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A Parameterized Procedure
. for Determining Real Height From lonograms
§ by Use of Generalized Parabolic Profiles

1. INTRODUCTION
e
7 In previous reportgkz/an analytic procedure was developed for determining

real heights from ionograms by directly solving the integral relation between real
height and virtual height. The real height could then be obtained by a direct inte-
gration of the virtual height over the range of frequencies encountered, In a later
report the method was applied to typical ionograms; the required integration
being performed numerically. In addition, a simplified procedure was developed
in which an ionogram could be fitted to a parametric series of polynomials and the
integration required for determination of real height performed analytically.

T} - —in-the-present repor-t/ ):e\generalizes'\this procedure by modeling electron density
profiles in terms of u parameterized series of generalized parabolic profiles,
The profiles are then converted to virtual height or ionogram form. The real
height corresponding to a given ionogram is obtained by comparison of the ionogram __ =) p."~

(Received for Publication 2 May 1985)

1. Klein, M. M, (1979) A Method for Direct Determination of Real Height From
Virtual Height Data for the Auroral Region of the Ionosphere, AFGL-TR-
79-0276, AD A083139.

2. Klein, M. M. (1981) A Simplified Procedure for Direct Determination of Real
Height From Virtual Height Data, AFGL-TR-81-0070, AD A104374,

3. Klein, M. M. (1983) Application of a Direct Method for Real Height Determina-
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. D with the parameterized profiles. Since the real height for a given parameterized

- profile is related in a very simple way to its virtual height, the integration process
required for the previous polynominal method is hereby avoided. In addition,

N since the parabolic profile has a vertical slope at the maximum electron density,

it provides a better fit to ionospheric data than a polynomial. Ze&bﬁh ol
. ’ - p [y ' ) .
//y : ,(’! -3 ot — m
/ N ) ) Iva .
2. DETERMINATION OF VIRTUAL HEIGHT FOR PARABOLIC PROFILES

The parabolic profile frequently utilized for ionospheric analysis is of the form

2
H) - fr- Nﬂ) | @
m o p
where N is the electron density, Np the maximum value of N, h _ the maximum
height of the profile, and ho the initial height at which N goes to zero. This pro-

file is characterized by a small but non-zero slope at ho and a vertical slope at

Np' It is convenient to write Eq. (1) in terms of frequencies by

2

: h_ -h £

. m N 2

g S+ S - -2 (1-b°X) (2)
j (hm'ho) ( fz)

p

where fN is the plasma frequency, l‘p it8 maximum value, X is the ratio flzv/fz, b
the ratio f/f_, and f is the probing frequency. The foregoing profile is character-
ized by a very small rate of increase of height (and hence of virtual height) at low
frequencies, We shall refer to this variation of fN as a rfq profile, In order to
cover ionograms characterized by a more rapid increase of height at low fre-
quencies, it is useful to also consider the profile characterized by a linear varia-
tion of frequency (referred to as a linear fN or fN profile),

2
h_ -h f
(h_mT) = ( --!-.li>= 1-bxt/2 | 3)
m o p

We now generalize the profiles given by Eqgs. (2) and (3) by replacing the power 2
by a parameter n. As n increases the slope of the profile decreases. We have

- found that a range of n from 1 to 4 is generally sufficient for the ionograms

- encountered in practice. Accordingly, Eqs. (2) and (3) are replaced by
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(h -0 = a(l - bPX) (4)

th_ -n" - a1 - bx1/2) (5)

m .
where a = (hm - ho). A plot of Eq. (4) exhibiting the form of the generalized
parabolic curves for several values of n is given in Figure 1. For subsequent use,
we write Egs. (4) and (5) in the form

h. -h_ =a[l - (1 -bHH/m (6)

ho-h -a[1l-(1-w/" | (7)

where hv is the height corresponding to a maximum probing frequence fv'

N/Np

Figure 1, Plot of Generalized Parabolic Curves for
Several Values of Parameter n. The electron density
N has been normalized to its maximum value Np
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-: The virtual height h'(f} eorresponding to a density distribution X is given by
"y
' d d
1 = = ——
- h'(f) dar (£1) ab (bD) (8)
-: where
r

o I f (a-x°2an | (9)
'-;: hr is the reflection height, and o is u parameter incorporating the effect of the

magnetic field. A plot of ¢ as a function of frequency for several values of the
’ angle o between the ray und the nugnetic field is given in Reference 3, Figure 3,
. For the profiles defined by Ligs. (4) and (5), we may write Eq. (9) in the form
L 2 w1 -x0/?
5 L Y A Oy (10
. o (1-b"X)
. 1 p.2/2
o (1 - )
X r ab = du (11

N nJ o opw!
o

'_: where u FN/F, and we now distinguish between the f?q and fN cases by use of I
- and J. In general, the integrals in Fgs. (10) and (11) are not analytically tract-
" able for arbitrary o, but may be approximated by integrals thut can be evaluated.

We first write Fgs. (10) and (11) in the form
g 1 1
N 1 o _1+l 1-=
- . 2 7 n n
: ffl ~ ab (1 -X) (1 - X) 4 (12)
" h n 1 1
- 2
; © (1-bxy "

1
1 .1+l 5 1-=
¢ J b2 (1-w? "T(arw (- "d (13)

: N n I 4
N 0 (1-bu "
- and note that the quantities (1 - X)(Q/Z)-Hn, (1 - u)(a/2)-l+n' and (1 + u)a/2
- are slowly varying functions over the range of integration and may be replaced by
. average values, We accordingly approximate Fgs. (12) and (13) by
Al
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1
R
2 _ab - X
i I—Tgf——-;—ldx (14)
° (1-b¥x) °
1 I'le'
_ab (1 -u)
fN- J‘nglng—-——ljdu s (15)
© 1-bw
where
1 a_1+l
_ T n
g—f(1~X) dx (16)
[o]
1 o 1 .
-14=
g1=f(1-u)2- ndu=a,12:g an
0 TR
1 @ g-+1
g2=f(1+u)2-du:2—__‘_¥. (18)
0+1
o T

A numerical check of the exact and approximate integrals for severcl values ¢ci b
shows that the approximate forms are within a few percent of the ccrresponding
exact integrals.

Carrying through the differentiation indicated in Eq. (8), the virtual height
h'(f) takes the form,

2
2 _ ab” 2 1
£, . e = - g [(1+H)11+2(1 H)12] . (19)
where
1 1-1
[o] (1 - bZX) I
5
|
e e e e e L e e e e




ab 1 1
fy . h'® "“glgz[(l+ )3+ (1-7) Jz] :
where
1 1-1
3, :./' il;;EL__T du
1-~
© (1-buw T

f (l-u)

° -bu)

du

:JI»-‘ o1 Loy

Since we shall be taking rational values of n, the power 1 - 1/n may be

written as p/q, where p and q are integers,
J by use of

q.[2-x\°
yo = 2
1 - b*X
yq: 1-u\’
1 - b2y

transforms the I and J integrals to the forms,

1
p+q-1
2 (1-b2)qf —y——idy
o (1-b2yq)

1 yp+q+1 4
< f y
2 J \1-b?

L
—t
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(21)

(22)

(23)

(24)

Rationalizing the integrands in I and

(25)

(26)

(27)

(28)
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p+q-1
Caewa [

o (1 -bvY

1

ptq-1
J2 = q/}____ dy
A (1 - byd

which can easily be integrated.

3. EVALUATION OF VIRTUAL HEIGHT FOR SQUARE fy PROFILE

3.1 n=4

The 1 integrals and h'(f) are given by

I:4(1-b) dy
1 fl-by)

1
12=4f dy
(l—bv)
[o)

3 2
= ab g(I1 + 12) ,

h'(f) 3

which upon evaluating L and 12 yields,
1/2

1/2
3 ) 1, | 1+3p2 1+0b -1
h'(f) 7 ag 3-+ 4b3 2 In (1 -b1/2> - 2 tan b

For small b, Eq. (34) has the series form

_ 3 40 56
h'(f)--a-ag(7'b +Wb l—é"s‘b +ﬁb + ...

(30)

31

(32)

(33)

(34)

(35)

Ly e e e RN “'7




32 n=2

For this case we obtain

1 2
_ 2 _y
1, = 21 - b?) f 5 dy (36)
o (1 -b2y2)
1 2
1, - 2 f I_y_z"z dy (37)
(o] -b y
h(r) - é—ubzg(ZIl + 1) (38)
hyf) - é—abgln(iig) (39)
4 6 .8
h'(f) = ag <b2+l-’3-+b?+5’7-+...> (40)
33 n=4/3
1
4
I, = 41 - b2 L qy (41)
o (1- b2y4)
1 4
12 - 4 f (T_y—bTT dy (42)
o -b%y0)
hi(f) % ab®g(s1, + 1) (43)
O xoug {1 + 15 - b 3/2 [m %—2% + 2tan”] bl/z]} (44)
1-b

(45)

i pag(ZEp?e fute SR 0. 28 )
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34 n=1

For this case, the integrall in Eq. (10) can be evaluated directly to yield,

ab2
1= 1+ 0/2 , (46)
which gives a virtual height
2
3ab
h'(f) = ——— . 47
( 1+ a2

4. EVALUATION OF VIRTUAL HEIGHT FOR LINEAR fy PROFILE

41 n=4

The J integrals and h'(f) are given by (note that the J integrals are replicas
of the 1 integrals with b2 replaced by b)

6
I, = 41-b) ——y—g dy (48)
o (1- by4)
1 6
J, = 4 —-——4-3’ dy (49)
2 of (1 -by")
h(6) = f-abg g,(5], + 37,) (50)

1/4 -
RO = T ag, e, {1 +4—;3§/—4 (5b - 1) [m :—*ﬁz - 2tan”} b1/4]} (51)

h'(f)=]1-6-aglg2(¥b+#b2+g§-b3+}gb4+...) (52)
42 n=2
1 ;2
I =21 - 5 dy (53)
o (l-byz)
9
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(1 -by")
o

3, -
h'f) = g abg, g, (31, +J,)
1/2
1 1 1+b
h'(f) = 728,89 [:l"‘ 2_1,175 (3b - 1) In m—z':l
RO - yagg, (o gu?+3ind + Bpt s ll)
n=4/3
1
] y*
J, = 41 - b) 5 dy
o (1-byh
1 4
J2 = 4’[—*‘!—4 d
- (1-by")
DD = fr abgg gy (1, +J,)
1/4
o3 b - 3 1+5b -1,1/2
h'(f) = 15 28189 {3 + 4b1/4 [ln ) -b1/4 +2tan " b ]}
h'(f)=-1%ag1g2 (%—2b+15£b2+1-%b3+%b4+...)

10

(56)

(57)

(58)

(59)

(60)

(61)

(62)




44 n=1

The integral J in Eq. (9) can here be evaluated exactly to yield

[+ 4
7) (63)
a

and a virtual height

12 r(1+%)
h'(f) = 2ab’{+a r(lz"‘)' (64)

5. APPROXIMATE SOLUTION FOR n CLOSE TO UNITY

The integrations required in the foregoing analysis may be considerably sim-
plified when n is near one. For the f12\1 profile we write Eqs. (20) and (21) in the

form
1 €
f _a - b2 )X dax (65)
o 1- b X
1 2 €

L, - f[l Q- bz)X] dX2 ’ (66)
A 1 -b"X (1 - b™X)
1 (1 - bAHx
where e = 1 - —. Since 3 <1 we expand the binominal term in the powers
1-b"X ~

of € and upon integration obtain, to first order in e,

b211 - bl 4 ;‘52. (1 - b2) [b2 +1In(l - bz)] (67)
R R SCELARLY R L (68)
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. For small b, 1, and I, may be written as
Al
a 2 .2 € 21,2 1.,4_1.6
. biy = b [1-§ (1-g0% bt - qmyb®e.)] (69)
o
>
N 4 .6 .8 10 4 6 8
' 2 2. b b b b € 2.b b

blz b+-2—+—3—+T+—5—+...‘2'(b +-3-+—6-+1'o‘+..-).
. (70)
.-: As indicated previously, the J1 and J2 integrals are duplicates of the I1 and 12
N integruls with b2 replaced by b, We then have, for the linear fN profile,

bJ, b+ E(1-b)b+In(1-b) (11)

b, = b - (1 -b)In(1 -b)+b) (72)
: eb 1, 1.2 1.3

b, b—T(l-B-b-Eb 1o b +) (73)

2 3 4 5 2 3 4
. b b b b € b b b

_: bJ2‘b+—2—+-3—+T+5—-?(b+-3—+-6—+To-+...)- (74)
f: A numerical check of the approximate solutions developed in this section were
" within a few percent of their more exact counterparts in Section 4, even for € as

high as 0.75. The good accuracy obtained, even for moderate values of €, is due
to the small value of the integrated term. It is estimated that the first neglected
term in the expansion is, in general, only a few percent of the first (¢ free) term,

6. DETERMINATION OF REAL HEIGHT

The calculated values of h'(f) are presented as a function of frequency for the
sz profiles in Figures 2 through 4 and for the linear fN profiles in Figures 5
through 7. The frequency f has been normalized to x = f/fv, where fv is the max-

v
virtual height has been normalized to its maximum value h'(fv). Values of h'(f), !

imum value of the probing frequency f for a given curve. The parameter
b - fv/fp has been used to characterize the set of curves for a given figure. The }

aside from the coefficients a and g, may be obtained directly from Figures 8 and 9,

12
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Figure 2, Virtual Height h'(f) for the sz Profiles as a Function of Frequency
- x for Several Values of Maximum Frequency Parameter b; Parameter n = 4,
.. The virtual height h'(f) has been normalized to its maximum value h'(fv)
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Figure 6. Virtual Height h'(f) for Linear fiy Profiles as a Function of Frequency
x for Several Values of Maximum Frequency Parameter b; Parameter n = 2,
The virtual height h*(f) has been normalized to its maximum value h’(fv)
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Figure 7. Virtual Height h'(f) for Linear f,; Profiles as a Function of Frequency
x for Several Values of Maximum Frequency Parameter b; Parameter n = 4/3,
The virtual height h!(f) has been normalized to its maximum value h'(fv)
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which give, for specilic values of n and bv’ the factor h'(fv), by which the normal-
ized values of h'(f) are multiplied. The a and g coefficients may be incorporated
later for a specific probing frequency.

The ionograms chosen for determination of real height are the Boulder and
Garchy ionograms previously utilized in Reference 3. In the present report we
. omit the determination of initial height since this method has been presented in
detail in Reference 3. The parameters required for the calculation of real height
are obtained from a comparison of a given ionogram with the h'(f) curves developed
herein. The h'(f) curves selected for the Boulder ionograms are plotted in
Figures 10 and 11, and those for the Garchy ionograms in Figures 12 and 13, For
greater clarity the ionogram data are plotted as discrete points.

As an example, the method of determining the real height h is presented for

the Boulder ionogram at the higher frequency [ = 7. 65 MHz, (For convenience,
- values of h and h' are here taken relative to ho):
:'_ From Reference 3 h' = 180 km
ﬁ h = 76 km
;j' From Figure 10 n = 4, linear fN profile, bv = 0.90
- From Figure 9 h'(f) = 0.557 .
-

We now determine the parameter a for the parabolic profile by comparing the
virtual heights for the ionogram and the parabolic profile:

_'; From Reference 3, Figure 3 a=0.7 .
From Egs. (17) and (18) g, = 1.667, g, = 1.148
\
:-_. ht = g, 8 ah'(fv)
. 180 = (1. 667)(1.148)(0.55Ma
N a=168.8 km .
_.t For the parabolic profile the real height is, from Eq. (7),
o h=all-(1-b)l/4
o v
s h = 168. 8(0. 438)

= 73.9 km
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Figure 10. Comparison of Boulder Ionogram for fv = 7. 65 MBz With h'(f) Curves;
Linear fN Profiles, n = 4
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Figure 11. Comparison of Boulder lonogram for f_ = 5,0 MHz With h'(f} Curves;
Linear fy Profiles, n = 2 v
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Linear fN Profiles, n = 2 v
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In a similar manner, the following results were obtained for the Boulder and

Garchy ionograms:
Boulder, fv = 7,65 MHz, a= 0.7, bV = 0.9, n =4 (linear fN)

h(calc.) = 73.9 km, h(Ref. 3) = 76 km

Boulder, f, = 5. 0 MHz, o = 0.6, bV = 0.75, n = 2 (linear fN)
h(calc.) = 34.1 km, h(Ref. 3) = 33 km

Garchy f,=4.4 MHz, o = 0.6, b, = 0.99, n = 4 (linear fN)

h(calc.) = 92.0 km, h(Ref.3) = 98 km

Garchy, f =3.0MHz, o =0.5, b_=0.95 n =2 (linear fN)
v v

s h{calc.) = 27.9 km, h(Ref.3) = 31 km
:'_'. As seen from Figures 10 through 13, the ionograms could be fitted reasonably
F well to the parabolic profiles, except for the Garchy ionogram at the lower fre-

- quency of 3.0 MHz. For this case, the ionogram bends too rapidly at the lower

.: values of h' before following the trend of the parabolic profiles. However, other
= trial fits of the ionograms to the parabolic profiles, yielded real heights fairly
close to the values obtained herein, indicating that a reasonable fit should yield a

representative value of the true height. Improvements in the fitting of the iono-
grams to the parabolic profiles and in the accuracy of the real heights can pre-
sumably be achieved by calculating for several intermediate powers of fN and for a

greater range of n.

7. CONCLUDING REMARKS

A direct method for obtaining real heights from virtual height data has been

- obtuined by developing a series of generalized parabolic profiles with which a given
: ionogram may be compared. Ionograms from Boulder, Colorado, and Garchy,
Frunce, were chosen for the calculations. The results obtained were in fairly
good ugreement with those obtained from previously reported accurate numerical
calculations,

The present method affords a generalization of the procedure presented in
Reference 3, in which virtual height data was represented by a parameterized
series of polynomials from which real heights could be obtained by the evaluation
of simple integrals, Since the parabolic profile has a vertical slope at its maximum

. electron density, it affords a more realistic fit to ionospheric electron density data
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than a polynomial., The method utilizing the generalized parabolic profiles yields

the real height from the virtual height data or ionogram by a simple direct cal-
culation.
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