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An expression for the discontinuity of %“he exchange cor-

\

relation potential vxe pf an insulator is derive& entirely f}“
within the framework of density functional theory£)The dis-
continuity is expressed in terms of changes of the exchange
correlation energy, E*é, of a perfect N-particle insulator

when (a) a conduction electron is introduced (b) a valence

“n,
electron is removed and (c) k& external perturbation is

applied %0 the perfect insulator (without changing N) such

*nat tnhe density change is equal to minus the sum of the

densi=y changes in (a) and (b). Accesion For
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we tak2 (kT) much smaller %than any physical energy but larger

Since the work of Perdew and Levy' and of Sham and

Schliter? it has been known that the exchange correlation po-
tential vxc(r) of the Kohn-tham (KS) equations?® has an r-in-
dependent discontinuity A, as one crosses the energy gap.This
discontinuity has been studied with the aid of Green's func-
tion theory by Wang and Pickett“, Sham and coworkers? % ¢.7
and Hanke®, In this note we discuss the discontinuity enti-
rely from a density functional view point.

We shall consider an insulator at temperature T=0*K in
three physical ground-states: 1. with N electrons, without
conduction electrons or holes. We denote the corresponding
density distributions by ny,{(r) with

Mme(r)dr = N (1)

2. Wwith N+v electrons; and 3. with N=-v electrons, with v<<N,?

We write the densities in states 2. and 3. as

n*{(r)=Sns(r)+v nc(r); /IS (r)dr - 1.
(2) Lo

nTir)lEngir)-v nv(r); fnv(r)dr = 1.

than the energy spacing between successive single particle

?

2xcitations. The system is in contact with a particle bath,

alltwing ¢ntinuons changes o0f the %total particle number',
2y {ts definition, the energy gap can be expressed in

terms > Ssround state energines,
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SO

= _ -
E. = o [(Ey, ~Ey) - (Ey=Ey 0] | (3)
Each of these energy is given, in the KS theory?®, by the

expression

Ev[n(r)]=Ts[n(r)]*fv(r)n(r)dr + b s 21}%2&?%1 dr dr'

+Exc[n(r)]. (W)

where v(r) is the (fixed) external potential and the other
symbols have their usual meanings. As is well-known, this

expression can be transformed into

g, (n(r)]=le [nry]-t 5 2402800 D ar greeg [n(r)]
(5)

- vxe(r';[n(r)])n(r')dr'

where i runs over all occupied single particle levels associ~

ated with the KS equation

(- 2 )+ ﬂii.'.l_ ' . ' -
(<l T2ey(r)+ f roEy AT v o rinlrt DE v (r)ee v (r), (6)
and
. (pe! ' = f '
‘o lrilntr )]y = $E ,In(r )]/78n(r). (7)
we nave emphasized {n our notation %that v and ¢, are func-

XC i

-

ionals of a(r'),




The difference E -E in (3) can now be calc:1lated from

(5), to first order in v:

En+ulEy
; c
Here EN+1 is

egquation for
the exchange

this system:

N+v N

N+v N c .
- Ef . Gsf of B (r)nOSr ) dr dr'
N+1 1 r-r

+ GEXC[“(P)]‘v S v, (rtilne(r)]nC(rtydrt -

xe
-7 évxc(r';[n(r)])no(r') dr'
=y

c
€t (8)

the lowest conduction band energy >f the KS

the N+v particle system (v+0), calcnlated with

correlation potential vic(r) appropriate for R

ssxc[no(r)+vnc(r)]

c
- v, (r) =2 1lim (9)
. X r
: ¢ v0 sn(r)
/ o
The simplification in the last step of Eq. (8) is due to the S
nd rd th
- cancellation of the 2, 3 and last terms, and of the 4
) “h C
. and & *erms. Similarly
-. v
’ Sy = (10
, NTEyey TV Eyag ' )
." v
. Wwhere ¢ is computed with
v N=-1
) v P
Oy SE. [ny(r)=vn (r)] el
P_' Iv (Y‘\ = llm XC_ - . (11) ~:.-L.'."
X xe' sni{ry AN
r. w0 g
- ANOhY,
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Thus tne gap is given by

¢ v

g = ENet1 T EN-1 t (12)

The arguments of refs. (1) and (2) show, and we shall verify,

i veo(r) = vl (r) Z 4, (13)

a constant independent of r. Therefore (12) can also be writ~

) ten as

o ¢ _ e .
N €N+1 EN*1 + A Eg + A, (14)
I where 68 is the non<«physical gap of the KS single particle AN

insulator, computed with either vv or vc .
Xe Xxe
We now turn to a consideration of vic, Eq. (9). We

- introduce

dnr'(r) = Y 5(1""1’") N f G(P-r!') dr = 1 (15) ._.;';.:..

where Y << 1 and § is a normalized, regularized é~function. ]
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Then

veelr') = oo 3at FIE Inotryew n®(myevairarn)] -
(16)

-Exc[n°(r)+xne(r)]}

c
It is now useful to decompose 6(r=r') into two parts: n (r),

which increases the number of electrons by 1, and a

remainder, ms,(r), which leaves the number of electrons

unchanged at N,

[¢]

1 = ¢
§(r-r") n (r) + m_,

(r), (7

where, evidently in view of Egs. (2) and (15),

Substituting (17) into (16) gives two terms,

where

uc = E r

¢
. coiMolr)y + n(r)] - Exc{no(r)]
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e vy . .
wxc(r ) lim lim 3

v+0 Y20

{Exc[no(r)*vnc(r)+Ymi‘(r)]-Exc[no(r)

+ vnc(r)]}.

The two density arguments in Eq. (21) differ by Y mg,(r),
defined by Eq. (17), and corresponding to 8N=0. This density
difference must therefore be understood as being brought
about by the action of a small external perturbing potential,
Y ur,(r) modifying the (N+v) particle ground state. In %“he
limit v+0 the role of the conduction electrons in (21) beco-
mes negligible, so that

1

wic(r') = lim 7{E [no(r)*«Ymg,(r‘)]-Ex

[notry]}. (22)
Y+0 xe ’

(o]

In a completely analogous manner we obtain the following

v
results for v (r*'):
Xxe

v

v
v (r') =
2 Mxe

Exc[no(r)] - Exc[no(r) - nV(r)y)




A

-8 =
and

W) Lim Heelnorr] = £ Inotr) = ¥, (r)]
with

m;,(r) = s(r=r') - n’'(r).

From the expressions (19), (20), (22) and (23),

(25) we can calculate the difference, vc -v .
XCc* xc

two particle number conserving changes, (22) and

combined

c
{Exc[no(r)+Ymr,(r)]-Exc[no(r)}:{Ex

c[no(r)]

‘Exc[no(r)*Ym:,(r)]}

. Excfno(r)+w(mi,(r)rm:,(r))]-gxc[no(r)]

-, e v
= Eo.neirisY(nT(r)zn (r)]-Exc[no(r)],

(25)

(26)

(24),
the

can be

(27)

independent of r'. Thus we Obtain for the discontinuity of

v

Xe

;".‘J‘J?-
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(o] '_V ¢ c_v (o] ,_v .
A:vxc(r ).vxc(r )=(uxc uxc)+(wxc(r ) wxc(r ))

N AN

={E_ [ne(r)+n(r)]-E [no(r)-nv(r)]-E

Xe

[notr)]}+1E, oy

Xe c X

+ (e, [notr)=(n®(r)=n" (r)]-E, [no.(rm)}. (28)

xel
These three terms represents the changes in the exchan-
ge-correlation energy of the N~particle insula%tor when (a) a
conduction electron is added; (b) a valence electron is remo-
ved; and (c¢) an external potential is applied which changes
the density of the N-particle insulator by *(nc(r)+nv(r))
without introducing either electrons or holes. Note %hat ir
Exc[n(r)] had a regular dependence on n(r) near n(r)}=n,(r),

then the three terms could be expanded in the small quanti-

ties n®(r) and nv(r) resulting in

A = XLz x {(n®(r)=n"(r)=-(n®(r)n"(r)) }dr=o

(29)

Thus any approximate theory which uses a regular expression

for - as, for example, the local density approximation =

E
Xe

mus* yield a vanishing A. The correct formal expression (28)

makes it clear however, on physical grounds, why A does not

vanish: *the effect on Exc of modifying the external potential

3f the insulator so that its density changes by




-(nc(r)-nv(r)) does not cancel the sum of the physically

totally different changes of adding an electron with density
nc(r) and of removing an electron with density n'(r). The

correct Ex [n(r)] will give the correct A by Eq.(28). It

c
remains a challenge to find useful non-regular expressions

for Exc which will yield accurate values for A.
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