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As & part of the effort to £ind a :
suitadble representation of topography in a spec-
tral model of the global atsocephere, a study has
Peen made of the impacts of quadrature and trun- °
cation in the transformations betwesn the physicsl
and spectral domains. Specifically, rhomboidal
truncations of different wave numbars and two
quadratures, trapesoidal and Gauss-legendre

(G~L), have been chosen as the main cdjects of
comparison.

The basic source of information ca the
surface topography consiste of a eset of height
values on the 2.5°-interval latitude-longitude
ooordinates furnished by the U.S. Mational
Nateorological Center (WIC) as 2 part of the
fixed f£ield d4ata in the FGGE level IIl-A data set.

Three seasures of differences have been
used to characterize various aspects of the
impacts of gquadrature and truncation. Two,
designated by B¢ and B3 are global root-mean-
square differences defined in the physical domain.
84 is the conventional error of synthesis and
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‘msasures the combined impact of quadrature and
:truncation. B3, on the other hand, measures
-the exror incurred in completing s full cycle of
the transformation at & fixed truncation and
‘zTepresents the error solely due to guadrature.

: The third msasure, By, is an equivalent
of B3 in the spectral domain and will be ident-
feal tn the total magnitude with £; vhen the
spectral transfors is exactly invertible. The
composition of By reveals the spectral distrid-
.ution of the error of transformation dus to
guadrature.

The definitions of these measures and
the procedures encountered in e full cycle of
transformation are illustrated in Pigures 1, 2
and 3. Additionally, in order to separate the
effect of the required ‘interpolation from the
original data to the Gaussian latitudes from
that of the G-I quadrature, similar measures of
differences are defined with reference to the
estimates on the Gaussian latitudes and are
denoted by primes in Pigure 3.
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¢ et The theory of linear traasformatioss and then iategral (3) 1s replaced by s quadratere
% = shovs that any set of resl-velusd data . which may be writtes as
‘ A XX(dgo 0(g)s 3=Veceids Bm1,.00,L) may Do i - :
T Tepresented threugh the Pourier transform H %
‘ sis s analytic functien 5 5 "! ‘9-‘&”:"1"3 s
- ‘f.‘ . . - t
\ o - n !
1. X(d,9) = I 9.(.&.0)0“ (§}) where yg = sisfs and wy is the weight associated
L ] i vith y3. The reconstructed topography becomes !
[ ]
- i
- that X(dy, ¢y) = E(dyo ¢g) at all 3 ans 8. |
< e, N ®'J/27(vhan’I L8 zn-, or (3-1)/2 (vhea f.
16 064) and Qg(sing) 48 a polynomisl of degres | X(A.49) = I r‘m.-n- ;
2 L = 1) in sing for each m such that Q, asd Q. ! --u,-ln !
. form a complex conjugsts pair. i (6)
) ‘ The analytic function ¥(1,4), co the : in vhich Mg and N, define the rangs of trunca- i
N other hand, may be represented in terms of _ tion. The error of spectral eynthesis, X X,
' sphegical harmonics, . is seen to arise from two possible sources —
! . in the quadrature (5) and the other in the °
' - " - : truncation (6).
. FRWIRED) I 32 P2iaing)eim '
5 ' .—-“ - .
N ! (2) :
) b 3. RESULTS
- 4n which . . .
. - R i 1 < The processes of transformation as
v o , xR = | e nR(yray (3) 1llustrated in Pigures 1, 2 and 3 have been
. . L] applied to two fields of topography. The
AR . ' so-called unsmoothed terrain is the one given
- ) vhere in the FOGE III-A data sst. The so-called
.. T 1 smooth terrain has been cobtained by sudbjecting
o ] Ringsiniey = 6. the unsmoothed terrain to & nine-point smoother
= -1 ' twice. The smoother is & product of two 3-point
yA . smoothers, ons along the sonal direction and the
g . for all mand y = sind . The integral in (3) other in the meridional directioan. It may be
| will be referred to as the lagendre transform. representesd by & linear operator Ws'X = WX
:. ) el The integrand in (3) is seen to Me . defined by W(L,m:,4,3) = wil:i)w(m:j) vhere
4 .
. a polynomial in y of degres '
. - (L+2 <=1 when m s even . 1/2:::-1 o
= (YIP(y) = w(g:i) = /4 eai1e )
" padds (1 = y3)1/2 ¢ines a polyncmtal ' 0 othervise
3 in y of degree (L + & - 2)
! . when m is odd.
2 L . Such a smoother has a progressively etrong
" S In practice, the wave amplitudes at a givea danping effect toward short waves aad complstely
f N latituds ¢ sre first cdbtained from elininates the two~grid iaterval waves. This
- Ll (X(Ags 02)s 3=1,0:4/0) uvsing the Fourier muun is clearly evidant in Table 7 which presents the
- e . amounts of variance coatributed by wariocus spec~
« :3 - «dint tral ranges in both the unsmoothed and smoothed
o Qaftg) = 1 X0y, ggde 3 0y terrains. These spectra have been cbtained
o T . 3= : wsing the G-L quadrature.
N
\
LY
- i TABLE 1 « Amounts of variance ia warious spectral ranges in the uansmootbhed and
3 smoothed terrains (unit; m?)
D .
’ . . Spectral . !
2 ‘range w24 250 31560 41580 $12mce0 s1<70
SN A ' .
S T |jinemocthed 27985 "sn . e 8422 / 3384 e .
L . ‘
X BEE 11206 w2 562 "s ” (1]
i c s sme e ' ' -
*
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Sables 2-A and 2-3 tabulate the global
Toot-mean-squares (MMS) of both the error in
synthesis (By) and the error in reproduction (3;)
for both terrain fields at wvaricus truncations
jasing either the trapezoidal or G-L quadrature
with the 76 Gaussian latitudes. The 76 Gaussian
ihtltuu form the smallest eet required for the
igpectral model with the rhomdoidal 30 truncation.
im difference of characteristics between Eq
and B2 is readily seen in the opposite trends

the variation of magnitude with trumcation
iTangs. B4 decreases with widening of truncation |
angs as more of the spectral components in the
original fields are included. 2R3, on the other

{hand, increases with widening of truncation {

‘range because of increase in the number of .
po!yne-uh wvhose degrees exceed the highest !
‘degree resolvable by the truncation.

Soth tables support the preference of

.the G-L over trapezoidal quadrature. Although
‘the trapezoidal quadrsture produces a slightly
smaller RNS error in By than the G-1 quadrature
‘up to the rhomboidal 50 truncation, this small

sdge is more than compensated by disadvantages
found in other asspects. The error in the glabal

‘msan increases steadily with increasing resolu-

tion when using the trapezoidal guadratuye, in
contrast to the relative constancy found with
the G-l guadrature in both R4 and By for both
terrain fields. More significantly, the M8
error in reproduction increases more rapidly

with the :npon“.l qua.uuu lnyoml the
thomboidal 40 truncation in the wnsmoothed
terrain and across the entire ramge in the
smoothed terrain.

Purther mort. for favoring the G-L
gnd.ntm 4s provided by Table 3 which pn-
eents By” and B3° for the two terrain
fields. These tables cowpile the errors of
transformation, had the terrain fields bean
availadble or dsfived on the Gaussian latitudes.
The differences between the corresponiing quanti-
ties in Tables 2-A, 2-B and 3 represent the
effect dus to the extra step of interpolation
from the 2.5°-interval latitedes to the Gaussian
jdatitudes required in odtaining the measures By .
and E; using the G-1 guadrature. In terms of RS
this amocunts to approximstely 30-36 m in the
unsmoothed terrain and 3 - 5 B {n the smoothed
terrain for the arror in eynthesis. %The adbsence
of the interpolation step ia the cslculation-of
2¢° drings forth the complete invertibility
of the G~L quadrature as long as the truncation
range does not exoceed that specified by the
sumber of Gaussian latitudes employed. The 76
Gaussian lstitudes should reproduce exactly up
to the rhomboidal 37 truncetion, beyond which
the error in reproduction should increase with
further widening of truncation range. Tadble 3
bears witness to these theoretical inferences.

In fact, the values of B” at rhomdoidal 60
and 70 truncations exceed those of B3.

TABLE 2-A - Root-mean-squares ©f the error in synthesis (Eq) and of the error
in reproduction (B3) with different rhomboidal truncations of the unsmoothed

terrain (unit = m)

Rrroxr Quadrature

Rhomboidal Truncation '

15 24 30 40 50 o0 70
By Trapezoidal 272.4 206.3 175.1 137.8 103.2 8.7 9.5
G~L 272.5% 206.7 176.% 141.2 109.9 8.5 7.1
L }] Trapezoidal 7.2 12.9 18.2 25.1 54.9 112.4 174.8
&~L 7.0 .6 9.9 26.2 32.0 39.0 $0.9

TABLE 2-B - Same as TABLE 2-A of the smoothed terrain

Srror  Quadrature

Rhomboidal Truncation

1 2 3 Y 50 . 7

B;  Trapezoidal 123.2  $5.6 3.6  29.7, 30.2 338 3.7
¢-1 123, S5.1 359 265 1.5 6.6 .8

B2  Trapesoidal 7.9 u.s"i 17.1 24.0 ‘13.1 6.2 St -
61 .5 0.2

8.9 9.4 9.6 9.7 9.6




LIS R Y

Gk LA LSWNL 0 N BT LB e P el 1 A I Rt e, W L A N M 20 D 1 AL KT P AN RN R A 0 gt o8 S P el -‘.msz
&) ) ' Comparisons of the RMS in Tables 2=, of the huht fmcut- ot the mandatory pressure
i e z-n. and 3 between the unsmoothed and smoothed levels. Por this purpose, a comparison was made
1 _"'H tarrain fields show the large contribution made among six 72 hour forecasts -- three forscasts
) SR by the smoothing opouucn in reducing both 1Y with each terrain tield {unsmoothed and smoothed)
2 and K. : baginning from 00Z°an 15, 16, and 17 Janvary 1978.
l : The results are summarized in Figures 4 and 5. .
3 ! Tedbles 4-A and 4-B summarise the . :
A statistics of the errors in reproduction in the {
,: spectral domain, B3 and (E3°) for both : | Tigure 4 shows the vertical profile of
. ‘ terrain fields. Upon comparing with the corres~ the m msans of the global root-msan-sguares
. ponding quantities in the physical domain, we { of (1) the processing error at the initial time
\Y ind the G-L quadrature produces smaller differ- ! and (2) the forecast errors at days one, two,
ences between the two domains than does the ! and three. It is quite cbvious thet there is
- tnpuoun qualrature, while both quadratures : 1ittle Aifference in both the magnitudes and
_. exhibit similar characteristics in the variations shapes of the profiles as a result of differences
Al of magnitude with truncation range as cbserved R in the terrain fields. It is also clear that
al in B3 and (%2°). I the processing error constitutes & small fraction
. ! . of the foracast errors. MNo discernable Qiffer-
0 g The influence of the differences in the ence exists in the forecast errors that could be
", terrain fields on modsl performance was assessed ascribed to the difference in proecning errors
w in termss of the global root-mean-square errors : .t the initial time.
: i ' o
. ' TABLE 3 -~ Root-mean-squares of the error in cyuthuu (24°) and of the error in
. reproduction {E3”) with different rhomboidal truncation in reference to the
. R : given values on the Gaussian latitudes (unit : m)
. e Phomboidal Truncation
2 : Brrar  Pield s . .
3N N 15 24 3 & S0 0 70
L By” unsmooth  239.0  121.0 0.2  106.2  T7.4 s8.3 0.2
- ssooth 117.6 51.3 32.3 20.9 15.4 12.0 9.7
R ¥,” unsmooth 3 ] R x50 @0 e
= smooth R ] R -2x10~% .2 i8 1.8
-~ *R = .2x10-% is considered to be the round-off error.
-:. TARLE 4-A -~ The square roots of power of the error in reproduction in the spectral
o domain (E3or E3°) in the unsmoothed terrain (unit : m)
- Shomboidal Truncation
Quadrature Srror
<, 15 2 30 e 30 €0 70
R Trapezoidal By 7.0 12.4 1.0 22.4  42.5 82.1  125.6
s
. T . By 7.0  14.6 9.9 26.2 31.9 37.1 .1
s R -
: .2 b R 2 ™t 30.8 $7.¢
*R = .2x10-C 1s considered to be the round-off error.
., osagd TABLE 4-3 - The same &8s TABLE 4-A in the smoothed terrain
- Showboidal Truncation - -
- e Quadrature Brror
. : : 15 2¢ » | e, ] 80 7
N .
- Trapesoidal =3 7.0 1z.q 15.9 22.2 29.9 38.5 45.6
5 : .
) 5, 5.8 82 80 %4 [vs ”? s -~
.-: G-1 ‘ .
N 1 1 ne R a .2x0"S .2 .9 1.7
*R = .2x10°° 1s considered to be the round-off error.
-
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- %o prabe further into the relationship
between the initial processing errors and the
forecast errors, the group means and standard
deviations of the differences Detween the global
root-mean-square errors for forscasts with the
tvo terrain fields were calculated. The results
are shown in Figure S vhers a dot represents the
group mean and the width of the line across the
dot repressnts twice the group standard devias-
tion. Here, a positive value indicates &
smaller srror with the smoothed topography and

o varsa. VFrom Pigure S5a it is apparent that

t use of the smoothed terrain reduced the
processing error at all levels except the top
two (i.e., S0 mb and 75 mb). However, no
aignificant trace of this improvement appeared
4n the forecasts. The differences in the
¥orecast errors (Figures 5 D-4) were smaller
than the differences in the processing errors
and were much semaller than the forecast errors
theaselves. Purthermore, these differences
were not statistically significant. -

— . . - p—— e e we— e

4. CONCLUSION

On the basis of these findings we have
oconcluded that in using a spactral model for
simulating and predicting the global circula-
tion, (1) the terrain is best defined on the
Gaussian latitudes of the forecast model, (2) °
the Gauss-lagendre guadrature is better thanm
the trapeszoidal guadrature in the cosputation
of the transforms and, (3) the smoothed terrain
4.. preferable as the molsl terrain. We have
consequently defined the terrain to be used .
in high-resolution model as the set of the :
spherical harmonic coefficients odtained from
the original PGGE data by first passing them
through the 9-point gmoother twioce, linearly
interpolating the results to the Gaussian
latitudes, and then transforming them into
spectral coefficients at the rhomboidal 30
truncation. The model terrain is thexeby
uniquely defined in both the physical and )
spectral domains.

1

: Pig. 4. Vertical profiles of the group msans of the global root-mean~squares
of the processing errors at day 0 and the forecast errors at days 1, 2, and 3:
(a) unsmoothed topography and (b) swoothed topography
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