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sinylation {s essentially a multi-factor statistical sampling experiment through which
approximate answers t0 questions about some aspect of a system or statistic are obdbtsined.
Unfortunately the mylti-factor aspect of the simylation is usually downplayed because of the
difficulties of organizing and displayirg the output as a function of various factors, Some
graphical procedures using toler are suggested for assessing the effect of the factors on the
output. This s dane in the conte -t of an example of a multiserver quewt. Classical
andlysis of variance techniques are usually not appropriate for this analysis beciuse the
data is ron-rormal and the mean is seldom an adequate or complete characterization of the
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USE OF COLOR IN DIFFEMENTIATING
) FACTOR LEVELS IN SIMRATION OUTP'T
(PRELIMINARY REPORT)

by

Professor Peter A, W. Lewis
Departaent of Operations Rusearch
Naval Po:tgraduate School
Honterey, C* 939435100

ABS RACT

A sfnulation 13 essentis.ly a multi~factor statistical saapling experiment
through which approxinmate answers tc questions about some aspect of a sysiem
or statistic ar: obtained., UL.fortunately, the multi~factor aspect of the
sinulction is usually downplayed decause of the difficulties of organizing
! and displaying the output as a funotion of various factors. Scae graphical
, procedures using color are suggested for assessing the effect of the factors
on the output. This is done in the context of ar ezanple of & multiserver
queuc, Clasuical analysis of vai‘lance techniques are usually not appropriste
! for this analysis becavse the data 1% non~noraal and the mean i3 seldom an
adequate or complete characterization of the Qutput.

INTRODUCT 10N

Situlstion is a widely used tool for finding answers to problens which
involve random elesents in flelds as diverse as Statistics, PMhysics,
Operatiors Analysis, and Enginesring. It is espentially a mylti-factor
siatistical sampling experiment which, with 3 model, i3 performned on 3
digital cosputer. Moreover, the anuwers obtained from the simuiation are
functions of the various factors (attridutes, independent variadles,
concomitants) in the prudlem, '

A very sinple example of such a prodled i3 the multiserver quoue (C/G/m)
which ocours in banks, aupermarkets, bartershops, ete. In this queueling
system, arriving customers are served in crder of arrival, with one of two
queueing @isciplines, The first discipline i3 where customers form a single
1ine and are called for service from the head of thit iine &3 servers becore
free. Tre second queueing discipline 13 whera customers join the separate
queues wrich form §r front of each server and sty there until served. A2
an ideasis’ .ior of this second disciplire, an arriving customer joins the
shortest and presunably the fastest service line or picks, with equal
protasiiity, f.om Lines which have the tied, fewes' number cf customers
aqaiting service, No jumping from server to se~ver is aliowed,

Tne rough justification for the single line discipline, denctes as SL, ¢ver
tae shortest )ine, fastest service queueing discipline (FS) i3 that gn
arriving cuctomer wili not get stuck dehind a customer wrc is dlrealy In
yervice and <0 has an extr mely long service tire, However botn
¢isipiines are 2oMECTLY ug 4, and the question Lo ba answerel is whicth
d.scipiine is ‘best'. Of ¢ Jmse this question i3 ynangverable as pased
urtis the proper juantificat:or of the prodler is Zecicec uper, Trys, 18 1%
adegquate 20 compare the reaf waiting times in 3 stationary queue, oOr 3nould
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ohe compare the prodbadilities of not having to vait on arrival at the queue
or the values of, say, the .99 cuantile ¢f tne waiting time oistridutions?
(The a~quantile of the distribution of a random variable, W, is the value,
o+ 3uch that the prodadbility of W being less than Yo is a),

Furthermore, even {f one of the adove quantifications is decided upon and
its value is compared for the two service disciplines, the answer to the
gueation as to which service discipline is Deat may depend on the level of
seversal other factors, as follows:

a. The traffic intensity is, from what theory exists, 2
definite factor here. In this queueing prodblem the traffic
intensity ‘s given by the ratio of the expected service
time, E(S), divided by the product of she number of
servers, s, and the expected interarrival time of
customers, E(A). Tnis traffic intensity factor, t, must de
less than ' for a stadle queue to exist and has a continuum
of posajdle values detween O and 1. Three values of ¢t will
be used in the sudbsequent analysis, 0,30, 0.60 and 0.7¢.

d. The number of servers, m, is a factor vhich may influence
the output and must clearly de greater than one for the
distinction between the single line (SL) and the shortest
line, fastest service, (1S) disciplines to have any
meaning. Tnree values of m will be used in the subsequent
analysis, 3, 5, and 10

¢. The distridbution of service times (in G/C/m queuves assumed
to be independent ano identically distributed) and the
distribution of interarrival times (also assumel to de
independent and identically distributed) are also factors
in this queveing situation. Because of the complexity of
these factors only four combinations of distridbutions will
be used i1n the sudaequent analysis:

very variable service; very variadble interarrival:
very regular service; very variuble interarrival;
very varjable service; very regular intecarrival

very regular service; very regular interarrival:

-2
[ 2N I B |

0

Tais rough categorization will be more specifically
detailed Jater for the purpose of inplementing the
simylation: the categorizatiun represents an attempt to cut
down a comp.ex factcr to manageadble proporticns based on
experience. A rcugh guess would be that if the single line
queueing discip.ine (3 effective in cutting Jown, ir same
sense, the waiting tines of customers, it will be in case
A, where very var;able Or S«ewed service anc irterarrival
tines are encountered. <n that case not only are icng
service tires re.atively common, but aiso custofers may
occasionally arrive in Juitic succession,

#ith three levels of the traffic intensaty factor t, three values of %, the

number of servers, four combinations of interarrival and service time
Qistridutions ard Swo queueing discipiines, giving 72 fastor ¢ortirations, o
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simulation experiment with a fixed nuader of replications at esch factor
level i3 technically handleadble by a four-vay analysis of varfance. The
reason that this is not appropriate and that a graphicel suasary of the
output is necessary is that by comparison of the means of the data are not
adequate ind the data is not normally distributed. In fact the vaiting tises
. will generally be very positively akeved with a discrete component
representing the probability that a customers vaiting time 12 exactly zero.
Further complicating the standard anslysis is the fact that the relationship
between the factors will not be linear. For example, in many queueing

?:tzggtons the mean wajting time, E(W), is proportional to the reciprocal of

An alternative to a blind and perhaps inappropriate application of analysis
of variance techniques is to first look at the simulation output data in
order to perform an initial, exploratory analysis. This aay show immediately
the salient points of the simulation, or suggest further formsl analysis
after, for example, a transformation of the data.

The prodlen of differentiating four factors gruphically is net simple, and
in this paper we will attempt to obtain as concise and as compact a sunmary
of tre output of the simulation s¢periment as possidle. This will be done
graphically by using multiple X-Y plots, with additional coding within each
plot obtained by color, spacing, and 1ine-type.

THE DATA FROM THE C/C/m QUEUE

To comp, -te the specification of the multiple server queue discussed adbove
it was as:umed that the individual service times vere Camma distriduted, as
were the ,ndependent {nterarrival times.

To odbtain ‘regular' service, it was assumed that the shape parameter, k, in
the Ganma distridution ook on the value 5.0; to obtain very ‘variable' {.e.
‘nighly postively skewed' service times it was assumed that the shupe
paraneter & ook on the value 0.5. Similar conventions were made for the
interarrival times.

The Gamma assurpticn was made for computational convenience; another
possidbility is to assufe that the ‘variable' distridution is obtained by a
r{xture cf two exponential random variastles. In that case analytical
solutiors can, in pranciple, de odtained for parts of the prodlem by the
nethod of {parallei) stlages (Xleinrock 1975).

For each set of the 72 factor levels, the queue was simulated out to the
£,000th arrival, This was repeated independently 4«0 times to odtain a
vector of {.i.¢ reaiizations of waiting nimes of the %000th custormer, Since
tne traffic intensity was choser o h~ve the levels 0.30, 0.60 and €.75, it
can be assymed that the samples represent the stationary waiting time in the
queve., 1% Coulg be argued that a higner level of t, say C,9, should also
* be used. However, not on.s wou.d it then de necessary to go Oout even beyond
the 5CJCth customer in the safp.e path of the queue to asture statinnary,
but aliso the already complex Cata handling prodlem with the T2 waiting time
vecters weuld bYe furtrer complicated. Also, as will be seen, the essential

effects of the factors can de ascertalried from the preaent experinent,




CEm . S - A Srer v -

Data wasz placed into vectors of length A40 with a typical case deing named

KSLO2T5A. Here the firat W denoted & waiting vime and occurs in the code

for all vectors. (One could ¢130 look, say, at delay times. These are the

customer's waiting time plus his service time.) SL derotes 'single iine *
queusing Jdiscipline' whereas the other discipline, joining the shortest and

thus presunably the fastest line, is denoted by 7S, The first pair of

nusbers in the name of the data vector, 02 in this e¢rample, reprosent m, *he *
numdber cf scrvers, and could bde C,5 or 10. The second set of numiers, here

'75', gives the traffic intensity, t, and could de 30, 60 or 75,

representing values of te).30, t=0.60 and t=0.75. Finally the last jetcer,

here 'A', represents the four 2sases of distridutionai assumplions given

above with pos.ible values A, E, C or D,

COMPUT ING

The data wvere generited on an 1BM 370/3033 computer using a PL/1 progran
called QSIM, The grapha.s was done with the experimental APL program
GRAFSTAT rrom 1BM Research, The coding of the data vectors explained above
made it 3jmole to generate the full screen interfaces for GRAFSTAT, and thus
the graphs, under program contiol. Since many combinations of graphs were
tried, this procedure proved very valuadle.

The plots were obdtained in tuéc ways: one by sending CRAFSTAT output on an
I8M 3179 Model U2 terminal to an IBM 7372 plotter, the other by sending
CRAFSTAT vutput on an 1BM 3270 AT GX color screen to the same plotter. In
both cases the transfe. ia acca:plished by invoking the GODME progrim on the
mainframe.

8.th APL and the GRAFSTAT program are ideal for handling a large amount of
data like this in a very flexidle fashion.

GRAPHICAL OVTPUT_AND ANALVSIS

The graphics which were iesigned Lo display the output of the sirulation
experinent can be thought of as a two vay layou® of two-dimensional graphs,
with rovs of graphs representing a fixed Gistridutional factor (A, B, C or
D) and the columns of graphs representing the 'number of servers' factor.
(This vas selected as the column factor because it was felt that this factor
would have a ninor effect on waiting times, although the simulation
subsequently shovel that this assumpt ion was not correct).

The complete layout of all 12 graphs is not showni in fact for reasons of
space, cnly the first row of graphs having common distributional factor A
will be discussed.

Fach gragh ir. the two w3y layout represents six cases, three traffic N
intensities and two Queueing disciplines (see Figure 1), The two gqueueing

discipiines for each of the three vajues of craffic !ntensity are placed

ciose togetner on the graph since queueing discipline is the primary factor .
whose effect on the response - wailing time - {8 to De exarined, Tras

‘wvaiting tine' response 13 represented on the vertical axis by a quantile

plot.
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-~  SKEWED SERVICE TIMES, SKEWED INTERARRIVAL TIMES
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Figure 1. Two servers 'me>) and Jistritutional case A - vory variabdle
(positively-s«ewed) service; very voriable (positively-skewed’ interarrival

N times. The two quantile plots of the 4"0 sinulated vaiting times at each of
:' ' the three traffic intensities are grouped together and differentiates oy

0 color.  Biue 15 used for the 'fastest service', indivicual choice, tcyse (FS!
% in¢ red I2r the sing.¢ (ine (SL) case. Note that there are many zero

& ~31ting times and that this aspect is not shown in Lhe graph expect in 30

far as the juantile niots and the means and medians are Durched rear zero.
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The quantile plot is a vertical line with marks representing various
estimated quantiles and the estimated mean of the sample of size 4l0. The
clearest case on which to sxamine these marks {s given in Figure i for
t+0.75 and the blue (F>) line. The tilda at the bottce of tne line is the
0.25~quantile or lwer quartile of the vating time sample: going upwards,
the cross is the 0.50-quartile or median; the circle §s the aample mean. -
Above th.s are horizontal dars representing successively the 0.75-quantile

or upper-quart.ile, the 0.95-quantile, the J.99-quantile, and the maxisum
valye in the sample.

Concentrating on the case fllustrated in Figure ! (m=2; t=0.75; 4) it is
seen inmediately that the single line discipline (SL) in red gives slightly
shorter waiting tines than the FS case and that the distridutions of wajting
times are highly, positively skewed. It whould ba noted that in all cases
considered there were many zerv walting tines which resvited in a great

1 squashing of the lower quantiles on the graph. In fact & comnon alternative
to the quantils plot is a boxplot, which many people prefer, but in this
case it is difticult to plot since suny outliers occur at the low end and
have the same value. A boxplol results in the pen plotter just cutting a
hole {n the paper.

Note alsc that on this graph one canrot 'see’ the extent of the probability
of zero waiting times, which 18 an important qualification of the Queueing
syetem. Thus. either a table or a graph of ®™.a prodability should be given
' sepsrately. TL2 zero-valued waiting tiZes also sake it difficult to employ,
for example, logarithmic Lransformations of the oata or the scales. This
can be obviated by plotting the non-2ero waiting times or by looking at
delay times (the waiting time plus the service time)., However, this latter
quantity i{s not alvays meaningful in such a simple queue.

[

Returning to Figure | and contrasting the effect of traffic inrtensity for
the two service disciplines with me2 and distridutional case A, ve see first
that the effect of traflic intensity is marved. This of courae is fairly
well known. Ia particular for the Poisson arrival, Exponential service
case, the expected waiting time is proportional to t/fti=t)? (Caver a.id
Thompson, 1973). However, the waiting times aro not effected markedly by
the service discipline st any of the tralfic intenaities considered, In
fact, the apparent differences detween the FS and the SL cases may not te
statistically significant.

Figures 2 and 3 complete the top row of the two way layout of graphs,
showing the effect of number of servers, m, on the waiting times for
different traffic intensities and different queueing disciplines, A
comparison of Flgures ° and 3 reveals very Quicskly that if the traffic
ivtensity is held onstart, then waiting times tenda to decreare 33 the
r.unber of servers increasc. This i3 especially true at low traffic
intenaties, Moreover going from Figure ' te Figure 3 it decomes clear very
rapidly that the effect of the two Siffrrent queueing disciplines or wajting
tines bhecomes marked ae the aumber of gervers incredles! Thus, usding a
single line witn very variadle syrvice and interarrival .imes i3 really
gifective in lowering the waiting times only when the queue has many
servers,

g o A U e o e o W



5 SERVERS
SKEWED SERVICE TIMES, SKEWED INTERARRIVAL TIMES
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S SL FS SL *S SL
t=0.30 t=0.60 t=0.75

Figure 2. Five servers (me5) and distributional cate A - very variadble
(postively~akeved) service; very variable (positively-skewed) intcrarrival
times. The two quantile plots of the 440 simulated waiting times at each of
the three traffic intensities are grouped together an¢ cifferentiated by
color. Blue is used for the 'fastest service', Indiviaual choice, case [FS)
and red for the single line {SL} case. Note tnat there are many ero
we.%ing times and that tals aspect 13 not showh in the graph expect in SO
far 28 the gquartile pluls and the mesns 2n¢ medaians are bHunched near zero.




10 SERVERS
SKSWED SERVICE TIMES, SKEWED "™TERARRIVAL TIMES
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Figure 3. Ten servers (me1(} and gisiridbutions)l case A - very variable i
(positively-skewed) service; very variatle (positively~skewed) faterarrival '
cimes. The two quintile plocs of the 440 simulsted waiting tines &t each of

the three traffic intensities are grouped together and differentiated by {
color. Blu? is used for tre 'fastest Service’, indivi<ual cholce, case (FS)

and re¢ for the zingle line {SL) case, Note that there a=e many tro

waiting times anc trhis aspect 18 not shown in the graph vxpect In 30 far as '
the quantlile plots and the means and medians are punched near lero.




USE OF COLCF. AND INMANCEMENTS

Color has been .sed to differuntiate the closely grouped quantile plots for
the two queueing disciplines »n the graphs. It is much more effective than,
say, line-type in differentiating the two cases to the eye. Actually, a
combination of line=type and COlor seems *.0 work even better dut it seems to
be a waste of an additional coding device which can be used to f.rther
compactify the graphical output. This can be done by superimporsing Figure 1
on Figure 2 with a slight lef: shift and using dashes for the vertical lines
in the quantile plots. Similarly Figure 3 is s.oerposed on Figure 2 with
the same shift, this time to the right and using dotted lines for the
vertical iines in the quantile plots.

If additional colors are available, the coding by line-type can De replaced
by coaing by ~olor, while the two queueing discipiines are differentiated by
line~type. This seems to be the 'best' comdination availadble. However,
that many colors (re difficult to piot on the availadle equipment.

v INCLUS 1ONS

The need to compactify as much as possihle the graphical snalysis of
simulation ouipul S0 that the results can be encompassed Dy an analyst is
greatly enhanced dy the availability of color am a coding device. The types
of graphs presented here shculd be atandard tools for simulators and (¢ ‘s
hoped that this will be the case vhen color graphics, and especially the
printed version, becomes easier and cheaper tO obtain,
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