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;> A Berry-Esseen theorem is proved for weighted U-statistics, assuming
certain growth conditions are satisfied by sums of the weights. The result is

proved using the Fourier-analytic techniques of Chan & Wierman (1977) and
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1. Introduction

Let xl,xz,...,xn, n > 2 be i.i.d. random variables with common

distribution function F. Let h be a symmetric function of r variables
such that h(xl""’xr) has mean zero and such that E[h(x],...,xr)lx1]= g(xl)

has a positive variance. Hoeffding [11] introduced the U-statistic

H o= () ) h(X, ,...,X ),
n o M 1y

where X denotes summation over the set C of combinations i = i1p~--.i of
i€cC - | ¥
integers in {1,2,...,n}. Hoeffding proved the asymptotic normality of

‘U-statistics. An investigation of the rate of convergence to normality
begun by Grams and Serfling [9] and continued by Bickel [1] and Chan &

Wierman [4]), resulted in the Berry Esseen theorem for U-statistics by Callaert

Y

and Janssen [3]. They obtained the rate of convergence o(n” ?) assuming

a finite absolute third moment for the kernel h(Xl,...,Xr). Pecentlv, Helmers

and Van Zwet [13), for the case of r=2, have relaxed the assumption to
3 t
Elg(Xl)] < « and Elh(Xl-X2)| < @ for some t > 5/3.

» . r —
For a symmetric function w(1l,...,1r) on (In) , where In = {1,2,...,n},

satisfying the condition that w(il,...,ir) = 0 if ij = ik for some j # k,

we define the weighted U-statistic

U = Jwli,e.. i Jh(X, ,oearX; ).
n i€C 1 r i, r

Little is krown concerning the asymptotic properties of such statistics,
as noted by Serfling [15]. For kernels of degree r=2, Brown and Kildea [2)

considered statistics of the form S = Z h(Xi,X.), where k is fixed
(i,9€c, )

and for each n, C is a collection of pairs (i,j) with 1 <i<j<n

-

balanced in such a manner that each positive integer less than or equal to n
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is present in exactly 2K pairs in CK,n' These statistics are called balanced
incomplete U-statistics or reduced U-statistics, and are clearly a special
case of the weighted U-statistic with weights of 0 or 1 only. Brown and
Kildea show that Sn, properly standardized, is asymptotically normal. Estimates
based on reduced U-statistics are asymptotically equivalent to those based on
the corresponding U-statistics, but require far fewer steps to compute. Brown
and Kildea also obtain asymptotic normality in some cases when the balancing
condition is relaxed.

Sievers [17] considered the simple linear regression model Yi = q + Bxi +
ei, 1 < i < n, where o and B are unknown parameters, XyreoosX are known

regression scores, and e ve--,€ are i.i.d. random variables. He considered

1

inferences for B based on a weighted rank statistic defined by

nil !i
T, = a..p(y, —a - Bx,, Y. - a - Bx.)
B 4o g=in 1101 S J

where ¢(u,v) =1 if u < v and 0 if u > v. The weights are arbitrary, except

that aij =0 if xi = xj. Note that the when the slope parameter has value B,

then T, is a weighted U-statistic. Sievers proved asymptotic normality of

B

TB under restrictions on the weights aij' and developed tests and confidence
intervals for the value of the slope parameter B based on TB.

Shapiro and Hubert [16] consider weighted U-statistics with kernels of

. 2,
order r=2, and proved asymptotic normality if E[h(xl,xz) ] < » and

i wk'n
i#3 I k=1
and
o2
méx w, / 2 wk.n - 0
1<i<n k=1
-2~
TN g

< ~“ o« g -"‘.'.. ‘o . '.”\,.“.' ‘.,
e P T Y I e ¢ N
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.’ where wi-n = El wij' This result is then used to obtain asymptotic normality
e of permutatiogl statistics of interest in biometry (Mantel and Valand [14]),

;‘;; geography (ClLiff and Ord ([5]) and clustering studies (Hubert and Schultz {12}.
s;' Kepner and Robinson [13] considered weighted sums of multivariate functions
:ﬁ: with kernel of order k, and generalized the asymptotic normality results of

!

1‘ Brown and Kildea [2]} and Shapiro and Hubert. Note that the results of ‘:hese

: papers and the present paper are valid when the kernel h and weight £ :tion

: w are replaced by sequences hn and v satisfying the conditions assu

Let U = J wlij,ceesiJh(X, 4ou)X, )

s
! ieC 1 r
L
&
:': where z denotes the sum of over all combinations 1 = {11,...,1 } of
. l: C .
integers from {1,2,...,n}. 1Introduce the function g by g(xi ) =
- 1
K- E[h(X. ,...,X, )lx. ], and the sums of weights
S i i i
i 1 r 1
L .
L) wi = 2 w(_i) =§: -Ooz w(i'izl--o,ir)
. idi i i
A = 2 r
:j: {i,i,),...1 }eC
N
and w, = I ow@ =) o] wii,deige...i).
:" i34.3 13 iy
¢ .. oa .
:‘ {1l]ll3l-o-rlr}€c
o
:. n 3 2 2 -2A2 o o 2
{ Let r = ) w,, s = Ew—o 0,andt=2 ¥ iyt
& I T L =5 R nog21 g=ie1 T
i Accesion For Y
4 NTIS CRA&I N
‘ 3 The projection of Un is given by DTIC T7AB O
Unannounced )
n Justificaton |
A U = ) E[[|x]
e S 1= R By A1x. .ans e
o Dist:ibution )
;. n I
g = 3 ) Wl DB X )X Avaitability Codes
K i=1 iyi 1 *r Avail and/or
2 Special
[ ieC
P
)
')
LY
-3~
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R, A4, 4

n
= ) {Zwu beoesd )gcx.)}
i=1 (i3i 1 oot

iec

n
121 w9 (X,)

or alternatively
n

n
G = YEWU |x.1= ] {W(i veeveil) Y EIRX, L...,X%, ) x,]}
n i=1 n' i iEC 1 r i=1 11 1r l i
= ) wliy,e.. i) [g(X, +...4+g(X, )]
iEC 1l r 11 lr
2 2 _ 2 _

Let Og = Var (g(:i)), Oh = Var (h(xl,...,xr)), and On = Var(Un). Calculate
~2 A 2 2 ¢ 2

0 =Var(U ) = X w, Var{(g(X.,)) = 0o Z W, .

n n . i i g . i

i=1 i=1

Three conditions on the weights are required for the statement of the

result.

Condition (l): There exists B < 1 for which

2 2 6, 2
< > +
max w, < (Bsn/r)A(sn/rn) for alln > r 1l
lfifn
max w2
e, . ij 1l -1 11/3 -9 -1 5-24% -1
Condition (2): 5 < 30T, s, [tn log(ohog s, Tn tn)]
max wy

Condition (3): tn < Crn/sn for some C, 0 < C < oo,

Theorem: If h(xl,...,xr) has finite absolute third moment and the weights

satisfy Conditions (1), (2), and (3), then
-1 3
s):(%&h’(on Unfx) - o(x)| = o(rn/sn). as n > «©,

The most restrictive condition on the weights is Condition (2), which
is derived from the characteristic function bounds in the Fourier analytic
approach to the Berry-Esseen result. With Conditions (1) and (2) satisfied,

the theorem holds for Un/an. Condition (3) permits replacement of an by

g .




TR T O T T VA ST T TE T T T T ST WTR WY

€
i'

‘s

54 The present paper generalizes the result of Callaert and Janssen (3],
1a
: since if w(i) = 1 for all i, conditions (1), (2), and (3) are satisfied,

}' and in this case the rate of convergence is O(rn/sn) = 0(n ). For the

'l

3

$ case of unequal weights satisfying 0 < A < w(i) < B for all i, the Theorem
. ¢

! applies and provides an O(n 1) rate of convergence. In fact, one sufficient
K)

X -

ﬂ. condition for the convergence rate O(n ) is

»

'y

" max s,

e (*) —2) < p,

min w,. -

\ 1]

N

‘2 which holds for the above-mentioned cases in this paragraph. One may observe
“"\

h} from Conditions (1), (2) and (3) that the bound on the convergence rate

l’n

depends on the weights only through their sums wij’ so individual weights

9

Y may differ greatly without violating the hypotheses of the Theorem.

e

-
3 A

2. Proof g£ Theorem

~ ~
D t - o .
enote (Un Un)/ n by An Note that

AN

. al

: A =0

n n ; w(11,...,1 )Y i

) icC 1 r

:: \
. where Y. . = h(X, ,...,X, ) - g(X, )= ... -g(X, ).

X ; I | i

» 1 r 1 Yy H 1y
‘f Split An into two parts Aé and A; = An - An' with

: Cn cr‘. cn

- A= ) LACTRURTE 0 ) U0 ) SUPRIRNE I

o 1,21 i =i +1 i =i +1 1M r

- 1 271 r r

aa‘g e B
Ly
T

Restrictions on the choice of c are found which provide the rate of

v 3
¢ convergence O(rn/sn) for bounds on several terms to be estimated. Condition
o0 . . . . . es
‘x' (2) insures the existcnce of a choice of c which satisfies all of these
S5
:} restrictions simultaneously. [This corresponds to the analysis of order bounds
&Y
;‘ for L and dn in section 3 of Callaert and Janssen [31.]
K
'
o.:' -5-
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For any sequence a, of constants, an elementary calculation gives

s:p,P(Un/on < x) - ¢(x)]

< s:pIP(Sn +4 <x) - ex)| +r(]Ar] > a ) + Ofa)

Then, letting ¢x denote the characteristic function of random variable X, for x>0,

3
esn/rn _

! t

53

¢ n"n ~1 ¢ _¢
<7 S (t)ld; + fo t | g (® o apr (B) lat.
n n n n

Since sn is a sum of independent random variables with finite absolute third

moments, a standard Berry-Esseen argument (see e.g. Feller [8], p.544) yields

3
€s”/r
n n -3 3
- <
dg (t) |dat < c,v.0 x /s,

2
t_lle t7/2 V3
n g

i)
0

for an absolute constant Cl' where V3 = Elh(xl,...,xr)l3, and we may take
3
- V..
£ Ug/ 3
The majority of the proof determines the bound for the remaining

integral. Writing N for the characteristic function of gn(Xl), with ¢ as

above, we have

1l .2
3—60

QN

neey] < e for [0] < egg’

Begin by estimating

logce) = oo L4 (0)]
n n n

IE[citS“(l—eitAﬁ)]l

its 1 .2 2
< [Ele N ieA) ] + = !
< fet 21+ 5 EEan?,
B
e S A A o i R e e e e TR T U R e T AT P A
0 e DML N ﬁ‘..,b.‘} AN AN AN n ' K dCn Y vy Mok, B UTRT MM N !‘-"':‘; on

3
-
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s

and note that by independence,
{E[eltS“A'] l
n

itfin"l
w(il,...,ir)E[e z. 'wkg
k#1j¥3

(%)

Q|+

) ]

n icC

i,3<c, ¥,
Jscp 3

on -1
itg (w; g(X: Y+...4w; g(X; ))
x El e ""n i i i i
[ 1R r’ Yi]...ir]

For a fixed combination is= {il,...,ir}, assuming Condition (1) holds, for

0<t<€S3/rr
n n

!
£ [eltcn ) wkg(xk)] -0 n(%ka;1€>
k=i ] LS T
- t_2_ ~—2 ( z w}2(>63
Se 3 A\KAL, ... 0
_t2a1-m)
=e 3

. A=1 -1
since 0 < t < €s3/r < ¢s_/max w, implies Wy On t < g0~ for all k.
non 1<i<n 9

Also, for each fixed i, since E[f(xi )Y, ,--.,ir] = 0 for any bound Borel measurable

3 1
function f,

Aw] r
E|ettn L wigX; )y
j=1 ] I igseei
Y

. . T

itop* Y w, g(x. ) A1 ¥

= E e L 1. 1. -1 - it0

[{ j=1 73 3 it n .z wi.g(Xi.) Yi PRP 1 R
=1 73 J 1

-7-
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IA

=2
to Z ZW. W, Elg(X- Jg X, )Y, .
n ij ik 1j lk lj ﬁ( 11,‘..,1r

< (r+1)v t23_2< ) w, )2 .
- 3 n . i,
=1 73

Combine these estimates to obtain

l EeltSnA',
n
.2
35-3,2 - = (1-B
< v 3 By foliyesi) wy +oaw, )2}
i.<c ¥j roh *r
= n
i€C
To bound this sum, write
, . 2 2
.z w(11,...,1r)[wi +...+wi + 2wi w, +...+2w, w. J.
i€C 1 r 1 %2 r-1 My

. , 2
Z w(ll"'°'lr)wi

ieC 1

v, 2
.Z 1{wil .z. wiiyr-eeni)
1”7 M
n
)

and similarly for each of the squared term's contributions. For the cross-

product terms, by Holder's inequality,

= T - -
LA
> pme s .’{?‘ai



L
o,
L2
o,

Zw(i reons
icc *

i)w, w,
r i i

) w(iysiy,..oi)]

. i, & 2
1—1 12—11 1 72 &311,12
iecC
n n
= Z 2ww.w
ll=ll=1‘fll 2 7172
n n n n
=3 USSR L TR S S
i_= =3 i =1 1 =i+
11121+1112 111121121?
n
3
<
S 1w
i

There are (;) cross-product sums, each with a coefficient of 2,

the bounds, the overall sum

is bounded by

3
Sn
Hence for @ < &€— ,
n - r
n
- 1tS
f(‘)i“ et |Ee” A" )|at
r2 (r+l)Vv n d
< 3 3 n > t (1-B)
S 5 2 Wy fo 3 dt
ag i=1
n
P S AN S, 3/2
- _ = /1r (1-B)
3 3 4
o} s
g n
._9._
T SLYSLNN .‘__'."_-.:,-._ ST ~.__'.}‘C e TN \.;. N \ NSy ﬂ."\v"“' " :
A I e A I e A A D R DN AN T A A SR AN
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independent of the choice of dn. Note also that the choice of c. played

2
no role in the computation of this bound. To bound E[(Ar'x) }, note that

EfY. . . .
[lll°"ll ]ll"'rjr

if the combinations i and j contain zero or one common indices. [See Grams

and Serfling [9]. Otherwise,

Efy, 4 ) o< (r+1)2 oi

Then o] E[(An) ]

=E[

YooY whwdy,y,
€C jec 23
)

i

(i j Y.Y.
. wi{i)w()) EI i?ll
1 | ,

i

|

2 2
+
(r+l) Oh

A
H” o~ .

n
. . Z. . {Z } :ﬁZ wiwj
i.=1 12=1l+ i D 11,12 Jj=2 31,12} - =

= 22
= (r+l) o Z Z w? ]
i=1 i =i+l T1°°

17t Ly 2

2 2
= (r+l) 0t -
h™n

2 . %
The choice of dn id determined by the bound for E(A')”. Choosing dn = r;t

the bound becomes
d
1 2.°n
FEMDTS tat
o)

2 2n-
Y(r+l) 020 2 t d2
h'n n n

IA

LA

29 -
¥ (r+1) ‘a0 2 ¢ /53
g "n’"n
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. a-=1
The estimates above provide the bound required for |P(0n Unfx) - ¢(X)l for
3
< .
all n such that €sn/rn < dn

3 .
For the case when @ < r /s , write
n n’ “n

E[eits(l_eitA')]l

-1 N
l: it an Z wkg (xk)] l: 1t0n E Wkg (Xk)
k>c

e n Ele

T |xk>e k
n
1 A-2 2.2
->a ] owit’g
_<_ e 3 n k>c k 1 E{ 1 itA’ ]
_ %_ ;-12 wﬁtzoz
<tE|A] e k>c

The bound for E]A'I is obtained from Lyapunov's inequality ([6], p. 47)

2
and the previous bound for E(A') :

' Loavy 2 -11'5
E[a'] < EFHANHC < (r+1)o, 0 “t'.

Choose cn so that

2 ~2 -1 -2 -1 5 —Zt%
(*) Z Wy > 30'n Og dn log(O'h(Tg S.%n tn )
k>c
n
Then
esz/rn 1
S t t) -
a [958 = o, (0) at
-11-~
4 G R R OO O CR TR LR TR R N A e AL S ARG T A ALY N Ny .
.‘0 e SY *" }5) 4/ "‘- J A "W '- -{y ..-5 ANNY » " “A'J (A Pn ™




3
~1 % .es”/rp -
n’-n
§(r+1)0h0h tn ja e 3 "n-1

1 ~2 -1
~ S - $0¢C Z 2
(r+l)o. o ltl’(a—n)(e 3 n7l k>ank)
h'n n rn

A

elr+l)o o 1p /s3.
hg n''n

Note that inequality (*) is satisfied if

15-2%

. 2 -2 2 -1 -
-C min . >
(n-c_ ) w, > 30 $.%. n t lOg(OhOg s ¥, tnh

lfifn g

providing a lower bound for n-c_ to be used later in the proof.

To handle A", define gj by

Since E[€j+1|€i' i<3l=0a.s. for all j, the gj are martingale summands,

cn+k
and by optional skipping, Vk = Z E. forms a martingale, k = 1,2,...,n—cn.
j=cp+l

By a theorem of Dharmadhikari, Fabian, and Jogdeo (7], for k = n-c

nl

pel’ < 2P mecp¥? max mlg ).
n

E|v 5
cn+l§j5n

However, for fixed j > cn+l,

X
we= 11 L wivd,k=l2,...,51
i=1 133,1 — —

is also a martingale. A second application of the theorem of Dharmadhikari,

Fabian, and Jogdco [7] vyields

-12-
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Now

A
)
+
[
<
w
.M
o~
&~
5
[
-
b

3 3
{(r+l) v3 wij'

]

Therefore,

)3/2n3/2[max w? ]83

ElA"|3 < 224(r+l)3\)3(n--cn 131%-

i3
By the Markov inequality,

-3 3
p(fA"]>a ) <a E|a]”.

3/2 3/2~-3 3 .
Taking a = [(n—cn) /2n / o, max wij]% yields

24 3
P(Ja"| > a) <27 (r+l)7Vvaa .

3

If cn is chosen so that

873
n
ncl’lS ~ 6 2 ’
ng max w, .
n i,J
Tn
then a_ < — .
n- 3
s
n

Finally, if both conditions concerning n-c ~may be satisfied

"~
simultaneously, the O(rn/si) rate of convergence is obtained for Un/Oh.

This provides the condition

max w? rll/3
2] 1. n t  log(o G_lssr—zt%)
. 2 -3n 9 n %9, g nn n°
min w, s _

N
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Note that the condition depends on the weights only through their sums v,

and w. ..
1j

To replace ah by Oh, note that

h(X, ,...,X. Yh(X, ,...,X. )}
Ew}_.:_]_ [ ( lr lr Jlr ’ Jr

’ -
,‘ = gg o o + Z iwiwl E[X, 1,...,xjr)h(le,...,xjr)]

Yw,W.Eh(X, ,...,X, Yh(X, seue,X, )]
j * lr j1 Jr

A9 implies Ic ozl f Z ZW w, =0
i

Therefore

ﬁhé
| a
=27 |5
]
e
1A

3 Ift <cr /s, then there exists a constant K such that
> n - n’ "n

-14-
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;. ~-1 3 -1 a=
A P(0_ U < (1-Kr_/s>)x) < P(0. U <x) < P(3_1U_ < (L+Kr_/s)x)
'if’ n n - n’ "n - n n-"" - n n - n’ “n
3;3} for all positive real numbers x, with a similar inequality for x < 0.
Rt By the assertion of the theorem,

*

>

L
A
s a

<
P(On Un < x)

et

MO ~=1 3

:3‘ : < P(crn Un < (1+Krn/sn)x)

e

ALY 3 3
. < ¢((1+Krn/sn)x) + Lrn/sn

2
3 -% -x%/2 3
%k. < d(x) + Lrn/sn + (2T ‘e Krn/sn
F 0 )
d 3
{“ < d(x) + Mrn/sn
L’
-

Using similar reasoning for the lower bound, the replacement of On by Cn

. 3
is shown to preserve the convergence rate rn/sn.

) B
15 N -15-
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