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SECTION I

INTRODUCTION

Over the past decade, considerable interest has developed in the
problem of free-free radiative transitions of electrons scattered by atomic
or molecular targets (Refs. 1-5). Part of the motivation arises from
experiment, and part from the realization that at low frequencies, one may
relate the scattering amplitude in the presence of radiation to the
corresponding parameter without the field. That is, the radiative
scattering amplitude for soft photons is a combination of terms, each of
which is a product of a field-free amplitude and a factor which is a
function of field and the momentum of the projectile. No further knowledge
of electronic wave functions is needed to calculate transition probabilities.
Thus, if one were primarily interested in calculating cross-sections, it
would not be necessary to engage in analysis much more detailed than in the
field-free case, although to be as accurate as ponssible, one should use
T-matrix elements that dc not lie on the energy shell.

The soft-photon approximation may be regarded from another point of
view as well. Off-shell T-matrix elements are not, by definition,
accessible to direct measurement. Since they enter into the formulas of
the soft-photon approximation, however, one could imagine performing a set
of experiments to measure free-free cross sections which could be used to
deduce the off-shell T-matrix elements. Thus, the role of the radiative
problem could be understood as 2 probe to gather data for the fieid-free

scattering.
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~ In the present report, we are mainly interested in the actual ‘
' calculation of cross sections for photo-induced processes, whether or rot :
- the soft-photon approximation holds, and shall use perturbation theory as
. our mair calculational tool. A hy-product of our work is an accessment of ;
- the limits of validity of the soft-photcn approximation. In addition, we
have checked our codes against the soft-photon approximation, in the regime
i of intersities ard frequencies where both it and perturbation should be i
g valid.
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SECTION IT
THEGRETICAL BACKGROUND

Throughout this report, we shall assume that the material system is
excited by a single mode laser field, which we shall treat classically,
cince we are concerned with an intensity range where transition
probabilities calculated via semiclassical radiation theory are
indistinguishable from the results of quantum electrodyramics. We shall
also assume the dipole approximation to be valid, an assumption entirely
justified for wavelengths large compared to atomic dimensions. The
interaction between the field and the electrons may be equally well

represented by the three forms

H' = —.E_'_t' (1)
H' = -A-p/mc + e2A2/2mc2, (2)
H' = eZ- grad V(r)/mc? + e2(2-grad)2V(r)/2m2c* +

e2A2/2mc2, (3)

where E is the electric field, A the vector potential, and Z the Hertz
vector. The three forms of the interaction are denoted as the length,
velocity, and acceleration gauges, respectively. The function V(I) is the
unperturbed potential in which the electrons move. The three forms are
equivalent to withir unitary transformaticns, although in particular
applications, one or another may be more convenient to use. We shall have
occasion to calculate single and double photon matrix elements of these

operators. To the lowest allowed orders of perturbation theory, these are,

in the length, velocity, and acceleration aauges, respectively,
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M“.. = - (gf E‘L go)’ (4) E
My, = (-e/mc) (B, A.p D), ()
= 2 =3
M2 (e/mc2) (@ Z grad V ﬂo), (6) 3
= 2 * L] - ,
My =e2S (P Ecr8,) (B Er )0, (7) ;
= 2 e P . -.'.
My, = (e2/m?c2) S (P A.p B,) (P, A'p 8,)/D,, (8) 5
4
= 2 '
M, = (e2/m?c”) S (P Z gradV @,) (P, Z gradV @ )/D 3j;
+ (e2/2m2ct) (B, (Z grad)?v g). (9) -
The energy denominator Dw is given by E - Ey #iw + ie, where it is ?;
understood that we are to take the 1imit as the positive parameter e Eﬁ
approaches zero. This explicitly incorporates the "outgoing” nature of the ;'
Green's function into the problem. One uses the plus sign for absorption, ti
the minus for emission. PMote that the term proportional to AZ in the Ei
velocity and acceleration interaction Hamiltonians does not contribute to E’
two-photon transitions in the dipole approximation. :jf
It is also possible to write the tweo-photon matrix element in a "mixed" E ?
gauge representation, i.e., one in which one of the matrix elements in the i;'
product is in the velocity gauge and the other in the acceleration gauge. g
The two-photon matrix element in the mixed gauge is given by
= (p2 2 . r-
Mo = (e2/2 m2c2) S (Bl Z.gradv|e, ) (9, 1A-pl0,) :
+ (¢l Ap10, ) (P, 1Z-gradv]p ))/D,. (10)
In these equations, 00, ﬁk, ﬂf denote the iritial, intermediate, and final ilL
state wave functions, ana S represenrts a sum over all intermediate states, iéf
1ncluding an integration over the continuum. .ff
In calculations of free-free matrix elements for single-photon ;?:
processes, there is a certain advantage to using the acceleration gauge, i;f

which involves calculating radial integrals of operators of asymptotic form
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r'", where n is at least two. In our realistic model (Refs. 6 and 7), n =
5. Since the radial wave functions behave like r'l as r increases, the
integrals converge easily. This is not so for the length and velocity

1 and ro, respectively, as r grows

forms, for which the integrands go like r
without bound. To determine these integrals, it is necessary to first
evaluate numerically the contribution from r = 0 to r = R, where R is
larce, but finite. At R, the radial wave functions have assumed their
asymptotic forms. By inserting a convergence factor into the integrands,
the integration from R to infinity may be performed aralytically. The
convergence factor usage may be justified on physical grounds--it
corresponds to integrating over all momentum components in the final state
wave function. While this device formally removes the divergence, it
frecuently happens that the analytic and numerical portions of the
integration almost exactly cancel, so that one is left with the difference
between two almost identical terms, a remainder notoriously subject to
numerical errors. This cancellation is a residue of the case of V = 0,
where the cross section for free-free processes does vanish, so that the
cancellation must be exact.

Ore might expect to find it similarly advantageous to use the
acceleration form of the two-photon matrix elemert. In this case, though,
there is an additionel complication, namely the term proportional to Z2.
This cortribution generates two drawbacks--for low frequencies, it may
almost exactly cancel the term second-order in Z gradV, imposing an
accuracy requirement on the two parts similar to that discussed above. In
addition, for realistic Coulombic potentials, the Z2 term generates a

deita-function contribution, which mandates accurate knowledge of the wave

............
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function at the origin, It is well-known that the wave function at the
origin is unreliebie in numerical and approximate calculations, so that
considerable care nust be exercised if one wishes to use the acceleration
gauge for two-photon rates.

It turns out that the advantages obtained by usina the acceleration
gauge in single-photor calculations may be transferred to the two-photon
case, without suffering the indicate drawbacks, by going over a mixed gauce
approach, provided that we perform the analysis in the implicit summation
scheme, which we had intended to use anyway. The only price we pay for the
mixed gauae approach is in the lenath of computer time required to complete
the computation. We are obliged tc double the number of inhomogeneous
equations solved.

The matrix elements for second-order processes require that one
perform infinite summations cver intermediate states. The implicit methed
enables one to reduce each sum to a single term. For example, in the

velocity gauge, we may defipe

8,1 = s 9 (8]Apl8)/0,. (11)
so that

My, = (e2/2m2c2) (91A-p1g (1)), (12)
(1)

The function ¢O satisfies the inhomogeneous eaquation

(H, - Ej * Hw - ie )(oo(l) - -Ap 9. (13)

0
Aiternatively, one could define

o) = s, (8, 18-p10,)/0 . (14)
so that
My, = (e2/2m2c2) (9, V| Aplo ), (15)

where

- g ‘ . . >

- PR ". ". ". ‘.A"a
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(H, - €+ Hw o+ ie) (1) - _ap g, (16)

In the mixed representation, we require both 0(1) functions. The matrix

element for two-photon processes becomes
1 R
My = (e2/2Hm2c2) (0| Z-graav|p (1)+(p 1)) 2. graavip ). S
We solve Eqs. (13) and (16) by separation of variables in the single-

particle version of the problem. We write, for example,

_ L _in . \ .

go = 4w/ i e L UL(kr)YLM(O,ﬂ)YLM(O',w )/kr (17) ii,;

where 0, @, 8', @', are the polar and azimuthal angles of the electronic e
coordinate and momentum, and N the phase shift for angular momentum L and

propagation constant k. The radiation field is assumed to be linearly Lii

polarized along the z-axis. Operating on ﬂo with the interaction operator

for the velocity gauge, Apz, we find

ApZ ¢() = -14"AZ iL+2(?L+1)-iYLM(QQ¢) [einL+1YL+l,M(9',¢') '.-

f ((L+1)2-M2) 72043 F((Ls2)U, (ke) /ety (k) + 7ML

: Yoy m(e's8") (L2-M%)/2L-1 *((L-1)UL_I(kr)/r-ui_l(kr)] (18)

' It is convenient to define SL = rUL. The function ﬂo(l) has the expansion
: 1

: 3,47 = ) pL(r) y 0.0 (19)

- The p , satisfy differential equations of the form

- (-4d/dr? + vir) + 4LLA)/PE - kP 2 ) P,

S CTE A R e LY I ((RE STV
(21+3))* ((Le1)s, , (kr)/r + 57 (ke)) + 'Ll
1M (9',ﬂ')((L?-Mz)/(ZL-J.))*(LSL_I(kr)/r - S/ _{(kr)) (20)

These are solved numerically by the following procedure. For large values

of r, the potential V(r) vanishes, and the inhomogeneity assumes its

asymptotic form, which i< & linear combination of er(kr) and ryL(kr), iih
where Jy sy are spherical Bessel functions of the first and second kinds. i:f‘
a3

7 o

3




In this region there is a particular solution of the inhomogeneous equation
that similarly has the form of a linear combination of er(kr) and ryL(kr).
We numerically integrate this particular solution inward to the origin,
where it normally diverges. The singularity is removed by superimposing a
m'tiple of that solutior of the corresponding homogeneous equation that
exhibits a singularity of the same character as the origin. A multiple of
the regular solution is also appended to make the full complementary
function satisfy outgoing boundary conditions for large values of r.

P variation of this procedure is used for two-photon calculations with
the Kruger-Schulz model (Ref. 8). The inhomogeneous equation technique is
a Green's function method. For the K-S model, it is converient to explicitly
calculate the Green's function. In the acceleration gauge, the interaction
is non-vanishing orly at the discontinuity of the model potential, where it
is proportional to the delta function and its derivative. Accordingly, the
integrals which define the matrix elements are trivial to evaluate, and
involve the Green's function for the case where both spatial arguments are

the radius of the square well.

In the perturbative approach to the problem of calculating radiative
transition rates, which we have been discussion, one requires, formally at ;fd

least, the electronic wave function for all separatiors of the target nucleus fffﬁ

e
S

and the bombarding electron. At low frequencies, all this information is

not needed. One requires. in this limit, only the field-free scattering
amplitude, which is equivalent to specifying the wave function only for
large separations. That is, the results are insensitive to the short-range

details of the solution to the Schrodinger equation. The small-r behavior

manifests itself only to the extent that it influences the asymptotic form.
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Since the conditions for validity of the soft-photon approximation depend ey
K. .
on the wavelength of the radiation but not on its intensity, whether or nrot A
A
the approximation applies to a particular problem is independent of whether E'j
foy
perturbation theory may be used. However, since our interest is confined "y
.
to what is basically a weak-field regime, we shall utilize a perturbative >
form of the low-frequency approximation--that is, we shall represent the ﬁ;ﬁ
S
Bessel functions which appear in the expansion of the trarsition matrix o8
E
elements by the Teading terms in their power series expansions. In practice, "i

we shall always use this perturbative form of the soft-photon approximation,

dl1though for convenience we shall retain the full Bessel function in the

»
»
o *

formal expression for the scattering amplitude. The formula for the T-matrix
element for an N-photon process in the soft-photon approximaticn is given
by (Ref. 9)
(N) _ RL
To' =2 Inm@ke,) Tuo(E; + M) 9y (-0ky ), (21)

where Q = (e/mcw)AéE, Jy(x) is the Bessel function of integer order M, and

-7
el
T

2 the unit polarization vector. The symbols u and v denote target states,

i and f initial and final, and the superscript RL (radiationless) indicates

the corresponding T-matrix element in the absence of the field. We shall e
also refer to the "extreme" soft-photon approximation, where the variation

s
of Tst with energy is ignored.
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SECTION III
MODEL POTENTIALS

In our actual calculations, we made use of twe classes cf
potentials--those for which closed-form solutions could be obtained, but
which were not representative of real systems, and realistic models which
had to be attacked by numerical methods. The former class was fnvestigated
to get a qualitative feeling for the problem, while the realistic mode! was
used to generate cross sections.

In the (unrealistic) Kruger-Schulz model, the target atom has two
states with energies E, = 0 and E, = 0.5 a.u. The electron-target
interaction is represented by a 2x2 symmetric matrix V(r), defined by

V(r) = (K2/2m) U 8(r-R), (22)
where
0.06 0.04

(23)

l=
1
1
Y

0.04 0.55 R
where a, is the Bohr radius, 6 the step function, and r the distance of the
electron from the taraet, which does not interact with the laser., The
choice of the parameter R is arbitrary, of course. We have retained the
same R = 6ao used in the original work of Kruger and Schulz to facilitate
comparisors with their results. We emphasize that the problem is solvable
in closed form with this model, although computers are used to obtain
results from standard representations of analytic function,

The "realistic" potential is the same one used by Robinson and Geltman

(Ref. 7) ancd by Geltman (Ref. 6) to study photo-induced transition rates.
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The many-electron system is represented by a single particle interacting
with an effective potential which simulates the actual projectile-target
interaction. It is taken to be of the form
- - 2
V= Voo - (7M1= 1)/r - a (71 - 1)/2(r24p2)), (24)
where VHFS is the Hartree-fock-slater potential published by Herman and

Skillman (Ref. 10), a the polarizability of the target, and r_ and r

0 ]
adjustable parameters. The second term removes the coulomb tail of VHFS’
and the third is the polarization potential. We use atomic units for Eq.
(24). This potential has been successful in predicting electron scattering
cross sections and photodetachment rates (Refs. 7, 8, 11, 12).

Numerical results for free-free absorption cross sections are presented

in Tables 1 through 8.

11



TABLE 1

SINGLE-PHOTON FREE-FREE CRCSS SECTIONS
FOR ELECTRONS SCATTERED FROM THE META-
STABLE STATES OF HELIUM

Eohot = 0.00882

Einc Efin ISo lso 3S1 3S1
(exact) (soft) (exact) (soft)

0.99118 1.0 0.706-1 0.119+0 0.702-1 0.989-1
0.89118 0.9 0.730-1 0.121+0 0.726-1 0.994-1
0.79118 0.8 0.757-1 0.123+0 0.751-1 0.101+40
0.69118 0.7 0.789-1 0.12640 0.781-1 0.102+0
0.59118 0.6 0.824-1 0.127+0 0.814-1 0.103+0
0.49118 0.5 0.867-1 0.128+0 0.853-1 0.104+0
0.39118 0.4 0.923-1 0.130+0 0.903-1 0.104+0
0.29118 0.3 0.100+0 0.131+0 0.967-1 0.106+0
0.19118 0.2 0.113+0 0.133+0 0.106+0 0.111+0
0.09118 0.1 0.137+0 0.139+0 0.116+40 0.112+40

12
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Table 1. Single-Photon Free-Free Cross Sections for Electrons Scattered "w -
from the Metastable States of Helium (Continued) A
Eohot = 0-086 ‘:’_.\
2
1 1 3 3 ‘
- Einc Efin S % 51 51 -
(exact) (soft) (exact) (soft) I:'.;’.-'
0.914 1.0 0.832-5 0.133-4 0.825-5 0.109-4 :.
0.814 0.9 0.868-5  0.135-4  0.858-5 0.111-4
0.714 0.8 0.911-5  0.138-4  0.897-5 0.112-4 f;f:;}.
0.614 0.7 0.962-5 0.140-4 0.945-5 0.113-4
0.514 0.6 0.103-4 0.142-4 0.101-4 0.115-4 b;‘":
0.414 0.5 0.111-4 0.145-4 0.108-4 0.116-4
0.314 0.4 0.125-4 0.148-4 0.120-4 0.118-4 ;
0.214 0.3 0.150-4  0.153-4  0.142-4 0.123-4
0.114 0.2 0.218-4  0.166-4  0.198-4 0.135-4 ‘\“:
o
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'.:: Table 1. Single-Photon Free-Free Cross Sections for Electrons Scattered

. from the Metastable States of Helium (Continued) &

R _ \

< Eohot = 0-1308 55

w v

S -

.y " . ~ ~ -~

i i 3 ]

i E1'nc Efin So So Sl Sl R

; (exact) (soft) (exact) (soft)

b -

L i

‘ 0.8652 1.0 0.165-5  0.250-5 0.161-5 0.204-5 3
0.7692 0.9 0.172-5  0.258-5 0.169-5 0.208-5 7
0.6692 0.8 0.182-5  0.259-5 0.178-5 0.210-5 o

N

0.5692 0.7 0.194-§ 0.264-5 0.189-5 0.214-5 E
0.4692 0.6 0.211-5  0.271-5 0.206-5 0.216-5 o
0.3692 0.5 0.237-5 0.278-5 0.228-5 0.222-5 i
0.2692 0.4 0.276-5 0.288-5 0.264-5 0.228-5 ?
0.1692 0.3 0.365-5  0.312-5 0.344-5 0.246-5 e




| TABLE 2

STNGLE-PHOTON FREE-FREE CROSS SECTIONS
FOR ELECTRONS SCATTERED FROM THE GROUND
i STATES OF HELIUM AND NEON

£ = 0,00882

phot

; Einc Efin He He Ne Ne
ﬁ (exact) (soft) (exact) (soft)
k 0.99118 1.0 0.354-1 0.353-1 0.267-1 0.272-1
i 0.89118 0.9 0.331-1 0.330-1 0.239-1 0.242-1
E' 0.79118 0.8 0.305-1 0.304-1 0.209-1 0.212-1
ti 0.69118 0.7 0.276-1  0.275-1  0.181-1 0.183-1
L 0.59118 0.6 0.244-1 0.244-1 0.153-1 0.156-1
> 0.49118 0.5 0.208-1  0.208-1  0.126-1 0.127-1
2 0.39118 0.4 0.169-1  0.169-1  0.996-2 0.101-1
o 0.29118 0.3 0.127-1 0.127-1 0.738-2 0.748-2
r‘ 0.19118 0.2 0.826-2 0.826-2 0.481-?2 0.489-2
0.09118 0.1 0.381-2 0.382-2 0.220-2 0.226-2
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Table 2. Single-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground States of Helium and Neon (Continued)

E = 0.086

phot

BEAERE AR RS R ol LR

. Einc Efin He He Ne Ne

(exact) (soft) (exact) (soft)

0.914 1.0 0.399-5 0.381-5 0.298-5 0.288-5

0.814 0.0 .374-5  0.354-5 0.264-5 0.254-5
;- 0.714 0.8 0.344-5 0.324-5 0.232-5 0.222-5
1 0.614 0.7 0.311-5  0.291-5 0.201-5 0.190-5

0.514 0.6 0.274-5 0.253-5 0.169-5 0.159-5
: 0.414 0.5 0.234-5  0.213-5 0.140-5 0.129-5
] 0.314 0.4 0.191-5 0.168-5 0.111-5 0.100-5
; 0.214 0.3 0.144-5 0.120-5 0.823-6 0.715-6
- 0.114 0.2 0.956-6 0.724-6 0.538-6 0.433-6
)
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. Table 2. Single-Photon Free-Free Cross Sections for Electrons Scattered

' from the Ground States of Helium and Neon (Continued)

:E Ephot = 0.1308

S

! . E, Ees He He Ne Ne

g (exact) (soft) (exact) (soft)
0.8692 1.0 0.756-6 0.732-6 0.558-6 0.565-6
0.7692 0.9 0.707-6 0.684-6 0.497-6 0.503-6
0.6662 0.8 0.652-6 0.631-6 0.436-6 0.441-6
0.5692 0.7 0.590-6 0.569-6 0.378-6 0.382-6
0.4692 0.6 0.522-6 0.505-6 0.320-6 0.324-6
0.369? 0.5 0.447-6 0.433-6 0.264-6 0.268-6
0.269? 0.4 0.356-6 0.354-6 0.210-6 0.212-6
0.1692 0.3 0.280-6 0.271-6 0.157-6 0.162-6
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TABLE 3
SINGLE-PHOTON FREE-FREE CROSS SECTIONS
FOR ELECTRONS SCATTERED FROM THE GROUND
STATES OF CARBON AND NITROGEN

Ephot = 0,00882
Einc Ef'in ¢ ¢ N N
(exact) (soft) (exact) (soft)

0.99118 1.0 0.952-1 0.957-1 0.725-1 0.725-1
0.89118 0.9 0.879-1 0.883-1 0.661-1 0.662-1
0.79118 0.8 0.798-1 0.802-1 0.595-1 0.596-1
0.69118 0.7 0.710-1 0.713-1 0.523-1 0.525-1
0.59118 0.6 0.613-1 0.616-1 0.448-1 0.451-1
0.49118 0.5 0.509-1 0.511-1 0.369-1 0.372-1
0.39118 0.4 0.398-1 0.401-1 0.286-1 0.289-1
0.29118 0.3 0.283-1 0.284-1 0.202-1 0.206-1
0.19118 0.2 0.167-1 0.169-1 0.119-1 0.122-1
0.09118 0.1 0.634-2 0.648-2 0.552-2 0.581-2
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Table 3. Single-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground States of Carbon and Nitrogen (Continued)

i Ephot = 0.086
Einc Efin c ¢ N N
(exact) (soft) (exact) (soft)
0.914 1.0 0.108-4 0.103-4 0.815-5 0.774-5
0.814 0.9 0.995-5 0.941-5 0.745-5 0.703-5
0.714 0.8 0.905-5 0.847-5 0.670-5 0.627-5
0.614 0.7 0.806-5 0.746-5 0.591-5 0.547-5
0.514 0.6 0.700-5 0.635-5 0.508-5 0.463-5
0.414 0.5 0.585-5 0.517-5 0.420-5 0.374-5
0.314 0.4 0.463-5 0.392-5 0.330-5 0.284-5
0.214 0.3 0.336-5 0.265-5 0.238-% 0.192-5
0.114 0.2 0.210-5 0.143-5 0.148-5 0.104-~5
T
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< Table 3. Single-Photon Free-Free Cross Sections for Electrons Scattered i
from the Ground States of Carbon and Mitrogen (Continued) K
Ephot = 0.1308
:
} Einc Eein c c N N . E
: (exact) (soft) (exact) (soft) .
0.8692 1.0 0.2066-5 0.198-5 0.155-5 0.151-5 E
0.7692 0.9 0.191-5 0.183-5 0.142-5 0.137-5 ‘
0.6692 0.8 0.175-5 0.166-5 0.128-5 0.123-5
0.5692 0.7 0.156-5 0.148-5 0.114-5 n.109-5
:_ 0.4692 0.6 0.137-5 0.128-5 0.986-6 0.940-6
- 0.3692 0.5 0.116-5 0.107-5  0.829-6 0.780-6
0.2692 0.4 0.941-6 0.850-6  0.667-6 0.615-6 4
) 0.1692 0.3 0.722-6 0.624-6  0.507-6 0.425-6 g
X :;‘:'c
3
o
E
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TABLE 4

- SINGLE-PHOTON FREE-FREE CROSS SECTIONS o
FOR ELECTRCNS SCATTERED FROM THE GROUND s
' STATE OF ARGON o

B

)

E = 0.00882

phot

inc fin Ar Ar

(exact) (soft)

.99118 .160+0

—
.

.16140 R

.89118 .142+0 .14340 e

o w o

.79118 .119+0 .121+0

.69118 .960-1 .970-1

.59118 .736-1 .745-1 N

.49118 .534-1 .544-1

o (] o (e} (=] o (=) o o o
3 o o (o} o o o o o
L] . . . L] L] L] * .

(3, (=)
Q =) o o o (=] o o o D
o o Q o o o o o o o

.39118 4 .359-1 .370-1

y .29118 3 .213-1 .228-1 r
.19118 2 .984-2 .108-1 -
.09118 1 .239-2 .305-2
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Table 4. Single-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground State of Argon (Continued)

Ephot = 0.086
inc Efin Ar Ar

(exact) (soft)
0.914 1.0 0.178-4 0.172-4
0.814 0.9 0.156-4 0.148-4
0.714 0.8 0.131-4 0.122-4
0.614 0.7 0.104-4 0.966-5
0.514 0.6 0.800-5 0.727-5
0.414 0.5 0.581-5 0.518-5
0.314 0.4 0.390-5 0.339-5
0.214 0.3 0.229-5 0.191-5
0.114 0.2 0.820-6 0.657-6
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Table 4. Single-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground State of Argon (Continued)

E = 0.1308

phot

' s s Ry

. inc fin Ar Ar

(exact) (soft)

5 0.8692 1.0

o

.334-5 0.335-5

-

o

) 0.7692 0.9 .293-5 0.297-5

0.6692 0.8 .245-5 0.251-5

0.5692 0.7 .198-5 0.202-5

0.3692 0. L111-5 0.114-5

($a]

0
0
0.4692 0.6 0.152-5 0.155-5
0
0

0.2692 0.4 .753-6 0.783-f

0.1692 0.3 0.445-6 0.484-6
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DOUBLE-PHOTON FREE-FREE CROSS SECTIONS R
FOR ELECTRONS SCATTERED FROM THE META- 23
-:‘ :‘. ]
~ STABLE STATES OF HELIUM N
. K.,
R | 2
= Ephot = 0-00882
1 1 3 3
Einc Efin So So sl Sl
(exact) (soft) (exact) (soft)
0.98236 1.0 0.101-3 0.966-4 0.101-3 0.996-4
0.28236 0.9 0.941-4 0.909-4 0.947-4 0.935-4
0.78236 0.8 0.871-4 0.845-4 0.880-4 0.872-4
0.68236 0.7 0.796-4 0.777-4 0.809-4 0.802-4
0.58236 0.6 0.716-4 0.702-4 0.735-4 0.729-4
0.48236 0.5 0.631-4 0.621-4 0.656-4 0.652-4
0.38236 0.4 0.541-4 0.534-4 0.571-4 0.568-4 o
0.28236 0.3 0.444-4 0.441-4 0.478-4 0.476-4 o
: 0.18236 0.2 0.345-4 0.342-4  0.370-4  0.367-4 .
0.08236 0.1 0.230-4 0.226-4 0.206-4 0.203-4 o
. i
N RN
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Table 5. Double-Photon Free-Free Cross Sections for Electrons Scattered ',:l’_'_l'.

from the Metastable States of Helium (Continued) =

) R AN
3 = '-.:(.-
r Ephot 0.086 3
' RS
. ~ X
1 1 3 3

i . E’inc E*Fin S’o So So Sl E_LJ
{ (exact) (soft) (exact) . (soft) C-.;:-'.:‘_
! o
s X
0.828 1.0 0.130-11 0.123-11 0.130-11 0.127-11 —

0.728 0.9 0.124-11 0.116-11 0.123-11 0.119-11

0.628 0.8 0.116-11 0.108-11 0.116-11 0.112-11 ‘

0.528 0.7 0.108-11 0.100-11 0.109-11 0.104-11 °’

0.428 0.6 0.100-11 0.911-12  0.102-11 0.953-12

0.328 0.5 0.928-12 0.820-12 0.953-12 0.866-12 "i:_Z'_Z

0.228 0.4 0.879-12  0.732-12 0.907-12  0.779-12

0.128 0.3 0.928-12 0.666-12  0.947-12 0.697-12

0.028 0.2 0.222-11 0.886-12 0.249-11 0.743-12 ‘:
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Table 5. Double-Photon Free-Free Cross Sections for Electrons Scattered o
from the Metastable States of Helium (Continued) E
A
Epot = 0-1308 =
. =~
1 ] 3 3 >
E1'nc Efin S So 51 S1 oy
(exact) (soft) (exact) (soft) o
G.7384 1.0 0.488-13 0.440-13 0.483-13 0.454-13 i
0.6384 0.9 0.465-13 0.416-13 0.464-13 0.429-13
0.5384 0.8 0.446-13 0.391-13 0.444-13 0.404-13
0.4384 0.7 0.426-13 0.364-13 0.426-13 0.378-13 '
0.3384 0.6 0.415-13 0.337-13 0.415-13 0.353-13 -
0.2384 0.5 0.420-13 0.315-13 0.422-13 0.329-13 -
0.1384 0.4 0.483-13 0.312-13 0.483-13 0.318-13 E
0.0384 0.3 0.108-12  0.484-13 0.119-12  0.407-13 o
5
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TABLE 6
DOUBLE-PHOTON FREE-FREE CROSS SECTIONS
FOR ELECTRONS SCATTERED FROM THE GROUND

PR Y A e Y
SRR

STATES OF HELIUM AND NEON NS
K.
. ‘..
N
Epot = 0-00882 e
k.
inc Efin He He Ne Ne ;if
(exact) (soft) (exact) (soft) i,
0.98236 1.0 0.720-4 0.720-4 0.413-4  0.419-4 <
0.88236 0.9 0.608-4 0.607-4 0.325-4  0.329-4 -
0.78236 0.8 0.499-4 0.498-4 0.250-4  0.254-4 :
0.68236 0.7 0.395-4 0.395-4 0.187-4  0.190-4 5
0.56236 0.6 0.299-4 0.298-4 0.135-4  0.137-4 RS
.-\ .
0.48236 0.5 0.211-4 0.211-4 0.930-5  0.943-5 i
0.38236 0.4 0.137-4 0.136-4 0.599-5 0.609-5 o
0.28236 0.3 0.761-5 0.759-5 0.345-5  0.351-5 g
0.18236 0.2 0.324-5 0.321-5 0.158-5  0.160-5 -
0.08236 0.1 0.697-6 0.692-6 0.372-6  0.381-6 -l
'E,
27




Table 6. Double-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground States of Helium and Neon (Continued)
f{ Fonot = 0-086
M
Einc Efin He He Ne Ne
(exact) (soft) (exact) (soft)
0.828 1.0 0.843-12 0.841-12 0.459-12 0.465-12
0.728 0.9 0.705-12 0.701-12 0.359-12 0.362-12
0.628 0.8 0.571-12 0.567-12 0.274-12 0.276-12
4 0.528 0.7 0.444-12 0.441-12 0.203-12 0.205-12
' 0.428 0.6 0.328-12  0.325-12  0.144-12  0.164-12
.E 0.328 0.5 0.224-12 0.223-12 0.982-13 0.100-12
g 0.228 0.4 0.138-12 0.136-12 0.616-13 0.632-13
0.128 0.3 0.295-13 0.272-13 0.146-13 0.156-13
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Table 6. Double-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground States of Helium and Neon (Continued)

Ephot = 0,138
. Einc Efin He He Ne Ne
(exact) (soft) (exact) (soft)

I 0.7384 1.0 0.287-13 0.284-13 0.152-13 0.153-13
i 0.6384 0.9 0.238-13 0.235-13 0.118-13 0.119-13
fA 0.5384 0.8 0.192-13 0.189-13 0.899-14 0.906-14
i 0.4384 0.7 0.148-13 0.145-13 0.663-14 0.671-14
. 0.3384 0.6 0.108-13 0.105-13 0.472-14 0.479-14

0.2384 0.5 0.728-14 0.705-14 0.319-14 0.327-14
i 0.1384 0.4 0.439-14 0.419-14 0.199-14 0.207-14
. 0.0384 0.3 0.255-14 0.226-14 0.118-14 0.129-14
\
)
'
p
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TABLE 7

! DOUBLE-PHOTON FREE-FREE CROSS SECTIONS
: FOR ELECTRONS SCATTERED FROM THE GROUND
i STATES OF CARBON AND NITROGEN
T Ehot = 0-00882
Einc Ef'in ¢ ¢ N N
i (exact) (soft) (exact) (soft)
0.98236 1.0 0.188-3 0.188-3 0.132-3 0.132-3
I 0.88236 0.9 0.153-3 0.153-3 0.106-3 0.106-3
; 0.78236 0.8 0.121-3 0.121-3 0.821-4 0.822-4
0.68236 0.7 0.905-4 0.907-4 0.610-4 0.612-4
i 0.58236 0.6 0.644-4 0.645-4 0.429-4 0.432-4
. 0.42236 0.5 0.424-4 0.424-4 0.280-4 0.282-4
0.38236 0.4 0.249-4 0.249-4 0.164-4 0.165-4
] 0.28236 0.3 0.122-4 0.127-4 0.804-5 0.817-5
i
; 0.18236 0.2 0.432-5 0.433-5 0.288-5 0.294-5
0.08236 0.1 0.726-6 0.729-6 0.428-6 0.511-6
)
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Table 7. Double-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground States of Carbon and Mitrogen (Continued)

Ephot = 0.086
E1'nc Efin c ¢ N N
(exact) (soft) (exact) (soft)

0.828 1.0 0.217-11 0.214-11 0.151-11 0.149-11
0.728 0.9 0.174-11 0.172-11 0.119-11 0.118-11
0.628 0.8 0.135-11 0.133-11 0.911-12 0.896-12
0.528 0.7 0.997-12 0.970-12 0.664-12 0.651-12
0.428 0.6 0.691-12 0.667-12 0.457-12 0.446-12
0.328 0.t 0.441-12 0.419-12 0.290-12 0.279-12
0.228 0.4 0.247-12 0.230-12 0.163-12 0.154-12
0.128 0.3 0.115-12 0.104-12 0.766-13 0.708-13
0,028 0.2 0.422-13 0.423-13 0.284-13 0.309-13
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Table 7. Double-Photon Free-Free Cross Sections for Electrons Scattered
from the Ground States of Carbon and Nitrogen (Continued)

Ephot = 0,1308
Einc hfin C C N M
(exact) (soft) (exact) (soft)
0.7384 1.0 0.741-13 0.714-13 0.511-13 0.493-13
- 0.6384 0.9 0.592-13 0.565-13 0.402-13 0.386-13
; 0.5384 0.8 0.456-13 0.431-13 0.306-13 0.291-13
ii 0.4384 0.7 0.337-13 0.311-123 0.222-13 0.209-13
= 0.3384 0.6 0.234-13 0.211-13 0.153-13 0.141-13
0.2384 0.5 0.150-13 0.130-13 0.979-14 0.870-14
0.1384 0.4 0.887-14 0.708-14 0.578-14 0.486-14
0.0384 0.3 0.512-14 0.405-14 0.240-14 0.292-14
32 <)
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‘ TABLE 8 iig
DOUBLE-PHOTON FREE-FREE CROSS SECTIONS ..
FOR ELECTRONS SCATTERED FROM THE GROUND ffé
STATE OF ARGON e
. =,
; Ehot = 0-00882 E;}
3
Einc Efin Ar Ar S
: (exact) (soft)
0.98236 1.0 0.333-3  0.333-3 "
0.88236 0.9 0.264-3  0.265-3 .
0.78236 0.8 0.192-3 0.192-3 :;,
0.68236 0.7 0.129-3  0.130-3 i
0.58236 0.6 0.806-4  0.811-4 ,ﬁf
0.48236 0.5 0.458-4  0.462-4 ::fé
0.38236 0.4 0.228-4  0.232-4 ;ﬁ
0.28236 0.3 0.928-5  0.956-5 f
0.18236 0.2 0.263-5  0.248-5 k.
0.08236 0.1 0.335-6  0.416-6 »
: o
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Table 8. Double-Photon Free-Free Cross Sections for Electrons Scattered

from the Ground State of Argon (Continued) F
Enot = 0-086

5

Einc Efin Ar Ar . E
(exact) (soft)
0.528 1.0 0.371-11 0.372-11 i'
0.728 0.9 0.281-11 0.279-11 =
0.€28 0.8 0.196-11 0.194-11 e
0.528 0.7 0.128-11 0.126-11 c
0.428 0.6 0.772-12 0.750-12 {‘:'-_:
0.328 0.5 0.418-12 0.405-12 R
0.228 0.4 0.193-12 0.188-12 lz’
0.128 0.3 0.687-13 0.703-13 s
0.028 0.2 0.159-13 0.216-13 :
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Table 8. Double-Photon Free-fFree Cross Sections for Electrons Scattered A
from the Ground State of Argon (Continued)

E = 0.1308

phot

. inc fin Ar Ar

(exact) (soft) wo]

(.7384

[y
e

0.122-12 0.121-12 E\«
0.6384 0.

(Yol

0.905-13 0.881-13

0.5384 0.629-13 0.599-13

~N o

0.4384 0.406-13 0.379-13

0.3384 0.241-13 0.221-13
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0.2384 0.128-13 0.116-13
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0.1384 0. 0.581-14 0.530-14

0.0384 0.3 0.213-14 0.237-14
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RESULTS AND CONCLUSIONS jl%

,-

.-'_:J

. R

It is convenient to examine our results from both qualitative and Iy

. E;

quantitative points of view. To address the first of these, we pose the ??i
question, "For radiative intensities up to 106 N-cm'z, and frequencies at ;fﬁ
least as high as that of the CO, laser, what is the order of magnitude of NN
the free-free cross section?" A rough answer can be had from the magnitude ?fj
of the strength parameter that controls the relative rates of direct (no ffi
photens) and single quantum processes, namely A02/4c2w2, where Ao is the é%%

amplitude of the driving field's vector potential, c the speed of light,

and w the optical angular frequency. At the CO, frequency and an intensity

of 10° w-cm'z, the indicated strength facter is 1.88 x ]0'2, and one

articipates that the radiative effect will represent a minor correctior at li1

WF

e e,
LT N I ¢
v}

this frequency. At the same intensity, the strength parameter has the

7 8

values 2.08 x 10°" and 3.9 x 107" at the wavelengths of the Nd+++ and ruby

B

lasers, respectively, with the expectation of a nealigible correction for
these more energetic photons. These crude considerations were verified by

detailed calculations performed with both realistic and unrealistic model

potentials. -
The calculations performed with the Kruger-Schulz close-coupling model - fii
supports cur contention, even when Feshbach resonances are present and ;Eé
taken into account. Since this calculation has already been published :iﬁ
(kef. 9), we shall merely summarize our conclusions. The interested reader NN
WL

should refer to the paper for details, keeping in mind that the numerical iig
values reported in Ref. 9 touk the amplitude of the vector potential, Ao' i%
oo

.\ h.
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. to be 1 atomic unit. To obtain single-photon cross sections at 10~ W-cm ~, ;éi
| the published cross sections should be multiplied by .0275. The analogous 5%1
g conversion factor for two-photon processes is (.0275)2 = 7,56 x 10'4. 3&?;
r In general, non-rescnant free-free cross sections for the CO, laser IE?
. prove to be, in the Kruger-Schulz model, smaller than the corresponding Eﬂé
radiationless cross sections by a factor of 100 cr so, which is what one Zi
vouid expect on the crude basis discussed above. A similar ratio obtairs ;3}
for the relative magrnitudes of non-radiative and radiative cross sections !ég
f' when there is a rescnance. In that case, however, the non-radiative peak ;;:
: splits into two maxima when the radiation is on, occurring when either the E:i
; initial or final electron energy is at the resonance. A splitting is ig;
? evident in two-photon processes as well-this time there are three peaks, ;i;
: corresponding to a coincidence between the resonance and final, ;'
intermediate, and initial state electron erergies. O0f course, at the CO, !%7
wavelength, the two-photon transition rates are down by 10'2 from the ;is

single-photon rates, at our assumed intensity of 106 w-cm'z. Eii

That the resorance is split when the laser is on means that there will !E:

E be energies for which the radiative process is resonant, while the direct E&i
is nonresonant, <o that the free-free cross section could be larcer than laj

the (ncr-resonant) direct cross section at the same energy. This dces not E?:

ordinarily mean, however, that in a plasme or other system with a broad -

enercy distribution for the particles, that the photoabsorption process is L?

S competitive with direct excitation transfer. We ckeil discuss this point E;

briefiy.
. In the plasma, if there is a resonanrce-enhanced cross section for a

free-free process, there will be an erhanced, non-radiative process with
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roughly 102 times the cross section, either at the same energy, or at an

rLd

r -
P
.
7’

energy shifted by that of a photon. Evidently, if the electron energy

distribution is flat, the radiative effect will be minor. pSS

Or the other hand, if the number density of electrorns is a rapidly ;;_
varying function of speed, one could envision a situation where there are ) Szj
many more electrons at a radiative resonance than at the corresponding 'Eﬂ
non-radiative resonance, a feature that could compensate for the smaller ;;%

cross section associated with the photoprocess. However, since the photon
energy is about 0.1 eV, for this effect to be important, it would be
necessary for the resonance to be near an excitation threshold at or near
this energy. This condition does not seem to be satisfied for major

laser-active atoms or molecules,

None of these questions arises at the higher frequencies where single

7

quantum radiative cross sections are on the order of 107 of their

non-radiative counterparts at intensities no larger than 106 N-cm'z. ¥

The order of magnitude of the radiative cross sections calculated with iii
the realistic Robinson-Geltman potential is alsc small. Consequently, L
their actual numerical values are, in a sense, academic. We have decided ‘
te include them in this report, nevertheless, for several reasons. One P

might easily imagine going to higher intensities where free-free

transitions might, in fact, be competitive with non-radiative processes. . ;2;
For these stronger fields, one might wish to have the actual numerical , EE%
values, and, since they have been computed, it is reasonable to include :f;:
them., At the CO, Taser frequency, the radiative cross sections should be E:E:
comparable to the direct at intensities of the order of 108 w-cm'z, which iié
represents only a relatively modest increase in power density over the ;S;
N
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maximum assumed for the purposes of this report. Even the 1011-1012 \'\!-cm-2

required to make the photoabsorption rates at the ruby and Nd wavelengths

comparable to direct transition rates is within the capabilities of those

powerful solid-state lasers. Of course, at such intensity levels, other

normally negligible effects will become important, as well as the free-free
processes.

Secondly, the detailed calculations reveal general features of the laws
governing the variation of free-free transition rates with relevant
parameters, in particular the limits of validity of the soft-photon
approximation. This is of particular value in view of the small number of
experiments performed to date, and the difficulty of carrying these out.
The exact numerical calculations serve as surrogates for experiments in
testing approximations schemes.

We have calculated one- and two-photon free-free absorption cross
sections at the frequencies of the C0,, Nd+++, and ruby lasers, for targets
consisting of the ground states of He, C, N, Ne, and Ar, and for the 1s2s
metastabie 3Sl and ISO states of He. Our results are exhibited in Tables 1
through &, for electron energies in the range up to about 13 eV. In the

Tables, the incident and final electron energies E, E

inc® , and E

fin phot’ the

photon energy, are in Rydberg units, and cross sections are expressed in

ag, where a, is the Bohr radius. WNumerical values of cross sections are

written in the form O.xxxin, where in is to be interpreted as a 10*"
multiplicative factor. Columns labeled "exact" and "soft" refer to exact
numerical calculations in the model and the soft-photon approximation. The

latter are evaluated using phase shifts determined numerically by solving

the radial Schrodinger equation for the given target and electron energy.
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A1l results represent total cross sections averaged over all orientations
of the polarization, which is taken to be linear. No calculations for
circularly polarized 1ight are reported. Single photon cross sections are
independent of the polarization state of the radiation, while model results
indicate that the two-photon cross sections for circularly polarized 1ight
are very close to 2/3 of the linearly polarized cross sections over a wide
range of conditions. (The ratio 2/3 holds exactly in the 1imit where the
soft-photon approximation is valid.)

The realistic potential calculations are remarkably devoid of
structure, but exhibit certain patterns. At the grossest level, we find
that the extreme soft-photon approximation gives the correct order of
magnitude for all the cross sections studied, but is quantitatively in
error in some cases by as much as a factor of 3 or 4. We also find that
the dependence of the free-free cross sections on electron eneray differs
according to whether the target is in the ground or metastable state. A1l
of the cross sections for ground state targets increase with rising
projectile energy in the range studied, varying by perhaps an order of
magnitude in value. The behavior of the cross sections when the target is
metastable helium is more varied. All of the single-photon cross sections
decrease with increasing energy of the electrons, but, for fixed frequency,
vary only by about a factor of two in the range investigated. The
two-photon cross sections for the metastables conform to a different
pattern. At the higher frequencies studied (the Nd+++ and ruby lasers),
the cross sections initially diminish as the energy is increased, pass
through a minimum, and then increase throughout the range. At the CO,

laser frequency, the two-photon cross sections increase monotonically with

electron energy throughout the Table.
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The apparently anomalous behavior the metastable states exhibit is
presumably not associated per se with the fact that they are excited, but -
rather with the large polarizabilities that they possess, and the

concomitant presence of a bound s- and a bound or nearly bound p-state in

’ the effective potential, both near zero energy. The ground states of the !Ei
alkali atoms have similar properties, and we would expect these to more

closely resemble the metastable levels of helium than the ground states L

. studied. .‘

That the two-photon cross section for the CO, wavelength and a ;;f

metastable target increases with electron energy, while the other
double-quantum cross sections pass through a minimum, can be understood
qualitatively from the soft-photon approximation, although we recognize ;ﬂi
that this may be a poor method for getting quantitative results. In the .
soft-photon approximation, the differential cross section is proportional
to the product of the corresponding radiationless cross section and p2",
where D is the momentum transfer of the electron, and n the number of
quanta absorbed or emitted. For the metastables, the radiationless cross
section appears to decrease with projectile energy, a factor which
dominates the dependence of the free-free cross section at low electron
energies, except for the case of the two-photon problem at the CO, laser
frequency, where the momentum transfer factor is particularly small for
slow electrons.

The quality of agreement between the exact numerical cross sections and
the results of the soft-photon approximation varies significantly from
target to target. By far, the poorest agreement is obtained for the

metastables. Among the ground state targets the soft-photon approximation
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is least reliable for argon. As expected, the soft-photon results were
closest to the exact calculations at the lowest frequency, that of the CO,
laser.

That the soft-photon approximation was least reliable in the case of
the metastables is understandable. The basic physical picture that
describes the soft photon regime has the electron interacting with the
radiation field for a long time, while the scattering occurs over a time
scale that is short compared to an optical period. The shorter the
scattering time, the better will be the soft photon approximation. In the
case of the metastables, the scattering is dominated by the long range
(r'4) polarizatior potential, so that the collision time is relatively
long. It is interesting to note that the two-photon cross sections for the
metastables at 0.00882 Rydberg show much greater agreement between soft and
exact results than do the single-photon cross sections. It is unclear why
this is so, but we would speculate that it is associated with interference
effects. We also note that the agreement between the soft and exact
one-photon cross sections for the metastables improves as the electron
energy decreases, which is opposite to what one would expect on the basis
of the time-scale argument. This may be related to the observation of
Spruch and co-workers (Ref. 13) that, for the radiationless scattering of a
particle by a polarization potential, the first Born approximation becomes
exact as the particle's energy is reduced to zero. We recall in this
context the comment of Kruger and Schulz (Ref. 8), who point out that the
soft-photon approximation is exact not only as the optical frequency goes
to zero, but for all frequencies in the regime where the first Born

approximation holds for the radiationless scattering.
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As we have indicated, the poorest agreement for the ground state
targets, between soft and exact cross sections, was obtained for argor.
This may be related to the effective size of the atom, which is greatest
for argon, which has an outermost 3p shell, while all the others have
outermost 2p or 1s shells.

Tc summarize, we have performed calculations for free-free processes

6 W-cm™“, radiatively

which indicate that, for laser intensities up to 10
assisted excitation mechanisms do not provide maior corrections to their
non-radiative counterparts. Ve have also compared the calculations

performed with the soft-photon approximation with those performed by exact
numerical methods, and find that the scft-photon results are most accurate

for compact targets, and least accurate, in general, for highly polarizable

atoms,
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