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The calculation of energy gaps of insulators is an important
- theory objective. A commonly used method is density functional

theory. Recently it was shown that an unexpected difficulty
-L (discontinuity of the exchange correlation potential) arises. This
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Abstract

An expression for the discontinuity of the exchange cor-

relation potential v of an insulator is derived entirelyxc

within the framework of density functional theory.2 The dis-
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Since the work of Perdew and Levy' and of' Sham and

Schlliter2 it has been known that the exchange correlation po-

tential v (r) of the Kohn-Cham (KS) equations' has an r-in-
x c

dependent discontinuity A, as one crosses the energy gap.This

discontinuity has been studied with the aid of Green's func-

tion theory by Wang and Picke tt4, Sham and coworkers 2 5 6 7

and Hankee. In this note we discuss the discontinuity enti-

p rely fro~m a density functional view point.

We shall consider an insulator at temperature TuQ*K in

three phys ical ground-stat es: 1. wi th N electrons , wi thout

conduction electrons or holes. We denote the corresponding

density distributions by n,(r) with

fn,0 (r)dr =N;()

2. with N~v electrons; and 3. with N-v electrons, with v<(N.9

We write the densities in states 2. and 3. as

n+(')-zn,(r)+v nc(r); fn (r)dr=1

(2)

-:r'2=n'~r)-v n"() fnv (r)dr =1.

vie t aKe (kT) mnuch smaller than any physical energy but larger

than the energy spacing between successive single particle

excitatio~ns. The system is in contact with a particle bath,

a-':wina cLntinuois changas of the total particle- number'.

5- its zlefinition, the energy gap can be expressed in

rm gr)':nd stato enr-,s ,



Eg V~ [N+vEN) N (N-..v)

Each off these energy is given, in the KS theory 3 , by the

express ion

E [n(r)]-T En(r)]+fv~r)n(r)dr + ~~~~2dr dr'

where v(r) is the (f'ixed) external potential and the other

symbols have their usual meanings. As is well-known, this

expression can be transformed into

Ev~~~-~~~)- n(r) rd dr'4+Exc[n(r)j

fv (r';[n(r)])n~r' )dr,
xc

where i runs over al-l occupied single particle levels associ'-

ated with the KS equation

+v1 V2 vr) 221Zr2- dr'+v xc(r n r1) 4'1 (r 1w() (6

and

We 'nave emphasized in our notation that v and c are ff'unc-
xc I.

-.o-'ais of n(rfl.



The difference EN E in

cE in (3) can now be calculated from

(5), to first order in v:

N +v N
EE EEN + . uC v vf ---- dr dr'

N+v. N 1rr

+ 6E xc[n(r) ]-v fv (r';[no(r)]nC(r')dr -,

xxc

C c- v (8)
N+I -. ..

c
Here N is the lowest conduction band energy of the KS

equation for the N+v particle system (v4O), calculated with

the exchange correlation potential v c(r) appropriate for

ti~s system:

cSE [no (r)+vnC(r)]

v (r) lim (9) -------
x v 6n(r)

The simplification in the last step of Eq. (8) is due to the

nd rd t
cancellation of 3 and last terms, and of the 4

and 5 terms. Similarly

- E = E N I10)
N Ne-v

where EN E is computed with

5E in T(r (r-(r) ,,o n FTxc+) (

jS•
h . -.
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Thus the gap is given by

C V
Eg C N+1 - NC(2

The arguments of refs. (1) and (2) Show, and we shall verify,

that

v c(r) v v 0 (r) ,(3x

a constant independent of r. Therefore (12) can also be writ-

ten as

V v

E N+1 - N-1

C C AA(14)
EN+. N N1 g

where E is the non-physical gap of the KS single particle
g

vc
insulator, computed with either v or v

xc x c

We now turn to a consideration of v c Eq. (9.We
x

introduce

6n ,(r) =Y 6(r-r') , t(r-r') dr =1 (15)
r

where Y << 1 and 6 is a normalized, regularized 6-function.
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Then

v (r') Ji v- im 1r JE [n,(r)-v n 0 r+6rr)

-E [n(r).xnCr] (16

It is now useful to decompose 6Cr-i-') into two parts: n Cr),

which increases the number of electrons by 1 , and a
Ic remainder, m ,(r), which leaves the number of electrons

unchanged at N.

c- -

6(r-r') =n ( r) +4 mc (r),(7

where, evidently in view of Eqs. (2) and (15),

m (r )dr [(rr)-no(r)]dr =0. (18)

Substituting (17) into (16) gives two terms,

v C r') ;I We Cr') ,(9x0 xc xc

wh~er e

1. E [rnoCr) C r)] E n 0 rxc xc - c

(20)

-Ec,

x C x C



and

w Cr') li i 1 nr (r)+ Ym c(r)1E ~no(r)

+ vnC rf. (21)

The two density arguments in Eq. (21) differ by Y mn Cr),

defined by Eq. (17), and corresponding to 6N-0. This density

difference must therefore be understood as being brought

about by the action of' a small external perturbing potential,:-

Y 11 Cr) modifying the (N~v) particle ground state. In theI

limit v-*O the role of the conduction electrons in (21) beco- -

mes negligible, so that

W (r') =lim *{ExcIno r +Ym, Cr) l-ExcIn(r) I . (22)
Y40O

In a completely analogous manner we obtain the following

V

results for v cCr')

v (r Wx ( r) , (23) --

where

vV
"I 0 XCno~)] E l.nr) -nvCr)]

(24)

-- xc,N -xc,N-1'



and (..

M~ V,(r) 6(r-r') -n~ C r). (26)

From the expressions (19), (20), (22) and (23), (24~),

C V(25) we can calculate the difference, v xc * Note that the

two particle number conserving changes, (22) and (25), can be

combined

{E xc[n,(r)+Ym r (r) Xc~no (r I {xc~n~)

rE .. (r)-m mv,(r)

(r-n(r) JE cfn 0(r), (27)

c c

indeoendent~~ ~ ~ ~ ~ ~ of r' hsw banfr edsotniyo

X .
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A=V c  (r')-v v  (r') (p 0 v )+(w c (r,)_Wx (r, ))VC" X X - X XC V.-

xc xc x c ,cc x c xc

Sc
-{E ino(r)+nC (r)]-E in0 (r)]}IE [no(r)-n v (r)]- ]

+ E [no(r)(nC (r)-nv(r))]-Exc[no(r)}. (28)

These three terms represents the changes in the exchan-

ge-correlation energy of the N-particle insulator when (a) a

conduction electron is added; (b) a valence electron is remo-

ved; and (c) an external potential is applied which changes
-particle ins""ato

the density of the N-particle insulator by -(nc(r).n r))

without introducing either electrons or holes. Note that if

Exc[n(r)] had a regular dependence on n(r) near n(r)-n.(r),

then the three terms could be expanded in the small quanti-

c v .
ties n (r) and n (r) resulting in

a Ex [n(r' , Ic " v c v"i'i'

A = x {n (r)(nvr)-(n (r)nv (r))}dr-OAreg c n~r ~ )n"'"

v (29),-'-

Thus any approximate theory which uses a regular expression

for E xc as, for example, the local density approximation -

must yield a vanishing A. The correct formal expression (28) -.

makes it clear however, on physical grounds, why A does not .8 K-
. .

vanish: the effect on E of modifying the external potential
xc

of the insulator so that its density changes by

b'.<-- .--.-.. v.-
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S(C(r)-n V(r)) does not cancel the sum of the physically

totally different changes of adding an electron with density

CVn (r) and of removing an electron with density nV(r). The

correct Excn(r)] will give the correct A by Eq.(28). It
xc~m

remains a challenge to find useful non-regular expressions

for E which will yield accurate values for A.
x-
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