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o . ~ ABSTRACT

’q Markov Chain models have been used to forecast stocks in

W a wide rangé of manpower systems. Studies have been done in

& many areas such as education planning, hospital plaaning,

;ﬁg manufacturing, private research and development, a women's

;ﬁ military unit, the civilian work force supporting the U.S.

L Navy and a state police organization. This study looks at

g such systems under conditions of change and develops the

54 equations that describe the steady state distribution of

Eg personnel. The conditions of change include systgms where

N recruitment is constant, increasing (decreasing) additively,

ﬁﬁ; or increasing (decreasing) sultiplicatively and systems

?g vhere the changes in total system size are additively or

;;{ multiplicatively increasing (decreasing). Numerical exam-

e ples utilizing these models are provided, along with a :
" computer program of the formulas written in the language

: APL. . .
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I. BACKGROUND

A. INTRODUCTION

According to Bartholomew and Forbes [Ref. 1: p. 1],

Manpower planning is often defined as the attempt to
ggtch the supply of people with the jobs available for
em.

This is a concept that is an integral part of military force
planning, today. All branches of the Department of Defense
are involved with studies concerning manpower planning.
Since large numbers of personnel are involved, the use of
manpower models to deternmine the results of changes to the
existirg system before they are actually implemented can
prevent costly future problenms. This is especially true in
terns of having the rigat number of personnel in the right
places with the right grade levels and skills, at the right
tine. To quote again from Bartholomew and Forbes [Ref. 1:
p- 61,

A manpower mnmodel is a ‘mathematical description of how
change takes place in the systen. .

Much work has been done in the area of Bpanpower/
organizational modeling. The text by Bartholomew arnd Forbes
(referenced above and hereafter referred to as BaF) coapiles
information cn the subject from numerous disciplines and
standardizes notation to describe some of the basic models
and statistical techniques used in manpower planning. A
certral theme of this work is the idea of depicting an
organization as a system of stocks and flows [(EKef. 1: pp.

3,4). 1The personnel within the organization under study are
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divided into classes, or categories, by specific character-
istics (for exanmple: age, time in service, grade, etc).
The numbers of personnel within categories at a specific
time are considered stocgks. Flows are the movements of
personnel from one category to another during a unit
interval of time, such as a year.

Various mathematical models that predict future stocks
from one year (or other time period) to the pext are
described in BaF. Of particular interest here is the tran-
sition model that is based on the theory of Markov Chains.
In addition to describing the model [Ref. 1: pp. 85-98], BaF
provides a BASIC computer program [ Ref. 1: pp. 248-260], to
calculate future stock vectors. That program was converted
into an APL frrogram at the Naval Postgraduate School (NPS)
and is available on the NPS mainframe computer, an IBM
system 370. The APL program, like its predecessor, computes
stocks from «cne year to the next based »n input such as,
initial stocks, recruitment and wastage (or attriticn) rcates
acrd the transition probabilities for ~ the stocks. This can
be done repetitively and theoretically could compute future
stocks forever.

There are two versions of the basic H#arkov Chain model
that are well developed in BaF. Ore is based on a fizxed
flow of recruits into the system and the other on a fixed
total system size. Also of interest are other versions (or
options) that deal with a system undergoing growth where
either recruitment or total system size grows in an alditive
or nmultiplicative fashion. The APL program allows the
computation of future stocks for the cases where:

(1) recruitment is fixed, grows additively or maulti-
plicatively;
(2) the total system size grows additively or multi-

plicatively.




,}; Steady state is the condition which a system reaches,
14$ after sufficient time has ©passed, so that the stocks no

. lorger change. There have been steady state models devel-
oped for the cases where there is a fixed flow of recruits
[0l . into the system and where the total system size is fixed.
o In both these cases the number of perscnnel in each category
remains fixed after steady state is reached by the systen.
The vector whose components are these numbers is called the
é*l steady state stock vector (S.S.S.V.).
o Under conditions of growth, the steady state of a systen
must be redefined. In those cases, steady state does not
AN exist in the above sense, because the system is undergoirny
. constant expansion and so stocks will never reach a fixed
e size. However, it turns out that the stock sizes o reach
constant propcrtions and so it is possible to talk about a
e steady state distribution vector (S.S.D.V.). Components of
‘fu this vector represent the proportions of personnel that
o remain in each category forever once steady state has rLeen
. reached. In effect, in taose caées where the distribution
si of personnel among the categories no 1longer changes with
L; time the systea  has reached a steady state "in
distribution. "

Although, at the present time, the APL progran at tkhe
Naval Postgraduate School predicts future stocks for a
Lo system that grows under conditions mentioned above, it is
_QJ able to supply a steady state stock vector (S.S.S.V.) only

for the case where there is a fixed flow of recruits into
o the systen. The only way to get the steady state distribpu-
oy tion vector under the various conditions of growth is to
oo continue to run the program, i.e., to forecast stocks for as
L many years into the future as necessary until steady state
b is reached. This is not a satisfactory amethod for several

re€easons:

e NN ~ -..] T T
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(1) it takes too long to run the model when the system
reaches steady state only after many years have

L] LARET

- ". ,. /. ". “a

passed,

: (2) it is a trial and error process of going back and
forth, in time, to try acd find out at what poin;
in time steady state has been reached,

(3) occasionally, even if the program is run out as

- tar as the present formatting of the prcgran
allows, there can still be instances where steady

Nl T s
'.'-'."

state has not yet been reached.

This thesis uses the 'basic prediction equation', as
described in BaF [Ref. 1: pp. B86-88]), to correct the arfore-
mentioned deficiencies by developing models to compute

- apalytically the steady state distributions for systens

= under varying conditicns of growth. Also developed was an
APL program, to be added as a sutkroutine ¢to the @main
program, that computes the S.S.D.V. for these options.

The next section in this chapter sets out the necessary
notation and equations to enable the reader to follow the

development of these steady state models. For more anplifi-

v

cation on the «rasic Markov model see BaF [Ref. 1: pp 3-8,
s 86-132].

S

o B. NOTATION AND BASIC EQUATIONS

Stocks, representing personrel at an organization, are

divided into k categories. The stock vector
a(t) = (o (L) ,np(t) e o o /Dy (R))

. is a row vector where each elenment né(t), represerts tke
- rupber of personnel in category i at time t. Time is mneas-
ured discretely with a time interval of unit length cdenoted
(t-1,¢t) . The nmost frequently used reriod of time 1is the
vear although it is sometimes convenient, or necessary, to
use quarters, months, etc.

. 10
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Flows describe the movements of personnel. There are
twvo basic types of flows in a systen. The first type of
flow is internal to the system and can be thought of as
transfers from one category to another within the systen.
Demotions and promotions +would be examples of ¢this type of
flow. These are denoted by the k by k matrix, N(t-1), where
each element, nﬂi(t-1)' represents the number of personnel
moving irom category 1 to category .j during the time
interval (t-1,t). _

The other type of flow involves the two-way transfer
between the system (organization) and the outside world.
First, there are wastage (or attrition ) flows of the number
of personnel leaving the system from category i, during the
time interval (t-1,t), denoted by nhkﬂ(t-1), (L = 1,240eeek
and t = 1,2,...). Then there are recruitment (or accession)
flows of personnel 1into category j from the outside world,
during the period (t-1,t), denoted by noj(t), (7 = 142,0ee,K
and t = 1,2,.0.) Following BaF [Ref. 1: pp. 3,4 ], the
notation for recruitment flows is slightly different fror
that for internal flovs and wastage flows. This is to
remind the reader that in most organizations attrition ard
internal flows (transfers) are accounted for first and then
recruitment is Jdetermined at the end of the time period.

The ‘Markov Chain model uses flow rates (or protabili-
ties) rather than actual rumtkters. P, a k by k matrix of
probabilities has elements

ng (t-1) -
pq = . (E-1) . 1,53 = 1,2,0ee¢k «
There are certain basic assumptions that a Markov Chain
model needs tc meet to be valid:
(1) the transition probakilities, Pii o do not change
over time;

1"
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(2) the population in each category is homogeneous so
that pLS represents the probability of each indi-
vidual in category i wmoving, independently of any

Y ‘ other individual, to category j.

_3 While these assumptions may not always be met, there
have been enough studies done using the model to show they
are sufficiently realistic to justify the use of the model.

[~ Even in cases vhere these assugptions dont*t hold very well,

;ﬁ ' the model was fcund to be quite useful for predicting future
ﬁ: stocks [Refs. 2,3]. ‘ ‘
Next, W = (W) ;W3 geeegl) is defined as the wastage

‘¥£ (attrition) rate vector where each element, w;, is defined
’% as
?.".' N = Dt (t-1)
b . n; (t-1)
fé , Ncte that,

= zp., O T T T S

TR ¢

'i; Finally, r = (r, L ses-,L) dis defined as the recruit-
o ment proporticn vector where each element
§
&). I Noj (v)
J R (t)
ZE? is the proportion of total recruitment that will be allo-

< cated to category j, wiﬁ? ,

R(t) = Z N (1)

izl
being the total recruitment during the tim2 interval

(t-1,t) . This implies r; = 1.
J=t

BaF [Ref. 1: pp. 87,88}, saow that future stocks may bLe
calculated using the equation

12
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nJ- (t) = .Z'n""t-"pij + R(t)rJ- ’ .{egqn 1.1)
LS
for 4= 1,24k and t = 1,2,0.. . This eguation states,

that the stocks in category J at time t are equal to the
nunber of personnel that moved into category j from anywhere
within the systeama during time period (t-1,t), plus the
number of personnel recruited into category Jj during the
same period. In matrix form the egquatiom is

n(t) = n(t-NP + R(t)r t = 11,2000 o (egn 1.2)

BaF [Ref. 1,: p. 88) refers to this as "the basic prediction
eguation." .

Another equation dealing with changes in total systen
size is also developed in BaF [Ref. 1: pp. 94-96]. To see

this, note that ¢

N(t) = zzné(t)
=1
is the total system size at time t and

M(t) = N(t) - N(t-1) (eqn 1.3)

represents the change in the total system size during the
time interval (t-1,t). This implies that total recruitment
during (t-1,t) can ke expressed as:

K

R(t) = ‘Eznd(t-1)wd + M(t) 20 - (egn 1.4)
(e

The first term in this expression is recruitment that is
done to replace those who left (attrition from the various
categories) while the second term consists of recruitmert
that is due to the change in total system size.

I1f m(t) = 0, tben only those personnel who leiave the
system are replaced, which implies that the total systen

13
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size remains fixed. If M(t) > 0, new rersonnel are supplied
to cover an increase in total system size, i.e., to fill new

:A jobs. If M(t) <O, then some joks must be eliminated as
o soon as they are vacated. Of course, EK{(t) 2 0 always.

i Referring back to Equation 1.1, replace R(t) using
cj Equation 1.4 and let

9= Pyt WT

Then, as BaF¥ [Ref. 1: pp. 94,95], shows
K
g nj(t) = :S né(t-1)q0. + H(t)gj v (egn 1.5)

izt

-
RS v
I‘l‘l"

for j= 1,2,...,k and t = 1,2,... . To put this into matrix

; nctation let

\ Q= {q"J} ¢ i,3 = 1,240e<¢k ,
; or

Y

N

Q=P+ ¥w'C .

Then Equation 1.5 may be expressed as

h a(t) =an(t-1)Q + M(t)r , t = 1,2,00a (egn 1.56)

1)

8 Equations 1.2 and 1.6 form the basis from which five
fi steady state sukbtmodels (or options) will be derived. The
)

W next section irtroduces these options and the direction of
development.

‘H C. OBJECTIVES

S

~ The okjective of this thesis is tc develop steady state
- equations modeling £ive different. conditions of growth.
o Each of these conditions will be addressed separately as a
. "growth opticn." The first three options deal with
1 14
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different types of recruitment. They use Equation 1.2 where
R{t) is the total recruitment during the time period (t-1,t)
and in these three optioanas, R(t) is the only term changing.
The last two cptions deal with changes in total system size.
They utilize Egquation 1.6 where M(t) represents the change.
in total system size during the period (t-1,t) and in these
two options, M(t) is the only term that changes. A complete
list’ of these five options is:
(1) Fixed recruitment: &(t) = R, t>21 , BR>0 fixed,
i.e., recruitment is always constant;
(2) Additive increase (decrease) of recruitment:
R(t) = R + (t-1)M , t21
where M is the constant amount of vyearly increase
(decrease) ;
(3) Multiplicative increase (decrease) of recruitment:
B(t) = Ret-1, t21,
where 100 (8-1) is the percent of vyearly increase
(decrease) ;
(4) Additive increase (decrease) in system size:
M(t) = H , t21
where M is the constant amount of yearly increase
(decrease) in total system size;
(5) Multiplicative increase (decrease) in system size:
M(t) = (6-1)et-1N(0) e t21
where 100(6-1)A is the percent of vyearly increase
(decrease) in total system size.

If M= 0 in option 2 or € = 1 in option 3, then those
options revert to option 1, of fixed recruitment. If =0
in option 4 or € = 1 in option 5, then M(t) = 0 and the
result is a system with a fixed total system size. That
case will be dealt with as subcases of options & and 5. The
fixed total system size <case and option one, 'where R is
fixed, are the only cases where it is possible to achieve a
steady state stock vector, i.e., where the stocks don't
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change with time. In all other cases steady state will be
; considered to have been reached when a steady state distri-

e e A P

ko bution of personnel is achieved. )

Chapter II addresses, in depth, the analytical develop-
ment of the steady state equation for each of the options.
It starts with an account of the work done on option 1 in
BaF. Then it proceeds with the derivation of the steady
state equations for options 2 through S from either Ejuation
1.2 or Equation 1.6 . It also presents exaaples, one a
four-grade hierarchical systenm, the other a three grade
non-hierarchical system. In addition to formulating analyt-
.t ical models fcr options 2 through 5, an APL program has also
o been developed that will compute the steady state distribu-
tion <for thnose options. This program is contained 1in
Appendix F. Appendices A through E are computer printouts
of terminal sessions of the two examples for each of options
1 through 5.
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II. OPTION DEVELOPMENT

The options mentioned in Chapter I will be discussed
here under the usual restrictions of manpower systeams.
These restrictions imply that w;> 0 for all i=1,2,...,k,
since in manpcwer systems attrition must be allowed from any
categorye. This means that the P matrix, as defined in
Chapter I, is composed of non-negative elements and has row
sums all strictly less than one. The ¢ matrix, also defined
in Chapter I, is a stochastic matrix (i.e., it is composed
of non-regative elements and has row sums all equal to one).
These facts along with the following two mathematical theo-
rems are needed in the derivation of the steady state
results for the five options.

Theorea 1

If P is a matrix composed of non-negative elements arnd
row sums strictly less than one and @ is a scalar then
the matrix ©eI-P has a unique inverse for all vaiues of
© 21 [Ref. 4: p. 42 ].

Theorem 2

If Q is a stochastic matrix and 6 is a scalar then the
matrix 6I-¢ has a unique inverse for all values of
© > 1 [Ref. 4: pp. 60,61 ].

A. RECRUITMENT OPTIONS

The follcwing three options are all variations of
Equation 1.2, where K(t), representing total recruitment, is
the term that takes on different forms. Corsequently, the
steady state equations for these options are also obtained

17
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in somewvhat different foras. These steady state ejuations
are derived in the next three subsectioams.

1. Option 1: Fixed Recruitment

The steady state equation for this first option is
developed in BaF [Ref. 1: p.90]. The analysis presented
here is a brief summary of that in BaF, using the sanme
assumptions. Recalling the basic prediction equation,
(Equation 1.2), and assuming that .

limit R(t) =R is fixed
t—o00
it follows that the steady state stock vector,
o = limit n (%)
t—00

also exists [BRef. 4: pp.40-43,48-50]. Therefore, letting
t— 00 in Equation 1.2 results in

or
n(I - P) = Rr .

Finally, knowing the matrix I-p has a unique inverse (see

Theorea 1), the resuilt ‘

n = Ro(I - P)—t, : (egn 2.1)
is obtained for the steady state stock vector (S.S.S.V.).
hfter steady state has been reached, it follows that

a(t) = n ,

for "large® t. The following two 'examples will be used to
illustrate the use of this steady state equation.

18
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Example (a)

This first example uses data from Example 4.6 in BaF
[Ref. 1: p. 97), vwhich is taken from the women officer's
system of one of the British services. It 1is a hierarch-
ical, four category systen.

The inital stcck vector is:
n(o) = (129, 74, 28, 11) -

The transitior matrix is:

0 .367 .033
0 0 . 902 -

The total recruitaent is:
R(t) = 35 , fixed for all t21 .
The recruitment proportion vector is:,

L = (1' 0' 0' 0) ‘e

Then
«272 -.102 0 0
0 « 17 -. 046 9
I-P-=
0 . 0 +.133 -.033
0 0 0 .098

and the inverse is

3.676 2.206 .763 .257
0 5.882 2.034 .685
0 0 7.519  2.532
0 0o 0 10.204/ .

(1 - p)—1

w

NG s S e



Using Egquation 2.1

3.676 2.206 -763 « 257
0 5.882 2.034 - 685
0 0 7.519 2.532
0 0 0 10. 204

(35)(1, 0, 0, 0)

|=
"

n

(128.66, 77.21, 26.705, 8.995) .
After rounding to the nearest integer the S.S.S.V. is:
n = (129, 77, 27, 9) -

The computer printout of the terminal session for
this example, showing the stocks for years 10, 50 and 100,
can ke found in Appendix A, confirming the steady state
stock vector above. As the printout shows, steady state is
achieved by t = 10.

Exaaple (b)
This is a non-hierarchical, three-grade systen.

The inital stock vector is:
n(0) = (300, 200, 100) .
The transition matrix is:.

.60 .15 .05
P = <75 .20 0
.05 0 .90 -

The total recruitment is:
R(t) = 100 , fixed for all t21 .~
The recruitment proportion vector is:

rt = (.70, .07, .23) .

- 20




Then

.U -.15 -.05
I-P= [-.75 .8 0
-.05 0 <10

and the inverse is

4.267 .8 2.133
(I - P~ = 4 2 2
2.133 -4 11.066 .

Using Equation Z.1

4. 267 -8 2.133
(100) (.70, .07, .23) 4 2 2
2. 133 -8 11.066

]
"

(375.7, 79.2, 417.8) . .
After rcunding to the nearest integer the S.S.S.V. is:

5 = (376, 79, 418) .

The computer printout of the terminal session for
this exanple, showing the stocks for years 10, 50 and 100,
can be found in Appendix A, confirming the steady state
stock vector above. As the printout shows, stealdy state is
achieved by t = 50.

This option addresses the fixed additive iacrease
{decrease) in recruitment for each time period. Here,
R + (t-1)M, replaces R(t) in Equation 1.2 resulting iz

D(t) =n(t-1)P + Rr + (t-1)Mc . ~ (ega 2.2)




o
-
Wi
ﬂf: In this option, M 2 0 must be true, otherwise there
fRS . would be negative recruitment (R (t) <0) which does not make
; sense in manpcwer models. This means there are two possible
o cases.
::x.:-
Si; Case 1: M =0
Then
'-\“" I3 L)
SO limit R(t) = R ,
o t—oo 4
e
<. which is identical to option 1.
o Case 2: M >0
;}‘ Assume that,
- n(t
s uaie 22 - 4
LT - 00 M
;ﬂg exists. This is the same as assuming that <for "large" t,
'Iﬂ n(t) behaves like tMh . Using the above assumption, .
- Equation 2.2 can be rewritten as
-yt
h = n(t) n(t-1) R (t-1 %
L = P +—r L
tH tM N ty
A
j or
oy, n(t) n(t-1 (t-1) R (t-1) ™
- = . e P + —@8r + ————r
e tM (t-1M t ta ~— ty = .
‘\M‘ 0 . - I3
E;q Taking the ligit as t— o results in
I SN
75, |
E T = Zp + |
ey or
o TPy = .

Since the I-P matrix has a unique inverse (see Theoren 1),
N the result
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is obtained. The steady state distribution vector is
achieved by normalizing ¥, which results in

~ o
-l e U

_ L [I-2]? (egn 2.3)

l' m ]

(=]
]

122 {12

After steady state has been reached it follows that
the formula

-

N ' n(t) = tﬂﬁ' for "large" t,

can be used to approximate the stocks at time t. The two
examples from section Al are +worked out below to illustrate
Equation 2.3 .

X

Example (a)
This is a hierarchical, four category systenm.

The inital stcck vector is:
n(o) = (129, 74, 28, 11 -
", The transitior matrix is:

: .728  .102 0 0
0 .83  .046 0

! P =

- 0 0 .867 .033

-

Y 0 0 0 «302 .

N

- The total recruitment is:

': R{t) = R + (t-1)M where R = 35 and N = 5 .
f The recruitment proportion vector is:

-4 £= (1' 0' 0, 0) .‘

23




Then
<272 -.102 0 0
0 .17 ".0“6 0
I-p =
0 0 .133 -.033
0 0 0 .098

and the inverse is

3.676 2.206 . 763 . 257
0 5.882 2.034 .685
0 0 7.519 2.532
0 0 0 10.204 -

(I - Pp)-1?

Using Equation 2.3

3.676 2.206 <763 . 257

a ~ T (1, ¢, 0, 0) 0 5.882 2.034 .685

2 n =«— =

[~ . 6.902 0 0 7.519  2.532
0 0 0 10.204

= («53, .32, .11, .04)

is the steady state distributicn vector.-
The ccmputer vprintout of +the terminal session for
this example, showing the stocks for years 10, 50, 100,

900, and 975 can be found in Appendix B, confirming that inx
steady state there will be 53%, 32%, 11%, and 4% respec-
tively, in categories 1,2,3, and 4. As the printout shows,
steady state distribution (to two decimal arcuracy) is

achieved py t = 975 .

Example (b)
This is a non-hierarchical, three—giade systen.

The inital stcck vector is:
n(0) = (300, 200, 100) .

24
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.The transition matrix is:

.60 .15 .05
P = «75 .20 0
.05 0 .90

The total recruitment is:

R(t) =R + (t-1)HM vhere R = 100 and ¥4 = 25 .

The recruitment proportion vector is:

L = (70, 07, .23) .

Then
-4 -« 15 =.05
I-P= —.75 -8 0
--05 0 010
and the inverse is
4.267 .8 2. 133
(I - P)—-1 = 4 2 2
2.133 -l 11.0606 .
Using Equation z.3
4. 267 .8 2.133
”~
n -7y 07, .23
'ﬁ-:—=( . ’ LN 2.0 2.0
= n1 8.728

2. 133 -8 11.066

( .43, .09, .48)

is the steady state distributicn vector.

The computer printout of the terminal session for
this exaample, showing the stocks for years 10, 59, 100,
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P

350, and 400 can be found in Appendix B, confirming that in
steady state there will be 43%, 9%, and 438% respectively, in

!i categories 1,2, and 3. As the printout shows, steady state
QH distribution (to two decimal accuracy) is achieved by
) t = 400 .

o

v
:'_‘l -‘

3. oOptiop 3: Multiplicative Recruitment

This cption addresses the multiplicative increase
(decrease) in recruitment for each time period. Here,
Ret—1 , replaces R(t) in Equation 1.2 resulting in

n(t) = n(t-1)p + RET -1 . (eqn 2.4)

The values that © can assume play an important part in the
derivation of the steady state equation. First, e 20 nust
be true, otherwise in even numbered vears there would be
negative recruitment ( R(t)<0 ) which does not make sense in
manpower mod€ls. There are three cases to be examined.

Case 1 : 0< & <1

Then
3 limit R(t) =0 .,
iy t— oo
4.:.\
o because of-1 —= () when 0% € <1 . Therefore, letting

k

»
2e

t— = in Bquation 1.2 results in

Al
|

.-
-

L =P,

or

a_n_8
A

Y

P_(I - P) = Q--.

«
" . +
P
Vi s
PRI

)

Since I-P has 4 unique inverse matrix (see Theorem 1), the

—~w & T Y w
[
o

v
LA

only solution to the above equation is n = Q. This means

"
S ALY
et 3"

that suck a system becomes empty in steady state.

<l
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Case 2: e =1

Then
%imit‘ R(t) = R ,

which is identical to option 1.
Case 3: e > 1
Assume that,

.. a(t)
limit <
t — e

=)

exists. This amounts to assuming that for "large™ t, n(t)
behaves like e*’i‘. Using the above assumption, ZEquation
2.4 can be rewritten as

n (t) L(t-1) Ret—-1

- * —_— -
et ot-1 0 © ) L

Taking the limit as t =+~ results in

P
= ne

=)

R
eP + - r
e =

D ) -

or
T (eI-P] = Rr .

Finally, knowing that the matrix 6I-p has a unique inverse,
since & > 1 (see Theorem 1), the result

2 = BC [8I-P !

is obtained. When ﬁ is normalized, the resulting vector is
ﬁ, the steady state distribution vector where,

D

Rc[eI-PJ-t {(eqn 2.5)

a1

=
"
=
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After steady state has been reached it follows that
the formula

\J

n(t) =9 @_ for "large" t,

can. be usea to arproximate the stocks at time t. Two eXam-
ples are worked out below to illustrate Equation 2.5

Example (a)
This is a hierarchical, four category systen.

The inital stcck vector is:
n(0) = (129, 74, 28, 11 -
The transition matrix is:

<728  .102 0 0
0 .83 - 046 0
0 .867 .033
0 0 <902 .

The total recruitment is:
E(t) = Ret-1 yhere Rb= 35, 8= 1.01.
The recruitaent proportion vector is:
r= (1,0, 0, 00 .

Then

<282 -.102 0 0
0 .18 -.046 0
eI - p =
0 0 -143 =-.033
0 0 0 - 108
and the inverse is
28
I " .'_- :_- _’ w :“-d-_-u . .‘-‘»‘-. _-_ _-' .q‘ -. '.‘ .q. <. ‘-. ". ..

"k‘ 5\

Y v-"-
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3.546 2.009 - 646 -198
0 5.556 1.787 -546
0 0 6.993 2.137
0 0 0 9.259 .

[ eI - PJ? =

Using Equatiom 2.5

3.546 2.009 .6u46 .198
A 5.556 1.787 . 546
n (35)(1, 0, 0, 0)

= 0 0 6.993 2.137
1 223.965
- 0 0 0 9.259

=
[
12>

= (.55“, .31“, .101' 0031)

is the steady state distribution vector.

The computer printout of the terminal session for
this example, showing the stocks for years 10, 50 ard 190,
can re found in Appendix C, confirming that in steady state
there will be 55%, 31%, 10%, and 3% respectively, in catego-
ries 1,2,3, and 4. As tae printout shows, steady state
distribution (to two decimal accuracy) 1s achieved ¢ty
t =5 .

Example ({(b)
This is a non-hierarchical, three-grade systen.

The inital stock vector is:
n(0) = (300, 200, 100) -
The transition matrix is:

P = <75 .20 0
.05 ¢ .90 .

29
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‘:ﬁ The total recruitment is:

1NN

A\

viol R(t) = Ret—1 where R = 100 , © = 1.01 .

120 The recruitment proportion vector is:

-4

o £= (.70, .07, .23) .

i

= Then

SO 41 -.15 -.05

N 81 - P = [-.75 .81

Pty

{\ -005 0 -11

- and the inverse is

4.03 .75 1.83

o [exr - P11+ =[3.73 1.92 1.69

" 1.83 <34 9.92 -

:S: Using Equaticn 2.5
. 4.03 .75 1.83

o ~ 1 (100) (.70, .07, .23) [ 3.73 1.92 1.69

e, n = —— =

'."::- - ﬁl' 792.15 1.83 -3“ 9-92
:Q-

T, = (44, .09, .47)
~1":':
fi} is the steady state distribution vector.
“i. The computer printout of tke terminal session for
e this example, showing the stocks for years 10, 50 and 100,
_1 can be found in Appendix C, confirming that in steady state
Ef there will be 44%, 9%, and 47% respectively, 1in categories
}Qﬁ 1,2, and 3. As the printout shows, steady state Jdistribu-

tion (to two decimal accuracy) is achieved by t = 100 .
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B. TOTAL SYSTEN SIZE OPTIONS

The options in this section are variations of Equation
1.6 where M(t), representing the change 1in total systen
size, 1is the term that will take on different forms. As a
result, the steady state equations for these options are
also obtained in somewhat di ffereat fornms. In the next two
subsections the steady state equations will be derived for
the system size optioas.

1. Option 4: Additive System Size

This option addresses the additive increase
(decrease) in total system size for eack time period. In
this case, M(t) = M, a fixed amount of increase (decrease)

per time pericd. Rewriting Equation 1.6 results in
n(t) =n(t-10Q + Mr . (eqn 2.96)

:here are 3 cases to te considerel.

Case 1: M < O

In this case jobs are bteing eliminated by a fixed
amount, M, each year which implies that eventually N(t) = 0
is reached in a finite amount of time. This implies that
n=201s the steady state stock vector. This @means that
sucn a system becomes eampty in steady state.

Case 2: M =0
Woen M(t) = 0, N (t) is fixed and can ke denoted N.
It follows that Equation 1.6 can be written as

n(t) =n(t-1Q . (eqn 2.7)
Since the

limit n(t) =

t—.on

I
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exists [Ref. 4: pp. 40-43, 48-50 ], Equation 2.7 can be
written as

o
L}
(1=}
©
-

or
RI-0Q =0 .

Because the first column of I-Q is a 1lipnear combination of
all the other cclumas the inverse of I-Q does not exist.
So, to solve for n, it is necessary to introduce the addi-
tional constraint of nl1' = N ([RBef. 5: p. 80 ]. Replacing
the first column of the I-Q matrix with a column of ones,
denoted by (I-Q)*, and replacing the first element of 0 with
N, denoted 0*, results in the following equation

n (I-Q) % = 0% .

Taking the inverse results in

n o= 0 (I-Q)*x1t (egqn 2.8) .
the steady state stock vector. After steady state is
reached, then n(t) = n for "large" t. Two examples are

worked cut below to illustrate Equation 2.8 .
Example (a)
This is a hierarctical, four category systemn.
The inital stocx vector is:

n(0) = (129, 74, 28, 11) .

The transition matrix is:

.728 .102 - 0 0
b = 0 .83 .0u6 0
0 0 .867 .033
0 0 0 .902 v
32
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S .898 .102 0 0

E ) _ -124 .83 .046 0

D e= -1 0  .867 .033
.098 0 0 .902 .

The 0* vector is:
0* = (242, 0, 0, 0) .
The recruitment proportion vector is:
£=(,90,0, 00 .

Then

.102 -.102 0 0
- 126 .17 -.046 0
IT-e=1_, o .133 -.033
-.098 0 0 .098/ .

- Replacing the first column with ones gives

1 =102 0 0
(I - )% = 1 « 17 -. 046 0

1 0 .133 -.033

1 0 0 .098

and the inverse is

«533 320 - 111 .037
-4.582 3.133 1.084 . 365
-5.354 -3.212 . 6.408 2.158
-5.435 -3.261 -1.128 9.824 -

((I - Q)*)~1 =

Using Equation 2.8
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(242, 0, O, 0)

I
[}

=-5.354 -3.212 6.408 . 2.158

(128.99, 77.44, 26.86, 8.95) .
After rounding to the nearest integer the S.S.S5.V. is:
n = (129, 77, 27, 9) .

The computer printout of the terminal session for
this example, showing the stocks for years 10, 50 and 100,
can be found in Appendix D, confirming the steady state
stock vector above. As the printout shows, steady state is
achieved by t = 50 .

Exapple (b)
This is a non-hierarchical, three-grade systea.

The inital stcck vector is:
n(0) = (300, 200, 100y .
The transition matrix is:

.60 .15 .05

¥ P = .75 .20 0

o .05 o .90/ |,
s and

o .74 -le4 .09
fi Q = .785  .2035 .0115

- 085 0035 .9115 .
The g* vector is:

0% = (600, 0, 0) .
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The recruitment proportion vector is:
£ = (.70, .07, .23) .

Then

.26 -. 164 -.096
-.785 <797 -.012
-.085 -.004 . 089 .

I-0

Replacing the first column with ones gives

1 -. 164 -.056
(I -Q=* = 1 .797 -.012
1 -.004 -.089

and the inverse is

((I - Q)%= =| -.611 1.127 -.515

.430 .090 .479)
-“.888 -¢981 5.869 -

Using Equation 2.8

-430 .090 <479
( 600, 0, 0) -.611 1.127 ~.516
-4.888 -.981 5.869

|
"

( 256.0, S4.4, 287.4) .
After rounding to the nearest integer the S.S.S.V. 1is:

n = (258, S4, 287) .
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The computer printout of the terninal session for
this example, showing the stccks for years 10, 50 and 100,
can be found in Appendix D, confirming tne steady state
stock vector apbove. As the printout shows, steady state is
achieved by t = 50 .

Case 3: M > 0
Equation 1.6 can then be rewritten as

ay _n@e-n

Q r
N (t) N(t) N(t) ~ .
Iterating the egquation, N(t) = N(t-1) + 4, for t = 1,2,...
will shcw that, N(t) = N(0) + tM for all t = 1,2,... and
therefore,

. | .. N(t-1)
limit —— =0 and limit =1 .
t— e N(t) t— o N(t-1) + &
Ther writing
b (t) n(t-1) N(t-1) 4
= * .Q + r
N (t) N(t-1) [N(t=1) + i} N(H)—

and taking the limit as t—= o0 yields

0o, or o (I-Q) =0

12
1}
=)

where

=
1)
—
’-h
[
"

ni =
t—0o0 N (t)

is the steady state distribution vector.
This is identical to the % = 0 case, except here the
constraint pl1' = 1 must hold. Therefore, by replacing the

first «column of the I-Q matrix with a <c¢olumn ot ones,
36
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denoted by (I-Q)*, and replacing the first element of 0 with
1, denoted 0**, the solution is

~

T o= OW{ (I-Q*T , (eqn 2.9)

the steady state distribution vector.

After steady state has been achieved, n(t) can be
found using

n(t) = Q[N (0) + tu]R

for "large" t. Two examples are worked out below to illus-
trate Egquation 2.9 .

Example (a)
This is a hierarchical, four category systen.
The inital stcck vector is:

n(0) = (129, 74, 28; 11) .

The transition matrix is:

« 728 .102 0 0
b = 0 «33 . 0U6 0
0 0 .867 .033
0 0. J <902 v
and
898 .102 0 0
Q = « 124 .83 IRT) 0
.1 0 .867 .033
. 098 J 0 «902 .

The 0** vector is:

O** = (1, 0, 0, 0 ) .

37




IS
[ PRTRPR TR

The recruitment proportion vector is:

r=(1,0,0,0 .

Then

.102 -.102 0 0
o126 .17 -.046 0

t-e=1_ 4 0 .133  -.033
-.098 0 0 .098 / .

Replacing the first column with ones, gives

1 -.102 0 0
I v 1 .17 -. 046 0
( g = 1 0 .133 -.033
1 0 0 «.098
and the inverse is
.533  .320 111 -037

-4.582 3.133 1.084 <365
-5.435 -3.261 -1.128 9.824 .

((I - Q)*)"1 =

Using Equation 2.9

.533 -320 L1 .037
-4.582  3.133  1.084 -365
-5.354 -3.212 6.408 2.158
-5.435 =-3.261 =-1.128  9.824

=1}
1

(1, 0, 0, 0)

(.53, .32, 11, .04)

is the steady state distribution vector.

The ccmputer printout of the termiral session for
this example, showing the stocks for years 10, 50, 120,
900, and 950 can be found in Appendix D, confirming that in
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steady state there will be 53%,
tively, in categories 1,2,3,

an
steady state distribution (to

achieved by t = 950 .

Example (b)

32%,
d u.
two

11%,

and 4% respec-

As the printout shows,

decimal accuracy)

This is a non-hierarchical, three-grade systen.

The inital stcck vector is:
n(0) = (300, 200, 100)
The transition matrix is:
«60 .15 .05
P = <75 .20 0
.05 ¢ .90
and
- 74 - 164
Q = . 785 «2035
. 085 . 0035
The 0** vector is:
9?* = (1,0, 0, ) .
The recruitment proportion vector is:
r= (.70, 07, .23) .
Then
.26 -. 164
I-9Q-= -. 785 . 797
-.085 =-.004

.096
.0115 _

-.096
-.012
. 089 .

Replacing the rirst column with ones, gives

1 -. 164

(I - Q)* = 1 <797
1 -.004

39
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and the inverse is

-430 -091 -479
(‘I - Q)*).1 = -.6‘1 1.127 -0516
-4.888 -.981 5.869 -

Using Equation 2.9

-430 .091 -479
(1,0, 0) -.611 1.127 -.516
‘“.888 -.981 5.869

&2
"

( -43. .09, .u8)
is the steady state distribution vector.

The computer printout of the terminal session for
this example, showing the stocks for years 10, 50, 100,
350, and 400 can be found ir Appendix D, confirming that in
steady state there will be 43%, 9%, and 48% respectively, in

categories 1,2, and 3. As the printout shows, steady state
distritution (to two decimal accuracy) is achieved by
t = 400 . |

2. Qption 5: Multiplicative Syst

12
)
i
N
I®

This section addresses tke option of multiplicative
increase (decrease) in total system size for eaca tinme
rFeriod. Starting with

N(t) ON(t-1), for t = 1,2,au.
it follcws that

N(t) = ¥N(0), for t = 1,2,e..

from which M (t) can be determined as

M(t) = N(t) - N(t-1) = (8-1)et-1N(0) .

40




Then, letting (6~1)8t—1N (0) replace M(t) in Equation 1.6,
results in

a(t) = o(t-1Q + [(e~-1e-18(0) 1 - (eqn 2.10)
First, 6 > 0 must be true otherwise negative or zero system
size may result. This leaves two cases to be examined.

Case 1: 0 < 6 £ 1
In this case
limit N{(t) =0
t = oo
because as t—e o0 , 8t-1—s 0 for 0 < 8 <1 . Finally, if
® = 1 then. -1 = 0 and N(t) = 0 for all t. Therefore,
n = limit n(t) =0
t > o0 -
must also hold. This means that such a system kecomes empty
in steady state.
Case 2: 6 > 1
Equatior 2.10 can be rewritten as

n (t) a(t-1) . (6~1)8¥—=1N(0) .
N (t) N(t) N (t) = .

Since N (t) can Lke written as 8N (t-1) or as G*N(O), the above
egquation gives

a(t) _ n(t-1) 1 (e-1) et-11(0) .
N (t) N(t-1) ¢ 6t N (0) =
or
B (t) a(t-1) 1 -1
= e - oQ + r -
N (t) N(t-1)y o 8 —

Taking the iimit as t—» ae results in

41




. n = 1n-9 r

M = - e e -

X or

3 I [(e1-2] = (e-.&

where

2 ~ .. n(t)

- n = linmit —

<. to w N (t)

'Q is the steady state distributicn vector.

i Since € > 1 in this case, the matrix €I-Q has a
{1 unique inverse according to Theorem 2, so the resalt
;: T = (e1)c[e1-Q]? (eqn 2. 11)
- is obtained for the steady state distribtution vector. After
f steady state bhas been reached it follows that the formula
: a(t) = e°N(0) T

!: can be used tc find the stocks at time t. Two exambles are
- worked cut below to illustrate Equation 2.11 .

Y]

L Exanple (a)
. This is a hierarchical, four category systen.
,Q The inital stcck vector is:

J

i n(0) = (129, 74, 28, 11) .
«-
N The transition matrix is:

N::
i
) .728 .102 0 0
:3 . 0 .83 .046 O

-~ 0 0 .867 .033

N 0 0 0 .902
&

¥ 42
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and

.898 .102 0
124 .83 -046
o1 0 -867
. 098 0 0

The multiplicative factor is:

e = 1.01 .
The recruitment proportion vector is:
£ = (1' o. o’ o) -

Then
e 12“

-. 102

.18
8I - Q =

-.1 0 .

-.098 0
and the inverse is

55.41
51.04
50.35
50. 28

31.40
34.48
28.53
28.49

10. 10
11.09
16. 17
9. 17

(61 - Q) =

Using Equation 2.11

55.41
51.04
50.35
50. 28

31.40
34.48
28.53
28.49

10. 10
11. 09
16. 17
9. 17

1=
'

(-0 (1,0,0,0)

1}

(-554, .31, .101, .031) -

is the steady state distribution vector.
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033
-902 -

0 0
046 0
143 -.033
0 . 108

3.09
3.39
4.94
12.06 .

3.09
3.39
4.94
12.06

.......
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1

.%I The computer printout of the terminal session for

SN

L1 this example, showing the stocks for years 10, S0, and 100,

" can be found in Appenlix E, confirming that in steady state

ﬁ%t there will be 55%, 31%, 10%, and 3% respectively, in catego-

Jg ries 1, 2,3, and 4. As the printout shows, steady state

f? distribution (to two decimal accuracy) is achieved by

. t =5 .

a=

) Example (b)

D N

[; This is a non-hierarchical, three-grade systen.

; The inital stcck vector is:

n(0) = (300, 200, 100) .

g The trapsitior matrix is:

;‘:’ [ 6 0 - 15 - 0 5

P = .75 .20 0

~ .05 0 .90 .

and

L <74 . 164 .09%

- Q= . 785 .2035 .0115

' .085 .0035 .9115/ .
‘k{ The multiplicative rfactor is:

=)
P :::‘ e = 1 - 01 .
The recruitment proportion vector is:

- r= (.70, .07, .23) .

ne

Ry Then

.‘:.- '27 -.:‘6“ e 096 i
20 8 - Q = :
T , -.785 .8065 -.0115
‘_ -.085 -.0035 .2985 |
2w ! '
)
::_\
\
~§ 44
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N
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3 and the inverse is

* o oy 45.32 9.41 45,27
% - Q) 44.69 10.52 44.79
- 40.70 8.50 50.81 7 .

i Using Equation Z.11

» S = 01 (.7..07,.23 (45732 9-w1 us.27

'\ n = - - L] -

_a = e 44.69 10.52 44.79

. 40.70 8.50 50.81 .

‘ .

§ = (.44, .09, .47)

> is the steady state distribution vector.

- The computer printout of the terminal session for
. . .

’¥ this example, showing the stocks for years 10, 50, and 100,
*: can be found in Appendix E, confirming that in steady state
i there will pe 44%, 9%, and 47% respectively, ir categories

1,2, and 3. As the printout shows, stgady state distribu-

' tion (tc two decimal accuracy) is achieved by t = 100 .
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III. SUMMARY

This chapter is a synopsis of the options that describe
the five different conditions of growth. In all optiorns,
the restriction of w; > 0 for all i = 1,2,...,k was assumed,
since attrition must be allowed from any category in a
manpovwer system. Options 1 through 3 employed the tasic
prediction equation (Egquation 1.2) and used cornstant, addi-
tively and multiplicatively increasing (decreasing) recruit-
ment, R(t), to derive the steady state behavior of a
manpower system. For options 4 and 5, Equation 1.6 used
additively and nmuitiplicatively increasing (decreasing)
total systemn size, M(t), to derive the steady state behavior
of a manpover systen.

Derivation of the steady state stock vector or distribu-
tion vector required some standard results of matrix algebra
summarized in Theorems 1 and 2 of Chapter II. In addition
to the analytical derivation of ° the steady state eguations,
examples have been worked out in each case (excepting some
trivial cases) to illustrate the use of the analytical
results. The formulas have been programmed in the AFL
lanquage and the program 1listing is given in Apperlix F.
This program (called a function in APL) Las been integrated
into the main APL program at NPS which forecasts futuare
stocks of a manpower system using the Markov Chain theory
summarized in Chapter I. Appendices A through E show the
rrintouts of the terminal sessions where the evamples
referred to akove are worked out to verify the steady state
results obtained in each analytical example.
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remmr ==
ale . a"a

e a" i _a

P MATRIX
0.728 0.102 0 0
0 0.83° 0.046 0
0 0 0. 867 0.033
0 0 0 0.902
N VECTOR
129 74 28 11
OPTION =1
R VECTOR
35 0 0 0
wogLn §8U LIKE TO CHANGE ANY OF THE DATA?
1  YES
7 QUIT PRCGEFAM
. 0
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
’ 10
DO yogowxsu TO SEE THE INTERVENING YEARS?
1 YES
) 0
ey ______N _____PERCENT = R_
0 1 129 53
2 74 31
3 28 12
3 11 5
TOTAL 242 100
10 1 129 53
2 717 32
3 27 11
i 10 4
TOTAL 242 100 35
DO YG“NEISH TO SEE ANY OTHER YEARS?
1 YES
7 QUIT PRCGRAM
) 1
ENTER THE NUMEER OF THE YEAR YOU WISH 10 SEE
) 50
DOOYogOWISH TC SEE THE INTERVENING YEARS?
1 YES
. 0
50 1 129 53
2 77 32
3 27 11
i 9 4) -
TOTAL 242 100 35
43
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DOOYOUNSISH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PROGRAM

1
ENTER THE NUMEBER OF THE YEAR YOU WISH 70 SEE

100
DOOYOgOWISH TC SEE THE INTERVENING YEARS?
1 YES
) 0
100 1 129 53
2 77 32
3 27 11
4 9 4
TOTAL 242 100 35

DO YOUNSISH TO SERX ANY OTHER YEAFRS?

1 YES
7 QUIT PRCGEAHM

0

DOOYOUNgISH TO SEE THE STEADY STATE VECTOK?

1 VES
: 1
999 1 129 53
2 77 32
3 27 11
4 9 4
TOTAL 242 100) 35
ARE YOU THROUGH?
0 NC
1 YES
N i 1
2. Example (b)
START
- DC YOU WISH TC ENTEEK DATA?
g 0 NC
o 1 YES
- - 1 .
ENTER T MBER OF THE MODEL TYPE
1 M HIERARCHICAL
2 K| LENGTH OF SERVICE
3 [ GENERAL
4 v Y
) 3
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«’a
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s A

A Aty
PR

‘S

PASE: |

%7

LJ
]

ENTER N (INITIAL STOCK VECTOR)
300 200 100

ENTER P éraanszmzon MATRIX) BY ROWS
ENTER 11H ROW
) .6 .15 .05
ENTER 21IH ROW
) .75 .2 0
ENTER 3T4 ROW
) .050 .9
ENTER THE NUMBFR OF THE RECRUIT TYPE
1 FIXED RECRUIT VECTOR
2 ADDITIV™ (RECRUIT SIZEE
3 MULTIRPLICATIVE ARECRUI SIZE)
4 ADDITIVE (SYSTEM SIZ
5 MUOLTIPLICATIVE (SYSTEM SIZE)
) 1
ENTEE R (RECRUITMENT VECTOR)
: 70 7 23
ENTER THE PERCENT CODE
0 NO GRADE PERCENTAGES
1 GKADE SIZE AS PERCENT OF TOTAL GRADE SI
2 GRADE SIZE AS PEBCENT OF ORIGINAL GRADE
7 QUIT PROGRAM

1 YES

1
P MATRIX
0.6 0.15 0.05
0.75 0.2 0
0.05 0 0.6
N VECTOR
300 200 100
CPTION =1
R VECTOR
70 7 23
WOULD %8“ LIKE TO CHANGE ANY CF THE DATA?
YES
7 QUIT PRCGRAM
) 0
ENTER THE NUMBER OF THE YEAK YOU WISH TO SEE
) 10

DG YOU WISH TC SEE THE INTERVENING YEARS?
1 YES ’
: 0

50




B

1

¥

L\!:.
N
2 I S S -2.353 . S
N 0 1 ~ 7300 50
& 2 200 33
3 100 1
TOTAL 600 100
0 1 351 48
2 75 10
3 302 i u1§
TOTAL 728 121 100

DO YOUNSISH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGRAN

1
ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE

50
DOoYogOWISH TC SEF THE INTERVENING YEARS?
1 YES
: 0
50 1 375 43
2 73 9
3 415 48
T0TAL 868 145 100

DOOYOUNEISH TC SEE ANY OTHER YEAKS?

1 YES
7 QUIT PRCGRANM

) 1
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE

100
DOOYOUOWISH TC SEE THE INTERVENING YEARS?
N
1 YES
J
100 1 376 43
2 79 9
3 418 48
T0TAL 873 146 100
bC YOUNEISH IC SEE ANY OTHER YEARS?
1 YES
7 QUIT PRCGERAY
. o )
DOOYOUNgISH TC SEE THE STEADY STATE VECTOR?
1 YES

1
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'
-t

N
L
;;§ uogLD Ygg LIKE TO SEE THE ENTERED DATA?
::E 1 1ES
[~ .
[ 1
§.~ P MATRIX
b 0.728 0.102 0@ 0
K 0 0.83 0.046 0
i 0 0 0.867 0.033
A 0 0 0 0.902
N VECTOR
) 129 74 28 11
OPTION =2
o INC =5
o8 5 TOTAL RECRUITMENT
i) x ..
e oagcguxmuﬂui PROPORTION VECTOR
b)
e WOgLD ggu LIKE TO CHANGE ANY OF THE DATA?
" 1 YES
o 7 QUIT PRCGRAM
N ) 0
b ENTER THE NUMPER OF THE YEAR YOU WISH T0 SEE
iu 10
DOoYogOHISH TO SEE THE INTERVENING YEARS?
1 YES
: 0
___T* N PERCENT R
ol 0 1 129 53
.~ 2 74 31
[\ "." 3 2 8 1 2
L1 4 11 5
oot JOTAL 242 100)
) 10 ] 248 63‘
2 2 106 27
e 3 29 7
4 10 3
o TOTAL 392 162 80
o DO Younglsn TC SEE ANY OTHER YEARS?
o 1 Y ES
-3 7 QUIT PRCGEAM
Z;:‘::'. 1
;EQ ENTER THE NUMEER OF THE YEAR YOU WISH 10 SEE
‘, * 50 .
IS
e DOOYogOWISH TO SEE THE INTERVENING YEARS?
N 1 YES
= 0
< 54
'.::-
. 1_
3:1.
e
S S . N B e T i S i e e S S
AU L P e e e A A A e e T e A e e A e e L




50 1 980 58
2 523 31
3 152 9
4 39 2
TOTAL 1695 700 280

DOOYOUNgISH T0 SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGEANM

1
ENTER THE NUMEBER OF THE YEAR YOU WISH TO SEE

100
DOOYOBOWISH TC SEE THE INTERVENING YEARS?

1 YES

100 1 1899 56

2 1075 31

3 343 10

4 102 3

T0TAL 3419 1413 530

- i o — ——

DOOYOU“gISH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGEAM

1
ENTER THE NUMEER OF THE YEAR YOU VWISH T0 SE3

900
DOoYogOWISH TO SEE THE INTERVENING YEARS?
1 YES
900 1 16605 54
2 9898 32
3 3395 11
4 1130 4
TOTAL 31028 12821) 4530

— — ——— — Y D L ——— - ——— A ———— ———— ——

DCOYOUngSH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGEAM

1
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE

975 -

oooyogowxsa TC SEE THE INTERVENING YEARS?
1 YES

: 0
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a2
L)

(T

975 1 17984 53
2 10725 32
3 3681 11
4 1226 n
TOTAL 33617 13891 4905
noozouugxsu TC SEE ANY OTHER YEARS?
1 YES
7 QUIT PRCGRAM
) 0
noozouugxsa TC SEE THE STEADY STATE VECTOR?
1 YES
: 1
PERCENT AGES ARE IN STEADY STATE
999 1 17984 53
2 10725 32
3 3681 11
4 1226 { 4
TOTAL 33617 1oo¥ 4905
ARE YOU THROUGH?
0 NO
1 YES
) 1
2. Exanmrle (b)
START
DO YOU WISH TC ENTERK DATA?
0 NO
1 YES
: 1
ENTERK THE NUMEBER OF THE MODEL TYPE
1  HMARKOV HIEEARCHICAL
2  MARKOV IENGTH OF SERVICE
3 MARKOV GENERAL
4 V ACANCY .
. 3
ENTEP N (INITIAL STOCK VECTOR)
T .300 20 0
ENTER P éTRANSITION MATRIX) BY ROWS
ENTER 118 ROW
) .6 .15 .05
ENTER 2TH ROW )
: .75 .2 0
ENTER 3TH ROW
) .050 .9

56




e e

NEWN -

70 7 23
ADDITIVE INCREASE

WOULD YCU LIKE TO SEE THE ENTERED DATA?
TR,
1

A TRIX
0.15 0.05
292 8.9
VECTOR
300 200 100
OPTION =2
INC =25

TOTAL RECRUITMENT
100

KECRUITMENT PFOPORTION VECTOR
0.7 0.07 0.23
FOJLD YOU LIKE T0 CHANGE ANY OF THE DATA?

1
7

0.
o.
Q

P
6
3
0
N

Y ES
QUIT PRCGRAM

0

ENTER THE NUMEER OF THE YEAR YOU WISH TO SEF
) 10

57
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DY

A

Py

Cod S

Dootog WISH TC SEE THE INTERVENING YEARS?

0
I y PERCENT = R_
o 1 300 Ts0)
2 200 33
3 100 17
~ TOTAL 600 100
10 1 801 53
2 162 11i
3 561 37
TOTAL 1523 254) 325

DOOYOUNEISH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGEAM

1
ENTER THE NUMPER CF THE YEAR YOU WISH 1T0 SEE
: 50
DO YogOWISH TO SEE THE INTERVENING YEARS?
1 YES

0
50 6
)
5
1 1325
DCOYOUNSISH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGRAM

1
ENTER THE NUMEBER OF THE YEAK YOU WISH TO SEE
: 100
DOOYogoWISH TC SEE THE INTERVENING YEARS?
1 YES

- ——p —— —— ——— — — — —— ——— —— — —— — ———— — S ————

.
-

6 44
3 9
9 46
8 3406 2575

DO _YOU WISH IC SEE ANY OTHER YEARS?~

——— - — - —— ——

S
UIT PRCGEAM

~N—O

- O
mo

58




M 5 T D VR A A

ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE

350
DO YQ%OHISH TO SEE THE INTERVENING YEARS?
1 YES

0
35Q 1 32550 43
2 6853 9
3 35585 47
TOTAL 74987 12498 8825
DooYOUNSISH TC SEE ANY OTHER YPARS?
1 YES
7 QUIT PRCGRAM
: 1
ENTER THE NUMEBER OF THE YEAR YOU FISH TO SEE
- 400

DOOYO§OWISH TC SEE THE INTERVENING YEARS?
1 YES

0
400 1 37246 43
2 7843 9
3 40808 48
T0TAL 85897 14316 10075
Dooyouwgzsa TC SEE ANY OTHER YEARS?
1 YES
7 QUIT PROGRAM
: 0

DOOYOUNEISH TC SEE THE STEADY STATE VECTOR?
1 Y ES

1

PERCENTAGES ARE IN _STEADY STATE
999 1 37246 43
2 7843 9%
3 40808 43
TOTAL 85897 100) 10075
ARE YOU THROUGH?
0 NC
1 YES
- 1 )
59
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ENTER DATA?
HIERAKCHICAL

gHEER OF THE MODEL TYPE
V LENGTH OF SERVICE

OV GENERAL

COMPUTER PRINTOUTS OF EXAMPLES POR OPTION 3
N
0
0

'Examg;g

1

1.
STIART
DO YOU WISH TO

[ Sl
n
[3-]
-
[eN
m
o o} -t
(3] L
o
o 5]
o 3]
fxy o8]
o H
w0 o €2 17p]
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YES

ORSCEUITHENI EROPORTION VECTOR

WogLD %80 LIKE T0 CHANGE ANY CF THE DATA?

1 YES
7 QUIT PROGRAM

0
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
: 10
DO yogowxsn TC SEE THE INTERVENING YEARS?
1 YEs
: 0
U S N _____PERCENT R
- 0 1 129 53)
2 T4 1
3 28 12
4 11 5
TOTAL 242 100
10 1 137 54
2 79 31
3 27 11
4 10 u%
TOTAL 253 105 33

—————  —— - - —

DOOYOUNEISH TGO SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGRAHM

1
ENTER THE NUMEER OF THE YEAR YOU WISH T0 SEE

50

DOOYOgOHISH TO SEE THE INTERVENING YEARS?
1 YES
) 0

ol




X
gl
Ny
e M)
Y 50 1 204 55
- 2 116 31
5% 3 37 10
-4 4 11 3
: TOTAL 368 152 57
\ DO YOU WIS4 TC SEE ANY OTHER YEARS?
i's. Q NQ
: 1  YES
ﬁ: 7 QUIT PRCGEAM
: Lo
- ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
L 100
" nooyogowxsa TC SEE THE INTERVENING YEAKS?
-." 1 Y E S
. ) 0
S 100 1 336 55
o 2 130 33
- 3 61 10
e 4 19 3
W TOTAL 606 250 94
‘1 Dooyoungrsa TC SEE ANY OTHER YEARS?
- 1 Y ES
- 7 QUIT PRCGEAM
) 0
Dooyoungxsu TO SEE THE STEADY STATE VECTOR?
’$ 1 YES
3 ) 1
LAY
o PERCENTAGES ARE IN STEADY STATE
a8 999 1 336 55
, 2 190 33
' 3 61 10
¥ 3 19 3
- TOTAL 606 10 94
" ARE YOU THROUGH?
T 0 NO
YES
-::: : 1
X 2. Exapple (b)
START )
.7~ DO YOU WISH TO ENTEK DATA?
'/.‘ 0 N C
o 1 YEs
5 : 1
‘ ,‘\
.' \\’ 62
b
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e
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ENTER THE NUMEER OF THE MODEL TYPE
1 MARKOV HIERARCHICAL
2 MARKOV LENGTH OF SERVICE
3  MARKOV GENERAL
4 ¥V ACANCY
: 3 )
ENTER N (INITIAL STOCK VECTOR)
: 300 200 100
ENTER P éTRANSITION MATRIX) BY RORS
ENTER 11H ROW
: .6 .15 .05
ENTER 2TH ROW
) .75 .2 0
ENTEE 3TH ROW
i .05 0 .9
ENTER THBE NUMBER OF THE RECRUIT TYPE
1 PIXED RECRUIT VECTOR
2 ACLDITIVE (RECRUIT SIZ E
3 MULTIPLICATIVE éRECRUI SIZE)
U ALDDITIVE (SYSTEM SIZE
5 MULTIPLICATIVE (SYSTE SIZE)
: 3
ENTER R (RECROUITMENT VECTOR)
) 70 7 23
ENTER MULTIPLICATIVE FACTOR
) 1.01
ENTER THE PERCENT CODE
NO GRADE PERCENTAGES
1 GRADE SIZE AS PERCENT OF TOTAL GRADE SIZE
2 GRADE SIZE AS PERCENT OF ORIGINAL GRADE SIZE
7 QUIT PROGRAM

WO%LD Y%g LIKE TO SEE THE ENTERED DATA?
1 YES '

TOTAL RECRUITMENT
100

Igﬂ T EROPCRTION VECTOR

ECRU EN
0.7 0.07 0.23
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WOOLD ggﬂ LIKE TO CHANGE ANY OF THE DATA?

0
1 YES
7 QUIT PROGRAM
: 0
ENTER THE NUMBER OF THE YEAR YOU WISH 10 SEE
: 10

DOOYOU WISH TC SEE THE INTERVENING YEARS?

0
..z ___________ N ______BERCENT = R_

o 1 300 T
2 200 33
3 100 17
TOTA L 600 100
10 1 370 49
2 78 10
3 312 41

TOTAL 761 127 109

DOOYOUNEISH IC SEE ANY OTHER YEAPRS?
; 5§§T PRCG RAM
1
ENTER THE NUMEER CF THE YEAR YOU WISH TO SZE
: 50
DO YO%OWISH TC SEE THE INTERVENING YEARS?
1 YES

0
50 1 575 4y
2 121 9
3 603 46
Z 16

DOOYOU SISH TC SEE ANY CTHER YEARS?
; éﬁ%T PROGRAM
1
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
: 100
DO YOU WISH TO SEE THE INTERVENING YEAES?
.1 3%5
0

163
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100 1
2
3

I0TAL

947 4y
199 9
996 47
2141 357 268

Ko DC_YOU WISH TC SEE
: 0 NO

.- 1 YES
L 7 QUIT PRCGRAM

‘AN s 0
e DO YOU WISH TO SEE
: 0 NO

ANY OTHER YEARS?

THE STEADY STATE VECTOR?

268

= ARE YOU THROUGH?
> 0  NC
A 1 Y ES

» oo

SR 'J'f?"'«'*’.T




APP ENDIX D
CONPUTER PRINTOUTS OF EXAMPLES FOR OPTION 4

1. cCase 1 xample (a)

START

DO YOU WISH TC ENTER DATA?
0 NQ
1 YES

-

ENTER

=

OF THE NODEL TYPE
ARCHICAL
IH OF
RA

REBEE

SERVICE

faalakal
20002
New<wca

~

INITIAL STOCK VECTOR)

9 74 28 11
PROMOTION RATE VECTOR
gR SHOULD INCLUDE THE

(el ]
[e1%]
o3
Ntdrl= 2 - <$zE=xH

=150}
(RN Yo o3~
[»
o<

2
A

E
T
E
9
L

b= b2d 3
H g
514 o
H
[=2e~1 0 1}
=
(17, T2
&
4D ON
o
e
b o

Cled OCIpme
m

Q- <oIRN

ATE FOR THAT
ION OR W

Ry
wrimz

VEC
NCLGDE THZ TOTAL R
OMOT ASTAGE.

CROIT TYPE

O Qm

(
2
H
C
S
1
H
u
1
H
I
L
0
D
4t}

]
=
VEWN=
]
o

HuHG - O
Hk O

v
E
7
E
X
D
L
D
L

R0 20
HHinb-mirato &
e

o irgM-
P B PO O

RE

OR

SIZE%

CRUIT SIZE)
IZE

ST

E
I
T
T k

T EM SIZE)

PROP (RECRUIIMENT PROPORTION VECTOK)

o]
0-5 e
<]
=2

0.0 0
DDITIVE INCREASE

=
e 2
-3
tg
o]

o
LA IS T ]
O
amnN N
to =t m

mz

=0
wuzO
Hm3o

Y

TAL GRADE SIZE
IGINAL GRADE SIZE

LS [\ P
(C)WOZ
- arod O b—l WE 2R3

-3

_HOoOOm

(D))

j<3- 3523~ J 5}

unnh

o

mQ

4o

HOSLD Ygg LIKE TO SEE THE ENTERED DATA?

:"'-v -
P
f 1 YES

P;ﬁ 1

PROMOTICN RATES FOR THE FIKST
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[alolelaTr]
s
QO amb p=f
Wwo»
N
[eololels]
[}
[es] @]
[«,¥ —
~NO0N
[elelele]
[ I ]
0o
oW
W

- =
o~
e«
(o]
LN
O&E 0o
(=]
-t 2
-

ZiN) OO0 Oo

- O =

RECR ULTMENT PROPORTION VECTOR

LD §8U LIKE TO CHANGE aNY CF THE DATA?
55§T PRCGRANM
0
ENTER THE NUMEER OF THE YEAR YOU WISH T0O SEE
; 10
DOOYOgOWISH TC SEE THE INTERVENING YEARS?
1 YEsS

o

S
~N=2Oa O N0

0
T N PERCENT R
0 1 29 53
2 T4 31
3 28 12
4 11 5
TOTAL 242 100)
10 1 129 . 53{
2 77 32
3 27 1"
4 10 4
TOTAL 242 100 35

DOOYOUNEISH TC SEE ANY OTHER YEAES?

1 YES
7 QUIT PRCGFAM

1
EyTER THE NUMBER OF THE YEAR YOU WISH TO SEE
) 50
DC YOU WISH TO SEE THE INTERVENING YEARS?
7 Ies
0

50

EWN -
b

£ =~
NV INO
[=2rIWNIS, |

Q& =W
NP PN Ponst?

TOTAL 2

- - —— - — g - - - ———

35
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Do YOUNgISH TO SEE ANY OTHER YEARS?

0
1 YES
7 QUIT PRCGRAM
) 1
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
) 100
nooyogonrsu TO SEE THE INTERVENING YEARS?
1 YES
: 0
100 1 129 53
2 77 32
3 27 11
4 9 4
TOTAL 242 100 35

DOOYOUNEISH TC SEE ANY OTHER YEARS?

1 Y £S5
7 QUIT PRCGEAM

0
DOOYOUNgISH TO SEE THE STEADY STATE VECTOR?
1 YES
i 1
PERCENTAGES ARE IN STEADY STATE
999 1 129 53
2 .77 32
3 27 11
4 9 4
TOTAL 242 100 35
ARE YOU THROUGH?
NG
1  YES
: 1
2. Case 1 Exapmpie (b)
- START
- DO YOU WISH TC ENTER DATA?
" 0 NG
- 1 YES
- ) 1
= ENTER THE NUMEER OF THE MODEL TYPE
[: 1 MARKOV EIERARCHICAL
- 2  MARKOV LENGTH OF SSRVICE
o 3  MARKOV GENFKAL
s 4  VACANCY
o ) 3
e 68
nt
-‘3'
;.qs'
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N
e
g!
wi.
i; ENTER N (INITIAL STOCK VECTOR)
o .
7 300 200 100
‘ ENTER P éTRANSIIION MATRIX) BY ROWS
ENTER 11H ROW
- i .6 <15 .05
;; ENTER 2TH ROW
o N .75 .2 0
N ENTER 3TH ROW
) .05 0 .9
ENTER THE NUMPER OF THE RECRUIT TYPE
1 FIXED RECRUIT VECTOR
2 ADDITIVE (RECRUIT SIZE&
3 MULTIPLICATIVE éRECRUI SIZ?
4 ADDITIVE (SYSTEM SIZE
5 MULTIPLICATIVE (SYSTEM SIZE)
- 4
ENTER RFROP (RECRUITMENT PROPORTION VECTOK)
' .7 .07 .23
ENTER ACDITIVE INCREASE
- 0 ‘
ENTER THE PERCENT CODE
0 NO GRADE PERCENTAGES
1 GRADE SIZE AS PERCENT OF TOTAL GRADE SIZE
2 GEADE SIZE AS PERCENT OF ORIGINAL GRADE SIZE
7 QUIT PROGEAM
: 1
HO%LD Ygg LIKE TO SEE THE ENTERED DATA?
1 YES
) 1
P MATRIX
0.6 0.15 0.05
0.75 0.2 0
0.05 0 0.9
N YVECTOR
300 200 100
CETION =4
INC =(Q
RECEUITMENT PROPORTIGN VECTOR
0.7 0.07 0.23

WO%LD ggﬂ LIKE TO CHANGE ANY OF THE DAIA?

1 Y ES
7 QUIT PRCGRAN

0 .
ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE

10

69




DOOYOS WISH TC SEE THE INTERVENING YEARS?

T ____________N _____PERCENT = R_
0 ] 300 T s0)

2 200 33
3 100 17
TOTAL 600 100
10 1 284 47
61 10
3 255 43

TOTAL 600 100 73

DO YOU WISH TO SEE ANY OTHER YEARS?
; 5S§T PRCGRAM
1
EqTER THE NUMBER OF THE YEAR YOU WISH TO SEE
) 50
DOoYogOHISH TO SEE THE INTERVENING YEARS?
1 YES

0
50

o N
S
lO\ICm
O £
QMO

1 ‘ 69
DOOYOUNSISH TC SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGRAM

1
ENTER THE NUMBER CF THE YEAR YOU WISH TO SEE
) 100
Dooyogowzsu TC SEE THE INTERVENING YEARS?
1 YES

3

9

8 .
0) . 69
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DOOYOUNgISH TO SEE ANY OTHER YEARS?

1 YES
7 QUIT PRCGEANM

0
. DO YOU WISH TO SEE THE STEADY STATE VECTOk?
1 1%
: 1
PERCENTAGES ARE IN S
999 1

Ty

DY STATE

oY o3

QounUm

ONE®I
&

-mb

os

[=2e +]Ve]VV]
P

3
TOTAL

- ——— ———— . — — —— S —— —— -

69

ARE YOU THROUGH?
0 NC
YES

. 1

' 3. Case

Ny

Example (2)

START
X DO YOU WISH TC ENTER DATA?

=t
"3 Yewnad Yoo

ER N (INITIAL STOCK VECTOR)
3 129 74 28 N

R
L

ENTER THE PROMOTIION R .
: THIS Vgggg SHOULD IN PROMOTION KATES FOR THE FI&EST
CLA S

s uinn
s my

.12 .0u46 .033
ENTER THE WASTAGE RATE VECTO
THE 4TH VALUE SHOULD INCLUDE
STATE DUE TO EITHER PROMOTIO

i .17 .124 .1 .098

ATE FOR THAT

ENTER

NEWN =

IA



ENTER

RPROP (EECRUITMENT PROPORTION VECTOR)

° 1000 :
ENTER ACDITIVE INCREASE

5
ENTER THE PERCENT CODE
NC GRADE PERCENTAGES )
1 GRADE SIZE AS PERCENT OF TOTAL GRADE SIZE
2 GEADE SIZE AS PEKCENT OF ORIGINAL GRADE SIZE
7 QUIT PROGRAM
1

WOgLD Ygg LIKE TO SEE THE ENTERED DATA?
1 YES

1
P_MATIRIX
0.728 0.102 Q 0
0 0.83 0.0u46 0O
0 0 G. 867 0.033
0 0 0 0.902
N_VECTOK
129 74 28 11
CPTION =4
INC =5

oRgcgUITHENI PROPORTION VECIOR

HogLD §8U LIKE IC CHANGE ANY OF THE DATA?

1 YES
7 QUIT PRCGRAM

0
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
. 10

DOOYOgOWISH TO SEE THE INTERVENING YEAPRS?
1 YES

0
T N PERCENT R
0 1 129 53
2 74 31
3 28 12
I 11 )
TOTAL 242 100) _
10 1 165 57
2 89 30
3 28 10
4 10 3
TOTAL 292 121 47

.....................................
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3N
S
i%: DO youugxsu TO SEE ANY OTHER YEARS?

- 1 VYIS
X 7 QUIT PRCGEAM

o ) 1

i@ ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE
£ 50

e DO YOU WISH TO SEE THE INTERVENING YEARS?
. 1 YES
r_‘f- :
e .

- 50 1 273 56

NG 2 155 31

g 3 49 10

o 4 15 3

TOTAL 492 203) 76

-

r DO ¥YOU RISH TC SEE ANY OTHER YEARS?

L 1 YES

v 7 QUIT PKCGBAM

S
o] ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE
o 100

‘w;\’
R DO YOU WISH TO SEE THE INTERVENING YEARS?
) ’ 1 YES

s ' 0

o 100 1 407 55

Y 2 235 32

- 3 77 10

(7 4 24 3

i TOTAL 742 307 113
) ————l o -—=

= DO YOU WISH IC SEE ANY OTHER YEARS?

o 1  YES

ol 7 QUIT PRCGEAM

o ) 1
e ENTER THE NUMPBER OF THE YEAR YOU WISH TO SEE
= ) 900

Si Doovogowxsa TC SEE THE INTERVENING YEARS?
[~ 1 YES
X ) 0

-~ 900 1 2537 54

=~ 2 1513 32

s 3 519 11

2 4 173 4

- TOTAL 4742 1960 692
- —————dl -
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U
£
="
N0 DO _YOU WISH TC SEE ANY OTHER YEARS?
Ay 0 NC
X 1 YES
0 7 QUIT PROGRAM
. A ) 1
19,18
i ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE
'~ :
‘e 950
.ﬁh DO YOU WISH TO SEE THE INTERVENING YEARS?
‘ 1 YEs
£y ) 0
g_f:i 950 1 2670 53
o 2 1593 32
b 3 547 17
4 182 4
25 TOTAL 4992 2063 728
,é% DO YCU WISH TO SEE ANY OTHER YEARS?
e 1 YES
b 7 QUIT PRCGEAM
o 0 -
v DO YOU WISH TC SEE THE STEADY STATE VECTOR?
I 1 YES '
i 1
Y PFRCENTAGES ARE IN STEADY STATE
- 959 1 2670 53
o 2 1593 32
iy 3 547 1
- 4 182 4
y TOTAL 4992 100 728
A5 —————— e - -
db"--
204 ARE yogorﬁaouca?
o .
SN 1 YEs
-_,A - 1
o
o 4. Case Z  Example (k)
'\-&
e START
T
iy DO _YOU WISH TC ENTER DATA? )
:.l 0 NC
‘. ,(-.‘: .1 Y ES
P A" 1
1
3
)_*J 74
e
;_:J
o
Vo
Y0
.r::
o
f'J “““ K - o P R R TP R ot a e "a m " "R"m" . e P S T R L L I
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AR Sl B AR B Sl Sl RN Sl S -.-T

ENTER THE NUMEER OF THE MODEL TYPE
1 MARKOV BIERARCHICAL
2  MARKOV LENGTH OF SERVICE
3 MARKOV GENERAL
3  VACANCY
o 3
ENTER N (INITIAL STOCK VECTOR)
) 300 200 100
ENTER P (TRANSITION MATRIX) BY ROWS
ENTER 1TH ROW
) .6 .15 .05
ENTER 2TH ROW
) .75 .2 0
ENTER 3TH ROW
) .05 0 .9
ENTER THE NUMBER OF THE RECRUIT TYPE
FIXED RECRUIT VECTOR
2 ATDITIVE (RECRUILT SIZE&
3  MOLTIPLICATIVE énscaux SIZE)
& ADDITIVE Asxsrs SIZ
5  MULTIPLICATIVE (SYSTEM SIZE)
i 4
ENTER RPROP (RECRUITMENT PROPORTION VECTOR)
) .7 .07 .23
ENTER ADDITIVE INCREASE
. ) 25
ENTER THE 2 SRCENT CODE
0 NO GRADE PERCENTAGES
1 GRADE SIZE AS PERCENT OF TOTAL GRADE SIZE
2 GRADE SIZE AS PERCENT OF ORIGINAL GRADE SIZE
7 QUIT PROGRAM
) 1
HOgLD Ygg LIKE TO SEE THE ENTERED DATA?
1 YES :
: 1
P MATRIX
0.6 0.15 0.05
o. 75 0.2 o
0.05 0 0.9
N VECTOR
300 200 100
OPTION =4 )
INC =25
RECRUITMENT PROPORTIOM VEC'TOR
0.7 0.07 0.23

75
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O
Ly
”-.
o
o WOULD YOU LIKE TO CHANGE ANY OF THE DATA?
s 1 YES
" 7 QUIT PROGRAM
e ) 0 ‘
1§ ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
}_& ) 10 ‘
o) DO YOU WISH TC SEE THE INTERVENING YEARS?
Iy’ 1 Y E s
'\.: . 0
08 T K _____ PERCENT __R_
X | o 2 300 50)
S 2 200 33
100 17
a TOTA L 600 100
- 10 1 417 49)
AN 2 88 10
N 3 345 41
L TOTAL 850 142 128
i DO YOU WISH TC SEE ANY OTHER YEARS?
. 1 YES
7  QUIT PRCGEAM
1 é
- ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
. E:.-;: : 50
e DO YOU WISH IC SEE THE INTERVENING YEARS?
, 1 YES
) 0 :
e 50 1 827 45
- 2 - 173 3
e 3 849 46
o4 F0TAL 1850 308 239
"A‘. ............ - == -
. DO YOU 4ISH TC SEE ANY OTHER YEARS?
A v
e 1 YES
" 7 QUIT PRCGRAN
"o .
‘.: 1
= ENTFR THE NUMBER OF THE YEAR YOU WISH TO SEE
> . -
= 100
P DO YOU WISH TC SEE THE INTERVENING YEARS?
X 0 NO
-::- 1 YES
b :
0
.
.'i,:: 76
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N
X
S I A N XY
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100

W)
=2&EN W

OEDON
O~

1
1
TOTAL 3

4y
9
47
517 382
DOOYOUNgISH TC SEE ANY OTHER YEARS?

1. YES :
7 QUIT PROGEAM

1
ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
350
DOOYOEOHISH TC SEE THE INTERVENING YEARS?
1 YES

0
350 1 4056 43
2 854 9
3 4440 47
I0TAL 9350 1558 1098
DOOYOUNgISH TC SEE ANY OTHER YEARS?
1 YES

7 QUIT PROGRAM
) 1

ENTER THE NUMPER OF THE YEAR YOU WISH TQ SEE
: 4 00

DOoYogOWISH TO SEE THE INTERVENING YEARS?
1 YES

(X3

0
400 1 4594 u3;
2 967 9
3 5039 48
TIO0TAL 10000 1767 1241

DOOYOUNZISH TC SEE AdY OTHER YEARS?

1 YES
7 QUIT PRCGEAM

0 .
nooyou RISH TO SEE THE STEADY STATE VECTOR?
1 YIS
) 1

z

X

B Y
.-
K




y PERCENT AGES ARE 1IN
999 1

(e ] =1Ve18 1 ]
QWO
[=1VeIN g

S
4
. -3 5
Sy TOTAL 10

\'*.-‘ —— - —— — e —

1241

i y ARE YOU THROUGH?
t" 0 NO
o 1 YES

TN 1
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‘B WOULD YQU LIKE T0 SEE THE ENTERED DATA?
e 1 YES
..:_ - 1
{
L P_MATRIX
A 0.728 0.102 @ Q
e 0 0.83° 0.046 0
Y 0 0 0.867 0.033
< 0 0 0 0.902
. N_VECTOR
e 129 74 28 11
OPTION =5
s FACT__ =1.01
NN RECRULTMENT PROPORTION VECTOR
o 1000
1 WOULD {QU LIKE TC CHANGE ANY OF THE DATA?
o e
e 1 YES
7 QUIT PROGRAM
) 0
L ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE
o 10
N
C DO YOU WISH TC SEE THE INTERVENING YEARS?
- 1 YES
i 0
r ¥ PERCENT R
. 0 1 129 ( 53
: 2 74 31
- 3 28 12
e § 11 5
N TOTAL 242 100)
e 10 1 148 55
o 2 82 31
. 3 27 10
J 4 _10 4
- TOTA L 268 111 42
v eemmme—e—— e e - -
o DO YOU HISH TC SEE ANY OTHER YEARS?
RN 1 YES
S 7 QUIT PhCGRAN
e i 1
s ENTER THE NUMEER OF THE YEAR YOU FISH TO SEE
-.:,'-'.::' ) 50
S DO YOU WIS TO SEE THE INTERVENING YEARS?
*E 1 YEs ]
Wy H
L 0
o%. AY
‘:' ¢, A
aah
3
> 30
! .:\: N
oy

T
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S0 1 222 55;
2 125 31
3 40 10
4 12 3}
TOTAL 400 165 62
Dooyoungxsu TC SEE ANY OTHER YEARS?
1 Y ES
7 QUIT PRCGEAM
1
ENTER THE NUMEER OF THE YEAR YOU WISH TO SEE
) 100
Doozogowxsa TC SEE THE INTERVENING YEARS?
1 YES
) 0
100 1 362 55;
2 206 31
3 66 10
4 20 3§
TOTAL 654 270 101
DO YOU WISH TO SEE ANY OTHER YFARS?
9 e
7 CUIT PECGHAM
) o i
DOOYOG EISH TO SFE THE STEADY SIATE VECTOR?
N
1 Y ES
) 1
PERCENTAGES AEE IV STZADY STRrIE
999 1 362 53)
2 20¢6 31
3 06 10;
4 20 3
TUTAL 654 100{ 191
AKE YOU THROUGH?
0 NC
1 YES
) 1
2. Example (b)
START .
DO YOUrgISH TC ENTER DATA?
i YEs
1

81
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I .
ond ENTER THE NUMBER OF THE YEAR YOU WISH TO SEE
Ne 10
. DO YOU WISH TC SEE THE INTERVENING YEARS?
o 1 YES
. : .
; L N - PERCENT ___R
. 0 1 300 50
2 200 33
I~ 3 100 17
e TOTAL 600 100
h 10 1 310 48
- 2 67 10
2 3 277 42
bl TOTAL 661 110 87
o DO YOU RISH TO SEE ANY OTHER YEARS?
- 1 YES
. 7 QUIT PRCGRAM
L ) 1
S ENTER THE NUMEER OF THE YEAR YOU WISH 10 SEE
- ) 50
RN DO _YOU WISH TO SEE THE INTERVENING YEARS?
<. 1 YES
- ) 0
50 1 435 44
> 2 91 9
2y 3 458 46
- TOTAL 985 164 123
) DO YOU WISH TC SEE ANY OTHER YEARS?
e 1 YES
- 7 QUIT PROGRAM
= R
e ENTEK THE NUMEER GF THE YEAR YOU WISH TO SEE
o 100
" DO YOU WISH TO SEE THE INTERVENING YEARS?
<l 1 YES
.:__: . 0
x 100 1 117 By
25 2 150 i 9
. 3 7_5“ u?
5 T0TAL 1631 | 270 203
R
2

a3

it
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DOOYOUNEISH TO SEE ANY OTHER YEARS?

1  YES
7 QUIT PRCGRAM : .
) 0
DOOYOUNEISH TC SEE THE STEADY STATE VECTOR?
1 YIS
: 1
PERCENTAGES ARE IN STEADY STATE
999 1 717 44
150 9
3 754 47
TOTAL 1621 100 203

ARE YOU THROUGH?
0 NC
YES

1
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APPENDIX F
APL COMPUTER FBROGRANM FOR STEADY STATE DISTRIBOUTION FUNCTION

This is the APL function that is used to find the steady
State distributicn vector for all optioas.

v STDST-Q-IDENT-RV;W;E§§;NHAT1;NHAT2;FACTI;IQ;ZEROJ

1
2] &1 ,K)pRPROP
3 IDE T*(A K)p}l ,KpO
4 51 JK)oi-(+713] P
5 é&wi+ xRV)
»(Ty u 5)/FIX,ADDREC,NULTREC,ADDSYS,MULTSYS
FIX:NeR+. XB(IDEN -P)
NSS<Nz (+/

VvU ROUND
EN

D
ADDREC: NHAT1+RPR0P+ x@(IDENT- P)
Ngg;NHATl (+/NHAT1)

NULTREC: FACTI*FACTXIDENT
NHAT2<R+. xB(FACTI-P)
NS%BNHAT2 (+/NHAT?2)

ADDSYS: IQ«IDENT-Q
29l p11 ko1

ZERO<1 5 1)00
vssezgé +.x3IQ

MULTSYS FACTI«FACTxIDEN
NSS<(FACT- 1 XRPROP+ xE(FACTI Q)
END:T OUNT*Q

PERCENT<| (0, 5+100xNSS)
TOTPERCENT«100
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