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INTRODUCTION
One type of specimen commonly used in tests designed for the

determination of a material's fracture toughness can be looked upon as a double

cantilever beam, as shown in Figures 1 and 2.
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Figure 1. Tapered double cantilever beam.
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Figure 2. Compact fracture toughness specimen.
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The data collected in such tests to determine the material's fracture
toughness property includes the gap opening, 26', at a given load, P', and for
a given crack length, 2'. The stress distribution in such specimens is a
complex one and so is the resultant strain distribution and its contribution to
the gap opening. The computation of that portion of the gap opening attributed
to the elastic bending of a cantilever beam is the subject of this report.
These calculations are based on an elastic beam theory. The shortcomings of
the computed gap opening derived are as follows:

1. The fracture rarely propagates without attaining a plastically
deformed region near the tip of the crack.

2. The calculations do not account for the deformation in the remaining
portion of the specimen, namely at the areas x' > &', beyond the crack length.

The added gap opening due to the propagation of plastic deformation should
be computed separately using the technique used by this author elsewhere (ref
1) The contribution of the deformation in the region x' > &' towards the gap H
opening, can also be computed separately. (Neither one of these calculations
i1s included here.)

In treating each half of the specimen as a tapered cantilever, one has to
realize that its neutral axis in bending is not parallel to the specimen’'s
plane of symmetry (x' axis in Figure 1), but rather at an angle a to it (as
will be shown later, the effective neutral plane deviates from the bisecting

plane of each cantilever, too). As a consequence, the computation of the

180az Avitzur, “Retained Deflection in Circular and Concentrically Hollowed
Beams After Local Removal,” to be published.
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bending moment and of the shear forces, as well as that of the resultant
stresses thereof, will be based on the component P = P'+ cos a of the applied

o
load P', where P acts normal to the axis of symmetry, x (where x = [x' - -; tan

a] cos a).

PARALLEL STRESS COMPONENTS

As a first approximation, the gap opening & = &yanq4 + Sghear 18 calculated
in the cartesian coordinates system x-y-z, which is at an angle a to the
x'-y'=2' coordinates and only the normal component, Jxy, and the shear

component, Oxy ™ Oyx» are considered. This is followed later by correcting the

stress components to be parallel to the external surfaces at the boundaries

hy + 2x°tan a

re 2
."‘\\
vh 4y IR 4
/f - -2 =l
F‘T( :
O I T U N
T T~ —

P-cose« =P /| P

p=P.sinx

Figure 3. Definition of cartesian coordinates and major parameters.
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The basic dimensions in the x~y coordinates and their relation to those in

the x'-y' coordinates (see Figure 3) are as follows:

hy'
hy = = the beam's cross~sectional height at the point of load application
cos a

h,
x = (x' - -; tan a)*cos a, where x' 1is being measured along the top surface of

the beam, which is the fracture toughness specimen, along the crack
surface.

ho'
2 = (R' - -;- tan a)+cos a = distance of crack tip from point of load

application
t = 2°tan a
P = P'°cos a = component of load normal to plane of symmetry

p = P'*sin a = component of load parallel to plane of symmetry

h = hy + t*x = beam's height normal to the plane of symmetry at a distance x
from the point of load application.

Thus, the cross—-sectional moment of inertia becomes

bh3 (h°+tx)3
I= == b = (1)
12 12

and the local curvature p of the beam is

1 M(x) Px P x
P E-I(x) E°I(x) Eb (hottx)

and the total deflection due to bending moment is

x P x
Yy =y, + 0,dx + 12 — ———— ¢ dx+dx 3
° IO 0 Eb Jz C (hy + tx) 3 3
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for which
e =0 2 o [f dx = 0, + 12 —ms [ I Bo .
=0, 4+ 12 — ——  dx = 0, + - -
° Eb ‘o (hjttx)3 ° Ebt?Z " hy + tx  2(hgttx) 2o
6 P x2 )
- 12 == * —mem—————
° Eb  2hy(hottx) 2

where 6 = angle of deflection

8, = angle of deflection at the point of load application.

However, at the tip of the crack, x = £, 6y = 0. Therefore,
P
Bg = 0 = 65 = 12 == * =mcecweae—s
from which we can determine that
8 6 z (
= —— P o - o 5)
° Eb  ho(ho+t )2

By applying Eq. (5) to Eq. (3), one gets

P
y =y, + fx 8,dx + 12 ~—
) Eb

o &
\W
i
i
:
|
i
®
»

P 22 x
=yo+ 6 { dx = [ ===ee—z dx}
° Ebh, (hg+tf)?2 f: f: (hottx) 2

P 22 x 1 hg X

{ /" = =% [hottx = 2hy log(hgtty) = ===—=—-
Ebh, (ho+t22) o t3 [ho o log(hottx) h, + txlo

=y, + 6

P 22 1 2ho + tx hy + tx
- =2 [===————— . tx - 2h, log -‘-----]} (6)
hO

=y, + 6 { x
° Ebhy (ho+tl)? td hy + ex
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Since at the tip of the crack, x = £, and the deflection yz = 0, one gets

P 23 1 2hy + t2 hy + t2 )
y =0=y,+6 { 3 = =3 [m====—=-= t& = 2h, log — -1} (D
L Ebh, (hyttl) t® "hy + t2 hy

However, for a straight cantilever where t = 0, one has to determine

13 23 1 Zho + tx hO + tx }
=0=y,+ 6 { - lim(~g [===———-—- t, = 2h, log =====-- D
f) ©7 ® Ebh, (hgttf)? a0 t3 hy +tx X ° he
where
1 2hy + tx hy + tx 3 <3
lm {-3 [-————-- tx - 2h, log ====——- } = lim = 8)
£+0 3 [ho + tx ° & ho ] t+0 3(ho-H:x)2 3h02 (
from which -
6 — {Jaa v } = -4 (2 )3 ' (9
lm yo = =6 ==== {==3 = ====} = =4 == (==) =y )
>0 ° Ebh, ho2 3h,? Eb h, °

which is the same as being reported in handbooks (ref 2) for a straight
cantilever of a uniform cross—section.

Another method of computing the gap opening 1s by invoking Castigliano's
theorem (ref 3), equating the internal deformation energy with that of the
outside work done on the structural member. This method will facilitate
computation of the gap opening due to bending moment and due to shear force
(and any other forces that impose internal deformation work).

The distribution of that component of normal stresses, Oyx pm, Which is
parallel to the axis of symmetry and which results from the bending moment, is

as follows:

2Raymond J. Roark and Warren C. Young, Formulas for Stress and Strain, Fifth
Edition, McGraw-Hill, NY, 1975, p. 98.
3A. c. Ugural and S. K. Fenster, Advanced Strength and Applied Elasticity,
American Elsevier, NY, 1981, pp. 146-1483.
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Oxm Tz YRy (10

where P = P' cos a, a = arctan (t/2) = arctan (Ah/24x), and I = bh3/12

2L (gt
= == +tx) .

12 °

The component of shear stress which lies in a plane normal to the plane

of symmetry and in the direction of the axis of symmetry (or opposite to it),
Syx,m and its equivalent oy, n, is assumed to be due to gradient in that
component of the normal stress dcxx,m/dx, resulting from the bending moment.

This is computed as follows:
h/2 b/2 8%x,m

2, ]  mme—— dzd
Io Io Ax Y
Oyx,m = 2
where M
Oxx,m = 1 Yy
Thus
dOyxx,m d M ) d ( 12 ) =12 P d ( x ;
e e I ] - = * e ([ emeacmacese oo . .4 - - -
dx 7 ax P & b(hy+tx) 3 b’ a x  (hgttx)3
where
d X hy + tx = 3tx  hy - 2tx 1 tx
3= ¢ P = W . [t =3 == ]
dx (hy+tx) (ho+tx) (hy+tx) (ho+tx) 3 hg + tx
and thus
p (hottx)/2 b/2 ho = 2tx
24 - | s=——===7 y*dz°dy
by o (hyttx) 12Pp (hgttx)/2 hy - 2tx
g = B N ——— . -d
otls b b 'y (hottx) * v
3p hg = 2tx 2 ) jp  hg = 2tx Y,
o = = ¢ ommm—eee [(hg#tx) 2 = 4y?] = = ¢ s 1 - (2 —==--
YHm - 9p (ho+tx)“ ] 2b (h°+tx)2 [ ( h°+tx) ]
3p' hg = 2tx y )
- e - (2 —~—- cos « 11
2b  (hy+tx) 2 (= hot+t P (n




Thus 2 2
9 P x
U =(12+-t%) — [ - -3 dx
bend3 = ( R I: (h+tx) 3
where
x x2 1 " ho + tx  2hy + 3tx ex]
~————===dx = == [log - X
o (hg+tx)3 t3 he 2(hgyttx) 2
Thus
12 91 PZ hO + tx 2h° + 3tx
U a (-2 + - =) -— [log - tx) = P§
bend3 = (T3 + 5 1) i [los hy, 2(hgttx) 3 bend3
from which
12 91 P hy + tx 2h, + 3tx
s = (== + = =) == [log = tx] (26)
bend3 = 13 T 5 ¢ e he 2(hyttx) 2
and as before
12 91 P hy + tx 2hgy + 3tx 5
&1 = (== + - =) =— [log - tx]cos” a (26a)
bend3 = 13 7 5 ¢ e ho 2(hg+tx) 2
At the limit, as t + 0, for a beam of a constant cross-section,
P 12 91 hy + tx 2h, + 3tx
1im § = == 1lim {(~= + = =){log - tx] }
er0 T bE Lap €3 St he 2(hg+tx) 2
where
d hy + tx  2hy + 3tx
-= [log - > tx]
1 ho + tx  2hy + 3tx de ho 2(hottx)
lim {-3 {log - 5 tx]} = lim
t»0 ¢t hg 2(hottx) t+0 d
== (t3)
db
x [(2hg+3tx)x + 3tx?](hottx) 2 = 2(2hy+3tx) *tx*(hyttx) °x
hy + tx 2(h°+tx)“
= 1im 2
t+0 3t

21




A TR U B & ol " Rl Rl % L 9 S il §

wwYy
................

Since Oxx m (Or Opp p) is tensile in the raage 0 <®<a(rdc<yc«
(hy+tx)/2) and compressive in the range ~a < 8 € 0 (or =(hy+tx)/2 <y < 0),

Oyy,m = Oxx,m°tan 8 maintains its upwards component and these do not cancel

each other (Figure 5). Nevertheless, no discontinuity prevails at 6 = 0 (or

y = 0), since Oyy,m = 0 on that (internal) surface. The contribution of the
stress component, Oyy g to the deflection is accounted for by the energy

balance in its totality.

Deflection Due to Bending Forces Only

Since

P xy
= 12

I e g

b (ho+tx) 3

tZy? xy
(hottx) 2 (hottx)?

xx,m

2/,
Orr,m = 12 g 1 +

from which the local strain energy, due

2
Srr,m

| e eccares

Upend3 * %rr,m"€rr,m E

Hence, one can compute the total strain
follows:

P2

U = u *dv = 576 —=-

bend3 = / Ubend3 o3

P2 X I(ho+tx)/2

(hottx)/2 /2
I P20
o0 [}

to bending moment, up.n g3 becomes

144 === [1 + Zy &
b2E (hottx) 2 (hg+tx)©

energy due to the bending moment as

x%y?  x%y?

(hottx) 2 (ho+tx)®

x%y?

*dz*dy-dx

t%y?

= 288 - 1+ *dy*dx
bE I oo (hgttx) 2 (hgttx)®
where
(hgttx)/2 : t2y2 x2y2 x2 y3 £2 g5 (hottx)/2
] = mmmmmeg [T b s -
0 (ho+tx) 2 (h,+tx)® (hy+ex) © 3 (ho+tx) 2 5 Iy
x? 1 t2
= ommeemms [o= + ]
(hottx) 3 "24 160
20
e g L S e e e e S e e
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of any cross-section at a distance x from the line of load application is
(]

L = L'4+x = =— + x from the origin of these cylindrical coordinates (where
t

t = 2°tan a), and the distance £ of any point (x,y) on a plane x and at a

distance y from the axis of symmetry 1s:

l-v’fz_-l-—y_z-/(-hg-l-x)z-kyz--l;véo+tx)2+t2y2
t

from which
opr & Y(hgttx) 4+ t&y% / ty
—— R = = - 1 + ( ————— )2
Ogx L hg + tx hottx
or
t2y?
2 2
o] = [1 - =]
rr (hott y2 Ixx

Figure 5. Radial and cartesian components of normal stresses.

19
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CONVERGING STRESS COMPONENTS

By assuming that the normal stresses, Oy,, are parallel to the plane of
symmetry, one violates the boundary condition at y = % (h,+tx)/2, in a tapered
beam. Therefore, it will be assumed here that the normal stresses, J,,, at the
surfaces of y = * (h,+tx)/2 (or 6 = % qa) (see Figure 4) are parallel to these
surfaces and that the radial stresses gradually align themselves with the axis
of symmetry (6 = 0). Or, in other words, these are radial stresses, as their
subscript suggests, in a cylindrical coordinate with the 6rigin at L' =

(hy/2)°tan a = hy/t distance from the point where x = 0. Thus, the distance L

Figure 4. Conversion from cartesian to cylindrical coordinate systems.
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s 1+v P {12 1 il hy + tx 2h, + S5tx | ¢3 L hy + tx} (26
- - -—>— - *lo - . -=es]0 e
shear2 E b ( g o 2(h°+tx)2 24 & ho
and
1+v P' 12 1 he + tx 2h, + 5tx e3 hy + tx} 2
¢! » == m={me-c[4-]1 -3 tx} + = log ——==--=}cos® a
shear2 = 7~ t7'75°C {4°log b 2(ngrex) 2 1+ 7 1o8
(24a)
Combining Eqs. (22) and (24), one gets
1+v P {12 1 (4e1 hg + tx 3 2h, + 5tx - 3 . hO + tx}
=== = {== = [4°1log ===~ - 3 e tx -- log =——~~—=-
Sghear2 b S5t hy 2(hyttx) 2 24 h
Sbend2 P2 ho + tx  2hy + 3tx b+ 51 ho + tx}
-= {== [log - X - log ——=—===
bE t3 he 2(hyttx) 2 4 hy (25)

As before (in computing lim Spand),
t*»0

1im {-- log =======} =0
t+0 ho

Therefore

12 P 1+v x

lim 8ghear2 = —7 = —2= (=0)
20 " ear St E hy

as in Eq. (16), and

Sghear2 3 ho
— = = (I4V)(=0)?
t+0 Sbend2 5 x

as in Eq. (17).

17
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Thus, the total shear strain energy due to the combined bend and

compressive forces and over the entire volume of the beam Ughear2 becomes

(hottx)/2 1+v p2 (hottx)/2 , )
1 8y 2 l6y"

- +
[(ho+tx)“ (hottx)® (ho+tx)8]

t" 1 41yl 4y 2

+ — 3 = 3 +
4 (hyttx) (hottx) (hottx

)“]}dydx

As in the derivation of Eq. (4)

¥
P A IS Il et e Rt Ae S A A S

(hgttx)/2 1 8y?2 16y2 4 1
- + dy = ==t=—————=q
o [(ho+cx)“ (hottx)®  (hgottx) 8! 15 (hyttx) 3
and
(ho+tx)/2[ 1 alyl 4y a [ 1,1, 1 1
o (hottx)2  (hgttx)3  (hgttx)™ Y 2 el hg + tx  6(hgttx)
Thus

Ughear2 ® ——— == ° — - e tem————

1+v P2 I 12 ho? = bhotx + 4t &2 4
E b o 5 (h°+tx)3 24 hy + tx

As in the derivation of Eq. (14)

ho? - 4hytx + 4t%? 1 hy + tx 2h, + 5tx
fx 3 dx = - {4-1og -3 tx
o (hyttx) t hy 2(hottx) 2
whereas
x dx 1 hy + tx
/ = = = 1og =—=—~—-
o hy+tx ¢t hy
Thus
14+v P2 121 hy + tx 2h, + 5tx ¢ 3 hy + tx
Ughear2 = ==~ = {=z*=*[4°log -3 tx] + =-clog ———==w- }
Eb 5t hy 2(hgttx) 2 24 ho
~ PSghear2

16
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as in Eq. (9), since
+ tx
-} =0

t
lim {- log
tr0 4

By adding the two components of shear stresses due to the bend forces, P'
cos a, and due to the compressive forces, P' sin a, from Eqs. (11) and (18),

respectively, one gets

o +a 0 o~ 2 [l - (2 —2=) 2 2 -2 ly] 1}
= 0’ M asem® -——— - & - - - e e D e . - ) e
yx = Tyx,m T VP gp T (hgttx) 2 hottx 2(hg+tx) hy+tx

Thus, the local combined shear strain energy, uUghear, due to the bending and

compressive forces is

) +v v P? 3 ho - 2tx L= (g —Yy2
u = @ € - — B e @ o s i s e o b - -
shear2 yx=yx E yx E 2b2 (h°+tx)2 ( ( h°+tx) ]
2
t |
2(hyt+tx) hy + tx
2 2
14+v P2 hy? - 4hotx + 4t%x ~
- ==t {9 T L - 22 )2 + (2 =2y
E 2b (hy+tx) hottx hottx
hy = 2tx 4
O N e I L LI S .
(ho+tx) hgttx hot+tx 4(ho+tx) 2
Iyl y?
(1 -4 + 4 3] (23)
hy + tx (hyttx)

where, due to symmetry around the x-axis, the term

hy = 2tx

3

y Iyl
o[l = (2 =—===)2]. - ) wmmman=]tl
(hyttx) 3 -« h°+tx) i -2 hy + =

cancels itself on both sides of the axis of symmetry.

».
1.
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{576 + t4}

(hottx)/2 p2 (hottx)/2 x2y2
- cdyedx = ==
Ubend2 = 20 I: Io Ubend2"¢¥ "X 2bE I: o

1
—mm—me—= ¢+ dy-dx
(hottx) 2 y

where, as in the derivation of Eq. (12)

(h°+tx)/2 x2y2 1 x2

y
o (ho+tx) 6 24 (hyttx) 3
In addition,

(hottx)/2 c2 2

y
o (hyt+tx) 2 ottx)

2 2

P2 b 4
Upend2 = 773 fx {24

3+ }x
2bE ‘o (hottx) 2(hyttx)

F p2 {24 Log(hottx) + 2h, ho2
= === {== [lo tx
2bE t3 [1og(hs

t X
- + - log(h,+tx) }
hy + tx  2(hg+tx) 2] 2 g(ho ) o

:_ P2 {12 [1 ho + tx Zho + 3tx . ] + t L hO + tx} Psbe (21)
b = == =7 |llog - x = log ====——} =
» bE t3 hg 2(hgttx) 2 4 hy nd2

P 12 hy + tx  2hg + 3tx t hy + tx

6 = — {-3 [lo - + = log ==—-—-- 2
bend2 = = 173 (108 he 2(h°+tx)2tx] 7 los e } (22)

and as before

o P! {12 " hy + tx 2h, + 3tx t L hy + tx} )
= == =3 llog - tx] + - lo -—-lcos < a 22
bend2 = 1o 73 ho 2(ngrem 2 ] Z Lo8 (22a)

which, as was previously shown (following the derivation of Eq. (12))

lim 6 b o (53
bend2 = =4 == (==
20 BE b,




--nlni-l

ey
M

Considering the symmetry of the beam, one arrives at

-pt2 iyl : -P't
g = - -
TXP  4b(hyttx) hy + tx  4b(hyttx) h, + tx

By adding the two components of normal stresses due to the bend forces,

P'+cos a, and due to the compressive forces, P' sin a, one gets

P xy P t P

g = + g. = 1 2 - 0 e i e m s = e ® memetmasasas B e P - - ——
XX Txx,m T UXX,P b (hottx)3 2b hy + tx 2b (hottx) 2 ho + tx
The term

{24 —=aZees -~ ¢
(hg+tx) 2

in Eq. (19) is not symmetric in respect to the plane of symmetry (y = 0)
(except for beams of constant cross-section, where t = 0). Thus the beam's
geometrical plane of symmetry is not necessarily the plane of symmetry for the
stress distributioa.

As in the derivation of Eq. (12), the local strain energy due to normal

stresses, upend2, is

2
Oxx p2 x2y? xy 1
u = GorCyy W ———mm B —mme {576 ——— - 48 =——mmme—= t + t2} ——
bend2 = %xx E 4b2E (ho+tx) (hottx) 2 (hot+tx) 2

(20)
However, in integrating over the entire volume and due to the symmetry

around the x-axis, the form

cancels itself on both sides of this axis. Thus, the total strain energy due

to the normal stresses and over the entire volume, Upend, 18




[P A gy ;T,?.L‘;.'f_vm'ﬁ,'.'s..“ﬂ'.‘?

lim § 12 P 1+v % 3)(: ) 12 P 1l+v (x ) (16)
£+0 shearl 56 E ho 5b E 'ng
and together with Eq. (9) (where y, = &pand)
12 P X
S W
Sshearl o 3 h
lim - = (W) 2 a”n
t+0 Sbendl P 3 5 x
4 == (==
bE (ho)

Deflection Due to Combined Bending and Compressive Forces

If one incorporates the effect of the coampressive stresgses

P! P 8in a Pt

S D u = =

Oxx,p ™ sin
’ b(hy+tx) b(hottx) cos a  2b(hyt+tx)

i: then the change in compressive stresses due to change in cross-sectional area
-~
.-, becomes
E doxx,p P ¢2 Pt i
amesusepesen P e oPen mmmemuepenes B = e e an oo - a
_ dx 2b (hg+tx) 2 b (ho+tx)?2
;& from which the associated shear stresses will be
’.‘ 0
- 2] ———cedzedy =2 T3 fb dz-dy
y o dx 2b(hy+tx)
.- a - -
::'4 yx)p b b
-pt2 hy + tx -pt? y
- Al -y] == L = 2 =—===mv]
2b(hgttx) 2 4b(hyttx) hy + tx
L n-2-2 1
= eemeeaaos - 2 =======]+gin a 18
4b(hy+tx) hy + tx] (18)
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and as before

12 P' 1+v 1 hy + tx 2hy + Stx
8 - = - = =~ {4 lo - tx}cos? a (14a)
shearl = 75 \" "p" 8 2(hgttx) 2
which, together with Eqs. (12) and (12a), yields:
12 P 1+v 1 hy + tx 2h, + 5tx
== = ===e= {4 log -3 = tx}
Sghearl b E ¢t ho 2(hgttx) 6' ghearl
$bendl P 1 hg + tx  2h, + 3tx §'pendl
12 == — {log - 5 tX
bE t3 he 2(httx)
or
1+v hy + tx 2hy + 5tx
-=- {4 log -3 5 tx
Sghearl Bo 2(hgttx) §' ghearl (15)
Spendl 1 hg + tx  2h, + 3tx §'bend1
-3 {log - > tx}
t h, 2(hy+tx)

However, at the limit as t+0, which 1is equivalent to a straight cantilever

of uniform cross—section, one gets

hy + tx
4 log ====——
Ltn 8 12 P 1+v { ho 32h°+5tx ,
= o= - —— lim - x
20 shearl 5b E a0 t Z(hoytx)z
where
hy + tx d ho + tx
log - == log ——==-—
hy dt hy x x
lim {~——- -} = 1im { } = 1im —- " —
t+0 t t+0 d t+0 ho + tx hy
- t)
dt ¢
and
2h, + 5tx x

1lim x
t+0 2(ho+tx) 2 ho

11
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. Thus 2
~ . 9P2 4 1+v ft hy = Shotx + 4t%x .
4 Sl eoeven eDar SSunay X
y shearl = 57 15 & o (hg*tx) 3
: for which
3 x  dx ho? 1 x he? 1 1 1 2ho + tx L
b hy J ey Bt vl ey Ealirruence:) Bialiiwnppmes S
o (hyttx) 2t (hottx)© o 2t hy (hyttx) t 2(hgy+tx)
X and
- sh fx x+dx ih [ ho ]x 1 4e%k?
y ~bhyt [ =mmm—ees t -3 - e
°" ‘o (hottx) 3 °" ¢2 hottx  2(hyttx) 2 o t 2(hyttx)?
- and
N . fo x2dx 4 (Log(h+tx) + 2hg ho? ]x
- t¢[ =m—===es = - [log(hy+tx -
.. o (hottx)3 ¢ 8% hottx  2(hgttx) % o
oy 4 hottx  2h, + 3tx
= - [log - tx
h, 2(hgttx) 2 !
Thus
= x ho? = bhotx + 4t %2 1 ho + tx
- 3 dx = - {4 log -t
o (hgttx) t
0 2hotx + t2x2 = 4t 22 ~ 8hytx - 12 t %2
0 }
2(hyttx) 2
1 hy + tx 2hy + S5tx
" = - {4 log - tx
’ t 2(hg+tx) 2
g from which
] . 12 P2 14v 1 ¢ hy + tx 2hy + Stx
= s ==-—-{10 - tx} = P§
shearl 5 b E ¢t g hy 2(hgttx) 2 X shearl
and thus
> . 12 P2 14v 1 A ho + tx 2h, + 5tx
; o= = —= - {410 - tx} 14
shearl = 0 = 8 2 hgren 2 (14)
10
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If, however, in the derivation of Eq. (12) one uses P'°cos a for P and 1s
to determine the displacement &' in the x'-y' coordinate system, one will get

the following:

P' 1 ho + rx Zho + 3tx 2 _
8! = 12 — == {lo - *tx}*cos“ a 12a
bendl BE t3  °  h, 2(hg*tx) 2 (122)

The local strain energy due to that component of shear stress resulting
from the gradient in normal bend stresses and acting on planes normal to the
plane of symmetry and in the axial direction, Oyx ,m (or 1its equivalent acting

on planes parallel to the plane of symmetry and in the direction normal to the

plane of symmetry, Oyy m) Ughearl» 18

, Y , 9p2 1+v (ho-2tx)? L = (2=-Lony2)2
ugh = @ € - —— = ¢ == ) mme ecaeoacoee - (L====
shearl = “yx,myx,m E o 42  E (hottx)“ ho*tx :
92 1+v 1 8y? 16y"
= =3 ¢ === (hyZ-4hytx+st X 2)[( T - A z + A (13)
2b E (hottx) ¥ (ho+tx)®  (h+tx)8

for which the total shear strain energy, Ughaarl, Over the entire volume

becomes:
. 9P2 1+v !x j(ho+tx)/2 2 2,2
® —me ——m ¢ D2 hy >4 .
shear 252 B 0 ‘o (hg ~=4hytx+it x <)
[ 1 8y? . 16y"* ‘
- L] od
(hottx)"  (hgttx)®  (httx) gl rdyrdx
for which
(ho+tx)/2 [ 1 ) 8y?2 N 16y"* e
° (hottx)*  (hg+tx)®  (h +tx)® y
y 873 . 16y5 ](ho+tx)/2 4 1
(hottx)*  3(h+tx)®  5(hy+tx) 8o 15 (hgttx) 3

T VT T T




Deflection Due to Bending Forces Onlz

The local strain energy due to normal stresses, upepdl, 18

°2xx,m p? x%y? 144 P2 x%? 2
= (. . - - 2B arenas SEunePesenuneses W —Seten esapEenabesese © 8 a
Upendl Xx,m exx,m E bZE (ho"'tX) 6 b ZE (ho"'CX) 6

Thus, the total bending strain energy, Upapgq;, over the entire volume of the

(deformed) beam becomes:

x (hottx)/2 p2 fx f(h°+tX)/2 x2y?
U = 2b u *dy*dx = 288 -- ——————— * dy+*dx
bendl [o fo bend " 4Y BE ‘0 ‘o (hottx) 6 y
where
(hottx)/2  y2y2 1 x2 . (hottx)/2 1 x2
-------- d B = emeocaeo P R ——
0 (hottx) 6 3 (ho*tx)® 'o 24 (ngtex) 3

for which

X x2 1 hg + tx  2hy + 3tx

s======3 * dx = -3 [log -

o (hy+tx) t hg 2(hyttx)

or
288 P2 1 ( ho + tx  2hy + 3tx
U = —== == == {lo - tx }
bendl 24 bE €3 8 hg 2(hyt+tx) 2
= 12 == == {log - tx} = P
bE t3 ho 2(h°+tX) 2 6bend1

from which

5 P 1 ( ho + tx 2hy + 3tx

= 12 — == {lo - tx} 12
bendl BE t3  ° hy 2(hgttx) 2 1z

which is the same as y, arrived at in Eq. (7) through the double integration of
the bending moment method, and as such

3

lim & b =2
m - - -
£50 endl bE

as in Eq. (9).
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x 2hy%x + 8hotx? + 6t %3 - 4hytx? - 6t}

hy + tx Z(hd+tx)3

= lim 2
t+0 3t

2h,2x + 4hyex? + 262x3 = 2hy2%x - Bhoex? - 6t %3 + 4hgtx? + 6t %]

2(hgttx) 3
= 1im 3
t+0 3t
2t 23
2(hgttx) <3 Lox
= lim =75~ = lm —==-———eg = = (--)
£+0 3t t+0 3(hottx) 3 hy
to which one may add that
hy + tx
log ———==——-
1 h, + tx  2hy + 3tx ho 2h, + 3tx
lim{- [log - 2'tx]} = 1im ——emm— = lm ———————=g
t+0 t hg 2(ho+t1£) t+0 t t+0 2(h°+tx)
where
hy + tx
log ===——=—-
o x x
lim =—————eweee = 1ig ————=—- = ~-
and
2h, + 3tx x
lim TomeemTs X om
t+0 2(ho+tx) ho
Thus
1 hy + tx  2hy + 3tx
1im {- [log - ‘tx]} = 0
e+0 ¢t ho 2(hy+tx) 2
Therefore
lim 6 1211'1(")3 Ap(x)3
g Dend3 bBE 3 hg bE b,
22
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which, except for the sign, is the same as that arrived at in Eq. (9), and
which concurs with the value given in handbooks (ref 2) for a straight
cantilever of a uniform cross-section.

Even though the shear stress Oyy approaches zero at the specimen's
boundaries, y = ¥ (h°+tx)/2, and thus it is not in violation on the boundaries,
it is assumed‘here that, as with the normal stresses, Oyx is the cartesian
component of a radial shear stress, Og,, which converges at (or radiates from)

the same cylindrical coordinate origin at L = =(hy/t + x) as before.

or

Thus, since

- ¢ 2
oy_x a = ?-E . l:.o.--.-z.zf [ 1 - ( 2 -.-):“) ]
M 2b (hgttx)? hottx

S 3 ho - 2tx'[1 2 2 )]z ’/; . 2
5,1 % 2b (hgttx) 2 hottx h°+cx)

Thus, the local shear strain energy due to the bending forces, ughear3 18

+v 9P 2 1+v )
Ughear3 ™ %6r,m%6r,m = 2 S °“6r,m = 42 E (hg 4hytx+st x2).
1 8y? 16y" ¢ %y2

- + . e an an
[(h°+cx)“ (hottx) ® (h°+cx)°] [+ (h°+tx)2]

zkaymond J. Roark and Warren C. Young, Formulas for Stress and Strain, Fifth
Edition, McGraw-Hill, NY, 1975, p. 98.
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from which the total shear energy due to bending forces only over the entire

beam's volume

(hottx)/2 3/2
Ughear3 = 4 j: Io f: Ughear3 dz*dy-dx
P2 1+v (hottx)/2 8y2 l6y"
SR i ° (ho2=4hotxtitZx2) [ = - z + AN
2b E ‘o0 ‘o (hyt+tx) (hy+tx) (hyttx)
t2y2
[1 + o===———>=3]dy
(hgttx)
where
(hottx)/2 1 8y?2 16y* £2y2
hg 2=4h,tx+4t 2x2) - - + (1 + ====m=s d
o (ho™=4ho ) [(ho+tx)“ (hyttx) © (h°+tx)8] [ (h°+tx)2] Y
y (8-td)y3  8(2-tdy? 16t%y7 (hottx)/2
= (hy2-4hotxtst 2x2) | - +

(hottx)*  3(hg+tx)®  5(hg+tx) 8 7(h°+tx)10]o

= - = mme— f mm—— =
(hgttx) 3 PRy 20 " 56
h°2 = 4hytx + bt %2 1 1 1 1 1 )
- 3 [(G=s+=) + (o ==+t =
(hgttx) 2 3 10 26 20 56

4 2 hg - 4hgtx + 4t x?
15 105 (hottx) 3

t2 hg = 4hotx + 4t %2
15 7 (hyttx) 3

Thus,
tz PZ 1+v Ix ho - l‘hotx + At%(z

v .= (b F =) == ——
shear3 = T3 ( 7 ) nathealb oren 3

dx

24
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where, as in the derivation of Eq. (14)

x ho? = 4hotx + 4t%x? 1 hottx 2h, + Stx
3 dx = - {4°log === - 3 —— 5 tx}
o (hottx) t hy 2(h *ttx)
Thus
U 2 == (= 4 =) == === {4°l0g ===—=== -3 ————= tx} = P&
shear3 = 15 (t 7) 5 E g hy 2(ho+tx)2 shear3
Hence
3 4 t P l+v hy, + tx 2h, + 5tx
6 2 == (- + =) = === {4°log ==-=—-- e tx} 27
shear3 = T35 '3 7) > E 8 b 2(noren) 2 (27)

and as before,

1+v hO + tx 2h° + 5tx

=" {4°1log ======= = 3 =====——=3 tx}cos? a  (27a)

s
ho 2(hy*tx) 2

' S —-— (= 4
shear3 = T, (

Since
h, + tx 2h, + 5tx

lim {t[4°log ==————- - 3 wmm———— tx]} =0
t+0 he 2(hgyttx) 2 ]

as in the derivation of Eq. (16) above

Lin & 12 P 1+v (x
m i Gune
£20 shear3 P ho)
as 1t should be. Also,
3 4 t Pl+v hy + tx 2hy + Stx
-—= (= + =) = === {4:10g ~====== = 3 ~omm———m—g tx}
Sghear3 10 ¢t 7 b E hy 2(hyttx)
Sbend3 12 91 P ho + tx  2hg + 3tx
=3+ 27 == {log - 5 tx
t 5t bE h,y 2(hgyt+tx)
or
3 4 t he + tx 2hy + 5tx
3 (= + =)(1+v) {4-10g -3 5 tx}
Sqhear3 t 7 ho 2(hg+tx)
: - (28)
bend3 12 91 hg + tx  2hgy + 3tx
(=3+=°) {log - tx}
t 5t hO 2(h0+tX)2
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Deflection Due to Combined Bending and Compressive Forces

The same process of considering the converging stresses used in the above
calculations of the gap—opening due to the bending forces can be used for the
combined bending and compressive forces.

As in Eq. (19) before, the Cartesian component of the combined forces

® wn {24 wmmmea—a - - ———

[+ = 0 + o
XX XX,m XX,p 2b (ho+t:x) 2 ho + tx

2
2 - 1 + (-——--) . {24 -t }o
b hottx (h+tx) 2 hy + tx

and the local strain energy due to normal stresses, upapd4, Will be

o2y  p2 t2y2
Ubeads = Srrfrr T pTm = o3 L+ el
2,2 2
X7y tx t
{576 -"-‘——-E - 48 y +
(hottx) (hottx)*  (hy+tx)?

However, due to the beam's symmetry, when integrating throughout the entire

beam's volume, the term

from both sides of the plane of symmetry cancels itself, and one gets for the

total bending strain energy, Upepnd4s the following:

x hottx/2 /2 p2 (hottx)/2 t2y2
v - u *dz+dy-dx = == 1 4 =—==2e—x] .
bends = [/ [, ubends*dz:dy e f: /, U Gt 2
2 2
x t
{576 A dy-dx

+ .
(httx) © (h°+tx)2}




..............

--------- - s SRS 2NC A SR ':“'v"."r"vt'w"""t"ﬂ“w
where
(ho"'tx)/z t 2 x 2 tz
/ 1+ -—EZ-E]'{576 4 e ¥ 2}dy
o (hottx) (hyttx) (hyt+tx)
: = £ LD, g6 L0 (hatea)/2
(ho+tx) 2 (hottx)®  (hy+tx)* 3 5(hottx) 8 0
2+ 18 2y x2 Ly cz) e? |
= + - t - e e e - ——) et mn -
[ 5 (hottx)3 24 27 hy + tx
Thus
U p2 Ix (24 + 18 2 x?2  ( 1 N tz) t? 14
= - — - t S s e ey = e - dend - ® o o i am wm x
bends = 255/, 5 7 (hgttx)3 24 2 ' h, + tx
where
s=—m——=g dx = =3 [log - 3 tx]
- o (hy+tx) t hy 2(hyttx)
- and
- x dx 1 he + tx
- [ ======= = = log ~==--—-
ii ohy +tx ¢t hg
i as has been shown before. Thus, L
- 246 18 1 hg + tx  2hy + 3tx 1 t3 hy + tx
. . v ® == {(=3 + == =)[1o - tx] + (=~ t + —)log =——==——=}
'i bends = 0p MG T 5 Plies T4 2hgreny 2 T T (G Bt e -
:i = Pépends
N Thus
5 P ( 26 181 hg + tx  2h, + 3tx
= == (=3 + -= -)[1lo - tx
bendd = 7 T3 T 75 Plles - 2ngremy 3

e NN IO S A AR P A R A B A LAY

+ (EZ t + E-)log _-K;--} (29)




and

. P {za L8 1) . ho + tx  2hg + 3tx x]
8 wem= (== $ ==¢=)[]0 - x
bends = Zo W3 ¥ T3P lles - 2(h,+tx) 2
+ (==t + ==)lo ——}cos? a 29a)
(26 2 )log ¢
Since
1im {(-= t + =~=)log =====—=} =0
as before

3
lim § 4 : (x )
b =8 T
£ 20 end4 BE h,

Incorporating the bending and the compressive components of the applied

force into the computation of the resultant radial shear stresses, Og,., yields

the following:

+ 2 3 o2 - - )2] 2
g = g o] E ——— o - - () memeam— - esemasenssmpemen ©
Or Gr,m ér P 2b (ho"'tX) 2 ho+tx 2(h0+tX)
Iyl / t
(1L -2 --ZQ-1} 1+ (--Z—-)Z
hy + tx hottx

Thus the local shear strain energy resulting from the radial shear stresses due

to the combined bending and compressive forces is

1+v 2
Ughear4 = %6r€eor = 2 “E 9 “eor
PZ 1+v hoz - 4h°tx + 4tzx2 y 2 y 4
o S {9 % 1 = 2(2 =====) + (2 —===) ]
2b° E (hottx) hottx hgottx
hy - 2tx | 2 3
-3 e t2 (1 -2 ._.Zl.. - (2 ._Z.-) + (2 .lZl-) 1
(hot+tx) hy + tx hot+tx hottx
tl’ 2

--[1-&-'21-+(2 z )2]}'1+ :
4(hgttx) 2 hottx hottx [ (h°+tx)2]
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However, when integrating over the entire volume one can omit the term

h, - 2tx ] | 2 | | 3
(]

St [1 - 2 — -@ =L + -9
(hyttx) hy + tx hyttx hottx

since it cancels itself on both sides of the plane of symmetry. Therefore

(hottx)/2 y/2
Ughear4 = 4 f: fo f: Ughears ‘dz dy dx

P2 14v x (ho*tx)/2  hy? - 4hgex + 4e%x2 2

y - y
- - {9 1 = 2(2 —===) + (2 —=—)"
b E fo fo (hottx) [ ( hottx ( ho+tx) :
th |y| y 2 t&y2
4 —ommmees 1 = 4 ===== 4 (2 =====) ]}*[1 4 ====imes “dy*d
4(hgttx) 2 [ hg+tx hottx P (ho+tx)2] 7
where
(hgttx)/2  hy? = bhytx + 4t%? y 2 y U
) T ‘[l = 2(2 —=~=) + (2 —==-) ]
o (hy+tx) hyttx hy+tx
" 2
t Iyl y t%y?
+ m—mmm—mmse[] = 4 + (2 Pl + —======m]ed
4(hyttx) 2 [ hottx ¢ h°+tx) e (hottx) 2}y
2 _ 2
- (5 ho 4h°tx + 4t Ly - 8-t 2 .y3 . 16 - 8t2 y5 16t 2 y7
(hottx)" (hottx)2 3 (hgttx)* 5  (ho+tx)® 7
.t [ b y2 . bre?  yS 42 g4 4e2 g5 (hgttx)/2
y - [ Py epumenepeser s S enas @ erepepepesapen ® anen apanesesapesenen ® unes
4(h,+tx)2 ho + tx 2 (hottx)2 3 (hottx)3 &  (h+tx)* 5 o
ho? = 4hotx + 4622 | gp2 2-t?2 2 "
- 3 [z = === b ==+ ==] # e
(hottx) 2 24 20 56 4(hgttx)

1 1 4+e2 2 g2
[z = ot e = ==+ =]

2 2 24 16 20
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3 2 hy = dhotx + 42, 7 o
== (4 + =) 3 + (=4 =14
5 7 (hottx) 6 240 4(hgyttx)
for which
< hg = 4hotx + 4t2x? 1 hy + tx 2h, + 5tx
f dx = = {4°log ===~ -3 —m———— tx}
o (h°+tx)3 t hy 2(hyttx)
and
dx 1 hy + tx
ohy +tx ¢t hy
Thus
P2(1+\)) 3 4 t hO + tx 2h0 + 5tx
U = e—————— {=*(- + =)*[4°1log ——————- -3 e tx
shears = ~=pz==" 57(C + rl47los — 2(naren 2 )
e3 7 5 hy + tx
+ (g' + ‘2'26 t)-log —-t-l;--—} = PSgheart
from which
Pl+v 3 & ¢t hy + tx 2h, + 5tx
8 = = em= {=¢(= + =)°[4°log ==mm=m= = 3 memem———s tx
shear4 b E 5t 7 hg 2(h°+tx)2 ]
+ (== + === t5)-1log —==mmmv
( P 240 )log - } (30)
and similarly
5 P' 14V {3 IR hy + tx 2hy + 5tx
4 o e - _o(- + -)o[ olog - 3 tx
sheard " " g s 't 7 ho 2(ngremy 2 )
+(c3+7 5.1 h°+tx} ,
- 4 === tI)elog ~———===}co8“ a
6 240 . The (30a)
since
ed 7 hy + tx
1im (== + === t3)log —=~——=~ = 0
t+0 6 240
as before
3 hy
lim Sghears = = (14V)(-=)2
t+0 5 x
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and
Sghears
Sbends
3 4 ¢t hy + tx 2h, + S5tx 1 7 he + tx
4v){=<(= + =) [4°1 -3 tx] + (= + —= t?)t3-1log —==---
A5 + ) érlog == 2ttt 2 T G Y 20 hy
1 24 181 hg + tx  2h, + 3tx 1 ¢2 hy + tx
= {(=3 + =2*=)*[1log - 5 tx] + (c= + =-)t°log ———-—-
2 t 5t h, 2(h°+tx) 24 2 ho (31)
SUMMARY

Tils report provides equations for the determination of that part of the
gap opening in fracture toughness Specimens, which is due to the deflection of
the cantilever portion of the specimen. The method used is based on beam
theory and it covers elastic deformation only. Four different field
combinations were considered.

1. Where only the stress components which are parallel (or normal) to the
cantilever beam's plane of symmetry are being considered.

2. Where the stresses are assumed to be parallel to the beam's outer
surfaces, at these surfaces, and where they gradually rotate in between.

Each of the above stress fields was considered as the result of

a. the bending component of the applied force only, and

b. the combined bending and compressive components of the applied force.

In all of the above cases, the coantributions of bending stresses and shear
stresses were computed. Table I is a computer printout for the computed half
gap opening for varying angles of specimen taper and for varying crack length
to beam's cross-sectional height ratios. The gap openings to be anticipated by

each of the above assumed stress fields are compared.
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. h NO. OF

) COPIES

N

- CHIEF, DEVELOPMENT ENGINEERING BRANCH

: ATTN: SMCAR-LCB-D 1
-DA 1

. ~DP 1

R -DR 1

¥ -DS (SYSTEMS) 1

- -DS (ICAS GROUP) 1

. -DC 1

" CHIEF, ENGINEERING SUPPORT BRANCH

8 ATTN: SMCAR-LCB-S 1
-SE 1

.. CHIEF, RESEARCH BRANCH

: ATIN: SMCAR-LCB-R 2
-R (ELLEN FOGARTY) 1

2 -RA 1
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- -RT 1

g TECHNICAL LIBRARY 5

N ATTN: SMCAR-LCB-TL

N TECHNICAL PUBLICATIONS & EDITING UNIT 2
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DIRECTOR, OPERATIONS DIRECTORATE 1

DIRECTOR, PROCUREMENT DIRECTORATE 1
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OF ANY ADDRESS CHANGES.
7
:-2,;.-;)‘,..‘,’;-“,_.'.-.-'_1.:-_',.'-;.\;.;-'..f-.‘--.'-:.'.:,\;,-.‘ - e T e AT Ty




TECHNICAL REPORT EXTERNAL DISTRIBUTION LIST

NO. OF NO. OF
COPIES COPIES
ASST SEC OF THE ARMY COMMANDER
RESEARCH & DEVELOPMENT US ARMY AMCCOM
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‘i US ARMY AMCCOM - COMMANDER
, ATIN: SMCAR-LC 1  US ARMY TANK-AUTMV COMD 1
SMCAR-LCE 1 ATIN: DRSTA-RC
SMCAR-LCM (BLDG 321) 1 WARREN, MI 48090
- SMCAR-LCS 1
5 SMCAR-LCU 1 COMMANDER
hl SMCAR-LCW 1  US MILITARY ACADEMY
: SMCAR-SCM-0 (PLASTICS TECH 1  ATTN: CHMN, MECH ENGR DEPT 1
B EVAL CIR, WEST POINT, NY 10996
- BLDG. 351N)
SMCAR-TSS  (STINFO) 2 US ARMY MISSILE COMD
DOVER, KJ 07801 REDSTONE SCLENTIFIC INFO CTR 2
ATIN: DOCUMENTS SECT, BLDG. 4484
DIRECTOR REDSTONE ARSENAL, AL 35898
BALLISTICS RESEARCH LABORATORY 1
ATTN: AMXBR-TSB-S (STINFO) COMMANDER
ABERDEEN PROVING GROUND, MD 21005 US ARMY FGN SCIENCE & TECH CTR
ATTN: DRXST-SD 1
MATERIEL SYSTEMS ANALYSIS ACTV 220 7TH STREET, N.E.
ATTN: DRXSY~-MP 1 CHARLOTTESVILLE, VA 22901

ABERDEEN PROVING GROUND, MD 21005

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH AND DEVELOPMENT CENTER,
US ARMY AMCCOM, ATTN: BENET WEAPONS LABORATORY, SMCAR-LCB-TL,
WATERVLIET, NY 12189, OF ANY ADDRESS CHANGES.
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) TECHNICAL REPORT EXTERNAL DISTRIBUTION LIST (CONT'D)

| - NO. OF NO. OF

. COPIES COPIES
COMMANDER DIRECTOR

US ARMY MATERIALS & MECHANICS
RESEARCH CENTER

ATIN: TECH LIB ~ DRXMR-PL

WATERTOWN, MA 01272

COMMANDER

US ARMY RESEARCH OFFICE

ATIN: CHIEF, IPO

P.0. BOX 12211

RESEARCH TRIANGLE PARK, NC 27709

COMMANDER

US ARMY HARRY DIAMOND LAB
ATIN: TECH LIB

2800 POWDER MILL ROAD

US NAVAL RESEARCH LAB

ATTN: DIR, MECH DIV 1
CODE 26~27, (DOC LIB) 1

WASHINGTON, D.C. 20375

COMMANDER

AIR FORCE ARMAMENT LABORATORY

ATTN: AFATL/DLJ 1
AFATL/DLJG 1

EGLIN AFB, FL 32542

METALS & CERAMICS INFO CTR

BATTELLE COLUMBUS LAB 1
505 KING AVENUE

COLUMBUS, OH 43201

ADELPHIA, MD 20783

COMMANDER

NAVAL SURFACE WEAPONS CTR

ATIN: TECHNICAL LIBRARY 1
CODE X212

DAHLGREN, VA 22448

- NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH AND DEVELOPMENT CENTER,

US ARMY AMCCOM, ATTN: BENET WEAPONS LABORATORY, SMCAR-LCB-TL,
) - WATERVLIET, NY 12189, OF ANY ADDRESS CHANGES.
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