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Mean Residusl Life: Thecry and Appiicaticns

by |
Frank Guess and Frank Proschan

Abstract

. This is a chapter for the Handbock of Statistics, Volume 7, Quality Centrol

and Reliability, edited “y P. R. K;ishnaiah. WNe survey the rich theory and-

important applications of the concept of mean residual life.

rA,ccession For )

ETIS GRAZI E§ '
i DTI 728 /0
Unonnouneed 0
Justification . __ |

By
_Distributton/
Availgbilitr Codes
'Avail and/or.

Dist ‘ Special




1. Introduction and Sumeary.

The mean residual life (MRL) has becn nsed as far back as the third century
A.D. (cf. Deevey (1947) and Chiang (1968)). In the last twor decades, however,
reliahilists, statisticians, and others have shown intensified interest in the MRL
‘and derived many useful results conceming it. Given that a unit is of age t, the
resaining life after time t is‘randon. The expected value of this random residual
life is called the mean residual life at time t. Since the MRL is defined for each
tine t, we also speak of the MRL function; (See Section 2 for a more formal defi-
nition.) |
The MRL function is like the density function, the noment generating function,
or the characteristic function: for a distribution with a finite mean, the MRL
completely determines the distribution via an inversion formula (e.g., see Cox
(1962), Kotz and Shanbhag (1980), .and Hall ‘and Wellner (1981)). Hall and Wellner
- (1981) and Bhattacharjee (1982) .derive necesssry and sufficient conditions for an
arbitrary function to be a MRL function. These authors recommend the use of the
MRL as a helpful tool in model builling. |
~ Not only is the MRL used for parametric modeling but alse for nonparametric
modeling. Hau and Heuner (1981) discuss parametnc uses of the MRL. Large non-
parametrzc classes of life dxstributzons such as decreasing mean resxdual life
" (DMRL) and new better than used in expectation (NBUE) have been defmed using MRL.
" Barlow, Marshall, and Proschan (1963) note that the DMRL class is a natural one in
~reliability. Brown (1983) studies the probleml of approximating increasing mean
residual life (IMRL) distributions by exponentia'l‘ distributions. He mentions that
certain IMRL distributions, "... arise na‘urally in a class of first passage time
distrxbutions for Markov processes, as first illum1nated by Keilson." See Barlow

and Proschan (1965) and Hollander and ?roschsn (1984) for further comments on the .
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nonpnrnetric use of MRL."

A fascinating aspect about MRL is its tremendous range of applications. For
exaople, Watson and Wells (1961) use MRL in studying burn-in. Kuo (1984) presents
further references on MRL and burn-in in his Appendix 1, as well as a h.:ief history
on research in burn-in,

Actuaries arply MRL to settiﬁg rates and ﬁenefits for life insurance. In the‘
biomedical setting researchers analyze survivorship studies by ML, See ‘Elandt-
Johnson and -Johnson ' (1980) and Gross and Clark (197%). |

Morrison (1978) mentions IMRL distributions have beei\ found useful as models
in the ;ocial sciences for the lifelengths of wars and strikeQ. Bhattacharjee .
(1982) observes lﬁl. functions occur nsturally in other areas such as optimal dis-

"posal of an asset, renewal theory, dynamic progi*aming-.. and branching processes.

In Section 2 we define more formally the MRL function 'nd survey scme of the

key theory. In Section 3 we discuss further its widé range of applications.

2.  Theory of mean residual life.

Let F be a life distribution (i.e., F(t) =0 for t<0) with s finite first
moment. ' Let F(t) £1- F(t). X is the random life with distribution F. The mean
residual life function is defined as ' |

‘m(t) =E{X-t|{X>t] for Fft) >0
(2.1) , o
= () : . for F(t) =0

for t20. Note. that we can express m(t) = ] M dx = [ -Lz-du when F(t) >0,
: 0 F(t) t F)

1f F also has a density f we can write m(t) = ] uf(u)du/ F(z) - -t.
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Like the failure rate function (recall that it is defined as r(t) = £(¢)/F(¢)
when 'F'('.) >.0), the MRL function is a conditional ccncept. Both functions ara con-
ditioned on survival té time t.

While the fa’lure rate function at t provides information about a small inter-
xgl after time't ("just after t,"” see p. 10 Barlow and Proschan .(.1965)), the MRL

function st t considers information about the whole interval after t ("all after

t"). This intuition'explgins.the differenée between the two.

Note that it is possible for the MRL function to exist but for the failure
rate function not to exist (e.g., consider the standard Cantor terﬁary function,
see Chung (1974) p. 12); On the other hand, it is possible for the failure Tate
fhnctioﬁ to exist buf the MRL function not to exist (e.g., consider modifying the
Cauchy denSity to yield £(t) 'Fi%t_r)' for t20). Both .thé MRL and the failure
rate functions are needed iﬁ theory and in practice.

When m and r both exist the following felationship holds bétween the two:
2.2) | m(t) =m(t)r(t) -1,

fér-q differentiable.h See Watson and Wells (1961) for further comments on (2.2)
and its uses. | | '

If the failure rate is a constant (>0) the'&istribution is an exponeniial.
If the MRL is a constant (>0) the distribution is also an exponéntial.

Lef u=E(X). If F(0)=0 then m(0) ru. If F(Oj >0 then m(0) fu/?'(O) =y, For
simplicity in discussions a;d defiqitions in this section, we assﬁmg F{(0) =0. Let

F be right continuous (not necessarily continuous). Knowledge of the MRL function

completely determines the reliability function as-.follows:




- & -

F(t) = !{-3- !n(u) for 0st<F-i(1}
2.3

=0 for tzF-1(13,

vhere F1(1) %€ sup(e|F(t) < 1). |
Cox (1962) assigns as an exercise the fie-bnstration that MRL determines the
relisbility. Neilijson (1972) gives an elegant, simple proof of (2.3). Kotz and
Sﬁmbhag (1980) derive a generalized inversion forﬁmla for distributions that zre
| not necessarily life distributioﬁs. Hall and ¥ellner (1981) have an excellent dis-
cussion qf (2.3) along with further references. .
A natural question to . ask is: what functions are MRL functions? A character-

ization is possible which answers this. By a function f being increasing (decreas-
ing) we mean that xSy implies f(x) () £(y)..

Theoren 2.1. Consi‘der.the following conditions:
i, m: [0, ®)+[0, =),
ii. =m(0?>0.
iii. = is right continuous (not necessarily contima,ous).
© v, d.(t)~d5fn’(t) +t is increasing on {o,. ).

v. lthen there exists to such that l(to) def 1in a(t) =0, then m(t) =0 holds

t"to

for te [to, @), Otherwise, when there does not exist such a to with

m(ty) =0, then j’ duse holds.

m( n(u)
A function m satisfies i-v if and only if m is the MRL _fu:is:tian of a nondegenerate

at 0 life dis<ribution,

‘See Hall and Wellner 1981) for a proof. See Bhattacharjee (1982) for amother
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characterization. Note that condition ii rules out the degenerate at 0 distribu-
tion. For iv note that d(t) is simply the expected time of death (failure) given
fhat a unit has .sur\'ived to time t. Theoren 2.1 'delineates which functions can
serve as MRL functions, and hence, pryvides models for lifelengths.

‘We restate several bounds involving MRL from Hall and Wellner (1981). Recall

* . . +
a =3 if 3820, otherwise a =0.

Theorem 2.2. Let F be nondegenerate. Let ur-,Exrs- for r>1.
i. 'l(t) s (F-1Q1) - t)’ for all t. Equality holds ‘if and oniy if
F() =F((F-1(1))") or 1.
ii. m(t) s WD) -t for all t.' Equality holds if and only if F(t) =0.
1ii. m(8) < w/F()'/T- ¢ for a1l t.
iv. m(t)2 (u-t)*/F(t) for t<F-1(1). Equality holds if and only if F(t) =0.

1/r

ve m(t) > [u-F(t)(u_/F(t)) ]/F(t) - t for t<F-1(1).

vi. m(t)2(u- t)’ for all t. Equality hoids if and only if F(t) =0 or 1.
Various nonparéiletric classes of life distributions havs been defined using
MRL. (Recall, for simplicity we assume F(0) =0 and the mean is finite for these

definitions.)

Definition 2.3. MRL. A life distribution F has decreasing mean residual 1ife if

its MRL m is a decreasing functi_on_.‘

Definition 2.4. NBUE. A life distribution F is new better than used in expéctation

if m(0) 2m(t) for all t20.
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Definition'2.5. IDMRL. A life distribution F has ancreasing then decreasing mean

residual life if there exist t20 such that m is increasing on [0, t) and Jecreas-

ing on [r, =).

Each of these classes above has an ooviou:. dual class associated with it, i.e.,
increasing nean residual life, new uorse than used in expectation (NWUE), and
' decreasing then increasing mean residual life (DIMRL), respectively.

' 4The DMRL class nodols aging that is adverse (e.g., vwearing .occurs). Barlow,
Marshall, and Proschan (1903) note that the PMRL class is & natural one in relia-
bility. See also Barlow and Proschan (1965). The older a DMRL unit is, the shorter
" is the remaining life on the aversge. Chen, Hollandei- and Langberg (1983) contains
an excellent discussion of *he uses of the DMRL class. |

. Burn-in procedures ar2 needed for units with IMRL. E.g., integrated circuits
have been observed empiri'cally to have decreasing failure rates; and thus they
satisfy the less restrictive condition of INRL. Investigsging job mobility, social

scientis‘ts refor to IMRL as inertia. See Morrison (1978) for example. Brown (19I83)
| studi°s approximating IMRL distributions by exponentials. He comments that certain
IMRL distributions. "... arise naturally in a class of first passage time distribu-
tions for Markov processes, as first ill‘uminsted by Keilson.™

Note that DMRL implies NBUE. The NBUE class is a broader and less fes:rictiva
class. Hall and Wellner (1981) show for NBUE distributions that the coefficient of
variation o/ug1, where 02 =Var(X). They also comment of the use of NBUE in
renewal theory. Bhattachar;ee (1984b) discusses a new notion. age-smoothness,.v-axid

its relation to NSUE for choosing 1ifs distribution models for equipment subject to
| eventual wear. Note that burn-in is appropriate for NWUE units.

For relationships of DMRL, IMRL, NBUE, and NWUE with other classes used in

k Ladi NN 2 . T AL U LR T U

LAN Jac X RFELVE P

DA VY A

Y gl PAPE PRI ATAET Ml P

-',4".‘14:_ 'c- ‘-' ,'. R

g
%

.
o ot & e et

g



-7 -

reliability see the survey paper Hollander and Proschan (1984).
| The IDMRL class models aging that is initially beneficial, then adverse. Sit-
uations where it is reasonable to postulate an IDMRL model include:

1  Length of time employees stay with certain companies: An

employee with s company for .}‘our years has more t.me and career
invested in the company than an empl'oyg:e of only two months.
The MRL of the four-year employee is likely to ’be longer than
the MRL of th2 fwo—mnth emplovee. After this initial IMRL
(this is called "inertia" by social scientists), the processes
of aging and ‘retirement yaeld a CMRL period. |

ii  Life lengths of humans: High infant mortality explains the

initial IMRL. Deterioration and aging explain the later DMRL

stage.

See Guess (1984) ‘and Guess, Hollander, and Proschan (1983) for further exmplés and
discussion. Bhattacharjee_'(1983) comments that Gertsbalsh. and Kordonskiy (1969)
graph thé MRL function of a lognormal distiiﬁutién that has a "bath-tub" shaped MRL
(i.e., DIMRL). | | |

. 'Hall and Wellner (1981) characterize distributions with' MRL's that have .llint',-arf
segﬁents. The)" use this characterization as a tool for choosing parametric nodels.. |
"~ Morrison '(1978.) inve§tigétes linearly IMRL. He stgies and proves that if Fisa '
mixture of exponential then F has linearly IMRL if and only if the 'mixing distribu-
tion, say G, is a gamma. Howell (1984) bstudies and listé other refere'nces‘ on lin-

early DMRL. |

In renewal theory MRL arises naturally also. For a renewal process with un&er-

lying ¢ istribution F, let G(t) = (ﬁ?(ix)du)lu. "G is the limiting distribution of both ~ = o
t g ‘
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the forward and the backward recui'rence times. ece Cox (1'62) for more details.

Also if the renewal process is in equilidbrium then G is the exact distribution of

the recurrence times. G(t) = (n(t)F(t))/u. The failure rate of G, T, is inversely

related to the MRL of F, m... L.e., 1 (t) =1/m (t). Note, however, that

rF(t) = l/mF(t) is usually the case. See Hall and Wellner (1981), Rolski (1975),
Meilijsoh (1972), and Watson and h'ell's (1961) for related discussions.

Kotz and Shanbhag (1980) establish a stability nsulf concerning convergence
of an arbitrary sequence of MRL functions to a :limiting MRL fun;tion. (See alsb'
Bhattécharjee (1982)). They show an analogous stability result €or hazard measures.
(Nhen the failure rate for F exists and Vg is F's hazard nea;ure, then ve(8)
= { :F(t)dt for B a Borel seé.) Their results imply that MLL functions can provide
. more stﬁble and reliable information than hazard measures when assessing noncontin-
uous distributions from data.

In a multivariate setting, Lee (1985) shows the effect of d‘ependence‘by total

pdsitivity on MRL functions.

3. Applications of mean residval life,

- A mean is easy to calculate and explain to a person not necessarily skxlled
in s:atxstics. To calculate the empirical HRL function, one does not necd calculus.
Derails of computmg the empirical MRL follow.
Let X,, X 2. cess x.n be a random sample from F For simpler initial notation.

we assume first no ties. Later we allow for ties. Order the observatzons as

(3'1) . I K x1n<x2n<'.¢. 4Xm.

Let X, =0. The empiricai MRL function is defined as

ks



3.2) | ,'.n(t) = for te [)L_kn, x(k+l)n)'

and k=C, 1, ..., n-1. nn(t)c'o for tzxm.

Note that (3.2) is simply

(3.3) Cm(b) .Total time on test observed after t
* n Number of units observed after t .

The empirical MRL function at 0, mn(O) =')'('n dgf( Z xi)/n. is just the usual sample
» i=1 :
mean when no unit fails at time 0. If a unit fails at O then m (0) >Yn.
If ties oxist let .

(3.4) 0:5(0L<X1£<X <...<iu

be the distinct ordered times of failure,v-'

' i
(3.5) n. s nurber of observed failures at time X,,, s. =n- Z n
i ' i’ i j=0 j

for i=0, 1, ..., L<n. Note that n =0, i=1, ..., £, vhile ny=0 is allowed.

z .
, . Z .n-(x.t‘t) ) °,
nl(t)si'k*ll . © for te X, )‘
: h S e (X, (x+1)2’°
(3.6 ) , " . a
' n'?(t)‘o , for tzxa

for k=0, 1, ..., £~ 1. - Note that (3.6) is simply notation for (3.3).

We illuystrate in thz following example., -

Excioia 3.1. Bjerkedal (1960) studies the lifelengths of guinea pigs injected with
ifferent amoimts_ of t'ubexfcle bac‘iui. Guineé pigs,are knovm to !iave a high sus~'

ceptibility to. hman.tixbegculosis. which is one réason for choosing this species.

\ \
s . .
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We describé the only study (M) in which animals in a single cage are under the same
regimen. The regimen number is the common log of the number of bacillary units in
.5 ml of the c§allenge solution, e.g., regimen 4.3 correspon&s to 2.Z><}G“ bacil-
lary units per .5 ml (loglo(Z.Z)tlo“J =4.34Z). Table 3.1 presents the data from
regiﬁenrs.s and the empirical MRL. |

Graphs of MRL provide useful infbrmation not only fbr data analysis but also
for presentationg. Commenting on fatigue longeiity and Sn pfeveﬂtive maintenance,
Gertsbakh and Kordénskiy (1969) recqﬁmend the MRL function as another helpful tool
in such analyses. They graph the MkL for different distributions (e.g., Weibull,
lognormal, and gamma). Hallland Wellner (1979) graph the empirical MRL for
Bjerkedal's (1960) regimen 4.3 and regimen 6.6 data. IBryson and Siddiqﬁi‘(1969)
illustrate the graphical use of the empirical MRL on survival data from chronic
granulocytic leukemia patients. Using the standﬁrd Kaplan-Meier estimator (e.g.,
see Lawless (1982), Nelson (1982), or Miller (1980)), Chen, Hollander, and Langberg
(1983) graph the émpirical MRL analogue for censored lifetime data..

Gertsbakh and Kordonskiy (1969) note thaf ‘estimation of MRL is more stable
than estimation of the failure rate. Statistical properties of estimatéd means are
better than thﬁsé of éstima;ed dgrivatives‘(which'énter into failure'rateS).

* Yang (1978) shows that the empirical MRL is uni formly strong;ylconsistent.
‘She éstablishes that.mn.’suitably standa;di;ed, converges yeakly tﬁ'alcaﬁssian pro-
cess. Hall and Wellner (1979) réquire less’restrictive-éonditions to apfly these
results. They deriQe and iliuStrate the use of simultaneous‘confidenée bands for
m. Yang (1978) comments that for t»>0, m (t) is a slightly biased estimator. |

Specifically, E(m (t)) am(t)(l F“(t)) Note, however. that nnE(m (t)) =m(t).

n+e
Thes, for larger samples m (t) is practzcally unbiased. See also Gertsbiiﬁ'and,
‘Kordcnskiy (19&9) .
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Empirical mean residual life in days at the unique
times of death for the 72 guinea pigs under regimen 5.5.
(We include the empirical MRL at time 0 alsc.)
Nuzber of Ties ~ Time of Death Empirical MRL
e Lin - 2%
0 0 . ' 141.85
. 1. .43 100.24
) 1 45 ' 99.64
" 1 53 - | 92.97
T 2 56 92.66
P 1 57 93.05
< 1 58 | 93.46
3 1 66 . 86.80
3 1 67 87.16
" 1 73 _ 82.47
= 1 74 82.80
| 1 79 '79.10
: 2 80 80.79
p 3 81 84.15
X .1 82 §4.69
2, 83 , 86.90
1 84 87.59
1 88 ) 85.26
1 89 - 85.98
2 9 . _ 87.55
2 92 . . _ 90.40
1 - 97 - 87.34"
2 R 99 - . 89.40 -
‘ 2 100 . 92.53
: 1 101 ' 94.18
] 3 102 L 100.94
: 1 103 © 102.80
i 1 104 . 104.79
T 1 107 . © 104.88
N 1 108 . 107.13
: 1 109 . 109.55
: 1 113 109.07
: 1 114 . 111.79
| 1 us 111.64
: 1 D >3 SR . 112,67
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Table 3.1 (Continued)

Number of Ties: Time of Death Empirical MRL
M Jin o B
1 123 ' 114.92
1 - 126 116.40
1 128 119.17

1 137 114.96
1 138 : - 119.14
1 139 123.76
1 144 124.70
1 145 130.21
1 147 135.33
1 156 : 133.76
1 162 135.75
. | 174 132.02
1 178 137.14
1 179 . 146.62
1 184 . 153.42
1 191 . 159.73
1 198 168.00
1 211 ' 172.22
1 214 ' 190.38
1 243 : 184 .43
1 249 ‘ 208.17
1 329 C 153.80
1 380 .. 128.50
1 403 ‘ 140.67
1 511 o : 49.00 -
1 522 . 76.00
1

598 | 0.00
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Yang (1977) studies estimation of the MRL function when the data are randomly
censored. Joe ahd Proschan (1981) develop isotonized estimators of MRL and of the
life distribution under the assumption of DMRL. Both the cosplete data model and
the randomly censored data model ere treated.

For parametric modelirg Hall and Wellner (1981) use the emp1rical MRL plot.
They observe that the empirical MRﬁ function is a helpful addition to other life
data techniques, Such‘as total time on test plots, enpirical (cumulative) fhilure
rate functions, etc. The MRL plot détects certain aspects of the distribution more
readily than other techniques. See Hall and WQIiner (1981), Hall and Wellner
(1979), and Gertsbakh and Kordonskiy (1969) for further comments, |

When a parametric approach seems inadvisable,” the MRL function can still be"

‘used as a nonparametric.tool. Broad classes defined in terms of MRL allow a more

flexible approsch while still incorporating preliminary information. For example,

to describe a wear process, a DMRL is appropriate. When newly developed components

‘are initially produced, many may fail early (such early failure is ralled infant

mortality snd this early stage is called the debugging stage). Another subgroﬁp
tends to last longer. Depending on information about this latter subgroup, we '
suggest IMRL (e.g., lifelengths of integrated ciscuits) or IDMRL (e.g., more com=- .
plicated systems where there are infant mortality, useful life,'aﬁd wear‘sut |
stages) . ,

ObJectxve tests exist for these and other classes defined in terms of MRL.
E.g., see Hollander and Proschan (1984) and Guess, Hollander. and Proschan (1983)

To describe "burn-in" the MRL is a natural function to use. Kuo's (1984)

. Appendix 1 presents an excellent brief introduction to burn-in problems and appli-

~ cations of MRL.

Actuaries apply MRL to setting retes and benefits for life insurance. In the

biomedical setting reseqréhers analyze survivorship studies by MRL. Fos example,

SRR O iy \'» 1\1.\.-..\\' PR D w"\'\.k .b\\‘.-\‘)“.w.&‘.-»\-‘.h‘- .-‘1‘)-‘,75‘-.‘ ‘-‘-‘-‘.P‘.\.'h‘vsnﬂu-
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see Elandt-Johnson and Johnson (198[) and Grbss and Clark (19?5).

Social scientists use IMRL for studiés on job mobility, lenéth of wars, dura-
tion of strikes, etc. Ses Morrison (1978). |

In economics MRL arices also.'.Bhattacharjee and Krishnaji (19815 present
applications of MAL for investigating landholding. Bhattacharjec (19%4a) uses NBJE
for developing optimal‘inventory policies for perishable items with random shelf
life and varisble supply.

' ' Bhattacharjee (1982) observe§ MRL fuﬁc;ions occur‘natufally in other area§

such as optimal disposal of an aséet. renewal theory, dynamic proéramming; and

brénching processes.
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