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— ABSTRACT
. Ao e T
'l!'propose“a test for detecting serial dependence among multivariate

| | | The
: ' observations. -Oue test statistic is the maximum absolute value of the lag 1

41 -
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correlation obtainable from a linear combination of the obgezvations. We 74°
express the statistic in terms of two eigenvalues and then obtain the
asymptotic null.distribution. Asymptotic power is examined fof sequences of

local alternatives in a multivariate normal autoregressive process. An

o éxplicit expression is obtained for the density of the limit distribution in

: Tievy
l the bivariate case. W& then compare power with the likelihood ratio
. § /- - o - ‘T : ——
statistic. j/CZL&AZA\~#~. ,/ésikawﬁxé s ﬁlﬂ”PVf;“/uA4L$0r~>
: 7~
I ams (uos) Subject Classifications: 62H10, 62E20 : ,
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SIGNIFICANCE AND EXPLANATION
If multivariate observations ‘taken at adjacent times are correlcted the

quality of inferences, based on an independence assumption, can be seriously

eroded. After illustrating these effects. we propose a new test for detecting

dependence among adjacent observations. We reduce the problem to one
dimension by considering linear combinations aXy + ---'+ ay Xy of the
observations.

6ur test statistic is then the maximum, over gil linear combinations, of

the sample auto-correlation. We determine its large sample null distribuatjion

from which approximate critica} values can be obtained numerically.

Because of the seriousness of departures from indepéndence, it isa
important t.o have précedures for detecting dependence. Our statistic provides
. | one alte:natiée way of quantifying depenéence in a series of multivariate °

obgervations. It shpuld be a useful addition to summary descriptions of

) o multivariate data sets and serve as a warning when multivariate time series

methods are required.
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A LINEAR COﬁﬁINATION TEST' FOR DETECTING SERIAL CORRELATION IN MULTIVARIATE SAMPLES

Richard A. Johnson and Thore langeland

1. INTRODUCTION

‘

It ’s well-known that the presence of eveﬂ a moderate autocorrelation, among
univariate observations, can cause serious difficulties for procedures based on aa
agsumptioar of independence. In the multivariatg case, both inferences about the mean .,
and covariance matrix,‘ I, can be severely affected. To illustrate, }et X follow the

multivariate AR(1) model
B - n = By m ) v s
where the Et and independent and identically distributed with E(gt) =0 and
Cov(gt) - ;e and all the eigenvalues of ¢ are between -V and 1. As a consequence
of the ergodic theorem

— W S =~q=

b bed - 231
(%, = X%, - X == tx‘ .

n
Ae8o 1 2
V=t 2

Also

c:.w(n'/2 3 )+ (1= 8" 3: +2(1-o')"-zx

t=1 , 2

ané /E(z - i) is asymptoticaliy normal with this linitiﬁq covariance matrix. If the
underlying process has # = $I,, |#] < % then ihe nominal 954 confidence ellipsoid’
(g : n(X - p)'s” (x - u) < "k‘ +051} has limiting coverage ptobabuu:y | , .
P(xk < -——g ‘k( .05)]. For instance if Et has uilenlibﬂ k=5 and ¢ =« .3 the

coverage probability is .690, For k = 10 and $ = .5 it is .193. ‘ o .

Sponsored by the United States Army under Contract No. DAAG29~80-C~004) and the National
Science Youndation under Grant No. MCS=820-2205.
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In the context of principal component analysis, suppose we wish to analyze *e'
which is the covariance matrix for Kt.'andei independence, but that the correlation
structure is introduced by selecting a sampling interval that is too short. The first
principal component has coefficient vector g4 where t£21 = A1g1, with A, P ebe > Ap.

However, if the underlying or: <ss has & = C t;’ vhere '€ is just smaller than Xp,

80 gp« is incorrectly identified as the =oefficient vegtor of the first principal
component . )

Nuﬁerous tests have been proposed for the univariate case. Ligget (1977), Bartlett
ard Rajaiaksham (1953), and Chittnzi,i1974) have propoged multivariate extensions of the

Bartlett periodogram test, the Quenoullé test and Box and Pierce test, respectively. 1
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2. A LINEAR COMBINATION TEST

Because first order autocorrelation is most common, it is worthwhile to develop a
test for first order correlation that is both easy to apply and has a graphic
interpretation. We reduce the problem to oue dimension by consideriﬂg linear combinations

A'Lt, t=12...,7 and selecting g to m&ximize the lag 1 correlation

-1 _ . '
] - -
Lotk s DX, -0 .,
, t=1 ~ i~
r ‘1) = = n
a. { 2 a'c.a
fa' (X, - X)) :
t=1 ~t
where the sample cross-covariance matrix of lag j is
y T3 - -
o am - - ' i = - i .
¢y =3 E: (X, " XX =X for 3= 0,0, T 1. (2.1)

Our test statistic is then defined as the maximum attainable lag 1 correla‘.icn,

Ry = sup |r (1)|
aFo 2

Setting Cg = 2"(C1 + C3), ta(1) can be expressed in terms of symmetric matrices as

|2’ Cszl
'C

Ry = sup 3 = max{]k,l.lk} - . (2.2)

are

where A, < A, € ¢ee <A are the eigenvalues of c;'/zc,c;'(f or CE'CS. ‘One point of
difficulty is that C_; is not necessarily non-negative definite.

Note that R; has the properties : . .

.

. | B L (X = X)X =X
(4 Ry > Iti(l)l. - ‘§ — ,2_- .
(X, - X,)
e=1 ti i ,
oS T
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(ii) Ry is invariant under
K > M0
where A 1is non-sinqular and Q orthogonal.
A plot of -;'(ﬁt - %) versus ;'(§t+1 - 2) displays the concentrated correlation
estimated by Rp-.

We now indicate the steps leading to the asymptotic null.distribution for Ry
leaving the more technical algebraic steps until Section 5. We say that the k x k
matrix B is Nkz(b'; ] :-1) if tr(A'B) is N(O,trAtA't-‘) .for every k X k matrix
A. Mann and Wald (1943) showed that

T1/2ca1b1 O 2(o,t 'Y :")
k

8o T1/2C61/2Csc51/2 L. where, under the null hypothesis, S has pdf

f(s) = (2n) K {k+1) /4 ,k(k=1)/4

etr(- 3 $5) , : (2.3)
with respect to k(k + 1)/2 dimensional Lebesgue measure.

.Hsu (1939) encountered the la-; asymptotic distribution while .tndyiﬁg a normal
theory one-way MANOVA problem. He aestablished that, if S is distributed as (2.3), the

distribution of its eigenvalues A, € see Xk has pdf

k 2
x o ko - I A(/2 .
GO A A =122 1tV 7 oA e BTV L e
VR * i=1 1 3t
. Since T‘/2RL is a continuous function of 11/2c61/2c'c51/2'
) : ' ' ' t R - . '
ﬁ".”-_’ ..;‘(Tril,xk) . , 2.5)
For k = 2, the limit distribution is esasy to evaluate

12 N 4 * i o -

PITV2Ry ¢ x) + Pl=x ¢ Ay <Ay < x] =V2 ] ue $(u)du = P(x) . (2.6)

It is conildornbiy more difficult to present oxprtqnion.'tor the general case. Set

g
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2

Gyt) = [ wIe™Zau, 3 = 0,1,2,00k (2.7)
-x : N

Gy, 4 = f G, (t)tl s /2 t, 0% 3,8¢€k (2.8)

-X
where it can be shown (see Mchta (1960), p. 399, eja.. (13))
6. ,(x) = (-1)*¥3gix) | ' (2.9}

Jeb 2,3
In Section 5, we establish

Theorem.2.,1. Prr ¥ evia, the asymptotic cdf of the ICT statistic vV ZRL, under

the null hypothesis of independence, is

k
F(x) = ( 1 T(i/2)) 'aet({c LD
i1 3.r . '

for j = 0,2,4,+00,k -2 and L = 1,3,5,...,k = 1, where Gj l(x) is defined in (2.8);
N ’

Theorem 2.2 . For k odd, the asymptotic cdf of the ICT statistic '1;1/ ZRL, under

the null hypothesis of independence, is

' (k=1)/2
Fix) = (2'/2 1 r(1/2)) A ‘-‘)‘k"’/z’ic 3(x)dat(B;)
i=1 j=0
where GJ(x) is defined in (2.7),
Gp, 1(x) Gg,30x) e Co, k=2(%)
G2, ,(x) Gg,3tx) cee | Gpgaa(®)

By = | G23-2,1(%)  Gzjo2,3(x) ..o Gjyug ke2(®)

G29+2,1(%)  G2qe2,3(x)  oe : "Goqeg,k-2(X)

L Gk-""(l) Gk-|'3(l) " ees Gt-"k-z(x)

for 3 = 0,1,2,:00,(k=1}/2, and G’ t(x) is defined in (2.8).
¥
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A table of 1-st, 5-th and 10-£h percentiles, for k = 2(1)20 were calculated using

double precision arithmetic (see Langeland (1980)).
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3.  SC 7 COMPETING TESTS AND POWER CONSIDERATIONS

Mogt tests for independence are motivated from consideration of autoregressive
alternatives. Let

B~k = Ry ")t gy

for t = 1,2,...,T. The hypothesis of independence is the.

H : 0’ a0 . (3.1)
A natural test statistic to use is
] A A
Sy = =IN =3 (k + k + Dllogllcy = ¢ @'|/|c | . (3.2)
where NaT-1-1 ang ¢ = c.lca‘. If the {gt}:_‘ aze i.i.d. multivariate normal,

then the test statil.stic in (3.2) has the same asymptotic distribution as the: logarithm of
the likelihood ratio test statistic. See Hannan (1970, pages 238-341).

Theorem 3.1. Under the null hypnthesis of independence {3.1), the asymptotic
distribution of the test statis'\:ic (3.2) is a x:z-disttibution.

In order to obtain an indication of asymptotic gowe,r,' we introduce the normal theory '

AR(1) mode! (3.1) where the x,  are independent N(Q,te). let {OT} be a sequence of

‘alternatives to independence, where TV 20T + H, and let PT ®
. L[] T

denote the distribution
of )5.',...,Lr. let Pqp be the distribution of 51,...,151. under independesnce.

Theorem 3.2. Under {PT}

ar,

T, 9
. T -, 1/2, V2, . 1 172 2,
Ay = 1n = =tr(f v e ) - 5 tr[tﬁr &.coT 0] + opr(n
. > M- 3 %67 ,
0 {PT} .and {PT"’T}‘ are contiguous. : -

It can then be shown that ' (A, T1/2C61/2csc6'/2) is asymptotical’y normal under
Pp S0 that we can obtain the limiting distribution of the linear combination statistic,
Ry, under (P, o }. Even the bivariate case is complicatcd. The limit distribution
v
T ' .

for T2 is , C

T ' ) '
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-(A+n) /2 E 233 T 2yt L2

120 (312 gm0 1! r(3i§1)

f(x) = 4de

] .
el oG- )23+ 1,21 %2 (034 1-u)

0

2
ldu

f

for x > 0, where n = (uy +u»?/2, A = (tuy - u)? + 4li/2 ana

3

-

u, 1 0 0 o
w= fu | = le w2 12 o (17%T"%)vecs) .
2 e e
u o o 0

It also follows directly that "(AT,SL) are each jointly normzl under {PT}. From the

contingulty, we then obtain

Theorem 3.3. Under {PT ¢ }, the asymptotic distribution of 8;, is non-central
SRR 22 R
T

xz2 with nonceatrality parameter tt[té‘ﬂteu'].
k ~ ~

It is well-known that the likelihood ra_io test has several large sample optimal

properties. However, g calculation of asymptotic power in Table 3.1 with k = 2, *e =1 .

~

shows that the linear combination test has higher power than the others when

12 .
/28 + ataghyy,0). : . . :

-8~
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Table 3.1

Asymptotic Power

hy4 Ry, 5.
o1 .0513 .0505
.3 .0849 .0627

1 . 1796 . 1055

2 ‘ . 4666 +3201

3 .7714 .6635

5 .9952 .9894
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4. EXAMPLE .
We consider some data reported by Simon (see Duncan (1959), pages 626-630) consisting

of burning times of 30 fuses as recorded by three observers. Since thare is one =:issing

observation for tae second observer, we first confine ourselves to the data given by

observers one and three. Let lt = (x1'c,x2't)', t -‘1,2,...,30 denote the

observations. The plot of X; . versus Xi,p4y for i = 1 is giyen below in Figure

a1, The plot for i = 2 is similar. Neither exhibits clear signs of first order serial

dependence. The ICT statistic /36 Ry = 2.40 and it is significant at the 10 -ercent

level. The value of the corresponding eigenvector is ; = (1,0,~.99)'. The plot of

L] L]
a xt versus a‘X .

e+ 1 given in Figure 4.2 gives an indication of serial dependence in the

two series cf ‘data. If the missing observation is estimated, the evidence for dependence

with three observers is much stronger. The statistic becomes significant at the 3% level.

B
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Figure 4.1

PLOT OF DATA OF OBSERVER ONE VERSUS THESE
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F:lguré 4.2 :

o gl “* T
PLOT OF a xt VERSUS a Xt+1 FOR I')ATA, FOR

OBSERVE:" ONE AND THREE
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S. DERIVATIION OF LIMITING NULL DISTRIBUTICN
The asymptotic cdf of TVzP.L is given by
F(x) = Pl=x € Ay < A < x] = [ soe [ glhypeec,h)ahy ooe dp To5.)
. CQ(=x,x)

where g(*) is defined in (2.4) and' Q(a,b) = {a ¢ A; <A, =*= < ) < b}. Since

’r~ N -y
1 1 1
B o A A, A
I (Xj -Ai) = det . . -
1€i¢i<x : M :
' ' k=1 k=1 k-t
A3 A3 g
\ -

{the Vandermonde determinaat), (5.1) can be rewritten as

f ™ '2 2 v 2 LA B
-X /2 -xz/z , . -AL/2
e . e cee e
' -xi/z -Ag/z -A:/z
f see [ o aet X1e Xze ees Xke '
Q(=-x,x) .
o . - {5.2)
2 2 2
Ak- e k‘I/2 Ak-1c 12/2 lk-1e Aklz
L ! 2 o i k , <)

where c, = [2K/2 ) re/21™
I=1
In order to obtain an expll.cit cxpx:euion for the densities we need some additioml
concoptl and lemmas (see Adtken {1939), pages 50 and 111).
The, sigﬂature function !(x1,x2,...,xk) is dotinod as
' E(!’gngon-'xk) - II .‘-qﬂ“j - 31, ('5.'3) A
. : 1€1<j¢k
fIQ: X = (x1,‘x2'oov,‘xk')' Q *l E(x1'K2'u-',‘k) =0 it ‘l - ‘3 for some 1 # jl

i,3 = 12,.00,k, and E(xy) = 1 for all xy @ Re

© w13w
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let k=2m and m = 1,2,..., and let A = {aij} be a skew (k x k) ‘ntrix, then
the Pfaffian of A, Pf(A), 1is defined as
k k k

PE(A) = (2%m0)”1 ] f eee ¥ E(3q.dgeeecsdy)
j1-1 32-1 jk-‘l

- ‘ L] a L X N} . . R N
33, 333, Ie-13x
It is well-known that [P£(A)]12 = det A.
de Bruijn (1955) has established the following expression for k even.
Lemma 5.1. Assume det({4,(x))}) e L(X) and let k = 2m and m = 1,2,..., then

é(;:;)] d.t({Oj(xi)})dx‘dxz s Ax

b b .
= Pr{agy = [ [ ¢ (x)4(yieignly - x)axey}) . T (5.4)
aa .

Remark. de Bruijn (1955) givel‘ a somevhat unusual definition of the Pfaffian and his 0

derivation of the integral on the left-hand side of (5.4), for k odd, is only valid in l.
very special case. Ho.wovot, krishnuah and Qunq' (1971, equation 2.6) give a general ] ’ .
solution to the odi. case. 1In their notation Oj(x) - xﬁth(x) for r > 0 and'sows
t‘unct'ion vix) utla!yin§ the integrability conditions. We x-c-tat. their results as
. Lemma 5.2 (.n alternative proof is given in ung-nna'usoo)). I

Lemma 5.2. u-m d‘*“(‘j"‘i”’ e L(R*) and 4t X be odd, then

k !
vI see f dot({o (x ) Ddx dx) sos dx_ = ) (-1)"'vj(b)nt(nj)

ota,) ke

- where

b " B .
v.(b) = [ ¢.(t)at for § = 1,2,....k ,
3 RS .
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and . ,

° a2 aq,3-1 aq,3+1

&21 0 coe az'j_1 lz'j+1 sew

R Tl e a3-1,2 see 0 &45-1,3+1 “ee
‘j""p‘ li+1'2 cae .j+1'j"1 0 cee

L lk'1 ) .k,z see “k,j-1 .k,j"i see

for 3 = 1,2,...,k, and Q(a,b) and a;4 are as in Lesma S.°t.
We caa now establish Theorem 2.1.

Proof of Theorem 2.1. PFirst we notice *hat

x x 2 2
J' [I “j.-u /2tl.'t /2

- e

sign(t = u)dujée

x 2 t 2 x 2
- tte 72{ e Ra [ wlo™ /zdu]dt
-x -x t

2
-G _I t.-t /2[! j‘-u /2

du]ae:
-xX '

3,08

=Gy 4(x)| - I "'“/2[1 :z-e/z at |du

- Gj g (%) = Gz,j"" for 0 € 3§, L <k =2,

‘By (2. 9), the last quantity equals 0 pr 226G, ,(x). lesms 5.1 than gives

3.2

-lB-
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|
|
\
: k - ,
: F(x) = (2%2 1 T(js/2)] . (5.5)
|
|
|

1 —
j-] 4 ;
(- : 3 Q;
0 2G0’1(x) 0 eesn 2Gu,k_1(x) O
ZGi'o(x) 0 2G1'2(x) coe 0

0 ZGk_z"(x) 0 " eee ZGk_zlk_ﬂx)
26 g, glx) 0 2G4, 5(x) 0 -
N : S

let k = 2m, then, according to definition of the Pfaffian and the relation for signature

~ functions )
. , x k x .
BlxyoXgoeenoxy) = (2%m)™Y § § e} E(34035000003)
! 31-1 32-1 jk“
o t(xj1sz)b . l(xjaxj‘) see “x’k-“jk) ' .
established in de Bruijn (1955), the Pfaffian in (S.Si can be reduced to . . .
» o= . ‘ E "
22 0L e I BUyidgeeenidgl t
j‘-‘ ’2-‘ j-’

. * GO,2j1'1‘“"62,2j2‘|("’""Gk—z,Zj-‘:'l(x’ N
But this is no:hinq but 2® times the determinant in 'ﬂuotpn 2.1. The pr of is complets.

Proé! of Theorem 5.2

k ‘ k-1 :
ro = (22 ]t/ § o endegmoreay)

i=1 4=0

vhere A, - (léq”) isa (k= 1) x (k - 1) matrix wléh entries 0 * Gp'q - Gq'p tfor

P.q - 0,1,.-..j - "j + 1,...,* - 1. Next, bY (2‘7’

-16=

.
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Gj(x) = 0
for 3 odd. (It can also be shown that Pf(Aj) = 0 for j odd.) According to (2.9),

for j even, AJ is

_ e - Gg,1(x) 0 vee Gg, 3+1(x)
G1,0fx) S0 Gy, 2(x) 0
AL = 2(k‘1) c-;j-1l°(x) 0 Gj-j'z(x) Y 0
J .
Gj+1,0(") Y Gj+1'2(x) oee 0
Gk-2,0(x) 0 Ge-2,2(%)  .ee 0
L ° G- {x) 0 Gy~1 }_1(3!)
Go J+1(x) see Go'k_z(x) [}
0 coe 0 Go,k-“')
0 ses Oo Gj",k'i(x)
0 ese 1] 63*1,)(-1(") .
‘e vee . o - Gk’..z'k_'(x) )
33;1,1”()‘) cee Gk-hk-z(“)l 0 ]

All entries contu.ninq 3 as a first or as a second index vanish, i.e., all G! j(x) md
J,’-‘ﬂ for L= 1,3,000,k = 2 vnnl.lh. The resaining nu.bor of terms - G (x). with

p even, is exactly (k = 1)/2. Thus, the Pfaffian of Ay reduces to

T
N
\
\~
AT e e 4N ~.s \'\'~."\"~"'\ '." s\'.s\-."" N STV AN T v'-‘-.as \\
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I

2(k'1)/2 l l ose l E(j1,j2,.o-,j.)G°’2j1-1(x) hd !
j1s1 32:1 j‘a1 .

. G2'2j2_1(x) see Gj-2,2j -2 2-1(!) . ‘3j4-2,2j 2 2-1(3() s Gk-1'2j--1(x)
. (3=2)/ (3+2)/

where m = (k - 1)/2. Except for a possible sign change this is nothing but 2(k=1)/2
times the determinant of the matrix B¢ 3/2) appearing in the statament of Thecrem 2.2.
P -1y (k=1)/72+3
By inspection, the asign is given by (-1) . The proof is complete.
We remark that nuclear physicists (e.g. Mehta (1967}, Wigner (1967)) are interested

in distributions of the eigenvalues of S.
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