresponding
increase in power breakdown. Waveguide performance comparisons with DSLRWG were thus confined
to the condition that the aspect ratio of this waveguide have equal cutoff frequencies for the LSE, | and
TE; 3 modes.
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The conclusions that may be reached after comparing the theoretical performance characteristics
of the three waveguide types are apparent. For a given single mode bandwidth, the peak power han-
dling capability of the DLDRWG is superior to that of either DSLRWG or DRWG, with the power
advantage of DLDRWG increasing with bandwidth. The price paid for the greater power breakdown of
the DLDRWG is increased attenuation over that of the DRWG. Expressed in terms of percentages,
however, the increased attenuation is far less than the increased power breakdown level. Also. with
attenuation calculated in terms of loss/wavelength rather than loss/unit length, the percentage change
of atlenuation between waveguide types is even less. as shown in Table 5. The same waveguides
described earlicr in this section were used for this comparison. The DLDRWG is superior to
DSLRWG from the viewpoint of both power and attenuation, with the added advantage of not requir-
ing very large dielectric constant materials 10 achieve large single mode bandwidths. From a practical
viewpoint, some cost elfective manufacturing method must be found for DLDRWG to achieve the
theoretical performance. The peak power breakdown would be particularly sensitive to any flaws in the
waveguide structure.

Table 5 — Comparison of Attenuation in dB/A, for
Different Waveguide Types

Waveguide
Type

WGTI #1— Air-filled double ridged waveguide
WGT?2 #2—Dielectric slab loaded rectangular waveguide
WGT3 #3 —Partially dielectric joaded double ridged waveguide

(a) Waveguides with single mode bandwidth = 4 and
dominant mode cutoff frequency = 4 GHz

Attenuation (dB/A,)
Attenuation | Waveguide
term type /S =5GHz | f=8GHz | f=10GH:z
@, #1 0.0194 0.0090 0.0055
#2 0.0284 0.0113 0.0067
#3 0.0205 0.0088 0.0056
ay #2 0.0071 0.0041 0.0036
#3 0.0071 0.0035 0.0029

(b) Waveguides with single mode bandwidth = 5 and
dominant mode cutoff frequency = 2 GHz

Attenuation (dB/A,)
Attenuation | Waveguide
term type f=25GHz | yf=4GHz | /y=10GHz
a, #1 0.0205 0.0107 0.0061
#2 0.0373 0.0161 0.0081
#3 0.0227 0.0112 0.0065
ay #2 0.0074 0.0045 0.0037
#3 0.0074 0.0035 0.0028
90
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Appendix A
TRANSVERSE RESONANCE METHOD ANALYSIS

If the assumption is made that an electromagnetic wave propagating in a waveguide with cross-
section as shown in Fig. 3 is a TE,, o mode, then a solution for the propagation constant 8 can be
obtained by a straightforward extension of the transverse resonance method used [9,11] to obtain solu-
tions for the homogeneous ridged waveguide. Because of the symmetrical configuration of the
waveguide, the resonance condition for the transverse component of the propagation wave will result in
an infinite impedance at the center for m odd and zero impedance for m even in the equivalent
transmission line circuit. Equivalently, this condition can be represented by a magnetic wall (m odd) or
an electric wall (m even) placed at the vertical plane of symmetry of the waveguide. The equivalent
circuit 10 be solved then reduces to that of Fig. Ala for m odd or Fig. Alb for m even. The capacitive
susceptance B is the lumped element term to represent the waveguide height discontinuity. Within
each region, where the regions are defined from Fig. 4, Z,, is the characteristic impedance, Yy, =
1/Z,, is the characteristic admittance, and 6, is the product of the physical transverse dimension of the
region and y,;, the complex x-directed propagation constant. For the lossless model, y,;, and therefore
0,, will be either real or imaginary.

——0—1 —o0
204 202 L o, | Foa

I: 8, l——7J @ T 9, |-
Xy xq xg x

4

(a) Equivalent Transmission Line Circult For m Odd

18
Yy b—o—1 8 T 1 8,

1 Y2 3 4
{b) Equivelent Tranemiseion Line Circult For m Even

Fig. Al — Equivalent circuit for transverse resonance method
analysis of TE,, , modes (a) m odd: (b} m even

The reflected impedance Z presented by a load impedance Z; terminating a transmission line of
characteristic impedance Z, with propagating constant y and length L is [75]

(ZL + Zo) exp ('YL) + (ZL - Zo) exp (- ‘yL)

= . Al
=2 (Z, + Zy) exp (yL) — (Z; — Z) exp (—yL) (AD
For the circuit of Fig. Ala the open circuit at x4 will reflect back to x; as
Z 4_ 3= Zpyycoth 8, (A2)
or
Y 4. 3= Yo tanh 6; (A3)
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The short circuit at x, will reflect back to x, as

Zl-_z bl Zo| tanh 0| : (A4)

Equation (A1) may be expressed as

Z; coshyL + Zysinh yL

Z=4 Z, sinhy L + ZycoshyL’ (A35)
Since Z,_, terminates Region 2, the short at x; will reflect to x; as
2= 20 G (48
Substitution of Eq.(A4) into Eq.(A6) yields
s 2 S o 05 7 o ooy (a7
or
Y,y = Zy, sinh 8 sinh 8, + Z, cosh @, cosh 8, (A8)

92 7o, sinh 8, cosh 8, + Zy, cosh @, sinh 8,

Since the equivalent circuit is a composite, dissipationless, passive line matched at both ends, it must
be matched at all points {2]. Therefore, the sum of the admittances at the point x; must equal zero,

Yl—_] + jB‘. + Y4_3 = 0 (A9)

Substitution from Eqs. (A3) and (A8) gives

V4
Y sinh @, sinh 8, + 792- cosh @, cosh 6,
—% tanh 6, +j —— + o =0. (A10)
Yo, Yo . Zo, .
sinh 6, cosh 8, + Z - cosh 6, sinh 6,
0

Since Region 2 and Region 3 have the same dielectric loading, ¥.» = ¥ .3. and the impedances are pro-
portional to the heights:
Zoyy Yo

d
- —— = — . (All)
Zy, Yos b

Region 1 and Region 2 have the same heights, and since the transverse wave is TE the impedance ratio
is

Zo _ Y (A12)

Zoy Y2

97

D I
. S Aty Tae
e . ) T ) AR T
AR WA AL, SHE T s NE WA R WAC VAR WAL SN i,

I “..“. IR
- .
BASK SRR




KSR LR AL Sl RS SR D N A S A -t at eV e - i) h - p. bt e = T ey

. CHARLES W. YOUNG, JR. } §
N e
. . . RE AT
The left side of Eq. (A10) may be expressed as a single fraction. All terms in the denominator are fi- YR
o nite, so the numerator may be equated to zero. With substitution of Egs. (All) and (A12), the resul- , §
X tant expression is PR
b B :
~ (y,; sinh 8, cosh @, + y,, cosh 8, sinh 8,) (—z- sinh 9; + j—YL cosh ;) (A13) N
A 02 N
- L, Bt
N + cosh 83 (y,; sinh 8, sinh 8; + y,; cosh 8, cosh 8,) = 0 :\::::‘
~ e ‘n'
N - . el
\ Within each region i
. vitys+tyi=—oluge fori=123 \M;:
¥ R,
ol . ety
\‘ WIth .:::'.'ij
> €,=¢€ and €;=¢€;=¢,€" NS
. r .-A\‘- ...
- For TE, o modes y,, = 0 and y, = j B for all regions; B8 is the longitudinal propagation constant RO
o (above cutoff) for the waveguide configuration. Substituting into Eq. (A13) ORI,
< —_—
: Yxi < ﬂz - wzﬂ'Oel for ‘”ZﬂO € < Bz
3 3 ) 2 (A14)
= /jNo'‘uoe, —B° for wuoe, 2B
o e
- and 9, = vy, L; with L, = (@ —1)/2, L, = (1= 5)/2, and Ly = s/2, where a, 1, and s are the N
: dimensions from Fig. 3, then defines the transcendental equation that must be solved to obtain solu- ::-".:-:'.
tions for the TE,, o modes for m odd. When solving for the cutoff frequency, 8 = 0 and frequency is -‘_r ,,
the unknown quantity, with the smallest root of (A13) the solution for w, of the TE; mode, the R
- second root w, of the TE; o mode, etc. If the frequency is fixed and the propagation term 8 is taken as S
- the unknown, the solution (actually in terms of 82 rather than 8) to (A13) will yield multiple roots of
- B2 if the frequency is greater than cutoff of the TE;, mode. The first root represents 8 for the TE;,
2 mode, the second root 8 for the TE; o mode.
For TE,, o modes with m even, the effective short circuit at x4 in Fig. Alb will reflect back to x;
S as
': 24_3 = 203 tanh 6;.
» The resultant transcendental equation (with either w or 8 the unknown) that must be solved for
> TE,.., 0 mode solutions is given by (A13) with the terms cosh 8; and sinh @; interchanged.
For ali TE,, , modes, m even or odd, the impedance ratio B./ Yy, may be calculated as {7,39]
B. _ 2 '
_‘=_2£’.|nl__£_ +l,+l I_ﬁ+2_4_*’_AL2£
Y()z A‘ 4r 2 r l-r AA'—CZ
: p Vl1=r]" 521 4 2c
y + |— + = — (Al1S5)
: A ft+r l l-r2 3 A
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where
PR L L L 1o
I—r] 1-0= (BN 1-7
ey AU B | P/ N £ R W
1-r 1 - (1= (d/n,)?)? 1-r?
2
4r
C=

with r the height ratio, r = d/b. The wavelength X, is the transverse wavelength, A, = 27/8,., where
the transverse propagation term 3, is that for Regions 2 and 3, with

Yx2 ™ ¥x3 = JBx
since wlpgege, = B2 for any propagating mode.

The computer program TRMWG incorporates the mathematics of this Appendix and may be used
to calculate solutions for the TE,, ; modes of dielectric loaded ridged waveguide. Since true TE modes
do not exist in this waveguide, the accuracy of the solutions is limited by the deviation of the actual
modal structure (QLSE,, o or QTE,, o modes) from that of the presumed TE mode.

Program TRMWG also may be used for calculating TE,, , mode solutions (with accuracy limita-
tions already noted) for the waveguide where the dielectric width ¢ is less than the ridge width s (Fig.
5). The analysis for this waveguide structure is similar to that for the case where r > s, with one
important difference. For large values of €,, the waveguide of Fig. 5 will have the propagating energy
concentrated in the dielectric at some frequencies above cutoff, with fields transversely evanescent in
the vicinity of the ridge wall. For w > wg, Where wg > w,, wlugeq < B2 thus y, (=y,,) will be real.
The definition of wavelength at these frequencies then loses meaning, and (A15) may not be used to
calculate a numerical value of the shunt susceptance term in an equivalent circuit for the transverse
wave. For these conditions, program TRMWG assumes a value B. = 0. This assumption is equivalent
to ignoring the effects of the ridge, but since the transverse wave is evanescent at the ridge wall for
w > g, the assumption is reasonable for a first order approximation.

The FORTRAN listing for program TRMWG is given in Appendix El.
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Appendix B
DIELECTRIC CENTER LOADED RECTANGULAR WAVEGUIDE

In the analysis of dielectric Joaded rectangular waveguide (Fig. 2), most authors [1,3,18,68]
correctly point out that propagating modes may be divided into two classes: (1) the LSE (Longitudinal
Section Electric) modes. which have no electric field component normal to the air-dielectric interface,
and (2) the LSM (Longitudinal Section Magnetic) modes, which have no magnetic field component
normal to the air-dielectric interface. The propagation analysis is based on this a privri knowledge of
the wave structure. lIdentical results may be achieved by a more rigorous analysis, similar to that used
in the main body of this investigation, in which all field components are assumed to exist until proven
to be nonexistent.

SRV

A

Tty
e

Vertical Plane Of Symmetry

Reglon 1

y=b/2
s '
€, /

i =0 =
x A x x 12

Fig. Bl — Model for analysis of dielectric slab
loaded rectangular waveguide

If only the symmetric waveguide configuration is considered, the model for analysis may be
reduced to a half-waveguide cross section with either a magnetic or electric wall located at the vertical
plane of symmetry (Fig. Bl). For this waveguide configuration, locating the y=0 plane at the top or
bottom wall of the waveguide would simplify the analysis somewhat; however, in order to maintain
similarity with the analysis of the ridged waveguide, the y=0 plane will be located at the horizontal
plane of symmetry. The derivations (from Maxwell’s equations and the wall boundary conditions) for
the form of the field components in each region are exactly as for the ridged waveguide configuration;
the results are repeated here for clarity. In Region |

EM" =¥ A4, cosh [p,(x + x)]- [fg;] k¥ (Bla)

£ = Y. 81, sinh {py (x + x)Vp ., 'g?:' Kiny (Blb)

EN =Y ¢y, sinh Ipy ,(x + xpPVpy, [fg‘s' ki, (Blc)

H" =¥ Dy, sinh lp, (x + x)/p, - [‘Sf’:] Kio¥ (Bld)

E HY =3 Fi, cosh [p, e + 3] - lf:)nsl K| ¥ (Ble)

;; HY = Y jGy, cosh [p, (x + xp)] - [:?n’] Ky (BIN
g :
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with the separation equation given by
B+ ki, — pl,=wue (B2)

for all n. For (M.E) and (M.M) solutions, corresponding to a magnetic wall at the VPS, the fields of -
Region 2 are given by '\::-:';-. ,
. NS
EN =¥ Ay, sinh [py,(x = x)1/py, - (f:)nsl ky ¥ (B3a) N
n e
“u
EP = ¥ By, cosh lpy, (x ~ x)  [$9) iy (B3b) ‘h
n ] "
E!? = ¥ jCy, cosh [py ,(x — x3)] - (3;"5] ky oy (B3c) -
H? = ¥ D, , cosh [p,,(x — x)] - [2?,?] ky.ny (B3d) 7
n
HVQ) = 2 Fz.,, sinh [[)2‘,,(.\’ - Xz)]/p;\,, ' (gg;‘ kz.,,y (B3e)
n
H? = Y jG, , sinh [py,(x = x)V/ps, - 1 &, v (B3f)
: : sin

with the separation equation given by
BZ + klzn - p22n = wZ#O € €, (B4)

for all n. For (E,E) and (E,M) solutions, corresponding to an electric wall at the VPS, the fields of
Region 2 are given by Eq. (B3) with the functions cosh [p, ,(x — x))]1 and sinh [p, ,(x — x,)1/p,.,
interchanged. In both regions, k; , = k; , = nw/b and the upper trigonometric function for the y-
dependence, with n restricted to even integers, is used where an electric wall is located at the HPS, i.e.,
(M E) and (E,E) solutions. The lower trigonometric function for the y-dependence, with n restricted
to odd integers, is used for the (M, M) and (E,M) solutions which have a magnetic wali at the HPS.

The remaining boundary condition to be satisfied is at the air-dielectric interface, x = 0. Since
the heights of the two regions are the same. the basis functions which form the y-dependence of the
modal components are orthogonal on the interval - 5/2 € y £ /2. Equating the tangential fields of E
and H of the two regions at x = 0 will then show

B, , sinh (p, ,x\)/p, = B, cosh (py ,x3) (B5a)
Cy., sinh (py ,x )/ py, = Cy, cosh (py ,x;) (B5b)
F, , cosh (p, ,x|) = —F,, sinh (p, ,x,)/p; (B5¢)
G\, cosh (p; ,x;) = =G, , sinh (p, ,x,)/ P>, (BSd)

for (M .E) and (M .M) solutions. For (E.E) and (E M) solutions Eq. (BS) will be valid if the func-

tions cosh (p; ,x,) and — sinh (p; ,x,)/p, , are interchanged. In matrix form, Eq. (BS5) becomes

(E) I (E) l
i1 0 ||G 6"y 0 |]C
SRR R | R Bl BT | R (B6)

0 '0;‘“ B| 0 ,O‘s(f' Bz
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i

; ! |

. 8% 0 F, 8:"' | o F,
'. ----'-—-— ---=——--'---- - - -
'l 0 IOI(H) Gl 0 IOZ(H) Gz
3

o

: where the matrices are diagonal with

> {HI(E,}m.n = sinh (pl.nxl)/pl_n 8mn

E (0"} s = cosh (p) 1x1) B,

and for (M,E) and (M, M) solutions
{638}, , = cosh (p; ,x3)8,,,

i {02([“]’"-" = —sinh (pl.nxl)/pz,,r?’mn

while for (E.E) and (E . M) solutions
{Hl(f,lm.n = -Sinh(pl.nxl)/pz.n 6mﬂ

{051}, , = cosh (p3 ,x3) 8,,,.

in the main body of this analysis. Expressed in matrix form, they are repeated here for clarity:

|
10 |} C —(bll:tKl P} : 0 A
--—I--- - - - M e o o o' e a o all® & = o a 2o a @« = o - - - -
0 lllll Bl :tKll (b 0 l— [DT73)] (4 D]

] | |
U140 F, —¢|iK1 WEg U| 0 A,
---'--- - - - = -— ----' --------- | ----- - - .-
0 4 || G =K, @ 0 U D,

| |
v 0 || G -0 K| Wo 1 0 A;
- - -I- - - - - = - - - - -l ---------- ' ------ - - -
0 |lll2 Bz iKu d 0 |—wp,0 U Dz
¥ 0 {| F2 -@ K ||oe; U 0 A,
el i | Pt et el Rt | e ===
0¥, G, K, o 0o, W D,

where the indicated matrices are diagonal with
{KI}I"." = (”ﬂ/b) 8"1"
{(I)}m_" = (8 +8")8,,
102
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The relationships between modal components coefficients within a given region have been derived
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{"I‘I}m.n = [62 + (””/b)z""s,‘] 5mn ::::-:-?;::
[Plz}m.n = plz.nsmn ;’_:::::::::
AR RCH
{Pzz}m.n = plz.namn ".‘.‘\A,
K,=K, -
b= l::'..:lf._‘
LN
. 1forg=0.n=0 ;-.é'.'\
8% =1 0 otherwise. bov
' For (M.E) and (M.M) solutions M
Wy=U ey
: Wp = P3 .
while for (E£.E) and (E.M) solutions
: WA = P22
. WD = U

The + notation on the K matrices corresponds to n being [‘;‘;; integers.

!

Yi1( 0
Premultiplying (B6) and (B7) by the matrix |- - -|- - -| and then substituting from (B9 - B12) yields
j ¥
g | | ,
01 0 ||~ K, Pi | o0 A
R it | i It == - i
0 lHJ(E) :tK]’ 0] 0 |~ wWio Ull D,
|
0381 o |- %K, W A
I R T | B D | f__:___o___ i (B13)
O :0(5) :th: o 0 |—am° U D2
|
i 0 |- 2K |{ec U] 0 A
----I -------- | -------------- - - -
0 ‘F)(H' :tK” P 0 || U D,
|
t:' OZ:H)I 0 _¢l:tK2 wey U| 0 A,
) i EERE TR | B T | [ [--=-- .- (B14)
‘ 0 ‘HZ‘H) :thI (b 0 , WD D3
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after noting that diagonal matrices commute and ¢, = ¢,. Since K,=_K,, and since the matrix

| |
-& | =K, 10
- = - - - - -{ commutes with any diagonal matrix of the form |- - -- - -, (B13) and (B14) may be
| -1
_(I) Ii'Kl
premultiplied by |- - - - - - -| to give
| | | |
9/8, o Pt | 0 A 08| o Wiy 0 A,
o el T U | - N 1= " . (BIS)
0 |0| 0 l_wﬂ.o U D| 0 |02 0 |—wp.0 D2
i |
8 o [|weo Ui o A, 0347, o we;U | 0 A
----' --------- I ----- - - =] = —---I --------- ' ----- - = af (B]6)
0 Iol(H) 0 | U D| 0 |02(H) 0 | WD D2
! '
61"’ 0 U | 0
If (B15) is now premultiplied by [- - - R | B |- == - - - and (B.16) premultiplied by
o [ o,
wpg
1
| —P}
0|‘E) I 0 W€ l| 0
SRR TR [ N U , the left-hand sides of the two resulting equations will both be equal to
0 6% 0

Equating the right-hand sides of these equations then yields

| | | | | | o
o o 168 o Wi 0 || A2 o8 o ||e:") o Pt 0 A, .
aiali AR | Rty === - === il Ity Ry | R (it N R b=l -
0 Iol(l'l) 0 |02(£) 0 |~ U D2 0 |0|(£) 0 |02(H) 0 - WD D2
This last equation may be expressed as
I
&0 || A
G CICINE | B B (B17)
0, & ||D;
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where the matrices €, and &, are diagonal with r:.::x;:\
€= 6("0iE W, — ¢, Pio{F gl (B18a) R

& =09 W, — " g4E). (B18b) '

NN e

'»".’&‘{\
The expression of Eq. (B17) represents an eigenvalue problem, [M1V = AV, for the special case where f-.,-:}'_: s
A = 0. For Eq. (B17) 10 be valid, the determinant of the matrix must vanish: - -\; v
Yy (!
| .-." t

§110
Det]-----+=0
0, ¢
Since the determinant in question is diagonal,

I
€170
Det|- - -- - | = I{g ), , (€a)n.
| €2 "

thus the determinant is zero whenever any diagonal term is zero. For the general case, the functions
forming the diagonal elements of the matrix in Eq. (B17) will have separate roots (zeros). For a given
diagonal matrix element equal to zero (whether as a function of w or 8), all vector components other
than the one which is multiplied by the given matrix element must have zero magnitude in order for
Eq. (B17) to remain valid. Thus, any solution for a single propagating mode will have either H,=0
x (LSM modes) or E,=0 (LSE modes). Furthermore, the field structure will consist entirely of modal

[

”~
:'.l',’<
.
[
’

£
s

”

)
<
v

.
X

components corresponding to a single value of n. ,:»:\.:__:
From Eq. (B18) the individual diagonal components of the matrices ¢,and £, are '-{ '
(&1}, = cosh (p) ,x|) cosh (py ,x)) + €,py , sinh (p, ,x1) sinh (py ,x))/py., (B19a) f;’~1'2--',‘:
{£)),.n = —cosh (p, ,x|) cosh (py ,x)) = py, sinh (py ,x)) sinh (py ,x))/p 4 (B19b) i
for (M.E) and (M.M) solutions, while for (E,E) and (E,M) solutions they are
{€)) = — p,, cosh (p, ,x,) sinh (p; ,x;) — €,p, , sinh (p, ,x;) cosh (p, ,x;)  (B20a)
{€2},.n = cosh (py ,x)) sinh (py ,x)/py., + cosh (py ,x;) sinh (py ,x3/P),. (B20b)

For a solution with the expression of Eq. (B19a) equal to zero, the resulting mode is LSM, with the H
field antisymmetric about the VPS, and hence is called an antisymmetric LSM mode. A similar defini-
tion may be made for modes corresponding to Egs. (B19b), (B20a) and (B20b) being zero; in sum-

mary,
Eq. (B19a) = 0 ==> LSM modes, antisymmetric H
Eq. (B19b) = 0 ==> LSE modes, symmetric E
Eq. (B20a) = 0 ==> LSM modes, symmetric H
Eq. (B20b) = 0 ==> LSE modes. antisymmetric E .

The expression (solutions) of Egs. (B19) and (B20) are easily shown to be equivalent to the solutions
obtained by others [3,18,20,68].

A short discussion of homogeneous rectangular waveguide is appropriate before the question of
index assignments is addressed. The field structure of homogeneous rectangular waveguide is normally
characterized in terms of degenerate modes, TE,, , and TM,, , were £, = 0 for TE modes and H, = 0 : S
for TM modes [1,2,8.42]. The index pair m,n represents the number of half sinusoidal cycles the -:"}_-‘-.-:1
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fields of E and H make within the waveguide in the x and y directions, respectively. For TE,, , modes,
both indices may not be zero, while for TM,, , modes neither index may equal zero. For TEg , modes,
all fields are independent of x, while for TE,, o modes all fields are independent of y. For any given
index pair, the propagation characteristics of the TE,, , mode are identical to those of the TM,, , mode,
and any linear combination of the two degenerate modes constitutes a propagating mode. Of course, if
m = 0 or n = 0, the corresponding TM,, , mode does not exist, and the field structure of the TE
mode is unique.

The homogeneous rectangular waveguide alternatively may be characterized by LSE, , and
LSM,, , modes [41] with any single propagating mode consisting of the appropriate linear combination
of these two modes. The index pair has exactly the same interpretation as for the TE and TM modes.
For a given index pair with m #= 0 and n = 0, the LSE,, , mode and the LSM,, , mode have identical
propagation characteristics (equal to those for the TE,, , and TM,, , modes). Since E, and E. must be
zero at the waveguide sidewalls, there must be a minimum of one half cycle for the fields in the x
direction if any fields are to exist for LSE modes where E, = 0; i.e., m > 1 for the LSE,, , mode.
The index n will equal zero for E.=0, thus the LSE,, ; mode is identical to the TE,, ; mode. For LSM
modes. H, is zero everywhere, and #, must vanish at the top and bottom walls. Therefore, there must
be a minimum of one half cycle variation in H, {and hence in the other nonzero fields) in the y direc-
tion since no propagating mode can exist with only an axial component of magnetic field. All fields
may be independent of x only if E, and E. vanish everywhere; thus, the LSM, , mode is identical to
the TE, ,, mode.

Of course, in the homogeneous waveguide there is no air-dielectric interface to define the "nor-
mal" direction. The a, unit vector was chosen to replace the normal unit vector of the dielectric slab
loaded waveguide to maintain similarity with that analysis. Had a, been chosen instead, the roles of
LSE and LSM would simply be interchanged, corresponding to a 90° rotatior. of the axis system in the
Xx-y plane.

For the dielectric slab loaded rectangular waveguide, the TE,, 4 and the LSE,, ; modes are identi-
cal. No other TE or TM modes exist, thus the reason for the LSE,, , and LSM,, , analysis. The index
n for these modes still represents the number of half sinusoidal cycles made by the nonzero field com-
ponents in the y direction within the waveguide. Although the fields within any homogeneous region
may have a sinusoidal x-dependence, the variation with x over the full waveguide may be greatly dis-
torted from a simple sinusoidal form [1-3,18,41}. However, the index m may still be used to represent
the number of distorted half cycles the fields make in the x-direction if the definition of a cyclic func-
tion is extended to include any function which is either (1) antisymmetric about the VPS with 9/§x =
0 at the waveguide side walls, or (2) symmetric about the VPS and zero at the waveguide sidewalls.
The only questionable aspect of this definition of the index m arises for LSM modes, which in this
analysis will have index assignments m = 0,1, 2,3, ...and » = 1, 2, 3, ... which is in contrast to
Ref. 3 where the lowest index value for m is one. The LSM,, , mode of Ref. 3 is the LSM,,_, , mode
of this report.

There are several reasons for having m =0 as the lowest order index for the LSM modes:

(1) The dielectric loading may be considered a perturbation of the homogeneous condition. As
the dielectric loading is reduced (e,—1), the field pattern of the waveguide must approach that of the
corresponding mode of the homogeneous waveguide. Since a LSM, ,(TE;,) mode exists for the
homogeneous case, it is logical to refer to the perturbed mode as LSM,, , rather than LSM, ,,.

(2) A large change in the width ("a" dimension) of the waveguide has only a second order effect
on the propagation characteristics of the LSM, , modes, analogous to the LSM, ,(TE, ,) modes of the
homogeneous waveguide for which the propagation characteristics are completely independent of the
width.
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(3) The fields #, and H may not vanish at the wasveguide sidewalls il any fieids are to exist. For
a LSM mode with symmetrnic H fields (CE ) and (£ £ solutions), these fields must possess an even
number of half ¢cycles as a tunction of 1. and with the definition used here m must be even (m is odd
in [3]). For a LSM mode with anussmmetnic H fields ((M_E) and (M M) solutions), these fields
must undergo an odd number of halt cycles as a function of x, thus m is odd (m is even in Ref. 3).

(4) Any LSM mode of dielectric slab loaded waveguide will have fields which are dependent on
the x variable. The LSM modes which have fields with the least dependence on x (corresponding to
the lowest order of m) are for (E.M) and (E.E) solutions and will have tangential E fields
(E, and E.) for which the x-dependence function has two half cycles. However, the x-dependence
function of the remaining fields, E,. H,. and H., will not be cyclic; it will be nonzero for all x and may
be thought of as a perturbed constant. The next highest order LSM mode with (E,M) and (E,E) solu-
tions will have all fields with x-dependence functions which undergo two half cyclic variations (m =
2). Therefore, the index assignment m = 0 will describe those lowest order LSM modes.

In summary, the dielectric slab loaded rectangular waveguide has two types of modal structures,
LSE modes with E, = 0, and LSM modes with H, = 0. For (E,M) and (E E) solutions, the modes
are LSE,, , withm =2,4,6,8,...,n=0,1,2,3,...and LSM,, , withm =0,2,4,6,....n =1,
2.3,4,.... For (M,M) and (M .E) solutions, the modes are LSE,, , withm =1,3,5,7.....n =
0.1,2,3,...and LSM,, , withm = 1, 3,5, 7, ..., n = 1, 2, 3,4, .... The characteristic equations
for these modes are given by

LSE 44, modes: cosh ¢, , cosh ¢, , + p;, sinh ¢y, sinh ¢, ,/p,,=0
LSE.,cn, modes: cosh é,, sinh ¢, ,/p, , + cosh ¢, , sinh ¢, ,/p;, =0
LSM, 4., modes: cosh ¢, , cosh ¢, , + €,.p1., Sinh &, sinh b1.,/P2, =0

LSM.,.,., modes: p,, cosh ¢, , sinh ¢, , +€,p,, sinh ¢, cosh ¢, , =

bip = PinX,
pin=IB+ (nn/b)? — wluee, 1Y%, i=1,2.

For a given m.n index pair, the LSE,, , and LSM,, , modes will have different cutoff frequencies and
different propagation characteristics, in contrast to the homogeneous waveguide, and thus are not
degenerate modes. Also, in contrast to homogeneous waveguide, for which knowledge of the cutoff
frequency of any mode may be used to immediately obtain the propagation constant 8 for frequencies
above cutoff [1,2.42], there is no simple formula to describe the dispersion characteristics for the
dielectric slab loaded waveguide: the transcendental equation appropriate for the desired mode must be
solved at each different frequency.
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Appendix C

SCATTERING MATRIX PROPERTIES OF
LOSSLESS WAVEGUIDE JUNCTIONS

Two different waveguides, each with a uniform cross section, may be joined together along a com-
mon axis of propagation. The resultant cross-sectional discontinuity will excite higher order modes in
both waveguides. Assuming the frequency is such that only the dominant mode will propagate in each
waveguide, the fields of these higher order modes will decay exponential in both axial directions from
the discontinuity. At distances sufficiently far from the discontinuity, the fields of the higher order
modes will have decayed to negligible magnitudes, and only the single (dominant) mode need be con-
sidered for circuit analysis if a suitable equivalent circuit is included to account for the coupling
between the dominant mode and the higher order evanescent modes caused by the discontinuity. Such
an equivalent circuit may be represented as a T-network of lumped elements as shown in Fig. Cl
[1,2.8]. Alternatively, a IT network could be used. If the waveguide is lossless, as will be presumed,
each element in the equivalent circuit must be reactive, either inductive or capacitive, as shown. In
general, each reactive element will be a function of frequency and the cross-sectional geometry of both
waveguides. In the equivalent circuit, the reactive elements represent the energy stored in the higher
order evanescent modes. The dominant mode impedance of the waveguide on either side of the
discontinuity is reflected as the characteristic impedance of the corresponding transmission line in the
equivalent circuit.

—_—— 1x

Ix, -—

Fig. C1 — Lumped element representation of
waveguide discontinuity -

The scattering matrix representation [8,42,45] for the two-port network of Fig. Cl is shown in
Fig. C2. Each term of the two by two scattering matrix [S] may be found in terms of the parameters of
Fig. Cl. The importance of the S-parameter representation is twofold: (1) circuit analysis may be
greatly simplified by the use of S-parameter notation, and (2) the results of microwave measurements
are usually expressed in terms of S-parameters.

Port 1 Port 2
PR ———— e -
201 [s] zoz
-———— o o

Fig. C2 — S-parameter representation of
waveguide discontinuity
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If the composite waveguide is assumed to be lossless, the normalized scattering matrix of the
equivalent circuit must be unitary [40,42,45]) with S §* = U. Thus,

S 512 S S | 0
2 522 SI.Z 52'2 0 1

or
susn + sy =1 (Cla)
susn + spsn =0 (Clb)
susi + 55y =0 (Clc)

Sz]S;] + Snssz = |. (Cld)

The unitary property of the scattering matrix alternatively may be expressed as $* § = U. yielding the
additional relationships:

snsy + sy =1 (C2a)

S;zS]2+ 352522= i. (C2b)

When Egs. (Cla), (Cld), (C2a), and (C2b) are combined, the following equalities are found:

sil2+ Isyl?=1 (C3a)
Ispl? + Isppl2 =1 (C3b)
[sif = sl (C3c)
Isial = Isyl. (C3d)

Expressing the elements of the scattering matrix as
1d
si = lsple™"

byn
S12= |S|2|(’, i

‘Sg]l(’m:l
id

St

S = |ng|€

and substituting into Egs. (C1b) and (Clc¢) yields the following relationship between the phase terms:
exp il — d2)) +exp il — ¢l =0
or equivalently

exp LI((b“ + ¢22)] = - exXp [[((blz + ¢:|)] ((‘4)

The properties of the scattering matrix found thus far have depended only on the loss free
requirement. Since the waveguide junction is reciprocal, the scattering matrix for the equivalent circuit
must be symmetric [76): 5,5 = s7,. or 61, = &,,. With this additional requirement, the determinant of
the scattering matrix is Det {S] = s,;5,;, — 5,,5,;. where

1 + &,) oy + byt
SII522—512521=,5H'2" v "lszclzl’ e
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Since ¢); = é3. Eq. (C4) together with Eq. (C3a) gives

Je11 + 6y)

S11S);— S1a8; = ¢€ (CS)

For the lossless reciprocal two-port circuit of Fig. (C1), all properties of the 2 x 2 scattering matrix

derived up to this stage are easily shown to be valid regardless of the numerical values of the parame-
ters.

For many types of discontinuities in homogeneous waveguide, the corresponding equivalent cir-
cuit will have a reactive network containing only a shunt element (X, =0and X; =0 in Fig. Cl).
Examples are a change in width or a change in height of rectangular waveguide, for which the shunt
reactance is inductive or capacitive, respectively [1.7,33]. Numerical values of the reactance (normal-
ized to one of the transmission line impedances) for both of the latter discontinuities, as well as for
many other discontinuities which may be represented by an equivalent circuit containing only a shunt
reactance, have been obtained by several different analysis methods [1,2,7,38,39]. The scattering
matrix for such an equivalent circuit is of special interest because a relationship may be found between
the phase of s;; and the phase of s;,. If the shunt reactance in Fig. Cl is X; = X, with X; =0 and
X; = 0, the scattering matrix elements are given by

sy = [,/X(Zoz = Zy) - anzuzl/le(Zoz + Zy) + Zmzozl
S12= Sy = j2X</ Zmzoz/[fX(zoz + Zg) + 201202]

[— JX(Zoy = Zy) — zmzozl/[JX(zoz + 2Zy) + Zmzoz]-

SPN

For this circuit, the relation between s,, and s;, may be expressed as

Sz:=—“5;|(| +S||)/(1+S|.|), (Cb)

The validity of Eg. (C6) is easily proven by substitution for s;, and s;; in terms of the circuit elements.
An alternative way of stating the relation between s, and sj, is

|S||! = lSzz’

dp=—o, +7+ 2tan s, | sing, /(1 + [s,] cosd;)].

For an equivalent circuit containing only a series reactance (where X, = 0 and X; = o in Fig.
C1). the relation between s, and sy, is given by

su=— sy, —=s)/001 =5 (CT)
or alternatively
(522 = fs);l
dn=—d, +7+2wn " |ls,lsiné, /Ul = Is;,| cos &,)].

tor any discontinuity which can be represented by an equivalent circuit containing only one reactance.
either series or shunt. inductive or capacitive, the full scattering matrix may be found if the phase and
amplitude of either s, or s,; is known.

For the general representation of the discontinuity as shown in Fig. (C1), no fixed relationship

exists between the phases of s, and s,;. as may be shown by example. In the limiting case of X; — 0,
the phase of s, is determined entirely by the ratio X/ Z,,. while the phase of s,. is determined entirely
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by the ratio X,/ Z,. thus the two phases of this (extreme) example are completely independent of each
other. Of course, if quantitative values for the equivalent circuit are known. all complex S-parameters
may be calculated.

The discontinuity of interest for this investigation occurs at the junction of the homogeneous
rectangular waveguide used in the microwave test facility and the dielectric slab loaded (inhomoge-
neous) double ridged waveguide to be measured. The overall discontinuity is thus a simultaneous com-
bination of different types of simple discontinuities: (1) change of width in rectangular waveguide, (2)
change of height in rectangular waveguide, (3) abrupt transition from rectangular to ridged waveguide,
and (4) abrupt transition from homogeneous to inhomogeneous (dielectric slab loaded) waveguide.
Each of the first three types of discontinuities has a dominant mode equivalent circuit containing only a
shunt reactance [7.38.39]. The equivalent circuit for the last type of discontinuity has been shown
{36,37] to be the general circuit of Fig. CI. For this equivalent circuit, X, and X, have opposite signs;
i.e., one is capacitive and the other is inductive, while the shunt element X; is inductive and is nor-
mally the major contributor to reflection among the three elements of the reactance junction network
(361.

No specific equivalent circuit to represent the composite discontinuity was found in the technical
literature. Since three of the four simple discontinuities which form the composite discontinuity have
equivalent circuits containing only a shunt element, and the fourth simple discontinuity has an
equivalent circuit in which the shunt element predominates, the equivalent circuit for the composite
discontinuity may be approximated by a single shunt element for many applications.

If in Fig. C2, port 1 represents the waveguide of the test facility while port 2 represents the
waveguide under test, the complex parameter 5;, may be measured directly by terminating the WUT
with its characteristic impedance. This latter condition may be approximmated by inserting tapered resis-
tive film in the plane of maximum electric field inside the WUT to absorb the microwave energy with
minimum reflection. Since this technique does not provide a perfect matched load to the WUT, there
will be a small amount of ripple in both magnitude and phase of measured s;; as a function of fre-
quency. However, if the assumption is made that s, is not varying rapidly with frequency, s;; may be
determined by constructing a smooth curve through frequency plots of measured [s;,| and &,,. The
desirability of having an equivalent circuit with only a shunt reactive term to represent the discontinuity
is apparent. even if the quantitative value is unknown. With 5|, determined experimentally, s,; may be
calculated using Egs. (C6), then (C3) and (C4) used to find s, and s;.

The only element of the scattering matrix that can be obtained directly by measurement of a sin-
gle WUT is sy,. For those applications where the approximation of the discontinuity equivalent circuit
as a single reactive element is not applicable, and the equivalent circuit is that of Fig. Cl. only the rela-
tionships between S-parameters based upon the lossless and reciprocal properties of the circuit may be
used:

IS])l = |522I
S12= 53
Isnl2+ Isyl?=1
Jldyy +dyy!

SusSn = Spsy=e€

For some calculations. it may be necessary to consider the loss factor in the WUT. For
waveguides with loss, the scattering matrix to represent the waveguide discontinuity is no longer uni-
tary. However, if the WUT has reasonably low loss (little attenuation) the effect on the scattering
matrix is small and will be neglected. The loss factor will be used only to determine attenuation of sig-
nals traversing the length of the sample. and the scattering matrix of waveguide discontinuities will be
assumed unitary.
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Appendix D
7 EFFECTS OF STANDING WAVE PATTERNS
3‘ ON SAMPLE MEASUREMENTS

Microwave measurements of any component will be affected by the standing wave pattern result-

ing from the interaction of two or more mismatches caused by discontinuities within the measurement

-~ system [40,45,75,77). For the measurements to be made in this investigation, the only applicable

"_ mismatches to be considered are at the junctions between the standard waveguide used in the measure-

- ment facility and each end of the sample waveguide section to be measured; any mismatches in the

remaining portions of the measurement system are corrected for in the calibration procedure when
using a computer-aided automatic network analyzer [71-73].

Properties of the dominant mode scattering matrix for the discontinuity formed by the junction of
different waveguides are derived in Appendix C. The relevant transmission line circuit to be analyzed
to determine the effects of standing waves within the waveguide under test (WUT), and to correct for
- these effects, is shown in Fig. D1. The initial analysis will consider the discontinuities, and therefore
¢ the representative scattering matrices, at either end of the WUT to be different. Each scattering matrix

will use the port designation indicated within the box representing the equivalent circuit for the discon-
. tinuity, as shown in Fig. D1. Each of the different traveling waves indicated will be normalized to the
square root of the characteristic impedance of the transmission line which the wave is traveling; i.e., the
= power carried by a given wave is one half the square of the absolute value of the amplitude coefficient.
This wave normalization and the use of normalized S-parameters is a conventional procedure
[1.8.16,45,76]. The wave a{*’ is the wave in the standard waveguide (SWG) traveling in the + x
direction and incident on the front face, or port 1, of the WUT. The wave a{~’ is the wave in the
SWG traveling in the —x direction from port 1 of the WUT. Both a{* and a{~’ will use port 1 as the
reference position. Using port 2, or the back face, of the WUT as a reference position, a;* is the
wave transmitted through the WUT and traveling in SWG in the + x direction. The SWG on the back
side of the WUT may be considered to be terminated in a matched load; thus there is no incident wave
on the back face. Within the WUT, 5" is the wave traveling in the + x direction and will be refer-
enced to port 1 of the WUT, while 4™’ is the wave traveling in the —x direction and will be referenced
) to port 2 of the WUT. At any point within the WUT, the total wave will be the sum of the two travel-
. ing waves

b=5b"exp (—yx) + b expy(x— L) (D1)

where L is the physical length of the WUT and vy is the complex propagation constant, y = o + jB,
with a being the attenuation factor and 8 being the phase factor. The time dependence exp (jwt) is
implicit.
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Fig. D1 — Equivalent transmission line circuit for
analysis of standing wave effects in WUT
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In Fig. D1 the transmission line with characteristic impedance Zj, represents the SWG, while the
transmission line with characteristic impedance Z,, represents the WUT. The equivalent circuits
representing the waveguide discontinuities at either end of the WUT are composed of tumped elements
and thus have no associated lengths. For this analysis, the following assumptions are made: (1) the
SWG and the WUT will each support only a single (dominant) propagating mode, (2) the WUT is of
sufficient length such that there is negligible coupling between the discontinuities at either end via
higher order evanescent modes generated by the discontinuities, and (3) the equivalent circuit for each
discontinuity is lossless; i.e., the corresponding normalized scattering matrix is unitary [Appendix Cl.

At port 2 in Fig. D1, the wave traveling in the + x direction will be
b“”l‘_ L= b™*) exp (—yL).
Since there is no incident wave on port 2 in the —x direction,
b = sb™ exp (—yL). (D2)
At port 1 the wave traveling in the —x direction is

b“’L _o=b"exp (=yL)
thus
b = sfha(" + s$Hb exp (—yL).
Substituting for b~ from Eq. (D2) gives
b = sfha{t + shsHb™ exp (=2yL)
or

b = sfa{ /(1 — shsh exp (=2yL)]. (D3)

(-

The wave a is given by

=)= Sfla]H) + Si‘zb(_) exp (—')'L).

Substitution from Eqgs. (D2) and (D3) then yields

a

A A B
- sfysfissh exp (=2yL)
al™ = sfha® al*. (D4)

1~s$,s5% exp (=2yL) l

The wave a;*' is given by

(+)

ay?) = sBho'™ exp (—yL)

which becomes, upon substitution from Eq. (D3),
s$is& exp (=yL)a{™
ar = hsn o Ly LAl (DS)
1 - 5§38 €Xp (—2‘)'L)

Measurements made on the network analyzer will have results expressed in terms of the normal-
ized scattering matrix for the complete WUT. This scattering matrix will be designated as 7, with ele-
ments f,. For transmission measurements, the SWG will be the same at each end of the WUT.; thus,
the waveguide interface discontinuities are identical, and with the § matrix port designations indicated
S$* =SB From symmetry considerations, f,;=1t,; and fj;=1y, with t;;=a{"'/a/*' and
tn = a3*'/a{*. For transmission measurements, only f,, is of importance. Letting § = S*. Eq. (DS
becomes

51287 €Xp (—~'yL)

(D6)

In=

1 - 54 exp (=2yL)’
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If the elements of the scattering matrix § were known, it would be a simple exercise in algebra to cal-
culate y from the measured complex transmission term 1. Since quantitative knowledge of the
discontinuity equivalent circuit is not generally available. the elements of § may not be obtained
directly from theory. With certain approximations, measured s,; may be used to calculate the three
remaining terms of S, as discussed in Appendix C. Before this latter approach is considered, it is
instructive to examine closely the quantitative effects of the discontinuity mismatches on the measured
transmission term ;).

All four elements of the scattering matrix S are determined uniquely at any given frequency by
the discontinuity at the waveguide interface and are independent of the length of the WUT. If the
denominator term in Eq. (D6) could be ignored, measurements on two different lengths of the sample
waveguide could be used to eliminate the quantity s;,s;; and easily calculate y. Unfortunately. the
denominator term cannot be ignored for short lengths of the WUT. Expressing the various scattering
matrix parameters in terms of magnitude and phase,

si = Isilexp Go )
1t = lt, 1 exp (jo,) ] k=12
shows that
b= +dy—BL -
where  is the phase of the denominator
—Is51?2 exp (=2a L) sin 2(¢y, — BL)
1-153,1% exp (=2a L) cos 2(d,, — BL)

¥ = tan”!

The measured phase #,, is seen to be basically linear with length but with a periodic perturbation. The
period of the phase perturbation is L = w/8 while the peak phase deviation from the linear case is
easily shown by inspection of a phasor diagram to be

At = Esin~{[sy]? exp (=2aL)].

If the small variations with frequency of the elements of S are ignored. the same phase ripple in 8y,
will occur for a fixed length WUT with changing frequency. For a waveguide discontinuity with a 5:1
VSWR, and assuming zero loss in the WUT (a = 0), the phase error caused by the standing wave set
up between the ends of the WUT could be as much as £26.4° or 7.3% in a sample one wavelength
long. If the attenuation of the WUT is small, the phase error will be reduced only slightly.

The standing wave pattern will also affect the loss measurement. From Eq. (D6)

IS|252|| exp (—al)
[1 = Isyal? exp (=2a L) exp j2ldy - BLI|

|121|=

The measured loss also has a periodic component, with period L = #/8. The extremes of |75,| occur
when

by - BL = tnn/2.
Since 5455311 = 1 — [s5,]° for a unitary scattering matrix S, the extremes of |ry,] are given by
(1 - IS;)IZ) exp (~al)

= 3 (D7a)
1 = [sy]° exp (=2al)

f’Zl[mam

and

(1=155,19) exp (—a L)
[yl = n TP s (D7b)
141551 exp (=2« L)

114

el
» Ce, s o ot . . L. Lo . .
. - A Coe A s I - - e « e e
et s S - T P L A A - . P S L P LI
&, O L R T N N SRR IR . S o W
‘—"-.\"‘-_'- o8, Aq’-&g. PURP ISP ST DU DV PR DA P DTS P P TP S PR L PRI PRI TSSO e e R IR

'r:' "'rJ‘ )

A

-
o




Ag-aAaroAGt gt et bt s v 86 dat AR e Jagh 0 ek Sl Bade ss Sl 00 o

NRL REPORT 8917

For |s:;] > Oanda > 0
(1 — Ispnl)
I — Ispi2exp (—2al)
thus even the minimum measured loss, |73 ).« Will be greater (in dB) than the actual loss in the
WUT, exp (—al). For a sample waveguide with a loss of 0.2 dB and a 5:1 VSWR mismatch at each
face, the measured exiremes in loss, also expressed in dB, will be l1ylnw = 0.51 dB loss and

{131)min = 8.38 dB loss. These large variations in loss may be viewed as a cavity effect [2,40-42]) where
the WUT forms the cavity.

Errors in the transmission measurement 75, caused by the standing wave pattern within the WUT
will decrease rapidly as the match between the WUT and the SWG is improved. For a perfect match
{51, = 0), the standing wave will vanish as will the measurement errors for both phase and magnitude.
A perfect match is impossible to achieve other than at a single frequency. and fabrication of matching
structures may be impractical, especially for measurements covering a large frequency bandwidth and
involving a number of different geometries for the WUT, because of the very low mismatch required
before the standing wave effects on the transmission measurements may be neglected. However, there
are a number of approaches that may be utilized to correct for the standing wave effects, even when the
mismatches at the waveguide interfaces are large.

In the approach that will be referred to as Method 1. the exact equivalent circuit for the
waveguide discontinuity is used to calculate the elements of the dominant mode scattering matrix §.
' The complex propagation constant y for a particular sample waveguide is then found from Eq. (D6)
s using the measured transmission coefficient 1y, for a single length of the WUT. If only the general
form of the equivalent circuit is known for the waveguide discontinuity, this method is not applicable.

In Method 2. the equivalent circuit to represent the waveguide discontinuity is assumed to consist
only of a shunt element with unknown numerical value. With this assumption, the scattering matrix
elements sy, s2;. and s,; are found from the meuasured value of s;, as described in Appendix C. Then,
Eq. (DD6) may be used to calculate y directly from the measured transmission coefficient 15, of a single
length sample.

Other methods for obtaining the propagation constant of the waveguide from measured data were
investigated, including those which assumed the WUT to be lossless (o = 0) with the phase term 8 the
desired quantity. None offered any real advantage over the approach which will be referred to as
Method 3. This method requires the measurement of the complex transmission coefficient 7;, from
three different lengths of sample waveguide, each with the same cross-sectional geometry. The advan-
tage of this method is that it requires no knowledge. either measured or theoretical. of the waveguide
discontinuity equivalent circuit or the associated S matrix. For the WUT with length L,. let the
corresponding measured transmission coefficient 5, be represented by

’.’.l(L = L,) =T, i = 1.2.3.
Then Eq. (D6) may be written as

yL ~yl, »
T80 ' — T, s = 5385

Since the quantity s;,sy; is independent of the length of the WUT,

vyl vi,

el = e “sh=r1,0" — 1, 53
: i n A T4 ]

S

for any combination of lengths i. kK = 1,2,3. This last equation may be rearranged to vield

L,

= 5. (DR}
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Since s#, is also independent of the length of the WUT, Eq. (D8) is valid for any combination of i.k,
thus

73e7L3 - TleyL' rzeyLz - 'rleyL’
730_7L3 - Tle_yL' - Tze-7L2 - rle—yL'

from which

737297¢L3~ Ly T;rle—”L' - Ly r,rze_y(Lz_ Ly 22

=1y VT Lt rlrzesz- By,
Expressing the length differences as

Li—L. =A,, ik=123
then
737, sinh (yA3,) + 7,7 sinh (yA;) + 7,73 sinh (yA;3) =0 . (D9)

Thus, the unknown elements of S have been eliminated by utilizing the measured complex transmis-
sion term ¢, of three different lengths of the WUT. Of course, Eq. (D9) must be solved at each fre-
quency for which vy is sought using the corresponding measured data.
The left-hand side of Eq. (D9) is a complex function of a complex variable,
Fly) = Fla + jB)

and for the value y, = agy + jBy at which the function is zero, its real and imaginary parts may be
equated to zero separately:

R (ag.8p) =0 (D10a)
HagBo) = 0 (D10b)
where R(a.8) = Re [Fla + jB)] and I{a.8) = Im [F(a + jB)]. Use of the mathematical identity
sinh {x + j¥) = sinh x cos y + j cosh x sin y
will show that
RlaB) = X3Py — Y3300+ XuPy — Y00 + X3Pz — Y1301
Ha.B) = X305+ YPu+ Xn0n + Y Py + X305 + Yi3P,
where
X, = Re [r,7,]
Yi = Imlr, 7]
P, = sinh (aA ;) cos (BA,)
Qi = cosh (aA ) sin (BA,)

for the index pair ik = 32,21,13. Newton's method in two dimensions [64] may be used to find a solu-
tion 1o Eq. (D10). With y; = a; + jB, used as an initial estimate for y,,

R(a;.8)) = R,
Ha 8 =1,.
With ay = a; + Aa and 8y = B, + AB,
Rla; + Aa B +A8) =0
oy + Aa By + AB) = 0.
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Approximating each of the functions R(a.8) and /(«.8) by a first order Taylor series [51,78] then
gives

aR 4R ~

,,AIM%BL -0

(1)

Since the function F(y) is an entire function, i.e.. 8 F/9y exists at all points in the complex y plane,
advantage may be taken from the Cauchy-Ricmann condition [78], with

dR/da = 91/88
OR/3B = —91/3a

or in matrix form

Aa
AB)~

dR/Ba AR/AB
9//0a 01/08

a8y

to show that

2 2
3R, _ 3R 3R 3R
- R} | OR 1
Aa aa | aB ll / aa + 632 (D la)
a8y
3R aR ar}Y  (or)
- RS LA Y A :
AB SRt 5 hl/ |5 P (D11b)
al‘B|

The derivatives are given by
OR/da = AJIlXJZUJZ - Ty V32] + AZl[XNUZl - Ty VZI] + AUIXIBUU - yIJVIJl
dR/0B = ‘AJZ[XJZVJZ + Y32U37] - AZI[XZI Va + YZIUN'_AIJlXU Vis + YIJUIJI
where
U, = cosh (@A ;) cos (8A ;)

Vi = sinh (@A) sin (BA,)
for the index pair ik = 32,21,13.

The function F(y) is a relatively simple function possessing no poles or singularities, and
Newton's method, via repeated iterations of Eq. (D11), will quickly converge on the root y,. The com-
puter program CROOT3 utilizes this approach (Method 3) to solve for the complex propagation
constant y when provided with the measured complex transmission coefficient r;, of three different
lengths of the WUT. A FORTRAN listing for this program is given in Appendix E3.

The loss term o of the complex propagation constant may be found independently of the phase
term B at frequencies where the measured transmission loss of the WUT is minimum. This may be
accomplished by measuring s;;, as described in Appendix C, at the frequencies where |7, is max-
imum. Since !sy| = |s),|, then from Eq. (D7a)

(U=Is,1%) exp (=al)

I = Ispyl?exp (=2al)’

=
[rl'llmu
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Thisllasl equation is quadradic in exp (—al) and is easily solved. With X =exp (—al) and
T= t2I|max

X ={[(+ |s;192 + 4725, |21V2 + |5, 12=1)/ 2T |5, 1) (D12a)
a= —InX/L. (D12b)

This technique for obtaining the loss term a of a given WUT will be referred to as Method 4. The
number of points at which |12|| will be maximum will depend on the length of the WUT and on the
frequency band for the measurements. As with the other methods, this technique is valid only if a sin-
gle mode propagates in the WUT.

A similar development to find a at frequencies where 1| is minimum is possible; however, this
procedure is not recommended for the following reasons. First, the measured value of |t,,| will have a
minimum that is much less sharply defined than is the maximum as can be seen by examination of Eq.
(D6) or as can be shown by experiment. A second and more important reason is that the sensitivity of
calculated a to measurement errors in both |s,;| and |#,[ is much greater when [t5;] is minimum than
when |t;,] is maximum. Thus, Method 4 will ignore the minima of |5, and calculate a only at fre-
quencies where the transmission magnitude is maximum, or equivalently, where the transmission loss
is minimum.

Up to this point, the effects of the standing wave within the WUT on the reflected signal have
been ignored since the emphasis has been on the measured transmission f,; through the effective two-
port network, with little or no additional knowledge of y to be found from the measured reflection
coefficient ¢,,. If one port of the WUT is terminated, the effective circuit becomes a one-port network
and reflection is the only measurement possible. In particular, if port 2 of the WUT is terminated with
a short circuit, then in Fig. D1 s¥ = —1. From Eq. (D3), with §4 = §.

b = sya{P /1 + 55 exp (=2yL)].
The power contained in the wave traveling in the +x direction within the WUT is given by
5512
1+ 5, exp (=2yL)|?

P(+)|x_0.__ P, (D13)

where P, is the power incident on the front face, or port I, of the WUT. Like 6, the power P'* is
referenced to port | of the WUT, but will drop off as exp (—2ax). If the attenuation of the WUT is
small, and if the length L is only a few wavelengths, exp (—2al) may be approximated as unity
{(equivalent to assuming a = 0) for calculations to determine the peak voltage within the WUT. With

this approximation, from Eq. (D2)

b = — b exp (—jBL). _

Then, from Eq. (D1) the total voltage at any point within the WUT is ;".':_.' )

bix) = 6" exp (—jBx) — exp ( jBx — j2BL)]
or

lb(x)} =216 sin [B(L — x)]I.
The total voltage will be maximum
1D (x) | pax = 216
whensin [ B8 (L — x)] = £ 1, or equivalently, when
L-—x=Qn+DrJ/4 n=012 ...

where the guide wavelength A, is given by
A, = 2m/B.
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Since power is proportional to the square of the voltage magnitude, the voltage maximum is the same
that would be produced by a single wave, traveling in either direction, with a power four times that of
either wave forming the standing wave pattern. This power will be referred to as the maximum voltage
equivalent power, or Pyyvg. Thus, from Eq. (D13)

Puve = 4P sl
MVE "I1 4 sy exp (—j28L) 12
Since ng)lz =1- lSulz
4(1 - |322‘2)P
Puve = d (D14a)
MYET 4 [5550% + 2[55,] cos & a
where
£ =¢y— 26L (D14b)

Peak power breakdown in a waveguide occurs when the electric field intensity at any point
exceeds the electric breakdown strength of the dielectric medium at that point, thus causing arcing to
occur. With a WUT terminated at one end with a short circuit, points of maximum E field thus will be
located at odd multiples of quarter wavelengths from the short. The equivalent unidirectional power
Pyve at breakdown may be calculated in terms of the power incident on the WUT from Eq. (D14).
Even if the phase term 8 is known, the phase and magnitude of s,, must be found for accurate calcula-
tion of Pyve. As in the case for determination of the propagation constant y from measured transmis-
sion through the WUT, quantitative knowledge of the discontinuity equivalent circuit will not be avail-
able for most geometries of the WUT, thus Method 1 is not applicable for finding s;;. Assumption of
an equivalent circuit containing only a shunt element to caiculate s, from measured s,; (Method 2)
may be applicable for some geometries of the WUT, but in general will give rise to some error in the
calculated phase (é,3) of s5. As the calculation of Pyyg from Eq. (D14) may be very sensitive to
errors in ¢;;, a more reliable method 1o determine ¢;; is indicated.

A method analogous to Method 3 is possible 1o determine peak power breakdown. This method
would require testing three sample waveguides, each with the same cross-sectional geometry but with
different lengths, to their respective breakdown levels of incident power. Using Eq. (D14) together
with the three measured power levels, s,; could be eliminated as an unknown and Py calculated.
This approach was rejected because of two major practical deficiencies: (1) the actual peak power break-
down levels of the three different length samples could vary significantly because of slight differences
in construction, and (2) the length of the WUT must be such that the standing wave pattern produces a
electric field null at the interface of the WUT and the SWG. The latter condition is required to prevent
arcing at the interface and is discussed in greater detail in the section on peak power measurements in
Section 3.

The technique that was chosen to calculate Pyyg from measured incident peak power at break-
down will be referred to as Method 5. The phase factor g8 will be assumed known as a function of fre-
quency (either from theory or from measurement). For a single WUT with length L, the measured
reflection, 1, = a{~'/a*’, from the front face, with the back face shorted, from Eq. (D4) is

$12521 exp (—Z‘YL)
1 + sy exp (-2yL)

h=sn—

or

_ s+ (S|]S22 - 512521) €xXp (-ZYL)

1 + sy exp (—2yL)
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*:: From Appendix C
") .
;.": $11822 — Sppsa = GM”MH)
thus
Jou, lsnl + e-zaLel'wzz‘zﬁ’-’
= n
tyy=e€ 1+ lsnle_qu_ejwn—zpu
Letting
ISzzI = ISHI =G
e—ZaL - X
v ¢n—28L=¢
- then
G + Xe't
lfnl = |
. 1 + GXe’t
N and
G®+ X+ 2GX cos ¢
- [t]2 = : (D15)
- M 1+ GXT+2GX cos £
If the WUT is lossless, then @ = 0, X = 1, and |¢;,| = 1. However, even a small amount of loss will
. have a pronounced effect on the magnitude of the reflected signal. The extremes in reflection will
- occur when @ |7,,|¥ 8 ¢ = 0. From Eq. (D15)
- 8, 11 26X(G + X =GX—1)
N ==l 12 = T2 7-sin € .
< ¢ (1 + G*X? + 2GX cos ¢)
Since
- G+X -G X -1=(G-1DA-X) =0
- the extremes of |7;;|> occur when sin £ = 0 or, equivalently, cos £ = £1. Return loss will be
- minimum (|,,|? maximum ) for cos £ = 1, or
E=2nm,n=0,1,2,...
- and return loss will be maximum (|¢;;|? minimum) for cos &€ = —1, or
- E=Qn+Dm, n=012 ...
» as may be shown either from (1) calculating 82|¢,,1%/8¢? as negative or positive, respectively, for
sin £ = 0, or (2) direct inspection of Eq. (D15) for cos £ = + 1.
When measured on a swept frequency basis, |¢,]2 will display a broad maximum but a very sharp
N minimum. If the peak power breakdown test is to be run at a frequency f, then the frequencies of the
- first minima on either side of fo, f; < fqand f; > f, may be accurately measured. The phase of s;,
- may then be calculated at each of these frequencies
duly,=Qn+ Do +g,L, i=12 (D16)
y since B, = B(/,) is known. The ambiguity of n in Eq. (D16) is easily resolved since — 7 < ¢,; € .
G A linear interpolation is then used to find ¢,; at the desired frequency f:
: o bl + o 1) é2nly, — d2ly, D17
* 22 _/0_ 22_I| J O 1 fz_/‘l .
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The accuracy of the linear interpolation will depend on (1) the dependence of the phase ¢,; on fre-
\ quency, and (2) the spacing of the frequency points f| and f,. The latter factor is dependent on the
l length of the WUT, with a greater length yielding closer spacing, hence greater accuracy in the calcula-

tion of ¢,; at /. If the difference in phase between the two measurement frequency points is less than
! a few degrees, the error in the calculated value of ¢,, at f; due to linear interpolation will be negligible.
'll'he| malgni|tude of s;; at fy is found by measurement of s;; as described in Appendix C, with
$a2l = 1851,

All measurements to determine the phase and magnitude of s, may be accomplished at low i
power levels since the WUT is a linear device. However, these low-power measurements must be done RRSS
prior to the actual high-power breakdown test since any arcing may leave conducting paths of carbon R
build-up which could affect subsequent [ow-power measurements. Once s,; at the frequency of the "
high-power test is determined, the WUT (with a short circuit on the back face) may be subjected to
increasing levels of peak power until breakdown, i.e., arcing within the WUT is detected. The final step
of Method 5 is then to calculate from Eq. (D14) the effective, or undirectional, peak power breakdown
level using the known phase term 8 and the measured incident power at which breakdown occurred.
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Appendix E
COMPUTER PROGRAMS
El PROGRAM TRMWG

E2 PROGRAM DLDRWG
E3 PROGRAM CROOT3
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PROGRAM TRMWG

00100 C THIS IS PRDGRAM TRMUWG.FDOF - CWY -DOCT @0

‘00200 C THIS PPOGRAM USES A TRANSVEFPSE RESONANCE METHOD TO
00300 C SDLVE FDR SDLUTIDNC OF SYMMETRICAL DIELECTRIC LDALED
00400 C DOUBLE RIDGED WAVEGUIDE. WAVEGUIDE MODES RRE FERESUMED
00500 C TO BE TE<Ms 0> MDIES.

00600 INTEGER RIK
00700 Pl1=3,1415927
00800 C=2, 99792SE+ 02
00960 £1=39, 37008
01000 R2=2, 0eR1
01100 RRMDI=180. 0/ (PIeR1)>
01200 Ci=n (2. 0E+09¢P]/C) 002
01300 NEWRUN=(
01400 TYPE 100
01500 100 FORMAT (/777 FROGRANMN TRMUG/CUY-DCT €07)
01600 105 TYPE 110
01700 110 FORMAT (s7* WRVEGUIDE DIMENSIOME IN INCHES - FRrEsDs St 79D
01800 READCSe>AsRy Dy S
01900 115 TYPE 120
02000 120 FDRMAT ¢/ FRELATIVE DIELECTRIC CONSTANT OF CENTER
02100 1 LOADING: &)
02200 READ(S+&YEPSR
02300 TYPE 12%
02400 12% FORMAT ¢ MIDTH IN INCHES OF CENTER LDRDING: “®)
02500 RERD (5o T
02600 122 TYFE 120
02700 120 FORMART ¢/ WRYEGUIDE MDLE - TECIs 0> (1) OR TEC@»O (2] -
02500 1 1 DR 27 '
02200 ACCEPT 123+1TELE
02000 123 FORMAT (I YD)
02100 IFCITEIC.HE. 1. ANDL ITELI2.NE.2YGD TO 128¢
03200 IFTGS=n
03200 IF.GT.DIFTGS=
03400 140 TVPE 14%
0zs00 14% FORMRT (~v’ DFUGDL PRFAMETERS ~--=-e- DIMENSIDNS 1IN
0Z&00 1 INCHES /827 RSN RSP OX/E712X T E6N4AHEPS ")
02700 TYFE 1SG¥sEs D SeTHEPSR
0zso0 150 FORMAT (4F10,.4FI12.4.F10,. 3D
03900 R=D-F
04000 FS=Res2
04100 IFR=0
. 04200 IFCRESKR~1.0) . LT. 1, 0E-05) IFF=
. 04300 W= (1~IFTGS) ¢ (R=-C)/F2+IFTGSe «R-T) /P2
. 04400 VR 1~IFTGS) e (S=T)AF2+IFTGESo(T=-S> ~F2
04500 WA= (I=1FTEC) e T-RE+IFTGSeS /P
04600 RTRY=2]1,5¢ARe (1,041, 0 FP+EFSF=-1.0)¢T/R)
04700 IFCITELR.EQ.2YATFY=2.SeR

04200 C THE RFDVE QUANTITIES AFRE TO PE UTED FOF CALCULATING
Q400 C APPRONIMATE STARTING VALUES OF CUTDOFF FRECUENCIES

, 05000 1EC=1
. 05100 FREQ=CoR1/ (RTFYVeZ. OE+ ()
. 05200 XNDEL=1.SeFRED
. 05300 £Y=0.0
05400 GO 7O 215
05500 160 1F (NEWFUN.LT.2>6GD TD 165
05600 1F (FSTARY.GT.FCGHI)GO TO 180
05700 165 CONTINUE
1 05200 IFKITE12.EQ.2)GO TD 4€0
: 05900 TYPE 167
A 06000 167 FORMATC(’ WISH TEC1, 0> FROPRGATION CONSTANTST *€)
: 06100 ACCEPT 132, 1EETA
06200 IFCIFETA.NE. 1> GO TO 4S0
06300 139 TWPE 170
0400 170 FORMAT (/¢ FRECUENCIES IN GHZ = STRRT,STOF. INCFENENT: 7€) o 3
03500 RERD(S+¢)FSTRRTs FSTOP, IELF L
06600  1T% FORMAT (FO.2¢INsFQ. 2 INFR, D NI

123

et e e e e e PR A Y LU T - et -
A e, B . . T o

SR, S

S e e e IR S N CJe
U PR IPIN U N WAL DO Y AL FE PSP RPN SV A




B L T ——— Pl e g i St s et

CHARLES W. YOUNG, JR.

0700 1€0 IFCFSTART.LT.1.0E-12VGD TO 4°0
05Z 00 IF FSTAFY GT.FCGHS 30 7O 190
06900 TYPE 1¢S5
07000  1€S FOFMAT (© FRECUENCY NUST BE GPERTER THAN CUTDFF >
07100 GD TO 165
07200 IF C(FSTOP.LT.1.0E-12)FSTOP=FSTART-1.0
07300 190 TYPE 195
07400 195 FORMAT (/4X4HFREDGXAHEE TASXIHGUL 7XSHRAT I0SXSHENATR/
07500 1 SASHGHZEXEHDEG/ INEXEHINCHES 4XEHGWL ~/FSWL?XG6HR DR 1)
07600 FREO=FSTART
07700 BY=0.1
07600 C THIS IS A FIRST TRY FOP EBETA
07900 XXDEL=10. 0eFREQ
03000 210 CONT INUE
02100 215 COMT INUE
0sz200 IETRY=0
02300 IRST=2
02400 220 CIF=C1eFREQeee
08500 CIFEP=C1F+EPSR
02600 225 IETRY=1ETRY+1
- 08700 IFCIBTRY.LT.26>60 TO 235
b - 0s800 TYPE 230
= 02900 230 FORMAT << MDRE THRN 25 TRIES AT ROOT"
- 09000 GD TO 420
- 02100 235 BYSQ=EYes2
. 09200 GX3SE=C1FEP~-EYSO
09300 6X1S0=CI1F-PYSQ
& 09400 GX2=SORT (AES (B3 )
09500 GX1=S0RT (RES (GX1SD)
1 09600 IF (GH3SE) 240+ 2504250
] 09700 240 CHS3=S INH (GN2e W3
S 09s00 CHC3=COSH (GNIe13)
. 09200 IRGH2=1
s 10000 GO TO 260
10100 250 CHES=SIHN (GXIeLI2)
10200 CHC3=CDZ (GXEeL3)
10200 IRG:2=-1
10400 240 CONTINUE
10500 IF(GRISM 270, 280:2€0
' 10e00 evo CHZ1=SINH (GX1eU1)
10700 CHC1=COSH(GX1e411)
10200 GRRIR=G]
10200 FIK=1HP
. 11000 IRG~1=1
- 11100 GD 7O eg=
- 11200 280 CHI1=CTH (BT elY)
o 11200 CHCI=CD3 (G 1ol
: 11400 IRGN1=-1
11500 GNATF=3:"1eFFMD]
11600 FIN=1HI
11700 285 CONTINUE
11800 IFIFTGS.EC. 1)GO TO &90
11900 IFGNE=CIRGR1+1) /2
12000 GRE=GX1
12100 GD TD 200
12200 29U IRGNE= (IRGH3+1) /2
12200 GNa=GXA
12400 300 CHS2=1RGY2eSINH (GR2oW2) + (1-TRGXD) ¢S IN (GX20LI2)
12500 CHC2=IRGX20CDSH (GX2e W) + (1-IPGXE) ¢COS (GX2e112)
12600 310 EOY=0.0
12700 IF(IFR.EC. 1>60 TD 320
12800 IF (IRGX2.ER.1)GD T0 320
12900 € CALCULATE E-/Y TERM
13000 P=C1+F) ~ (1-R)
13100 GL=2. 0eP1/GX2
13200 F2ARG=1. 0~ (B~ (R1eGLY ) 002
13300 F3AFG=1. 0-(D/ (R1oGL) ) 002
13400 1F (P2ARG.LE. 0. 0> FZARG= 0, 0
13500 1F (P3ARG, LE. 0, 0O P3AFG=0, 0
124
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13600 F2=SOKT (FSRRG)

13700 F3=SORT (P3ARG)

12800 FRz=Pee (2, 0o ¢ (1, Q+FSV (1. 0~-F2> = (1, 043, 0eFT) 7 (1, O-F S
12900 PRF=Fee (Z. 0 FDS (1, 0+FD 7 (1, 0-F3V+ ¢ 3. 0+RS) (1, 0-RSH
14000 FC= 04, NeFV /{1, 0-F YV o0

14100 PT1=ALOG(C1.0-PS) /7 (4, 00R) ePee (0,50 (F+1,0-F)))
14200 PT2=2. (o (PA+FAF+Z, 0ePC) 7 (PASPAP-PCee?)

14200 PT3=(B/7(F1ed,0eGL))*e2e (1, 0/P)oe(d, BoF)® (S, (oF2
14400 1 =1.07C1,0-K3>+4, 0eRSePC/ (3. 0¢PAY ) 0?2

14500 BOY=2. 0¢ke (PT14+PT2+FT2) / (R1eGL)D

14600 320 CONT INUE

14700 C CALCULARTE F (RETH)

14800 IFCITEIR.EC.2)GO YO 324

14900 FR3IN=CHSE3

15000 FR3D=CHC3

15100 60 TO 326

15200 324 FR3N=CHCR

15300 FR3D=CHS3

15400 3c6 CONTINUE

15500 ONEPM=1RGX3

15600 IFCITEL12.EQ.2>ONEPM=1.0Q

15700 IFCIFTGS.ECQ.1>GD TD =230

15800 FPETA=Pe (~FOYSCHE1+CHC1) ¢ (Gr2*FR2DeCHCS

15200 1 +ONEPMeGX3eFRINeCHSZ) +CHS1 e (IRGX1eGN2eFRINeCHS2
16000 2 +ONEFPMeGXIeFRINSCHCS)

16100 60 TD 240

16200 330 FEETR=FR2DNe (IRGX2eGNC¢CHS1eCHS2+4GX10CHC ¢CHCSY
16300 1 +(OHEFMeFRIN/FP-EOYSFRIN) ¢ (GX2eCHS 1 ¢CHCE+GX16CHC1eCHESD)
16400 340 IFC(IEC.EQ, 1> XX=FREQ

16500 IFCIRC.EQ. 2) XX=RY

16600 C RDOT SERFRCH ROUTINE

16700 IFCIETRY.GT.1>G0O TD 350

16800 245 XXNEW=XX+XXDEL

16900 GO T 390

17000 350 KRDS=1

17100 IF(FEETReFEOLD.LT. 0, 0> KROS=-1

17200 IFCIRST.EC.1DG0O TO 35S

17200 IF (KROS.GT. 0OGDO TO 34%

7400 IRST=1

17500 KNU=XN

17600 NL=XROLD

17700 GO TO 20

178060 288 IF(ARSCFRETAY (LT. §. OE~G4. AND. RES (XM-NNOLDY LT,
17900 1 0.001>G0 TO 420

12000 260 IF(KRDS.LT. OGO TO €S

12100 IFCNLOBT.NNEDLIDGD TD 270

18200 GQ TO 7S

12200 ) IF COHNLGT.RNOLDY G0 TO 375

18400 370 RML=XX

18500 o0 TO 3&0

1E€00 7S NNU=XX

18700 3’0 NNHEW=NU=-FERETAe (NXN=-2N0OLID # (FEETR-FEDLIY

18€00 IF CAXHEW ,, GT . MNLANHDL ANHEWL LT NGO TO 390
1&<00 XNNEM=(, Se (NVL+NNLD

19000 290 FEOLD=FEETH

19100 XNOLD=XX

19200 AX=XXNEW

19200 IFCIRC.EC.1>6GD TO 239°%

19400 EY=XX

19500 60 TD 225

19600 395 FREQ=XX

19700 60 TO 220

19800 C RDOT NDW KNDBLN

19200 420 IFCIPC.EQ.2)GD TO 450

20000 FCGHZ=FREQ

20100 TYPE 430+ ITE12yFCGHT» FOY

20200 430 FORMATC/” TEC“ 117,00 MODE CUTOFF FREQUENCY IN GHI = ‘F?7.4°
20300 1 BR/Y = “F7.

125
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20400 IRC=2
20500 GO 1O 160
20600 440 CDNT INUE
20700 450 BYDI=EYeRRMDI
. 20800 GUL=360. 0-EVD]
. 20900 FSUL=R1eC, (FREC*s 1. 0E+0D)
} 21000 RGLF S=GWLF SUL
- 21100 450 TYPE 470:FREOQs PVDI, GUL » RGLFSs GNRIFSRIK
¥ 21200 470 FOPMAT CINeFT 30 2MeF 3, 8r SrFO. s dNsFB e 3 FE 30 1N AL
21300 IF (FREQ.GE.FSTOF)GO TD 480
‘ 21400 C SET FIRST TRY BETR FOR NEW FREQUENCY
' 21500 FNEW=FPEO+DELF
3 21600 BY=0.5¢RYeSORT ( (FNEIee2-FCGHZ**2) / (FFEGe¢2-FCGHZ®¢2))
X 21700 XXDEL=EY
g 21800 FREO=FHNEW
- 21900 G0 TD 210
i 22000 480 TYPE 490
S 22100 490 FORMAT ¢/~ WISH NEW PRPAMETERS? NONE=0s ALL=1»
22200 1 CENTER LDADING=&» FREQ=3» MODE=4 : ‘%)
22300 ACCEPT 133> NEWRUN
22400 GO TODCS00, 1051155169, 1285 4802 HEURUN+1
22500 500 CONT INUE
22600 END

PROGRAM DLDRWG

00100 € THIS 1S PROGRAM DLIPLIG.FOF - C. U. YOUNG JUR, - SEPT 1923
00co00 C THIS PROGRAM USES A SERIES MODAL EXPANSION FOR THE

00200 C FIELDS»ALONG WITH APFROPPIATE FOUNDRFY CONDITIONS, TO
00400 C CALCULATE CUTOFF FFREQUENCIES AND PRPOPAGRATIDN VALUES AT
00500 C FREQUENCIES REROVE CUTDFF FOF DIFFERENT WAVYEGUIDE MOLES
00600 C IN DOUBLY SYMMETRIC DIELECTRIC SLRE LORDPED RIDGED

00700 C VAVEGUIDE <(LOTCLESS APPFONIMATION) . IF DESIREDs FOUWER
00300 C BRERKDOWN LEVELS AND RTTENUATIDN FRCTORS MAY RE

00900 C CALCULATED FOF THE GLSE<1»0> MODE.

01000 DIMENSION GY1<16>»6GY1S0 1€ »GYRCIE) »GY3ISOC16) 1F1 (16)
01100 DIMENSION PISOCIE »PR2C(16)sFESQR 16> sPR(16) »PISQ (1€
01200 DIMENSION GNX1S0C16) s GNX:2SOCI6) yHCE C16) s HC2 C16) sHER (16D
013200 DIMEMHSTION HEPI (16) 2y HSP2 (1€ s HH2 (16D » TMRTX (22, 22>
01400 DIMENSION Z11C16)+212416)9222C1€)3T211C16€516)
01500 DIMENMSION TZ12C1651€)9»T221C(16916)sTZ22 16916
01600 DIMENSIOH XXR(16) 2 XXV (16D » CAMC16) s ORP (16)

01700 DIMENSION SMEY(16916)»SMEZ (169 16) » SMHY (1€ 16)
01200 DIMEMSION SMHZ (169 16) » CAM (32 32) + QDM 16D s PP (16
01900 DIMENSION UKARER (70X » VVEC (G

02000 DIMENSION A1 CIEdD sR1C16X9»C1 (16> D1 (16)»F1C16)961 (18D
02100 DIMENSIOH AZP (1€) s RS (1€ s ESP (16> s ESM (16D

02200 DIMENSIDN CEP (16> »CEMIEd s DEP (16) « DEM 16D

02200 DIMENSION FEP CI1E) s FEM(18) s GEP (16D y GEM (16D

02400 DIMENSIDN R2(16>sE3(16>9C3 U6 +NI(IBI+FR(16) 621D
02so0 DIMENSIDN EMADI (16> sEYADT (162 »EZADI C1€) s HNADT (16D
02600 DIMENIION HYADI (1) +HIRDI 1€)X yAIR (16D » R3F (16)

2700 DRIMENSION C2RC16> 9 DIF (163 s FRR (16> s G2R (16>

02300 DIMENSION PY¥HI (16> »PYH2 (16D s PENI(16D

2400 TYFE 100

03000 100 FOFMAT C/777 PROGFAM DLIFNG.FOR - NOV 19237

03100 110 NFEFPUN=0

ez2e00 TYPE 121

2200 121 FOFMAT (/7 ALL DIMENSIONS AFE IN INCHES’ /)

02400 124 TYFE 125

2000 5] FOFMAT ¢ “A" DIMENSIDH = 73D

G200 FERD(Se*>RDIM

Q3700 1F (MFEPUN.EV.2)GD TD 144

0sI00 122 TYPE 129

02200 1&2 FOFRMATC¢” ["B” DIMENSION = “9)

04000 FEAD (S« EDIM

04100 IF (NFERUN.EC.Z)GD TO 144
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! 04200 132 TVPE 133 "t
04300 1233 FOFMAT (Y “D™ DIMENSION = “3) A
04400 RERN (S X DDINM .
04500 IF (HREFUN.EC.4YGO TD 144 .
04500 128 TYPE 137
04700 137 FOFMATC” ~S~ DIMENSION = ‘%)
04800 RERD (5+ ¢) SBIM
04900 IF CNFERUN.EQ.S)GD TO 144
0sD00 140 TYPE t41
05100 141 FORMRTC” “T" DIMENSION = ‘9O
0S200 FERD(Ss > TDIM
NS200 144 DER=DDIM-EDIM
05400 SAR=3DIM-ADIM
05500 IF ¢(PFR.GT.1.0E-6.ANL. DRR.LE. 1. 0> GO TO 14é
0500 TYPE 1€£2
0sT00 60 TD 150
05300 146 IF (SAR.GE. 0. 0. AND. SAR,LT.1. OGO TO 152
0520 TYPE 167
0s000 150 TYPE 151
05100 151 FORMAT (- RESUBMIT DIMENSIONS*)
0200 6D TD (124+124512451285 1321 136) NRERUN+1
06300 152 IF (NRERUN.NE. 0)GD TO 203
osd00 6D TD 175
0sS00 162 FDRMAT ¢’ D /B RATIO MUST RE POSITIVE AND UNITY DR LESS”)
0cE00 167 FOFMATC(” S/A FATIO MUST EE POSITIVE AND LESS THAN DOHE-)
06TO0 17S TYPE 176
0ES0D 1TE FDRMATC” RELATIVE DIELECTFIC CONSTANT = “%°
05501 FEAD (5. @) RDC
07000 190 TYPE 191
07100 191 FDFMAT ¢ DESIRED WAVEGUIDE MODE ~- CLSCE OK M) sMetit “%)
7200 ACCEPT 192 EMMDIE » MMODE » NMOLE
073060 192 FORMAT (A3»211)
07400 IF ¢(EMMDDE.NE. “E“ . AND.EMMODE.NE. “M“>GD TO 195
075060 1F CEMMODE.EQ. “E“) MEH=1
07600 1F (EMMODE. EQ. “M’>MEH=2
07700 1F ¢(MEH.EQ. 1 .AND,. MMODE. GE. 1. AND. MMODE. LE, 2. AND. NMODE
07800 1 .GE.O0.AND.NMODE.LE.ZYGD YO 197
07900 IF (MEH.EQ.2.AND. MMODE.GE. 0. AND. MMODE. LE. 1. AMD. NMODE
08000 1 .GE.1.AND,NMODE.LE.4)GD TD 197
08100 195 TYPE 196
08200 196 FOFMRT ¢ ALLOWED MODES ARE OLSEC1,0 THRU 2,3> AND
08300 1 QLSMCOs1 THRU 154> )
- 08400 GO TD 190
- 08500 197 NED= (~1> ¢ «NMODE
. 02600 MED= (~1) +eMMOLE
. 08700 IF (HRERUN.EQ.9)GD TO 230
- 02800 200 TYPE 201
- 03900 201 FORMAT ¢/ NUMEER DF HIGHERP ORDEF MODES TO BE USED IN
" 09000 1 ANALYSIS? ‘%
I 02100 FEED (59 ) HHOM
b 09200 IF (MHOM,. GE. 0. AHD. NHOM.LE. 15)GO TO 203
. 09300 TYPE 202 !
. 03400 202 FOPMIAT ¢ HUMREP DF HIGHER ORDER MODES MUST RE PDSITIVE
- 09500 1 AND 1S LIMITED TO 15%)
. 09600 GO TD 200 .
. 09700 20z TYPE 204 .
A 0eSGN 204 FORMAT ¢ WISH TO CHANGE ANY FAFAMETERST ND=0s YES=1 - :
I 09900 1 7D ot
N 10000 ACCEFT 210, IFCP -
. 10100 210 FOFMAT (11>
. 10200 1FCIFCP.EQ.1DGO TO 110
: 10300 HTEPHS=HHOM+ 1
. 10300 HF=DDIN-EDIM
. 10500 HFI=1.0.-HF
| 10500 JTTYFE=1
’ 10700 IF CTDIM.LE. SDIMY UTTVPE=~1
. 10200 1IF CUTTYPE.GT. ®>GO TO 220
10200 Ai1=0.5¢ CADIM-SDRIM
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L]
. 11000 ANE=0.5e (SDIM=-TDIM
. 11140 M3=0.5eTDIM
; 112600 GO TO 230
: 11300 280 AX1=0.5e CADIM=-TDIM
I 11400 AN2=0.Se CTOIM-SDIMD
11500 A%3=0.5eSDIN
. 11600 € SET FPECUENCY INDEPEMIENY TERMS
. 11700 22 DO 240 1=1sNTEFMS»1
Y 11800 IARG=Ee (I~1) +NMODE
. 11900 GY1<D) =1ARG*3. 141592,FDIM
- 2000 GY3I (D =EY1 1) 7HR
o 12100 GY1SO (I =GY1 (1> e
. 12200 GY2SO I =GY3 (D) o2
. 12300 235 DD 240 J=1»NTERMS:1
- 12300 JRRG=2e (J-1> +NMODE
- 12500 SHEZ (1» 1> =HReSINC ¢~-NEO» 0+ JARG» IRRG» HR)
g 12600 SMEY (1» 1> =HReSINC (NEDs &5 JAFG+ IAFG+ HF)
. 12700 SMHY (s D =SINC (=NEQs 0s IARG JARG« HF)
. 126800 240 SMHZ (1« D =SINC (NEQs 1y IREGy JARGs HRY
‘ 12900 C SOLVE FIRST FOR CUTOFF FREQUENCY
l 15000 245 IFFC=0
, 13100 TYPE 249
5 13200 249 FORMAT{»* WISH CUTDFF FREQ SEARCH(O) DR FIX(1? *%)
- 13300 ACCEFT 210, MRSF
iy 13400 IF (MRSF.EQ.1>G0 TO 255
. 12500 TYPE 251
- 13600 251 FORMAT¢* CUTOFF FFEQ (GHDZ) = ~ STARTsSTOPs INCREMENT: ~$3
s 13700 FEAD (S ¢>NN1s 558 SDEL
i 12200 FREQ=XM1
" 13900 60 TO 2¢n
" 14000  25S TVFE 2%¢
- 14100 256 FOPMAT ¢© SET LIMITS FOF FIXIMG CUTOFF FREQCGHD) *~ -
" 14200 1 LOWEF, UFPEF: -%>
N 14300 READ (S @) ¥LL» XUL
. 14400 FREO=XLL
14500 260 EDG=0. 0
i 14600 BD6SG=0. 0
- 14700 265 CONTINUE
N 14800 IFCMRSF.ED.1)6D TO 275
2 14900 TYPE 270
< 15000 270 FORMAT <5X’FREQG“SX“PETA“10X/DET 13°SX P3S0C1)~
- 15100 1 S5%7P2SQC1) 76X HHI 1> %)
15200 275 NCOUNT=0
15200 KFC=0
15400 IF (NMODE, EC. 0. AND. IFFC.EQ. 0) KFC=1
15500 € START FRECUENCY LDOP
15600 250 OMEGR=6.282185E+ 09¢FREQ
15700 UEFS=2.249005E~13+0MEGA
15200 WER=WEF SeRDC
15900 WU=3. 191E64E-0S+OMEGA
160600 GDSSO=WEF-*lU
1€100 GFSSO=NEF S oWl
16200 295 BETA=EDG-S7.29578
16300 C START BETA LDOP
16400 EETASQ=RETAeEETA
16500 BDLS=SORT (GFSSCGeRDC)
16€00 2DLS=376.75/SOPT (RDC)
16700 NCOUNT=NCDUNT+1
16800 IF (NCOUNT.LT.26>G0O TO 210
16200 TYPE 301
17000 301 FORMAT ¢~ MDFE THAN 25 TRIES RT ROOT”)
17100 G0 TD 24%
17200 210 CONTINUE
17200 € SET MATRIX VALUES FOR K, Py, HC» HSPs RO
17400 220 DD 520 J=1sNTEFMS,1
17500 GHX1S0 (D =EETRSO+GYL (1) 002
17400 GNX3SC ¢ D =FETASO+GY2 () @02
17700 P1S0 ¢ =3NN1S0 ¢ -GFSSO
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17€00
17900
18000
18100
1e200
12300
18400
18500
16200
18700
1200
18200
19000
19100
19200
19200
19300
19500
19600
19700
19200
12200
20000
20100
20200
20300
203400
20500
20600
20700
20800
20900
21000
21100
21200
21200
21404
21500
21600
21700
21800
21900
22000
22100
22200
22300
22400
22500
22600
22700
22800
22900
23000
22100
23200
23300
22400
23500
22600
23700
c2800
23900
24000
24100
24200
24300
24400
24500

346

350

3%4

356

364

440
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P50 (I =GNX1SC () -GDISQ
IF (UTTVPE.LT.OYFESO W) =5HI3IQ (N -GF SO
P3S0Q () =GHNISO (I -GDIT0
P1 < =SQFTCAES(F1S0 (I )Y)
P2 (> =SORT (AR (FESO (1))
P3 (I =SORT (ARS (P20 CUY)H)
ARG=F1 (J> *AN1

IF CP1SD (U2 3445 2469 34¢E
HC1 (> =COS <ARG)

HSP1 (I =S INCAFE) 7PL (D
PRN1 (> =1.0

60 TO 2S

HC1 ¢ =1.0

HSP1 ¢ =AK1

PXN1 (> =1.0

GO TD 3S0

PXNL (> =0, SeEXP (AFG)

HC1 (> =COSH ARG

HSP1 (> =SINH (ARG) /P 1 ¢
ARG=P2 () *A¥2

IF (P2SQ (> ) 3545 356 358
HCZ (J>=CDS (RRG)

HSP2 () =SIN (RRG} /P2 (D)
PXN2 (D =1.0

GD TO 360

HC2(J=1.0

HSP2 () =AX2

PXN2(=1.0

GD TO 360

PXN2 (. =0. S¢EXP (ARG)

HC2 (J> =COSH (ARG

HSP2 (O =SINH (ARG #F2 (>
ARG=P3 W ¢AX3

IF (PISO D Y IES s 2641 366
HC2=COS (ARGY
HZP2=-<IN(AFG) /P2 (D
XNZ (D =1.0

GO TD 362

HC3=1.0

HSF3=-AX3

PXN3(J>=1.0

GO TD 368

PXNZ () =0. SeEXP (ARG
HC3=COSH (FIRG)
HSF3=-SINH CARGD /P3 (D
CONT INUE

IF (MED.GT.D>6G0 TD 435
HE3 (D =HC3

HH2 (D =HSP2

XXA(H=1.0

XXV (D) =P3S0Q (D

60 TO 440

HE3 (J) =HSP3

HH3 () =HC3

XXA (D =P2SQ (D
XXV(DH=1.0

CONTINUE

1F (P2S0 (S .6T.0.0)G0 TO 445
TX2P=HC2 (D

TREM=HSF2 (W

GO TD 450
EPEXKE=ENP (2. 00P2 (J) ¢AX2
TX2P=1. 0+EP2X2 N
TXeM= (1. G~EFeX2Y /P2 D .

COMNTINUE
IFCUTTYPE.LT. 00GO TD 4¢SS

IFPISQCL .6T. 0. OGO TO 455
TX1H=HC1 <D
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CHARLES W. YOUNG, JR.

24500 TX1E=HSP1 (D
24700 GD TO 450
24500 4SS EPINI=EXP (—2. 0eP1 () AN
Z4900 TX1H=1, 0+EF1¥1
25000 TRIE=C1. 0-EFIN1 ZPY (D
2100 4c.0 CAP (D =FICePLISO (N eTRNIESTYN2P+F2I0 (D eTH1HeTHEM
: zsz00 OFAMCI) SFDCOPISO U D e TRIESTYNEN+TM1He TXEF
{ 25200 ODF () =TX1HO TXEP+P2SO (P o T 1ESTHNEM
c2s4qno CDM( D =TXIESTX2P+ 1> 1He T M
25500 GO TD 500
3 25¢00 465 CONTINUE
- 25700 IF (PR3OCD .6T. 0. 00GD TO 470
i 25200 HC2N=HC2
gs900 HIP2N=HSP2
2 a0 G0 TO 475
& 26100 470 EPINI=ENP (-2. (10P2 (J) AN
] 26200 HC3N=1. C+EF3X3
§ 26300 HSP2N=- 1. 0-EF2A3) /P33 (D
- 25400 4TS CONTINUE
- 25500 IF (MED.GT. 0 GO TO 4€0
2500 TXIE=HC3N
2E700 TX3H=HSF3N
26600 60 TO 490
2900 380 TX3E=HSP3N
a2roo0 TX3H=HC3N
2vi00 490 CRP (D =TXIE* TXNEP ¢ XXA (J> -RIC+P2SE (1) ¢ TXIHSTNEM
gveoo OAM () =RDCe TX3HO TXZP-TXNIE® TXEMOXXA (I
27300 QDP () = TX3HO TXEP e XXV () ~TXIE+ TX2MOFESO (W)
27400 QDM () =TXIE ¢ TX2P-TX2He TX2Me XXV (D
27500 S00 CDNTINUE
27600 KDP1=0 .
2vro0 IF (KFC.EQ. 1.AND. J.EQ. 1) KD1=1
27800 BS1=FETR+KD]
arveoo FS1SO=FS1ee2
2s000 IFCITTVPE.LT. 0>GD 7O 510
28100 ZR==XNA (I ZWER
EE200 ZS=UL NNV CD
ca200 GYR=GYILWD
22400 GYKSN=RY 20 (h
200 DENOMZ=GNX250 (D +KD1
2E500 GD TD s20
22700 510 ZR==UEFS/P1S0 (D)
ceeoo 2S=1.0-/WU
28900 GYK=6Y1 (D)
29000 GYKSD=GY1SQ (S
29100 DENDM2=GNX1S0 (J> +KD1 "
29200 520 211 ¢J) = (BS1SQeZR+GYKSQe2S) /DENOMZ N
29300 212¢J)) =NED*GYKeES1e (-2ZR+2ZS) /DENDM2 A
29400 222 ¢ = (GYKSQeZR+BS1S0eZS) DENOMZ Ny
29500 530 CONT INUE o
29500 P3AVG=SORT (P2 (1> «P3(NTERHS)>) Ry
29700 IF (P2AVG.LT. 1. O P3AVG=1.0 s
29800 C MATRIX VALUES FIXED "
29900 540 PO S50 J=1,HTERMS, 1 :
30000 PO S50 I=1,NTERMS, 1
30100 TZ11C1, H=0.0
30200 T212C1» H=0.0
30200 T221¢1» N =0.0
30400 T222¢1» N=0.0
20500 DD S50 K=1,NTERMS, 1
30600 IFCITTYPE.LT.0)GO TD 545
30700 RHEHH=HE3 (K) #HH3 (K>
20800 TZ1I1CTs D=TI11 Ty I +SMET (19 ) ¢PHEHH®Z 11 (K) ¢SMHY (Ky D
30900 TZ12 Ty D =TILET s D +SHMEZ (19K RHEHHOZ 12 (1) ¢ SMHI (Ks )
21000 TZ21 1y D=TI21 <15 D +SMEY I+ KD ¢RHERHSZ 12 (K> ¢ SHHY ¢Ky D)
31100 T222 (19 HD=TZR2¢1» I +SMEY (19 K) $RHEHH® 222 (K) ¢ SHHZ (K
21200 G0 TO SS0
21300 545 RHHHE=HC1 (K> /HSF 1 <KD
31400 T211 <y DTS Ty D +SHHY (15 K oRHHHE® 211 (KY SMEZ <y J)
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31500 T212 Qs D =TI UL s D +SHHY (1 K> ¢RHHHE® 212 (k) ¢ SMEY (Ks )
31600 TE2ICTy D=TZ21 Ly SI+SMHZ (Is K> oFHHHE®Z 12 (K> ¢ SMEZ (K B
31700 TZ22 Ty N=TI22 s D +SHHIZ (15 KD ¢RHHHE$Z22 (K) ¢ SMEY (Ks D
31&00 350 CONTINUE
312900 MCAMP=(
22000 360 PO SES I=1sNTERMS.1}
22100 BESI=RETH
32200 IFKFC.EQ. 1.ANDL I EQ. 1D ERSI=1.0
22200 GEI=NEOQeGY1 (1>
32400 IF (UTTYPE.LT. 0> GKI=NED®GY3<I)
32500 DO 585 J=1NHTEFMSs 1
3200 ESJ=EETH ,
32700 IFKKFC.EQ. 1. AN J.EQ.IDRSU=1. 0
32800 KDIJ=0
32900 IF(.EQ. DKDIU=1
33000 Q11=TZ11<I»
33100 Q12=TZ12C>» WM
2200 Q21=TI21 T+ D
35300 Q22=TZ22(Is >
32400 GKJ=NEDQ*GY1 (1
23500 IFCUTTYPE.LT. OXGKI=NEQ*GY2 (>
33600 PSI=GNX130 (M
I370Q IFCITTYFE.LT. 0XFPSI=GHXISO D
32¢00 IFCKFC.EQ. 1. AND, J.EC. 1DPSI=1.0
3200 TR11=ES1¢(]1eFSU-ESIe012eGKI-GRKIe021e¢RSI+GLIeQ22eGH
34000 TQ12=-FS1eQ11eGKI-RSIeQ12¢BSI+GK]Ie021 oGKI+GH I O2T¢ES
34100 TOS1=-GK]eQ11eRSJ+GKI*012¢GK I-ESTeN21¢RSI+ESIe0Z2¢GH
34200 TR22=CKIeQ116GHI+GRIeQ1ZeESU+RSIeR21eGRI+ES1e(22¢RSY
24300 IFUUTTYPE.LT.0XGO TO S0
34400 TMRTX (I s D =(ORNCI) ¢TO1 1 eWEF/PSI+KDT JeQRF (M) / (20¢FREM
34500 THMATX (I » J+NTERMS) =0AMCI)> ¢TO12/ (PSIeSCRT CWU-LER) ¢20¢FREM
34600 TMRTX CI+NTERMS » D =CDP (1> ¢ TO21¢EF/PS]
34700 TMATX CI+NTERMS» J+NTERMS) = (ODP (1) ¢ TO22/PS1-KD1 Jo iU
34800 1 *@DMCD I 7/SCRT (WU-WER)
34900 G0 TO S8S
35000 Sso THATXC(T» D =QAF () e TA11 7/PSI+KDIJeQRMCI)> *LEFS
35100 TMATX (1 s J+NTERMS) ==LIUe QAP (1) ¢ TO12/PS1
35200 TMRTX(I+NTEFMSs 1D =QDM(I> e TQ22/PS]
35200 THATX (T+NTERNSs J+NTERMS) =~ULIeCIM (]) ¢ TE22 /P51
35400 1 +KD1JeQDF (I

3sso0 C URATRIX FDF CONDITION OF TDIM LESS THAN SDIM 1S QT

2500 C NOFMALIZED. IF A LRFGE NUMBER OF MODRL TEFMS 1S FECUIFED
3s7Ton € THIZ MATPIX SHOULD BE HOFMALIZED BY A POSITIVE

35800 C DEFINITE MATRIX TO AVOID NUMERICAL INSTAREILITIES.

35900 525 CONTINUE

36000 IF C(MCAMP.ED.1>GD TO 600

35100 DO 590 I=1+NTERMSs1

36200 DO 590 J=1,NTERMS, 1

36300 TN1l=1, 0O/P3AVEG

36400 TN12=P3 (J) /P3RVEG

36500 TN21=P3 (NTERMS-1+1) /P3AVG

36600 TN22=P2 (NTERMS~1+1) ¢P3 (D /PIAVG

36700 THATX C(TI» HD=TMATX (Iy H *TN1{

36200 THATX (1 » I+NTERMS) =TMATX (1 » J+NTEFRMS> ¢TN12
36900 THATX CI+NTERMS» DD =TMRTX CI+NTERMSy J> ¢ TN21
37000 590 THATX CT+NTEPMS» J+NTERMS) =THATX CI+NTERMS s J+NTERMS) ¢ TN22
37100 C DETEFMINANT OF TMRTYX = ZERD FOR SOLUTIDON
37200 600 IFCIFFC.GT.00GO TO 625

37300 MXS1ZE=NTERMS

37400 IF (MEKH.EQ.2)60 TO 650

37500 KMFC=1

37600 IF (NMODE.NE. 0O KMFC=NTERMS

37700 610 DO 620 1=1yMMSIZE,1

37800 D0 €20 J=1sMXSIZEs1

37900 620 TMATX (Ts D=THMARATX (I +KMFCy J+LMFC)

3e000 GD TO 650

32100 625 1FCHMODE.NE. OGO TO €40

32200 MNSIZE=NTERMS+NHOM

32200 D0 630 I=1»MXSIZE-1
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38400
32500
3200
3g700
3ee00
38200
22000
32109
3Nz 00
39300
32400
3900
Iec00
29V o0
Ieznn
39300
40000
40100
40200
40200
40400
40500
4000
40700
40300
40200
41000
41100
41200
41300
41400
41500
41600
41700
41800
41900
42000
42100
42200
42200
42400
42500
32600

2700
42800
42700
43000
42100
43200
43300
43400
43500
43600
43700
43800
43900
44000
44100
44200
44300
44400
44500
44600
44700
44200
44900
45000
45100

630

640
€50

670

675
680

€90
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DO €30 J=1sMHSIZES 1
THMARTX Iy D =THATX (141, J+1>
GO0 TD &S0
MXSIZE=2eNTERMS
IFCQMCAMP.NE. 1>GO TO 800
MVSIZE=MXSIZE~]
AGFC1>=0.0
REM(1>=0.0
DD €65 I=1sHHDM. 1
VVEC (1> =THATX (1s NTEFMS)
VWEC (I+NROM) =TMRTHX CI+NTEFPMSs NTERMS)
DD &S5 J=1sHHOM. 1
CAMCTs D=TMATN IS WD
IFCIFFC.EC.OOGD TO €65
CAM T » JENHDM =TMATH (1 » J*NTEFMS)
CAM CI+NHDOMs D =THARTY (I1+NTEFRNS, D
CRM LI +HHDM s J+NHOMY = TMRT (1 +NTEFMS s J+NTERMS)
CONTINLUE
mi1=1.0
CALL LIMNYIF(CAMsYVEC» s HVSIZES 28 DD1,» DD2s UKAREA)Y 1ER)
DENDOFM=1.0/S0FRT CLUAWEFRD
DEM 1) ==D2HDRM
DPEP 1> =DM (1) ¢UDM (1) #QDP (1>
PO &7S I=2+NTEFRMS»1
SP (1) =VVEC(I-1)
ASM (D =0RP (1) ¢ReP 1D 7/0AMCID
IFCIFFC.EQ.OGD TO &7
DP2M 1Y =DENOFMe 'WEC (1-1+NHOM)
SP (1) =DM (1) ¢ D2M (1D /QDF (1)
G0 TO 675
DEPCI>=0.0
SMCI>=0.0
CONTINUE
DD 685 I=1»NTERMS» 1
ZONE=0.0
IF (KFC.EQ.1.AND. 1.EQ, 1>ZDNE=1.0
PHI=PETA+ZONE
PSI=GNX1S0<1>+ZDNE
GY2=NED*GY1 (DD
CEP (1) =(-PHI1*R2M (]I ~WUeGY2eD2P (1)) ~PS1
FEPCI) = (GY2¢A2M (D) —UILIePHIeD2P (1)) #PS]
FEP (1) = (PHISVEF*AZF I -GY2eDEM D)) /PS]
REP (1) = (~VERSGY2*RASF (1) -FHI¢DEMCII> /FS1
SMCI) = (~FHIOPSSQ U Y oREP (1) UL GY2e DM\ ID N A PS T
REMAUIY =(GY2eFISOCID ¢RIP (1) 1o PHTIODSMCIVY FCL
FEM (1) = (WEPSFHI®AZM(I) ~GYZeP2S0C1) oD2P (1)) #F*]
GEM (1) =(~HEFeGYZ*AZM (1) —PHI ¢PZSQ (1) eD2FP (1)) FPS]
A1l (1) =RDCeAZP (1) 7 (DAMC])> oPXN1 (1) oP¥N2 (1))
D1 CI)=D2M (1) 7 (QDP (1) ¢PXN1 (1> ePXN2 (1))
EXADI CIX)=FA1 (1) eHC1 (D)
HXAD] (1>=D1 (1> eHSP1 (1>
B1CI)=(GY2eP1S0CI) *AL (1) -LIUePHIeD] (1)) ~PS]
C1(I>=(-PHI+P1SQ(I> A1 CI) -LiIleGY2eD1 C1)>) /PSI
F1(])=C(WEFSePHI®AL (]>=GY2eD] (1)) /PS]
G1(1)=(~UWEFSeGY2*AL (1> -PHIeD1 (1)) /PS]
EYAD1CI>=E1 C])> ¢HSP1 <D
EZADI (1)>=C1 (1> eHSPI (D)
HYADI (1) =F1 (1> eHC1 (D)
HZADI (I>=G1 CI>eHCI (D
DO 690 I=1sNTERMS» 1
F3R(1>=0.0
G3R(1>=0.0
DO 690 J=)»NTEFMS» 1
F3ARCID=F3R I + (SMHY (1 W) ¢F2P (1))
G3RC(I>=G3R (1> + (SMHZ (1 » M oG2P (I
DO 699 1=1yNTERMS) 1!
20HE=0.0
IF C(JFFC.EQ. 0. AND.NMGLE.EQ. 0. AND. 1. EQ. 1) ZONE=1. 0
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45200 PST=GHX3ISO (1> +Z20ONE e ':
45300 PHI=EETAR+20NE PE R
45400 UD=FISOCID N

45500 Wh=1.0

45600 IF (MED.LT. GO TO 625

45700 up=1.0

45800 Uh: PRS0 CDD

45900 699 PMES=HED®GY3 (D)

46000 F3D =F 3R 7HHR D)

46100 G2 (I)=G3F (1) /HHI D)

4€200 AZ (DY = (PH1eF 3 (I) -FHKIeG3 (1)) /WER

45200 D3I = (-PMKSeFI (I -Fr1eG3<I)) /LD

45400 C3 (1> = (-FHI LR3I (I —UIUeFHIISe IR (1)) /PS]

46500 B2 (1) = (PHKZI*MASAZ (1) —LiUePHI @D (1> /P

4400 AR (1> =AZ I sHHE (D) X4
46700 BSF (D> =F2<C]) HEZ (D A AC
46200 CIR I =C2 D) *HE2 (D) [l
46900 699 SR(IY=D2CD) ¢HES D) SR
47000 MCANF=0 ety
47100 C eeee PRINT DUT MOIAL COMFDMENT COEFFICIENTS IF FECUESTED LSy
47200 IF(IFMCARP.NE. 1DGD 7O 722

47300 TYPE 703

47406 703 FOFMAT (/7 N’4R7EXADI CHY “4X EVADI <N “ 3N ETART (N *
47500 1 SXHIADI (M) “ SX HYADI KW 23X HIADI (WY 7

4TENC DO TO0S I=1»HTEFHS, 1

47700 705 TYPE V@9 IyEXADI CI) sEVADT (1> «EZADI (1D s HYADI (I y
47800 1 HYADI (1) s HZAD] 1)

47900 TYFE 708

43000 706 FOREMAT C/7  H7€X’AZR(N) 26X BIR (N> “SX’CER (N -

48100 1 SX/D3P(N) “SX/F3R(N) “SXGIR (N> “>

45200 PO 710 I=1+NTERMSs 1

48300 710 TYPE 729 I+ AIRCID »y B3R Iy CSRAUID s D3RI s FIR I » B3R I
48400 TYFE 71t

4500 711 FORMATC 7 N’TX7A1CND 77X B1 (N> 7EX CL.CN) 76X D1 (N> -
42600 1 6X’F1(N) 76X G1 (M) 7>

48700 DO 71S I=1:NTERMS, 1

45800 715 TYPE 729 1sA1 (D »B1 (1 »C1CD»DICII s FI (D s GI T

43900 TYPE 716

42000 716 FORMAT C/¢  N76X7AZM D 26X/ E2MNY “SK2C2HNND “

49100 1 SX’DEMN) * SR FEM N “SK7G2M N> 7>

49200 DO 720 I=1sNTERMS» )

49300 720 TYPE 7299 19 AZMCID s E2MCI) » C2MCI) s P2MCID » FEN D « GENMCD
49400 TYPE 721

49500 721 FORMAT (/¢ N76X“A2P (N> “6X“B2P (N> SX“C2P (N ¢

49500 1 SXZDEF (N) “SX FZP (N> *SN“GEP (N) *>

49700 DO T35 I=1yNTERMS, 1

4%200 725 TYFE 729 IsASF (1) s FEP (1) s C2P (D s DRF CIN s FEF LIV GEF A 1D
49200 TYPE 72¢

50000 726 FOPHMAT (/7 N TX7AZ (N “TXZBS AN 76N CI U €117 D3ty
Son100 2 EXFIAN ‘6K 63N 7)

50200 DD 7228 1=1:HTEPMS, 1

Soz00  72e TYPE 729 15A3CI) 9 B2C1> 4 CICD) » D2AI » F3CI> 9 GICD)

50400 729 FOPMAT (13, 2E12.4+4E11.3)

50500 TYPE 731

50600 731 FORMATC/7  N7S5X PL1SOCN) * 5% P20 (N> “SX P3SQ (N> )
50700 PO 7235 1=1+NTERMS,1

Sogo0 735 TYPE 7365 1+P1SQCI) s P2SQCI) +P3SOCI)

50900 V36 FORMAT C13»3E12.4>

S1000 738 COMTINUE

$1100 IF (IFPAA.NE. 1>60 TO 790

51200 SURFRS=SORT (FREQ/UGCNCU) ¢, 25E-03

$1300 UL1=0, 0

S1400 wL2=0.0

51500 WL3=0.0

51600 WL4=0.0

S1700 WLS=0.0

S1800 wLpS2=0.0

51900 WLDS23=0.0

S2000 PUFN1=0,0
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2 52100 PURN2=0. 0 H;fz'
' 52200 PWRN3=0. 0 k",:}j‘_-.
. 52300 PO 754 N=1,NTERMS» 1 AT
- 52400 F12Ni=1.0 W
= 52500 IFC(N.EQ.1)F12N1=2. 0 A2
S2¢.00 FOINI=2. 0-F12N1 e
. s2700 UL1=WL1+EDIMe (FO1N1oF1 (N ¢02+F 12N1eG1 CHY 0 02) RS
. s2200 IO 754 M=1,HTERMS»1 RS
. 52900 IF.NE.NOGD TO 750 O
- S2000 740 FSS1=0.5¢ CHSP1 (N> HC1 CN> =AX1) /P 1S5S0 CND It
~ 52100 PCC1=0.5¢ CHSP1 (N) ¢HC1 (N +AX1) AN
oy 52200 PCSE=(1. 0= (HC2(MH) ) ee2) 7 (2. DoF2S0O CND) SoNg
a S3200 PSC2=PCS2 N,
53400 ARG=E.283185¢HRe (N-1)
F 52500 IF<H.GT.1>G0 1D 743
N €300 ss2=0.0
A 53700 CC2=0.5e CEDIM-IDIM
- 52200 G0 10 745
. 53900 742 SE&@=0.2%¢ (EDIM-DDIM+ DD TMe S IN ARG ~RFE)
- 54600 CC2=0.25¢ CEDIM=DDIM-DDIMe <IN (ARG ~ARGD
S4100 745 PSS3=0.5¢ (~HHI (N ¢HE2 (ND =AM AF3SH (M)
Sz 00 PCCA=0. Se (—HH2 (ND oHE X (1D +AN3)
X 4200 FCSQA=HCT (MY ¢HSP2 (M) 2 CORM (Y sFYNT CHY oPRNE M) )
< 54400 RSSOR=RCSOA*HSP1 (N> ~HC1 (N
- 54500 RCSOD=HC1 (M} ®HSP2 (N> 7 CODP CH) s FXH1 (M) $FXNE ¢H) Y
e 4600 RSSOD=RCSQNeHSP1 (N) ZHC1 <Y)
- 4700 SEXN=0,SeF 01N1 e CAN2e (F2P (M) 28 2- (A2 (N> ¢ 62> /PRS0 N> +
. 54200 ! RCECASAZF (N) @ ¢2+RDNCOF 150 (1) *RSSORSAZP (ND o
4900 2 ASMND P20 (ND)
5000 SEYN=0.SeF12N1¢ CANZ e (ESP (H) 42— (EEM (N) 92> ~
. 55100 1 F2S0 (DD + (GY1 (N> $AZP (N> ¢ C(RICoP 1 S0 <N R SSOR*BEF (N
B sS200 2 +RCSOR®BaM(N) ) ~WUSEETReD2M (1) (RSSO B2P (N)
. S5200 3 +RCSODeE2M (N> /F2SQ (MY ) Z/GNX1SOKND )

SS400 SEZN=0.5eF01N1e (AX2¢ (C2P (N) #902~ (CEM(N) ¢02) ~

. SS500 1 P2S0 N>~ (EETAR*AZP (N)  (RDCoF 150 (N> sRSSOASCEF (N)
- 55600 2 +RCSOASCIM N ) +WLISGY] (N> @« D2M CND ¢ (FSSODC2F (N
55700 3 +RCSODeC2M (N> #P2SQ (N ) > ZGNN1SO KN >
. 55200 WLDS2N=SEXN+SEYN+SETN
o 55200 WLD33N=F01N1¢ (PSS3eA3 (N) ¢ e2+PCCReC2 (N> oo
I. S£000 1 +F1ZH1ePCCI+PI(N) 062
XN S6100 VLDS2=LL DS2+LLDS2N
N 56200 WLDS3=ULISI+ULDS3N
.~ Sez00 PUR1TN=0.S¢FDIMe (FOIN1¢A1 (N} oF 1 () oPCC1
- 56400 1 —F1SN1eRL (N> ¢D1 (N) +PSST)
56500 PLURN1=PURNL+PUR1TN i
- 56600 PUR2AF=0, SeF01N1 ¢ CAX2¢ CR2P (N) «F2F (M) —A2M (N s
. 56700 1 *F2M N> /F2S0 (N) > +AZP (N © (RCSOASFZP (W) +RDC+P1SO (ND Oy
N SES00 2 *RSSORSFEM (N) /P2SO (N))) AR
S6900 PUF2ED=0. SoF 12N3  (AN2# (B2P (N> «D2P (N) —=E2M (N) e
-. sTo00 1 DM N /PES0 (N> Y +DIM(ND ¢ (RSSODPEZP (N> +RCSOD St
- sT100 & SEINNY /P2SE (NYI)D
b °- sTano FUPZTN=0,SeEDIMe (FURSAF-FWRZED)
57300 FUPN2=PWRN2+PUFZTN
2 57400  74% PUFSTH= 0. SeDDIMe (FOINT®RAS A oF3 (N oPSC3
A 57500 1 ~F12H1E3 (N) «D3 (M) PCC3)
. 57600 PUPHZ=PURN3+PHRITN S
. 57700 HZZ0=0, 56AX26 (G2P (N> 02~ (G2M (N> 0 ¢2) /F250 (M) ) LT
“ 57800 H2Z1=-0.5¢G2P (N) ¢ (GY1 (N> eMEPeRCSORASAZP (N) U
2| 57900 1 +BETARCSODeDaM (N> > /GNX1SEQ (N) RS
2 52000 222=~0.56G2M (N> ¢ (GY1 (N) *WEPRICoP1SQ (M) *RSEOA -
- 52100 1 *A2P (N> /P2S0 (N) +EETACRSSQDeDEM (N) ) /GHX1 S0 (N)
X 58200 HZZNM=HZZ 0+HZZ1+H2Z2 0
" 58300 HXX0=0, SoRH2e (D2P (N) 0~ (D2M (N) ®02) /P25 (N> ) e
2 58400 H%1=0, SeD2M (N> o (RSSODS 2P (N) +RCSODe DM (N /PRS0 () ) R
) 58500 HYXHM=HKX 0+ HHX1 AN
% $8600 GO 10 752 PN
58700 750 PSS1=(HC1 (N> eHSP1 (M) —HIP1 <1) HCT (MDD e
58200 1 7CP1SOAD-PISO M) > ‘zi
o _‘ .
- N
4 134 Sy
) RSN
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S5€900
59000
59100
59200
59300
59400
$9500
59600
S9700
59200
59900
600060
60100
60200
60300
60400
60500
6000
60700
&0=00
e0aqo
61000
€1100
1200
61200
61400
61500
61600
€1700
616800
61900
e2009
62100
é2200
62200
£2400
€2500
6ZEGO
€27 N0
62800
62200
63000
62100
€23200
62300
63400
63500
63600
63700
63800
63900
64000
€4100
63200
634200
23400
234500
64600
€4700
64500
64900
65000
65100
65200
65200
65400
65500
€%5600
65700

W TN T RURRTRERSE
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PCC1=<P1SO (N ¢HIP1 (N) ¢HC1 (M -F150Q <M
1 eHCI(NYSHSFLI (MDD /7 (P1SON -PISO M)
ONH=1. 07 (PYN1 (N> ePXN2 (1))
RCOAN=HC1 (N> ¢ ONN/GAM (WD
RSGAN=HSP 1 (N) ¢OHN-OAM (ND
RCADN=HC 1 CHD ¢ONMH-/QDP (N>
RSQDIN=HSP1 (M) «CHN-QDP (N)
ONM=1., 07 (PXN1 (M) ¢PXN2 (M>)
RCQAM=HC 1 (M ¢CNM~-/0AM (M)
RSOARM=HSP 1 (M) ¢OHM-ORM 1D
RCODIM=HC1 (M) ¢GHM-QDF (M
RSCDHM=HSF1 (M) ¢«ONM/QDP (M)
THENOM=1. 0/ CGNXISQ (N ¢GHX1SQ (M) ¢ (PSR (ND
1 —F230CMD
HIZ 0= {GSH (M) ¢GEP (M) ~GEP (H) ¢GEM (M) ) / (P2SQ U
1 —-P2s0
HZZ1=A2P (MY ¢AEP (M) ¢ LIEFCLEFR®GY I (N) ¢ GV (MY ¢RDCe CPLSC D
1 *RCOANHORSOARM-P1SC (N> ¢RSCANSRCOAMD « TRENDM
“2=D2M M) ¢DEM (MDY ¢ EETAS O (PRS0 (M) oFCOTINORSODM
(N oFSODNeRCODMD « TRENDM
HIZ3=HIF (N ¢DI2M (MDD ¢ RETROMEF®GY 1 (N> ¢ (PRS0 D
1 oFPCORNOFICIM-RIC*P1SO N ¢FSCANSRCCOIMY ¢« TDEHDOM
HIZS=ASF (MY ¢ DM (MY ¢ EETROUEF ¢GY'1 <MY @ <FDC«P1SO (M
1 eRCCINORIORM-FZ2S0 (NY ¢REQIINHeFCOAN e THENDM '
HIINM=HIZO0+HIZ1+HIZS+HIZ3+HIZY
HANO= KDSH (N ¢DEP (MY =DEP (N> ¢ DEM (M D / (FESOCNY=P2S0 (MY )
HANI=DSHN(NY o DM (1) ¢ (RSCDINHORCODM=-FCODNFSCIMNY 2 (FST0O (D)
1 -P2SOCMMY)
HNNNM=HNX0+4HNX1
ARGP=3, 141593¢HF e (N+M-2)>
ARGM=3, 141593 ¢HF e (N-M>
SS2=-0.2SeDNIMe (SINCARGH) ZARGM=-S IM C(RFGP) ZAFGF)
CC2=-0,2SeDDIMe (SINCARGM 7RRGM+S IN (RRGFY /ARGF)
PCCR==C(PISQ (N> ¢HH2 (N) ¢HEZ (M) -PISO UMD
1 SHES{NM ¢HHI (MY > 7 (PISG UD =PISQ (M)
PSS3==(HE2 (NY ¢HHZ (M) ~HHI (N> ¢ HEI (M)
1 Z(PISOQCNY -PITO (M)
ONEPM=(~1, (1> ¢e (H+M
WL2=WIL2+4. 0SONEFMe (I'1 (N> ¢D1 (M) PSS
1 +G1 N eG1 M ePCC
WLIsWL3I+4. O ONEPMe CHNNNM+HIINMD
WLA=UL 343, 00 CF2P (N) ¢F2F (M} ¢SSS+GEP (N) ¢G2P (M oCCD)
ULS=WLS+4, 0¢DHEFMe (DI N) ¢RI (M) oFCCI+GI (M) ¢GR (M) oPSSDD
CDONTINUE
FPWRN=PLIRN1 +PUPN2+FLURN2
TYFE vS6»PURN
756 FORMAT (7’ NORMRLLIZED FOUER = “E12.4)
ECLN=0.0
DO 760 I=1sNTERMS,
760 ECLN=ECLN+RBS(R2(1»
EM2ADI=0. 0
DO ¢73 1I=1,33:1
EXMADI=0. 0
EVMADI=0. 0
PO Ted U=1HTERMSs )
ARG= (I=1VeGYI (I ¢IDIM &4, O
EXMADI=EXMADI+EXAD] () ¢SINCARG)
764 EYMADI=EYMADI+EYRD]I () «COS CRPG)
EM2I=EXMAD ]I eez+EYMAN] 0 eZ
C eeee SKIP PRINTOUT FOP MOST RPPLICATIDNS
60 TD 770
132THS=]~-1
TYPE 766sEM21+ I32THS
766 FORMAT (4%’ CETRANS) ooz AT ADI = “E12.47 FOR Y = 712° 32THZ
1 DF D25
770 CONTINUE
IF(EM2].GT.EM2RADI)EMEADI=EMR]
°73 CONTINLIE
PEDADI=S, E064E+ 06 ¢PURN-EM2AD]
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65800
€5900
66000
66100
66200
66300
66400
66500
66600
66700
66800
66900
67000
67100
7200
&7300
67400
67500
67¢00
Crang J
67800
67200
65000
e3100
egzo0
eE300

69300
69900
70000
0100
70200
720300
70400
70500
70600
720700
720800
0900
71000
71100
71200
T1300
71400
T1500
v1600
21700
71800
71900
72000
72100
72200
72200
72400
72500
72600

776

7?79

781

790

795
79

800

810

€13

815
817
818

820
ect

825

822
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PEDCL=0. 001 *PLIRNe (762000 RDSD/ECLN) ¢¢2
TYPE 776,PEDADISPRICL
FORMAY (7 PDWER CAPACITY <RIR PREAKDOWN) ="F10.3”

1 KILOWATTS /¢ POUER CAPACITY (DIELECTRIC RREAKDOUN) =<
e F10.3“ KILOWATTS”)

WLC= (WL 1 +WL2+WL3+UL4+WLS) ¢SURFRS0.S
ALMC=ULC (2. 0oPURN)

ALCIEL=8. 6858%eALMCeUGUWL

ALCDEF=ALCDEL*12. 0/WGCWL

TYPE 779, WGCNCU

FODRMAT (¢ CONDUCTIVITY <(NDRMALLIZED TO CDPFER) OF

1 WAVEGUIDE MALLS = ‘F4.2)

TYPE 781,ALMCy ALCDEFs ALCDEL
FORMAT ¢ ATTENUARTION FROM CONDUCTDR LOSSES == ALFHA =-

1 E11.4/6X’=7F7.5° DBE-FOOT OFR “F7.%5° DER/VAVELENGTH")

1

FLIF=UEReDLT/ (4. Q¢PURI)

ALDS=ULDS2¢EDIMeFLIF

ALD3=WLDSIeLDIMeFLDF

ALDL=ALD2+ALL3

ALDDEF=8, cETEQeALIL 012, 0

ALDPDEL=VGULeRLDDEF/12. 0

TYFE 78S,ILY

FORMAT (s DIELECTRIC LDSS TANGENT = “EQ.3)

TYPE 78&»ALDLs RLDDEFs ALIDEL

FORMAT ¢ ATTENURTION FROM DIELECTRIC LDSSES -- ALFHR =
‘E11.57€07="F7.57 DE-FOOT OR ‘F7.57 DE/WRYVELENGTH?)
CONTINUE

IFCIFFC.EC.0OGD TO &40

TYFE 795

FORMAT (v~ UWISH NEW FREQUENCY? ‘%>

RCCEPT 210sIFFREQ

IF(JFFREQ.EC.1>GO TO €75

GO TO 960

m1=1.0

CALL LINVIF CTMRTX s IMMMYs4sMXSITEs 22y IID1» DDy

1 WKRAREFAs IERD

DET=DD1e2. (eeDD2

XX=FREQ
IFCIFFC.EQ. 1) XX=FDG
IF(MRSF.NE. 1>GD TO &20
IF(NCOUNT.NE. 1)GD TO 210
FN1=DET

XXNEU=XUL

60 7D &1¢

DRX=0. 0001

IFCIFFC.EQ. 1>DRX=0, 0%

IF (ARS (X=-XNOLD) . GT. PRX. OR. AES (DET~FNI) .GT, 0. 01)GD

1 70 813

60 70 821

XXNEU=XX-FOLDe (XXOLD-XX> 7 C(FOLD-DET)
IFCDETOFOLD.LT.0.06G0 TO 815

IF (XX. 6T NXOLD) XLL=XX

IF OXX. LT XXOLID XUL=XX

GO TO 817

IF (XX, 6T . NNOLID KUL=XX

IF XX LT RNNOLD) NLL=XX

TF CXXNEW. GT.XUL. DR.NXNEW. LT, NLLIXNXNHEW= 0, Se CNUL+NLL)
FOLD=DET

XNOLD=X¥X

60 TD e2%

TYPE 821+FFECENGyDET» IEFRPITO (1) 9 P2SOC1) yHH2 7))
FORMART (2F9.3+E12.3+s14,3E12. D

IF (XX.GE.X%2>G0 TO 829
XXNEU=XX+XDEL

CONT INUE

1IFCIFFC.EQ.1>GO TO 828

FREQ=XXNEW

60 TO 290

BIG=XXNEY

Te——
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)
N 72700 60 TO 295
s, 7es00 829 TYPE €30
72900 €30 FOPMATC-¢ WISH HEW TRYS AT ROOT? ‘%>
73000 ACCEPT 2105 INEWMXX
. 73100 IF C(INEMXX.EQ. 6D TD 930
3 73200 1F (IFFC.EQ. 0VGD TD 245
Iy, 73300 G0 TO &7€
14 73400 821 IFROOT=1
) 7T3S00 C eeee ROOT NOW ENOWN
] 73600 33 IF CIFFC.EQ. 1>G0 TO 890
: 73700 FCGHZ=FFEQ
73800 €35 TYPE ©365FCGHZ
A 73900 €36 FORMAT (/¢ CUTOFF FFEQ IN GHZ =’F8.4)
- 74000 IFMCAP=0
74100 IF <MMODE. NE. 1.0F .NMODE.NE. 0.0R., JTTYFE.NE. 1) GO TD €40
- 74200 C MODAL COMPONENT AMFLITUDES ARE CALCULATED ONLY FOR
_ 74300 C CLSEC1,0> MODES WITH TDIM GRERTER THAN SDIM.
_ 74400 TYFPE 823
= 74500 €35 FOFMAT (/¢ WISH MDODAL COMPONEHT AMPLITUDES?T ‘$)
74500 ACCEFT 210 IFNCHP
< 74700 IF {IFMCAF.KE. 1560 TO €40
" 74200 IFFAA=0
74900 MCAMP=1
. TS000 GO TO S£0
- TS100 840 TYPE £41
- TEE00 841 FOFMAT < 10 YOU MISH CALCULATIONS FOP FRECUENCIES
TSE00 1 AEOVE CUTDFFT HO=0: YES=1 ?'0)
TSa0n ACCEPT 210» IFFFED
o 75500 IF CIFFFEC.EC. 1) G0 TO €43
~ ; IF (IFFREC.EC. ) GO TD 960
N GO TD 840
N £4% IFFC=1
s IFPAR=0
IF (MMODE.NE. 1. OR.NMODE. HE. 0. DR, JTTYFPE.NE. 1) GO TD 875
TYPE €46
- 846 FOPMAT <’ WISH POVER BFEAKDOUN AND ATTENURTIONT “$)
- ACCEFT 210s IFFARA
. IF CIFPRA.HE. 1) G0 TD &70
- eso TVFE €S
" g1 FORMAT ¢ BREAKDOUN STRENGTH (RELATIVE TO THAT OF
- 1 DRY AIRd OF DIELECTRIC: °$)
. READ (S» @) EDSD
IF (EDSD.GE. 1. 0>GD TD 858
- TYPE €%¢
- es¢ FOFMAT ¢/ FELATIVE EREANDOWN STRENGTH OF DIELECTRIC
N 1 SHOULD FE UNITY OF GRERTER”)
. GO YO 8%
. 858 TYPE Sé1
- gel FOPMAT ¢/ CONIUCTIVITY (RELRTIVE TO COFPER) OF WAVEGUIDE
- T7800 1 WALLS: ‘9
- 7770 READ (5o > MGCNCU
77600  8ES TYPE €66
3 77900 €é6 FORMAT ¢© LOSS TANGENT OF DIELECTRIC: “®)
2 72000 READ(S.&>DLT
X 72100  &70 TYFE €71
- Taso0 €71 FOPMATC’ WISH MDDAL COMPONEWT AMPLITUDES <VES=1> ?°®)
: T2200 ACCEPT 210+ IFMCAF
: TESND  &TS TVPE 876
TeSa0  £Te FOFMAT «¢ DESIFED FFECUENCY IN GHI! ‘%)
. 7800 FEAD (%« &)FFEC
- ; IF\FFEQ.GT.FCGRIVGD TD §T8
- TETON TVFE €77
o 78900 877 FOPMAT (© FFEOUENCY MUZT FE GFERTEF THAN CUTDFF FREOUENCY “)
« 79000 GO TO 875
. 79100 87e TYPE €79
79200 879 FOPMAT C/¢ WISH PETA SERFCH(O OP FIXC1)? g
7 79300 RCCEPT 2101 MPSF
s 79400 IF (MPCF_EQ.0XGD TD €£0
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729500 IF(MRSF.ECQ. 156D TO 685

79600 60 TO 878

79700 880 TYPE €81

79800 881 FOFEMAT ¢ PETA (BEG/IN) - - START,STOPs INCREMENT: ‘)
79900 READ (S» 0> XX19 XX2s XDEL

80000 BEDG=¥K1

80100 G0 TO 26é%

80200 885 TYPE €26

80300 886 FORMAT ¢4 SET LOVER,UFPPER LIMITS ON BETR (DEG-/IN>: ‘%)
20400 READ (S o> XLL» XUL

80500 EDG=xLL

8n600 XDEL=0.35e (XUL-XLL)

80700 G0 TD 265

£0300 890 BDGR=EKIG

80900 WGLIL=360. 0/FDGR

81000 TYPE &94FREQs EIGF

£1100 894 FOFMAT (6X“FFEQ‘ 11X EETA“/F10.3,F15. 3

81200 MCAMF=0

£1300 IF(IFPAR.NE. 1.AND. IFMCAP.NE. 1>60 TO 795

€1400 NCAMP=1

£1500 60 TO S60

£€1600 960 TYPE 962

£1700 92 FOFMAT (/2% WAVEGUIDE PAFAMETEFS —- DIMENTIDHS IN
€1800 1 INCHES’ /9% R’ QX E 9%/ D 9% S &N T/ 75N FNC )

£1900 TYFE 963»ADIMs EDIMs DOIM«SDIMs TDIM, RDC

£2000 962 FORMAT (7F10.4)>

£2100 TYFE “&S5s EMMODE s MMODE s NMDDE s FCGHZ » NHOM

ez200 Q&S FOFMAT (/¢ WAVEGUIDE MODE IS CLS A1 C 117, 117) 5N
ez20n 1 “CUTOFF FRECQUENCY IN GHZ =/F9.4-° NUMBER OF HIGHEF OFDEF
o240 2 MDDEZ USEU IN ANALYSIS = 712/

22500 IF CIFFFEQ.EC. 0 GO TO 920

fzenn 9% TVPE @21

gzvon @81 FOFMAT -~ DD YOU WISH A REPUNT “§)

ezen0 READ (S» «> NREFUN

22200 GO TO(R3IR Q84 184+ 1885 1221 126+ 1409 1TS 2001904110
23000 1 s950) NEFEPUN+1

82100 9%4 TYFE 93%

£3200  98% FOFMAT ¢ TO CHANGE: R=3s F=3, D=4, £=S. Tzi. EFCP=T,
£2300 1 NUMEEP OF MDDES IN ANALYSIS=8,,- DESIRED MDDE=%STAPT
83400 1 FROM SCRATCH=10")

23500 GD TO “20

22600 999 END

22700 FUHCTIDN SINC (XSINCsMFS12sKINT» KHRs HRATIO)

22800 SCXP=1.5707%5+ (K INT+KHF ¢ HRAT 10)

£2300 SCHM=1.570795¢ (KINT-KHReHFATIO)

€4000 IF CKINT.NE. 0. AND. KHF..iE. 0>GO TO 1120

24100 IF (KINT.EQ. 0. AND. KHR.NE. (OGO TO 1110

€4200 IF CKINT.NE. 0. AND.KHFR.EQ. 0>GO TO 1100

§4200 SINC=1.0

£4300 1F (MFS12.EC. 0> SINC=0. 0

§4500 6D TO 1130

84600 1100 SINC=0. 0

84700 GO TO 1130

24800 1110 SINC=MFS126SIN(SCNP) /SCXP

£4900 GO TD 1130

85000 1120 IF ¢AES (SC¥M . GT. 1. 0E-0S GO TO 1125

£5100 SINC=KS INCeSIN(SCNP) /SCNF+1. 0

£5200 60 TO 1130

83300 118% SINC=KSINCeSINC(SCNP) 7/SCLF4SINCICNMY /SCNM
£5400 1130 CONTINVE

25500 FETURN

€5600 END

PROGRAM CROOT3

00100 C FFOGFAM (FDOT3.FOF
00200 DIMENTION XL ¢35 TDEC2) » TRHGD (35 » CA (3 » CED ()
00200 COMPLES, CT1sCT2yCT35C6121C621»CG230 PG
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00400 COMPLEX CFs»FPGRYCGSQYTCY»TC2

00500 TYPE 20

00600 20 FOFMAT ¢ PROGRAM CROOT3 CALCULARTES THE COMPLEX
00700 1 PROPRGATIODN CONSTANY GF A GIVEN‘/“ TRANSMISIION LINE
00300 € BY USING THE MERSUFED TRANSMISSION CDEFFICIENTS
00900 3 277 OF THFREE DIFFEPENT LENGTH SAMPLES TD

01000 4 CORPRECT FOF. MISMATCH EFFECYS‘’//)

01100 TYPE 21

01200 21 FDRMAT ¢ WISH FRINTOUT AS POOT IS SOUGHT?’$)
01300 ACCEPT 21%, IFRSFO

01400 24 TYPE 25

01%00 5 FOFMAT C LENGTHS AFE IN INCHES’)

01600 PO 28 1=1:31

01700 TYFE 27»1

01800 e? FOFMAT ¢~ LENGTH DF SAMPLE #7117: “$)

01900 READ(Ss X XL DD

02000 28 CONTINUE

02100 TYFE 30

ozeae 20 FDRMAT ¢’ MEARSUFED TRAEMSMISSION DATA IS TO EE ENTEPED
0200 1 AT LDTS IN DEs PHASE IN DEGFEES”)

02400 21 TYPE 32

ozs00 32 FORMAT ¢” FREQUENCY IN GHZ: "%

02e 00 FERD (Ss @) FFEQ

02700 DO 35 I=1+3.1

gzang TYPE 33+ XL (D

02900 32 FOPMATC” LOSSs FPHAZE DOFFE.3° INCH SAMPLE: ‘%)
02000 FEARDSy X TOECD » TANGD ()

03100 35 CONHTINUE

0z200 TYFE 4Q

40 FOFMAT (/7 ENTER FIRST TRY VARLUES FOF RLPHA. EFETRC(DEG/INY: ‘4>
FERD Sy eMA1LEDIL
TIMAG=10. (ee «-TDEC1> /20, O
TEMAS=10. Gee (-TDED) ~20. OO
TEMAG=10. (ee (-TDE(Z>-20. 0>
TIANGR=TANGD (1> /87, 29S7 oS

Qza0n0 T2ARNGR=TANGD 2> /37, 8957795

nDI000 T2ARNGR=TANGD (2M »S7 . 2957 790

03100 TRS1=TEMAGe TIMARGSCOS (TSANGP+T1RNGF)
03200 TI21=TEMAGeTIMAGESINKTZANGF+T1ANGR)
04200 TR13=TIMRGeTIMAGeCOS (T I1RNGR+TIANGRY
03300 T112=T1MAGe TIMAGeSIN KT IANGR+TIANGR)
4500 TR2E=TZMRGS TZMAG*COS (T2ANGF+ TERNGR)

G456 00 TIZEZ=TEMRGeTEMAGE SIN CT2ANGF + T2RHGR)
04700 DLI3=XL (1) =XL (>

4200 DL3I2=XL Q¥ =XL &)

Q4900 DL21=XL @) ~-XL (1)

eSong ITPY=1

05100 ALFHA=A1

QS200 FETASEDI1/57,.2957795
05200 S0 HCAL13=COSHCALPHA*DIL1D)
05400 HER13=SINHRLFHARIIL12)
05500 HCA21=COSH (ALPHRA*DLZ 1)
QSE0D HIAR21=SIHH (ALFHAeIL 21D
Ul 1] HCAR2S=COSHRLPHASDLZD)
oscon HSRIS=S INH (RLFHASDL 3
0S%00 CE13=COSCFETReIL1ID
0000 SPI13=SINCFETAReDLID
06100 CE21=COS (RETReDL21)
05200 SEC1=SINCFETReDL21)
06300 CF22=COS (FETRSDLIZ
06400 SE32=SINC(EETReDL3D)
06500 HSS13=HSR13eSR13

05600 HSCI3=HSR13eCRI3

0a7 00 HCS13=HCAL13eSP13

0800 HCC13=HCR13eCER13
0€900 HSS21=HSR21¢SkZ1]

07000 HSC21=HSA21eCR21

07100 HCS21=HCA21eSER)
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07200 HCC21=HCA21 ¢CE21 e
07300 HSS32=HSA32eSE32 ~
07400 HSC32=HSR32CB32

07500 HCS32=HCA32+SE32

07600 HCC32=HCA22eCE32

07700 FR=TR3ZeHSC32-T132¢HCS32+TR214HSC21-T12] eHCS21
07€00 1 +TR13+HSC13-T113+HCS13

07900 FI=TRIZSHCS32+TI324HSC32+TR216HCS2 14T 121 eHSC21
08000 1 +TR13eHCS13+T113eHSC13

08100 FMAG=SORT (FReFR+F1+F1)

02200 IF CIFRSFO.NE. 196D 1D 60

08300 TYPE S8 ALPHRAs BETAsFRsF1+FMAG

03400 S8 FORMAT (2F10. 55 2€10. 3)

0500 60 CONTINUE

03600 IF (FMAG.LT. 1. 0E-07>GD TD 80

05700 IFC1TRY.LT. 11560 TO 70

03800 TYPE 65

03900 65 FORMAT ¢~ MORE THAN 10 TRYS AT ROOT-)

09000 6D T0O 80

09100 70 PFRA=DL22e (TR220HCCAZ-TI32¢HSS32) +DLZ 1+ (TR21 ¢HCC21
03200 1 -TIZ1eHSS21) +DL13e (TRI3eHCC13-TI1234HSS13)

09300 PFRE=—-DL22¢ (TR2Z4HSS32+TI32¢HCC32> —L21 ¢ (TR214HSS21
09400 14T121eHCCZ1) ~DL13¢ (TRIZOHSS13+T1120HCC13)

09500 DET=FFRA*FFRA+PFRE*PFRER

09600 DELA=- (PFRAFR-FFRPF 1) /DET

0%700 DELP=-(PFRE*FF+FFFRR*F1) /DET

09200 ALFHA=ALFHA+DELR

0SS 00 EETA=EETA+DELR

10000 ITRY=1TRY+1

10100 G0 TO S0

10200 €0 ED1=5T.2957795¢RETA

10300 TYPE 90

10400 QQ FORMAT (/7° MEAS #-3XLENGTHCIND “3X7TMARGKIE LDSD)
10500 1 TANGCDEG) )

1 0010 O % I=1,3s1

10700 TYPE Q45 1YL (DD s THECD) » TRHGD (1D

10260 o3 FOFMAT (17T»F13.42F16.3sFI12.D)

10%00 as COHT INUE

11000 TYPE 100sFREQ»RLPHRyEX]

11100 100 FOFMAT ¢/’ FREOGUENCY C(GHZ) =’F7.3»SN’ALPHA =7Fé6.4s4N°
11200 1 PETRCDEG/INCH) =’Fg.)

11200 et TYFE 210

11400 210 FOFMAT (/77 WISH HEW FREQUENCY DRTART ‘%) -
11500 ACCEPTY 21%5sNRERUN

11600 19 FORMAT (I D)

11700 60 TO (225315225 NRERUN+1

11600 ees END
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