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‘strength for any value of the intermediate principal stress can be computed directly

ABSTRACT (continued)

physical significance and accuracy. The same five attributes discussed for each existing
mode] were examined for the new ARA conic model, so called because its principal mathemat-
jcal surfaces are conic sections. The computer code used to exercise all nine soil con-
stitutive models under eleven stress and strain paths is called the Soil Element Model
{SEM). It can be incorporated in large finite difference or finite element codes for
analyzing the response of soil masses to complex dynamic loads.

The ARA conic model performs well over a wide range of loading conditions, many depar-
ting considerably from those used to determine the model parameters. The parameters are
determined in a straightforward manner, and the model reflects the influence of the inter-
mediate principal stress on shear strength through a shear failure surface involving three
independent stress invariants: the first total stress invariant and the second and third
deviator stress invariants. For this reason the model is also called a three invariant
model. Measured shear strengths in both compression and extension can be matched exactly,
and the mathematical formulation of the shear Taijlure surface is such that the shear

without trial and error. The ARA conic model also exhibits dilatancy, generates only
pasitive plastic work, and has a provision for strain softening in shear.
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APPENDIX A

ANALYSIS OF STRESS

Stress Transformation Equations

Consider plane ABC of tetrahedron OABC in Figure (A.1), having the

outward unit normal vector:
“1n
= ajpe) *apn€ *oagpey = (o (A.1)
%3n

Line OP is the shortest line from the coordinate origin to plane ABC,
and is therefore normal to the plane, so that the unit normal vector n can
be drawn along OP. Let the distance OP be h, and let the coordinates of
any point, R, in plane ABC be (xl, Xos x3), so that the position vector of
point R is:

OR = X[€) ¥ Xg€y * X358y (A.2)

Then since line OP is normal to the plane, the projection of OR on n must

be of magnitude h, i.e.:

n-OR = a1n*1 * @nX2 te3pX3 T a%i = h (A.3)

Equation (A.3) is the equation of a plane in rectangular Cartesian

%)
S

L‘ ccordinates, and by considering the intersections of the plane with the
o i

{i three coordinate axes we cbtain: Accesion For \

X _ NTIS CRA&

t.:: [0Al = a - ah— DTIC TAB le (A.4a)
b In U aarounced a
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» 1 |
. 08| - b = - (A.4b) DR
°2n T

« . 4

= h -

ot - ¢ - — (A.4c) -

a y

3n -
o ]
ii Because the area of a pyramid cross section taken parallel to the -
v base is proportional to the square of the perpendicular distance to the a :f }1

cross section from the apex, the volume of a pyramid is given by the well

L known formula: — L

X base area

height
volune = —3—

Therefore, the volume of tetrahedron GABC can be expressed in any of four

ways:
N V - D (area ABC) = & (area BOC) = & (area AOC) = & (area AOB)  (A.5) Do
\,‘ =3 =3 =73 =3 )
L IR
from which it follows that, using Equations (A.4), N -
b R
' area BOC _ h :_
E Irea ABC = 3 = an (A.6a) ‘:.
b o b
area AOC _h rd . A
r area ABC b~ %2n (A.6b) j'-_:j.
» i
b area AOB _ h _ : SRR
£ area ABC © T © °3n (A.6c) RS
P Consider now the stresses exerted on tetrahedron GABC by the = —712
E surrounding material, shown in Figure (A.2). The stress vectors Eh, . }{
J;l’ 532 and -33 are equal to the resultant forces acting on faces ABC, o ;;ﬁ;~
BOC, AUC and AOB, respectively, divided by the area of the face on which > ;t?
they act. In the limit, as the dimensions of the tetrahedron approach " if:'
zero, the stress vectors each represent a uniformly distributed force per PR CARN
- L_
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unit area. Equilibrium considerations dictate that the vector sum of all

forces acting on the tetrahedron be zero.

Body forces, such as those due

to yravity and inertia, need not be included in the vector equilibrium

equation for an infinitesimal tetrahedron, since their magnitudes are

proportional to h3, whereas the magnitudes of surface forces are

proportional to he. The body forces therefore approach zero nore

rapidly than do the surface forces as the tetrahedron dimensions approach

zero. Therefore, the following development is as applicable to problems

of wave propagation as it is to static problems.

equation for the infinitesimal tetrahedron is:

:n {area ABC) - ?1

(area BOC) - Eé {area AOC) - 33 (area AOB) = O

The vector equilibrium

Dividing both sides of Equation (A.7) by (area ABC) and using

Equations (A.6) yields

= g +
°n = °1%n

syt 93a3, =

a

Q

Jj-jn

(A.8)

Equation (A.8) is commonly referred to as Cauchy's equation.

Each of the stress vectors in Figure (A.2) can be written in

component form, so that

o1 = o118 *
%2 * %12%1
°3 = 9381 '

where

7182 ¥ 03183

* 008, * 93283

9238y T 93383
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ojj = stress acting in direction 31, on the face with outward

unit normal 53,

Equations (A.9) can be written concisely in the form:
;. = 0. .€. (A.lO)

Substitution of Equation (A.10) into Equation (A.8§) yields:

o, = Ujujn = (oijei)ajn = (Oijajn)ei (A.11)
or, in matrix form:
{%n} = 2 {%p} (A.12)

The component of En in the direction of the unit vector m in

Figure (A.2) is:

T T
an = ™ 9 T 0%} (Y01 % (%m} Z{%) T %im%ij%n (A.13)

Consider now two rectangular Cartesian coordinate systems having a
common origin, as shown in Figure (A.3), and let

stress component defined in the 1,2,3 coordinate system

01j=
o;j = Stress component defined in the 1',2',3' coordinate systenm
aj = cosine of the angle between e ;and E'j

Then Equation (A.13) gives

. T
“mi%ij%n

g = a. oc..a. =
mnn im'ij jn

or

100
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s=a ua (A.15) -
, x From Equation (A.13) it also follows that the normal component of ;n in ..M
Figure (A.2), denoted Tans is simply “
s =TT = ey era (A.16)
nn n_ {“nt =% ‘
| w
Principal Stresses
[t is of interest to investigate the change in cpp in
i Equation (A.16) due to an infinitesimal change in n. Figure (A.4) shows - i
thdt since n must remain a unit vector, it can only change direction, so - '1
that =
. ' {(Jan] d\rat1 (A.17)
where
. o fa1! cay =0 (A.18)
I .l tr 1%} .
Equations (A.17) and A.18) merely state that an infinitesimal change in
thhe unit vector n must lie in the plane normal to n. The increment in
. L) Tnn due to dn can now be obtained by differentiating Equation (A.16),
witich yields
: T T T T .
X dopn = {dapy sqapy ¥ qapy sqdapy = qdagy (o * o7) fap) (A.19)
However, because there are assumed to be no distributed torques, the
Stress matrix is symmetric, i.e.:
¥ PL (A.20)
%' Thercfore, substitution of Equations (A.17) and (A.20) into
S Equation (A.19), taking account of Equation (A.13), yields
[ T
- 101
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do = 2d>‘{utzT gqu

nn V= Zd}\ﬂtn (A.Zl)

n.

where o, is the shearing component of o, in the direction of t. From
Equation (A.21) it follows that stationary values of normal stress occur
on planes of zero shear. Therefore, to locate stationary values of normal
stress, one seeks those directions for which the stress vector, on, has

no component normal to n, and is thereforc parallel to n. For such a

"principal” direction,

B_n = C.h_ (A.22)

Using Equation (A.12), Equation (A.22) can be written in matrix form as
L r
{On} = -O—{GH} = o{anl‘ (A.Z3)

or, in homogeneous form

| (o - ol)gayy = {0 (A.24)

The expanded form of Equation (A.24) is

| 011 - ° 92 %13 a1} = {0
21 092 = 9 93 an > =90 (A.25)
731 932 933 7 ¢ agn) = L0

and since Equations (A.25) are a set of homogeneous linear equations, they
possess a unique solution if and only if the determinant of the
coefficient matrix, in this case referred to as the characteristic
determinant, is zero. The equation expressing this condition is the

characteristic equation:
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or

1179 °12 °13
021 022 - ¢ 93 =0 (A.26)
n3l 032 033 -
Expansion of Equation (A.26) yields
(eyp = 9dlogp - odlegg = 9 * 0p505305) * 0y39,75,
- lepp - 9dspsesp - dypopplegg - 9) - eyglog, - odegg ]
4
3 2 ‘11 ‘12 20 Y23 .9
= gy g eyl - ol ] L
021 622 (,32 733 . ]'
u 11 %12 13 i ff‘,&
R _f1
* oF o1 %2 o3 =0 ]
ot [
13 11 o3 3 o33 :
. T
)
T
. r
(63 s 1% - Tye - 1) = ~(0 - 0:)(0 - 04)( ) = 0 (A.27) ]
1 2 3 = ag 01 ag 02 g - 03 = - ‘

vihere Tl 9ps and g are the three real roots of the cubic characteristic

equation, callec the principal stresses, and the stress invariants, Il,

12 and I3 are cdefined as follows:

I1 T 911t 22t %337 91+ 92+ 93

(A.28)

3 _J
' el e
. L R T
L R ‘o
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(A.29)

(A.30)

Carcan's classic solution of Equation (A.27) [USPENSKY (1948:84)] beyins

by setting

I
O=S+'3—

which causes Equation (A.26) to take the form

.k
11 ~ 3

(A.31)

(A.32)

~ PRI ~j
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Expansion of Equation (A.33) yields

y (8% 20,5 0g) = - (s - s s - sy)(s - s3) = O (A 35)
EL where $1» Sp, S3 are the three real roots (principal deviator stresses),
; ard the deviator stress invariants, Jl, ‘]2’ and J3 are defired as follows:
-
! Jy =Sy Spp v S33= 5] F s, ts3=0 (A.36) !’f:_-ft“::q]
3y - 11 12|, {%zz 23|, |33 31 R
21 Szl %32 3| P13 cu L 4
i ! SI1 S12 813 ko
t J3 = |Sy1  Spp  Sp3| = 515583 (A.38)
3 s
31 %32 %33 %
. The s? term is absent from Equation (A.35) because Jl is zero, and ’-1

Equation (A.35) is therefore referred to as the reduced characteristic or

PSS )

reduced cubic equation.

. The solution to Equation (A.35) is assumed to be of the form
s-A+B (A.39)
so that
- 3 = A%+ 3a% + 3n8% + B3
: 213 v 83+ ams(a ¢ 8)
- a3+ 83 + 3mBs
or
‘ $3 - 3m8s - (A2 +8% -0 (A.40)
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Comparison of Equations (A.40) and (A.35) shows that

38 = J, (A.41)
or
JA\3
adg3 . (33> (A.42)
and
Al g (A.43)

Thus, the sum and product of A3 and B3 are specified, which means that
A3 and 83 are the roots of a quadratic equation. To obtain the
quadratic equation we first obtain an expression for B3 from

Equation (A.43).

83 - Jy - A3 (A.44)
Substitution of Equation (A.44) into Equation (A.42) then yields

SAL
3 3 3 43,2
Ry - A% -0’ - )’ - <§—)

or

3
J
3,2 3 2
(A7)" - J3A + (3—> =0 (A.45)

Because of the symmetry of Equations (A.42) and (A.43), 83 also

satisfies Equation (A.45). Therefore, the solutions for A3 and B3 are
2 3
J J J
3 3 3 2

106
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and . :_.

7 3 i

J J J ‘
3 3 3 2 S
B - - <2—> : <3‘> (.46p) A

3

The quantities A3 and B” are real or complex, depending upon whether

the quantity under the radical in Equations (A.46) is non-negative or

negative, which can be determined by evaluating the ratic

2 Ll
,

Mcw the three roots of Equation (A.35) are physical quantities, and are ,‘ﬁ;§

e

therefore real. Thus, we can assume that: :: v
5125, 2 33 (A.47) SRR

s, + s S

1,2 (.48) S
.':\‘:-.'
"t.;a\
[

S l - 53 < :._

= (A.49) :

ard define Lode's parameter by the relation

- - (A.50) T

= . .
q 17 %3 1753 e
2 Sl
then v
S =T +q (A.51) Eég:
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=r ¢+ uq (A.52)

r-gq (A.53)

In addition, Equation (A.36) requires that

+

S] Y syt sy 3r+ ,.q9q=0 (A.54)

so that the deviator stress paramenters r and q are related by the

expression

(A.55)

and therefore the principal deviator stresses can all be expressed in

terms of the parameters . and q as follows:

(1 - §)q (A.56)

1

2u (A.57)

;

2

(A.58)

"
1
—
+
W
L

53
Substitution of Equation (A.56-58) into the ratio in question reduces it

to a function of . only, as follows:

J 2 2
T I T R wl e w) (A.59)

J 2
2oL - - 203 - 9-,2]

(A.60)
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B '
[ ;’23
pl(3 + )3 - u) S
- - Tt (A.61)
E < 2) (3 +4u°) y
: 3 o

According to Equation (A.50) the parameter u varies between -1 {when

Dt s
-y
]

S) = s3) and *1 (when s, = sy). The ratio in Equation (A.61) ;“L“:

therefore also varies between +1 and -1, as can be verified by direct
!
* calculation, and therefore the radicand in Equations (A.46) is
i -~ nonpositive. This being the case, the quantities A3 and 83 are i¥i¥¥
{ complex, and can therefore be represented by an Argand diagram as shown in .;r
] Figure (A.5). B
k r The expressions for A3 and B3, shown in Figure (A.5) are: i;:-
3 o
= K I (J2>3 (i]é)z . (2)3/2 13w (A.62a) -
3 =2 3/ C\Z) \3] ¢ +oed
bl J AR AR AR i
- B3 _ 3 s 2 '_3- _ 2 e-13U (A 62b) "_."*_
N - =7 T WW\3/) ~\7/ =\7 : e
f ) where
I
S J3

cos 3u = —2- = - u(3 + u)(3 - u) (A.63)
J 372 >
2) (3 +u7)
=

Equation (A.63) is plotted in Figure A.6.
The desired values of A and B are therefore the complex cube roots of

the expressions in Equations (A.62), i.e.:

A= [1-e (5 = 1,2,3) (A.64a)

.'
.
1:I'l

R
‘l;’lc‘ :'.."-j : J- 7
o, -
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J2 -iuk
B = -3— e (k = 1,2,3) (A.64b)
where
ul = W - gl (A.656)
U o= W (A.65b)
2
, 2n
U3 = W -3— (A-65C)
and
J3
1 1| 7
w = =CO0S (A.66)
D TR
T

Now Equation (A.39) states that each of the three roots, Sy» Sp» and
s3 is the sum of two quantities, A and B, whose product is real according
to Equation (A.41), Therefore, the values of A and B used to form
Sj (i = 1,2,3) must be complex conjugates, which requires that k = j in

Equatiens (A.64). Equation (A.39) therefore takes the form:

J2 .iUJ- -iU- J,,

J 4 .
S5 = 3—-(e + e )y = 2 T Cos uj (j =1,2,3) (A.67)
or

Ja

5| = 2 T C0s u; (A.68a)
Jy

S, = 2 T €0S w, (A.68b)
Jp

Sy = 2 7= €OS uy (A.68c)
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so that Equation (A.31) takes the form:

I

1

Jo

S )ty 20
I J

1 2
St 2T

Iy cos {A.693)

02 CcOS (A.69b)

I Iy
o3 S3 + x = 2 5 CO0s (A.69c)

Principal Stress Directions

Once the principal stresses have been calculated, the cirection
cosines associated with each principal stress can be obtained from three
separate solutions of Equation (A.25) in which o is successively set equal
to oy, 7, and aq. In each solution at least one of the equations will be
recundant, so that a corresponding number of the direction cosines will be
arbitrary. The directions thus obtained are those of the principal stress

axes, and can be shown to be orthogonal as follows. Let
| |
a = Eal}: (2 | {a3ﬂ (A.70)

where {al}, {az} and {a3} are the three principal directions. Then
Ecquation (A.23) can be written in the form:

Oa=Clr5

P
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o Premultiplying both sides of Equation (A.71) by a', then SRR
' transposing the result and taking account of Equation (A.20) yields _; '
e Toa=9als '
i FEETE AT _
E"
v QT GT a = rO QT Qa
GTO a = r-C GT Qa
— — -— p_J —_—
(o ). = Mo (a a) (A.73)
The only way Equation (A.73) can be satisfied is for the matrix
gT a to be diagonal, which means the columns of a are orthogonal -‘
(perpendicular). Since the {aj} are unit vectors, we have
ala=1 (A.74)
so that Equation (A.71) yields K
T
Qa g a = I_O (Au75)
and ?
sl o =g (A.76) .
- Py - - -
o
.
k.
f'__
F‘_.
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;o Figure A.1. Tetrahedron OABC.
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Figure A.2. Stresses exerted on tetrahedron OABC by the
surrounding material.
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Figure A.3. Rotatiorn of rectangular Cartestan
coordinates.
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Fiqure A.4. Infinitesimal change in a unit vector.
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Figure A.5. Representation of the roots of Equation (A.45)
in an Argand diagram.
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APPENDIX B

CAYLEY-HAMILTON INVARIANT FORMULATIONS

v -y Caa)

MOMMMBRTS o SOt
e . Lo
et ‘)

If o is the 3 x 3 matrix containing the column vectors of direction

cosines of unit vectors in the three principal stress directions of the

rrY

stress matrix, o, and Mo, s the diagonal matrix of corresponding

. -"
* . ‘. "' *
-

p
_
principal stresses, then Equations (A.74-76) give .
ala=1 (A.74) o
uT ca=1lg (A.75)
& 22,
-
T
a . a =g (A.76)
It is easy to generalize Equation (A.76) for higher powers of o e
.
and o. For example, L
a o 2 o.T ={a fg aT)(a Ia aT) = 02 (B.1)
L - kK- - B- -
and, in general,
n T 7," n
« 0 a ={a . a) =0 (n an integer) (B.2)

Now if Equation (A.27) is written for each of the three principal

stresses, and the result put in diagonal matrix form, we obtain

rr33—1

2 r
5 5%-1, G -131="0, (8.3)

Ly 2p

Premultiplication of Equation (B.3) by a and postmultiplication by

ol then yields
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o - 1132 -1y - 13120 (B.4) )

Equation (B.4) states that the stress matrix, o, satisfies the matrix
form of its own characteristic equation. This is a particular example of

the Cayley-Hamilton theorem, and leads to useful expressions for the

invariants 11, 12, 13, Jl’ Jz, and J3, as shown below. SO
Recall that the inverse of a square matrix equals its adjoint (the
transpose of its matrix of cofactors), divided by its determinant. Thus,
-1 o* ET
a = = (805)
- 12y e
Now o e el
x
- T N
12 = - Tr(Z) = - Tr(27) (B.6) o
and i
13 = igl (B.?) ) ;‘-
s0 that o
T - b
Tr(o 7) = = -1 (B.8) -
12 3
Now first note that _ t:;i
I, = Trio) (B.9) ’-:?:};:;
Next, premultiply Equation (B.4) by o-1 to obtain
‘ o - o - 11 - 132'1 =0 (8.10)
$
E; Taking the trace of Equation (B.10) then yields
s
e
E: 120
b A o e e e e S
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1
pa P
Tr(i ) - Il - 312 - I3(- TE)
- Tr(e?) - 12 - 21, = 0

so that
I, = 30Tr(s%) - 18]
Finally, taking the trace of Equation (B.
3 2

I
Tr(g?) - 7£[Tr(g?)

Tr(g?) - Il

3

1

so that

3

Since the deviator stress matrix, s, can be viewed as a particular

3, 3 2
Tr(g®) - 51,Tr(s) + 5= - 313 =

COMMRMrS AR e B el aes and B ad |

4) yields

= llj - 313

v

A

type of stress matrix whose trace (first invariant) is zero,

Equations (B.9), (B.12), and (B.14) yield

J; = Tr(s) = 0

1 =

(<)
1]

,}Tr(f)

Ml AR JAE arh i o a-a gk aPh Jue aa sre el oy o

(B.11) RO

(8.12)
.
L
(8.13) —
-
(8.14)

(B.15) E"
(8.16) 3
(8.17)




For machine computation, the following invariant expressions are

convenient because they do not require calculation of principal stresses:

I} = 071 * opp * 933 (B.18)
2 2 2 2 2 2 S
(5717 * spp" * 53370 * 251, * 5,3% sy 7)
J2 = v, (B.lg) -
' J3 = S1952533 + S12523531 * $32521513 (B.20)

2 2 2
- (11503 * 50531 * 833812 )

Equation (B.18) is identical to Equation (A.28); Equation (B.19) is
an expansion of Equation (B.16); and Equation (B.20) is an expansion of
Equation (A.38). .

Another useful expression for J, is obtained by setting

2
Jo = J -‘J_l b
2792 7% S
2 2 2 2 RS

3Usyy sy ts3y) - syt sy t syl (2 4 2.+ s2) o

- ® 12 23 31 o
'y

2 2 2 SRR

(s * 555 * S33 - Sy955p - Sp2S33 7 533511 2 R

2 . 2
= 6 tlspptisys tosyy)

2 £y (e 2
sin - sep)™t (sgp - sgg)” t gy - Sy 2 L2, 2
- 5 12 " %23 7 %3 5

2 2 2 Rt
(0 - 0 ) + (0 Hn = Q@ ) + (0 - 0 ) SRR
11 - %22 22~ °33 33" °11 2 , 2, 2 SN

- ; *lop T gy ogy) (B.2L) P

By using Equation (A.34) in the form

(8.22) -

122 R
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Equations (B.12) and (B.14) can be made to yield
! 2

I = gLTr(e°) - 15] = %{Tr[(i vt %o 1 e

2
i
= ?[Tr(i * T E + gll) = If.‘ .-\_~.

(8.23)

and .

I = %{2Tr(g§) - 3IlTr(g?) * I?]

O A
»

I I
- %{zm(g o 1% - 30Tl ¢ g DA If}

Z 3 2
3 2 Il I 21 I

= darr(s® e 1s? e ts v b C s Te(s? ¢ —ts ¢ gt ¢ 1)

ely 1

=d3 3t

3
L 14, -
1“2 & &

=Jy - =ty (B.24)

so that

(B.25)

t? ' ';?
h, o
p .:'r

. 123 S
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. ea—a.
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2 o

- and o

h I 123 1.1, 213 L

Sa= Iy v (1, ¢ b -4 oo e 120 1 (8.26)

o 373 T V2T 27 T 3 3 27 :

[ R

h Equations (B.22), (E.24), (B.25) and (B.26) show how any function of 1 PR
- q

t' 12, and 13 can also be written as a function of Il’ J?, and J3, and

vice versa,
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APPENDIX C

O TAHEDRAL PLANE PLOTS

The positive directions of the orthogoral principal stress axes,

- Aefined by Equation (A.70), are arhitrary. Thus, the principal stress

axes define eight octants within which the stress vector repeats itself in
a symmetrical fashion. 1t is convenient tn use the principal stress axes
as conrdinate axes, as shown in Figure (C.1). The principal stress axes
define the principnal stress space, and in that coordinate system the iT;If

stress matrix reduces to the diagonal matrix of principal stresses.

t
" 0 0
n=l =2]l0 ., 0 (c.1)
0 0 o3
I' The hydrostatic axis in principal stress space has the equation
q1:r32=r53 (C.?)
and the unit vector pointing away from the origin along the hydrostatic
] .
axis, having equal positive components along each of the three principal
strass axes, is the octahedral unit normal,
[ S - S (c.3)
' ocT VE; 1 2 3 A
- The plane through a stressed point for which ngep is the unit ffh ;f
= normal vector is called the octrahedral plane. Referring to :Ljfﬁ
.
Equations (A.8) or (A.12), the octahedral stress vector, i.e., the stress RO X

vector acting on the octahedral plane, is

- v
N
.

- o1

0CT I (nye) * 0,8y * 9384) (c.4)
3
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The normal component of the octahedral stress vector, called the

octahedral normal stress, is

- OOCT = GOCT . nOCT = (C.5)

and the tangential or in-plane component of FOCT’ called the octahedral

shear stress vector, is

T

ocT = %oct - (%0nT" Moct) Moct

1 - -
= = (g,e, + 5,0, * o,e,) - e )
/3 171 ?2°2 373 ('—3 1 2 3

—— (5131 + 5232 + 5333) (C.F)

The magnitude of the octahedral shear stress vector, called the

,i octahedral shear stress, is

:'-:'. 52 + 52 + 52 2J
Toor = d TaeT Toor = 4 ——a—— = |7 (c.7)
o ocT - ocT OCT ~ - 3 )

so that Equations (A.68) can he written in the form

Sy =//; TocT €05 v, (c.8a)
A

.‘ s, =‘/;TOCT cos w, (C.8b)
: 53 =)/?-T0CT cos !.)3 (C.SC)

When plotting triaxial stress data it is convenient to work with a
mathematical vector, 7, called the principal stress vector, shown in

Figure (C.2), the compnnents of which are the principal stresses, i.e.
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a = 43 :YOCT = qlel + "20 t e (C.9)

[t is also convenient to define a second set of mutually orthogonal,
right-handed unit vectors, called the octahedral unit vectors, according

to the relations

— - 1 — - -
n3 = nOCT = 4[—3_" ( el + 92 + 63) (C.].O)
.- (7T -8, (C.11)
1 - JE; 1 3 :
€ €2 €3
- - = 1
n2= n3x nl =J——6_- 1 1 1
1 0 -1

-e, +t2,-¢e¢
.1 23 (C.12)
G

The unit vectors ﬁl and 52 are hoth normal to HOCT and therefore

hoth lie in the nctahedral plane. The unit vector ﬁl has a positive 61

¢component, an equal and opposite 53 component, and no 6? component. The

El' F?, and ﬁ} components of the principal stress vector are

Ty = 0 Sy - S
x=%.m - 1 371 73 (C.13)

(2

-0, - 0@ 28, - S, - S
.y=f7'n2= 2 1 3= 2 1 3:/%-52 (C.14)

a
- 3
Z =aqg. n3 =TT = 1’3 0CT (C.15)
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The octahedral plane component of the principal stress vector is
I R=o-(n-n3)n3 .
— - 1 —
= {re, * 5,6, * 0q,0,) -3 - — (e, * e, *e,)
3°2 r‘
171 ?2°7? 3 orT ﬁ ) ? 3
- <8 3 3 - ;
' = 518 * sy, * 5484 (C.16) T
and the magnitude of the octahedral plane component of the principal o
: stress vector is ‘ i]
| — [2. 2., 7 B
R=AR-R - )t sy vy = fa0, = 30 (C.17) ]
- ‘.4
. It can easily he verified by direct expansion, using Equations (C.13) 5 'ﬁ
) and (C.14), that R
? 2 L2 SRR
> 9 5172553753 3%, L
X"+ y" o= o W T
2 ? e
i s d
* LA T‘.".'
2 2
2 .
Syt %sy53t syt sy v (esy o)
- 2
] )
_ 2 2 2 p2 512 7
=spt s, v sy =R=20,= 2T 0 (C.18)
Now Equations (C.13) and (C.14) also yield 5
)
20?-01-02 . 25?-51-53 -
y_ L - = - (c.19)
S E) °1 " ™ e 517 %3 J3_
; where u is Lode's parameter, defined by Equation (A.50), so that, -
referring to Figure (C.3),
: y - R <——“——> (C.20)
\ 3+ |
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or

or

So =,f2—r0CT (;/—-_i:—2> (C.21)
"

Comparison of Equations (C.8b) and (C.21) shows that

COS 1y = = (C.22)
2
3+,

which can be checked, since

3
cos 3u2 = 4 cos wy - 3 cos wo

- 4u3 _ 3u
3+ ,5°78 (3 uHle
R R A

(3 + u2)3/2 i (3 + u2)372

(3 + u)(3 - u)
- - “(3 - :2)372 Z (c.23)

which agrees with Equation (A.63). Thus, Equations (C.13) and (C.14) can

be written in the form
ﬁrocr sin wp
A3 7ocr <05

x
|

«<
|

k14
.
'y
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A common equation for soil shear strength is the Mohr-Coulonb

equation, which can be written in the form . ..'-_T;‘lq
q=(d+*p)sin ] (C.26) R ﬁT
where the friction angle, Z, may depend on u; d is a constant material coe
parameter; and T d
o s o .
P = 1_2__* 3 (C.27)
a [s]
1-°73 .
9= —> (C.28) *
Now Equations (C.13) and (C.14) can also be written in the form ‘:

x = 42 q (C.29) S

) 2((‘1 + 02 + 03) - 3(01 - 03)

y s T = A6 (oger - D) (C.30)
6
Substituting Equation (C.26) into Equation (C.29), then solving for p T i
yields
X =42 (d+p)sing (C.31)
p=me=—"—o-d (C.32) B
N2 sin'® IS TN ’
: S 4
f
ana substituting Equation (C.32) intc Equation (C.30) yields ]

ﬁsin E
ﬁ {C.33)

= A6 (0 * ogep) - —— x Lo
0T~ §in B L

]
X s 1
Y=‘5(’*°oc7“_—> - 9

Finally, if we set

X
X' e X (C.34)
d*oget
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A i T (c.35) B
u_ ther Equations (C.19) and (C.33) yield *“_i

y' = (C.36)

y'o= e - x' (c.37) ]
sin @ R
wiere, when d = U, .
— i "9
L2 E - _‘__—._ (C.38)
L . show g rapid method for plotting triaxial

v, Ture, Lasea on Equations (C.36) and (C.37),
"t cquetion (C.2€) applies [Merkle (1971:346)].

o111 shiear fallure criterion than the

"¢ 1r which the octahedral shear stress is a
vz remigl stress and the octahedral polar angle,
2
(C.39)
SnothYs Cane g urigue oltehedral ¢ross section can be obtained by
Lletting
3 .
R ‘f- ocT
S M N R TEN (c.40)
“UCT ucT
T
131
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Figure C.1. Octahedral unit vectors in principal
stress space.
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Form for plotting strength data in the octahedral plane.
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APPENDIX D

BASIC EQUATIONS OF ELASTOPLASTICITY

If a cylindrical soil specimen is consolidated under an isotropic

stress (qlc = T5e = ;3c)’ then suhjected to drained compressive

Toading, unloading, and reloading under constant confining stress ;?}Ff

(;2 = 53= 7303 ?1 3l€3c)’ the stress-strain curve appears as
shown in Figure (D.1). Several important features are shown in A
Figure {D.1):

1. The stress-strain curve is nonlinear, even for small stresses and
strains,

Lme e .

2. Upon unloading from point A, some of the total strain is A
recoverable (BE), but the remainder is irrecoverable (0B). :

3. Reloading occurs along a path (BC) somewhat different from the
.. unloading path (AB), until nearing the previous maximum stress. :
ll At this point additional loading approaches and proceeds along .
what appears to be a continuation of the virgin compression curve
(DA), with 1ittle apparent further influence of previous R
unloading or reloading. A

MO - \athunman ey

4. Unloading and reloading occur along paths whose secant from zero
to maximum stress has a slope very close to that of the initial
tangent to the stress-strain curve. This means that the I
irrecoverahle portion of any strain increment is essentially the
difference between the total strain increment and the strain
increment associated with a straight 1ine stress-strain curve
having a slope equal to that of the initial tangent to the actual
stress-strain curve.

N n am and
R A
ot te e e

By convention, recoverahle strains are called elastic, and
irrecoverable strains are called plastic. If the unloading and reloading
curves in Figure (D.1) hoth retraced the virgin loading curve (0A) instead
of following curves (AB) and (BC) the stress-strain behavior would be
called nonlinearly elastic. As it is, the linear portion of the stress-
strain behavior shown in Figure (D.1) is elastic, and the nonlinear

portion is plastic. Since some of the stress-strain behavior is elastic
137
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and the rest is plastic, the overall stress-strain behavior is called
elastoplastic.

Multiaxial elastoplasticity theory extrapolates the above one-
dimensional stress-strain observations, ana assumes that plastic strains

are superimposed un elastic strains. Thus
.= E?. + EP. (D.l)
with a similar relation holding for each strain increment,

dE.. = dEe

P o
13 ]J + dE]j (D.L)

When the elastic behavior is isotropic, the stress increments are

related to the elastic strain increments by the equations

e e

where the elastic incremental stiffness tensor is given by the expression

e
Cijk] = MK051j6k1 + M(l-KO) 5ik6j] (D.4)
and 11 = constrained elastic modulus
Ko = coefficient of elastic lateral stress at rest.

The parameters F and K, are sometimes assumed to be constant, independent
of strain, and are sometimes assumed to vary in a prescribed manner.

Once the possibility of plastic strains is recognized, four questions
arise:

1. Can plastic strains occur?

2. If they occur, what will be their relative algebraic values?
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3. [f they occur, what will be their actual algebraic values?
4, W11l they occur?
Obviously, Question 2 is a subset of Question 3. The reasons for listing ... 4

the two questions separately are tihe mathematical and physical conditions

used to answer them, which are explained below. :f

The mathematical theory of elastoplasticity presented here contains

four parts, each needed to answer one of the above four questions:

il 1. A yield criterion, assumed to be of the form

-, . . .

P _ -
- f(o].j eij) =0 (D.5)

satisfaction of which is a necessary condition for the occurrence
of additional plastic strain at a point.

n

A plastic potential function, g(ojj), for which

P - 9
deij = di 3"13' (D.6)

which gives the relative algebraic values of the plastic strain -
increments, i.e. the direction of the plastic strain increment

. vector in stress space. Equation (D.6) is called a flow rule,
and the scalar constant dx is determined by the next condition.

3. The requirement that Equation (D.5) be satisfied not only at the g "J-
beginning of yielding, but throughout yielding as well, so that nERANE

of of . p S
df = 3_0 . dow. + a—p— dE]j = O (0.7) _ et
J s'ij

Equation (D.7) is called the consistency condition, and yields
the value of dx in Equation (D.6). It therefore permits
calculation of the actual algebraic values of the plastic strain
increments.

4. The requirement that the calculated plastic strain increments
lead to a positive plastic work increment,

dwP - o”dg?j > 0 (D.8)
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Equation (D.8) is called the dissipation condition. If it is nnt

satisfied, then additional plastic strain does not occur at a

point, in which case all strain increments are elastic.

Equations (D.5), (D.A), (D.7), and (D.8) have been written assuming

one yield criterion {or yield surface), and one plastic potential
function. There can, however, be more than one yield surface, and an
equal number of corresponding plastic potential functions. If this
happens, then the above four equations apply to each active yield
surface. Thus, if m yield surfaces are active, there will he a set of
plastic strain increments for each active yield surface, the values of
which are determined hy 4m equations (counting Equation (D.6) as one

tensor equation.)

The stress tensor "ij contains nine elements,

11 12 713
U.Ij = ’721 022 023 (D.Q)

731 732 733

— p—

.. 0= 0, (D.10)

Each stress component, %3

three principal stresses, T1s Gos 03, and the nine direction cosines

s can be expresed as a function of the

of the three principal stress axes with respect to the arbitrary Cartesian

axes used to define the 55

direction of the ith principal stress axis is 3}, then because the three

However, if a unit vector pointing in the

principal stress axes are orthogonal, we have

ei * eJ. = Gij (D.ll)
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Equation (D.11} represents six independent scalar equations involving
the nine principal stress axis direction cosines. Thus, there are only
E’ threa independent principal stress axis direction cosines. Let them be

s 1, and aj. Then we can write

- 137 TiglTme s apaageag) (D.12)
[ .
- If a material is isotropic, the dependencies of the yield function, E
f, in Equation (D.5) and of the plastic potential function, g, in 7
Equation (D.6) on the principal stresses 915 79, and o4 are -‘"5
< t
independent of the orientation of the principal stress axes with respect
to the conordinate axes. This means that not only do aps ay, and ag o
' nnt appear in the expressions for f or g, but also the stress functions i. i
which do appear in those expressions are insensitive to subscript
interchanges, i.e., they are symmetric functions of s Ty and 73 j.»f
. The tntal stress invariants 1,, I,, and I; satisfy the required [
condi*ions of symmetry. They are, from Appendix A: -‘:::\_-
- '-t::
y=rin " 722t 33 (A.28) e
. (a4 s [s] [s2 [e) (s} 7-— ~
11 12 22 23 33 31 -
12 = - + + (A.29)
21 %22 "32 "33 ‘13 11 e
_F‘.:‘.. '..
- 11 712 713 .
‘ 731 732 733
: Equation (D.6) gives the relative values of the plastic strain .
increments, from which the relative values of the principal plastic strain ::‘_:.;2;'{-
- ,‘.’.\:.
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increments and the orientation of the principal plastic strain increment
axes can be determined. Since the plastic potential function, g, is a
function of the three total stress invariants, Il’ I2, and I3, given

by Equations (A.28), (A.29), and (A.30), we have

i g = 9(1,,1,,1,) (D.13)

so that Equation {D.f) can be written in the form

31 31 al
i dE?.:d)\a—ag—zdl(%?'—al +—§%'3_'2—+§%_ 3) (D.ld)
J i 1 %% 2 3% 3 9%
Now Equations (A.28) and (A.29) yield

] —
' 1 0 0

o1

o = |0 1 0| = & (D.15)
| o o 1]

~(ogp * 033y 21 931
al
2
| Toy; °12 -logz * ogq) 932
: 13 923 - (o7 * 0p)
i
g SR TTIRE SUITIE N FE (D.16)
To obtain the derivatives 313/3°ij we first expand the expression for

[ 13 in Equation (A.30). Referring to the development of Equation (A.27),
‘ we obtain
i 11 %12 °13 (0.17)
] I3=0z) = 171 %22 23| = 11722733 * 1272331 * °13°21732
ﬂ °31 732 "33] T "11723732 T "12721733 ° "13722"31
: 142
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Differentiation of Equation (D.17) now yields

where

-

ij =

722733 7 23732 °

) (”?1”33 T 723731

21732 T T22731 7

B (”12"33 T 713732

711733 7 713721 T

~ -

- (“11 32 7 712731

712723 ~ "13722 °

) =

) =

1

ﬁ13

“21

f22

) = Tos

31

- {oy1703 - 713721) = I3

11722 T %1221 T

33

(D.

(D.

(D.

(D.

cofactor or signed minor of 0jj, arising in the Laplace

expansion of I2| , Which is

1 1
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The compact form of Equations (D.18) is

3. ... (D.20) B

Substitution of Equations (D.15), (D.16), and (D.20) into Equation (D.14)

yields

P I 1 I
dei‘j = d)\[aI

ag
7 i iy

)
z(oij - Ilsij) + 3%; Zij] (D.21)

Since g has the same principal axes as does -, it follows from
Equation (D.21) that ggp also has the same principal axes as does o.
This condition is a consequence of the assumption of material isotropy,

and not an independent assumption, ~

A convenient assumption concerning the dependence of the yield
function, f, in Equation (D.5) on plastic strain is that f is a function

of stress, 3T and plastic work, wp, where plastic work is in turn a

function of plastic strain [Malvern (1969:367)1. Qﬁij?

fla. ., e?j) = flo,

Py P
i W (cij)] (D.22)

j’

The plastic work increment in Equation (D.8) can be written in the form o

AR
P N
p_ ¥ . p p SN
dN = _—a p dE,iJ- = Oiij_iJ- (0.23) . ;.-_‘..':,‘
€ij R S
so that :f
4
p <
G (D.24)
aep- 1
ij
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Substitution of Equation (D.21) into Equation (D.23) yields

P _ P 3 3 2 2 39 -
dwF = Oijdcij = dx {_8% Tr(g) + —3-%5 E’r(g ) - IJ + ?Ig 13 Tr(g _)}

2

_ 3 3 3 _
_dxl}%ll’rzﬁ—lz*‘BﬁSI{l_hdx (D.25)

where

h=dgp v238 1, +329

(D.26)
I o

The above expression for h ayrees with Euler's theorem, since the

' .
N RN
Y

tnvariants 1y, 1,, and I3 are homogeneous functions of degree 1, 2,

and 3, respectively [Sokolnikoff and Redheffer (1966:325)].

Equation (D.13), which assumes the plastic potential function cepends -

v .
o ,

LAl

ol

explicitly on the total stress invariants, I, I,, and I3, gives
reasonably good results for stress or strain paths involving mainly
volumetric compression. HRowever, shear strength data, plotted in the
octahedral plane as described in Appendix C, suggest that a plastic
potential function for stress or strain paths involving significant shear
deformation is better assumed to cepend explicitly on the first total
stress invariant, Il, and the second and third deviator stress

invariants, Jz, and J3, so that

Equation (D.6) then yields

sl ad 3s 3d
by - oo |y 2 g 3
95j 1 %% 2 3%y % 3 %%k %%
(0.28)
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where : ;
.
a1, e
.
::t C‘“-.":.."
R
ard by analogy with Equations (D.16) and (D.2u) was
> . .4
Y2 B
— =5 (D.29) .
IS4 k1 -
-
3 4 <
3 . (D.30)
35, 1 k]l

and since Equation (A.34) can be written in the form

3

»
. A
N -, . 1 'l" | . ‘. . N
.'4"'."".".' PN T
FRNTRDONOADY ORI U

L
Sk] = ok] - 3— ék] (D.31)
we have oL
2s
K1 -1 ..
T 851 7 3 %iit (D.32)

Substitution of Equations (D.15), (D.29), (D.30), and {D.32) into
Equation (D.28) now yields

4P dx]iia_é . 39 |

1
€5 1y %13 e, Tk B T3 S5t

3 1
* 5 Sa (656851 = 3 éijdklﬂ

3
2 5 39 %2
= da alaij+3§;s”+ 3 (Si5 * 73 845) (D.33)
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The plastic work increment in Equations (D.8) or (D.23) is therefore
L dwP LI deP
| = 9% = \T %y T tig %%
— I R o
_ 3g 1 2 2 3
= d HTTr(l)*;:?;Tr(é)*;?—;Tr(iQ
' F .
. - ﬂ_ g a9 _
where .
_ 39 39 3 .
h = it I+ 2 SJE J, + 3 335 Jg (D.35) -
. Comparison of Equations (D.26) and (D.35) shows that
P REYSE
39 9 1 .29 29 -4
25 1L, *3 51 I3 =2 > JZ +3 3 J3 (D.36) -
2 3 2 3 .
Finally, the plastic work increment, dWP, can be expressed as the sum A
. of a volumetric term and a deviatoric or distortional term. This is done by 'q
expressing the stress components, Tijs and plastic strain increments, :&i£€
de?j, as the sums of their volumetric and deviatoric components. Sﬂ;ﬁf
I ‘i';'f..‘
; L (D.37) RS
iJ 3 i iJj : o
deP e
. P __mm p e
GeiJ = 3 Gij + de]j (0.38) AT
— '."\'*!
The expression for the plastic work increment can now be written in the form ;fg?j
o deP
- P _ p_[_Kk mm p
" = oy gdeys =\T3 845 T Sig)\l T Syt dey;
5]
- Kk 4P P
= 3 degy, * sy ;deq; (D.39)
;4 The first term in Equation (D.39) is the volumetric plastic work incre-

ment; the second term is the deviatoric or distortional plastic work increment.
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Figure D.1. Drained triaxial compression stress-strain curve. o
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APPENDIX E

VECTOR REPRESENTATION OF A GENERAL V...
STRESS OR STRAIN STATE N

Consider the two-dimensional rectangular Cartesian coordinate system

(X,Y) shown in Figure (E.la). The X and Y axes define a two-dimensional

vector space, and the line x = y is a one-dimensional vector subspace.
Point P in the one-dimensional subspace can be located by the single
coordinate s = JE-X. L

In three dimensions a similar situation exists, as shown in
Figure (E.1b). The X,Y, and Z axes define a three-dimensjonal vector
space, and the plane x = y containing the Z axis is a two-dimensional i::‘

vector subspace. Point P in the two-dimensional subspace can be Tocated

by the two coorcinates (s = Ji-x, z).

Generalization of the above analysis for an n-dimensional vector l‘ .
space is straightforward. If an n-dimensional vector space is defined by Eirﬁi
the coordinates x; (i = 1,n), then the hyperplane x; = xj (1 43) is :i%ég
an {(n-1)-dimensional vector subspace. A point in that subspace can be :;:;

Tocated by the coordinates

(xl, Xps vee Xi 15 43;1’ Xjels oov Xjo1s Xjeps oo Xp)

Now consider a general stress tensor, or matrix, . -
t;:j;

g [o] o] NS

11 12 13 h:}f

;"x‘:;‘

2 = [P = |ar 22 ce (E.1) o
S _\‘

931 %32 933 osey

ol

S

a5y
‘i o
d P
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which has nine components. The nine stress components can be used to
define a nine-dimensional vector space, in which the location of a point

is specified by a vector having nine components.
°11
922
733

{09} ={ 953 (E.2)

However, only six stress components in Equations (E.1) and (E.2) are
independent because the stress matrix is symmetric according to
Equation (A.20), i.e.,

oji = O_ij (E-3)

so that

-, ”12 (E.4a)
[ N (E.4b)
pg 932 = 723

-_‘I (7]3 = 031 (E.4C)

Therefore, only the six-dimensional vector subspace defined by
Equations (E.4), of the nine-dimensional vector space defined by
Equation {E.2) will ever be needed. Thus, a general stress siate can be

specified by the six-dimensional vector

A Bt Ao At Acd AR Jatt ot i’ o fa et inie At e akdn ot alhis bl P ARA et st A

T -y v
I ] ¢
v I
. ot e .
- LS « [l ‘l‘ hor v



Rt ade Jo oI I8 '8 & it

1 11

0'2 022 )
u a = a "
: {O} = {06} = 3 33 (E.s) SRR

- %4 JE-GIZ o
N % 7 o2 .
- ’6 12 o3, w

Note carefully that 91s 92> and o4 in Equation (E.5) are not

i' - necessarily principal stresses, but simply the first three elements of the ot
column vector {5} , which represent the normal stresses 311 9pp> and 933+ .ff
Expressions for the total and deviator stress invariants can be .
developed using the notation of Equation (E.5). The total stress ;Il
k.
invariants, Il, 12, and 13, are :?'
Il =01 + 9y + a3 (E.6) b
I, =~(og0y * 0p03 * 030)) * 5 (5,2 * g * 05 (E.7) L
I‘ooo“l o-l(a 2*0 2*0 02) (E.8) '::'t::j\
37 °1°273 45'0405 62 '°1°5 2% 3% : e
and if we set R
1 ;
1 P
1 5
{m} = (E.9)
0
g
0

then the deviator stress vector can be written in the form
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I1 :
{st = {or - 3 {m} (E.10)

so that the deviator stress invariants, ']1’ J2, and J3, are

~nNo
|

= $,5,5 -5 (s sg tos,se 5352) (E.13) ' ‘

1
+ =5,S5-S
17273 [‘2456

w
1

The derivatives of the total stress invariants are

3l ' l-.‘
{ 1} i (E.14) L

bs S
{312} (o) - 1 (E.15) .. L,
3aq =19k - 1 fm} rl . .‘

"

31
{M3 ) (€.16) s

where :2 i v.._.‘f

{} -/ 3\ -/ "3 (£.17) =

) V2 T N
5 23 o
T V2 ¢

g 2 31
RI
. R
The derivatives of the deviator stress vector are ' ‘:Z:\-Z-j
.. :-.::\‘.~
nop-

[.3_.5]= 1I- % {m}{m)T (E.18) I e

D S
Saa

RN
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and the derivatives of the deviator stress invariants are

3

merra Al oty

g )
LI

(s} (E.19)

3J
3 (E.20)
{F} = (s}
vhere
3 511
S, S22
) -7\ /353 (E.21)
S4 V2 S,
S 72 S,y
Sg V2 S3
so that
ad ad
2 as 2} 1 T _ (E.22)
{;;} . [;ﬂ {ég— =(L-3 m (m ) {s}=(s)
3dJ aJ J
3 3§ 3 1 T 2 ;.. (E.23)
{aq} ) [a_] {?S_} cu-tmmh e 2w

In a similar manner, a general strain state can be represented by a

six-dimensional column vector. The total strain vector is

1 11
€2 €22
fev=/J3\ = /%33 (E.24)
€4 V2 ey
5 V2 €23
6 72 3
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e

and the deviator strain vector is

{er = {e} - fkk {m (E.25)
3

Stress and strain increment vectors can be defined in the same way

o) dey)
dn, ey,

fdo” = )93 L 1 drag (E.26)
dny V2 d°12
dog 2 do,4
dn6 V2 d031

qryvRwawy VY a g ava o o ats avl g o A gV S SO A SR alel R mal 2 o oin aaig=aiar




A o
ﬁ 0 ]

l:';a ' -

!\ ' E.la

o
<

E.1b

!. Figure E.1. Vector subspaces corresnonding to two equal
- Cartesian coordinates.
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i APPENDIX F ~
B INCREMENTAL FLEXIBILITY MATRIX FOR - : n£
- STRESS CONTROL R
ii Consider a rate independent elastoplastic mode]l having two
independent, strain hardening yield surfaces and two corresponding plastic
potential functions. Using nomenclature similar to Lade's, one yield :
p— — - -
E surface will be called the compressive yield surface anc¢ the other the c i
“. K
expansive yield surface. Four incremental deformation modes are possible :;“-f
for such a model: : _f
i 1. Both yield surfaces active, which implies both compressive (C) FEE |
R and expansive (P) yielding, plus elastic (E) response (the ECP RGN
g mode) . N AR
:f 2. Only the compressive yield surface active, which implies N ﬂi _?;
l compressive yielding plus elastic response (the EC mode). O
I 3. Only the expansive yield surface active, which implies expansive ~ L
yielding plus elastic response (the EP mode). w
4. Only elastic response (the E mode). :é P

For such a model a plastic strain increment has two components:

compressive and expansive.

y IR i SR
r 'll:l 7
. L]
:.n'
.

. P _ . pC pp
dcij = deij + dsij (F.1)

Thus, a total strain increment is the sum of three components:

elastic, compressive plastic, and expansive plastic.

e

pc pp
Eij + d + de (F.2)

- d.€ P _
de.. = de . + d =d eij ij

ij ij o e

The compressive and expansive plastic work functions are
N pC
NC = fc‘ij ds'ij (F.3)
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— hi pp
wp_‘/"ij de'ij (F.4)
i’ Both the compressive and expansive yield criteria are assumed to have

a particularly simple form, based on that of Equation (D.22).

compressive: f. = f. (q) - fL' (W) =0 (F.5)

- expansive: fp =f (q) - f' (Wp) =0 (F.6)

P P

When the ECP mode is active, the two consistency Equations (D.7) are

{afé T dfé'
dfC = ;— tdor - HWC— dwc =0 (F.7)
T '
of ! df
! df = {—R} {do} - =P~ dW_ =0 (F.8)
p 39 dwp p
Now Equation (D.25) yields
N | d, = hda (F.9)
[ = 7 F.lo
pr hpdxp ( )
| || where
hoo )T {agc} (F.11)
C ———
373
i . T1{ag
n = o) {_R} (F.12)
s

When the compressive and expansive plastic potential functions are
convex, h. and hg will both be positive, so that di. and di, must

both be positive for dW. and dW, to both be positive. Substitution of
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' Equation (F.9) into Equation (F.7), and Equation (F.10) into ‘ .
Equation (F.8) yields
{afé T af o
_ 1o _ P N
. dfC = 137 {do} dwc hcdxc =0 (F.13) .«
“ {afa}T{ L o
- {°p _Tp _ 2 e
- dfp_ o da T hpdkp =0 (F.14) NG
| P ~ .
Equations (F.13) and (F.14) can be written together in the form
< “df = F {do} - 1D, (da} = {0) (F.15) -
' where ‘
oY | [af!
. F = {_E} ! {_E} (F.16) R
— - 3a l 90 o
X .
W—dfc h 0 =
; c ¢ IO
. o, - (F.17) SRR
| = df!’ '
0 HWE— hp
| P | <
- dnll 3 ‘:'\ -
: dr722 ‘ Lo
{dd‘" = d033 (E.26)
V2 da ) ‘.
> 12 I
el o
v d023 ‘
ve dc31
A - e
¥ dx
{dr) = (F.18) -
d
*p
Ry
[ ] -4
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The solution of Equation (F.15) is

7 E oy (F.19)

‘ {drt -
g Y '

Provided dxc and dx_ are both positive, so that awc and dwp are both

p
positive, the total strain increment is, according to Equation (F.1)

B . (de? = £de® + [P (F.20)

low the elastic strain increment is related to the stress increment

by the equation

B __ U

{de®) = H® {do} (F.21)

where

r H® < elastic incremental flexibility matrix, defined by
Equation (J.23)
and the plastic strain increment is given by the fiow rule,

Equation {D.6), as

dePy = G {da} (F.22)

where

G = B%}:{:—SE}] (F.23)

Substitution of Equations (F.21) and (F.22) into Equation (F.20) yields

{de}

HE {do} + G {di}

B oy + 6 My THE (a0

L ET) a0

(H¢ + G oy

HEP (doy
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where the elastoplastic incremental flexibility matrix, H®P, is given by BRI
the expression

HP W v 6 L E (F.25)

- - aala

Now £quations (F.13) and (F.14) are uncoupled when {ds} is known, so that

af T IR
3 idot Lt e™
B, = g (F.26) - A
¢ 11
af o
{7\—2} (dnw - oA
dy_ = —iZB—————~— (F.27) - J!
P 22 K
which is the same result obtained by expanding Equation (F.19). . E[fj;f

Equation (F.25) can thus be written in the form

T

f:l f' T
o B e
11 an 22 an 3a

= H® +

£
D

When the EC mode is active, dxp is set equal to zero and di. s
calculated by Equation (F.26), as hefare. When that result is positive the

elastoplastic incremental flexibility matrix is obtained hy deleting the

L]

-
expansive term from Equatinn (F.28), which yields '
ag SO -
ep _ y° 1 c c 9 o
H-" = WY+ LYTRE { } {aq } (F.29) “
b

When the EP mode is active, di. is set equal to zero and dx, is
calculated by Equation (F.27) as before. When that result is positive the <.
W

elastuplastic incremental flexibility matrix is obtained by deleting the

compressive term from Equation (F.28), which yields

A

. .i
'-1
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HEP - e v { p} {—E} (F.30)
- D?Q Jo dao

When the E mode is active, both dxc and dAp are set equal to zero,
the elastic incremental flexibility matrix is obtained by deleting both

and
the compressive and expansive terms from Equation (F.28), which yields

(F.31)

ﬂep _ ﬂe

The logic for deciding which incremental deformation mode is active,

under stress control, is discussed in Appendix H,
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APPENDIX G

INCREMENTAL STIFFNESS MATRIX FOR
STRAIN CONTROL

The material in this apperdix builds on the development in Appendix F.

When the ECP mode is active, the consistency equations for a two

yield surface model take the form of Equation (F.15).
{df} = ET {do} - er {dr} = {0} (F.15) S
However, under strain control what is known is not the stress
increment, {dc}, but the total strain increment, {de}. Thus, in place of
Equation (F.21) we write

{do} = C®{de®) (G.1)

where

C€ - elastic incremental stiffness matrix, defined by
Equation (J.32).

In addition, we write Equation (F.20) in the form
{de€) = (de} - {aeP} (6.2)

and again use the flow rule to obtain an expression for the plastic strain

increment.
{aeP} = 6 {dn) (F.22)
Substitution of Equations (G.1), (G.2), and (F.22) into
Equation (F.15) yields
{afy = Flc® fta) - 6 10} - My (o0 = (0) (6.3)

or
(FTC + My){dn) = F'c® {de) (6.4)
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Solving Equation (G.4) for {da} yields

(ary = (Fe% + )1 Fe® (dey (6.5)
?‘ ‘ Provided dxc and dxp are both positive, we substitute
; Equations (G.2), (F.22) and (G.5) into Equation (G.1) to obtain an
i - expression for the stress increment, {d«}, in terms of the prescribed
S total strain increment, {del.
-
f (dod = C®eae®y = C®fraer - 6 (]
- - c®{rdet - 6 (FTc + M) Fle® (ael]

- 1® - ¢ (F'c%a + ot FTetlide

where the elastoplastic incremental stiffness matrix for the ECP mode is
A2fined hy the expression
)-1

c®P - c® - % (Fle% + T ETc® (6.7)

The fact that H®P as defined by Equation (F.25) and C®P as
defined by Equation (G.7) are the inverse of one another can be proven by

showing that
HEPC®P = c®PHEP o (G.8)

In verifying Equation (G.8) use is made of the fact that

HoC® = % - 1 (J.31)

When the EC mode is active, d)‘P is set equal to zero so that

Equation (G.3) reduces to

T
af! ag
I e y ("¢ - -
dfc-{aﬂ} [4 {{de. {30 dxc} Dyydro=0 (G.9)
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i~ T iy T
af ag {af }
c e c c e 4 -
¢ {30} c {aq } $ 0y = 5 €8 fde (G.10)
o
Eﬁ Solving Equation (G.10) for di. yields

iy T
af
{—C} Ee {de}

Jo
dx . =
e
- C- y—(+D
30 = {30 11

Provided dx_. is positive, we substitute Equations (G.2), (F.22),

(6.11)

MASR X
s .

and (G.11) into Equation (G.1) to obtain an expression for the stress

increment, {dn}, in terms of the prescribed total strain increment, {de}.

39
c® {{dc} - {aoc dxc}

fdo} = C%(de®)

= C®P {de} (G.12)

where the elastoplastic incremental stiffness matrix for the EC mode is

defined by the expression

P {agc} {afé} T ce
e ot e (6.13)
) <
30 30 11
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The fact that H®P a5 defined hy Equation (F.29) and C®P as

defined by Equation (G.13) are the inverse of one another can be proven by

! E showing that
e HEPCEP = cOPHP - 1 (6.8)
' again using Equation (J.31).

-y

When the EP mode is active, da. is set equal to zero so that
o

Equation (G.3) reduces to

oy T o
03] e fuoa - 2] '
¢ = 15 €™ ){de} - Q55 da( - Dy day = 0 (G.14) R

or

[ ' - [25) (25 T
3a ¢ 3o +D22 d}‘p = (3q € {de} (G.15)

Solving Equation (G.15) for drp yields

3 T
5f

b2} e o

dr = 39 (G.16)

L e )
3o [ 30 v D22

Provided dxp is positive, we substitute Equations (G.2), (F.22), :E
and (G.16) into Equation (G.1) to obtain an expression for the stress gf
P

increment,{d-', in terms of the prescribed total strain increment, {de}.

. 5]
[ {%de} - {%;E dxé}

1
LT

fdo} = £% (de€)

Lt At a8
o LR R S ]
A
LA ,
K P
. ,'.'v_. v !
v .
AP

2




3g af! T
e () ] e
_ Ce _ - 3a 3a {d } - _"__‘;'.
T AT . ¢ .
P e ’p fee
{an } N P P e
= C®Pde) (G.17) JRENNS
L
where the elastoplastic incremental stiffness matrix for the EP mode is i -
defined by the expression »
39, (3f) 1 CL
o o ct __E} Py c* ST
c®P - ¢® - 00 30 (G.18) L

A = T
f
{a } o {ag} *D
90 = {30 22

The fact that H®P as defined hy Equation (F.30) and C®P as

defined by Equation (G.18) are the inverse of nne another can be proven by

s
i showing that o
3 HEPCEP = c®PHP - 1 (G.8)

again, using Equation (J.31).
When the E mode is active, both dxc and dxp are set equal to

zero, so that Equation (G.2) reduces to
{de€} = {de? (G.19)

and therefore Equation (G.1) takes the form

fdo} = C®lde} = £®Prde) (6.20)

where the elastoplastic incremental stiffness matrix for the E mode is

simply the elastic incremental stiffness matrix.

cP - ¢® (G.21)
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The logic for deciding which incremental deformation mode is active,

under strain control, is discussed in Appendix I.
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APPENDIX H

INCREMENTAL DEFORMATION MODE LOGIC FOR STRESS CONTROL

The material in this appendix builds on the development in Appendix F.

Equations (F.26) and (F.27) can be written in the form

dfé
3 dx = (H 1)
¢ Dy
df!'
dx = (H.Z)
P P2
where
{afé} T
df = 555 (do? (H.3)
af 1 T
df' = {-—B} {dn} (H.4)
p 3o

When D,, is positive, implying strain hardening behavior of the
11
compressive yield surface, df. must be positive for dir. to be
positive. The same argument applies to 02?, df;, and da...

p
Therefore, in view of Equations (F.9), (F.10), (F.11), and (F.12), and the

dissipation condition as stated in Equation (D.8), the incremental

deformation mode logic for a strain hardening material under stress

control is as shown in Table (H.1).

When both the compressive and expansive yield criteria are satisfied,
i.e., when the stress point lies at the intersection of the compressive
and expansive yield surfaces (the corner conditions fc = f_ = 0) the above

p
incrementa) deformation mode logic can also be represented graphically, as

, by 2, 4,
,
.

a2
RIS ARS
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Vf&. And if we set

Vfé. It is do* which determines dxc and dxp for the corner condition,

shown in Figure (H.1). The figure is drawn in 'he plane of principal

stress space containing the yield surface gradient vectors Vfé and Vfé,

because Equations (H.1), (H.2), (H.3), and (H.4) show that the quantities

dr and dxp are proportional to the dot products of do with Vfé and Vfé,

respectively. It follows that dxc and dxp are determined by the component

of do in the plane containing Ffé and st. Thus if we set
FoexTp (4.5)

lwé x Vf£)|

then n will be a unit vector perpendicular to the plane containing Vfé and

*

do =do - (do s M)n (H.6)

then do” will be the component of do in the plane containing Vfé and

as shown in Figure (H.1). The component of do normal to the plane
containing 7?& and Vfﬁ, i.e., (o » n)n, causes only elastic deformation.
The equations of Appendix F can now be generalized for the corner

condition by using the ramp function, R(x), defined in Figure (H.2) as

X
R(x) = J[

so that one incremental flexibility equation yields the total strain

(x > 0) (H.7)
(x < 0)

s(z) dz dy

H
x

——

8
n
o

increment for any stress increment at the corner. The generalization of t;’?j

Equation (F.24) is RS




P TP e P o—— ey Padr e n- e,

(de} = H® {da} + £ gﬁ} REGF) + 5 g‘;ﬂ} R (df') (H.8)
11 22 P
Equation (H.8) applies for all four incremental deformation modes at
o the corner.
ii Negative values of D11 or Dpp, implying strain softening, result
in lack of uniqueness under stress control. For example, if 022 is
negative a stress change for which dfI

p
Ii either by expansive yielding or elastic unloading, and there is no way to

is negative can be caused

distinguish between the two under stress control.
A computational problem which needs to be addressed is how to avoid
3 violation of a yield surface which is inactive at the start of a stress
increment. If the stress point lies beneath a yield surface at the start
of a stress increment, what assurance is there that the stress increment
i' wil)l not be so large {or the distance to the inactive yield surface so
;;: small) that the stress increment "punches through" the inactive yield

o surface  The answer is "none" unless a restriction on the magnitude of
i' the stress increment vector is established to prevent yield surface
violation in the EC, EP, and E modes. When the compressive yield surface

is inactive, the restriction on {ds! is

. - '
’ \ ch} T ' '
. dfC = {30_ {dq} _<_ fc - fC = - fc (H.9)

and when the expansive yield surface is inactive, the restriction on {da} is

af !l T 1
df' = {—E} S f o )
p v {do} S.fp fp fp (H.10)
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N Table (H.2) shows that for cach combination of initial conditions and
- incremental deformation mode a distinct set of four conditions must be
satisfied to ensure positive energy dissipation and prevent yield surface

violation. Each set is a subset of the following four general conditions:

df. < - f, (H.11)
df < - f) (H.12)
dr. >0 (H.13)
dxp >0 (4.14)

Expressions (H.11) and (H.12) ensure that f_ and fp are
nonpositive, and Expressions (H.13) and (H.14) require that dxc and dxp
be nonnegative.

The restrictions on the magnitude of the stress increment vector
defined by Equations (H.9) and (H.10) are implemented as follows. Assume
the expansive yield surface to be inactive and the compressive yield
surface active at the start of a stress increment, i.e., fc = 0 and

f 0. Then if the ratio

p <
qaf!
Ty s _T% (H.15)

exceeds 1.0, the expansive yield surface will be violated unless the stress

increment is reduced. This is done by splitting the stress increment into

two narts by setting

{dat

{ddll + -rdqj»’z (H.16)

where
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lc- {do} (H.17)

—_~—

o
—
N

p
fac}, - (1 -1 (o} (H.18)
. 5
- P
i The stress subincrement {dq}l, is just sufficient to bring the
r stress point into centact with the expansive yield surface. The remaining

stress subincrement, {do},, is then appiied assuming the expansive yield

23
'I surface to be active (ECP or EP mode),
A similar procecdure is used when the compressive yield surface is

inactive and the expansive yield surface active at the start of a stress

i increment, i.e., f. < 0 and fp = 0, using the ratio o

' L = dfé

- c (H.19)

& K

.

ﬂ When both yield surfaces are inactive at the start of a stress -

: increment, i.e., fC < 0 and fp < 0, compute both CC and (’p' Unless

] -

' both ratios are less than 1.0, set o

i {do} = {do}y * {do] (H.16) "

2

. where

o

.

o 1

P {do}l =7 {do} (H.20) -

{ T
: 1 I
;* ¢ = larger of ¢_ and ¢ (H.22) - E J..i
- - c p L
, } X
]

. The stress subincrement {do}l, will bring the stress point into

L contact with one yield surface, at which point one of the first two tests

-
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must he applied to see whether {dui, should be split to avoid violation

of the other yield surface.

When both Z. and Cp are greater than 1.0, e.g., when

¢ >Tp > 1.0, we could set

fdo} = = (do} *+ (- L) (ot + (1 - L) (o)

e p C p
and apply each stress sudbincrement in succession without recomputing the
initial conditions at the start of the second and third stress
suhincrements. However, this is not recommended because it is numerically

less accurate than recomputing a new set of initial conditions at the start

of each new stress increment.
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TABLE H.1.

INCREMENTAL DEFORMATION MODE LOGIC FOR A
STRAIN HARDENING, TWO YIELD SURFACE ELASTOPLASTIC
MODEL UNDER STRESS CONTROL
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B TABLE H.2
RESTRICTIONS IMPOSED FOR EACH INITIAL CONDITION
' x AND INCREMENTAL DEFORMATIOM MODE
- Initial
- Cenditions Incremental Deformation lodce
=
fC fp ECP EC EP E
A 0 0 |c¢f =0 daf, = 0 df. < 0 df, <
df, = 0 ¢fp < 0 df = 0 ¢f, <
dxc > 0 dxc > 0 dxc =0 dxc =
c d (o] = =
L )\p > 0 Ap 0 d,\p > 0 dxp
[]
0 <0 n/a dfc =0 n/a dfC <
N - 1 [}
df -
i k o < -fp of ) <
g dxc > 0 dxc =
- dr_ = dr =
: p =" L
i1
< C 0 n/a n/a dfc < "fc dfc <
f =
df = 0 dfp <
] _ d)\c = 0 dAC =
da =
p > 0 dxp
- <0 <o n/a n/a n/a df . <
- of.
:‘ dA =
n d, =
. 175
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ECP

EP

Figure H.1. Incremental deformation mode logic for a strain
hardening, two yield surface elastoplastic model
under stress control, at the corner.

176

A SR BN T I S A P PR [ N




LEKRA AR A Ak A el B ) fef Bl ) Laabclnt dial s aas vy . y v . rw > .

>

Xy
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Figure H.2. The ramp function.




APPENDIX T -
INCREMENTAL DEFORMATION MODE LOGIC FOR STRAIN CONTROL

The incremental deformation mode logic for a strain hardening, two :
yield surface elastoplastic model under stress control, as presented in Tt
Appendix H, is simple because the two yield criteria are defined in stress
space. For the corner condition, the incremental deformation mode is
determinded by the component of ds in the plane containing Vf¢ and Vfb.
A11 stress increment vectors are possible, and each stress increment
vector leads to one and only one strain increment vector, as indicated by
Equation (H.8).

e 1 agc} ' 1 {39 } '
{de} = H™ {da} +-BZI {3;— R (dfc) +-EEE -339 R (dfp) (H.8)

However, it remains to he seen whether there are some strain increment
vectors not produced by any stress increment vector, or whether two v
different stress increment vectors can produce the same strain increment
vector,

The situation under strain control is more complicated than that
under stress control, because each incremental deformation mode has a
different incremental stiffness matrix. However, the conditions Tisted in
Table (H.2) also apply under strain control, and what must be done is to
express those conditions in terms of a prescribed strain increment rather
than a prescribed stress increment.

The conditions df . = 0 and df, = 0, when they apply, are taken

care of by the consistency conditions, Equations (F.7) and (F.8). The =

e T s vy

[ S

O "

MO 'r_'." e

AN . r e .
' r *

oA .,

ol &

iyt b
WY x

=



conditions dxc = 0 and dx_ = 0, when they apply, are taken care of

P

arbitrarily. It is the conditions dAC > 0, dr, > 0O, dfC < -f

p c’

and dfp < -fp which require further discussion.

First, consider the corner conditions fc = fp = 0. For the ECP

mode, Equation (G.5) can be written in the form

@y = L7 qarl (1.1)
where
L | L
11{1\"12 , Te -
L- | . [{Ll}',{Lz}] - £l + M
to1) | L2z
~ \ : ]
{afc} T e {agc} - = {afc} T e {ag
3o = (30 11 | 30 = (3¢
- | (1.2)
f' 1 T 3 f ) T 3
e R N
|\ Lo = Qo | 30 = Qo 22 |
Dy, and D,, are defined by Equations (F.11), (F.12), and (F.17), and
the elastic trial matrix, {dfe}, is defined as
dfce e
{dfy} = = F'CT {de} (1.3)
dfpe

The two columns of the vertically partitioned L matrix in
Equation (1.2) can each be interpreted as a two component vector, and can
be represented graphically in the plane containing both of them (the
L plane), as shown in Figure (I.1). The lengths of the column vectors,

Ll and.[2 are

- -




L, - Liz + L%Z (1.5)

and the acute or obtuse angle between them can be found by computing their

cross product,

] 11 12
Lyxly= e Ly Loo| = (Lyglyy - Lyylypleg
eq 0 0
= Le3 = L1L2 sin ¢ e, (I1.6)
where
Lyy Lo
- - 1 - -
L= Lylyy - Lyglyp = ] ] = L] (1.7)
21 22

Therefore, if L > 0 the acute or obtuse angle from Ly to L, is
nonzero and counterclockwise.

Now, consider the inverse of L, which appears in Equation (I.1), and

set
M M 3
1 ! 12 .y
L = ” = | - = = -
-~ M M M
L 21 22, L2
. [t Lo,
=i | ======= (1.8)
L L
3! 11,

The relation hetween the row vectors of the horizontally partitioned

M matrix and the column vectors of the vertically partitioned L matrix is
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shown in Figure (1.2). In order for !l to be the inverse of L, it must be

that
A |
Ml . Ll = 1 (1.9)
My L,=0 (1.10)
H2 . L1 =0 (1.11) _i
M- T,=1 (1.12) LT
S
which dictates the slopes of the vectors ﬁl and ﬁz in Figure (1.2), as
[ well as their lengths
4 L -
b 1 [ 2 2 2 i .1
L s
1 [ 2 2 1 S
N2 =T L21 + L11 = T (I1.14) F— -»i
Equation (I.1) can now be expanded to yield
dxc = M1 -'er >0 (I.15)
dxp = H2 . dfe >0 (I1.16)

Equations (I.15) and (1.16) will be satisfied if and only if the

vector E?é lies hetween the vectors [& and Eé in Figure (I.2).

That zone is labelled ECP in Figure (I1.3).
When‘a?e is parallel to tl’ Equation (1.16) gives

dr, = My - APy = 0 (1.17)
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1
. Also, in that case j:
.. df  dfl, o -
£ . _°£ (1.18) s
‘:'V- Ll Lll - :‘.:: __V‘.~
so that o
:’:‘ ' l-.P-\'
df! df ! 2
H..df' =N, -|—CS€T.]-—C& Tt
Similarly, when d_fe' is parallel to fg, we have ﬁ-4
.4
i, = 0 (1.20) -
daf!  df!
.. Tl (1.21) -
- 2 22
L df'e
=0, - dF - B (1.22)
2 e Loy .
’ K
For the EC mode Equation (G.11) can be written in the form
df! '
. =—T—>0 (1.19)
11 e
which is the same as the expression obtained when Fé is parallel to
fl in the ECP mode. When Ly; > 0, Equation (1.19) requires that
d1’c'e >0 (1.23) -
In addition, when dx, = 0, Equations (H.4), (G6.1), (G.2), and
‘ (F.22) yield e
= af 1T of 1 T ag S
'.: o i LT e b {__C} }
X dfp = {aa {dn} = {ao} 9 {{de} o (LN S
» ¥ % .
. _..._:_._:_
. x N
. 182 o ::'
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daf' - L,,dx

pe 21 "¢
) = df' - L dt:Cle<o (1.24)
- pe 21 —fII-— .
?Z When L17 > 0, Equation (I1.24) yields
3 . Lyg dfy = Lyy dfpe - Ly dfly =Th - dfg < 0 (1.25)
i- R The zone of the L plane in which both Equations (I1.23) and (1.25) are

satisfied is the EC zone in Figure (I1.3).

For the EP mode, Equation (G.16) can be written in the form
df!

e
dxp=L——E—>0 (1.22)

22

which is the same as the expression obtained when H?; is parallel to

L2 in the ECP mode. When L22 > 0, Equation (1.22) requires that
| dflq > 0 (1.26)

In addition, when dx. = 0, Equations (H.3), (G.1), (G.2), and (F.22)
yield

= dfce le dxp
L
' 12
= dfce - @ dfpe i O (I.27)

When Lys 5 0, Equation (1.27) yields

Lgp dfg = Loy dfe - Lypdfi =My« GF, < 0 (1.28)
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The zone of the L plane in which both Equations (I1.26) and (1.28) are
satisfied is the EP zone in Figure (I.3). -
For the E mode,

dxc

{da} = = {0} (1.29)

dx
p

i
b
g
i

so that Equations (H.3), (H.4), (G.1), (G.2), and (F.22) yield

faf' T of N T
' C [of e

- dfl, <0 (1.30)
and
2 T 2 T N G
v _ P v _ {__B} e _ ' ¢. - "
daf) = {ao} {do} = |5 €€ {de} = dfp < 0 (1.31) o

The zone of the L plane in which both Equations (1.30) and (I1.31) are
satisfied is the E zone in Figure (1.3).

Figure (I.3), which is called a polar mode check, shows both the
vectors tl and fz in the first quadrant, with a counterclockwise acute
angle between El and [é. However, there are other possibilities. If -
we assume the compressive yield surface to be always strain hardening so
that L11 > 0, but admit the possibility of strain softening for the
expansive yield surface so that L22 might be negative, then there are
twelve possible relative angular positions forf1 and'fz. Because
L1 > 0, Il must 1ie in the first or fourth quadrant. But L, can
lie in any quadrant, and when fz lies in the quadrant opposite (i.e.,
not adjacent to) the quadrant containing tl the obtuse angle between

tl and fz can be either counterclockwise or clockwise. The twelve

relative angular possibilities for El and [é, together with their
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impact on both uniqueness and completeness of the incremental deformation

o e P o PP Y
IR N - I . f L A L

mode solution are tabulated below:

CASE

—
NN OO PHWN

QUADRANT ANGLE

Ly 2 Ly to Lo

CCW
CCW
CW
CW
CW
CCW
CCW
CCW
CCW

B O e N N L R
NW-aPrNNWWPREND

UNIQUE

Yes
Yes

Yes
No

o
No
Yes
Yes
No
No
No
No

COMPLETE

Yes
Yes

No
No

No
Yes
Yes
Yes
No
No
No
Yes

In the above table a unique solution is one having no overlap between

incremental deformation mode zones, and a complete solution is one for

which no angular zones are prohibited.

It turns out that the only cases

for which the incremental deformation mode solution is both unique and

complete are those for which

L11 >0 (1.32)
L22 >0 (1.33)
L = L11L22 - L12L21 >0 (1.34)

Now consider the case in which the stress point lies on the
compressive yield surface but below the expansive yield surface, so that

fo = 0 hut fp < 0. Equation (I.19) still applies, so that

dfce

..........

dx =L—Il—>0
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There is no danger of the stress point punching through the

compressive yield surface, because if dxc > 0 the consistency condition
dfC = 0 prevents punch through; and if drx, <0 it is because

dfCe < 0, so that the stress point stays on or pulls away from the
compressive yield surface. However, a restriction is needed to avoid
violation of the expansive yield surface. Equation (1.24) can be

generalized to give

3| R(df' ) (1.35)
p _  pe L3 ce :

Then if the ratio

a
—+
T -

(1.36)

tp = T

—
©

exceeds 1.0, the expansive yield surface will be violated unless the
strain increment is reduced. This is done by splitting the strain

increment into two parts by setting

{de} = {de}q * {de}, (1.37)
where
{de}; = z {de} (1.38)
p
{de}, = (1 - é—p) (de) (1.39)

The strain subincrement {dc}l‘ is just sufficient to bring the
stress poirt into contact with the expansive yield surface. The remaining
strain subincrement, {de}z, is then applied assuming the expansive yield

surface to be active (ECP or EP mode).
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A similar procedure is used when the compressive yield surface is
inactive and the expansive yield surfdce active at the start of a strain

increment, i.e., fc <0 and f_ =0, using Equation (I.22)

p

df’

A= =50 (1.22) e
P 22 .

a generalization of Equation {(I1.27),

df! = df! “12 R(df' ) (1.40)
and the ratio
. df;
h r %= (1.41) 4
c LR
b ' When both yield surfaces are inactive at the start of a strain
increment, i.e., fc < 0 and fp < 0, compute both ;n;f
dfc'e T
and f.
¥
dfﬁe
Lap = -_?p— (1.43)

Unless both ratios are less than 1.0, set

S AN % S LR LR R LT

‘.}j {de} = {de}; + {del, (1.44) :
- g
i‘ ' where .
(de}; = % {de} (1.45)
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{de?

1
> = (l-g){ds}

C = larger of Ce and ©

The Strain Subincremer,t {d&}l w-,']] br]’ng the stress po]'nt "'nto

P

(1.46)

(1.47)

contact with one yield surface, at which point one of the first two tests

must be applied to see whether {dc', should be split to avoid violation

of the other yield surface.

el
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Figure I.1. The partitioned column vectors L. and L2.
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Figure 1.2. Relation between the row vectors of M and the
column vectors of L.
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hardening, two yield surface elastoplastic model
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APPENDIX J

ELASTIC STRESS-STRAIN EQUATIONS

The theory of linear elasticity assumes the stress vector {o} in
Equation (E.5) and the strain vector e} in Equation (E.24) are related by
a set of linear equations of the form

et o= ﬁein _} (J.l)
where the elements of the elastic flexibility matrix, ﬂ?, are constant.

First consider the work done when two successive stress increments,

d~' and fdo',, are added to an existing stress, {o}. The increment
of work must be independent of the order of application of the stress

increments, so that

i = {o\'Tgfde‘l + ({{ol + {dc‘;l}T {dg\2>

I (e, + ({m s {dn‘;Z}T {dﬂl) (1.2)

Equation (J.2) yields

{dn".{ {delz = (dq}; {de}lz {de}I {dc}z (J.3)
and from Equation (J.1) we have
{ds\

e
g = HE oy (3.4)

fdet, = K (ded, (J.5)

Substitution of Equations (J.4) and (J.5) into Equation (J.3) yields
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L .
- .
domton 2o

‘drT K (4

1 7ty = {do1I W e (J.6)

2

and Equation (J.6) will be satisfied if and only if the elastic
flexibility matrix, HE, is symmetric, i.e.,

peT o e (J.7)

Next consider what happens when the positive direction of one of the

coordinate axes, say X,, is reversed. Because the positive direction of

? the corresponding particle displacement is also reversed, the two strain - d

1o o
elaments i~f°5r

1 aul 3'12
E4=ﬁ€12=——-—<5(5+-a—x—1 (\1.8)

Sl

and

3u au
1 3 1
3 = Ze 32— ==t — (J.Q)
6 31 > (ax1 ax3)
change sign, but the other four strain elements remain unchanged.

Similarly, the two stress elements o4 =2 49, and og = V2 ag;

change sign, but the other four stress elements remain unchanged.

| The only way for the above two conditions (symmetry and independence
t of stress axis reversal) to he satisfied is for H® to be of the form
*‘ - fa b ¢ 0 0 07
g b d e 0 0 O
- ﬂé - c e f 0 0 O (J.10)
.. 0 0 0 g 0 O
b 0 0 0 0 h O
- o 0 0 o o il
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In addition, if the material is isotropic, then the relationship
between each normal stress and the corresponding extensional strain, each
normal stress and the two orthogonal nnrmal strains, and each shear stress
and the corresponding shear strain must he the same, Thus,

Equation (J.10) reduces to

[a b b 0 0 0]
b b a b 0 0 O
3 ﬂ? - b b a 0 0 (J.11)
0 0 0 g 0 O
0 0 0 0 g O
Lo 0 0 O 0 g4
= With H® defined by Equation (J.11), the first, second and fourth of
' Equations (J.1) take the form
€ = a7y + boz + bc3 (J.12)
- ezz bol + é}ryz+ b03 (J.13)
eq = 97y (J.14)
so that
) €4 = € T4 = O
. _1__2_3 = (a-b) 1—2——2 (J.15)

If the X1 and X2 axes are now rotated until the shear strain, ea, and
the shear stress, o&, reach a maximum, a Mohr circle analysis shows that

Equation (J.14) would take the form

s €7 - €5\2 :[ gy - n,\?2 rv2
1- %2\, 8 1 2y , 4 6)
e e S e




e

Substitution of Equations (J.14) and (J.15) into the left hand side

of Equation (J.16) yields

2
2 [T - T 2 , 2 s 7 - 2
(a-b) —T—— g—z =g __..2._

¢nd Equation (J.17) will be satisfied if and only if
a—b:g

Therefore, if we set

_ 1
@ =f
b= - %
9= o

then Equation (J.18) yields

1 o1+
26~ E
or
E=2G(1+v)

so that the final form of Equation (J.11) is

1 -v -v 0] 07

2
3

(1.17)

(J.18)

(J.19)

(J.20)

(J.21)

(J.22)




». ST e
g With H® defined by Equation (J.23), the tensor stress-strain *
. equations represented by Equation (J.l) can be written in the form o
) g
- 1 " .l.
€ j = -E- [(1 + V)c’ij - \mkkéij] (J.L4)
: so that the volumetric strain is
l s
: Ekk = l——E—A Ukk (J.25) )
and therefore the deviator strains are
o _ ) Ekk . _ 1[(1 + ) _ s ] 1 - 2V
ij T %5 T T3 %3t T V%5 T Vokk®ij ’T—T
. At LAY " (J.26)
L = 1 o953 Si3) =TT Sy :
Equations (J.25) and (J.26) can be inverted in the form
S, = £ e (J.27) o
i ij =T Cij .
: =TT ¢ (J.28) S
a kk - T=2v ®kk : e
i so that RO
Lo e ke, E s - “kk )+ E s et
% Ty T3 %I TTEY NG T 7T %) 3T - 29T CkkCig a 1
) t -:;
' E v KA
which means that the elastic stiffness matrix, Ee, in the equations
f
. {o} = e{c} (J.30)
where
! HOCS = COHO - 1 (3.31)
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ﬂ 1 = 1= 0 0 0 EN
- \Y \")
™ ! 1= 0 0 0 W
v v f\
e El-v |1 1™ b0 o 0
c® - (J.32)
S SR 1 6 B2 I P L i
- TV o
‘ 1-2v
o o o0 = 0 1
: 1-2v
_0 0 0 0 0 |
Equation (J.31) can be written in terms cf two quantities familar in - w
soil mechanics, viz. 5
- N o= T_I_;E_g_%i."_%_)_ = constrained modulus (J.33)
1 v -V i
v . . .:‘
Ko = 700 = coefficient of lateral stress at rest (J.34)
. so that N
1k, Kk, 0 0 o ] e
Ke 1 K, 0O 0 0 ;
r KooK, 1 0 0 0 .':i.’#
e o} 0 - j
C- =M (3.35) NI
0 0 0 1-K 0 0 AR
0 N
I
. 0 0 0 0 1-Ko 0 .
L0 0 0 0 0 l—KO_J
N In an elastoplastic model, Equations (J.1) and {J.29) are written in F 2
incremental form, .r‘
{de®} = K {do} (J.36) v
" >
. {do} = Ee {de€} (J.37) C‘*
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The elastic incremental flexibility and stiffness matrixes,.ﬂe and Ee,
are still written in the form of Equations (J.23), (J.31) or (J.35), but

the elastic constants may be assumed to vary with strecs and/or strain,

-
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APPENDIX K

x SPECIAL EQUATIONS FOR THE TRIAXIAL TEST

In the triaxial test the normal stresses are principal stresses, and

the lateral principal stresses are equal. Consequently, the stress matrix

-
and its matrix of cofactors reduces to
0 0
- o= 7r 0 (k. 1)
0 "
r
' T 0 0
I= T 0 7 0 fv.2!
0] 0 a
l . and the total stress invariants are
Il=”a+2”r e
l I2 = —ryr(ZUa + frr) K4,
i
?
_ . A
I3 = 737, v.5)
The deviator stress matrix and its matrix of cofactors are
[2 0 0]
a7 ¢
_S_ = (——T—> O —l 0 (K.6)
, L0 0 -1
r~ -
Oa - f'Tr 2 1 O O
S = 3 -2 0 (K.7)
. L 0 -2J
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an) *hee doviator stress invariants are
J, =0 (K.8)
- -2
) [ a r)
2 3 (K.9)
y/‘a - ‘y- 3
SRR ) (K. 10)
. + 2.
e (K.11)
- - 2
_ < .o 8T K.
Gt T 377 ( 3 ) (K.12)
e
v L
S ) 2™ r (K.13)
J3 /%a - . 3
2 v 3
conoJ = = Sgn (0 -0 ) (K.la)
(-Jz)j/z "2 T Oy 3 a r
3 3
Geoagse nf axial symmetry, the orientation of the coordinate axes,
oo trny the 3 x 3 elastopolastic incremental stiffness matrix, CeP,

h4t the property that

S
P op
27 733
rep _ cep

237 732

(K.15)

(K.16)

(K.17)

(K.18)




.....
.........

he 3 x 3 elastoplastic incremental flexibility matrix, HEP haq the
same properties.

For hydrostatic compression

- (K.19)
€
e, e, =-J§5 (K. 20)

and the 3 x 2 incremental stiffness matrix has the additional property that

ep _ .ep _ nep

c,%P - e - c$h (K.21)
ep _ep _.ep _ .ep  ep _ .ep

€12 = 3= Cpp = Loz = G5y = Ly (k.22)

Therefore, the octanhedral normal stress increment is

% o
_ _ (c€P ep - _ p€pP
d”OCT = dfja = (Cll + chz) dEa = "—_3—'_ dEKK— B dEKK (K.23)

where the elastoplastic incremental bulk modulus for pure hydrostatic

compression, BEP, s
cSP + 2c8P

geP 11 12 (K.24)
=73

As long as the octahedral normal stress increases monotonically, the
incremental deformation mode is the EC mode. Unloading and reloading are
elastic.

For triaxial compression at constant cell pressure, starting from
isotropic consolidation, the ECP mode is active as long as (oa - op)
is increasing. Since

do =0 (K.25)
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the incremental flexibility equations take the form

dn

HEP 4, a (K.26)

de
a 11 "a gep

L]
"

HEP
ep 21 4 2Py (K.27)
der = H21 dwa = ;EE €q = "V £a .2
11
where the elastoplastic incremental Young's modulus, Eep, is
gep _ 1
T Hep (K.28)
11

and the elastoplastic incremental Poisson's ratio, VP, s

e
ep H??
: viE=z - — (K.29)
b . Hep
‘ 11

If the calculation is performed under axial strain control, then

i Equation (K.26) is written in the form
L d
€
de = —2 - EP 4 (K.30)
a ep a
H11

The above equations can be written in incremental stiffness form as

well, by setting

. ¢€p ep
dna = Cll dea + 2C12 der (K.31)
ep ep , «°p
d”r = 0 = C21 dea + (C22 + c23) dEr (K.32)
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Equation (K.32) yields

e
- ¢l - _\FP
der = - €8 , oo dea = -v dea (K.33)
22 23
where
e CS? Tl
P i (K.34) RN
Coz * (o3
Substitution of Equation (K.33) into Equation (K.31) yields Lo
(€D _ o BP €P _ pep L
dry = (€8 - 2P D) de, = E®P de, (K.35) o
where i# N
2cSP &P
gep _ cep 12 721 (K.36)
I S
22 23

Comparison of Equations (K.29) and (K.34), and (K.28) and (K.36) shows that

Hep cep
P B (K.37) .

Hip o G2 7 €33 ORI

ep -~ep e

2c8P ¢ o

1 ep 12 721 gt

L R O (K.38) e

ep 11 ep ep ET.;_

i1 Coz * L3 .

which is confirmed by forming the inverse of the 2 x 2 matrix of
coefficients of Equations (K.31) and (K.32).
For a general triaxial stress path test in which

ds,. = udqa (K.39)
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so that

- (K.40) oo

the incremental deformation mode is determined by the methods of

Appendix H, since

{afé} T
dfc = 153 {d~} (K.41)

‘ afl T N —_—
df | = {;’B {do} (K.42) L

where .
2 {d-} = do, a (K.43) g
= . :
fﬁ The methods of Appendix H apply no matter whether the calculations
-§ are performed under axial stress or strain control, because the stress
& path is prescribed by Equation (K.39). 2
P AN
The incremental flexibility equations take the form ;; ngf
_(yep ep e
dca = (Hll + 2a le) doa (K.44) i
ep ep ep g
= +
der = [HZI + a(H22 r.23):| daa {K.45) :,. t,,,
If the calculation is performed under axial strain control, .. S
Equations (K.44) and (K.45) are written in the form - E;rf-"l,

d %a (K.46) S
S ST ST - R
Hll + 2a H12 _

.-'.‘

AR
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1
ep ep ep i
H + alH + 4 )‘\ Lo
de = | -2 = 22 ep23 de, = - sde, (K.47) e
Hll + 2a H12 ———‘-—'; '
where .
ep ep ep —
HSh + a (Hoh + Hoh)
g - - 21 - 22 - 23 (K.48) e A
. 2 e T
- Hyp * 2a Hpp
S The corresponding incremental stiffness equations take the form
= S
;o n _ ep - ep :
5 d a” C11 d_a + 2(312 dar (K.49) T
) _ cep ep , ep . L
dqr_ = adoa = C21 dea + (C22 + C23) der (K.50) PR
b d

Elimination of ds,. between Equations (K.49) and (K.50) yields

dn

ep ep , ~ep
p = Cop dey * (Cop *+ €53) dey

%P de_+ 20 C%) de (K.51) S

]

so that {x:“

ep ., ~ep ep (e8P ep

or :' .

ep ep :
de = - fo1 - = 1y de = - & de (K.52) e
r Cep N Cep - 24 P a a * P
22 23 7 “* 12 S
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where

ceP 4P =

g - — 2! 11 (K.53) ”

T o.ep ep ep e o
Cop * Co3 - 22 Cpj

Substitution of Equation (K.52) into Equation (K.4?) yields

. (cep ep
do = (CTH + 26 C8D) de_ (K.54)

If the calculation is performed under axial stress control,

Equation (K.54) is written in the form

dﬂa B
d¢e . = ——mmM {K.55) R

a ep ep S

i1 " 28 b3 AP

4 n"\ T !

For constrained {one-dimensional) compression . N
de, = 0 (K.56) : '%}

. [

A constrained compression test is a particular strain path test, so
that the incremental deformation mode is determined by the methods of

Appendix I. The incremental stiffness equations take the form

PN R £ N

d a = Cll dca = M dea (K.57) ~‘\_‘::

cs? S

- cep - L - k&P .

do, = Chy de = cep doy = Ky doy (K.58) - %f:fﬁ
11 Coen
where the incremental elastoplastic constrained modulus, MP, is ;%i
— ‘T-.--h

K

MEP - 8P (K.59) RN

11



and the incremental elastoplastic coefficient of lateral stress, K& g

€31

ep ‘2l

' =~ (K.60)
11

For constant volume compression

so that

(K.62)

A constant volume test is also a particular strain path test, so that the
incremental deformation mode is again determined by the methods of

Appendix I. The incremental stiffness equations take the form

ep ~ep
dna (Cll - CIZ) dea (K.63)

ep 1 ep ep

where

ep 1 ,.ep ep
Co1 - 7 (Chp - Co3)

ep _ .ep
C11 - C92

If the calculation is performed under axial stress control,
Equation (K.63) is written in the form

do g
de = e ep

a e
C11 - 12
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For a general triaxial strain path test in which

der = -8 dea (K.68)

the incremental deformation mode is determined by the methods of Appendix I.

The incremental stiffness equations take the form

_ ep _ ep
do, = (C11 2 8 Cl?) dea (K.69)
ep ep ep
dcr = [CZI -8 (C22 + C23ﬂ dea (K.70)
so that
df) = Q dl'} (K.71)
r a
where
5P - alc5h + c5h)
o = 2 . 22 ep23 (K.72)
C11 - 28 C12

If the calculation is performed under axial stress control,
Equation (K.69) is written in the form

dn
de, =~ a & (K.73)
C11 - 28 C12
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.......
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APPENDIX L

TRANSTENT RESPCNSE OF A THREE ELEMENT
VISCOELASTIC MODEL

Consicer the three element viscoelastic model shown in Figure {L.1l).

- The basic equations governing the model response are [Bland (1960:3)].
Fi = F,=F (L.1)
[ x|t Xy = X (L.2) S
~ 2 A
Fio= kx (L.2) ]
. ! ax -
) 2 i j
| F2 = k2X2 + nZ at— (L.4) [,

e

Substitution of Equaticns (L.1), (L.2), and (L.3) into Equation (L.4)

) B yields [j”" o

R
dndnilihien o iie b

F d F SN

FelelX g red|* " & e

DRSCIRSTIRN

SRR

f oy e, ox T2

‘Z'EI ”28T°R—I'Tt R

: PR
. <

: or b "q

LY

1

: oF L[k "k ax , K1ke S
_t ¥ L . (L.5) S
o dt Ny 1 dt Ny e

X v

%
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..........

~~~~~~~

where
k., + k
a .12 (L.7)
n2
k
dx 2
g = k — + — X (L.8)
11 dt P
Assuming that
x(0-) = F(0-) = 0 (L.G)
the solution to Equation (L.6) is
t
F(t) = J/-Q(Y)e-a(t-Y)dY (L.10)
0
Substitution of Equation (L.8) into Equation (L.10) yields
(L.11)

t y t
F(t) = k1 %5 e'a(t‘Y)dY + 2 ‘}Px(y)e‘a(t'Y)qyJ
0 ! "2 0

The second integral on the RHS of Equation (L.11) can be integrated

by parts by setting

U= x(v)
dx
dU:-a—Y-dY

av = &-a(t-Y) dy
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(L.12)

(L.13)

(L.14)

(L.15)




.......

s¢ that

t
= % x{ )e‘a(t"Y)
0
t
1 dx
:E X(t) - 57
0

an¢ substitution of Equation (L.16) irto Equation (L.11) yields

Flt)

n

t
klkZ dax e
a dy
C

-a(t-v)dY

T———

(L.16)

(L.17)

If the cisplacement, x{vy), is a Heaviside step pulse, so that dx/dy

is a Dirac-delta function, i.e.

where

x(v) = XH{v)

dx

E_’;:X 6(‘1)

X = constant

H{y) = 0 (v
1 {v
=7
=1 (v

s(v) = 0 (v
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(L.18)

(L.19)

(L.20)

(L.21)

(L.22)

i'*:
'1
i
"3
L
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€

“/~ f(v) slv)dy = f(0) (e > 0)

-E

then Equation (L.17) yields the relaxation response

Foit) K.k, K
R 172 . 1 -at
—y— = R(t) = FI—;—KE-< FE e

anc cifferentiation of Equatiorn (L.23) yields

2 2
@R b2 -t M oot

Equation (L.24) yields

R(C*+) = k1
SN -
e TR,

anc Equation {L.25) yields

k
R(0*+) = - —=
n2

]

Referring to Figure (L.2) we cefine

K, {1 -
e L R(O0%) - R(e) ! 1 %) M

R(0+)
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24)
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so that the pararieters k k2’ and no can be calculated from the equaticns

1’
() = R(0%) (L.20)
| ¥
' R(0+) * R(")
k2 = RO —RTT (t3n)
2 +
| w " - R0 (L.32)
R (0+)

Ncte that Figure (L.1) shows only one of two pussible viscoelastic

i rocels containing two springs and one cashpot {Bland (1960:3)], and that
tre cetermiration of the parameter values, kl’ k2’ and n, is configuraticn
cependent anc therefore rnot unigue,

i v
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Figure L.1. Three element viscoelastic model.
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Figure L.2. Relaxation response of a three element
viscoelastic model.
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APPENDIX M
YOUNG'S MODULUS FOR A HYPERBOLIC STRESS-STRAIN CURVE

The fact that a hyperbolic equation of the form jfi _3j£
X I} -— -
y = a + bx (’n.l) .‘-.-. - .

can be written in the linear form

X _a+ bx (M.2) ) ;

<

has long been used to obtain an empirical formula for data originating at

the origin and rising with steadily decreasing slope to approach a :; Lela

CyLld
horizontal asymptote [Saxelby (1912:138); Running (1917:39,53)]. ?:33
Southwell used the method in 1932 to determine the critical load of an o i“ﬁ”

elastic column with initial curvature; Gregory used it in 1959 to study - ;i:ﬁ
structural stability; Kondner and Krizek used it in 1962 to fit a

hypertola to footing load--settlement data; Kondner and Zelasko used it in

1963 anc 1964 to fit a hyperbola to triaxial compression data for both

sand and clay; and Duncan and Chang used it in 1970, also to fit a

u
PR 2 L AN I
PR KOOI
‘v 'y
a

hyperbola to triaxial compression data for soil, as a means of obtaining a

general expression for the tangent Young's modulus to use in a finite : ﬂfif
element computer code [Southwell (1932); Southwell (1936); Gregory (1959); l
Gregory (1960); Timoshenko and Gere (1961); Kondner and Krizek (1962);

Kondner (1963); Kondner and Zelasko (1963)}; Kondner and Zelasko (1964}; 23

Duncan and Chang (1970)].
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For the case of cylindrical compression uncer constant confining
(racial) stress, the intermediate and minor principal stresses are equal

anc constant, so that

9, = 93 = 93¢ (M.3)
Equation (J.23) therefore yields -
dol d(ol - 03(:)
Gey = §- = —F—— (M.4)
T T
where
Ey = tangent Young's modulus for a nonlinear stress-strain curve
and, therefore i“f-
Aoy ~ 0qp) '.-'
£y = (H.5)
€ .
1 -
If the relaticn between principal stress difference and axial strain S
is assumed tcu be of the hyperbolic form f;ﬁi
] N
17 %3¢ T T beg (M.6) Lo

g - a
lim (1—3_C) _g - L (M.7) —
€ 1 a
1
el—ro
and : -
g,‘;
Vim (oy = 090) = (07 = 040) 1. = 3 (M.8) B
1 i’ 1 3c'ult ° B * LN

€1 > w0
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Thus, the parameter a in Equation (M.6) is the reciprocal of the
initial slope of the stress-strain curve, and the parameter b is the -, L;;
reciprocal of the upper asymptotic 1imit of the principal stress
difference. The parameters a and b are commonly estimated by plotting
el/(o1 - 03C) against e, and fitting a straight line to that plot, h oo

as shown in Figure (M.1l), because Equation (M.6) has the linear form

€1
= a + bEl (M.g)

01‘03C '.‘

Note, however, that the values of the parameters a and b obtained by
Tinear regression for Equation (1.9) are not the same as those obtained by
nonlinear regression for Equation (M.6), or even those obtained by linear

regression for the equation

S S 0 (M.10) o
01 - 03C E:1 va ;-0';'

because the error functions to be minimized in each case are different.

Note also that if we set

=2, (M.11)

then Equation (M.6) can be written in the form

€ B e

(0, = 0gp) €
Tol - 03C)u'|t = 510 (M.12) f:..»
1 3C 1 + _1_
810 — '- T

."":A'.

SRCA
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Duncan and Chang used Janbu's empirical relation between Ei and

“3C [Janbu (1963)], which is

1 73¢\"
E. = = = Kp — (M.13)
i~ a a ( pa)

where

Py = atmospheric pressure
and K and n are dimensionless constants often obtained by fitting a
straight line to a plot of

Pa

10910 (Ei) Versus loglo (Zgg) because Equation {M.13) has the linear form
p
a

E. .
Togyq Bl) = 10910 K+ nlogp, f%g) (1.14)
a a

Again note, however, that the values of the parameters K and n
obtained by linear regression for Equation (M.14) are not the same as
those obtained by nonlinear regression for Equation (M.13).

Duncan and Chang also used the Mohr-Coulomb failure criterion to
relate measured strength, (o1 - 03C)f, to cell pressure, a3c» as shown in
Figure (M.,2).

2(c cos g ¢+ o3¢ sin @) (M.15)

(o, = 0acle =
Lo e T STn 6

They found that the measured strength, (o1 - °3C)f’ fell below the

fitted asymptotic strength, (o1 - °3C)u1t’ by a factor R, so that

R¢

(01 - 03C)f = Rf (01 - °3C)u1t =5 (0.75 <Rg < 1.00) (M.16)

f

219




-
However, the above observation is not consistent with much of
Kondner's publishec data, and may be affected by the hyperbolic curve - r¥;J4i

fitting procedure used.

To obtain an expression for ET as a function of 01 - O30, W€

write Equation (M.€) in the form

(01 - 03(:) \
£1 _ (Ol B 03C)U]t “| 17)
0 1. ‘91 " %! ST
(o) =~ o3chure L
Cifferentiation of Equation (M.17) with respect to 7 - o3¢ ther
yields : f_, )
d ] i !
€ Sl
1 1. 1 > (11.18) L
RS TRIE WL S i o3¢) o
i (01 - 03(:) . '
U
so that S
2
dlo, - c,n) (cy, - G,n)
_la—& = ET = E'i - -(T"}c—?‘c'— (b’;.lg)
1 17 73C7ult l
Substitutior of Equations (M.12), (M.15), and (M.16) into Equation (M.19Y)
therefore yields
o3¢ n Rf (1 - sin b)(cl - O3C) 2 —
E; = Kp, - (M.20)
P, 2 (c cos g+ oy sin g) .
oo

What Duncan and Chang did to obtain a general expression for ET for
finite element code use was assume that fer any stress path, even when
oq is not constant, the relation between ET’ 9y and oq is that
obtained by replacing 3¢ in Equation (M.20) by o3, to obtain
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. 2
oz \N Rf {1 - sin ¢)(01 - 03) )
E = Kp _— 1 - v (M.ZI) . o
T a \p, 2{c cos g + asin §) .
N e

Equation (M.21) does not take full account of the stress path
dependence of triaxial compressive strength for a Mohr-Coulomb material,
as illustrated by Figure (M.3). If the current stress point is point B,
Equation (M.21) assumes the stress path to failure is BD, even though the
actual stress path may be ABC. The difference in compressive strengths

for the two stress paths is considerable, although admittedly that

cifference will decrease as the stress point approaches the failure line.
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Figure M,1. Linear determination of hyperbolic parameters.
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APPENDIX N

A HYPERBOLIC EXPRESSION FOR POISSON'S RATIO

In a triaxial compression test at constant cell pressure, a plot of
- axial strain versus radial strain for stress levels well below the failure
Tevel might appear as shown in Figure (N.1) [cf Desai and Abel

(1972:323)]. Such a plot suggests the possibility of a hyperbolic fit, of

the form
~eq
rlv
which means that
_fcl
83 =-1—-—H€—l' (N.Z)
and therefore
de P
| 1 (1 - del) (1 - del)
where, from test data [Kulhawy, Duncan and Seed (1969)] found that
73¢C
- \)_i =f=0G-F 10910 (Ta) (N.4)
The parameter d is obtained as the slope of a plot of -e3/¢)
versus -eq, since Equation (N.1) has the linear form
~eq
—= 2 f+d (-, (M.5)
€1
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The parameters F and G are obtained from a semilogarithmic plot of

v; versus log)q (c3c/pa).
Substitution of Equations (M.17), (M.13), (M.16), and (M.15) into

Equation (N.3) yields

?3C
G -F 10910 ( pa)
- (N.6)
d(a1 - 93¢ ) 2

1- " 93¢ n | Rf {1 - sin ﬁ)(ol - 03C)
Pal oo T2 (ccos @+ 95057N 6)

a

The assumption that c3. can be replaced by o3 for an arhitrary

stress path leads to the expression

03 :.
G -F 10910 N -

a
v = (N.7)
T (1-A)°
where
dla; - 04)
A - 1”7 (H.8) _
a5\n Rf(l - sin !5)(01- o3 ) - _
Kpa 5;) 2 {ccos g+ og sin ¢ ) ‘ :

Although Equation (N.1) implies an upper asymptotic limit on ¢, . ﬂffﬂf;
equal to 1/d, there is obviously no reason why the axial strain in a -t 1
triaxial compression test should be limited, and it was not the authors'

intent that Equations (N.7) and {N.8) be used at stress levels approaching

failure "Kulhawy (1984)]. More complete relations hetween €1 and ¢, oI
for triaxial compression tests at constant cell pressure on a loose and a
dense sand would have the shapes shown in Figure (M.2). Obviously,
neither curve is hyperbolic in the strain range approaching a constant

volume critical state, and the authors' intent was to use the hyperbolic
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fit only for the early upturning portions of these curves. Consequently,
when Equations (N.7) and (N.8) are used in a computer program to handle

problems involving possibly large strains, an arbitrary upper limit on

o V1 may need to be established. 5
| = Ny

R
1
N -
‘;-.. -

-
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, phase of a triaxial compression test at
. constant cell pressure.
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APPENDIX O
HYPERBOLIC MODEL FOR CYCLIC SIMPLE SHEAR

[Pyke (1979:721)] proposed a variation of the hyperbolic shear model
for irregular cyclic loading, in which the simple shear stress-strain
curve, starting at the latest point of strain reversal, (vc,rc), is a

hyperbola with fixed initial slope, GMAX’ and fixed upper and lower

asymptotes, Ty and 'Ty’ as shown in Figure (0.1). If dy > 0 after

reversal, hyperbola PQ applies, having the equation

Guay{y - v.)
- T- T = MAE ¢ (dy > 0) (0.1)
| “(__M&)( )
— Y- Y
y c

and if dvy < O after reversal, hyperbola PR applies, having the equation

Guay(y. - v)
T - 1= MAX ¢ (dy < 0) (0.2)
c G
1+(_MAL)( ,
y c
Equation (0.2) can be written in the form
Guay (Y - v.)
T.T - MAX < (dy < 0) (0.3)
c G
1+ MAX 1 ¢ )
T Y- Y

which is identical to Equation (0.1) except for the sign of the Ty

term. Therefore, Equations (0.1) and (0.3) can be combined in the form

Guay (Y - v.)
T-1T = MAX"Y ~ Tc (0.4)
c G
1+ -;—?A—— (v - v.)
Ty = Tg c

239

T BN EARC R S ¢ Cull DA B S Y LT A e A S Aecancaie B o adi el A od S A Ba Al Bd Ao e g s e e

"r-l

- ,
fin Y




A e ieg ot oy geg o e o o - e et kS A A A s o
R A s AN 0 = A TN LA Sl S g Al DAt AR AL AL SIS A ea S a o s e s e g s e sy o) o

LARR Al Aol Al Ack el ol ool Al o0

where

* .
) { Ty =T, s9n (dy) (0.5) =

Differentiation of Equation (0.4) yields the tangent shear modulus, ;ﬁui

d(t-1 ) G i
Y, HAX (0.6) m

- v T T=[ ( ITMAX) ]2
+ —.;—'-(Y-YC)

Ty‘Tc

The parameters Ty and GMAX can be obtained from a simple shear -
test, in which the relation between T and y is assumed to be hyperbolic

(v. = 1. =0), so that Equation (0.1) reduces to

- . w2 (0.7)
. T = ... . e
s 1+ MAX Y S

Ty

i A plot of T/y versus T should then follow the linear form e

T _I
Y = GMAX (1 Ty) (0.8)

=

e o
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Figure 0.1. Pyke hyperbolic shear model.
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APPENDIX P — T

YIELD SURFACE VIOLATION CORRECTION FOR AN
ELASTIC-PERFECTLY PLASTIC IODEL

An elastic-perfectly plastic model does not strain harden. Instead
the yield surface remains fixed, and so it is often callec a failure
surface. The failure surface is concave with respect to the origin in
stress space, and its intersection with any octahecaral plane is a closed R
curve, with its center on the hydrostatic axis and having six-fold angular
symmetry. When the stress pcint lies inside the failure surface, i.e.,
when the shortest line from the stress point to the hydrostatic axis coes Lg ,ﬁ:ﬁ
not intersect the failure surface, the material responds entirely
elastically. Plastic strains occur only when the stress point lies on the
failure surface; and the stress point is prohibited from going beyond the - ;;*};
failure surface by a correction procecure which will now be explained. ‘

Consider a failure surface having the equation

£ (1, E) -0 (P.1)

Its octahedral cross-section is a circle with its center on the
hydrostatic axis; and its intersection with any plane containing the
hydrostatic axis is a scaled plot of Equation (P.1), shown in

Figure (P.1). Assume that a strain-controlled elastic trial calculation
starting frem Point 1 in Figure (P.1) has moved the stress point to

Point 3, passing through the failure surface at Point 2. The objective of

the corrcction procedure is to bring the stress point back to the failure

surface at constant total strain. This is done by using the consistency

L4
P
]
.
RN,

A
. ) ,;.‘:
L

E___.
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N
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condition starting from Point 2, and a (pos<ibly nonassociative) flow rule
to find that portion of the total strain increment which is: plastic,
Ji normal to the plastic potential surface at Point 4, and just sufficient so
. that the remaining elastic strain increment causes the stress increment to
. terminate in the failure surface (at Point §).
The consistency condition without strain hardening recuces from

Equation (D.7) to simply

df - {if} T {a} -0 (P.2)

90

vhere

e {aj Caf Py, af {5 43;} (p.3)

5ot T ETI FEEl ) JJ; 0
and
R %ﬂ:fl (P.4)
L {;;l] = {m} (E.14)
B éi_.zf“ (P.5)

{s} [cf Equation (E.22)] (P.6)

i 2 {3, o1
) .

o so that Equation (P.3) takes the form
- f f
\ {%g} = fomp+ I (s) (P.7)
. 24Y2
o
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In addition, if the plastic potential function is of the same form

the failure criterion, i.e.,

anc i

then

Then

9= 9 (1,5 (®.

8)
f
29 _
9g
=g (P.10)
X Jﬁ; Il
g
{_j%}= ¢, {m}+ L (s (P.11)
2 |J,
f, in Equations {J.27) and (J.28), we set
ﬂTTTE . K (P.12)
- v - *
E
5 = 26 (P.13)

where K and G are the elastic bulk and shear moduli, respectively, then

Equation (J.30) can be written in the form

€ = K (m} {m}T + 2G (l - %—{m} {m}T)

with a view toward evaluating Equation (G.16), Equations (P.7) and

(P.14) yield
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- Gf DT
{2} Te® - xep (n)] +yr-£l s (P.15) S

J PR

2 L

u , LT LT .

so that Equations (P.11) and (P.15) yield

o 3f) T e fag
() T e {28 - g ¢ of g (P.16)
-
Setting 922 equal to zero because of the absence of strain hardening,
Equaticn (G.16) therefore yields
af f
£ 3
dx = = (P.l7)
Kfpgp * Gfpp9pp — 9KFysp * Gfppopg
3 Hote that the elastic trial calculation is assumed to start from
F-
) Point 2, rather than Point 1. This is why the value of the yield
function, f, at Point 3 (f3) is substituted for the differential dfg
in the rumerator of the first form of Equation (P.17). It is f3 which
. . is needed, and that can be found from the equation
l . where
_ (105 = (I); * %K (n} 7 (ce) (P.19)
- 1, T
» <(J2 3= [ 18] (sk (P.20)
{5}3 = {s}l + 2G {de} {P.21)
_i . and
1 T
{de} = \1 -3 {mp(m}) {de} (J.26)
Vo
.
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Having d., the adjustments to I, ard sz can be calculatec from , -;ig_:
C T
the eguations L
p o 91 . -
cet p = {a—} = da {gl{m + {s}} (P.22) -
K 2 |J o
2 N
T, .
G“EK - (m) {deP; = 3g,dr (P.23)
g, Cx
ceP - (1 SENCE {mrT) feePy - L () (P.24) R
; : 2 5,
| 2 _
_ .2 P . :
(CIl)p = -3K degy = - 9Kg C (P.25) o
| : . .
a [ - - {s}' - 2C {cePy = -Gg,, (P.26) R
2ip o [3 11 SR
LZ :_: :
¥
\». -.‘b-
\ : : : ST S
l and therefore the values of Il’ JJ , anc {s} at Point 5 in s

Figure (P.1) are

(I)g = (Iy)5 - gy da (P.27) : ;
. . "'-'.f'.‘
| (/J2>5 - (/J2)3 - Ggy; O (P.28) ZoL.
(J,) i
2’5 A
{s} ¢ = oy (s} (P.29) e
° 273 ’ L
» - L
Note that the derivatives fI’ fi1» 91, @nd gy are evaluated N,
at Point 4 and not Point 5. Therefore, the values of I1 and /Jz =
i calculated by Equations (P.27) and (P.28) may still define a stress point =
lying slightly outside the yield surface. Therefore, if 5
fo>e>0 (P.30)
o

i where ¢ is a specified tolerance, then repeat the correction procecure by

treating Point 5 as a new Point 3, and defining a new Point 4.
238
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Equation (G.18) can be used to evaluate the incremental stiffness

matrix for a point on the failure surface. Equations (P.11) and (P.l4)

yleld
G9
c® {29 - gy (i} + —2 (s} (P.31)
402
F_
Sutstitution of Equations (P.18), (P.16) and (P.31) irto Equation (G.18)
yielas
€ {ag :NT e
8P _ e = {33} {33} ¢
- of1T e (5
) ¢ 5
a Goyy Cfiy 7
{3K91{m}+ JJ— {51} {3Kf1{m}+_ﬂ]_-{s}}
- Ee - 2 2 (P.32)
Kfygp * Gfyp9py
&
I L)
7
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Figure P.1, Correction procedure for elastic-perfectly
i plastic failure surface violation.
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APPENDIX Q

. x AFWL ENGINEERING MODEL IMCREMENTAL PLASTIC RESPONSE

Figure (Q.1) shows the shear failure and plastic potential surfaces,
' . and hysteretic hydrostat which partially define a modified version of the
AFWL engineering model in use at Applied Research Associates. Each

segment of the failure surface has an equation of the form

i f(Il,JJ_2)=,J:l—2— (a * b)) =0 (0.1)

and the von Mises plastic potential function has the equation

. 91,00, ) <[4, (q.2)

so that Equations (P.4), (P.5), (P.9), and (P.10) yield

.. fI = -b (0.3)
N |
- fII =1 (04)
L g = 0 (Q.5)
i s

9yp = 1 (Q.6)

and, therefore, Equation (P.32) yields

S IrT
' = c%+ j-ﬁ-_Z- {s} {_n}T - g—?— {s} [S}T (Q.7)

................................
.........................................
»*
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Substitution of Equation {(P.14) into Equation (Q.7) yields

ﬁ - (CBRET e R GRS @ o 15:

2

Now the total strain increment can be written in the form

(o -3 T - ) 0

so that Equations (Q.8) and (0.9) yield

0] - <o) - k- Bl EE T

3 2 e
& 13"

-4} {ed - ", B (o] .

g - & BT 0

d1, - {m}T{dn} . 3K{m}T{de} (Q.11) _
¢ f, - ﬁ (s} {as] - 3Kb{m}T{dg} +J_% {S}T{de}

= {9 %}
2
- 3Kb{m}T{de} (Q.12)
242
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Comparison of Equations (0Q.11) and (Q.12) shows that

dﬁ: b(dI,) (Q.13)

which means that if the stress increment starts in the failure surface it

ends in the same failure surface.

Motice that the last two terms on the RHS of Equation (Q.10) for [d&}
contribute nothing to either dIl or qji;. They do, however,
contribute to dJ3, and represent components of a circular stress path
increment in the octahedral plane. The first term on the RHS of ?"qq
Fquation (Q.10) is an incremental vector pointing along the hydrostatic e
axis. The second and fourth terms are incremental vectors pointing in the
current radial direction, and the third term is an incremental vector
which returns the stress point to the same circle on which the second
incremental vector terminates. The relation between these incremental

vectors is shown in Figure (0.2).
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APPENDIX R

DRAINED CAP MODEL AND COMPUTATIONAL ALGORITHM

P TR NPT TS Ty

The cap model is an isotropic, rate independent, elastoplastic mocel

with two yield surfaces. The shear yield surface dces not strain harcen,

and is called the shear failure surface. The cap yield surface both
hardens and softens in response to plastic volumetric strain. Both y
surfaces are associative. Figure (R.1) shows the two cap mecdel yield

surfaces, which intersect at the corner point, I, = k.

1
The shear failure surface has the equation

E - f(1,) (1, > T

=0 (I1 <T)

where T is the tension cutoff, and

AN
1

The cap yield surface has the equation

) )20
3, = F(I,k (L<ly <X
A% = P < f(1)) -l

where

- P
k = k(eKK)

_ Y
X = X(eKK)

ield

(R.1)

(R.2)

(R.3)

(R.4)

(R.5)

(k.6)

i

1

- s e

b -4

!

.,
L
.-
-
.

LARANS
t'..n".r"'.:. .
afataate

]

4

o



L

o —
DM,  patORI
. M L] 'n'-. - .

0 (R.7)
b

dex

L=k (k> 0) (R.8)
-0 (k < 0)

FIX,k) = 0 (R.9)

FIL,K) = F(k) (R.10)

<o (Ll <X (R.11)
1

g (L<l <X (R.12)

When k < 0 a von Mises cap transition surface is defined by the equation

f§=pmx)=ﬂm (k < 1; <0) (R.13)

and therefore when 11 < 0, the yield criterion is the lesser of the

shear failure criterion and the von Mises transition, i.e.,

J2 = Fe (10 = min {r(1); £} (T < 1,< 0) (R.14)

Within the yield surfaces the material is hypoelastic without
hysteresis, with incremental bulk and shear unloading/reloading moduli
defired by the equations

K¢ = K (Il,k) (R.15)
G = Gf Jz,k) (R.16)

The particular cap model discussed here is that presented by Baladi

and Akers (1981), except that the shear failure criterion has the equation
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¢ -~
'BIl
4@ < (1)) = (Cg*+alp) +C(L-€ °) (R.17) |
The ellipsoidal, strain hardening cap yield surface has the equation _’
I, - L}\2 Jd, 12
; ol —4:2- =1 (L < I1 < X) (R.18) ST
so that ‘
I - L\2 ’
’Jz = F(Il,k) = f(k) 1 - _X.-—_t C- - =
< Hk) Ax-0)2 - (1,-0% - & A2 - (1,-0%  (R19)
where ;; ;.5]
X-L
R = %) (R.20) 2
R is the ratio of the cap ellipse principal axes, but it is not obvious *; A
which is the major and which the minor principal axis until the model :
parameters have been cetermined, The relation between plastic volumetric ';
strain, EEK’ and peak hydrostatic effective stress, o0CT? :1 i: J
determined by hydrostatic unloading, is IR
by = W [1 - e 30loger - Gr)il (R.21)
S
where W anc D are material constants, and G is the hydrostatic = o
component of the geostatic effective stress tensor. This relation is i%.
Sl
shown in Figure (R.2). The relation between X, the value of I1 at which i el
the ellipsoidal cap meets the I1 axis, is patterned after - f;jf
r,: .'::.:.‘.
Equation (R.21). However, a mathematical device is inserted to prevent - i}}%

further shrinking of the cap due to dilatancy on the shear failure surface

248
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when the corner has shrunk to the ,Jz axis. This means k cannot be

negative. The relation between X and EEK is constructed by defining

an auxiliary plastic volumetric strain variable, z, for which
dz = 0 (k < 0 and deEK <0)
- (R.22)

p .
d‘KK (otherwise)

so that z will decrease due to dilatancy on the shear failure surface only ;&lflf

when k > 0. Then z is related to X by the equation iif,vf
[ a2z =W [1 - e DX - 3Gr)] (R.23) l.

Inversicn of Equation (R.23) yields

N
1]

X -3, +gn 1 - (R.24)

l-g

The parameters W and D in Equations (R.21), (R.23), and (R.24) can be
obtained from a drained isotropic compression test in which EEK
increases continuously so that CEK and z are identical.

The relations betweer. X, k = L, R, and z can be obtained by combining
the results of drained isotropic compression tests and drained triaxial
compression tests at constant cell pressure. For drained triaxial
compression tests at constant cell pressure, Equations (K.3) and (K.9)
yield

I) =05 * 293¢ = (o) - 03c) * 303 (R.25)

and
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so that

= 3o

I = 3J2 (R.27)

3¢’

Figure (R.3) shows the hypothetical results of such a test.

Figure (R.3a) shows the loading stress path, with slope 1/4[§i When the }; Eﬁ&iﬁ
stress point is at P, the flow rule predicts the plastic strain increment, _ :Liﬂi
‘deP, will be normal to the cap surface passing through P, and therefore ?fEf{i
deEK > 0 at all points on the stress path until failure occurs at : :E~
Point S on the shear failure surface. Only then does dilatancy suddenly . ’“j
occur, according to the theory of the cap model. Figure (R.3b) shows the 'Q?
stress-strain response, assuming strain contrcl. Failure occurs at Point S, ;t}

at which (o1 - 03C) is a maximum. From unloading cata a curve showing
the plastic volumetric strain, EEK’ corresponding to a given value of

oy - o3¢ On the loading stress-strain curve can be constructed, and from
that curve the plastic volumetric strain at failure, EEK,f’ can be
found. The triaxial compressive strength, (ol - o3c)f, is the

ordinate at Point S on the stress-strain curve, so that Equations (K.25) and 1:
(R.26) yield -

Ilf = (01 - °3C)f + 303c (R.28)

(01 - anp) B
J-Jz—f= —1’13_—3-(:—1:' (R.29) -'

Figure (R.4) shows how the results of isotropic and triaxial
compression tests can be combined on a three-axis plot which yielas X,
k = L, and R as functions of GEK' For computational purposes

SEK is replaced by z to prevent excessive shrinking of the cap. The
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E tﬁ above discussion is conceptual. Cap model users often determine or refine

N ‘ the model parameters by trial and error.

! a The drained hypoelastic incremental unloacing/reloading bulk modulus
is cefined by the equation

. . K].S L x e'KZS(Il - 3Gr) (R.30)

. - s - T: RlS 1S :

and the hypoelastic incremental unloading/reloading shear modulus, which
applies to both drained and undrained conditions, is defined by an

equation of the same form

G. -G, [d
! (1 - Ge 2J—2> (R.31)

H e Y

The parameters Kis’ KlS’ KZS’ Gy, Gl’ and 02 are material

| constants. The shear modulus is obtained from the unloading/reloading
portion of a plot of (01 - c3) against (e1 - e3), measured during

a triaxial compression test with both axial and radial or volumetric

Pr e
P b e T .
‘ L [N oo e,
LI L T T A
L L T
U et . S e
s . P . . +
. e .
) .",‘, N . St

strain measurements.

Equations (R.17), (R.21), (R.30), and (R.31) are all of the form
y=a+bx- ce-dx (R.32)

the parameters of which can be determined as follows:

1. Plot aga1nst l The value of % extrapolated to % —>0 is b.

See F1gure (R.5a).

2. Plot y-bx against %. The value of y-bx extrapolated to-%—€>0 is a.

See Figure (R.5b).
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3. Plot In (a + bx - y) against x. The y intercept is Ir ¢ and the

slope is -d, since Equation (R.32) yields

In(a + bx - y) = In(ce™ @) = 1n ¢ - dx (R.32)
See Figure (R.5c).

The cap model response to prescribec¢ strain inputs is hypoelastic,
provided the stress point lies within the yield surfaces. In this case
Equations (R.15) and {R.16) yield
(R.34)

al, = 3K Sde

1 KK

and

dsij = 2G deij (R.35)

If the assumed hypoelastic stress increment (the elastic trial)
violates the tension cutoff the first stress invarient is set equal to -T,
and all deviator stresses are set equal to zero. In this case the plastic

volumetric strain increment is calculated from the equation

n+l _ 1t p
I} " =T-= Iy - 3K deyy (R.36)
so that
. IE -1
dCKK = _3T<_— (P_37)

If the elastic trial point lies to the left of the corner and
violates the shear failure surface, the stress point is corrected back to
the shear failure surface using the method of Appendix P for a perfectly
plastic material. Since the cap model is entirely associative,

Equations (P.17), (P.23), and (P.27) yield
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dr = _Tg;?—— (R.38)
X 9K(aq) .

5 defy = -3 Z—% i (R.39)
o RERRA
] - eehy (7.40)
. and ;;A;J
9
W - faf™h (R.41) \1
l ?; The cap shrinks (if possible) in response to the dilatant plastic ;?' ~

(A

volumetric strain given by Equation {R.39).

Equations (R.40) and (R.41) define a point on the shear failure
surface (extended beyond the corner, if necessary), but that point will
violate the cap if the point lies to the right of the shrunken corner. T
This situation is shown in Figure (R.6), where N is the initial stress
point, E the elastic trial point, T the shear failure surface correction
point assuming the plastic strain increment to be directed along normal PQ
to the shear failure surface, C the initial corner, and D the shrunken

corner (which may coincide with C). If the shear failure surface AN

correction point had been taken as P instead of T, implying a plastic

strain increment lying along vertical PR, the corner would have remained
i? at C and cap violation would not have occurred. As the assumed shear
failure surface correction point moves from P toward T along the shear
failure surface the direction of the plastic strain increment shifts from
= PR toward PQ and the corner point shrinks (if it can) from C toward D.

Eventually the assumed corrected stress point meets the shrunken Corner
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[
(somewhere between C and D) and that is the final corrected stress point.
If k" = 0 so the cap cannot shrink, then D coincides with C and -
1
therefore C must be the final corrected stress point. Then -
"o o (R.42)
and =
Bk - o) (R.43)
If k" 5 ¢ so the cap can shrirk, then the harcenirg relation
between the amount of dilatant plastic volumetric strain on the shear
feilure surface and the shrinking of the cap must be satisfied. This .
relation and the elastic bulk stress-strain equation take the form
ntl LE p _,n*l _.n dk p
I1 = 11 - 3K dEKK = k =k * P deKK (R.44)
KK n .
which yields
k™ el
dcp - = - (R.45) -
KK 3K dk n
p
(deKK>n
so that
IE (GE') + 3K k"
s N degi/n LA LS (R.46)
(-% + 3K 1 o
Ceky Jn
e
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The cderivative dk/deEK is determined empirically. (See

; Figure (R.4).) The final ceviator stresses, after all the above
i N

corrections have been applied, are given by the equation

- Jn+1
. - n+l 2 £
T Sij = ;: S (R.47)
| - 2

If the clastic trial point lies to the right cf the corper and
violates the cap, a trial and error correction is used {in place of the
. incremental equations of Appendix G). The correction places the final
stress point on the expanded cap and also satisfies a secant flow rule,

The expanded yield surface has the equation
[Jg+1 P nil Aﬁxnﬂ L2 (I;ﬁl 12
R

(e M k™ (R.48)

and the flow rule takes the fom

S. .
P 3 [ - 3
deij = da o1 [ Jy - F(Il,k)] = Cx <’2 : +a ij) (R.49)
. 4 2

On

where
(I, - L)
az-QTF__ 1 (L < I, <X) (R.50)
a4 2 2 - 1=
R - 0221y - )
o Note that
»
. a=20 (Il = L)
:2 (R.51)
'.‘ = o (Il = X)
8
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.
Equation (R.49) yields o
dgEK = 3a dx (k.52) j? fiffi

and Equations (R.49) and (R.52) yield

de,s - LV ON (R.53) L.
2 [9, LI
Now 3{5
SRS LU PP L T T (R.54) -
O kK T 1T :
anc { ;;
- .';'.:;'.""
GSOfl "i
sqtl =s". - 26 aeP, = S I ST (R.55) Lo
ij i N iJ 0
3N
s
and Equation (R.55) yields
]+ 0o\ oml o GE (R.56)
Jn+1 1\1 1J
2

and taking the square root of one-half the trace of Equation (R.56) yields

1y ger = [oF (R.57)

n
J 2

2

Eliminating d». between Equations (R.54) ard (R.57) yields

£ ntl [ E n+l
I7 -1 Jo, -
1 1 2 J 2
dyx = = r (R.SB)

9Ka
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so that

n+l n+l
z J[_~ QK_ (I - I ) {(R.59)

Equations (R.48) and (R.59) are the two equations which the final

stress point must satisfy.

Figure (R.7) illustrates the trial and error solution process, which
prcceeds (conceptually) as follows:

1. Assume k{=1L1).

2. Determine deb,, R, and X from empirical relations. [See

KK?
Figure (R.4)].

3. Compute I, from Equation (R.54).

4. Compute a from Equation (R.50).

5. Compute Jﬁz.from Equation (R.59). Steps 3 and 5 locate a point
on the flow path in Figure (R.7).

6. Compute JJ; from Equation (R.48). Steps 3 and 6 locate a point
on the yield path in Figure (R.7).

7. The flow path and yield path eventually intersect at

n+l nt+l
(Il ’ Jz >.

The flow path cannot pass to the left of the expanded corner and miss
the yield surface aitogether, because Equations (K.51) and (R.59) show
that the flow path would have a vertical secant if I1 were equal to L.
Therefore, the flow path will always intersect the yield path (or the
expandec¢ cap) to the right of the expanded corner. Also, since
Equations (R.51) and (R.59} show that the flow path has a horizontal

secant when I1 = X, it is convenient to (conceptually) set

a = w (Il > X) (R.60)
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so that the flow path will be a horizontal straight line until I < X.

Based on the above analysis, it is apparent that

KO <k <1 (R.61)

so that the range of k to be tested in the trial and error solution of

Equations {R.48) and (R.59) is bounded, -
Simultaneous solution of Equations (R.48) and (R.59) actually .

consists of finding the value of k = k™! for which

n E 4
kK" <k < 1] :
L < Il <X -
e
and
£ G E
{JZ = /Jz - gz (17 - I;) = f(I},k) (R.62)
or
E.b=0 (LI, <X (R.63)
2 - 2 L L
5 where ;:
8 b= fI,,k) + g (15 -1,) 50 (R.64)
- = Wa ‘1712 :
Fb The function on the LHS of Equation (R.63) is not bounded, so it is = M
- I A
- convenient to work with the bounded function T
b - ‘e, l:,
t t e :.._._.
_ J - b ‘-‘ [
I P(k) - A2 (L<l <X) (R.65) F
b'. E " "’-" -
L“‘ J + b :_. :_. .-.-... »
2 2 AN
, J'..’\-'
( I\-.
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for which -1 < P(k) <1, and which has the same root as Equation (R.63)

because the denominator is always positive. The function P(k) decreases

i a‘ steadily as k increases. Because it is possible to have IE > X", 'ﬂ,u;j
it is desirable to also cefine S
I -t
- P(k) = ~X-T (I1 > X) (R.66) y
sc that P(k) will decrease steadily as k increases (and I1 decreases)
B even if Il > X, and will be equal to 1 when I1 = X and therefore never .
less than the upper bound on P(k) for the range (L 5_11 < X). And T;:;}

because it is possible to have I1 < L during the trial and error
process, it is desirable to define
, h - X

so that P(k) will also decrease Steadily as K increases (and I1

decreases) even if I, <L, and will be equal to -1 when I, = L and

therefore never greater than the lower bound on P(k) for the range

(L < I; < X). Equations (R.66) and (R.67) ensure that the final value
n+1 n+l n+1l n+l1

of I; © will lie in the interval L <Iy <X 7, and ~
also that Equation (R.60) will not be needed because the quantity a will ;
be used to calculate P(k) only when I1 lies in the desired interval, 5‘ :
- once k™1 o LML s found, deEK, X" and R™1 are i;;;!
deternined empirically, I?*l is calculated by Equation (R.54), -
. ;i J;+1 by Equation (R.48), and the deviator stress components by

Equation (R.47).
When dealing with finite stress or strain differences during

unloading/reloading, or during any phase of isotropic compression, direct
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1
integration of Equations (R.30) and (R.31) is scmetimes advantageous.
Both are of the general form _ _‘_
. t
dy _ -Cy
- ax = A - Be (P.68)
so that Z:_l:'_':_"-.-
-
dx = dy = eCyGy
- -Cy = ,.Cy
g A - Be Ae™ - B
or L
ey,
A dx = BEZW g (incae® - )] (R.69)
AeW - B
ana therefore K bl
Cy.
1 e ? '%
X, - X; = == In (R.70) ,
pr 2 1~ AC Cyl B _‘, .
¢ R
Also
ey P
1 B 1 B AC (x, - x,) 8
For grained hydrostatic unloading/reloading
B
X = ey (R.72) e
= kK . R
y o= 1y - 3G, (k.73) SR
PSR
= 3K o e
: A= (R.74) DA,
. I - K{ e
. s S
- o [N
- L ;\_‘h4
-t i
S
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3K. K
1s'1s
R S = (R.75)
- C =Ky (R.76)
3K. K
‘ AC - I_EK—"E (R.77)
' - " Tls
! B
- Kls (R.78)
so that Equation (R.70) yields ;*7AA
1-K Kos (1, . -36) K
e ¢ _ ls n e 1,2 r' - ls (R.79)
KKa2 KL T IR Ko Kos (1, ; - 36,) K '
e 1,1 - %! C Pl
and Equation (k.71) yields
Koo (I, 1 - 3G..) S
1 2S 1,1 r -
I, . =36 +-— 1n {K + [e ’ - K ] . RN
1,2 r K25 1S 1$ ’-
3K15K23 ( € _ e )
T-K ’KK,2 T °KkK,1
e (R.8G)
Equation (R.21) also has the yeneral form
-D(I - 3G) -D(I, .- 3G.)
P P 1:1 r 1,2 r
EKK,Z - LKK’I = N lVe - € (R.81)
the inverse of which is
1 1
11’2 = 3GY’ + B ]n D(I 3G ) p ) p (R.82)
L T MY fkk,2 T OfKk, L




......

Equations (R.79) and (R.81) combineu give an expression for the
increase in total volumetric strain between any two stress points on the
drained loading hycdrostat. The inverse calculation can be accomplished

graphically, as follows:

. . P _ e o
1. Stipulate Il,l’ and °KK,1 = °KK,1 = C.

p
2. Assunie EKK,2’

bi 3. Calculate I, , by Equation (R.82).

4. Calculate EEK,Z by Equation (R.79).

S

5. Plot ¢F against KK,

KK.2 o @s in Figure (R.8}), and finc

*KK,2 as shown.
6. For a given e ge €nter the figure backward and find

e p , . .
KK and EgK> either of which can be used to find Il.
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Figure R.2. Relation between peak hydrostatic effective stress ,;
and plastic volumetric strain. -
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(a) Stress Path
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Figure R.3.

(b) Stress-Strain Response

Results of a drained triaxial compression test at
constant cell pressure with unloading/reloading.
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Figure R.6. Cap violation caused by shear failure
surface correction.
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(b) Functions to be equalized by trial and error.
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Figure R.7, Cap violation correction.
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Figure R.8. Relation between plastic, elastic and total
volumetric strain in drained isotropic
compression.
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APPENDIX S
) UNDRAINED CAP MODEL AND COMPUTATIONAL ALGORITHM K

During undrained isotropic compressive loading the measured total

stress incremental bulk modulus is assumed to have the same form as

B Equation (R.30).
K. K, (1,-3G)
, im 2m Tl r
N l\m = T_—R-z; {1 - Klme ] (S.l)
so that, by analogy with Equations (R.79) and (R.80),
Kom(ly,2-36)
v 1 -K e - K
PR TREE o cul LI T o360 " (5.2)
: ’ im 2m 2m'°1,177r
e - Kl
m
K, (I, ,-3G)
; 1 2m' 1,1 r .
.‘ I1,2 = 3G, * Kom n {Klm * [}J - Klm]
K. K
im 2m
——‘—'—l_Klm (EKK,Z - EKK,I)} (5.3)
[ e
During undrained isotropic compression Equations (R.79), (R.80),
(R.81), and (K.82) apply to the effective stresses, so that
= [ KostI] p-36y)
1 -K ie - K
Ee .8 1s n 1S (S.4)
- P - o) 7 T T .
KK,?2 KK,1 “KiSKZS { K25T11’1-3Gr)
e - K
1S
' K. (1! .-3G')
Vet L 28 71,177 .
=3 g n %15 ' ["’ - KlS]
2S
i HKiskas (e e | (5.5)
. T-Kyg fKK,2 - °KK,1 .
e
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" b e D(Il 1736, _9-0(11’2-3Gr) (5.6)
*KK,2 T *KK,1 T .
' v, 1 1
11,2= 3Gr+ﬁ]n D(Il 3GI) p (S.7)
L, 'KK,2 ~ KK,1
€ N W

The value of I'1 2 corresponding to a given total volumetric strain
increment, eKK,2 " °KK,1° can be calculated using Figure (R.8), and
either Equation (S.5) or (S.7).

For undrained triaxial compression at constant cell pressure the

slope of the total stress path in (I1 J~;) space is 1//3, so that
3a

I, = 3og * 3J2 = 30y, {3Jé (5.8)
szﬁ (5.9)

The procedure for calculating an effective stress path increment is

since

as follows:

1. Stipulate bey and assume teg.

2. Calculate the effective stresses 91> 03 Il, and
J, using the drained (effective stress) model.
Calculate I by Equation (S.3).

Calculate the excess pore pressure by the equation

Calculate the total radial stress by the equation

03—03+U

If g £ o3¢ select a new value of beq and repeat steps 2-6.
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7. When a3 = 936, calculate the total axial stress by the equation

3C

9y = ci tu (s.12)
Equation (S.8) will be satisfied because it takes the form of
Equation (R.25).
Strain-controlled undrained response is calculated as follows:
1. Stipulate Aeij'

2. Caculate 5 and Ii using the drained (effective stress)
mode .
3. Calculate I, by Equations (S.3).
4. Calculate the excess pore pressure by Equation (S.10).
5. Calculate the total stresses by the equation

g.. = 0. F USL s (S.ll)

Notice that this approach recognizes dijlatancy in the effective stress

model, but not in the total stress model,
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APPENDIX T I,

LADE MODEL CROSS SECTIONS AND PARAMETER DETERMINATION

Lade's failure criterion (the expansive yield surface at its maximum

PCNEE,
— 4

extent) has the equation Tl

If Ip\m -

o\ - 9\ 5] =y (T.1) -

5 a — ol

e

or f‘ ;*511

(Il)m s

I D, i

“35 = Tt (1.2) o

o o7 (2 o

P, -

Now Equation (C.5) yields PR ‘
Iy = 3ogcy (1.3)

Equation (B.24) gives

"3

I3 =03 -—5

—w

(B.24)

Y

Equation (A.63) yields .

J.\3/2
2) (7.4)

J3 = 2 cos 3u (3—

and Equation (C.7) yields

J
2 ocT
5= — (T.5)
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Substitution of Equations (T.3), (B.24), (T.4), and (7.5) into

Equation (T.2) yields

2 \2 3 2
2 cos 3u ~oct -0 ocT + 03
J 0CT 2 ocT

3
27000t

cos 3o (TOCT)3 3 (TOCT>2 .
7z \"oct/ 2 \%ocr

27

or
3

cos 3 Tom) C3Toen\ L e
2 \%ocT °0CT,

If we set

b o
"
/-ci\.—.
|-
~—
~
=)

—

2th__ _ 1
1+27h 1+ 27h

w
[}

1-2Ir=1 -

then Equation (T.7) can be written in the form

3 2

AZ” - 1.52"+B =0

or
22(1.5 - Az) = B
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(T.6)

0 (1.7)

(1.8)

(1.9)

(T.10)

(T.11)

(T.12)
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or Lot
zZ = B8 (iterate) (T7.13) - :;;;j
115 a2 S

By fixing o and therefore A in Equation (T.10), and varying h and
therefore B in Equation (T.11), Equation (T.13) will yield a longitudinal N
cross section of the failure surface. By fixing h and therefore B, and

varying » and therefore A, Equation (T.13) will yield a transverse

(octahedral) cross section. For triaxial compression i ;f;if
|
°1 2 % =3 (T.14)
so that if L
: v.. Lea
9 1+ sin g b
+ sin SR
;5 = N¢ *T-sing (T.15) :; :?
where ¢ is the compression angle of obliquity, then " ;;jff
4
Iy = oy * 203 = o3 (N * 2) (T.16)
2 3.,
I3 = 0103 = 03 P.¢ (T.17) -
™
and therefore Equaticn (T.2) yields -
I N N
S E— (T.18)
1 (N, + 2) -
1 ¢ )
where Equation (T.11) yields L., 9
; W ST
B-1-27r (1.11) .y

and also =
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Values of r, B, and h corresponding to compression angles of

obliquity of 30, 35, 40, 45, and 50 degrees are tabulated below:

[} r B h
DEG -—- - -
30 G.02400 0.35200 0.06818
35 0.02003 0.45920 C.04362
40 0.01600 0.56788 0.02818
45 0.01215 0.67199 0.01808
50 0.00867 0.76590 0.01132

Values of z for Lade's failure criterion are tabulated in
Table (T.1). The rows show longitudinal cross section values for a given
w, and the columns show octahedral cross section values for a given h.
The determination of Lade's model parameters proceeds as follows.
The unloacdng/reloading elastic modulus, Eur’ is measured on plots of
(cl - 03C) against £y from drained triaxial compression tests at
constant cell pressure, and is assumed to be an exponential function of
cell pressure of the form

n
93c
Eur = Kur (3; (T.20)

Taking the Togarithm of both sides of Equation (7.20) yields

a
3C
]ogloEur = IoglOKur +n Iog10 (F;i) (1.21)

so that the parameters Kur and n can be obtained from a log log plot of

Eur against °3C/pa’ which should appear as a straight line.
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The unloading/reloading bulk modulus, B can be cbtained from

ur?

drained isotropic compression tests with unloading, and since

E

B = — (T.22) "
ur 3(1 - 2\)ur) .;.-
where vur 18 Poisson's ratio for unloading/reloading, the value of Vur -
can be found from the expression
N ] QL (1.23)
ur - 2 3Bur )

Frequently, Vur is found tc be relatively insensitive to 930> ana

is therefore assumed constant. o
Drained isotropic compression activates only the collapse yiela

surface, so wc can be determined from draired isotropic compression

tests with unloading as the area under a plot of octahedral normal stress -
against plastic volumetric strain. For isotropic compressive primary ;-‘lf
loading Equations (3.8.1), (3.8.2) and (3.8.3) yield =
W._\l/p
. 2 i 2| ¢ ol
fc = 3COCT = fc = pa tp—a- (T.24) ..": :.:::
st that el
W o 2 P ~ :'»-
Coc |3 (XTI (T.25) oo
pa pa . ':\.‘
o
- LY
Taking the logarithm of both sides of Equation (T7.25) yields ' §ifﬂ'
W /0 2 ot
C ) ocT N
Tog;, <5—> = logyy €+ p log,y |3 \ 5 ) (T.26) -
a a
:4
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so that the parameters C and p can be obtained from a log log plot of

. 2 R .
Nc/pa against 3(°0CT/pa) , which should appear as a straight

line.
Shear failure in a strain-controlled drained triaxial compression
test at constant cell pressure is defined as attainment of the maximum

value of (c1 - o3c). At this point Equation (3.8.8) yields

1? I\ m |
(fl) = fl = - - 27 _— =N (T.27
p'f p,MAX I3 Ps £ 1
so that
5 AN
~— - 27 = AT (T.28)
3 f 1/ f

Taking the logarithm of both sides of Equation (7.28) yields

3
g (L2110 Cm g, (AL (T.29)
%10 \T; T %0M 107,/ ¢ '

so that the parameters " and m can be cbtained from a log log plot of

3
I I
1 27| against 1 , which should appear as a straight line.
TE f Pa/ f

Having the parameters Eur, Vur? C, and p, the elastic and
collapse plastic strains can be computed throughout a triaxial compression
test at constant cell pressure. The elastic and collapse plastic axial

anc volumetric strain increments are

dEf = (T.30)
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1 -2y
de€ - <____-Jif> doy (T.31)

and
c 20% dal
dEl = 3 2 N 2 2 2 _ p (T.32) T? o
p 1~ %3¢ R
Y - 27 T
Cp pa "‘.4
0C 20](01 + 2030) dol (1.33) “
v © 3 Z, ,2\2 - P . S
P, °1 ?3C
——
Cp Py
- piTen
and the expansive axial and volumetric strain increments are i._\i?
RERSRE
dsi’ = del - (def + dei) {T.34) - ;'.j.,"‘:r:‘
dee = dev - (des + dss) (T.35)

The expansive plastic work is

p P _ _ p p
Np = [nldsl + 203053 -f(cl ¢J3C)de1 + I3cEy (T.36)

The values of wp corresponding to fp = and fp = 0.60 nys

respectively, are called wP,PEAK and wp’ao.

The assumption is that wP,PEAK is related to o3¢ by the expression

o 1
3C
Hp peak = PPa (B;‘) (1.37)
Taking the logarithm of both sides of Equation (T.37) yields
log, (“PPEAK] o0 B4 q 10g,  (23C (T.38)
10 \ ™, = 1999 10 \7p, .
280
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so that the parameters P and 1 can be obtained from a log log plot of

W o
PLPEAK Ggainst SC, which should appear as a straight line.

pa a

p
is increasing, and fp is a function of wp according to

Now because fp and f are equal as long as (o) - o3¢)

Equation (3.8.9), let wP,PEAK be the value of Wp which maximizes
fp {or fp) at the value n;. Then Equation (3.8.9) yields S
¢ty o (wp> Va o e fu) et '*’*;
= -abe” p I-L t—— e —+ .
aw, Pa ap, Pa x
Y L RS (1.39) e
so that at failure
df; 1 ) )
=0 - b = 0 (T.40
YT (qWP,PEAK
and therefore since " is not zero,
b = — L (T.41)
Mo PEAK

Substitution of Equation (T.41) into Equation (3.8.9) yields

- P l/q
wpeWP,PEAK

f' = a (T.42)
P P/
so that according to the definitions of Wp pgayg and Wp g0,
. -1\1/q
W e
R (1.43)
a
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T

o
and ’
¥p. 60 1/q SRS
= H L]
W P,PEAK R
p,60 €
0.60 n, = @& 2 (T.44) e
1 Pa RS
Note that wp,60 must be measurec as a function of og., but nc - ' ‘
[ empirical formula relating NP 60 1O o3¢ s needed. Dividing S
[» Equation (T.44) by Equation (T.43) yields i"
L. 6o 174 R
P,PEAK o
0.60 - | (P20 (T.45) o
W ,PEAK R
L i . |
so that o
. (W_“P_&) + (1 WWLEO_) ;
Q- P,PEAK P,PEAK (T.46) ..
1n 0.60 Sl

The assumption is that q is related to o3¢ by a linear equétion of

the form o i
o N
q=-a* s<—3—c> (T.47)
Pa
N
so that the parameters o and 8 can be obtained from an arithmetic plot of - '
q against o3r/pa, which should appear as a straight line. "'ll'.j'
s . {C‘-‘
Having both wP,PEAK and q as functions of o4., the parameter b _ : :
can be obtained as a function of 3¢ by Equation (T7.41), and the ;.;vg
parameter a can be obtained as a function of °5¢ by writing 3 .:
Equation (T.43) in the form
282 RS
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"1

Wp peak | 1/9
epa

a =

The parameter n, in Equation (3.8.11) can be determined from the

expansive plastic Poisson's ratio,

de

©
wo

de

— T

obtained from a drained triaxial compression test at constant cell

P Tl Ar A St 2n S S S B e B S o o i Al o B B -r e
v B0 A A Dt A e Fiut it b e i\ 2 a Dot s i o B s A mcs o e

(T.48)

(T.49)

pressure, where using the results of Equations (T.34) and (T7.35) yields

—— e

-———-

p_Ll,,p p g
d€3 = ?(dev - dEl) (T'SO) i‘ ’
so that L
p p L
de de =
I %_ 1- Y (T.51) A
Using the flow rule and Equation (3.8.11) yields ff_
P " (T.52) ol
- 02 R
where T
L M
Pa\ ™ i 2 I3 ;
G = —I— ql(JBC -m Il —3~ (1.53)
1 I -
- 1 .
p.\m i I f. ‘
a 2 2/°3 .
H = (TI) 03(: - m Il (F) (T.54) .
L 1 ;
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J = 311 - 27 0103¢ (T.55) :::.

(7.56)

e
"

31
5o that ' DI

p
ny = Qﬁ; (T.57)
G + Hv

The assumption is that n, s linearly relatec to fo3c/pa and -

fp by an equation of the form

a
st t R [ZEes g (T.58) RN
a p -

ER

The paraneters t, R, and S can be found by multilinear regression,

A
-y
1

B (I M T
|LACRNER R

—— -
- -
v

koo
k2 .\
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VALUES OF z FOR LADE'S FAILURE CRITERICN

TABLE T.1

p, DEG
50 LN LV 35 30
h

W 0.01132 0.01808 0.02818 0.04362 0.0681
12¢ 0.56589 0.87226 0.77128 0.66661 6.56569
115 0.64775 0.85720 0.76119 0.66199 0.56149
110 0.89778¢ 0.82084 0.73557 0.64456 0.5501¢2
105 0.84263 0.77766 0.70321 0.62138 C.53434
1C0 0.79238 0.73624 0.67057 0.59687 0.51694
85 C.74967 0.69987 0.64086 0.57374 0.49991
90 0.71456 0.66932 0.61530 0.55330 0.48442
85 €.68531 C.64356 £.59342 0.53551 0.47071
80 0.66106 0.62205 0.57501 0.52040 0.45893
75 0.64216 0.60520 0.56050 0.50840 0.44949
70 0.62872 0.59317 0.55007 0.49973 0.44263
: 65 0.6206¢8 0.58596 0.54381 0.49450 0.42847
60 0.61801 0.58356 0.54173 0.49275 0.43708
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APPENDIX U -
ARA CONIC MODEL CROSS SECTIONS AND PARAMETER DETERMINATION |

Triaxial cross sections of the conic model compressive and expansive

yield surfaces appear as shown in Figure (U.1). o
The conic model failure criterion (the expansive yield surface at its
maximum extent) has the equation
T P
fro. 00T [1 - E cos 3u & +m)=n (U.1)
P Pa °ocT 1
( " )( "ocr)
1 1 -E cos 3uj{ p .
ocT _ a (U.2) )
Pa °0CT) .
I1+m P, i 1
Whern o is fixed in Equation (U.2) the variation of 1, with T
sgcT Decomes hyperbolic, taking the form :}gi
: 5 L
1 c Le Telel
s <o wa
ocT ~ 1 + _m__ ) Tl ':':‘:\
P, 0ocT e :{'_}"

-

i
B i
-4

)

The initial slope of the failure surface at zero octahedral normal

stress is

'I.,L'-' .
'.“'.-‘t'>.l

AT,
]
‘. -'- 4 - IP- "‘ "t "- "'.’". .'..

dTocT " -
7 = T-TF cos 3o (V.4)
°0CT/0 B Y -

and the upper shear strength asymptotic limit is




S B i S aa o e e e o YTy " Bk A A e et 4 -y Pl Sl S et b Bcae s oy 4

A il Al Sl A Ak Al S ditel e h And tedl Aol Rl hed Al Sl G Sl Al dud ot gl

. / nl Pa .
i (toer) < \r s e Ig\e (U.5)

When ogep is fixed in Equation (U.2) the variation of

Toc1/o0cT becomes a triple ellipse, taking the form

Tll o N

1+m (°°°T> R
T p o
0CT a s
OUCT - 1 - E cos 3u (U.6) ‘

The parameters ny, m, and E can be determined from a series of

triaxial compression and extension tests. For triaxial compression

(. = 120°), Equation (U.3) reduces to E

()

T =
ocT o
1+ m ( 0cr>
pa

or

q - ] :
T _1-E | 4o\ _ .y ocT (U.7) hos
focT n1 Pa tc 2c Pa w

where

klc = (U.8)

1 -

For triaxial extension (4 = 60°), Equation (U.3) reduces to S

h.
]
m
g u e
ol e
l". ", L
> L

[
..
JhLrle

' ’
et

A/- .". .‘ .

y S 0 %

I TL T

0
4 4
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()
1+t

T =
OCcT a
1 +m (OCT>
pa

or

a a a

TOCT J1rE s g (T Ko * Ko OCT> (U.10)

T M Pa : Pa
where

1+E
Kie = > (U.11)

1 +E
kze =m <nl ) (U.12)

Plots of Equations (U.7) and (U.10) are shown in Figure (U.2).

lc? k2c’ kle

parameter m can be calculated from the expression

Having determined the parameters k , and k the

ze’

k

~nN
(2]

K
2c
ms=p— = (U.13)
1c

5]

which provides a consistency check. The parameters "y and E can be
calculated from Equations (U.8) and (U.11), written in the form
k

+E=1

1c™
Kjenp - B =1

so0 that

n o= 'E——f—r— (U.14)

le lc
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2k K, -k
lc le 1c

E=1-kon =1- - (U.15)
lel Kle * K1c k1o * kic

Having calculated the parameters " and m {and E) from triaxial
compression and extension tests, the accuracy of the assumed octahedral
cross section form can be investigated by a series of true triaxial

tests. If, in Equation (U.6) we set

N S
a
L+ m ( OCT)
pa

ther Equation (U.6) can be written in the form

= ¥ (U.16)

TocT Y

sper S T-ECos % (U.17)

which is the equation of a triple ellipse in polar coordinates.

Equation {U.17) can be written in a linear form to obtain the octahedral
eccentricity, E, as a consistency check on the previously determined value
from Equation (U.15).

Yoot
TocT

=1 - E cos 3u (U.18)

A plot of Equation (U.18) is shown in Figure (U.3).

The method for computing the conic model octahedral cross section sets

vy = @ (A.65b)

in Figure (C.2), so that
3

U

tan v = (U.19)
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where . is Lode's parameter. And if we assume that d = 0 in Figure (C.2)

and Equation (C.26), then

1
OIPI - ,f3_ 0CT= ‘/3_ z
°oCT

(U.20)

so that the horizontal projection of 0'P' can be calculated in two ways:

sin ¢

V3 z sin u = (/E - V3 2 cos w) (U.21)
V3
Solving Equation (U.21) for z yields
z (/3 sin w + €OS uw sin ¢) = V2 sin ¢
or
. /2 sin ¢ (U.22)
V3 sin w * cos w sin @
and solving Equation (U.21) for sin g yields
/" .
Sin ¢ - 3 Z S\h w (U.23)
V2 -z cos w
Note that when m - 0, Equations (U.7) and (U.10) yield
1 ~
k = — (U.C4)
lc z,
1
kK, == (U.25)
le z,

©

Octahecral cross section data for the case (m = 0; fc = 32°;
fo = 35°) are tabulated in Table U.1 and plotted in Figure (U.4). The
calculation sequence used to obtain the values shown in Table U.l1 and

Figure (U.4) is as follows:
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: ﬁ? (U.19)

z = (v = 120°) (U.26)
C 3 -5sin§g
c
I ’ 2 A2 sin Bé .
2 -k (v = 60°) (u.27)
e 3 +sing
e
R 222
c‘e
i nl = Zc s Ze (U.28)
2 -2
C e
. E = —Z‘—T—Z— (U.29)
I C e
n
1 .
Z =T T-F cos 39 (U.30) . 5

l . . 43_2 sing Bl
K . Sin B = m (U.31) ..:
Determination of the unltoading/reloading Young's modulus parameters, ﬁn_\;
l ’ Kur and n in Equation (4.6), for the conic model is accomplished in the L;;
same way as for the Lade mcdel, as described in Appendix T. The same is

true for the unloading/reloading Poisson's ratio, vure -
- At the present time the parameters A, M, x, vy, and 8 in i 4
Equation (4.10) are determined by trial and error. When the ;?:E§

unloacing/reloading hysteresis option has been fully implemented, a method
{ for cetermining the parameters will be developed. E
- The parameters C and p in the compressive hardening rule, :

Equation (3.8.3), can be determined in the same way as for the Lade model,

S as described in Appendix T, but there is an easier way which avoids the
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‘ I
numerical integration required to obtain W; as a function of f(';. It f.';jf'—
i involves directly fitting the plastic hydrostat (the curve of opcT r PG
. against es obtained from drained isotropic compression tests with
unloading). Equation (T.25) can be written in the form
I o 2
. oCT ™
> NC = Cpa 3 ( pa) (U.32)
so that the compressive plastic work increment generated by a compressive
i plastic volumetric strain increment is
onne\2] p-1 5 do :
c 0CT 0CT 0CT -
6 = @ de = Cpp 3 . 6 .
c OCT v 2 (pa> P, Py B
: 2] p-1 d o
’ o} p- 0
ecp |3 (&L OCT5 onct (U.33)
Pa Pa
.
I and therefore '*" s
o \2] p-1 [do R
dcs = 6Cp |3 <0CT OCT) (U.34) R
Pa Pa T
i oI
Integration of Equation (U.34) yields ‘
¢ _(6Cp \ [ep-1) (cocT) #t | fo0cr € (U.35)
. v \Z2p - 1 Pa B P, )
'7 i
where oo
6p_\ (4p-1 SR
r b
: Q=2p-1 (U.37) LT
N Taking the logarithm of both sides of Equation (U.35) yielus :"_:
- ‘ -
1
- 292
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c ocT
logyq e, = 1095 L + Q Tog;, ( b, (U.38)

so that the parameters L and Q can be obtained from a log log plot of
es against ogct/Pa, Which should appear as a straight line. The

parameter p can then be cdetermined by writing Equation (U.37) in the form

p-11 (U.39)

and the parameter C can then be determined by writing Equation (U.36) in

the form

2p - 1\[ ,1-p
C = (‘7&7’)(3 ) L (U.40)

The parameter r in Equation (4.3) is not determined uniquely, but
rather adjusted by trial and error so the sum of the calculated elastic and
compressive plastic volumetric strains in a triaxial compression test at
constant cell pressure always exceeds the measured total volumetric strain,
ancd the difference steadily increases. The difference is minus the
expansive plastic volumetric strain, and if the above relationship is not
maintained it means the expansive plastic potential surface is generating
compressive plastic volumetric strain, which is impossible. The

relationship to be maintained is

dey * e > de, (U.41)
or
(l-;il‘l) doy * “ct [;201 i (;:;2) °OC;] doy > de,, (U.42)
" Bl
Cp Ps
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Determination of the expansive yield surface parameters E, m, arc " 0 4

in Equations (4.4) and (3.8.8) has alreacy been discussed. fj
<

The parameters a, b, ard q in the expansive hardening rule, o

Equatinn (3.8.9). can be determined in the same way as for the Lade model,

as described in Appendix T, but there is another way which uses the entire

curve of fp against Hp, rather than just the two values wP,PEAK

and Np 60" However, the methnd does involve a derivative. S
’ 1
Equation (3.8.9) gives oo :J
b [ W 1/ ‘
- 'y q
fl = ae PL-E (3.6.9)
P Pa
so that

: 1
Inf' =1Ina- (bp )R]+ l-1n P (U.43) o]
p al\p,/ 3 " \p, o

Differentiation of Equation (U.43) with respect to Wp/pa yields

df! p
l' _.'B. = _bp + _1. _a
f W a qQ\W
p d(g) p
Pa
or
p 1 df'
all qbpa Y Q| i (U.44)
p P 4 _B>
Pa

The parameters q and b can be obtained from an arithmetic plot of

pa/wp against

which should appear as a straight line,
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The intercept is

Pa
qbpa = W—————'— (U.45)
P,PEAK
anc¢ the slcpe is q. Having b and q, the parameter a can be obtained from
' ~bH
an erithretic plot cf fp against e

P (wp/pa)l/q, which

shculc¢ gppear as a straight line through the origin with slope a as
orecicted by Equaticn (2.8.9). The linear relation between nzc/pa and

g incicated by Equation (T.47), plus Equations (T.41) and (T.48) apply to
the conic medel as they ¢o to the Lade medel,

Tre parareter -, in Eguation (4.5) can be obtained from the

e¢xpansive plastic Poisson's ratic

.
m
WwoT

vo= - (T.49)

[o8
m
—

cbtained from a drained triaxial compression test at constant cell

pressure, as it is for the Lade model. The resulting expression is

P (vP - 0.5)
Ny = —— = 227 (T.50)
2 H (1 + vp)
vhere
"
P = —35;— (1 - E) (T.51)
1
3P,
H = (1.52)

a 2
1 +nm ocT
Pa
The linear relation between’c3c/pa, fp, and no indicated by

Equation (T7.58) applies to the conic model as it does to the Lade model.
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TABLE U.1

E ARA MODEL FAILURE SURFACE OCTAHEDRAL CRUSS SECTION _‘
}

FOR (m = 0; @ = 32 DEGREES; B¢ = 35 DEGREES)

h M w 2z sin @

_ DEG

h.

¢ -1.¢ | 120.000 0.60679 | 0.530 ]

[ 0.9 | 117.457 0.60589 | 0.550 "

- 0.8 | 114.701 0.60304 0.569 o

& 0.7 | 112.006 0.59810 | 0.586 o
0.6 109.107 0.59105 0.602 ..
-0.5 106.102 0.58198 | 0.614 .
-0.4 103. 004 .57118 | 0.625 SR
-0.3 99.826 0.55901 0.632 -
-0.2 96.587 0.54597 | 0.636 ]
-0.1 93.304 0.53259 0.637 s J
0 90.000 0.51938 | 0.636 o R
0.1 86.69€ 0.50681 0.633 R
0.2 £3.413 0.49526 | 0.628 1
0.3 80.174 0.48500 | 0.622 :
0.4 76.996 0.47620 | 0.615 o
0.5 73.898 0.46894 | 0.608 SR
0.6 70.802 0.46321 | 0.60C -9
0.7 67.994 0.45897 | 0.593 ]
0.8 65.209 0.45€10 | 0.586 ‘
6.9 62.543 0.45449 | 0.580
1.0 €0.000 0.45398 | 0.574
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Figure U.l. Conic model yield surfaces.
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Southwell plots to determine yield criterion parameters.
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Figure U.4, Conic model failure surface octahedral cross-section
(m = 0, ¢ = 32 degrees; 9o = 35 degrees).
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APPENDIX V
EVALUATION OF EXISTING MODELS

Y.l Linear Elastic
¥.1.1 Motivation
The principal advantages of a linear elastic constitutive model for
transient soil dynamics problems are the availability of or possibility of
obtaining closed form analytic solutions, and the existence of proven,
stable numerical solution techniques for use when a closed form solution
does not exist and is too difficult to obtain. The principal disadvantage
is that real soil departs from linear elastic behavior even at strains of
the order of 10'5
V.1.2 Assumptions
The classic theory of linear elasticity assumes a material to be
homogeneous (having the same stress-strain characteristics at each point),
and isotropic (having its stress-strain characteristics the same in all
directions). The term elastic implies complete strain recovery upon
unloading, no matter how large or small the applied stresses. The
stresses at a point are assumed to depend only on the strains at that
point, through a system of homogeneous linear equations [Timoshenko and
Goodier (1970:1)]. Thus the linear elastic model is rate independent.
V.1.3 Basic Equations
The homogenenus linear equations relating strains to stresses in the

theory of linear elasticity are of the form
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where the column vectors, {0} and {e}, are defined by Equations (E.5) and

(E.24), and the elastic constants, M (the constrained modulus) and Ko

{the coefficient of lateral stress at rest), are defined by Equations

(J.33) and (J.34). ot
V.1.4 Parameter Determination e
There are a numher of methods for measuring the elastic parameters, M
and KO. The constrained modulus, M, can he measured directly in the ! . .1
Taboratory hy a constrained compression (oedometer) test, in which all
strains in Equation (V.1.1) are zero except £1- In a laboratory
hydrostatic compression test a ;;uJ
e ]
€) = €5 = e3=—!(3)-l; (v.1.2)
and —
f!l = 02 = 03 = GOCT (V.1.3) : .
SRRGN
so that Equation (v.1.1) yields Ty
1+ ZKO
OOCT = M T CVOL = BevoL (V .1-4) \
é‘: h.u ~
- L.:‘::""‘
A
TR
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where the elastic bulk modulus, B, is given by the expression

1+ 2K0
B=NM —y (v.1.5)

and therefore

1 /3B
Ko=§(—M- ) {(v.1.5)

Laboratory test specimens often suffer from disturbance due to field
sampling and specimen preparation, and may not be representative of an
entire soil mass. A popular method for determining elastic parameters
which are representative of an entire soil mass is by field measurements

of the two elastic hody wave velocities Terzaghi (1943:453)]. They are:

Cy = J@?: compressional wavespeed v.1.7)
and
c M(1 - KO)
C2 = j;.= — = shear wavespeed (v.1.8)
where 6 = M (1K) . erastic shear modulus (v.1.9)
——

mass density

hel
1]

Then the elastic constants, I' and K,, are given hy the expressions

M = pc

2 (v.1.10)

and

K, =1-2 C,\ 2 (V.1.11)
0
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V.1.5 Computed Behavior
The parameters chosen to represent CARES-DRY Sand are listed in — mele
Table V.1.1, Since the linear elastic model cannot represent the behavior
of a highly non-linear, non-elastic material such as this over any
" significant range of stress or strain, the choice of these parameters was PSRN
completely arbitrary. Computed behavior for this model is very

straightforward, as examination of Figures (V.1.1) through (V.1.41) shows.




.............

TABLE V,1.1. ELASTIC MODEL PROPERTIES FOR CARES-DRY SAND

n Parameter — Symbol  Variable Value Units

Bulk Modulus B BULK3 3.760x108 Pa
Shear Modulus G SHEAR2 1.440x108 Pa
Mass Density 0 RHOREF 1900 Kg/m3

305

A T ':' e .__«.._;‘_-'\;‘- ‘:{" ........ RN AL A T e e
LA TRL RPN G G PO PRSP 5PV, PRI PR AL AL LAY O P AT I A DU RI D v




YTy

LI Ml e

TR ——

M

B 2P0 oia st Bk sae o

LA S i S ad

-l

NIVHLS DAL INATOA SA 14

AA0HLOSH-TSIOU3XT TA0W DILSYI 1°T° A J¥N914
MIYHLS JHMOA

JENESS Rt 410,

SZ0'D a00°0

00

_ NIVA 163l

NOILV 0. YTV
ONIOHT

0’1

0C

0'¢

306

oy
3¥NSS34d vi0L

0's

$8/SIM/H5IHYIAHA = VIvd
TION3Y—539VOAHA = TI¥YIN
DLSY 13 =1300N

r--g_—-_——»._—s——_—g_-_-

NOISSFAIWOD DIdOHLGS] = 1541

T300N INANT TS 105 H504V

-~

~

e .-




a4

¥

P g Bl Al AR

AaCiAe i e ' 4

it i

Litad Sl Il Aol Aol wadh Sl i

AN

w*

o

Copgl Sl il Wi NN AR Sl -adid oth Jufiianid Jne. Sim o

CORIVALS TV S I SETILS = GO TRV L -8 e 33T TI00I SISV 2 T A J4n9Td

AL IYIAY
Lodtd ous RN g Lokt e g SLD Gty 2070 00D

»||-Nfg T,

+
—. Y e e P R S e

( r*
8 O DRI SRR
‘ .-

......

!
]
T
\

VIva 1531 ~

23U DOI=08 VWIS ‘ ~
. ¥ivaisal ) \u
L 93EBS =OEVNIIS N “
sl 1y / y
BT T - f ) e
VIva 1831 [ _ / L~
- T I ™
DIPE —OTVINEIS | i £
SIVEREY , | 7] a
} — —— e - 4T e { nIU. M
| c
.y

¥8/S3M/8534vorad = VIva y
TIONIE—53EVOAHA = TivN

Bl
]
|
X
|
|
|

) OISy [3=1300N A .
1S3 IXVIAL QEVUNYLS = 1531 b S R \r.u_ — _#s —i-—83
TIOOW INFNITI I0S asogve o e e L




’4!l}<!'m‘|‘.¢l4‘
; .

co
.

‘
A
]

. ..‘_

—-

TIRTNIVILS TCA IS il O o)

At i w b oW ol v 1T €°T°A 3¥N9ld

) NS
T YA TR PO LI I Y I [ Tou TR Y c Cul iy La:_ :E C WU 0LOTY LN :0co

T TF Y™

it et e 4

X e N e e T
—‘-_u

)

ﬁ". ...... 3 S e N T T I e e et M
[ 9 101 DEVIADIS \L

} _ OB =08Vl L/

s C 9107 =O0VIAAIS T R R R RS (77 St R s sy

. 9IFE =DEYIOIL s
AN JO37

|
|
|
!
|
B
]
i
g
i
|
i
i
i
|
Cr

AN
4310 SS3¢lS
308

K7

¥8/S3/85 VIAHU = vivd S TR U T S I I A
IO~ S3HVDAT = Ty I \

_ OHSY 1 1-=TIU0I g
. IVIXVIYL (MVANVLS == 151

Oe

——— ] R DA | n;g ..... -..li-l.,g M/vw

m TIUON INJNATS 1os ssodvl /0 0 Lo o0 L Jos



Adiat st aae

bt ZAAAR AEA Sih* alke vulth o -t §

W T——

viv v Tw T

N = e

AV LS ANNTOA S i) s

Qqa _, i

b: :r T\,_m 3,3__,

v0 1501

T-. =0y 3?_ 3

= _~ iz __p

R !ﬂE L3

OV T - DEVNDIS
N3

PS/SAN/H5 D
QIONIE— 1 .q,., :
H-_%

1S3 IVIXYIHL *__,,%_:,2 16 = _A.,,,_..‘:‘

TUON DN T T

el -

b= e -

b — — —~]

S

]

———

“ e ..L,,

(80T wan

[N
RS
!
—_
I
\
)

¢l

(FLBYIN

'

[

4 Yall

DU

e

1 |

o TR
Bl 1

N
Y

T

IV ERPTAT R

T

———

VIRV I TR DY oy

S

]
——

———— e e —

SR I SR ll\lol;ﬁ —_—

S

T.I

ZO0£00-

in'c 00’3 100~
3

200

€00

NIV&ELES 3

DSYTE RTTA 38N214

*
/N

{
V

309

I SO VA A

L )

-
.

PV Y

DARAEAS R T I S I
PP S AP AT P P

el e e




Rt
L0y

L3
e
-
~ .
A

"
>

g
(VLS DRILINNTICA SA NS Tdd — (UMD TwIXYI] =377 31 1300W DILSY T S T'A 34914 . =
MNIVMIS ITIOA x.

w00 A0 antg guUD D0 Yoy A0 160 Lothe 1otn~ 20T0-€0°0-- . .”.

I T TTTTT T T Y B r.l; .Oh ..

] D B R o .

. fnk.ALI\\.U.HMHﬁ\\.)\\\ .:..”.

S i S i

lr\.\kn\u“”. T . ..M....

I U Il.h,..mu‘ubnn - W s ...

vV ISAL )

G0 D0L= Iy WIS

o vwalsi . = A
938 BS = ICVIASIS _

T s P

0307 =0y VNSIS -1 7 )

o'
‘\\

- _— e e - — iw\\lﬂ‘
vIva [ST1 | A
—— Ry 1.\\.\\.5 L

O3 - OCYWOIG L ,L,f f
NYEDEN R I I S B

- - : , ! I

310

00l
39NSS3dd vIOL

e

VE/SIM/HSINYIANT = VIF0) "
NSV 13 =130 [
1S3 IVIXVIML OHYINYIS = 15T . £ | .

./aJIllJl_

»

D A}
(o)

M od]

J3A0OW INGNT T 1o S50 o L b bbb

Gl

o




B

AT YTy e — - -y

W T AN, _
..-~. . 2 e . ,.
X []

A S s OO D TR = e T DI DILSY 1) gt T A N0l

el 19Ky
OO0 WO- SUD- R0 RYU- G- 90— A0- 8O- E0°0- OLO-

e Tt [l b -

00—

—— e e e T‘k

O'5r—

b St aovie S Bk Sebih Ak arti aivir i B ik v aied o ok ahicafil uBh MR st sRe ]

| TuRA TSI S . P

L G =085 .

,@ __VIvO 153l y -

_GISE=0ES L .

__vivg LAl /
Y38 1I=0LS

N30T L — s e — —

00r—

0'se-

4310 SS341S
311

-

00—

Pl el - B
.

I
-
QG-

!

] ¥&/SIM/H5IHTIAAA = VI A 4l
, TIONII—STIFOAS = VI %

ISV =130 A
1SL WIXVIAL Q9UNYLS = 1531 _

oo

TIAON INFNTT s s kit bl el




—~—— v e w3

Ty

A T

WY

b lndl Ag Sl Bd Mg gul AS aun adn SRS sl aidd

A B S

JA0 NIFYLS SA 441 $53415 —

(INISTT

¥S/SAN/HSTHVOAHA = VIVA
QIOWIN—SI9vIAd0 = LTI

JILSY 13 =1300W
IVIXVIML D47ONYLS = 163

TH00W ININT T 105

H504 7

(IOINIDA WIKYIML-3304 33 300W JILSY T3 L' T°A W9l

Qo

VAN [

v 0~

1)

h_«:D NI

1S

200~

oro-

ol D

10—

-

————

goL-—- oGl— Q'0Z- 0'GZ— 0°0L - 09— O0v-
4410 SS3YLS

06—
(o)

DG
pir

312

SN

L

s ol niin,

. e
W S LA S

-~ e
e S

. T e .
PSP el G AN G, Ly




)
e

NIVELS FNNTIOA CA MY LS Ty — CIDIMALAT )il =300 393 1300 DILSY13 8°T*'A N9t

Vv IS L

L BALEIES
v1va 1531

G3E=065

v 1531

¥331=0L5
UNIF2T

YS/SIN/E5A4YDAHT = vivd
QIONFE—5THVOAHA = LY

. LSV 13 =130
LS IMXYIAL QEVANYLS = [S31

J4A0OW INANT TS IOS H50400 1 |

Uiy

NI @LS IYIAY

Lrsl= ¢oro~ Cud- wa- Soto— Jutg- A¥o- 300G~ eCTu- 00—
— e — : .

]

1\\

L~ HH.H# .

- -
[N—
f,
%Y
T»..rn,/ﬂ, llllll I F¥ s
..,/,f el IS SN
- NL
T
1. - P T e — . #I/
e e ] e T .
S STIUUOTEY M SO N
........................ S " ..A.; et
~ . \
el - \
B A
\
A
\
\
— S
)
A
\
\
)
— - —— T
\
)
|
)
ISR S U U S LT S

00— €00 i—

100~

100 000

NIVHLS INTTIOA

£06°0 200

v4'0O

§0°0
A

vdy

’
\

900

-
0

0

K )




R et e O N . . R SR et L e e e e S e e, R . . e s Do
L ~ ..rnr el ..M SPAPE AP ! ..,...* I o . R Al R O U AL PP RO teh ... .~. .-f M PR P _-..- é\-.-..\u-\-\-n“u AW e S ...-s B e
A s e A . . 4 E AR [ AT " YR SRR R S N A 200 T L e A L

ST I R S O e A &2 TP, SR s IO ot

L NIVALS ORILINMTIOA "SA TNSSTd — (ALONIDA MXVIML—3SI0HIX3 TIAON JIUSYT3 6°T° A un9l4 3

I,

NIVYLS IWNICA

,,.. 0000 G000~ 010°0—~ Si0°0—- 020'0~ GZ0'0- 0£0°0—- SE0'0~ |
] ’ o o
o e

d Ox]

) A

\ v g | ;
. L 9AVL=OES \
{ 936 €=0¢S

! 938'1=0¢5S \ \
N3O -

os—

¢T-
A

K\
A,
00
3¥NSS3nud VIOL
314
ALY R

AT e e e T e
PO I R S

\
—
N
N
-
\
AY
A Y
A Y
.

ST

et et
s P e
TR PRSP TS

¥8/SIM/HSIHVOANA =viva |- Ve
TIONIY—STIVIAEA = VN |
JIISY13 =1300N

IVIXVIML QHVANYIS = 1S3L »

0's
(v

.o = et et e e -
Ce® e e te ' e e At et e te e

TIOOW INIWTT3 T10S ¥SOo4vE”

" "‘ e - . - '-
BAC AL A A AN AP

9L
oir

@)L e S,
[ pNP SRR S e P )

W rTr——




:

,“ NPHLS SA 440 550405 — (ILE+0Laxd 940Ma3a—43x3 TI00W JILSv13 0T T Wn9I4
IYIdvEa % TIvIAY3

W“ S0 ala (M) (NN} 50— aro- GLg- _

W_ B 5

Cen s
: £

53 =005/

R
1.0
ul
—
X .
&

s
7

Ll Sas Buh Bge S 0 4

5391=0¢5/31

——— e T L

838 =0¢5/31d F \\

I RS
a3 /=0¢5/01M /

935" C=005/01d

N A

00

4413 SS3HLS
315

w
[

-
)
1
l
i
1
i
t
i
l
!
1
I
i
!
]
i
i
[

V'

333°1=00S/ 010

]

: 5381=085/0L4 yd ~\ .
s AN3O \\\ N o
d

3 K\\ // w
, 7 N o

w

TION3E~53v2A4T = PN 2
NSy 13 1300 AN .
1531 WIXVIAL JavaRvLS = 1531 NI

MEAS S84 4% 24

TIA0M INFNT3 10S 450 - g

LRI
Py

-~
-
a~t

i Rl Sl R




CBA CBRs whe a0 4

-

san

LR R et

B I R L

T W W W W TV TV IV WV W W T v W Ty

e

- A

4410 NIvYLS "SA 4410 55391S — (Ble+0laid d30Nd3d-43x3 T3A0W DILSY T3 TI'T°A N9l
| 4410 NIWALS "

€0 g'a b a0 i"g- oo £'0- | <

S

\ 4,

7 o o

\\

||||| . /] i ;

631 =08%/ 31 7 o |
..... 9350=005/31M L/ T
__93m1=0t5/31Y y . 2

L sAVEoRs/old \~ & ]

635 ¢=0£5/014 2y "
538'1=08S/01d 9 o

o ™ .

Y ERER 0

- w.

- o
QIOW3E—SIHYOAED = 11V - ° ;
JUSY 13 =130CN
1531 IWIXVIML Q¥7ONVLS = 1531 32 5
e - ]
T300M INFNITI TI0S HS04Y 55 &
o~ ...u




- thd A
”. - i A
3
¥ MIFHLS JWNTIOA SA NIVHELS IVIsY — DE%@ Ewsﬁ 130NA34—d343 13A0W DILEY T3 CT°T°A 3¥N914
3 NIFALS IFIXY
m. MY GJ'0 BNV} S00- O1'g— GLo— \
mu :
3 4
3 o
A - ,
N EIL =
L. 9350=005/31
_ 9381=0£5/31y L
L S3EDTS/0N 25
435 T=085/ D1 -
038 1=00 57014 I
aN3H37 mm ”
>
pd
o
_ 3
s ;
i =] .....
g QIONFA—S3YYIAHQ = LYW ° ]
, DI1SY 13 =13A0N
m 1S3] IVIXVIAL JHvAONVLS = 1531 o 3
’ 2
v“. 13JOW ININT 1T I10S d50d o X
P, o 9




NIVHLS OLINNMTICA SA 3dNSSIdd — (FL+2lax] Q30NAT4—H3%3 TI00W DILSVY T3

Q35°0=2FS5/31d

938'1=085/31

N

Y3 /=085 D1y

93R'1=0¢S/01Y
aN323T

JTONIFY—SFFVIAHT = LYW
JUSY 13 =1300N
1531 VIKVIFL JAVAONYLS = L6t

130G ININI TS 105 504V

MIYHLs JWMTIOA

Gi°0 g S0'0 0o 60°0- oro— s'c-

L4

ST'T'A 4N9IA

0@ 0z— c'r— 08—

dd V101

!

—

318

or oc
34NS

03
(vd)

ol




P S shar Shn- st dn i Aa 0n 2o B LA e e o aae g e o o

P—

e

l--mmww-mm,w\wxa

=0 u\ 45d

||.||»l.c|"w....l|ul - —

9iG' ¢ = \uwifl@]
) e.:!?f,m bmw.a

:m.n__\ .v«. J\ .*Jl

ma_ L2075

i —— .ul.lvl

mh: Ml )y ‘\. vV&

9y m.l # f\ Sd
odEROsd

G381 = m;.\(f

— s e

TT03g1=005,05d

aN3047

UV
_:Tgvé
1]l

QJOzmmlmmxaq»z:
. , JHSY) w
S3LIVIXYIAL __u%.:z

T3A0OW INNI T 10 sl

ML

Nooy g
AVl

15

U oy

N

G

0

%

Jedlel =10 e
Vv oy

St )
e P
Ml LS A LL

- .)

.

G

TV 3
GO0

= —— s

b —————

UG -

W OISV 14

010~

HT'T'A WN914

GLo0-

e

LN

N S

0'¥-

0'z-

3310 SS34.S

00

0

S . - - ) ~

/ a
-l
x

— v e e e - — e i - p— T
T

i

- — -— oA e M»
o Q)

. R f A .... .

-

o ]

»""
el

A

P

rayd




Rl i Al

TP

~

T ™

AL ST PR S~ e

L2 Rl Sa™

AAT NIVHLS "SA IO S53415

BENE Vm V\

ﬁl

frm D¢S/38d

e

9IQL=0CS/3Sd

Ned

035 v =0¢5/05d

918'1=085,/35d

aN3odn

TION IS, % DAY = )
Sy 13 =1300W

1LYIN

1S ILIVIXVIML (34 Ezﬁc =15

TAUOW TN TS i

Ny

Wi

i1

}

t

s et

S0 050 SD

f

Sl

o f

oo —

)

SIUUEE U S A

e

(IS +00 VIS FNed 35100 1K

ul'D N oOC wo- 00— SIT0-
bl

A4 NIWHLS

- ,Tn- I T.cl!a.ll

]

A TIAOW OILSY 1

yan

Qgro- 62°0—

T

R e R }»||.Jﬁ e e
——— e el e et e e d e - e e
e — e 4 —- RO %

4 - - 1.4.|411\,N|‘ J;il:i Il'l!ﬁlnc'll‘

T

—_—

ST'T'A 3n9rd

oe- O'vy- 03— 08—

0
44IC SS341S

Qe

1 4

09 \
(vay

.

ARS)]

~

320

-
v.3

-
.

.

.

e e e s .
. ot

[ LA

aala

S

SN

o\

"

et a sl

.

3

N

."..l"

L ._(;.n":n' a

B

.

Y

3
Lo

’

PR
™

sl i

- —

ar

o

P

e,

c e
Y




Cadt St dhe s At Sede Bt sae

LB Al vt Aol o & a0 SBR LS ba 2AS 2an iy wle

YT

Chan

D B Bty 2 dr-Sh e Sna e

PR

- HAOW INaWNTT13 105

. SISKIVNY  VIATHAANAS — Nl £=00S) AVIANNGS HOLwH3d T300N 1Sy 13 9T°T'A 34N9i4

N3LXT O3]
N33

QOW3—SIHVOAMT = "1V
OISV 14=1300W
IVIXVIYL QUVANVLS = 1541

LN 4 et .
. R A 0

N7ELS TvIXVY

O3 SO0 (00 SH0-0L0- SLOHZ0-

T T T

T T T
A
312 |
3081 \\\\
« 34 |
\ .
//
N 1
//
N
S 1 Il
1S WXy

0 S0 010 SO0 000

%00~ OL'0- SL'0-07°0

504V

-1 T T
EIE]

/

s 35d]

JdNS53c3 WIoL

S cC ST-

NIVHLS 3ATI0A

€20 G0 0’0 600 000 GCO- 00— Gl'C<i0—

we

}

§L-0GL—

0s-

3415

S

-~

oC
431G S

5T

05

T T R
/
S1S31 T
/
1 1 1
34NSSIdd WIOL
[ 00 [Ny Ad
T -1 T
354
i \us
"
N
N
/ ()

.

"™

by
LA R

o

PJ

-
e
Py

-

NIVHLS JANTOA

o w .
e

<

0Z0 S0 010 GO0 000 S00- OL0- G060~
321

atal gt oy

06 ST oo ST~ 0S- S¢(-001~
(vd) 441G SS3IMLS

St
RENEE

et e e



R S D G Il S Sl Sl Sl A

T Y

LA af i ane Shl A0 L SR b s sou m oo

iR R

T T

. y T neE——
..... A s J .
. ) 0 L - -ny-
: L]
h e . f “
N . - v v -
i * ! 3 N Y]

NVHLS TIXY SA SEFHLS XY LOL — (ONIH LS XYIND ~3SI043x3 1300W DILSY 13 £T°T° A 340914
NIYHLS TTYIKY

D00 S0 a0 aZi'o ooty 540 050°0 G200 4g0o
. T T T T Ry [
4 \
JESUSURSEPUUION ¥ S \l\l. w
4 et o
' u \\\\
/ 1 \\A —
(S — 4 - o
¢ w A . - .U
\ L N -
’ ! N e
r||||J|||J.It|.4 'lollmjlx —Z o
! ‘._ [] z ! Q
||||| P ;
VIva 1531 P .
‘ T e 1] A Y N
NOILY 1N 1o b S
- ! e o>
aN3oT A >
vl S N
- e 3]
A \ ow
1 . ¢ —
O D
T / 80
__ " ow
| a‘ K
B 7 ;
N ©
'

¥8/SIM/HSTHVIAED = VIV |
TIONIH— 539 DAHA = TLVH | \

DILs 13 =1300W T

1S3 NIVHLS TVIXVING = 1531 P

N
coY

a5y

(v

QoS

J3AOW INANF T IO 450490 L L L /]

v *
[% W= e
et
-
<
. 'd
. '
.....
.<-¢-
o




P

A0S ddd "SA JORM P ST LS -

WA s

NUHLY TN VD
N3O

¥8/SAM/H539¥0AH0 = VLYY
QION3—534V 000 = TN

| DHSY ) =300

1S3L NIVAHLS IVIKVINN = 1541

JAUOW INANA T 1O% H50:

3

ol NI S
IRIE )
.
uny

- eo— — 1

SO TVION DIV T
THOLT ad TVIOL

L .

b mom——

e — ilul»l;ll.}.ll_

8T'T"A JHN9I4

o

0's Gz

¢l

Q0!

qd1s

[ty

0'St
44ia S

¢4l

[ 8]

o

]

(]

N

W
2
r

N ~

n

o

Py *

/,L Py
wn G

..

Iy
EaS

PN AP IO

Y

v

323

¥y

e e
vl Wl B T

WY

-

.



M Nie ol Rl A o0 el 8 o o

M e+

LA I 2t s v e

i e AV ATE 2us st shd ags oas ol el SRS

TACIOW NN TT G

S

310 NIVLS "SA -

W \ wt-v \ﬂnvu-\ .. .

V(] _MMP

NO

¥2/SAM/ 5TV A0
STAVOAH] = TN

JIOW-Y—

1S3 NIVHLS ﬁ..\:_iz

LY 1NV
ONFS T

= Y]VM]

JHSY 1 =4GR
=10l

R A,

Sedls -

CHIMIYLS XYIND

510D 1Xd 130N DILSYT3 6T T A ¥Nn9ld

A4 NIVMHLS

RGN

STANA ) GG muo 5/0°0 050G GZ0'0 6000
- ] T - g-“ - P
! y i
\ \
! ¢ A1
] -7
R B e R
t .-
| ) -
' _C M x\\\
¢ 'K .
— r v PR
| t ) g
i ¢ -
_ " T
' N !
NN B e ool 7 -
! ! ;<
[ i p
| i1 ’
H 1l !
USRS O SR SN '
i o ‘i
i ! ¢
i W /
! i | 4
‘RS G S O S \ .
| ’ / \
! [\ /
! i
v i
ISR S T A B 4
b 1
/
7
!
R o B —
|
| 4
A I S —_
-- ! — #
I |
o /
\ ¢
] ¢
!
AR NSO U TG S— { E— _
1 ]
[
it
oy | -
I e e ian mEE e e i e -
1.
g .\
B L. - L U yl(l%.i\nl!uli?.l\ll.ﬁ
D r B A . ,
N ﬂ ..... . . - a . e

0°'6eZ gzt g'ne [Sat 0'Gt [*yr 0’0l gL 0's S'e QQ
(vd) 4410 SS34LS

S¢eL

o

e
e wtaet

[N

2Tt




SO Vo
-, . A S AT "
R P . . .\....s-.) ..~.I....- v,
Fl PR -Ai-l-(r.L-..\. .-~1F‘r. g

u-n

X

TANSS I "SA TONIH T T S 1S — OGN DO XVINA=TI50 010 1A o1yl 027 T7A 3unstd e

AR A Sl Mad Acs sl 4 p s N
T W W W v -
S

N

V1¥Q (S3L

—_— T T ,

L.'\

.

- . - nx

Ly (v ) AHOES Jdd W10L L

sy oy SRFT 0o 075k s Ul 0°0 | ._

B I R (T T T T T

(~ w Vi

: x
S ] 1
] . - — I Py N

" ] & -
: / 4
, S D _
3 _ VIV ISl - 4= £ ]
.. WTE=08S / v i
3 o

3

!

_8300=0eS :

¥1¥a 1S3) )

C90T=0L5 K \.\
ON3931 - DL SN

N
[
~
1
1
o'0L-

‘Lz

\
I
]
|
St~

3310 S5341S
325

p e~

T
1
GT~-

¥8/SAM/dSIHVOAAT = vIvad | — : . .
So_zum:bm 1OAH0 = Ez 7 | ]
d. _m _MQ \%\\ ...u \..\\..!, ) L

S RTRTR AT YWY WY W W R W W T e
1
|
~
K.
|
(
2 1
e 1
N
/
0%~

1631 NIvyLS Jq_yiz: = ‘s h: llﬁm ] .:!'fj.,\ui- L N A ww :
: TFAOW ININTI oS ysomy L L ox _..“
@ 4




e e Snas Jogn ot sd ana ]

W

Lt M S el il Gl and Jhel Batt Jna e Al )

NIPHLS TVIXY "SA 4410 SSTHLS ~ (ODBNILXT XVINN-3SI063XT T300W OILSY 13 12°T°A 9l
NIVHLS TYIXY

9IZC=08S

43022085

930H=0LS
WEREN

¥8/SIM/I534voAa = v

TIONIS—SIHVIAEA = TIVN
ISV 13 =13ACKH
1S3L NIVHLS WIXVINA = 1531

13AOW INGNS TS 105

19°0 11N} 1Q°0— ono— cU0— +0'D— GN'g— 90°0- |
B ] } 3
wn
/ |
4L 15
\ o
|
- 3
\ n
.\
/ .
o
\ © ..\,_
P
m
\ )
- - yd b (V4]
/ w0
-n
/ -
\.\
| ] £ &
[ ]
1 - A + b
\ )
)
oL
£
COAY 4 L “
nQ,

326

e

._'. "'
o




T - -

SISKIWNY JIOF/AYHAAAS - OF + VEHIYAD WASIXY—2¥3 T300W JILSvT3 22 TA

. 410 NIYALS O (v 3UNSSTad WIOL
w. 010 |00 @00 00 w0 3090 S/ 0 54 5T 00t SL
M [~ ,../.Il T YT TS T T Mvv H T L T I
), 3
n N
: A :
“. SN / 25
: "
vu /_. ] L o) _.._w_
V N/
L R \ / o
3 vivd 1531 : \ N
. T o
... 56 RV SIM N/
g T viva 1saL . N/ 12
Ve HLVA SIM /.\ @
ONIOT L N _ _ - R TR
. 44 Nivdls g (vd FANSSIHd WLOL
m.\ nro en’o STeNS) YOO Fisx e A0 Wil [ee G2l 0oL 5L o6 S'Z
”M - |||II<...‘J||||I|I TSV T v llw\q o] T TTYZT T T .._.; |,0.—||.||'.m..‘
| | s . )
~—eL 27 . i .\\t\ /\.». S
W [ . 1o B ~ /
. .
| / N
VRTINSO = Vv | e AN
4 A IOW 3--SIMYOIMA == LA % N
] ONSYI=13A0 L / in | AN
¢ HIV ] MvdLS = 154 ’ v
W \\\ [ / _
. e ; N
AR INANATT 0SS S R S S i
, P i c [ X S . - | ! || o,
- = DRI Py — .

N9I4

S00°0 Q000

[s/Rve]

Si0°0
NVElS IANTOA

0'g SO 000 SO0 OGToo

T

03

44:C 55341

93¢

(X

4

o

et
o

v

2

2

+*
3

e e e vy ¢ . T = e e —ea

327




Cah ot J

A Ak A 4

-

R Ty

"y

o

Ty

St ad g 2a Mal B Aea

F
.

!
§
!
....... YI¥g ISIL
! RO

' CN AL

’

L AN
UL G

L
)
I
t

-

;

HIM

CISIINY T A LA/ S == IS 30T 3 TIIOW JNHSY 13 €2°T° A ¥N914

nan G
R e -
; -
-
P
l...\\\\.\-\
R
|‘~
(00
P rr -
\..
!
!
\
e
\\
-
L
S
7
L’
p

el MIYHILS

590 Q0o
] e

/

/
/

o
SHURASRE AN
o %0 QN
[ - N T
L d
s
L7 i
- s
.- .- "
\\\
-
\\ 4
\m
\
7
s
’
' |

r~
At
[383

"y
o
n

P

e

ETATINO/AY

7RIS 3

A
i~

L ) RINSSTH WIOL
0Or 0735 00T dul ol 06 00
_; R | R R e A b
a_
’
\\ I -
WS R WY T TR SO
O (Rd) NS 0L
Ve (LD 'O Qrd ool
ey

2

[

D

o

(o]

1) A
>
r.
‘ -—

o Ml

~ND

~
Al
<

o

(94

L

|94

o

'Y

o

"

)

2o
v
'

N

(I

PR
"

R

.

o
ol
L

[N

o

. E S

s

L e T TR —




- J'{h .

-

Akl o

LAt ARl atia oA

i S i d i ai

Ty

v

T

Ty

hat

el

1 NN 0]

LRy

e

NOLT 10TV
QAT

,& )
ﬁ _ g
_F ,_

e e TN
Q__;._\ 3 q

Ve HA DS = 15

ANl

<0 SN

o
-

]

-

SRl
) NI

'IRS]
- -

31

SRAFE

....__}:

{11)

it T

i)

(D

)

- -
o

[

i
)
oo
[
[
G
PR
[
Lin
(]
[T
o
€1
R
[ M
) -
0
Y
]
w
(]
w
—m
(D)
i)
"
a
1
in
[}
o
[
[F]
vhog
o
-4
s b )
n
H
s
L)

R

-

HOOWN D053 2T A [N9l4
() RIS A1 TOL

VR oA} R AVES Vx4 L 00

R \

b b
Obr o fad)  Janstadd vIOL o
[\l og 'S oy O'E A oL N

TOTTr STt T T T T T T ey O

o

- 4 [

w»
\\\
e
\\\ q ™
P ™~
\\.\
| i
{

C

>

L

e - M
—d v

>

oS TR

TG WS T R T Y -

— A — e

S

209

g e e

e e e ey =



R o S Wi b o
” W NI Lot M ' ] . Aol & oL VT AN .-... \._-\.-\W.. ?w‘--. .s.....-. }&-H..-“n-a\.-urw.
4 | 4 ) ' [ § 1 . Y] Jae Wb
__.
w HLIVd SSIHLS THAIONId — XVIHL INHL-35104Xd TI00W DILSY 13 ¢ TA uno1d
! Dl (vd) S
b OZh 0oL 0’8 09 D 4 oc 00
”_. : gl

\
~'x

\\
LS

h
o)}

\ P
) P
Oy \ o
[ SR )

\
0’6l
{vd)

4.2@ How_.h‘l ;]

A A BaA Bak Sl Sl Bl B aod S ioa A A ol ot atd ann e ad

NOILY 1NV = —t— m
aN3om
ﬁ:l N Mv»
o vl €S 5%

. LAl [e Xy ¢'8 (hae) o't 0'¢ 00 m X
] e o X
@. \1\\\ ..l
2 P o B
_ b ) o
1 . N e

) — 0N 4
CBNVI/OM/8STIAN = vIvd S
QIONIE—S34v2AHA = 11V N R
JUSYI3 30N b e T N

HIVA NIVHLS = [STL \\\\ 5
Fwﬁ-llllr ,,,,,, - 5 .;

. Q ,..H...

JAAOWN INGNA Y T10S ¥50 Ve o o . S5 X3
o' 4

.w




14441.41«4 v v e .

et AEE R s L T
A d - R S -.........ﬁ\
TR AN AP B SASAOURAN teeel

NIVHLS DIMLINNTOA "SA JedniSS3eld - X9RIL ANH L350 1XH 13A0W JILSY 13 92°'T°A {914
A MIVHIS ATIOA .
. GCEU0 ol SAO0U O0SIT'0  SClO0 uQig0 L2000 0LO00 S« mAgoQ ‘
>. ﬁI

o l
\\\Iltr”d.:ll)hff - -0 g
\.\Ao\ ﬁ. j «
4 L\\ '
p \..1\ .
p. \\
3 \\\j ¥
9 P N
b, \\ w !
P, { Sx
9 ’
!
b ¢ v
/
p rs )

vivd 1531 5
NOILYTINIIVD /
dN3041 {

0's

'W‘
~a.

yrgryvreoervrvwey

v
’
"
?
?
4
’
!
)
Il
|
I
i
\
)
)
A
L}
\
1)
1
|
4
4
\
]
i
1}
$
L}
1
L}
1
L

\\
S'L
3JYNSS34d 101

p—_—
- - -

|
\

A AR

CBNVI/0X/BSNTIN = viva -

i QIONIS—SIHVoAS0 = 1IvI o
_ DILSY 13 =13A0N e | 5 )
.. HIvd NIVYLS = 151 5

—~—
Y Py

| J3AOW ININNS 106 HS04wL . A L 11 L 34




e o v e e DA £ e Ande S A Ral At A A" A LS Sl g Sh L gt ur o Joee can sren b v oo ona o T T T Lot

r'r o
|

V.2 Linear Viscoelastic

T T Y vy
St
et T

T
- 4

y.2.1 HMotivation
The principal advantages of a linear viscoelastic constitutive model
for transient soil dynamics problems are the availahility of or

possibility of ohbtaining closed form solutions, the existence of proven,

stable numerical solution techniques for use when a closed form solution
does not exist and is too difficult to ohtain, and the ability of the
model to dissipate energy. The principal disadvantage is that the stress-
strain hehavior of real soil often departs significantly from linear
viscoelasticity.
V.2.2 Assumptions
The classic theory of linear viscoelasticity assumes a material to be

homogeneous and isotropic. The stresses and stress time derivatives at a

point are assumed to depend only on the strains and strain time
derivatives at that point, through a system of Tlinear differential
equations.
V.2.3 Basic Equations
The system of linear differential equations relating stress, strain
and their time derivatives at a point yields a set of hereditary stress-

strain relations of the same general form as Equation (V.1.1).

- -
| 1 Ko KO 0 0 0 del
75 K0 1 KO 0 0 0 dez
4 KO KO 1 0 0 0 d€3
=M * (v.2.1)
9y 0 0 O 1-K0 0 0 de4
g n 0 O 0 ]-Ko 0 des
Eti 6 10 0 O 0 0 l-Kod des
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except that the quantities M and K0 are influence functions of time,
rather than constants, and the notation x*dy indicates a superposition
intearal [Fung (1065:414)] of the form

t
x*dy = [ x(t-T) %% dT (v.2.2)
)

V.2.4 Parameter Determination
There are a number of methods for measuring the parameters which
define the viscoelastic influence functions M(t) and Ko(t) in Equation
(V.2.1). The constrained modulus influence function, M(t), can be
measured directly in the laboratory by a constrained compression
(oedometer) relaxation test, in which all strains in Equation (V.2.1) are
zero except €1 and €1 is a step function. Similarly, the bulk

modulus influence function,

1+ 2K (t)
B(t) = M(t) ——-3—0—— (v.2.3)

can he measured directly in the laboratory by a hydrostatic compression
relaxation test, in which the volumetric strain is a step function. It is
often assumed that the bulk modulus influence function, B(t), and the

shear modulus influence function

- Glt) - 3[M(t)4- B(t)] (v.2.4)

can be represented by simple viscoelastic models, such as the three

element model discussed in Appendix L. The model parameters defining B(t)

and G(t) can be determined from Figure (L.2) and Equations (L.30), (L.31)
and (L.32). Tne influence function M(t)Ko(t) can then be assembled
using the expression

3B(t) - M(t)
MIEIK (t) = ——F—— (V.2.5)
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Table (V.2.1) lists the parameters used for demonstrating the
three-element viscoelastic model discussed in Appendix L. The parameters
were chosen to show a range cf behavior when the applied constant strain :
rate varied between 100/sec and 0.1/sec. Both static and dynamic uniaxia) o ;}ff:
strain tests were actually performed on CARES-DRY sand and reported in
Cargile (1984). The static tests were run at strain rates on the order of
0.001/sec. The dynamic tests were run at strain rates in the range of
20-85/sec. Some loading-rate effect (stiffening) was observed below

. -
80 MPa [Cargile (1984:37)].

¥ 4

V.2.5 Computed Behavior
Only the uniaxial strain compression test will be shown for this B
model. Since the response would be linear and elastic but for the

time-dependent and energy damping dashpot, this test will suffice to

L <]

illustrate the effect of loading rate. Uniaxial strain load-unload cycles | ST
were applied at four constant strain rates: 100, 10, 1 and 0.1 per ﬁ; i o
second. Figure {V.2.1) shows the axial stress-strain response for each - ':;sé
strain rate. Note the stiffening effect with increasing rate of load
application and the non-linear response, both a result of the dashpot

elements. Response of the bulk element is shown in Figure (V.2.2) and the

shear element response is shown in Figure (V.2.3). At very high strain o
rates, the element stiffnesses collapse to the stand-alone spring ' i
| stiffrnesses, K;. At near-static strain rates, the net stiffness is that i; -
{ of two springs in series: LI
- BRSO
. K1ong-term = E}KE | f?f%if
; SUMLY (V.2.6) ST
. IS




..
At intermediate strain rates, there is a gradual transition between the
n two cases. '
The slope of the uniaxia) stress path,
o s - {80y - so3) .~
Bo, ¥ 280, A
3 v.2.7 ALY,
- 1 (v.2.7) ; ‘
' can be expressed in terms of K, as follows:
S=3(1-KO) Ll
=X, (v.2.8) - o
1
so that
K =33 S
v ° ™3 (v.2.9) S
The calculated uniaxial stress paths are shown in Figure (V.2.4). ‘:j_‘_,j
Here, K0 is seen to vary between the value at high strain rates,
¢ LK - 2%y o
. 0,1 " mpr—ur— (v.2.10a) )
1 1 -
Ko,1 = %T(-}S%%—;-ﬁ%g%} = 0.2 (S = 1.5) (V.2.10b) -
[ ] and the static value, ['
3 K1K2 ) GlG2
+ ) G, * G,
K = 1 2 1 2
0,2 (v.2.11a) Sl
. Sk, tt g, £
1 2 1 2 RS
Ky 2 = SH88L 2 2028) . 0.43 (s = .92) (V.2.11b) S
092 + S
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TABLE Vv.2.1.

VISCOELASTIC MODEL PARAMETERS FOR CARES-DRY SAND

Parameter

Symbol

Bulk Spring 1
Stiffness

Bulk Spring 2
Stiffness

Bulk Dashpot

-_— 3

Shear Spring 1
Stiffress

Shear Spring 2
Stiffress

Shear Dashpot

Mass Density

"2
Gy

G2

Ng2
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V.3 Hyperbolic
V.3.1 Motivation

The hyperbolic model consists of formulas for computing the tangent
Young's modulus and Poisson's ratio, for use in an incremental elastic
analysis. It is a simple, practical procedure for representing the
nonlinear, stress-dependent, inelastic stress-strain behavior of soils
[Duncan and Chang (1970:1650)). Values of required parameters can be
derived from the results of standard laboratory triaxial tests, or from
more sophisticated test results if available. The hyperbolic model's
principal drawbacks are that it does not fully account for stress path
effects on strength, stiffness, or dilatancy.

vV.3.2 Assumptions

The material is assumed to be homogeneous and isotropic, and the
relation between the major and minor principal effective stresses and the
tangent Young's modulus measured in a triaxial compression test at
constant cell pressure is assumed to hold for any stress path. In their
original hyperbolic model Duncan and Chang assumed a constant Poisson's
ratio. An alternate version obtains a tangent Poisson's ratio by assuming
a hyperbelic relation between the major and minor principal strains,
together with the same hyperbolic relation between major principal strain
and principal stress difference used to obtain the tangent Young's
modulus. The tangent Poisson's ratio formulation is intended only for

stress levels well below failure.
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V.3.3 Basic Equations

o The equation for the tangent Young's modulus is - L
'. ‘
s n . 2 T
o} R.(1 - sin ¢)(o - a,) e
E. = kp. [5) |1 --f 13 (V.3.1) Lo
B T~ ™ra Pa Z{c cos g + a3 sin 8] e R
where P, = atmospheric pressure -1 —
; K, n, Re = dimensionless empirical constants )

c, P = Mohr-Coulomb strength parameters

51s 03 major and minor principal effective stresses

Equation (V.2.1) is derived in Appendix M, and is identical to Equation

(11.21). T
(: The equation for the tangent Poisson's ratio in the alternate version - fl
is
. 3 Lo
7 G-F ]og10 ( > SR
, vy = (v.3.2) R
| T (1-n% =
vhere |
N0 B
dloy - 04)
A - 13 (V.3.3)
’ <ﬁ3:f Re(l - sin b)(o1 - o3) 3
Pyl — 1- - ACEEC
Pa 2(c cos g + a3 sin g) e
© L.
anc, in acdition to the quantities appearing in Equation (V.3.1),
d, G, F = dimensionless empirical constants
Equations (V.3.2) and (V.3.3) are derived in Appendix N, and are identical - E::
- ‘~ '~
. RN
to Equations (N.7) and (N.8), respectively. o }3:
o, ,.-_.'-
3 l‘:‘n""
S
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V.3.4 Parameter Determination ;i;i
i’ The determination of the parameters entering Equations (V.3.1), f;f}:
(v.3.2), and (V.3.3) is explained in Appendices M and N, where the {;;;j
. equations are derived. -ii
Parameters for a modified hyperbolic model were determined for i}iés
- CARES-DRY Sand. The principal differences between the model described in g
appendices M and N and the model actually used are:
(a) Maximum past axial strain was used as a state variable to define .. ;i
the unloading condition. Upon unloading, i.e., FA7T
£2 < 2. max (V.3.4) f’._ ,.
- the tangent Young's Modulus and Poisson's ratio are set to 5;';
x constant values, ‘?nf
Er = By = Kyp * P, (v.3.5) A
i v = vy, (V.3.6) 'i:l'?;?:?_

(b) Shear stresses were further constrained to lie within the
failure envelope defined by the Mohr-Coulomb strength
parameters, ¢ and #. Plastic strains were computed using a
non-associated, Von Mises plastic potential.

(c) Pressure was not allowed to achieve negative values. If tensile
failure occured, all stresses were set to zero,

Parameters for unloading-reloading hehavior (Kur’ ”ur) and

strength parameters (c, f) were determined by hand from examination of the

s data for remolded specimens as presented in [Cargile (1984)]. Ail other
input parameters were automatically determined in the SEM. Figure

(v.3.1) shows the triaxial stress-strain data used for this fitting
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process. In Figure (V.3.2) the axial data has been replotted on a Kondner
plot. Note that the data curves are very nearly hyperbolic, with most S
deviation occurring at low strains, Figure (V.3.3) shows a logarithmic
plot of E; vs. 03¢ Which is used for determining K and n. There is ;2 e

considerable scatter in this fit. Tangent values of Poisson's ratio are

plotted in Figure (V.3.4) against radial strain. The data shows wide
variation, and Poisson's ratio exceeds 0.5 when the specimens are
dilating. A logarithmic fit for variation of initial Poisson's ratio with
confining pressure is shown in Figure (V.3.5). 1In the actual model
computation, the tangent Poisson's ratio is not allowed to exceed 0.5.
V.3.5 Calculated Behavior - 375';
. Isotropic compression behavior for the hyperbolic model is compared

with test data in Figure (V.3.6). Since triaxial data and not IC data

were used to fit the loading modulus, and because the loading modulus is
strictly dependent on initial confining pressure and axial strain,
calculated and actual behavior are not expected to match for this test,
CTC behavior is covered in Figures (V,3.7) through (V.3.10). - i
Stress-strain data, used for parameter fitting, is matched well [Figure

(v.3.7)]. The inclusion of special unloading-reloading modifications

allows the model to undergo permanent compaction [Figures (V.3.7),

1
.
h]

(v.3.9), and (V.3.10)]. Since Poisson's ratio is artificially held to be
less than 0.5, dilation is not predicted [Figure (V.3.9)]. Initial bulk - f ﬁ:~
stiffnesses are well matched, as seen in Figure (V.3.10), but once - E;":”

. .
s

dilation commences, calculated and actual pressure-volume responses t}

diverge.

Since the CTE test involves axial expansion, the model responds by r

unloading with a high modulus and the unload-reload value of Poisson's .
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[ B ratio [Figures (V.3.11) and (V.3.12)]. Presence of the Mohr-Coulomb shear .zbiiaj
i’: failure envelope limits stress difference but does not predict the lower ;_i

E observed values of shear strength in extension compared with those in iiqig'
g compression. Figure (V.3.13) shows that the predicted volume strains are 'E&
AN

expansive while those measured were compressive. Pressure-volume behavior Qﬁéltf
is shown in Figure (V.3.14). ! ~

The RTC/E and PSC/E [Figures (V.3.15-V.3.18) and (V.3.19-V.3.20),

respectively] highlight features of this model, as it is currently A
implemented:

(a) Loading and unloading behaviors, as determined by axial strain,
are substantially different [Figure (V.3.15) for RTC/E and
Figure (V.3.10) for PSC/E]. This is due to the modified nature
of the unloading part of the model.

(b) Without recognition of the Mohr-Coulomb failure surface in the
model itself, all loading stress paths would have an ultimate
shear strength equal to (01 - °3c)ULT as predicted by the
hyperbolic model for CTC behavior. This would severely
overestimate strength for certain stress paths such as CTE or
RTC. When the failure envelope is used, initial stress-strain

- resnonse is identical to CTC, but the material fails in shear
prior to (o} - a3.) 7. This can be seen in Figures
(v.3.15) and (v.3.16) for RTC and in Figures (V.3.19) and
(v.3.20) for PSC and PSE.

{c) No dilation behavior is predicted in this model [Figure
(v.3.17)], and the pressure-volume response is a function of

initial confining pressure and axial strain [Figure (v.3.18) 1.
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The behavior of the modified Duncan and Chang hyperbolic model is

summarized in Figures (V.3.21) and (V.3.22) for stress paths run in the

‘i

triaxial cell from 7.1 MPa initial confining pressure.
Uniaxial compression response, starting at a low confining pressure :; :Z]

and tested to a relatively high level of stress, cannot be well predicted =

by this model as is shown in Figures (V.3.23) through (V.3.25). Axial
stress-strain response [Figure {V.3.23)] is much too stiff because of the
{ large axial strains and modulus dependence on axial strain. Poissgn's oLl
ratio also is affected and quickly reaches the 0.5 1imit imposed. This
limit affects the shear modulus, as can be seen in Figure (V.3.24f.
Unload-reload behavior and compaction are reasonably well modeled. o Q{QQ
Predicted uniaxial extension behavior [Figures (V.3.26) through -
(v.3.28)] is essentially the same as that described for the
elastic-plastic model in Section V.5. This is a result of the linear - .?f;
elastic unload-reload response with a Mohr-Coulomb failure surface.
The axisymmetric strain path exercises disclose some of the
consequences when this type of model is used for more general conditions 2 ;%55
like those occurring in-situ. Predicted behavior for the WES strain paths " :
is compared with the data in Figure (V.3.29). For this strain path, axial
strain is increasing until the very last, while volume strain reverses. Ty
Therefore this model, which uses axial strain to signal unloading, never
unloads and the result is the pressure-volume response shown. The bulk ..

modulus does not change upon increased radial expansion, but continues to NI

gradually decrease with increasing axial strain. Shear response is :ff
reasonable but does not respond to the strain path changes as does the - &{i:;
DO
data. 5 N
N
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. The Lade strain path 1 results [Figure (V.3.30)] show an initial

i ‘1 break in the strain path and bulk modulus when the limit of 0,5 for ;;3}jfj

Poisson's ratio is reached. This results in a large departure from
- observed behavior. Strain path 2 [Figure (V.3.31)] also causes the model

to stiffen just prior to the reversal in volume strain. This causes a

[ R I o

sharp drop in pressure (without unloading as defined by axial strain) and
the stress path encounters the failure surface., Again, deficiency in the
i bulk response causes bad comparison with the data.
Results for the true triaxial strain path are shown in Figures

(v.3.32) and (v.3.33). The axisymmetric portion of the response looks

good, but when the strain path causes stress response out of the triaxial
plane, the results are not good. Note that this model keys on axial and
radial strains/stresses while ignoring the intermediate principal
strain/stresses. Figure (V.3.33) shows that although provision is made

for tensile failure, the material reloads before re-compacting.

IDAERERE R
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TABLE V.3.1(a). HYPERBOLIC MODEL PARAMETERS FOR CARES-DRY SAND

Parameter Symbol Variable Value Units
K HK 479.1 --
Constants Kyr HKUR 49320 --
n HN 0.6057 --
R¢ HRF 0.847 --
Hohr-Coulomb C HC 5.0 x 10 Pa
Strength )] HPHI 30.0 degrees
Poisson's Ratio G HG 0.4924 --
Constants F HF -0.0935 --
d HD ?.004 --
Unltoad-Reload
Poisson's Ratio vy HNUR 0.200 -
Confining Pressure o3¢ HSIGMA3  See (b) below Pa
Initial Young's
Modulus E; HEI See (b) below Pa

Stress Difference

at CTC Feilure (o01-03c)¢ HFSDIFF  See (b) below Pa
Initial Poisson's

Ratio vi HNUI See (b} below --
Mass Density o RHOREF 1900 kg/m3

TABLE V.3.1(b) HYPERBOLIC MODEL CONFINING PRESSURE DEPENDENT PARAMETERS

93¢ E; HFSDIFF vy
(MPa) (MPa) (MPa) (--)
0.1 48.17 1.93 0.491
0.4 113.9 2.56 0.435
1.8 277.4 5.33 0.343
3.5 415.0 8.73 0.350
7.0 631.5 15.73 0.321
20.0 1193 41.73 0.278
32.0 1585 65.73 0.259
59.0 2292 119.3 0.234
100.0 3161 201.7 0.213
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V.4 Pyke Cyclic Simple Shear

V.4.1 Motivation —_
(Pyke (1979)] proposed a hyperbolic model for irregular cyclic simple t%[a

shear, which, unlike Masing-type rodels, limits the peak shear stress

under arbitrary loading. This is the model's principal advantage. Its g
principal disadvantage is its restriction to one-dimensional simple -
shear. In its present form, Pyke's model is not capable of handling
general multiaxial stress-strain paths, because: -
a) The asymptotic strength is prescribed as a single magnitude,
b)  The tangent shear modulus is computed for simple shear aﬁout one
axis only. - ?.;;
c) There is no provision for a second tangent elastic constant. b
V.4.2 Assumptions
The basic assumption of the Pyke cyclic simple shear model is that - ;

the simple shear stress-strain curve between any two consecutive points of

shear strain reversal is a hyperbola, with fixed initial slope immediately

after shear strain reversal, and fixed upper and lower shear stress - f"‘
asymptotic 1limits of equal magnitude. - fﬁfi
V.4.3 Basic Equations R

The general relation between shear stress and shear strain for A b

Lo "f":-‘

irregular cyclic simple shear is - I;ig
Gyayg (Y - ¥,.) o

T-1T_ = MAX < (v.4.1) RO

c G I 3

MAX R T

L+ (] y - v} L.

T -1 Al l.'\. -

Yy c T ':\‘:

- ._'h-.\

-._‘-,\

I

-'\ ;.%
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»
where vy, 1 = simple shear strain and stress ;;L;-,-":jlf:
r Yes Ue = simple shear strain anc stress at last point of strain ;-*—*
)] - e
reversal
= Gyax = slope of the simple shear stress-strain curve
immediately after strain reversal
-
e Ty = magnitude of the upper and lower shear stress
asynptotic limits
and e
. , ',
T, =1, sgn (dy) (v.4.2) L
Y Y
Equations (V.4.1) and (V.4.2) are derivea in Appendix 0O, and are identical
ye to Equations (0.4) and (0.5). Differentiation of Equation (V.4.1) yields .‘
|
the tangent shear modulus, B
dlt-1) G
C .G - MAX , (V.4.3)
» =y = 7 Crax ¢
. 1+ —_— (Y - YC)
Ty T Te
Equation {V.4.3) is identical to Equation (0.6).
B V.4.4 Parameter Determination
The parameters Gy.y and Ty are determined from the virgin simple
shear stress-strain curve for monotonic loading, using a plot of T/y
versus 1 based on the linear form of Equation (v.4.1) when
[}
Yo = 1. =0,
which is
LA S
1. GMAX(I 1) (v.4.4)
Y
Equation (V.4.4) is identical to Equation (0.8), and the corresponding
o plot is shown in Figure (0.2).

......................................
....................

------



Table (V.4.1) shows the parameters which were used for illustrating
the behavior of Pyke's 1-D shear model, The parameters were chosen
somewhat arhitrarily, as no simple shear test data is available for

CARES-DRY Sand.

V.4.5 Computed Behavior -5

Figure (V.4.1) is the behavior predicted for simple shear by Pyke's B
model. The test shown consisted of three fully-reversed cycles of shear

strain at each of three maximum strain levels: 0.5 percent, 2 percent, oo <

and 4 percent. The important features of the model's response are: - |

(a) ratcheting of stress-strain loops upon cycling at a given strain .

limit -

(b) softening of response at progressively higher strain magnitudes

(c) stiffened response upon reversal of strain direction
7 The model, as it is currently implemented in the SEM, is not general 1
enough to handle the suite of exercises performed for the other models in :

this report.
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TABLE V.4.1. PYKE MODEL PARAMETERS FOR CARES-DRY SAND

Parameter Symbol Variable Value Units
Yield Shear Stress TAUY 1.0 x 106 Pa
Maximum Shear

Modulus Gmax GMAX 1.0 x 108 Pa
Mass Density 0 RHOREF 1900 kg/m3
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V.5 Elastic-Perfectly Plastic
ﬂ V.5.1 Motivation
The principal advantages of an elastic-perfectly plastic model are
f; that it incorporates stress state 1imits observed in laboratory strength
- tests, and produces inelastic strains when a 1imiting stress state is
reached. The principal disadvantages are that nonlinear, inelastic
behavior does not occur until the failure surface is reached, and, with an
associated flow rule, predicted plastic volume increases at failure are ;;_;;
frequently too large.

vV.5.2 Assumptions

1 An elastic-perfectly plastic, rate independent model assumes the
material remains linearly elastic until a limiting state of stress is
reached, defined by a failure criterion based on strength test data.
I. Neither stress nor strain rate affects the stress-strain relation. ;ff""
b

Inelastic strains occur orly at failure, The flow rule can be associative

or non-associative.

V.5.2 Basic Equations X ff;f

]
The particular elastic-perfectly plastic model studied here has a N
modified, associative Drucker-Prager failure criterion [DiMaggio and fi
Sandler (1971:042)], of the form ;:
. [
13

-BI
Af(ll.ﬁ)= J@ - (A - Ce 1): 0 (V.5.1)

- When the stress point lies belaw the failure surface, so that

f(rl,[a;) <0 (V.5.2)

the material behaves elastically, in accordance with the equations of

= Appendices V and J. When a stress increment calculated assuming elastic

...... )

T e e T e L e I




behavior moves the stress point through the failure surface, so that

l f[(II)E’(}]J_Z)EJ = § > 0 (V.5.3) .-x

a correction procedure is invoked to return the stress point to the

failure surface. The correction procecdure is developed in Appendix P. It

i starts by computing o
dx = ‘_Z‘LT (V.5.4)
o}
JKfI + GfII
i where K, G = elastic bulk and shear moduli B
-B(1,)
af 1'E
fI = |31 = -BCe (v.5.5)
1/E
| fi1 =< "f> -1 (V.5.6) R
2/e R
i Adjustments to the elastically computed invariant stress point coordinates gl
are then computed using the equations o
I — ;-_. .
: (/J2>W - ([J2> - Gf ;) (V.5.8) o
| (3,) R
2°ADJ v
Unless & ?
f[(Il)ADJ,( JZ)ADJ] <0 (v.5.10) - S
t the correction procedure is repeated. } E~_>
V.5.4 Parameter Determination - ;u o

The elastic bulk and shear moduli, K and G, are determined by the

! me thods described in Appendices V and J. The failure criterion

e e — e e e
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parameters, A, B, and C, are determined by nonlinear regression or simply

! by eye, using shear strength data and the relations

1im [J, = A - C (V.5.11)
Il>0 ﬁ

lim [J, = A (v.5.12)
Il) o '/_2

11'm31.—2= -BC (V.5.13)

Parameters for the elastic-perfectly plastic model exercises are
shown in Table V.5.1. The bulk and shear moduli and density are equal to
those chosen for the elastic model. The only difference between the
models is the introduction of a shear failure surface.

. vV.5.5 Computed Behavior

The behavior of the elastic and elastic-plastic models is identical

for isotropic compression [Figure (V.5.1)] and uniaxial strain compression
] [Figures (v.5.17-V.5.19)]. Note that the uniaxial strain compression
stress path lies entirely under the failure surface [Figure (V.5.18)] for
these parameters. CTC and CTE stress-strain behavior [Figures
(V.5.2-V.5.9)] is much improved over the elastic model by the failure
surface, but only for lower confining pressures (03C < 10 MPa), A
non-associated flow rule was used here, so the tendency for this material
to dilate with shearing is not predicted [Figures (V.5.2-V.5.5) for CTC,
and Figures (V.5.6-V.5.9) for CTE].

The RTC/E [Fiqures (V.5.10-V.5.13)] and PSC/E [Figures

(V.5.14-V.5.15)] calculated behavior again shows elastic behavior until
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the stress path reaches the failure surface. Behavior in the triaxial
cell as predicted by the elastic-perfectly plastic model is summarized in
Figure (V.5.16).

Predicted UXE behavior [Figures (V.5.20) and (3.5.21)] is more like
the data than the elastic model because of the addition of the failure
surface, but still does not match the overall shape of the observed stress
path.

The results of the axisvmmetric strain path calculations are shown in
Figures (V.5.22) (WES paths) and (V,5.23-V.5.24) (Lade paths). In both
cases tre bulk modulus is too high in comparison with the data, and so is
the shear modulus for the Lade paths. The true-triaxial strain path has a

similar problem as seen in Figures (V.5.25) and (V.5.26}.

390
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TABLE V.5.1. ELASTIC-PERFECTLY PLASTIC MODEL
PARAMETERS FOR CARES-DRY SAND

Parameter Symbol Yariable Value Units -
- ;—‘~~3

Bulk Modulus K BULK 2.76 x 108 Pa : -1
Shear Modulus G SHEAR 1.44 x 108 Pa

A CA 2.88 x 105 Pa ' '
Failure Surface B CB 0.00 1/Pa

Corstants C cC 0.00 Pa

M CAM 0.215 - . i
Tension Cutoff T TCUT1 £.0 x 104 Pa :
Flow Rule Switch* - RULE 1.0 -- :

Mass Density PHOREF 1000 kq/m3

hod

AU
NV

*0.0 = Associated - <
1.0 = Non-Associated (von Mises plastic potential) DR,
| -
'
k
. : 1
’ R
. .4‘
]
O
h <
b
' . ¢
t
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_ V.6 Modified AFWL Engineering
i V.6.1 Motivation o7
The AFWL engineering model is hypoelastic-perfectly plastic in shear, -
and hypoelastic in compression. A hypoelastic material is one for which
I the stress increments are homogenous linear functions of the strain -
increments. The coefficients in the linear functions may depend on stress

(Fung (10FK:445); Melson, Barcen, and Sandler (1071:314)]. The principal

»

{ advantages of the AFWL engineering model are ease of fitting to labgratory
ard in-situ test data, simplicity of the shear plasticity formulation, and
the fact that the model exhibits compressive hysteresis, which most soils
do but many elastic-perfectly plastic models do not. Its principal
disadvantages are lack of hysteresis in pure shear at constant volume
below the failure surface, and lack of dilatancy because the plastic
i potential function for yielding in shear is the von Mises function (a
right circular cylinder centered on the hydrostatic axis), which causes
plastic incompressibility in shear.
i V.6.2 Assumptions o.
Figure {0.1) shows the shear failure surface, plastic potential R ;i%;;
surface, and hysteretic hydrostat which partially define a modified R
version of the AFWL engineering model in use at Applied Research
Associates. The initial loading hydrostat governs only when the

Printout cancelled by operator
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segment slopes must be specified so as to avoid compressive energy
creation, and Poisson's ratio must be specified on each hydrostat segment
s0 as to avoid distortioral energy creation, as well as match constrained
compression stress paths for both iritial Toading and unloading/
reloading. When the compressive volumetric strain falls below the value
at which the unloading hydrostat yields a value of Il less than T, the
tension cutoff, hoth Il and the bulk modulus, K, are set equal to zero.
As the material recompresses after tensile failure, both I] and K remain
zero until the compressive volumetric strain exceeds the value at which
the urloading/reloading hydrostat crosses the volumetric strain axis. As
long as K is zero the shear modulus, G, is also zero, so that no
hypoelastic deviator stress increments are agenerated. This means that all
stresses are zero, because the only point in Figure (Q.1a) at which the
tension 1imit can be reached without previously violating the shear
failure surface is the point where the shear failure surface meets the

Il axic, and there the deviator stresses are already zero. Therefore
when tensile failure occurs the stress point automatically moves from the
tensior cutoff point to the origin in Figure (Q.1a), and stays there until
the hydrostatic stress starts to build up from zerc. When that happens
the shear moculuc again hecomes nonzero, and hypoelastic deviator stress
increments once again start to accumulate. The AFWL engineering model is
rate independent, and the shear plastic flov rule is nonassociative with
respect to the Drucker- Prage~ portions of the shear failure surface and

associative with respect to the von Mises porticon,
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V.6.3 3Basic Equations
F’ The hydrostat defines the incremental elastic (hypoelastic) bulk
modulus as a function of current and maximum past compressive volumetric o
: strain, and compressive volumetric strain increment. Z:
:\;
- K = K(EV,QVM,dEV) (“»/.6.1) R
where ’
vy = maximum past compressive volumetric strain
Eﬁ Poisson's ratio is also defined for each hydrostat segment, so that
v o= v(€v,ev”,dsv) (v.6.2)

Hypoelastic constrained compression and shear moduli are then computed

o from the expressions

v

g K- ) (v.6.3) o

K(1 - 2
G = —27(-}—+ﬂ"l (V.6.4)
The shear failure surface is a series of conical segments, each
having an equation of the form é‘
<

f(ll,JJ—z)= J7 - (a b1 =0 (v.6.5) Co

Wwhen the stress point lies below the failure surface, so that

f(Il, JJ'?) <0 (V.6.6) RN
the material behaves incrementally elastically, in accordance with the R .1
equations of Appendix J. When a stress increment calculated assuming e ;f;

incrementally elastic hehavior moves the stress point through the shear

failure surface, so that

fEIl)E,(JTZ)EJ =550 v.6.7)

a correction procedure is invoked to return the stress point to the shear

failure surface. The correction procedure is a special case of that

..............
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L
developed in Appendix P. Since the von Mises plastic potential function
4 has the form **—-—‘
9=, (V.6.8)
it follows from Equations (V.6.5) and (V.6.8) that
'] fi =-b (V.6.9)
fip = 1 (V.6.10)
9 = 0 (V.6.11) _
91 = ! (V.6.12) e
so that Equations (P.17), (P.22), (P.25), (P.26), (P.28), (P.29), and o
(P.32) yield
e f ’:‘\"‘;‘
b = (V.6.13) . M
fy
{dep} = {s} (V.6.14)
) ZGE
(d1 =0 (V.6.15)

l; (dﬁ)p = -f3 (V.6.16)
| (‘F;)“ =2 v el (V.6.17)

(J,)

2'4 =

4= 0,7 6 (V.6.18) -
: s Jms U5 o
e e , 3Kb T G T
& [ R {s} -3 fs} {5} (V.6.19) i
‘E 2 e
" "q
From Equation (v.6.19), the incremental constrained modulus for a point on ,T'?""
the shear failure surface is ”.-
: :'-':"Y.u:
- 3Kb G .2 RS
| My =Me =51 - 5] (V.6.20) B
i
} 421 L
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and the incremental constrained horizontal modulus for a point on the

shear failure surface is X
3Kb G >
HH = KOM + — 52 - J'_ 5182 (V.G.Zl) ‘_.: :-
Equations (V.6.20) and (V.€.21) provide the information required to -3 - .

compute the constrained compression stress-strain curve and stress path,

since
dol T
5= = My (V.6.22)
1/ K
(4]
do M -
1 v BN
.V (V.6.23) Y
(H‘G) kK, '™ -

It is shown in Appendix Q that the incremental stiffness matrix defined hy
Fquation (V.6.19) does produce a stress increment that lies in the shear

failure surface.

V.6.4 Parameter Determination - i,?;:

The parameters of the AFWL engineering model are determined by : ;;;a
fittirg a series of straight 1ines to shear strength, hydrostatic ) .ifi'
compression, ard constrained (uniaxial) compression or K0 test data. B
For triaxial compression, Equations (K.3) and (K.9) yield - ij{,

Iy =0, * 20, (v.6.28) - :;;;

and Ho

ag -0 .-
J, - LL_’”' (V.6.25) "
TR -
Then assuming shear strength data are obtained from drained triaxial
compression tests at constant cell pressure, straight lines are fit to
consecutive portions of the data, plotted as Saf (the dependent ;3 ;>”§
variable) versus I, (the independent variable) either by eye or hy

lirear regression. Successive linear relations between /Jz and I1 are
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then obtained by a simple linear transformation, and these relations -
i’ constitute the shear failure criterion. },f;
¥
Since axial strain equals volumetric strain in a constrained .
compression test, Poisson's ratio can he calculated if both hydrostatic :ﬁf
- and constrained compression test data are available, and if the fitted S
: 3
straight line segments to both curves have common volumetric strain break
points. Equation (V.6.3) yields
3- 4 .
K - M ) .
- = ]
V=T s s v (V.6.26) o
K
_ Otherwise, Poisson's ratio is assumed, and either M is calculated from
! Equation (V.6.3) when only hydrostatic test data are available, or K is {?:3
calculated from the equation SR
k-Gt (V.€.27) ?
II wher only constrained compressior test data are availahble, ;:‘i
In case Ko test data are available (from constrained compression B
tests conducted in a triaxial cell, in which the confining stress is .
| measured), Poisson's ratio can be computed from the hyperbolic relations -
MH v Y
= = O
KO = 'M; = -1——_—\7 (V.S.?R) .:.\:_:.‘
K, i
o R
. v = -I-+—K— (v.6.2-4) E,
0 -
This Tast method is the most desirable for airhlast loading applications, o
but K tests are more difficult and expersive than either simple o
constrained compression (oedometer) or hydrostatic compression tests. E '
RO
Lo
Modified AFUL engineering model parameters were determined for £-s
1SN
remolded CARES-DRY sand by fitting uniaxial strain data (stress-strain and :::‘;"E-‘
L

stress path) and triaxial compression shear failure data. These

parameters are listed in Table (V.6.1).

423

———

...... T
......... . .-
PRI WS A,




V.6.5 Computed Behavior

By examining Figures (V.6.17-V.6.19) one can see that an excellent
fit is achieved for uniaxial compression (UXC), since this data was used
for fitting. Isotropic compression behavior (which is a prediction) is
also well matched, as shown in Figure (V.6.1), CTC behavior [Figures
(V.6.2-V.F.5)] is well fit with respect to ultimate shear strength [Figure
(V.6.2)], but the match of stress-strain response prior to failure
deteriorates with increasing confining pressures and the mndel does not
predict any dilatancy [Figures (V.6.4) and (V.6.5)]. Because the AFWL
engineering model considers any stress excursion causing volume expansion
to be unloading, and subsequently invokes a very high stiffness, CTE
stress-strain hehavior is rather poorly predicted [Figures (V.6.6) through
(V.6.9)]. Note also that a failure surface which is symmetrical about the
P-axis coes not match triaxial extensior data well. The sharp
discontinuities in stress-strain behavior caused by the load-unload
bifurcation are aoain demonstrated in the RTC/E calculated results
[Figures (V.6,10-V.6.13)]. Calculated pure shear behavior, which by AFWL
engineering standards is neither loading nor unloading, shows very stiff
behavior [Figures (V.6.12) and (V.6.15)] because of the Hmax convention
for deciding which bulk modulus to use. Figure (V.6.16) summarizes the
behavior calculated by the AFWL engineering model for stress paths run in
the triaxial device starting at 7.1 MPa confining pressure. An important
aspect of bhehavior to notice is the single P-ev response enforced for
all stress paths.

Stress paths generated by uniaxial strain extension are not

characteristic of the data [Figure (V.6.20)] because of the symmetrical
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failure surface and elastic response prior to encountering the failure
surface. Shear response for the UXE test is shown in Figure (V.6.21).
Comparisons of calculated strain path results for this model with
actual data are only fair. Stress path shapes for both the WES strain
paths [Figure (V.6.22)] and the Lade strain paths [Figures (V.6.23-
V.6.24)] are similar to the data, but off in both pressure and stress
difference magnitudes. A large part of the deviation occurs when the
specified strain path dictates expansive volumetric strain. At this
point, as chown in Fiqure (V.6.2?), the shear modulus jumps due to the
abrupt bulk modulus change at unloading. Eventually the failure surface
is reached and followed back down to its apex. The calculated response
for the true-triaxial strain path is compared with the data from Nellis
Baseline Sand in Figures (V.6.25) and (V.6.26). With the exception of the

initial direction of the stress patnh, these results are good.
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TABLE V.6.1. MODIFIED AFWL ENGIMEERING MODEL
PAREMETERS FOR CARES-DRY SAND

Parameter Symbo) Variable Value Units S
No. Lead Slopes " RNLS 8 -- ]
No. Unload Slopes n, RMUS 5 -- R

BKL(1) 0,302 x 107 Pa
BKL(?) F.261 x 107 Pa
BKL(2) 1.291 x 108 Pa
Loading Ky BKL(4)  3.530 x 108 Pa -
Bulk Moduli RKL(5) 1.088 x 109 Pa \
BKL(6) 3.410 x 109 Pa
RKL(7) 0,042 x 109 a
BKL(&) 2.792 x 1010 Pa
EBL(1) 0.01181 -
EBL(2) 0.08191 -- .
EBL(3) 0.1292 -- .. A
Loading Strain b1 EBL(4) 0.1642 --
Break Points EBL(5) 0.2014 -
ERL(6) 0.2294 --
EBL(7) 0.2516 --
EBL(8) 1.0000 -- Lo
Loading POL(1)- {
Poisson's Ratio vy POL(8) 0.32 -- S
BKU(1) 9,000 x 101l Pa
BKU(?2) 4,500 x 1010 Pa
Unloading BKU(3) 1.390 x 1010 pa
Bulk Moduli Ky, BKU(4)  4.725 x 109 Pa .-
BKU(5) 1.000 x 109 Pa >
Unloading PBU(1) 1.045 x 1010 pa
Hydrostatic Phu PBU(2)  2.800 x 108 Pa
Pressure PBU(3) 3.000 x 107 Pa
Break Points PBU(4) 2.000 x 107 Pa .
PBU(S) -2.880 x 105 Pa
Unloading POU(1)- k-
Poisson's Ratio v POU(S) 0.20 -- -
Tension Cutoff T ST1 -2.880 x 105 Pa
F.S. Intercept Y Y1 2.880 x 105 Pa
F.S. Slope S Sl 0.215 --
Von Mises Cutoff VM VM1 1.750 x 108 Pa
Mass Density P RHOREF 1900 kg/m3 .
.-::
<)
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V.7 Effective Stress Cap
V.7.1 Motivation

The cap model, in its various forms, sacrifices some analytical and ﬁ:i=

computational simplicity for a more accurate representation of soil SEE:

AN

behavior than provided by simpler models. The perfectly plastic,

associative shear failure surface of the cap model discussed here }15{
transitions exponentially from a Drucker-Prager asymptote at low confining
hﬁ pressure to a von Mises asymptote at high confining pressure. Volumetric

hysteresis, and control over excessive dilatarcy are provided by a strain

hardening, associative, ellipsoidal cap yield surface which intersects
both the shear failure surface and the hydrostatic axis. Inside the ="
failure and yield surfaces the material is hypoelastic without hysteresis,
with volumetric and deviatoric behavior uncoupled. The cap model
i satisfies Drucker's stability postulate and the continuity condition, and t
thus produces stable, unique solutions. The basic model is a drained
(effective stress) model, but an undrained (total stress) hydrostat is :2ué
[» also used to calculate pore pressure during undrained loading. The
E; . principal advantage of the cap model is accuracy in representing most 5§I§
: aspects of soil stress-strain bhehavior. The principal disadvantages are lg?{
.he Targe number of material parameters required, the amount of trial and
error based on experience needed to determine the parameters, inability to

predict dilatancy prior to shear failure, computational complexity, an

.
PR

oversimplified approach to undrained response analysis, and lack of a

.',r,,?r;‘r-n.u e
SN

closed form relation between total volumetric strain and effective

‘.
'{l.
)

[
AR
8, T,

- octahedral pormal stress,

&7
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V.7.2 Assumptions
The cap model assumes shear failure to be governed by a perfectly P <
plastic, associative failure surface, and plastic deformation beneath the -

shear failure surface to be governed by a strain hardening/softening,

o
associative cap yield surface which intersects both the shear failure -3 .~.‘

S' surface and the hydrostatic axis. The cap strain hardening parameter is |

5  plastic volumetric strain, which increases during compression causing cap

‘ expansion, and decreases due to dilatancy on the shear failure surface | ‘_.}

u—

causing cap contraction. Uncoupled volumetric and deviatoric hypoelastic

relations inside the failure and yield surfaces assume the bulk modulus to

be a function of the octahedral normal stress, and the shear modulus to be
_ a function of the octehedral shear stress. Dilatancy is recognized in the ;
?' drained (effective stress) model at failure, but not in the undrained ;
- (total stress) model, which is represented by an undrained hydrostat. The i] - >;j

assumption is that total octahedral normal stress is uniquely related to
ot total volumetric strain, regardless of shear deformation. Pore pressure
is calculated as the difference between total and effective octahedral =

nomal stress.

V.7.3 Basic Equations

The shear failure surface has the equation
-Bli) §
! 1 L
ﬁ= FII) = (€ + al}) +Cl1 - e (1; > T) (v.7.1) L
=0 (1')< T) (v.7.2) =
where T is the tension cutoff, but the shear failure surface exists only
for 11 < k, where k is the value of I, at which the shear
| 4 R
failure surface and the cap yield surface intersect. (See Figure (R.1).) -~ 5?75
o
*
S
RN
454 SR
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In the cap model discussed here k is prevented from becoming negative, so
that k = L, where L is the value of I1 at the center of the
ellipsoidal cap yielcd surface. Thus the ellipsoidal cap has a horizontal

tangent where it meets the shear failure surface, and there is no

von Mises transition. The cap yield surface equation is

. 1 Z_ .12 . o ot
- FLk = ¢ Ju-02- -0 Wl en (L1.3) I
where
X - L e
- o
and X, L, ara R are all related to plastic volumetric strain, as shown in
Figure {(R.4). In particular, X, the value of Ii at which the "_-'.'-;-.f-"-;
. . . S |
ellipsoidal cap yield surface intersects the hydrostatic axis, is related *
to plastic volumetric strain by the eguations fi: \
X =36+ L [ (V.7.5) DSy
r l _ Z . '
| PN
where G. is the hydrostatic component of geostatic effective stress, D j::-f:j-_‘}
ot
and W are material constants, and E:..;:
z = [dz (V.7.6) A
where -
dz = 0 (k = 0 and defy < 0)
= defy (otherwise) (V.7.7) 2
Below the yield surfaces the material is hypoelastic without hysteresis, R
with volumetric and deviatoric behavior uncoupled. Thus *_
P
dI] = 3K deyy {V.7.8)
dsij = ZGdeij (v.7.9)
455 LJ
e e D N T T R N e e e e e e
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where

K = T—‘%I— 1-Kjge " (v.7.10)
S
G. -G
6= 17— [1 - Gye Z\FZ} (v.7.11)
1

i
Equations {V.7.1) through (V.7.11) apply to the drained (effective

and K., Kic, Kygs G, Gy, and G, are material constants.

PP ——

’Ii stress) cap model. In addition, an undrained (total stress) bulk modulus
for jsotropic compressive loacing is definea by an equation identical in
form to Equations {V.7.10) and (V.7.11).

(11 - BGr)

K. -K
im an
Km =1-K - Klme

1m

(V.7.12)

In an undrained calculation pore pressure is calculated by the equation

-0
u :—-—-3-— (V.7.13)

A more detailed mathematical description of the cap model is given in

Appendices R and S.

V.7.4 Parametric Determination

811 the cap model parameters can in principle be determined from

standard laboratory isotropic compression and triaxial compression tests

at constant cell pressure, as explained in Appendicies R and S. However,

the parameters thus determined are usually refined by trial and error to

match uniaxial anc triaxial compression test data, and sometimes even

dynamic fielc test data. The trial and error process is based on

experience, and has not been explained in step by step fashion in the

literature.
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Table (V.7.1) lists the cap model parameters used for modeling

_! remolded CARES-DRY Sand. The functions for the elastic bulk and shear
_ moduli have been reduced to constant linear relationships (Ki' Gi)'

. This is because when K = K(I;) and G = G ( Jé) it is difficult to

LS maintain a reasonable uniaxial strain unload-reload stress path shape.

The failure surface parameters (CS a) were fit to standard triaxial test
results on dry material. The cap shape (R) was chosen based on previous ;;,ff;
experience with dry alluvium, and its hardening parameters (W, D) were :V';q
iteratively fit to uniaxial compression stress-strain data. N
V.7.5 Computed Behavior
V.7.5.1 Drained (or Dry) Model

As noted above, uniaxial compression stress-strain data was used for

' fitting the cap model. Figure (V.7.18) shows this data, compared with
. computed bahavior. The mode) cannrot match the changes in curvature of the
stress-strain data because of the single exponential formulation of the
cap hardening function [Equation (R.21)]. Rather, it is fit to produce an
[T acceptahle response over the stress range of interest (ca = 0 - 50 MPa,
in this case). Stress path data from the KO test (Figqure (V.7.19)] is
matched reasonably well, but this model does not produce any unload-reload
- loops due to the purely elastic behavior under both the failure surface
and cap. The variation of shear stiffness in the uniaxial test is shown
in Fiqure (V.7.20). A comparison of the calculated isotropic compression
response with test data [Figure (V.7.1)] is similar to the calculated vs.
observed UXC comparison. Overall, the fit is good, but sharp changes in

- stiffness with increasing pressure cannot be matched.
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Y Calculated CTC stress-strain response is better at lTower confining
I pressures than at the higher ones [see Figures (V.7.2) and (V.7.3)]. The ~

tests at 52 MPa and 100 MPa confining pressure show much too stiff a

PR I
-".‘ "' J:

response but with a reasonable stress difference at failure. This is -

a
-

. because at higher initial confining pressures, the capacity for s
irrecoverable volumetric compaction has nearly been exhausted, causing R
very stiff volumetric response [see Figure (V.7.5)]. Figure (V.7.4) shows

Ii that no dilation is predicted by the cap model for CTC because the stress
point is always located on the cap or at the intersection of the cap and
failure surface. Here, the plastic strain rate vector is forced to be

g; perpendicular to the P-axis.

CTE response [Fiqures (V.7.6-V.7.9)] at low strains is very stiff,

because initially the cap does not need to expand in order for the stress

ii point to move away from the P-axis. Thus, this initial behavior is -
elastic [Figures (V.7.6) and (V.7.7)]. However, further outward movement
of the stress point requires the cap to move cut to maintain its shape

Il (R = 2.5). This cap hardening is accompanied by compressive volumetric -—

[

N

o strain [Figure (V.7.9)] and a much softer stress-strain response.

| Eventually, the shear failure surface is reached, whereupon volumetric
;‘ strainirg stops [see Figure (V.7.8)]. Thus there is no predicted dilation . ;;:5;1
here either, and in fact, the data tends to support this [Figure {Vv.7.8)]. e
The RTC and RTE exercises yield very different behavior from each
" g other, as shown in Figures (V.7.10) through (V.7.13). During the RTC o
test, the stress point moves off the P-axis into the elastic region and

thus yields very stiff initial stress-strain behavior. The failure

p’ surface is soon encourtered, however, and the material fails in shear and B

-t
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b o
begins to dilate [Figure (V.7.12)] at constant pressure [Figure (V.7.13)].
The cap subsequently retracts to meet the current stress point and dilation el
is then stopped. RTE behavior, conversely, is initially soft because the .
cap is being forced outward constantly [Figure (V.7.10)]. RTE volume

response is purely compressive. In fact, at 15 percent radial strain in

this test, the shear failure surface has still not been reached at any of f- T}f
the confining pressures. - ‘;iﬁ
The PSC and PSE stress paths [Figures (V.7.14-V.7.16)] both force the : 4;

stress point directly outward from the P-axis, causing cap expansion and

therefore volumetric compression [Figure (V.7.16)]. When the failure

surface is reached, the plastic strain rate vector swings perpendicular to
the P-axis and volumetric strain ceases.

Figure (V.7.17) summarizes the behavior of the cap model for the tests
performed in the triaxial cel) starting at 7.1 MPa confining pressure. Cap
model uniaxial extension (UXE) behavior is elastic until shear failure,
producing a stress path substantially different from that actually observed
(Figure (V.7.21)]. Figure (V.7.22) shows that dilation occurs when the
stress point is on the failure surface, meaning that the cap retraction in
this case is not fast enough to overtake the stress point and limit

subsequent dilation.

Cap model predictions of axisymmetric strain path experiments are
shown in Figures (V.7.23) through (V.7.25). The initial behavior in these
tests is dominated by an adiustment from isotropic stress to uniaxial
strain conditions. Apparently, the stress point moves up the cap until a

point on the cap is reached which has an outward-normal plastic strain-rate

vector which produces a compressive increase in radial stress under
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b“ uniaxial strain boundary conditions. Until this point is reached, radial
stress increments are tensile and the mean normal stress drops. When this
point is reached, the stress path assumes a slope more typical of uniaxial
total strain. From there, the stress path breaks over toward the failure
surface when the strain path dictates volume expansion, and subsequently
follows the failure surface. With the exception of this initial behavior
the cap mocel matches both the WES data [Figure (V.7.23)) and the Lade
data [Figures (V.7.24) and (V.7.25)] reasonably well.

Figures {V.7.26) and (V.7.27) compare the truly-triaxial strain path
prediction for remolded CARES-DRY Sand with data from Ko's tests on Nellis
- Baseline Sand [Ko and Meier (1983)]. The major departures from typical

: alluvium data occur again at initial departure from the P-axis and during
reloading from the spalled condition.

V.7.5.2 Undrained Model

Since no data exists for undrained tests on saturated remolded

CARES-DRY Sand, only calculated results for CTC/CTE will be shown. This
will serve to illustrate how the undrained portion of the effective stress - U

cap model works,

Figure (V.7.28) shows the total and effective stress paths for the
CTC and CTE tests at three confining pressures (7, 59, and 100 MPa). The
difference between the two paths is the predicted pore pressure, which is o
plotted against axial strain in Figure (V.7.29). Stress-strain response
for the axial and radial directions is shown in Figure (V.7.30) and the
volume strain prediction is plotted against axial strain in Figure
(v.7.31). Note that the volume strain in Figure (V.7.31), while not zero
for undrained loading, is almost two orders of magnitude less than that in

Fiqure (V.7.1).

460 .-




L
TABLE V.7.1. EFFECTIVE STRESS CAP MODEL PARAMETERS R
FOR REMOLDED CARES-DRY SAND .
Parameter Symbol Variable Value Units
Drained Elastic  K; AK1 £.0 x 109 Pa
Bulk Moculus Ky AK1 -0-
K2 AK? -0- .
Undrained Kim AKTM 8.0 x 109 Pa 4
Bulk Modulus Kim AK1IM -0- N
Kom AK2M -0- ,
G4 AGI 3.0 x 109 Pa o
Shear Modulus Gy AGl -0- -4
G2 AG? -0- I
Cs AC 2.88 x 105 Pa N
Failure Surface a AM 0.215 -- N
B RB -0- S
C cce -0- = a
Rj ARI 2.50 - ff;;i
Cap Shape R1 AR1 -0- IR
Ro AR2 -0- e
i
Cap Hardening W AW 0.200 -- e
D AD 1.800 x 10-8  1/Pa - -
Mass Density 0 RHOREF 1900 kg/m3 5
L
~':\':":::
o
i
g
.- 4
461 .




S g RO . RN PULIR L PR R
" NIPLS DRLINNIOA "SA FUNSSRId — dWOD DIOHLOS —3SIDa3%3 13A0W dvD  T°L* A Jun9l4
" NIVHLS IWMOA
4 geZ’0 0AZ'0 410 os1o Qoo aoL'Q Q0C 05070 SCO'0 0000
3 ; —Z o
m L.. 7 ] -
1 ) s \ o
3 : \
s v
L A N
lllllllllllllll s Q
VIO 1631 A7
NOLLYIrO V) M \ a
ANEREN o
¢ .0 i~
{ 3 2
i m
) .\ V4]
\ 4 ~ m
4 o
i \ m
Tu wn
¥8/SIM/USTIVOAND = VIvQ /e ° ..”
TIONIE—SIAvOAE0 = 1LV ¥
~dvD =1300N \ =
NOISSTAINOD IdOHLOS] = 1S3L \\ o g

0«
L

TIA0W INFWTT3 T10S ¥SO4V . ]




Ty
e S ot Jag et it et o i e it A it et ket D it s e B B B0 i o i a2 B S O Y

...............
T

......
St T

el
-t

PR

.......
.....

------

A AN

-Lu... 5
A 1\.\.\.\\\. .

NIVALS TWVIXV "SA 4310 SSFALS — (OLI)IWOD TVIXVIML—3SIOHN3X3 13A0N dvD  z°*/°A 349l
NIVHLS TVIXV

vivad 1531

——— e s e e e i . e e s St

930°001=JC YNDIS

viva 1S3L

938°'BS =JLVINOIS

.....................................

Vivad 1S3

930°L =DCYWNOIS

P R B N -y = -

vivad 1534

83b'c =DLVINOIS
UN39N

¥8/SIMAUSTHVIAHA = VIvQ
TION3Y—SIHVIAEA = TIVIN
dvD =1300N

1S31 IVIXVIML QHVANVLS = 1S3t

T3A0OW ININFTI 10S 4SOV

Seeo

00zZ'0 ga'a 0si'o SZL'0 ooL'o C/0'0  0S0'0  $ZO'0 0000 |
ir
w.ul.'— N — .v.h..t. w
._ HWM .« ...... T e s
m T e
| \ ._\ m.
| \ "
| Lﬁ | m
i u .
A | 7 "% g
_ | B I s
{ > & ] M
S el - 2718
3 ~T \
| e
{ A % ]
! - j ;
= 13
—— _ . )

i.

.........

00z
o

D
.....

........

LR
e ‘0 s s




. _.- .
'lch as- I\I N »
’ FURL L I R S II ] N
w - ' . : Lo . Ve roe . . PN . . .

ARl ant Sl sedl B R St ]
[ S

4410 NIVHLS "SA 4410 SSFHIS — (DLO)INOD TWIXVIML—3SIDET3 13A0N d¥D  ¢*7*A Junold
w 4410 NIvLS
w G20 0co 320 0c'o G110 010 1M1 a0'Q |
; a
‘ o
m ~ J m o
1 | | il
m r ; ik
“ T 930°001=08 V9IS \
__938'BG =JEVNOIS : 1 ¢
430°7 =IEVNSIS \ °
v 93re =OrVOIS | \“ 4
”. aN393" . ; ] a0 <
H : wn O
| : \ ’ g
” h —— 8 n
| ".
3 i f
) . j
. ¥8/SIM/HSTEVIALA = VIvQ _ =
” TIOWIE—SIIVIALA = TIVN ; g -
5 dvD =1300W ;
. 1S31 TVIXVIML QHVANVLS = 1531 : T _H.M.
y Hu( .-\.J
ﬂ TAAOW INANT 1T 105 4S04V 8L
w 4
h -
3 X
w. K
9 ;
b -




e

i e S g DA hea i et A S AR Ak At 2

. v

Cufil i -

LA e £t S Dl S 20y Pali

T T TN T ——————

- T et ) W e et
ST e A DENOSRREEAR

. A . .
o < . ‘v

M|
o

NIVHLS FANTIOA SA NIVHLS TVIXY — (OLIIdWOD TVIXYIML—35

NIVELS TYIKY
GEZ'0 o0y sS40 06’0 G2’ oo G200 0500 SZD'O gO0CUSID 00—
y/f\
\ /
\
N
¥ivQ 1831 N
B 7 \L T
) Viva LS3L \ L
938°BS =0£VNIIS / 7,
................. Vive 1831 N\ /,/ I
G307 =00VAdIS ERYA s 5
viva 1531 I IS N S A— AN
93V E =0T VOIS A E 7T
aN3931 - ~ AT \
..... /x.,. ‘ \\ \ﬂ\
] 4
,, A P D
¥8/SIM/USTIVOANT = VIVD ] /
TIONIH—SIUVOANA = 1LY l
dv2 =1300N .
1531 IVIXVIAL QHVANVLS = 1531 A
14A0OW INJGNF 13 108 4504V
g = u - L o . .

O 343 TIA0OW dVO  h° LA 9IS

¢0'0—-£0°0—

¥0'0 €00 200 00 000 LOO-
NIVYLS IWNT0A

00

465




P et s Seme aat, o 4

[EZEATS B S IR O T Pl (LIS
> . .

.\ T P T e ‘ B ..\ e .-...'-.-. Sy
PR TR 34 Vo e e ) DY ) N S ..V AR ORI PR .
- A . - e . - - ot e e Lt - rr . WY

| R e A NP . DUREEEINN SED7 BTN | PPN (T,

A

\‘.

A

i

“

NIVHLS DIMLIANTOA ‘SA FANSSHHd — (DLW T9IXVIAL--II043%3 TIA0N dvD  §°£° A 914 i
MIYELS IWMTAA a

00 g’ GO0 0’0 €00 ©O0 {00 uo’'c  LO'0— c¢o'a—-¢c0'0-
o &

L - - S s C S o . ;

4 0 i B s e Cis LR :

Viva 1531 .

—— e ——

930°001=0¢ VNOIS

VIva 1531
236 BE =IEVIIS % / 3
vIVG 1531 \\ %

ST
O

!
0'¢

. | 3
"SI0 =D0VRI5__ - .5
Viva 1531 T \w / > w g
O3p'T =JITVWIIS (! | \ \ A d .,
aN393] Tt = m R
V/a CE X

AN
<z

$8/SIM/USTIVOAND = VIva \
TIONIH—STIVIAHG = TIVA R
d4vD =1300N

1S3L IVIXVIML QVANYLS = 1531 e

06l
\Z)

100N INANT T 10S 4S04

S

o

.........
R



3 E

f ‘. - .

ﬁ NIVHLS IVIXV 'SA 4410 SSFILS — (ALONILXT IWIXVIML—3SIDNIXT T3A0W dvD  9°/2° A N914

{ NIVHLS TVIXY

m oo 00— 09— £00— 00— SO°0- 90°Q- «£0— 800— 60°0- 0OL'0— |

3 o

| ' a_,

_ p 5
2 ’ T T

‘ T TVIVa 153l ﬂ\i \.M &
S 9N LOES -~ °

s viva 1S3l \& /

- . 939e=06S T / :

_ vlva 1531 ) / °3

H 93871=085 V4 A e I e A | . I

g aN39TT o S S R o e A — - B

”.. VR o \ io1°3

3 \ o \ 1 i

g 1" 7 “ 1 5
e

g ¥3/5IM/4STIVOANA = VIva “ / | v L

: TIONFI—SIAVOANA = VN 15/ /

{ T dYO=1300N [ .

] 1531 IVIXVIML QAVANYLS = 1S40 IR muww

| T

.w 300N INJNT T T10S dS04Y S :
w m.._.“u
5 5
e m a o om o .. o




g : , I A N Ay iy
, . . P | e 4t AP e
N ) ' .-. -n- -M~..-‘ ' -.-\..-.\q... e
& . PP o s % e e P
PREAFRSIS L N UL P L G U

s

| v _ ) BT I

340 NIVILS "SA 440 35391S — (ALOINILKI TIKVIML-3SI0H3KT 13ACW dvD £°£*A F4n9l4 i

4410 NIvYLS 0
0ago AT b 0SG°0- 2400~ ogLo- Gai'o- GGl o~ ,

B N n__, :
- ? 2
/ | . ;

_SA=0FS i

936°¢=0¢S |

938'1=05S &Y :

QN30T 2 ”

- - V) ® v

IPPSlcnietn IR IS SRS S T ' L9 e

e ] a m .

P ! n A

| | m

Ll g

ﬂ\‘ ! ) .

$8/SINAISTIVOAAD = VIvQ k L g
TIONIL—S3AVOAHD = 11V L|°

, dv2 =1300W _ " :
. 1S3L IMXVIML QYVANYLS = 1S3L i BB Py .M“
”. 1300W INIWNFTT 105 4504V =5

3




v - B
P A and ot MCA ARG she el ol oth SHE STRESES

NIVHLS FNMTIOA SA NIVHLE Teixy — CILDINTLXT 1oXVIML—351063%3 13Q0W dv0 8° L' A W14
Mivdls TVIXY
[alIMY] Lg'0—- ZO0'0- €00— #0°0— SO°0—- 800—- 40— 8OUC— 600—- GL'O- |
. 5
.., f.../ vlrhr:lj“f”fﬁ.l — |.A T
... AT N A S o
...... 637085 AN B I R 3
g vIvQ 1S3L NS N
: __93GE=08S R et e et S <
._ VIva 131 RS S SO S I zm
3 938'1=0¢S -~ S 4 o
u QN3O - 1 2 9 <
0 4.r : 8
A , >
1 \ JZ
4 B
! YB/SIMASTIVIAND = vivd | — B 3 2
g TION3Y—~S3VIASA = TIYN _ ! o
3 4vD =1300W | y ”
1S3 IVIXVIML QHVANYLS = 1531 | i ' ) _
v 1|]|l%\,-4liin- === S M/v\ .
13A0OW INAWT T3 105 mmom{rxl{'chllf “ z _..__.U




NDUCA A A VLT,
LIRS LW S ,
L . - E
’

I PSR B R

S

Ciied b

D & B

" NIVALS OIJLINMIOA "SA FdNSSdd — CILOINALKI WWIXVIML-3SI063%3 13A0HW J¥D  6°Z°A 914
' cOLE MIYHLS INWNTOA
ue 0'9 g o o€ 0C ol 00 -

T

0l

X P :
J o ﬁ-h
§ e Bl SO N o4
, i i
. | ] ‘i
p - - T L « 2]
{ L 9HE08S / ._ ° i
” 936 ¢=0¢S :

9381=0¢S
3 aN3OT1

o'r

IUNSSInd IVLOL
470
e s

o'e

—_— .

-
o 4:_'.'-:';

¥8/SIM/4SIUVOALT = Vivd |
TTIONIE—STUVOASA = YN \

—~—
—.
09

...{.1‘.... .

dv9 =130ON
1S31 IVIXVIAL QYVANVYLS = [S3L ; : N7

\
/

0
\/

13AOW INFANT TS 10S HS04V L

D R
At e T T e

f‘_.-\,‘ O T
N SR AP, LT,




A ok ag

hlind ta At a0 g se s s any

T R W VWY VWYY

F-

-

NIVHLS "SA 4910 SSHLS — ALa+O1)XVIML Q30ONATY—43X3 13A0CW VO 0T*Z* A 34n914
WIAVY3 % VIXY3

936'¢=0¢5/31¥
93R'1=0¢S/31Y

938'1=0¢S/31Y

.................................

938°1=0£S/0LY
aN3OTT

JIOW3Y—-S3FIVOALA =_TIVN
dv9 =130CN
1531 IVIXVIFL QAVANVLS = 1631

13ACW ININTTS 10S HSO4V

08’0 6§20 o0 Ssi'o OO0

S00 000 &0°0- OO0~ S0~ 0T0-%C0-

P

i
|

=
o

— 1

I

...........

-

—

0'e- oaL- 06l 0'0T- 0'sz— 0’0g—- 0'se-
4410 SS3UIS

0°0
\Z)

Le
olr

an




..\.. ., ~.\...n Ve
S 3 # MR
Y ..\......4-,. ., RN .A-‘_.
\0\!-\-%‘!”!&‘»«. PR

1 . o PR M R i
........ s h '+ L O | LI SV Y
LSRN R T e e A A DA A AL

B0 v..... . ,..... . T EUEE ST .». ----- ’ .
' e e T g e a P SYR EACICTSIPARAT L W SIAVRVLI S 4 3N

e oo al
i .

LA

.....
B PR

w_ DT T T e i Qe B e e AR g et X
: 4410 NIVHLS "SA 4410 SSFALS — (FLY+ILDXVIML 30NAFL—¥3XI 13A0N ¥ TT°Z°A N9l L
ﬁ. 3410 NIVULS 4
A Q0 0 €0 [4Y 10 00 i0- To- £'0- ¥0- L

a'se—

~1

(1] g

0z

0'0z-

4410 SS331S
472

_

_

|

|

_

_

“

N AT / |
938'1=0£S/214 / 4+

N3O 7 ~ f
'R

/ _

..‘.

_

|

_

|

_

oS-

00k

|
06—

MON3Y—S3dVIAdA = 1IVN
dvJ =1300N
1S31 IVIXVIML G4VANVLS = 1S3)

'-".'.'-'.‘.-.'..-' "'."‘---‘.' LR
AL A AN AN AN ~

(v

:v:*
0’0

T300M IN3NFT3 108 wsoavl LTI . ;

o's
oir

i A An it B 8




m e T
1 ...M _
:
[
3
NIVHLS INMTIOA SA NIVYLS TWIXY ~ (ILd+OLDXVIML G30NAFY~A3X3 1IACN d¥O  ZT°/°A 4914
m NIVELS TVIXY
1 g0 G20 00 G0 Org <00 000 S0°0— OL'O— GIT0- cw.ocmw.cl_
: 3
m.l..i-:..- P SRR Apin R 5
3 2
EEVE AT _ 2
] 93GC=0FS/3N
i _93@'1=0€5/31y .
3 .. 93U4=08S/01M 25
3 936'¢=0£S/0LY B =

y v <
‘ 938'1=0¢S/0L = of 2
: N30T ] oy ¥
3 f/ 3
w /, \ TP o? ““
¥ 1 Toese., ’ W R
“ \ 4/ ““
w‘, TIONIY—STIVOAUQ = 1LY N S g
W dv2 =1300N N
4 1S31 IVXVIML QEVANVLS = 1S3L No |, o7 _n.&
' N
13A0W ININT TS 10S 4S04V o =
“ |




oA SR Rl e sl ..“._

v

NIFHLS DL INNTOA "SA 39NSSTdd — FLa+DLxvidL 30Nd34—43%3 13ACA dv0 £T°L°A 34nol4

NIVHLE JWMTOA
aro 20'0 a0'd ¥0'0 200 000 Z0'0-

™
o

o

00

1 c 1
‘ | M \\ 4 .k 1
m BN INE . ) - A 3
g 031 =085/ 31 | - s .
m 936 T=0¢5/31y _ \\ -~
S ARt A ] 3 .
.. 9381=065/31Y 1 g 7 5
.. . S3=085/01d R R g ¥
, 035e= omﬁ\ oLy | _ - e E -]
: 938'1=0£5/014 L~ P .3 s
; c » T
,. N353 % ey
. \ 7
v S ;
4 \ % _.u
d k\ N ..‘
7/ M K

JTIOW3Y—S3dVoALT = 11V
dvQ =300
1S31 VIXVIML QUVAONVLS = 1531

0’52

I
R _&1 LN

R

s ~t———
~
~
(vd)

TAA0OW ININT 13 1I0S 4S04V

00%
oir

N .
PR

P A BTG




e ! ol L)
P T R I AT IR L

NITHLS "SA 4410 S534LS — A5+ IHS Fqnd—351043:3 13ACW JVD #T°Z* A WN914

WIdvYEl %2 TIvixY3
S0 o1'0 500 GO0 500- al'o- Gio-

0’0l

ARSI Attt it e gl Shah s e e ot A 4]

R SRt e g —1 ll_

o
h
§¢L-

: 936 ¢=0¢5/35d |
336 €=0¢5/35d — | o
a381=0¢5/35d _ | ™
0SS/ " _
931°=055/08d I ~F >
....... 93=085/05d | m
935 £=0¢5/08d ! VI
TSI T=eS/05d g sg <
9381=085/05d | i a
938'1=0¢S/05d A B .
! AN3931 /1 B o R
, N [ i 4
" / ] o il
b QIONIY—S3dvoAE0 = LYW / | © %
. dv0 S1300N / | 1
\ 1531 TVIXVIAL Q¥9ANYLS = 1S3L ! _ 3 ]
.. - —~ ~ 3 -

T

TP

13A0W INANS TS TI0S oS04V

~

(gel}
o1

N




T T T Y YT T T T Y

T YT YWY v, -

M Basn Aok MaR B el Aok maa oy B g 0

Paliat-n b

LM I el il B Sl R itied St b At o 0 S VA ath SSE sk bl N ube ol ey i

Col ; . L e e
47 il » " P | i
A4 NIFHLE "SA 440 $5341S — (33d+05dIdYIHS IdNG--350aF43 13A0H 7 al'r 7
44101 NIYHLS
LrAS oeg Lo (1Y) PUNY] 000 COa~- Ue— GO- JCL s
\lllflil;f
Pl o
7 o
/ |
R / |1y
93 /=0¢ 8/ 35 S _ BES
..... ﬁmm.ﬁ@@..., vad h
9IE1=0¢5/35 ! ik
___83E0es/ ,m,m_: 1oy
935 £=0¢5/35 _m__ e
93¢’ I?? R 2
aN3DT [ )
X I}
! \ n
i _ . ;
B i A M a ” N‘.m
QIONIE—STAVIANT = LYW | / ° g
| ~ dv0 =1300NW / N o
1S3 WVIXVIML QUVANYIS = 1S3l N Vi D ]
__ I " g
13A0W INANT 13 105 3504V 52 H__“




T Y T W T T W e e T w T v w

NIVAHLS FNMTTOA SA NIPHELS TWIXY — (3Sd+H0SdIdYIHS FuNd—3SI06343 1300W d%D 9T' LA FWNo14
NIY¥HLS TI9IKY
G1ta 2170 S0 ooc Q30— arrg- GL0—
m
2
=]
ﬁ 5
W o
ﬁ m 2
| RS/ i 5
935£=085/35d A 3
w. 9381=0¢5/35d i o
oA =I05/0%d & a5
“ RIS — — A e S {oe
m 9351=055/95d M SRR
: c ~& \ @ <t
] aN3oT1 3 ! ) oY
,,_ T +
] . # / o2
S e e i Rt — 1o
: AR 3
3 ; o
n f i 3
) A O
3 QIONIY—538v0AH0 = LYW /! \ = ]
5 | ¢2 =13A0N ~ A 3
3 1531 WIXVIML d4¥ANYLS = 1531 / \ oy
wt / \, 5> ‘
% . ~N a0 s
d o~ _ (\\ e P>
3 13A0OW INANTTT 10 4504 3 .
: > &




........

vv * ﬂ [ S { S "y
; . SISKIVNY - VI/AT/EAAIAS — (VWL =08S) AVWIANS dOIAVHIA T3A0NW dvD /T L°A NS4
, NIVALS TVIXY Ox (vd)  FANSSIN WLOL
: R0 S0 G S0 000 S00-010- L0020 0 0% 06¢ 9K+ 4 oQ 004 0% o0
., T T T T T T T 7] Nv [ 77 T Y T T n_U
S 3 I 8
T Pl L m . S L.mOmm m
ETR) ° °
L \\ \\/ 128 ¢ s
ﬁ 35d & E e
, < <
! ~ 180 20
It O 3 "3
_ Jid : 3081 \ - mN - wN
L dnod OSI | \
| - - N H 2
f 5 1~ ° o °
- a1 I { { { i 1 o e aduint R SR 1 m =
: NIVHLS VIXY B o (vd) 3unSS3ud WIOL
w Zw._.xm Om_ 020 9’0 010 SO0 000 SO0~ OL'Q- SL0-02°0— mO oe omwv ooz o ool 0's 00
r. oszuJ L L T 1 T T T ._7 L L L R ¥ w
i T 7 & I 1 v
1 .~ _ 3
] / _ _
”_ , / LR 153
1 / ! | ﬁ R u
: i [ w ! Jse | W eg
/ JTONIE—S34VOAHG = "LIVIN Skl 4“ A A
dvO=1HUOW 20S1 IM 3051 L Jo o o
’ - i —3051, o
: VXML QUVONVLS = 1531 fo ° 2051 Nl © :
P 188 T wa {e2
.\ . " 1) X
13A0W INANTG T3 TOS oSOAv 0 v n I vk
*

et .
PG

........
................




r
.

NIVHLS XY SA SSTRILS XY 101 — OXMINIVELS XyINN ~351043%3 1JQ0W dvO 8T LA NoId
NIVALS TYIKY

2020 G40 OGS0 SIKO 000 S0 0SD0 SZ0°0 000°0
- o

” ; .. 2y .

] — ) f ¢ \\\\ L M

4 ; 4 N i 1 \
S 3 T g

3 vivad 1531 a Fals \ : .

NOILY 1N IVO T 7 5.

z AN3OFT vl ; \ X

w ._ LV \ U... _.VI .

”. “ ._, ; \ oV 5

: BV 3

,._ “ + \\ ..0-_ 9 i
2 Yo ow

] [ A G

3 ! ¥:\ P :
! - . s A
£ ¥8/SIM/HSTUVIALT = VIV . a 2
” TION3E—S3AVoALA = LYW i/ i %

oSy

dv0 =[3JOW £ —t

1S3L NIVALS TVIXVINA = 1531 / 3 %
. fllll\lm\ L . m/.\ . “
b T30OW INFWIT3 T0s ¥sodvl. oL L L L sz
”w ° ..”_,_H”“
z o)
p .:-.-4
y ’ \-‘
\....4

, o

[
A

.............
e




TiTe . W AR AS
L) -h._n ‘~\Iw‘l- .. ) J*‘
..........\\\\
.. .

T

" 3ANSS3H SA JONINIIAID SEIALS — OXMNIVALS X¥INN - 3010633 13A0N JdvD 6T° LA 3WNDI4
. ot (vd) JUAENTed WAOL
g o o¥ 0S¢ 0'0xY 0'%e 0°0Z oGt g'oL 0% 00

001~
ARSI

e
-3

A
06—

o
ST,

LI N

DY
a

00

¥lva 1S3L

NOILV TNV
aN3OT

0'¢

4410 SS34iS

I )

480

ocl

- - T - -'...'. .
KA ALY .

AR A A e Ate S~Ade 0SSk Al St Bl b Sl Sk M 4 8 Mot 4o M sen e b agdenaag o

3

¥8/SIM/H53HYOANA = vIvd |- G .m
TIONIY—53HVOASA = IV =
dvD =1300N “

1S3 NIVHLS TVIXVINA = 1831 ) 3

° _,M.._m

TAAOW INIWT 1 105 HSO4Y L o o s m..u
o

Lol The g aag )




- M
3 .
: :
I e o e Y ot ~ s /0 _..L
w. 340 NIVHLS "SA 4410 SS3HLS — QOXTHNIVELE XVINN 3510353 13A0N JdvO 0C°L°A NS o
3 410 HIVELS gy
W Queo S0 usto L2 0Gcro G070 0s0°C G2cC’'0 aou'o \ .A
! T & g
r_ ~ & :
- °© p
3 -
£
wn ||||||||||||||| \ ;! ¥ e o
4 Viva 1531 o \ :
¢ NOILYINI VO B S ettt o X
¢ dN3531 s AT °4
". L._ n_s. “_ \M\ 3 m 2
! T THE
b Co .._ -
m _. M A o m.
5 | | N \ ) X
3 i1 s .
w., - ) ¢ .? ...
g ¥8/SIM/H5TIVOANT = VIVT 14 5 ;
r” TION3E—53IVOALQ = 1LV g 5
” ~dvD =13G0N
,. 1S3 NIVYLS TVIXVINNG = 1SAL I/
w” ¥
: J3A0OW INANA TS 10S H504VL




—

S e A Seh A A AT00 B R s ma

)

T ——

3534d SA IONTSLIA0 SS LS - ML) NILX T NIVHLS XVING-- 380020350 TI00W oD T2*L* A 0014 ,

.,

S (v 115S38d WI0L
0'ay (' og (IRFY4 uoc 1761 g0l 0% 0o

..
.

i
1
P
0°02- §Tz-

y |
e e u
Vv 1531 / / .
L9AEE=08S _ \ %
_ viva@ 1S3l ) ° !
T9I0T0ES / . . ,H.“..
viva 1531 7 7N s g
g30+=0¢S ) \ \ | m ol
AN3937 ; — / \ 80 -
/ < M

T

\,

|

L~
SL-

os-
2

¥8/SIM/538VIANA = VIv( \ e \ e ,.V./ ]
TION3E—538VAQ = LYW / /ot |

LSIL NIVELLS VIR =L e s \

- : = Lo “‘ At

s y

— - -+

[
S

(va)

0’0

13A0OW INJNT T 0SS d504Y -

ST

oir

F
\

- et

PSP W S




m T

N A S

3

P .

1 ;

“_ :

M,. 4410 NIVHLS "SA 4410 53418 - (O \__ NALZ3 NIVHLS XVINA-F010e 343 10N Jd%0 €2 L°A 33n914

i 210 HIVHLS

9 acn Das'o Zo0-  vOUU-  HOUOO- @ud)'Q- Jlg0o- SL0°0— vig0—-

m - T 4

” o

”.. u P~

m \ //./ o

4 ﬁ//

L N T~ 1_s

A \ T I~ ™

; \ .

3 — [ S~ )

3 e w.m,. 0S . ~ &

z 9302085 /

w 330=0¢S IR 5 Y)

1 ON3937 N S 2

: x L 3

3 T 7 <2 &g h

] f &

y T-. I

, 7 - N

4 | Seo g

3 f

4 N N h

". 17 o :

- ¥8/SIM/HS3HVIAEA = VIVA ;

3 TIONFI—SIIVOANQ =UvW | 1) 1 5

. dv2 =1300N 4 n

4 1531 NIVHLS TYIXVINNG = 1531 \mw

2 I S o

1 . 5 .

i J3AOW INANT 1T 10S g504Y . - 8 i,

: =

‘ B

3 »

v 4 [ ] « - Y | - Pl 1S e < -— “
—_ — m—— — . R . s PN [V I I I R S DU B T L S ol - q




Wy

LSl Al el Aol Aadh Sk bod And

Lot e Ak At and aufAnl

: SISLIVNY AITLAL AN = DSV el W

,&4@ 1531

¢ HIVA S3M

Mwé 1531

Ve HIYd S3M
N30

N

.l.

SIM/HSIAYOIHA = VIVA
IO IH=SIMY DA = IV

dYO=TAOON
HIVE NIvMILS = 1531

THOOW INANTT 0% H5H0A4Y

A N LS

[

%

0 PO N

o Qo GO o0 7Y ano
S Sl o e L
i / / )
. /\
/ \Y
L / \ ]
/ {
: A
L. 1 _ |
A NIYY LS
oL'o 200 a0 Yoo Pee) (S0
S S ol Ny mtiy
L ﬁ ‘ 1
B m/ f? \.\
3 . .f(.‘. . uwl\..h
i Tl S
B .. R \\\
T N o _
. Jee [ N o s t

Qx0'0 GZOC 0O SO0

SL-

Ol
6

NIV&ELS 3ATTIA
T

CIY--3X3 1I00W dvD £¢ LN WN9IA

(ve)  JANSST4 WLOL
0% OL 09 g (VR4
=TT T TS T Y T T

/ :

A,
L -1 J SN
LL* ?ﬁ_v E:mmﬁmn_ IvioL
0ol o8 g (8 4 oe o0
I T T T
N i
1
1
RENE _ .
1N ‘
Y
J "
4T g ) ’
. )
3 \f. o 7 -
-
4:/ . M\. P - ;
' 1 I T T U
[S)
N

D
o
[6)
o
o
2
(]
wm
e <
o O
55
=
o M
ow
oA
a
»
°Zz
[
X
o
[=)
[
2
&
[
>3
(e
©
|
~N
w
i
o
o
|
to
v N
g
A
oM
.‘- _‘.\v
<
2
o1
n M
Y
o
Y
>
N
5
.
[
o




T T TN Y T N T T T T T e ~ N N W S VW Ve e e o T W TN T T T L T e e
. . . . B LA A e TN e LA o .

>- . - . -
—"

- ——
—_—
-~ ~
. 1 <
—_ L
=
—— —
L
' _—
a _
— ' i .
'
R E—
- ‘
: —
- . T
BEEEN D
- R
TN —_— >

-
i

|
-
40
-
L
L
AN

. . N <7
- Y =
N
- \
. N
R oo ot
| - SN - o

.- e - I
L . Y

RESARAT R R A <
BRI PEYR N VAN IR TR Y Y VLA

. 3 \'-'- LR
LIS N T T IS T W




—-_——

had S 2 Aol

SRR A A Al an s su L

AL B aen b et el mA e Ak 0l ol Mg e sl sl & ae g

o=
. -
—_ I )
- = ~ - - z - :
e ot
. . . e
pis d
N N
—_ —— ) -
.
N
N
“+ - Ay
- e \

— \
\
~ .
- AN
r_. s
- PR T R
v S J e el

e e

B i R e




LAl Al Al i ek as aoe o g

Ty ke B Ala: &4 -y -pe
TR D Ala At AR Ain e Sia 4\ e dive & de i ot e 8w o1 2

P o i ey —y——y

i i e odh ot B0 & o 4 & |

ML SIS INHIDNFA — xviefl ANl 240309 TI0 Jd70 927 LA 3¥N91d

_MU_ Lt R PPN
ud n_.wv 0y v g 02 i 00
S S . Y ,
| — e v
m.rff/z P ”\\ -
N zf/JJIUr\.. . ﬂ,\hﬁm - &
VNS 3 P e ¥
NOLY NI T \ <z
aN3OT R
- ¥
oA ~
G (vd) ¢S o @ S
0°Z 2’9 0'S O e
Y
T p EIN!
CBNVI/OA/ASTAN. = vivd 7
QIONII—S3IVIAHA = TIVN R
HIVG NYILS = 1531 - g
vd NI = 15- At —— =~ )
>
\\\k\\\ E
100N INANFTT TTI0S 4504V I N W sz
64
[ ] [ ] - | - ‘ - ) N -

|
!
]
\
i




-
-
{
“«

PRSI B if:.: ST )
AR , . s
,_-‘ b} ) P . Y ! ) . B o .“
_.” . Nl e e e o B o A
. NIVELS DAL TATTIOA SA Selir-Sdad — @vidl sl 008443 1300 4930 L8 LN 3914 ]
; BEFelds I TUA
.” SoeaUO Q0o LsA0 uelrg yLiut 001oo L2000 050075 SZucT@want o .
» — .-_Jﬁii,‘__.4!-|!,113 B e s S 1@ R
: » L A
" T B R R - 5 ]
” A I > ]
.. [ \ - g
[ o _ < .
; AR A — — .
| NOILY IOV [ H 5 :
f__ QINEREY \ / > _,
g ? 5 B - :
) (&}
) ) pe ©
b \ K 3 <
v. \ o %
w. ﬁ ‘..‘ (o] mhu
\ / m
bo— . - — i -+ [9)]
: \lm_,ml'}fiy/ 7 :
CONYI/0A/3SITIAN = viv( ; T N
' QIOWNIE—~534VYIAH0 = TV - r=—"t —— == t— +— 3 4
: dv =1 300N /.-.ﬁ\ |
_ HIVd NiVHIS = 1531 i N ) .
AR Sy Rt A B FUOSEad R R R ;
J3A0OW ININT TS 10s oyl o Lo o L s X
o
w.‘ g
W ]
b ....L
m ...L
| &

s




:
r.
s
r.
h
3
3
” SHIVA SS3HLS 443 ANV WIOL — 313+0L0 MWIXVIML 0TS 1SNOD 3510433 dv¥03 8¢°ZL'A JWN9I
3 Olx {vd) J4NS534d
4 DG g2l 00t GL 0's A (¢ |
3 G
3 ,.m.. \ _
...................................... > N
VAW 00l=£35/310 -
__ NN DOI=605/310 . . !
, VdNG'85=£05/310 i/ &
VdNg'35=£05/310 74 AL .
: __VdA=008/310 = 5
. _ _VAAL=E05/3L0 \ 7an
m VW 00I=£05/210 /; /) 1oy
i —YINOOI=E05/01 VR ez
: VAN 85=£0S/0L0 _a / L9
: | VINg'8G=¢05/01) S /L] =
” VAL =0£5/10 /] .y 5
‘ VAL =085/010 { - o
” EREY /
h / \ -
b N 7]
! QIONIH—SIHVOAHA = IV \ a
- dvd =1300N / \ o
‘ IVIXVIYL QHVANYLS = 1S3l \Ww .
p \ K .Ilm( ..”J
] / / (3 R
“ 13A0NW INGNF 13 105 oS04V 5% S
. o
“ ..m
‘, ]
 mr g BB e M W M e me i _ ”.”.w




SRS a4 ) o
3 I ”... . » _,
“ 1 :
4 .
IVH1S TIVIXVY 'SA FHNSSddd 340d — F10+010 VIKVIYL 0TS LSNOD—3510H3X3 dv03  6¢' 'K WN91d
NIVHLS TTYIXV .
1 S0'0 +0'0 €00 <00 ‘g'o 00’0 L0°0- ¢0’0- : ..
. 5 5
| 1 \\\\\ l_s ......
\\ \ 3
v °
/¥ .
— YdW0OI=£3S/310 \ “ |
..¥ang'8G=r0S/310 / \ﬁ -
VWL /=£05/310 s ==
__ ¥dNQ0I=€0S/0L) /. 2 :
VNG 85=¢0S/ 010 L o \ o M
YL =08S/010 /i / °3 8
aN3937 \ ‘ y (n
L 5 &
f o
/] T
; / N ° .
: JIONIA—SFUVOANT = LYW s \ 3 v
_ dvQ =1300N | // Fauy _ .‘
IVIXVIAL GHVANVLS = 1S3L \ ’ / ; WX
A a— - 1 — e M/\
T3AON ININIT3 T10S SOy 5

g0t




Lt

/B anan sane sey aaes 4

J N TET R TR TRTET

Ml Bt et Bk s Bt At £

NIVHLS "SA 4410 SS3HIS ~ F10+D10 VIXVIYL OS LSNOD—351043X3 403 0¢ L' A NI

WIdvd3 % VIXVZ

SO0 0’0 €00 ¢0’0 L0°0 600 6]

0~

Z0°0-

“

)

'/

&
=
o
oo
u
Il
)
@
o
(]
=
4
rd

VdNS'8G=£0S/310

: -

VdWL'/=£0S/310

YdL /=£3S/310 _,,

- =

VdhL =0£S/010 /-
aN39T

.....

JIONIE—534VvOA40 = 1IVIN

dvO =1300N
IVIXVIFL JUVAONVLS = 1531 / /

300N INGNTTT T10S 4SOV

—p—

Lo TR R AT
_vn.. .-,.-.\-. oJa St Vv, »1.&. s 4 f-* .-... - [
[ ISP AR \B. .L-\. \“.-. -\. \- \..\-{M.. ‘et I-

£00—-

0°0i—

00 - 06— (-

1
4410 SS3Y1S

00t 'L 0s

STl
(vd)

oir

o
o

LY I
Lo nas

e

PP P Py




Pdbact bt A S s Al St et B Sh b S a el B o e Rl A W U b 2 A & 2

A LA T Al g i sl oh Sk eter-dBa- o

3

| Vo R |
NIVHLS JANTOA SA NIVHLS TTVIXY  — J10+010 WIXVIML O¢S LSNOO—351043X3 4v03 T¢' L' A N914 ,
NIVHLS TVIXY B
00 +0'0 £0°0 c0'0 L1'o 6o Log- 00— | “
; E
P "
17 P o
\ \ .....H
/ 5
llllllll 1, |°
VN 005057310 iy
. YINGEE=E05/31) AVt
VdWL/=£0S/310 /|
__NdWDOI=E35/01) , S i S B
VdWg 85=¢0S/01D 7 °c
VL 7=085/910 ¥ g A8
ON3D31 ; / o4
! P Y
/ \\ >
Co— — I — 7 5%
/ A w _“
TIONTY—STUVOANQ = LYW y / . :
dvd =1300N \ \ o
IVIXVIGL QIVANVYLS = 1531 / . 2
7 7 2 2
400N INANF T 10S 4504V B o X #
) A
.




V.8 Lade
V.8.1 Motivation
The Lade mode) discussed here is an elastoplastic model with two ?;&f

yield surfaces. One, called the expansive yield surface, is bullet shaped

with its nose at the origin in stress space. The other, called the
collapse yield surface, is spherical with its center at the origin. Both
yield surfaces harden in response to the corresponding plastic work, and
the expansive yield surface also softens when the corresponding plastic
work exceeds a certain value. The collapse yield surface is associative
and the expansive yield surface non-associative. The principal advantage
of the Lade model is accuracy in representinag most aspects of soil stress-
strain behavior. The model exhibits nonlinear, inelastic behavior in both
shear and compression even at small strains, and the expansive yield
surface has a non-circular octahedral cross-section and therefore |
indicates an influence of the intermediate principal effective stress (or -

Lode's parameter) on shear strength. The principal disadvantages of the

Lade model are peossible underprediction of compressibility under the
influence of shear at small strains, lack of flexibility in matching true
triaxial shear strength data in the octahedral plare, lack of a device to
prevent negative plastic work, and possible instability and lack of
uniaueness due to strain softening of the expansive yield surface. e

V.8.2 Assumptions

The assumptions underlying the Lade model are basically those
discussed in Appendix D, except the dissipation condition is not e
enforced., Instead of a yield function defining the stress levels at which '-3;
plastic strain increments can occur, it defines the stress levels at which :

plastic strain increments will occur [Lade and Nelson (1981:504,507)].

493 a_};
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The strain hardening parameter for each yield surface is the corresponding = ﬁ;f;é
plastic work, rather than plastic volumetric strain as with the cap S
model. The use of two separate yield surfaces, each with its own |
potential surface and hardening rule, assumes that a material really has

two separate yielc surfaces.

V.8.3 Basic Equations

The collapse yield criterion has the equation

fo=fc-f.=0 (V.8.1) . ‘
in which o
£ 124 21, = 3(0lr + 2] (vV.8.2) :
| 2 - 0CT  ‘0CT <O L
|
W._\1/p ST
" 2 C
c Py -Cp—a {v.8.3)
where e ?3 ‘;
P, = atmospheric pressure o
C, p = material parameters
and

ve - [B)T[ee v.5.0

The collapse plastic potential, to which the collapse plastic strain

increment vector, {dec}, is normal, is

' 2
9. = fo = 17 + 21, (V.8.5)

f ~f -f. =0 (v.8.6)
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- in which

f[; = fF;,MAX = T]l at failure (V-8.8)
-
g -bW W \1l/q

f' ~ae P2 (V.8.9)
p P,

[3]

m, ny, a, b, q = material parameters

and

. W f{c}T{deP} (V.8.10)

©
!

The expansive plastic potential, to which the expansive plastic strain

] increment vector, [&eé}, is normal, is

213 27 + Pa 1 (V.6.11)
S, = 1 - "2\ 1] 3 +O

| where n, is also a material parameter.
The unloading/reloading elastic modulus is assumed tc be given by the

expression

Kurs» n = material parameters
Poisson's ratio is usually assumed constant.
A method for calculating the octahedral cross-section of Lade's
failure surface (the expansive yield surface at its maxinum extent) is

given in Appendix T.




ol The computational features of Lade's model are covered in Appendices

E F, G, H, I, J, K, and T. Using the value of Young's modulus from Equation

(v.8.12) and an assumed Poisson's ratio, the elastic incremental stiffness

matrix is given by Equation (J.31). The general equations of

i elastoplasticity given in Appendix D apply, except that the dissipation
condition, Equation (D.8) is not enforced. The elastoplastic incremental
stiffness matrices are calculated as described in Appendix G, but the

‘ polar mode check described in Appendix I is not used. Instead, if the
stress point 1ies on a yield surface, that surface is assumed to be
active. However, only positive plastic work increments are accumulated in

E. calculating total plastic work.

, V.8.4 Parameter Determination

Determination of the material parameters in Equations (V.8.1) through

(V.8.12) by a series of linear laboratory test data plots is explained in

Appendix T. Parameters for CARES-DRY sand were determined by using an

automatic fitting routine in the Soil Element Model which is based on

Appencix T. Step-by-step results from this fitting process are shown in

Figures (V.8.1) through (V.8.18).

Elastic stiffness data (Young's Modulus) as determined from the
unload-reload portions of isotropic compression, uniaxial strain, and a i T
triaxial compression tests presented by [Cargile (1984)] are plotted “ 1
versus radial confining pressure in Figure {(V.8.1). This plot yields
values for the modulus number, Krs» and exponent, n. = F;_%'ih

Figure (V.8.2) shows the loading hydrostatic data used for obtaining ’
collapse yield surface parameters. In Figure (V.8.3) the hydrostat has

been integrated to show collapse plastic work versus radial confining

pressure squared. Elastic properties are varied according to the

:
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previously determined relationship with 03 during integration. A single
. t straight line is passed through the data (open circles) to determine the
collapse constant, C, and the exponent, p.
- Figure (V.8.4) shows triaxial stress-strain data at five confining
| pressures. When the cata does not approach a "peak" response, it needs to

be artificially extended by some method. Extension to peak is necessary

for this type of hardening model to produce reasonably shaped

i - stress-strain curves having the correct value of expansive plastic work at o

peak stress difference. The method arbitrarily chosen here was to assume

a hyperbolic shape for the last twenty-five percent of both the axial and

;: radial stress difference-strain curves. A Kondner plot of strain divided
by stress difference vs. strain is then used to extend the data to

ninety-five percent of peak stress difference as predicted by the straight

. . line fit. Two such plots are shown in Figures (V.8.5) and (V.8.6) for the
CARES-DRY data at 3.4 MPa and 7.0 MPa, respectively. ]

Peak response data from the extended stress-strain curves are plotted '
i . in Figure (V.8.7) as fo,max VS- Pa/I1. The parameters from this

fit, n; and m, define the shape and most expanded position of the

P
Given the previously determined elastic and collapse plastic work :ﬁzgi:

expansive vield surface, f

y L)

: relationships, collapse and expansive plastic strains resulting from the T"f’w
triaxial test are calculated and plotted in Figures (V.8.8) and (V.8.9), '

. respectively. Figures (V.8.10) through (V.8.14) show the components of gibf:

volume strain which are relevant to the Lade model: total, elastic, n

collapse plastic, and expansive plastic (which is the difference between

- total and elastic *+ collapse). The basic theory of the model requires
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that the strain associated with the expansive yield surface always be

expansive. But in Figures (V.8.11), (V.R.12), and (V,8.13), this does not -
always happen. The reason for this is that at these confining pressures,

collapse behavior as determired by the isotropic test is stiffer than would

be indicated by the triaxial test. One remedy for this inconsistency is to

use an envelope of pressure-volume response which encompasses both tests,

|
-

The triaxial data and calculated expansive plastic strains are used to

determine the variation of the exparsive yield surface, fp, with

+
’
yroay}

.l

exparsive plastic work, wp. This is shown in Figure {V.8.15). Note that
the data does not conform to the idealized shapes for these curves as

postulated hy the model. Values of plastic work at peak stress difference

t
“- g e ) E
. N : . LT,
5 V.

lay roughly on a straight line in log space [Figure (V.8.16)], but the shape
parameter, a, in arithmetic space does not [Figure (V.8.17)].
The expansive plastic potential parameters are derived from Figure o !

(V.2.1P), which shows the variation of Ny with both fp and oge.

The straight lines Tie in a plane which passes through the entire set of

data. The rough appearance of the data is primarily a result of three P
factors:
(a) The data was digitized by hand from small plots, and radial strain

was calculated by graphically subtracting strain difference from f

axial strain. ]
(b) Unload-reload loops were eliminated from the data, but did in fact i

have a significant effect on volumetric response. O

(c) The fitting process up to this point may introduce some :? ?;;:}
inconsistency between test data and predicted mode® response. - Ef;

If raw data had heen availahle in digital form, and only loading had been :f :i}¢‘

performed in these specific tests, a much smoother plot would be expected.
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Table (V.8.1) summarizes the Lade model parameters for remolded l_ﬁ;l;

) | CARES-DRY sand.
V.8.5 Computed Behavior
With a two-parameter exponential fit to the hydrostat, the Lade model
- can produce a curve of single inflection only, either convex or concave.

Figure (V.8.19) shows this, compared with the test data. The fit is

reasonable at higher stresses, but cannot match the low stress variations f;f;”L

in bulk mocdulus trend, <4

CTC stress-strain data, used to fit the model, is well matched

(Figures (v.8.20) and (V.8.21)]. Volumetric response is qualitatively i  :_3

' good [Fiagure (V.8.22)], but overestimates the tendency for dilation in the ;Lt‘ii
Tooser (lower 73.) sards. Pressure-volume response comparisons [Figure .

(v.8.23)] are very good, again with the exception of over-dilation at low

. stresses. CTE shear failure levels [Figure (V.8.24)] could be matched . g

better with a slightly lower asymmetry in the expansive yield surface.
Initial shear stiffness is too high [Figure (V.8.25)]. The test specimens
' tended to compact only, while the model predicts a small amount of initial
elastic expansion, subsequent plastic compaction as the collapse yield
surface is pushed out, and finally dilation as the expansive yield surface
is pushed toward its ultimate position [Figures (V.8.26) and (v.8.27)].
The constant axial stress (RTC/RTE) and constant mean normal stress
(PSC/PSE) triaxial test exercises serve to illustrate the principal
aspects of the Lade model: work hardening/softening, asymmetric yield
surface, and shear-volume coupling (dilatancy). Due to the work-hardening

expansive yield surface, stress-strain behavior is smooth for both the

RTC/E tests [Figures (V.8.28-V.8.31)] and PSC/E tests [Figures (V.8.32-

V.8.34)]. Different levels of stress difference near shear failure for
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PSC and PSE [Figure (V.8.32)] are a result of the asymmetry of the failure
surface. Work softening is most evident in the RTE test [Figure (V.8.28)].
Note that this causes a negative net shear stiffness, as seen in Figure

(v.8.29). Dilation is evident for both the RTC/RTE tests [Figures (V.8.30)

and (V.8.31)] and the PSC/PSE tests [Figure (V.8.34)]. This is especially

important in the constant pressure tests.

Behavior predicted by the Lade mocel for tests rum in the triaxial 1
device from 7.1 MPa confining pressure is summarized in Figure (V.8.35). o ‘j
Note the variahility in pressure volume response due to varying dilation. 1

Predicted uniaxial strain compression (UXC) behavior compares poorly ]
with the data [Figures (V.8.3A) through (V.8.38)]. The calculated uniax is o ﬁ
very soft at Tow axial stress, due to the low initial confining pressure o
{0.1 MPa) and suhsequent low elastic stiffness (Eur is a function of
radial stress). The model also suddenly softens at about o, = 38 MPa ’ é

[Figures (V.8.36) and (V.8.37)] because the peak expansive plastic work is ’ ;-".5

attained. Clearly, this type of softening behavior is not appropriate for
this material under these test conditions. Qualitatively, the UXE stress
paths compare auite well with the data [Figure (V.8.39)], but again it
appears that somewhat more shear capacity in extension is required. Figure
(V.8.40) shows calculated UXE stress-strain respense.

Calculated resuits for the WES strain paths, shown in Figure (V.8.41)
are reasonahle but show a slightly high shear stiffness, as can be seen in
the plot of (ry-r3) vs. (eg-e3). Neither calculated stress path
shows the rather flat stress difference response upon increased radial
expansion as is observed in the data. The second set of strain paths

(dencted "Lade") originates at a low confining pressure (o3c = 0.4 MPa).
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This causes the Lade model to have a very low initial volumetric stiffness
and causes underestimated pressures [Figures (V.8.42) and (V.8.43)]. The P
overall shape of the calculated stress paths is very good. Figures 't ;i
(vV.8.42) and (V.8.4F) show predicted response for the true triaxial strain
path. Data for Nellis Baseline Sand is incliuded on the plots for
comparison. Both the strecs path and volume response comparisons look

quite reasonable.
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TABLE V.8.1(a).

LADE MODEL PAPRAMETERY FOP
REMCLDED CARES-DRY SAND

; Parameter Symbol Variable Value Units
Modulus Numher Kur EXUP 263.5 -- -
Modulus Exponent  n EN 0.8412 -- '
Poisson's Ratin v POIS 0.20 --
Collapse Constant C 2.7C0 «x 10'3 -- By
Collapse Exponent p PC 0.6482 --
Yield Constant " ETA] 8452 -- b
Yield Exponent m CURVM 0.2261 --
r R 0.1806 -- 4
Plastic Potential s SS 0.7309 -- ‘
Constants t T -14,52 --
a ALPHA 1,072 A
Work-Hardening 8 RETA 2.140 x 107 --
Constants P PV 0.6379 -- 7
1 ELW 0.8077 -- **
q 0 -- o]
Peak Plastic Wp, pk WPPK Pa T
Exp. Work a A varies, see -- SRR
b B Table V.8.1(b) -- L
: Initial Confining os. SIGMA3 MPs -
: Pressure L
- Initial Plastic Ve o WC Pa BRI
- Comp. Work ’ i
. Mass Density 0 RHOREF 1000 kg/m’ R
| 1
? :

i JOSEAASI M

v l'*" K

v




TR e e m LT ey mim, m W, W w W v e T, Lt Al bt ate oS S e N W W Y WY Y Y VY Wy wyw v~ y—y - -
" . i r T W ey el e g0 ot " n% - T T T
r - = - - B

TABLE V.8.1(b). LADE MODEL PARAMETERS WHICH VARY WITH COMFINING PRESSURE

03C Q wppk A B wc’o
(MPa) (Pa) (Pa)

0.1 1.972 6.40 x 10%  177.3  7.928 x 10°6  5.48 x 102 ;‘*‘i

0.4 1.072 2.02 x 10° 99.06 2.516 x 10°%  3.46 x 10° "

1.8 1.976 £.60 x 10° 50.31 7.668 x 1077  2.32 x 10%

3.5 1.970  1.13 x 10° 41.44 2,471 x 10°7  5.50 x 10%

7.0 1.987 1.98 x 10® 31.38 2.585 x 107 1.35 x 10° 2
20.0 2.012 4.62 x 10° 20.85 1.075 x 107 5.27 x 10° '
32.0 2.000 6.75 x 10°  17.62 7.264 x 10°8 9,70 x 10° -
5¢.0 2.006 1.10 x 10’ 14,54 4.324 x 107" 2.13 x 10° B

100.0 2.183 1.69 x 10’ 12.81 2.708 x 10°8  4.25 x 10° v”;
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APPENDIX W NN
DEVELOPMENT OF THE ARA CONIC MODEL

W.1 Motivation

Of the eight soil constitutive models examined in Section 3 and
Appendix V, the Lade model is most appealing from three important
standpoints:

a) favorable rating with respect to seven of the ten evaluation Ll

criteria in Table 3.1; |

b) accuracy and flexibility in representing soil stress-strain

behavior; and P
c) ease of developing intuition for parameter physical significance

and accuracy.
Conseduent]y ARA elected to modify the Lade model rather than create a L
completely new one, to develop a soil constitutive model suitable for

analyzing the response of soil masses to complex dynamic loadings.

The modifications were designed to achieve the following additional e

desirable features:

a) better volumetric strain response under non-isotropic loading; jﬁfi
b) greater flexibility in matching shear strength data, in both the A
'*-—-‘

triaxial and octahedral planes; S

c) correct plastic mode selection based on the thermodynamically

related dissipation condition that a positive plastic work -
increment accompany yielding; }ﬁé;
d) finite, reasonable friction angle at low confining pressure; E:;f
e) essentially constant shear strength at high confining pressure; ?Q:'
and ??i?

f) direct (noniterative) shear strength calculation in both the




T
\

triaxial and octahedral planes.

Several Lade model features have been retained:

a)

b)

c)

the basic model construction, i.e., two yield surfaces, one
compressive and ore expansive, both strain hardening, the
compressive yield surface associative and the expansive yield
surface non-associative;

both the compressive and expansive vork hardening formulations;
and

the unloading/reloading etastic modulus formulation.

New features include:

a)

b)

c)

d)

e)

an ellipsoidal compressive yield surface to increase
compressibility in the presence of shear deformation;

a hyperholic expansive yield surface with a triple ellipsoidal
octahedral cross section, possessing a finite, adjustable slope
(friction angle) at low confining pressure, essentially constant
shear strength at high confining pressure, flexibility in
matching both compression and extension shear strength data, a
completely smooth octahedral cross section, and directly
computable shear strength;

enforcement of the dissipation condition;

development of a polar mode check based on the dissipation
condition, to determine uniquely and without trial and error
which vield surfaces are active under a given state of stress and
prescribed total strain increment; and

determination of compressive yield surface parameters by fitting
the plastic hydrostat directly (using a linear transformation)

rather than having to compute compressive plastic work.
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In addition, the work softening feature of the expansive hardening
function may be modified or deleted in future versions of the conic model
to insure uniqueness and stability, and to achieve a finite, constant
shear strength at large shear strain (a non-zero critical state). The
model is called a conic model because all three controlling surfaces in
principal stress space have both triaxial and octahedral cross sections
which are conic sections. It is also called a three invariant model
because the exparsive vield surface involves three independent stress
invariants: the first total stress invariant and the second and third
deviator stress invariants. The ARA conic model rates favorably with
respect to all ten evaluation criteria in Table 3.1.

At present the conic model uses the incremental stiffness formulation
developed in Appendix G, rather than a trial and error yield surface
violation correction procedure such as that discussed in Appendix S for
the cap model. However, the initial strain increments needed for
numerical stahility of the conic mode)l are very small (of the order of

10‘6), and a trial and error correction procedure may be an economic

necessity when using it to solve dynamic or static boundary value problems.

W.?2 Assumptions

With one important exception, the assumptions underlying the conic
model are the same as those underlying the Lade model, discussed in
Section V.8.2. The one exception is the conic model enforces the
dissipation condition, whereas the Lade model does not. Using two
separate yield surfaces, each with its own potential surface and hardening
rule, assumes a material really has two separate yield surfaces. The

strain hardening parameter for each yield surface is the corresponding

RA A i Sed it Abdt Aeg Sl aet-a s aa el a e o0 o]
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plastic work. Of course all these elements of an elastoplastic model
really amount to physically motivated curve fitting, the acid tests of
which are predictive accuracy and ease of use.
W.. Basic Equations
The conic model compressive yield criterion has the same general form
as does the Lade model.
fC = fé - fg =0 (v.8.1)

but the stress related function, fé, has a slightly different form.

2 2 2

* 3 Toct (W.1)

where
r = compressive yield surface ellipse axis ratio (see Figure (U.1)).
The compressive hardening function, f;, has the same form
as does the Lade model.
1/p
2 wc

£ = p2 e (v.8.3)

atmaspheric pressure

(]
-
©

]

material parameters
and the compressive plastic work, NC is defined by the equation
T{, ¢
W, = j@% ke } (W.2)
The compressive plastic potential, to which the compressive plastic strain

increment vector, {dec}, is normal, is

. 2, .2 2
9. = fo = 3opcy * 3 T ey (w.3)

The conic model expansive yield criterion has the same general form
as does the Lade model.
f =f' - f" =0 (v.8.6)

p p p
but the stress related function, fé, has a different form.

SR Al Sndh and Aa 0a g e s g oo ]
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£ ("CT) (1 - Ecos 3u)(—a + m) (W.4)
! P Pa °ocT

N in which

A e o«
. .‘l', N

fo = foomax = M at failure (V.8.8)

. =Y oy e
S
L
s

The expansive hardening function, f;, has the same form as does the Lade

mode 1.
bW /w \/4a
£ - ae p<_P (V.8.9)
p P,

In Equations (W.4), (V.8.8) and (V.8.9)
E, m, nys @, b, q = material parameters

and the expansive plastic work, wp, is defined by the equation

W =f{c}T{de 3 (V.8.10)

The expansive plastic potential, to which the expansive plastic strain

increment vector, {qeé}, is normal, is
. <°OCT)
2 pa
g
1+ n( ocr)
Pa

where ny is also a material parameter.

0CT W
gp..( P, )(1 - Ecos 3u) - (W.5)

;" The unloading/reloading elastic modulus is assumed to be given by the
. expression

- o n

S _ oCT

i - Eur = Kurpa('Ta-—> (W.6)
':h ‘ where

jﬁ . Kur, n = material parameters

oo

%. and the unloading/reloading Poisson's ratio, Vyrs is computed as

~
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described in Appendix T, or assumed. When neither yield surface is active
the material response is incrementally elastic.

An unloading/reloading hysteresis option for cyclic loading has been
formulated but not yet fully implemented. The deviatoric strain
increments are considered completely elastic, so that the deviator stress
increments are given by the equation

E

ur
dsij = T_T_Tf—deij (W.7)

ur

However, a portion of the volumetric strain increment is attributed to
unloading/reloading shear hysteresis rather than to a change in octahedral
normal stress. In other words, a volumetric strain increment, de, would
accompany an octahedral shear strain increment, dz, even under constant

octahedral normal stress. 1f the octahedral shear strain is

1
z = [3€558; (W.8)

then the octahedral shear strain increment, dz, is given by the expressions

eijde1j
dz = —5—= (z > 0)
(W.9)
1
= T del‘)de_l‘] (Z = 0)

The octahedral shear strain, z, is nonnegative, but the octahedral shear
strain increment, dz, can be positive, zero, or negative. The volumetric
strain increment due to shear, de, is assumecd to be related to the

octahedral shear strain increment, dz, by the equation

de - — (W.10)
A - ze (y *+ 8sgn dz)
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where

3! A, M, 0, v, 8

N

material parameters

number of octahedral shear strain reversals

The parameters are chosen so the denominator in Equation (W.10) will

A
- o

always be positive. Equation (W.10) can accommodate irregular cyclic

loading, and produces hysteresis loops which narrow progressively as the

number of octahedral shear strain reversals, N, increases. The octahedral
. il
i normal stress increment is calculated by the equation ) ’

chCT = K(dekk - de) (W.11)

The method for calculating the octahedral cross section of the conic

failure surface (the expansive yield surface at its maximum extent) is '
given in Appendix U.
The computational features of the conic model are covered in the
i . appendices. Using the value of Young's modulus from Equation (W.6) and an '-
: assumed Poisson's ratio, the elastic incremental stiffness matrix is given N
by Equation (J.32). The general equations of elastoplasticity given in
! J Appendix D apply. The elastoplastic incremental stiffness matrices are
calculated as described in Appendix G, and the polar mode check described
‘ in ApandixAI is used when the stress point is at the intersection of the
. - two yield surfaces. :,f
W.4 Parameter Determination L
- Determination of the material parameters in Equations (V.8.1) through
‘ (W.10) is discussed in Appendix U. Figures (W.1l) through (W.20)

- illustrate the fitting process for the ARA model using remolded CARES-DRY
;\ ;:., Sand data. A1l the fitting was performed automatically by the Soil . .
‘ Element Model. Figure (W.1) shows the variation of Young's modulus with :»~
" ! 555 1
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maximum past pressure for this material. This plot represents the best
straight Tine fit to observed unload-reload stiffness from isotropic
compression, uniaxial strain, and triaxial compression tests reported by
[Cargile (1982)1, The corresponding pressures are the test pressures at
which unloading commenced.

Figure (W.?) is the hydrostatic data (loading only) used to obtain
the compressive plastic work parameters. In Figure (W.3), this curve has
been integrated to show compressive plastic work versus pressure. The
integration process assumes the variation of elastic properties with
confining pressure as previously determined. The data, shown as open
circles, does not fall along a single straight line, even in log-log
space. Therefore, several straight tine segments have been fit, as shown,
with breakpoints between them defined on the basis of compressive plastic
work. The ARA conic model is presently formulated so that up to four
segments can be used.

Figure (¥.4) shows triaxial compression stress-strain data, which, at
some confining pressures, has been artificially extended to near peak
response. This has been done by assuming a hyperbolic shape for the last
twenty-fivé percent of both the axial and radial stress difference-strain
curves. A Kondner plot of strain/stress difference vs. strain is then
used to extend the data to ninety-five percent of peak stress difference
as predicted by the straight line fit. Two such plots are shown in
Figures (W.5) and (W.6), for confining pressures of 3.4 MPa and 7.0 MPa,
respectively. Some type of data extension to "failure" is necessary for

this type of model to yield reasonable values of peak expansive work.
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) Figure (W.7) defines the shape and maximum extension of the expansive A
yield surface, f . Peak values have been plotted for triaxial tests ;44;¥i

p
run at five different confining pressures,

Given the previously determined elastic and compressive plastic work

behaviors, Figures (W.8) and (W.9) show the predicted compressive and
expansive plastic strains during the triaxial test. Figures (W.10)

through (W.14) break down the total volumetric strain response at each
confining pressure into components. Shown are the total, elastic, and :‘ ‘;
elastic plus compressive plastic strains. Expansive plastic strain is the L

difference between the total and elastic plus compressive plastic curves.

1
According to the model theory, this should always be a negative quantity, (?fij
i.e., the expansive yield surface should always produce expansive volume o
strain components. At some confining pressures, however, this does not
hold true. ([See Figures (W.11), (¥.13) and (W.14)]. This implies that & - q
the volumetric response determined from the isotropic compression test SEREe

cannot be totally representative of the triaxial test volumetric

response. MNote that this can be remedied by using an envelope of t“‘”jﬂ

- pressure-volume behavior which encompasses both tests. Further adjustment R
- .-\4? o
“»

of the r factor may also help.
E; . The observed shape of the expansive surface hardening function is §f“'
shown in Figure (W.15) for each confining pressure. Peak values from

these curves are plotted in Figure (W.16), and shape-related values are

plotted in Figure (W.17).
Parameters for the expansive plastic potential surface are derived
from a plot of n, vs. f, for several confining pressures, as shown

in Figure (W.18). The data are derived from triaxial volume response and




model predictions, and a plane is passed through the entire set. The very
rough appearance of the data is due to three factors:

(a) rough hand digitization of test data which had been plotted on a
small area;

(b) elimination of unload-reload loops from the data, which did in
fact have a significant effect on volumetric response (the large
dips, most noticeable at 93c,5° coincide with the eliminated
loops);

(c) previous fitting processes which may introduce some
inconsistencies between test data and predicted model response.

Fiqures (W.19) and (W.20) summarize the shape of the fitted expansive
and compressive surfaces in the triaxial and octahedral planes,
respectively. Table (W.1) summarizes the ARA parameters for remolded
CARES-DRY Sand.

W.5 Calculated Behavior

The multi-linear fit to compressive plastic work produces an
excellent fit to loading isotropic compression stress-strain data, as
shown in Figure (M,21). Note that both concave and convex behavior can be
matched for a large range of pressure. The model currently predicts only
linear elastic behavior on unloading-reloading, so the observed “tail" on
the unload curve is not well modeled.

CTC stress-strain hehavior is matched fairly accurately, as shown in
Figures (W.22) through (W.25). The model cannot follow the uneven volume
strain response shown in Figure (W,?24), but does match the overall trends
of compaction and subsequent dilation at each confining pressure. Figure
(W.25) shows very good prediction of pressure-volume bhehavior for this

test.

£
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Peak values of stress difference for the CTE test were used for
defining the asymmetry of the expansive yield surface, so they are well
matched, as shown in Figure (W.26). The shape of the stress-strain
behavior is also predicted quite well [Figures (W.26) and (W.27)].
Observed volume behavior for this test is essentially all compaction, and
this is true for the calculated behavior as well [Figures (W.28) and
(W.209)]. Note, however, that the model predicts dilation past 4-5 percent
axial strain, while the samples apparently did not dilate at all.

Calculated RTC/RTE hehavior [Figures (W.30) through (W.33)]
illustrates several important features of the ARA model. Stress-strain
curves [Figures (W.30), (W.31) and (W.33)] are smooth for both tests.
Substantial softening of the expansive yield surface occurs during the RTE
tests. As shown in Figure (W.31), this results in a negative shear
stiffness past 20-25 percent strain difference. Dilation is predicted for
both tests [Figures (W.32) and (W.33)].

PSC/PSE calculations show non-symmetric stress strain behavior
[Figures (W.34) and (W.35)], as would be expected due to the non-symmetric
yield surface. Note that no work softening is predicted, because wp,pk
has not been achieved for any of the confining pressures. Volume strains
are predicted to be initially compressive due to outward movement of the
elliptical cap, and then expansive due to shear dilation [Figure (W.36)].
Figure (W.37) summarizes calculated behavior of the ARA model for several
different tests run in the triaxial device. A1l tests start at 7 MPa
initial confining pressure.

Uniaxial strain (UXC) data vs. calculation comparisons are shown in

Figures (W.38) through (W.40). Stress-strain behavior is only marginally
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good, because of the model's tendency to stiffen (due to dilation) under

non-isotropic stress paths. The stress path is predicted quite well, with

the exception of the non-linear unload-reload excursions, ;;; Jﬁ
The observed shape of the UXE stress path is predicted very well by
the ARA mocdel as shown in Figure (W.41). Apparently, the ultimate
expansive yield surface position is somewhat more expanded than predicted
bv the model. Fiqure (W.42) shows calculated UXE stress-strain response.
Axisymmetric strain path results for the ARA model [Figures (W.43)

through (W.45)] indicate that the determined parameters produce behavior

Cas
"

which is too stiff at the WES level of confining pressure (7 MPa). This
point can be confirmed by re-comparing UXC calculation and test data at an
axial stress of about 12 MPa (corresponding to a pressure of about 7 MPa)
in Figure (W.2R)., The stresses from the WES strain paths [Figure (W.43)]
are substantially overpredicted as a result. Stress difference alsoc drops
too quickly, as radial expansion is intensified. The model does somewhat
better with the Lade strain paths [Figures (W.44) and (W.45)], perhaps
because the initial confining pressure is lower. In fact, for these
paths, both shear and volume stiffness are somewhat underpredicted.

Figure (4.4€) shows the predicted stress path for the true triaxial
test strain path, and Figure (W.47) shows the predicted pressure-volume

response,
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TABLE W.1(a)

DAt hin A 30 darAta e A0 Bte Al ¢4 4 M e Bte 4t Bia Man g 2 TY WYY

ARA MODEL PARAMETERS FOR
REMOLDED CARES-DRY SAND

T Y Y WP U N W™ oW -
halalh T T T W W W i R~y W

lhentals

Work Hardening Constants

™ R — U

ot

Plastic Potential Constants
S

Plastic Potential Constant n2 g
Initial Plastic Comp. Work We,0

Mass Density p

Plastic Expansive Work 90CT, max
at fp max Wp, bk
Work Hardenirg Constants q
a
b

Parameter Symbol  Variable Value Units
Modulus Constant Kur AKUR 36.35 --
Modulus Expopnent AN 0.8412 --
Poisson's Ratio ve APO1 0.200 --
No. fé Segments Ncry ACRYV 2 -~
Hardening Constant Cq AACC(1)  4.645x10-5 -
Hardening Exponent Seg. 1 Py AAPC(1) 1.401 -- R
Hardening Breakpoint bk ABRK(1) 2.105 - |
Co ARCC(2)  6.086x10-2 . .
Seg. 2 Py AAPC(2) 0.4667 --
bko ABRK(2) 22.84 -
C3 AACC({3)  7.516x10-1
Seg. 3 P3 AAPC(3) 0.2688
CAP Axes Ratio r AR 0.250
Yield Constant E AEY 0.111
- Yield Exponent m AMY 2.875x10-4
Failure Constant n] AETAl 0.6454

APBAR 0.5057
AL 0.8691
AALPH 5.000
ABETA -2.631x10-3

ATG -0.9646
ARG 2.182x10-3
ASG 1.860

ASOCT

AWPPK

AO varies, see
AA Table W.1(b)
AB

AETA20

AWC

RHOREF 1900
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TABLE W.1(b) CONFINING PRESSURE DEPENDENT -
ARA MODEL PARAMETERS o
1 4

(MPa)  (Pa) (Pa)

.03x109
.62x10% .
.97x10° A
.42x10° o
.87x10 B
.21x10
.56x10
.16x10
.87x10°

.07x10%
.74x10
.25x10
.11x105
.03x10°
.06x10
.62x10
.29x10
.05x10

.997
.980
953
.909
.818
.481
.170
.474
L4058

. 9058
L7076
.5471
.4856
L4263
.3370
.2911
.2132
.1075

.950x10 -0. 9624
~0.9602
.232x1077  -0.9554
.830x10°7  -0.9518
.021x1077  -0.9465
.407x10°8  -0.9340
.1a8x10°®  _p.9258
227x10°8  _0.9121
.027x10°8  _0.8961
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