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1. INTRODUCTION

In Technical Report No. 22 we presented a theory of the
propagation of finite amplitude ultrasonic waves in hexagonal crystals.
In that report we presented a unique representation of the anisotropy
of the nonlinearity in the basal plane of a hexagonal crystal and
observed that pure mode propagation occurs along any direction in the
basal plane as well as along the symmetry axis. However, in presenting
the expressions for the nonlinearity parameters for wave propagation
along these directions we overlooked the fact that an additional set
of directions exist in which pure mode propagation can be observed.
These directions are tangential to a cone whose apex angle is bisected
by the symmetry axis, and whose apex angle is dependent on the second-
order elastic constants. The relative complexity of these statements,
the desire to present a means of defining the criteria for pure mode
propagation, and the desire to analyze the nonlinear wave equation
for propagation in all pure mode directions in crystals of hexagonal
symmetry as well as trigonal symmetry, have necessitated our beginning
this report with the fundamental definitions, in most cases the same
fundamental definitions used in Technical Report No. 22. We hope that
this repetition'will add to clarity and make the present technical
report an independent document. Although we do repeat most of the
results of Technical Report No. 22 in new tabular form, we use a new
perturbation approach to the derivation of the nonlinear terms, and we

‘do not repeat the detailed equations. Thus, even though we consider the

l
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present technical report a complete document, we do'not consider it a
substitute for Technical Report No. 22 for scientists interested in the
propagation of ultrasonic waves of finite amplitude in crystals of
hexagonal symmetry. The two technical reports, then, provide informa-
tion in sufficient detail for a complete understanding of nonlinearity
in all pure mode directions in crystals of hexagonal symmetry as well
as nonpiezoelectric pure mode directions in crystals of trigonal
symmetry.

We begin the discussion with a generally applicable theory,
one capable of describing crystals of any symmetry. As a matter of
fact, at this point one could include virtually any physical process
such as piezoelectricity or any other process, by including the
appropriate terms in the expression for the strain energy. Our first
simp]ifichtion is to include only mechanical nonlinearities in our
strain energy expression. This specializes our consideration to
nonpiezoelectric materials. The second simplification is to specialize
to crystals of hexagonal and trigonal symmetry. This means that our
equations are somewhat more complicated than those previously used
for cubic symmetry, but they still are not so complicated as to be
unmanageable. The purpose of the present technical report is to

develop the theory appropriate to this situation.
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I1. GENERAL THEORY OF NONLINEAR WAVE PROPAGATION IN CRYSTALS

e

Consider a point P in the medium with coordinates ai(a.b.c) in

- the unstrained state. Let P move to P' with coordinates xi(x,_y.z) in
ii the deformed state. The components of the displacement can then be
Eﬁ written as

U=x -2

V=y-b (11-1)
= W=2-c.

In the Lagrangian formulation, the strain is described in the

initial, or undeformed, state and the initial coordinates of the

material particle a; are taken as independent variables. The Lagrangian

formulation is used exclusively in the theory described in this technical

.l'\
L

report.

iR

The Lagrangian strain parameters which are components of the

finite strain tensor are given by Murnaghan (1) as follows:

LY

n = % (J*J - &) (11-2)
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where J and J* are the Jacobian matrix and its transpose; & is the

unit matrix.

a b
J= |V, 1+ v
Ha Hb
1+, v,
J* = U, 1+ Yy
Ue Ve
and
1 ]
s = {0 1
0 0
where U, = %g* Ub = %ga etc.

They may be expressed, respectively, as follows:

(11-3)

(11-4)

(11-5)

The strain parameters can be written in terms of displacement

gradients if we substitute (1I-3)-(11-5) into (11-2).

Expansion and

simplification give the following expressions for UTE

i 1, 2
My = Uyt (U 4V

+ uaz)

= = ] )
Mz = gy =3 (Up + Vy + U U+ VoV + W W)

M3 = ngy =z (Ug + W +UU 4V Y+ W)

(11-6)

iy el 2.2,y 2
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= ']
a3 " M3 =7 (Vo # Wy + U U + VoV + W)

- )| 2 2 2
ngg =Wtz (U +V W)
Let ¢(n) be the strain energy per unit of undeformed volume.
The properties of the crystalline medium enter into the theory through
the strain energy density ¢(n) which can be expanded and expressed as

a sum of terms of different degrees in the elements of n as follows:
LA JIR AL PIR R PR SRR (11-7)
In terms of the elastic constants, Eq. (II-7) can be written as
¢ = o * kilizngy * kolygkeanijka
* K3Cikemn"i3Tketmn * o0 (11-8)

where the C's are the elastic constants and kn (n=1,2,3...)19s 2
constant factor depending on the definition of elastic constants. One
does not lose generality by setting the first two terms in (11-8) equal
to zero since % is the energy of the undeformed medium and ¢, corres-
ponds to displacement without deformation. Thus, the expression for

the strain energy density becomes:
¢ =0yt ezt ...

" kCigkenske * K3C1kemn™ 3 ke on - - (11-9)

As is well known, c1jkz are the second-order elastic (SOE)

constants and cijknun are the third-order elastic (TOE) constants.
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In accordance with Brugger's thermodynamic definition of elastic
constants (2), the factor kn is 1/n!. Therefore, based on that
definition we have kz = %-and k3 = %u Using a contracted-subscript
notation for the elastic constants as well as using Brugger's
definition of elastic constants, the general expression for ¢ can be

rewritten as:

_ 1 1
¢ =7 60M5%e * 8 S e t

higher order terms , (11-10)

where A + 1§, u - k£ and v - mn. For example, we write 1 fér the pair
of indices 11, 2 for 22, 3 for 33, 4 for 23 and 32, 5 for 31 and 13, 6
for 12 and 21. Summation over repeated indices is understood.

The SOE constants CAu form a fourth rank tenﬁor containing 81
components, of which 21 are independent for the most unsymmetrical
triclinic crystal and the TOE constants Cxu§ form a sixth rank tensor
with 729 components, of which 56 are independent for the triclinic
crystal. The number of elastic constants decreases considerably for
crystals of higher symmetry. Eq. (II-10) for the strain energy density
takes the appropriate form for crystals of different symmetry. The
number of elastic constants in different crystal classes has been
worked out by varfious authors and has been presented in a tabular form
by Hearmon (3).

The equations of motion for an elastic medium, in fact, are a

restatement of Newton's second law. For convenience one can 1ntroducé

the stress tensor T, which is not symmetric, as |

- -
- o - - -
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= J(3¢ -
T J(an) (11-11)
where
3¢/an~n 3¢/3n]2 3¢/3n]3
% _ -
or 3¢/3ny, 3¢/3n,,  3¢/3nyq| - (11-12)
34’/3“3] a¢/aﬂ32 3¢/3n33

Thus, the equa“ions of motion in Lagrangian coordinates are

written as (4):

= pOUi . (11-13)

These equations of motion take particular forms along the a, b and ¢

axes of the crystal:

oT T oT

1 12 13
EY + ab + ac
oT aT aT

o8l 85 3Ta3
Po¥ = 32 * b ' Tac
T T T

- Mgy 3 a3
¥ =33 * 3b * 3¢

pou =

(11-14)

According to Eq. (II-11), the stress matrix T can be written as:

v el e LT

™

T2y

LEY

T T

12 N3
T2 To3
T T3

J

J

J

1

21

31

diz i3
a2 Y23
J3p  J33

3¢ 3¢ 3¢
8myy  3nyp,  3myy
3¢ 3¢ 3¢
9nzy My 3mp3
2 3¢ 3¢
ongy  dng;  3ngg

From (11-15) we can write down the components as:

(11-15)
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%, 3¢

8% L4 0

= J +4J J
]] ]] an]] ]2 3n2] ]3 3n31

Tz =9 %""12%”13%
Ti3 =9y a‘%*"u'a%j”nﬁgj
T21 = 921 ﬁ%*"zz%*"zn‘%{
To2 = Iy a_f,% Y. aizz * Jz3 %;? (11-16)
T23 = 9 a‘iﬁ”zz%”zsa_ﬁ%
T3y = I3 ??T%*"sz ??T:T”ss?%
T2 = 93 %*%2%”33%
T 2% 49 20 9% _

= J
33 3] an]3 32 an23 33 3“33

The components of the Jacobin matrix in terms of displacement

gradients can be expressed from (I1-3):
J]] =1+ Ua = 1 + 3U/2a

J

]

13° Uc = 3U/3c

J2] Va = 3V/2a

J22 1+ Vb =1+ aV/ab : (11-17)

J23 = Vc = 3V/ac
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N 2 2 2 2 1 2 1 2
¢ =7 g™ # " # "+ n )+ Cplngyngy = 7 1" = 3 np%)

| 2 2 2 2 2
* Cy3(nygyngg * mypngg) + 3 Caangs” + Caplngs™ + ngy® + npa® + ngo°)
1 3 2 1 2
* 8 Gy * ngp)” + 3 Cqqangglngg * ngp)® + 7 Cagnas”ngg + nyp)
2

2 2 2
+ Cogalngy # mppdlngg™ + ngp™ 4y + ngy%)

* 7 Creg(ny + ng)limy = mgp)? # 2(m? + nyy?)] (111-1)
* 5 Cansl(m = ) = 6057 + Py - )]

*§ Caanas” ¢ Cananaalnza’ * g+ ma’ * ny?)

* 2 Caggnzal () = mgp)? + 20mp” + nyy?)

2 2 2 2
* 204560 (ngp = myy)(ngg” * n3p® = my3” = ngy®) + Alngpnygngy # npyngymya)l.
In this expression C166’ c266’ C366 and C456 are combinations of TOE
constants given by
Cigr = & (2Cyqy = Cavo + 3Conn)
166 & m 112 222

|
C266 = 7 (2197 = Cyy2 = Copp)
(111-2)

!
Cis6 = 7 (€173 = Cy23)

1
Case = 7 (-Craq * Cys5) -

Einspruch and Manning (8) derived an expression by using Birch's

definition of TOE constants. That expressfion can easily be converted
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Hexagonal
Structure

Basal Plane

Figure I11-1. Hexagonal close packed structure.
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Doij" =3—arr[—rr'+ — et —)])

. .
"
V" = 3w Laqm

oohi" —an.- [W_ + —n—"'é-aT + —r)]

These equations are to be examined so one can define the directions
and evaluate nonlinearity parameters for finite amplitude ultrasonic

waves propagating in hexagonal and trigonal crystals.

I11. PURE MODE PROPAGATION IN HEXAGONAL CRYSTALS

There are two classes of crystals with hexagonal symmetry, one
with the Hermann-Mauguin symbol 6, 6, 6/m with 5 second-order and 12
third-order elastic constants and the other with the symbol 622, 6 mm,
om2, 6/mmm with 5 second-ordef and 10 third-order elastic constants.
Since most of the crystals with hexagonal symmetry belong to the second
class. We will confine our attention to it. The hexagonal close packed
structure is shown in Figure III-1. A drawing of the coordinate frame
and the basal plane are also given in the figure. The five SOE constants
are C]]. ch’ C]3, Ca3 and C,, and the ten TOE constants are CIII’ 6113,

C116° C1330 Craa» C226° C333° 3347 C3pg N4 Cygg (3). By using
Brugger's definition of third-order elastic constants, the expression

for the strain energy density for hexagonal crystals is given by (7):
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where 02 and b3 represent the separate parts of the strain energy
density containing only SOE constants and only TOE constants,
respectively.

Now as soon as the expression of the strain energy density in
terms of strain components is acquired for specific crystals under
investigation, we will be able to get the wave equations for propagating
along any a"-direction in the crystals by using the above equations.

These expressions of the strain energy are written out in more
explicit terms for crystals belonging to hexagonal and trigonal
symmetries in the next sections.

Combining (11-37), (11-38) and (1I-39), we may have the following
stress components in which the strain terms involving SOE constants are

separated from those involving TOE constants:

s A A
].' ani'] 3n" ?a-w 3n-”

3¢9 3¢y gyn 3¢5
[P T T T T (11-40)

L) 3¢y ayn 3¢5
T31 = an§1 * an¥1 33“'+ ang]) '

Therefore, we may write a set of equations of motion for plane sound

waves propagating along the a"-axis direction in crystals:

. P e T S ST IUNE I I I I R ...
: . R et et e . KRS IR o
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Moreover, the components of the Jacobian matrix is terms of

displacement gradients can be reduced to

dyy = 1+ 20"/aa"
02] e avu/aan
J - aun/aan
3 (11-37)
Jgp = d33 = 1
and
J

12=%13"93=93,=0.

Thus, the stress components involved in Equations (I1I-19) also can be
reduced to:

T = 99y 5

9
3n]]

3 )
Ty = 9 B¢ 4 3¢ (11-38)

anyy ¥y

T

. 2, 3¢
N "I + .

nyy  3ngy

Obviously, under the above rotated coordinate system, the strain
energy density ¢ can be expressed as a function not only of the double
primed strain components n;j but also the rotation angles ¢ and 6; i.e.,

it can be written as:

O(nij) = Q(ﬂ;js’oe)

= ‘2(n¥j9¢|e) + ’3("1j0¢'6) ) (11‘39)
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2 2

¢cosze - (n;3 + ng])cos écosesine

- (nfz + nﬁl)cos¢sin¢cose

N “;]C°5¢5i"¢C0529 - (ny5 *+ n3;)cos¢sinecosesine

M2
+ (n3 C052¢ - n, sin2¢)cose
M2 21
Ny = NY.COs0COS6SiN6 + (n} cosze - na sinze)cos
13° ™M 13 "3 ¢
- n51sin¢sine
nyy = n?lcos¢sin¢cosze - ("¥3 + ng])sin¢cos¢sinecose
- n;zsin2¢cose + nglcosz¢cose
Np, = N3 sin2¢cosze - (ni¥, + n} )sin2¢s1necose
22 n 13 3]
+ (n;z + ngl)sin¢cos¢cose
= nY.sin¢cosesine + (n} cosze - nt sinze)sin¢
23" ™ M3 31

3

ngp * n¥1sin¢sinecose - (n13sin

N33

+ nglcos¢sine

2

= [ ] n (] 2
nl]cososinecose - (n]3sin 0 - n3;cos 6)cos¢

- ngzsin¢sine

2e - ng]cosze)sin¢

+ ngzcososine

= n;]sinze + (ni‘3 + n§1)sin0cose .

(11-36)
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! I IL ] nz uz nz

- np Uyt T W)

e

5 A, = ngy = gV (11-34)
s'. 1 = [ 1] = 1 w'l

M3" "1 " 2% -

= Thus, Eq. (11-32) can be simplified as:

EE ni1 = cose(n?]cose - n?3sin6) - nglsinecose
:% njg = Mypcose

s

e ni3 = (n{‘sine + n¥3cose) - nglsinze

~,

noy * nglcose

n22

0 (11-35)

-
o ]

o3 nglsine

" 2

nél (n;]cose - n¥3sine)sine + n§1cos )

"52 = n?zsine

:2 ny3 = (n;]sine + njcos8)sing + n3,cosesine
Putting (II-35) into (11-31), we have the following expressions
' for the strain components in the original frame expressed in the terms
;g of the strain components in the twice-rotated or double-primed coordinate
o system:
¥ ,

[ A S » ". v "-.".’.. '.l.-r-. N n - 'l"_- Tat '.p. A" I
(J,n.u"'"_f:h‘:ﬂ'yjri MR R TR AT ‘3'.’)'?553'\3:5; '.s"'.p'\.a‘\'.‘.'?g
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! !. N3 = S1N¢ ny5 + cos¢ nyq
E E@ n3) = n3y €Os¢ - ny,sing
! !! ngy = ngy sing ¢ ngpCosé
L "33 = "33
i ; and
; : ni] = cose(n{lcose - n¥3s1ne) - sine(ng]cose - ng3sine)
i é "iZ = n-'l‘zcose - ngzs'lne
E - nj3 = (nyysné + nj3cose)cose - (n3;sine + n3.cose)sine
E .“ né] = nﬁlcose - n53sin6
' . "2 = "22 (11-32)
:: né3 = 'ny,siné + n53cose
' "é'l = (n'ﬁcose - ni'3s1ne)s'lne + (ng.lcose - ngasine)cose
) ngp = n1psine + n3.cose

nys * (nf]sine + n¥3cose)s1na + (“515’“9 + n§3cose)cose .

If only the propagation of the plane wave along the a"-axis is
Eg accounted for, the displacement components will be a function of only
the coordinate a" (see Eq. (II-27)). In this case, we will have:

T T2 .VIEEEE. R % % T VEEN N WYY YV N YEE v
LA n
CIRCAL
P

22 T "33 % "23 " "3 " 0 (11-33)

and the other nonvanishing displacement gradients will be simplified

e as follows:

TS TNV Y VY Y YR Y. v
L ]

LI T SR T I S R M  JACEN
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, y (n) = (R§)(n')(R;)
o and (11-28)
)
(n') = (R§)(n")(R,)
.
10 to arrive at the following expressions:
cos¢  -sine  O||nj; nj, nig|| cose sine O
: n = [sin¢ cos¢  Olinyy  ny, mygl|-sine  cos¢ O] (1I-29)
. 0 0 ] "51 "52 n§3 0 0 1
i and
. - cos6 0  -sin ";1 ni'z nj3|| cose 0 sine
o i n. = 10 1 0 n;l ﬂ;z n53 0 1 0
. sind 0 coso ng] “52 n§3 -sine 0 coso| .
% ' (11-30)
. Multiplication and simplification lead to the following
expressions for the strain components expressed in terms of the strain
\ components in the twice-rotated system.
"' T cos¢(nhcos¢ - nizsino) - sino(né]coso - nézsino)
n T coso(nhsim + nizcoso) - s1n¢(né]s1n¢ + nézcoso)
= 3~ ni3cos¢ - né3sin¢
RN ny " sim(nhcoso - ni251ﬂ¢) + coso(né]cow - nézsino)
: E ' nop * sim(nilsino + "izc“’) + coso(né]sino + nézcow) . (11-31)
D
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Then we may rotate the above rotated basal plane (a'b’') by an
angle 6 about the b' axis (Figure II-1) so that the new coordinate

frame formation can be expressed as

all al
b"| = (Rz) b* (11-24)
c* ¢l »

where the rotation matrix (Rz) is given by

cos®o 0 siné
(RZ) =10 1 0 (11-25)

-siné 0 coso |,
and its corresponding transpose (Rg) is

cosé 0 -siné
(R§) = [0 1 0 (11-26)

sine 0 co0s9o

Let us define the displacement components propagating along the

a"-axis in the new coordinate system as

u" = U"(a",t)
y' = y"(a",t) (11-27)
W = un(an’t) .

Using the transformation matrix as given by (11-22), (11-23), (11-25)

and (11-26) one can transform the strain components by (1)
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Figure II-1. Rotation of coordinate.
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The procedure for accomplishing this is developed in the next section
of this technical report.
We have shown the strain energy density ¢ in the original frame

can be expressed as a function of strain components,

¢ = ¢(ny5) - (11-20)

Now, suppose we want to consider the propagation of the plane
finite amplitude wave along some arbitrary direction instead of the
a-axis under original consideration. We can rotate the basal plane in
the original frame by an angle ¢ about the c-axis (Figure 1I-1) first

so that the rotated coordinate frame formation can be written as

a' a
b'| = (R1) b , (11-21)
c' c

where the rotation matrix (R]) is given by

cos¢ sing 0
(R]) -sing coS¢ 0 (11-22)
0 0 1

and its corresponding transpose (Rg) is

cos -sin¢ O _
(RY) = sine cos¢ O] . _ (11-23)
0 0 1

g f11.ﬁ~-w~q
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- that keeping higher order terms is not justified. The terms kept in
N the theory to be presented are sufficient to account for most of the

observed nonlinear properties.
I11. PURE MODE DIRECTIONS

In an anisotropic medium there are only certain directions
along which elastic waves can propagate as the pure longitudinal modes
which are of primary interest in the application of the harmonic
) Es generation technique. Associated with any propagation direction there
are possibly three independent waves, the displacements of which form
a mutually orthogonal set (coupling terms). In general, none of the

three displacement vectors coincides with the vector which is normal

alel 0 e e
. e
“ . o
s St

to the wavefront; i.e., in general, the waves are neither pure

T

longitudinal nor pure transverse. The specific directions in which

pure mode longitudinal waves propagate have been determined qualita-

.,
N
.
g

tively by Borgnis (5) and Brugger (6) for crystals with cubic, hexagonal
; ?& and trigonal symmetry, etc. In order to derive the nonlinear wave

2 equation of a pure longitudinal mode in specific directions and then to

: “. determine the third-order elastic constants from the harmonic generation
' - technique, it is necessary to know quantitatively these pure mode

= directions. In addition, some unique pure mode directions even depend

: :E upon the SOE constants for the crystals under consideration.

In order to determine the pure longitudinal mode directions,

-‘.}
[3 one must develop 2 way to rotate the coordinates and observe the -

directions in which the coupling terms in the wave equations vanish.

V"-’ S STEE S AN
YA |




J3] = “a = 3W/3a

. < Jo, = W, = 3W/ab
N 32 b
¥
- J33 =1+ Hc =] + aW/ac
We will consider the case of plane finite amplitude waves
[ propagating along the axes of the medium under consideration. For
plane waves propagating along the a-axis the displacements become:
o U = U(a,t)
3? V= V(a,t) (11-18)
) W= Wa,t) .

As the a-axis can be rotated into alignment with any axis of the medium,

the equations of motion in general can be written

5 poﬁ = 3Tn/3a
L | ooV = T, /02 (11-19)
=
- poM = T4 /02 ,
‘: for propagation along the a-direction.
) ;3 These equations are written out in more explicit terms and solved
- for crystals belonging to hexagonal and trigonal symmetry in the follow-
i g ing sections. The expressions of elastic strain energy density appro-
¢ EE priate to different crystal syﬁmetries are obtained with only terms up
" to third-order since to date, experimental uncertainty is great enough
e
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into Eq. (I111-1),which was Brugger's definition. The relation between

. Fﬁ Birch and Brugger TOE constants can be obtained from the relation:
!l (Birch) (Brugger)
i ng CAuv = M Auv 6 (111-3)

where M is the possible number of ways in which CAuv can be expressed

in tensor notation.
N Now we substitute (II-36) for (II1I-1) to give the expression

o for the strain energy density in the double primed coordinate system,
¢(nij) = ¢2(n¥j.¢.9) + ’3\ﬂ:js¢se) (111'4)

where

Chths AR o
I'I'D
et I '

2

w2 + n2~| )COS 6

¢, = C]][n]]cos4e + (n

" " " . 3 " 2 2 2
- ZnH(n.,3 + n3,)sinecos™e + (nj3 + n3;) cos“esin”e]

. .; (n"2 "z)cos 6+ C [n coszesinze

. 2 13

ﬂ ;ﬁ + n{l(n{3 + n¥3)cosesine(cosze - sinze) - (n§3 + n;])zcoszesinze]

) q C33[n"2$in4e + Zn']'] (ﬂi‘3 + ng-' )$1n39C059

? - + (nj3 ¢ )zsin acosZe] + 644[2n"2coszesin26
- + (n“2 gf)sinze + 2n¥](n{3 + ngl)coses1ne(cosze - sinzo)

} - + (n¥3 + ngl)z(cos‘e + sin‘e) - 4nf3n§]coszesinze] (111-5)
% _

. and
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1 03,6 nz(“ )2 4

+ ng])cossesine + 3n¥](n{3 + "51 cos 'esine

2

- (n¥3 )3cos esin e] + Clla[n"3sin ecoste + n"z(n + ng])

2 2

. sinecos3e(cas 9--Zsin26) + n;](n¥3 )zcos esin’ o(sin“e - 2cos e)

)3cos esin e] +C w3

+ (n¥3 ]33[n sin ecos 6+ n"z(n + n;])

2 2

. Cusesin3e(2cos 0 - sinze) + n?](n¥3 + ng])2 coszesinze(cos e-251n20)

)3 4

- (n?3 cos 36sin 6] + C]44[n“3(2cos esin e)

2 2

(“12 + nZI)COS esine + Zn"z(n + n§1)cos3esine(cosze - Zsinze)

3 6

“2 “z)cos )

- (ni‘3 )(n"2 “z)cosesin 6+ n (n

2 4. .2

+ 3n (n]3 + n31)sin 6cose ~ Zn (ngg “z)cos esin“o

2 2

+ 4n?]nf3n;‘cos esinza(sin o - 2cosze) - (n¥3 + "31)

4

"2 uz
+ (n33 + njy)cosesine(cos’o + sinte) + 4nj3n3; (nf3 + njyJcos 36sine)

] L] 6 “2 " " " [1] "

)

* €OS es‘ln2

3 ”2 4

6 - (ni‘3 + n )3 cos esin 6+ 2n (n]z + n2])cos ]

- 2(n{3 )(n“2 “z)cos esine] + Czss[n{?cosﬁecos(2¢)

. (cosz(2¢) - 351n2(2¢))~03n“2(n + ngl)cossesinecos(2¢)

2

. (3sin3(2§) - cos2(2¢)) + 3n{](n{3 + ng])zcos4e sin“ecos(2¢)

. (cosz(Zo) - 3sin2(2¢) + 3n;¥(n;2 + n5])cossesin(2¢)(sin2(2¢)
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3cosz(2¢)) + 9n (n + ngl)zcos4ecos(2¢)sin2(2¢)

w2,

1y (n72 ngl)cos ecos(2¢)(cos é+sin ¢) + 6njy(ny, + "51)

. (n']'3 + ngl)cos“esinesin(2¢)(3cosz(2¢) -sin2(2¢))

4

* 6n3yngnzqcos esin? (2¢)cos (2¢) + (ny3 + )3cos esinJecos(2¢)

. (cosz(2¢) + 3sin(2¢)) - (ni'2 )3cos esin3(2¢)

+

3(nj, + n3y)(nj4 + ng])zcos3esinzesin(2¢)(Sinz(2¢) - 3c0s2(2¢))
- 9(nt, + 5 )2(nt, + n Jcos 3esinosin?(2¢)cos (2¢)
127 217 M3 T "y

+ (“¥3 + ﬂgl)(nfg "z)cos esinacos(2¢)(cos ¢ + sin ¢)

ll2

+ (], + n3y)(ny5 nz)cos 8sin(2¢)(cos®s + sinde)

- 5“?2n§](n¥34-ngl)sinecos3ecos(2¢)sin2(2¢)

- Gnlong. (nl, + ngl)cos3es1n3(z¢)] + %-c333[n;?s1n5e + 3n;§

: (n;3 + ngl)sinsecose + 3n;](n{3 + "5])2 sinecos?e

)3 2 4

+

(nj5 + sin3acos e] + c344[2n cos“esin’e + “11(“12 + n33 )

4 2

- sin

o+ Zn"z(n]3 + n31)coses1n 0(2cos“e - sinze)

+

“ll(“l3 + n3])sin e(cos 0+ s1n e) - 4n]]n]3n§]coszesin‘e

+ (53 + n3Z)(nt3 + ng;)stnecose + 203, (2 + n3.)sinecos?e

(cos 8 - sin e) + (n]3 + n31)(n"2 gf)sinecose(cos‘e + sin‘e)
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3 1 4

- Anj3n3y(nj3 + ng,)cos esin’e] + 2’C355[n??sinzecos 6

W w e w \end 2 2 W (ow e on 32
+ “ll(“13 + n3])cos esine(cos“e - 2sin®e) + "11(“13 + n3])
. coszesinze(sinze - Zcosze) + (n']'3 + n3])3cos3es1n39

2,

+ Zni.](n:l'z + nzi)COSZQSinZ

o+ 2(n-'|'§ + ng)(nh + 3 )cos3esine]

w3 4

o+ 2n¥$(n?3 + ng])cos3esine(cosze - Zsfnze)

- an](n;3 + ngl)zcoszesinze(cosze - sinze) - ﬂ?1(ﬂ¥§ + n;%)

. coszesin29(251n2(2¢) + cosz(2¢)) + anl(n¥§ - ngf)

. cosesinzecos(2¢)sin(2¢) + 2“?2("5? - n?g)cosesinzecos(2¢)sin(2¢)

4 4 2

* 8“?1"?2"516052051n20(cos ¢ + sin'¢ - sin ¢coszo)

+ 2n¥]n¥3n§](c0569 + coszesin4e)sin2(2¢) - zn;](ngg + n;%)

4

- coS esin2

esin2(2¢) + "?1(ﬂf§ + ng%)cosze(cos4e + sin‘e)cosz(2¢)

2

- 2nynj3 ¢ “31)2°°5 esinZs(cos?e - sin%e)cos?(2¢)

2 3

- zn.]']na'ln!"3cosaesiﬂecos(20)51"(2¢) + ZQ;]ns]nglcos esin”e

- cos(2¢)sin(2¢) - Zn;]n;2n§1sinec0546cos(2¢)sin(2¢)

2

+ 2n?]n{2n;3cos esin3ecos(2¢)sin(2¢) + 2"?1(“?2 + n§1)2

. ¢:oszesin2 4 2

esinz(ZQ)A- 4n{]n¥3n§]cos esin ecosz(2¢)

+ (n], + ng])(nfg + nE?)SinZGCOSGCOS(ZQ)an(2¢)
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002

we_w 2
= 2(njangy * nypngy

)cosesin“esin(2¢)cos(2¢) + 2(ny5 + n3;)

(n"2 "z)cos es1n3esin2(2¢) Znyangy(ny3 + n3;)

. cosesine(sin4

8 + cos‘e)sin2(2¢) - Zn"z(n]2 5])

3

* COS esin2

wl o

esin(2¢)cos(2¢) - (ni‘ + nZ])(n ;f)cose

. (cos4e + sin4e)cos(2¢)sin(2¢) + 4(n;2 + nﬁ,)n{3n§,

. cos3esinzecos(2¢)sin(2¢) - (n{z + n )ngfcos es1nze

- sin(2¢)cos(2¢) + 2n¥3n§1(n¥2 + ngl)cosesine(cos4e + sin4e)
- sin(2¢)cos(2¢) + njynya(ng, + ngl)cos3esinesin2(2¢)

+ 2n{2n§](n¥3 + ngl)cosesinsesin2(2¢) + 4n¥2n§](n{3 + "51)

o . cosesine(cosze - sinzo)(cos4¢ + sin‘o) - 2(ni'2 + ng])nglng]
!l . sinaecosesin2(2¢) + 2n} ( + )sinecosBOsinz(Z )
. Mz2n31{mz * g ¢
" 3 2
]2”]3(“ + n2] )Sin ecosesin (2¢)
B - 2(n35 + n3;)(ni3 + n3Z)cosdesinesin?(20) . (111-6)
Ef in order to obtain a set of equations of motion for the plane
waves propagating along the a"-axis direction, 1t is necessary only to
. o calculate three of the strain derivatives of the elastic energy.-i.e.,
. t‘ a¢/an;l, ao/angl and a¢/an;], according to (11-38). Those strain
derivatives can be calculated and simplified by taking into account
X3
Y njp ® n3; and nj, and nj;. They are:
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where

3¢
2 . 4 2, .2 4
3;¥;- (C]] cos 6 + 2C]3 cos“0 sin“e + C33 sin'e

+ Cyq sinZ(20)n3, + (-C;q cose sin(2e)
+ (:]3 cos(26)sin(26) + C33 sinze sin(2e)

+ 044 s1n(4e))ni'3

¢
33$;-- %-C]]][n;icosse - 4n;]n;3cossesine + 4n§§cos4esine]

Il2

1 2
+ 7 Cy303ngysin

ecos‘e + 4n¥1n{3sinecos3e

2 wl,. 2

e - 2s1nze) + 4n13cos esinze(sinz

* (cos

2 2

+ %-C]33[3nf$sin4acos o+ 4n¥]n{3cosesin39(2cos

+ 4n;§coszes1n20(cosze - Zsinze)] + C]44[6n;$cos4esin

wlonel 2

+ iny,c08 osinze + 4n;‘(n§2 + ng])cosaesine(cos

6 2,cinl

e +5cos“esin“ecos(26))

+ Zn;g(cos

0 - 2cosze]

6 - sinze)

8 - Zsinze)
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+ 2-C166[3n11cosse - 6n (n gl)cossesine

+ 3(n']'3 )zcos esinze + 2(n"2 n21)cos 8]
n
+ 3¢, [n"2cosBecos (20)(cos?(20) - 3sinZ(24))
f 266~ 11
+ 12n¥]n¥3cossesinecos(2¢)(3sin2(2¢) - cos2(2¢))
e + 4n¥§cos4esinzecos(2¢)(cosz(2¢) -3sin2(2¢))
-
- + 12n]1n]2cos esin(2¢)(sin2(2¢) - 3cos (2¢))
ii + 42n?§cos ecos(2¢)sin (2¢) + 24n]2n]3cosqes1nesin(2¢)
E: . (3cosz(2¢) - s1n2(2¢)] + %-C333[n;¥sin69
.- + 4n¥] ]3sin50cos6 + 4n;§s1n‘ecosze]
< 2 2. .8 3
- + 6344[6n;]cos esin'e + anln{3cosesin 0
.. -(Zcosze - sinze) + zn;§s1n4e + zn (Ssinzecos4e + sinse
)
N
;$ - 6coszesin‘e)] + %-C366[3n;%sinzecos4e
ES -4 An;]nfasinecosae(cosze - 2s1nze) + 4ng§coszes1nze
N
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where

and

+ 8n{1n¥3cos3es1ne(cos
+ 4cos

+ cos~esin
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-(sinza - 2cosze)] + 2C456[6n¥€cos4esinze

2 "2

o - 2sine) + 2n2(-acos*

esinze

2. .54 6 2 4

esin'e + cos 6 + 5cos“esin ecos(2¢)

2 4 4 2

esin2(2¢)‘- 2cos '6sin esin2(2¢)

4 2 wl, .2 2

- 6cos 6sin ecosz(2¢)) + 2n]2cos esin“e

4

. (s1n2(2¢) - cosz(2¢) + 4cos ¢ + 4sin4¢)

+ 4n{2nf3cos(2¢)sin(2¢)coszesine(sinze - cosze)] . (111-9)

a9 .22, ¥ (111-10)
B o—i— % — -
gy  3myy  Any

33%— e (C.,c05%8 - C..cos20 + 2C,,sin%e)n (111-11)
gy - n 12 44 12

303

—i— = Cyaa[2n%03 coszesinze - 4nJ.n? cos3
ang, 14411721 13"12

esine]
+ %-6266[3n§%cossesin(2¢)(sin2(2¢) - 3cosz(2¢))

+ lzngln;3cos4esinesin(2¢)(3cosz(2¢) - s1n2(2¢))

|
I
|
|
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+ 38n{,n;zcos4ecos(2¢)s1n2(2¢) - Zn;]nfzcos4ecos(26)

4

- (cos'¢ + sin4¢) + 12n;§cos3esinzesin(2¢)

. (sin?(2¢) - 3cos2(24) -3on;§cos3esin3(z¢)

+ Gn{gcos3esin(2¢)(cos4¢ + sindy) - 76n§2n{3sinecos3ecos

3

. (2¢)sfn2(2¢) + 4n% n'.cos 8sinecos(2¢)]
1213

3

+ C344[2n;1n¥251n49 + 4n¥2n¥351n 8c0s0)

2

+ %-C366[4n{]nfzsin ecosze + 8n{2n¥3sinecos3e]

2 2 2 4

+ 2C455[2n?1n¥2(coszesin e + 4cos“esin“ecos ¢

+ 4coszesinzesin4¢) + Zn{]nf3coszasinzecos(2¢)sin(2¢)

3

- 3n¥2n¥3cos esinesin2(2¢) - 4n;zn;3cosesin3esin2(2¢)

+ 8ﬂ¥2n¥3(cos4¢ + sin%)cosesine(cos?e - sine)]

(111-12)
3¢ ¢
? 2 3
.43 (111-13)
dn3; 3ng; g
where
3, 3 2 2
35?? = [-C]]cos esine + c]3co§esine(cos e - sin“e)
+ C..sinJecose + 2C ine(cos2e - sine)In
335in"6cose agcosesine(cos®e - sin M
+ [2C]1coszesinze - 4C|3coszesinze + 2C33coszesinze
+ 4C,4(cos'e + sinde - sn{"acos""e)]n;3 (111-14)
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and
3¢3 Cyyq[-nt2cosdesine + 4 cos*esine
g, 2‘ mi-my "1M3
- 4“¥§C°53951"39] + ]]3[n"2cos3esine(cosze - 2sin%)
+ 4nJ.n] coszesinze(sinze - 2cosze) + 12n“2cos3esin3ej
113 13
"l 2

+ 2-C133[n cosesin3e(2cos 0 - sinze)

2 |l2 3

+ 4n,]n]3cos esin e(cos e -2sin e) 12n]3cos esin3e]

llz 3 6

+ Cqqql2nyyeos esine(cos?e - 2sine) + 2nyyny5€05°6

4 2 " 2 4 wl

+ 10n]]n]3sin 6cos”6 - 12n]]n]3sin 3

06cos 0 - 2n]2cosesin 8

02 5 ||2

+ 2n]3cos 6sing + 2n13cosesin4

e+ 12nf§cos3osin3a]

4 .2

3

- lzn{gcos esin3

0 - 4n;§cos3esine]

"2

+ 3’5255[3n cossesinecos(2¢)(3s1n2(2¢) - cosz(2¢))

4

+ IZn{]n;3cos esinzecos(2¢)(cosz(2¢) - 351n2(2¢))

+ 12n{1n12c054esinesin(2¢)(3cosz(2¢) - sin2(2¢))

+ lZn]3cos3esin3ecos(2¢)(cos2(2¢) + 3sin2(2¢))

- Aznggcosaesinesinz(2¢)cos(2¢) - 2n{§cos3esine

3

. cos(2¢)(cos ¢ + sin o) + 24n]2n]3cos esinzesin(2¢)

. (sinz(Zo) - 3cosz(2¢))]'+%-633[3n;$sin56 cos6
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2 nl

+ 12n;]ng3s1n4ecos o+ n]3sin3

ecosze]

ll2

+ C344[2n]1cosesin3e(2cosz

0 - sinze)

4 4 2

+ nf]n?3sinze(10cos 6 + 2sin'8 - 12cos esinze)

+ 2n;§sin3ecose + 4n;§cosesine[cosae + sin4e

2 2

- 3cos esinze) + % c366[ ;fcos3esine(cos o - Zsinze)

" L] 2

* 4njynyscos ?

esinze(sin o - 2cosze)

+ 12n¥§cos3esin3e + 4n;§sinecos3e]

+ 2C456[2n?$cossesine(cosze - Zsinze)

2 2 6 2 4

esin“ecos(26) + cos

6 + 12cos“esin

* nqyny3(-8cos acos? (2¢)

4 2 n2

ecdsz(zo)) + n]3cosesines1n2(2¢)(lZcos2

2

esin esin“e

-16cos

4

- 6sin'e - 6cos4e) + an]nfzcos(Zo)sin(ZQ)coszesine

3

. (sinze - cosze) + 4n{2n{3cos esinzecos(2¢)sin(2¢)

- 2n¥§51n2(2¢)sfn39cose + 4n;§cosesine(cosze - sin%)

. (cos4¢ + sin4¢)] (111-15)

If we put these expressions for the strain derivatives of elastic
energy into (II-41), we would get a set of wave equations for propagating
along the a"-axis direction. It is predicted that the set of wave

equatfons should be nonlinear and a perturbation approach {s necessary

in order to solve it.
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Let us suppose the solutions of these nonlinear wave equations
may be expressed in the following forms:

U = U']' + U; +

V" = V']' + VE (111-16)

W= W+

where U']'. V]. Hi‘ and U2, Vo, HE represent the first and second

approximation solutions of the displacements, respectively. First,
we look at the first approximation equations. Putting (I11-16) into
(I1-41) and using (I111-7)-(I11-15) and (1I-34), we can obtain a set
of first approximation wave equations for propagating along a"-axis

direction as follows:

°0U? = (Cncos4e + %- C]3sin2(26) + C33sin4e
2 azun ’
+ C“sin (20)) — o 2- (-C”cos osin(26)

2 ll
+ C]3c05(29)sin(29) +C 3sin esin(Ze) + ZC“sin(Ze)cos(Ze))—z—

2
v
pOV 2— (C ]cosze - C]Zcosze + 2C44sin 0) —72-

H" -2- (-C”cos esin(26) + C]3sin(29)cos(29)

ayy

2kesin(Ze) + 2C44s1n(29)cos(26)) —-;-
3a"

+ Cgssin
+ 3 [3 C)y5in2(26) - €)q5in2(26) + & Coys1n2(26) + 4C, 4 (cos?s

zull

0 - I sin (26)] —2- (111-17)
%"

+ sin‘

.. ¥ :‘L_d’_t.f Lél‘.’& ".a_ .e_.c‘.al'.l\c_.a__.r_.p‘.zﬂ_g'”l'_‘ - ":L:g_,'.s l“. ks .:.;h _..‘:...._.k).
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which can be rewritten as:
. ay" azu']' )
ppl, = a +8
0™1 2a" 2 aa"ﬁ
. azv']'
DOV-I = Y-l aa—"z- . (III-]B)
. S UTH
P, = ¥ +8
01 2 aa“2 2 aa"2 J

Here

4

a= Cncos 6+ %— C.|3sin2(29) + (333s1n4

8 + C4451n2(29) )

.1 2 2 2
"Wz (Cncos 6 - Clzcos o+ 2C44sin e)

v, = {-cnsinz(ze) - % Clssinz(ZB) + 1— C..s1n2(26)

33

+ 20,01 - % sinZ(20))

By = - %- Cncoszesin(Ze) + %— Cncos(ZB)sin(Ze)

+ 3 €y sinlesin(26) + C,,sin(26)cos (26) J

(111-19)
In the above equations the terms containirg the coupling

coefficient 8, are called the coupling terms.

Obviously, because the coupling terms are existing in the set

of wave equations, it becomes impossible to get the solution of the
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pure longitudinal vibration even when only the pure longitudinal %
vibration mode is excited at the surface of the transducer.

In order to seek the direction along which the pure longitudinal
mode can propagate, we seek the directions along which the coupling
coefficient By vanishes (or is minimum). It is necessary to note that
since the elastic constants cij are contained in the expression for
the coupling coefficient, the direction we want to seek can be deter-
mined only for a specific crystal rather than in general terms. But
the coupling coefficient 8o is only a function of the angle 6, so it
means that under the same angle 6 the polar diagram of the coupling
coefficient 82 versus the angle ¢ should be a circle.

From (I1I1-19) we may see immediately that B, vanishes when
6=nr/2 (n=0,1,2, ...). This reveals that the pure longitudinal
mode can propagate along any radial direction in the original basal
plane, as well as in any direction perpendicular to the original basal
plane. Moreover, the above condition without coupling coefficient 82
should work without exception for any hexagonal crystals, which is in
coincidence with that in Technical Report No. 22 by J. Philip and
M. A. Breazeale (7).

It is important to point out that, besides the above directions,
another direction with vanishing B, also exists in hexagonal crystals.

It 1s the direction along a cone whose apex angle (%-- ep) is centered

about the c-axis (in original coordinate system). However, as mentioned

above, the apex angle is different for the different hexagonal crystals.

Figure I11-2 shows the directions of pure modes.
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+ (nyy + ngp)(ny,2 + nyy?)

] 2
*+ 3 Craznaz (ngq # ngp) + Cggnazlingg = nyp)(ngs + ngy)

2, 2
*(ngy # mygdlngg + mpp)b + Cigg Hlmgg™ + ngp™iny,

+ ngy(ngy? + nysf) + Cogelngy(ngs? + ngp?) + nqlngy? + nygfh)

1
6

3

1 3 2 2
+ 5 Co20m22" * & G333z * C3agnazlingy” + ng")

C
2 2 1 3 2 2
+ {ngy" * 3 )Y+ Cuualglngs * ngp)™ = (ngg # ngpdng;™ + ny3®))
o 4+ Cin = Conn )l
2 ‘11 112 ~ “222'M22 ™
+ 4 (-Ciyn = 26100)0002 (na + Nay) + 1 (~2€434 = €y + 3C,,,)
Z ‘™" 114 1247722 ‘23 " 32/ 7 ¥ m 112 222/
2 2, . )
(12" + %) + 3(2Cqqq = €1 - Copp)

2 2, . 1 2 2, .1
X Nop(np® + 19y %) + 5{Cqy3 = Cuagdngglng,” + ng™) + 5{Cqq,
* 3124007 (ngq + ny3dlngp + npg)

) )
+ 7(C1a = Craadnzp(ngy * myzdlngy + mpy) + 5(<Cogy + Cyge)

(npg + ngp)lngy ¢ n3)ing, + npy) * ... (1v-1)

In this expression C]]], c112’ c]13. C]]4, C]24. (:144 and szz

are combinations of TOE constants given by
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The unit cell of a crystal with the trigonal symmetry is shown
in Figure IV-1. A drawing of the coordinate frame is also given in
the figure. The six SOE constants are C]]. 012’ 013, C]4, 033, C44
and the fourteen TOE constants are C]]]. C112’ C]]3, 0114, C123, €280
C133» Cr3ae Craas Cisse C2220 C3330 C3400 Canar
Some of the trigonal crystals (for instance, quartz and 1ithium

133°

niobate) exhibit piezoelectricity that affects their nonlinear
behavior, and proper attention ultimately must be paid to it in this
sort of crystals (10), especially for some strongly coupled piezo-
electric trigonal crystals like LiNb03. In this report, however, we
will concentrate on the mechanical properties and neglect the effect
of piezoelectricity. Piezoelectricity was treated to some extent in
Technical Report No. 23.

For the nonpiezoelectric trigonal crystal, Kaga (11) has given
the elastic strain energy density with Brugger definition of third-
order elastic constants. After making some corrections (3), the

energy density can be expressed as,

6 = 3 Cqlnp? # %) + Cgnpyngy * Cy3lnggnag + nygnyy)
+ Cpallngg = ngp)lngg + ngp) + (ngy * myzdlmyy + mpy)}
*%cu%f*cu“nz*%f*"mz*%f’

) 2 2
+ 3 (Cqy - Cpdlngp™ + mp)

i 3.1 2 | 2 2
+ 61" * 7 Ciz™ 22 * 7 Cnaathy nas ¥ a2 s

1 2
+ 3 Cyany(ngs * n32) *+ Craamnaznss * Crzatmnza(nzs * na2)
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Figure 111-5. Magnitude of the K3 parameter plotted as a function of
angle in the basal plane.
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negative of the ratio of the nonlinear term to the linear term in the
nonlinear wave equation of pure longitudinal mode [Eq. (II1I-34)]. It
is given by

g= S | (111-36)

Q

In terms of A] and Az, it can be rewritten as,
A
g = (_g) _:8_ ) (I111-37)
A] kLa"

Therefore, by measuring A] and A2 one can determine g8 which can
be used to evaluate the &'s which are combinations of SOE and TOE con-
stants, or the K3's which are combinations of TOE constants only.

The parameters Kz and K3 for the specific directions of pure

longitudinal mode also are written in tabular form in Table III-1, 1in
which under K3 we indicate those specific angles ¢ uhich.lead to magni-
tudes of the quantity cos(2¢)[cosz(2¢)'-3 sin2 2¢] of 1, 0, or -1.
These would be directions along which measurements will yield the most
useful information. This behavior of K3 in the basal plane was given
in graphical form in Figure 2 of Technical Report No. 22, which we

reproduce here for convenience (Figure III-5).
1V. PURE MODE PROPAGATION IN TRIGONAL CRYSTALS

There are also two classes of crystals with trigonal symmetry,
one with the Hermann-Mauguin symbol 33 and the other with the symbol
32, 3m, 3m. The first class has seven SOE constants and twenty TOE

constants, and the second has six SOE constants and fourteen TOE con-

stants. In this technical report we 1imit our investigation to the
latter.
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as= Kz
and (111-32)
5=(3K2+K3).

Thus,

K3 s g = C]]]cossa + 3C]]3s1n20cos4e + 3C]33sin4ecosze

+ 12C]44cos4esinze + 3C]66c0566 + C266cossecos(2¢)

. (cosz(2¢) - 3sin2(2¢)) + C333sin66 + 12C344coszesinae

4 2

+ 3C356sinzecos4e + 24Cgccosesine . (111-33)

Now, we may simplify Eq. (II-41) and, as a matter of fact,
write the nonlinear wave equation of pure longitudinal mode as
2%y" ou; 220"

pgl" = ——2-+ s o (111-38)
0 11} all

[- 34

The solution to the nonlinear wave equation can be expressed as
" = U; + U2

= A]sin(kLa” - wt) - A2c052(kLa" - wt) . (111-35)

Here A2 = [g%i(kLA])za" is the amplitude of the generated second
harmonic wave. The solution (I11-35) is in complete analogy to cubic
crystals; however, the expressions for a and &, or alternatively K2
and K3 must be examined for hexagonal Symmetny.

As in the case of cubic crystals (7), we can define the

ultrasonic nonlinearity parameter for hexagonal crystals as the

At s P e L LT T T e T e T A SIS A ) L I S Y
A PP SR CC AR TG TN TRt Ay Rt e PO gLa.m‘i
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Now, equating the coefficients on both sides of the equation

we get

- mzpoBa" + kfasa" + kol = - 5-5 k3A2

and (111-26)

- wpoCa" - kLaB + KEuCa" =0.

But o = pocf and w = C,k , so Eqs. (I11-26) become

2,2 " 2 ~2pn.m 2 3,2
CLkLpOBa + kLpOCLBa + kLpOCLC - E’k A (111-27)
and
2,2 " o 2 2 A2, n .
CLkLpOCa kLpOCLB + kLpOCLCa 0. (111-28)

Dividing Eq. (I11-27) by k onCZ, we get

‘ 2
G(kLAl)

C= - D——E—z—— . (111-29)
0L

Also, dividing Eq. (I111-28) by prCLz, we get
B=0. (111-30)
So, the solution to the wave equation of second approximation

(111-22) becomes

(k A )2 "
uz(a ot) = - [';;"‘2‘3‘ cosZ(k " - wt) (111-;1)
¢

If we use the same symbols as Breazeale and Ford (9) used before for

cubic crystals, we can put

..........................
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. o2y auy o%u
DOUZ = q ;-2-* é W;;z (111-2])
or
) azuu
U8 - o —2 = - L sk3%sin2(k, a" - wt) (111-22)
PoY2 22" Z " L we) .
Here
§=3a+g0 (111-23)
. and
]
. 6 2, 4 4, 2
c Cll]cos e+ 2C]1351n 0cos o + 3C]33sin 8cos” 6
+ 12C]44cos4esinze + 3C]66cosse + C266cossecos(2¢)
' -((cosz(2¢) - 3sin2(2¢)) + C333s1n69 + 12C344coszesin4e
\
; + 34eesinocosts + 24,5 costosine . (111-24)

Taking into account the boundary condition for Ué. that is,

U; = 0 where a" = 0, we use a trial solution in the following form:

! Ug = Ba"sinZ(kLa" - wt) + Ca“cosZ(kLa“ - wt) (111-25)

where B and C are the coefficients to be determined. Putting the
solution into (III.22), we get

4(-wzp°Ba“ + kEuBa" + k aC)sin2(k 2" - ut)

! + 4(-w2p°Ca” - kaB + kfuCa”)cosZ(kLa" - wt)
6k3A2 /

= . "2'l sinz(kLa“ - wt) .
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The coefficient a in Eq. (I1I-19) may be used to determine the
velocity of sound or the slowness of the longitudinal wave in the
hexagonal crystals. Because the a is also the same for different
angle ¢, the velocity of sound or the slowness versus the angle ¢
also should be a circle.

Table 111-1 describes the relation of a with angle 6 at some
specific direction along which pure longitudinal waves can propagate
in hexagonal crystals.

As soon as the directions of the pure Tongitudinal mode are
determined, it becomes possible to derive the nonlinear longitudinal
wave equation whose solution describes growth of the second harmonic
of a pure longitudinal wave. The TOE constants can be obtained from

the experiment described by the solution to the nonlinear wave

equation.
Suppose we have By = 0 for the specific directions. Thus

under the boundary condition of the pure longitudinal vibration at
the surface of the transducer, that is U? = A]sinmt. Vf = H? = 0 when
a" = 0, we may get the solutions of Eq. (I11-18) as:

U? = A]sin(kLa“ - wt)
V? = H; =0,

c
Here k, = -Lu C, = = is the velocity of longitudinal waves.
L w L Do

Putting Eqs. (111-7)-(II1-15) and (11-34) into (I1I-41) and

(111-20)

using (II11-16) with (I11-20), we can get the second approximation
equation of the pure longitudinal mode.
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An estimate of the magnitude of the apex angle can be made for
specific crystals. If one ignores the piezoelectric terms, one can
make such an estimate for CdS, one of the most interesting hexagonal
crystals. The SOE constants of CdS are given by Landold-Bornstein
(3) as

Cn = 87 GPa
C.|2 = -54.6 GPa
C]3 = 47.5 GPa
C33 = 94,1 GPa

Cqq = 4.9  GPa

So we can numerically figure out from (II11-19), when 6 = ep = 65.836° or
the apex angle 90°-65.836° = 24.164°, then néy vanishes.
In0 is another interesting sample. Its SOE constants may be

found in the same reference (3). They are:

c]] = 209 GPa
(:]2 = 120 GPa
c,3 = 104 GPa
C33 = 218 GPa
c44 = 44,1 GPa

So we can numerically figure out from (III-19), when 6 = ep = 70.390°
or the apex angle 90°-70.390* = 29.610°, then 18, vanishes. Figure III-3
and Figure III-4 show the coupling coefficient (leu)_versus the angle

e for CdS and In0, respectively. In each figure we indicate the pure

mode directions along which By vanishes.
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. Cin = 266 * Crv2

= “hz * G122 = G * Caz
| Cir3 = 2366 * Cy3

; " C114 = 2ygg - 3Cqp (1v-2)

7 Ci2a = “Co2¢ * 114

C1aq = ~2C456 * Cyss
C222 = 466 * 20117 * C1p2

If we substitute (I1-36) into (IV-1), we would be able to give

LR M B S0 b e

the complete expression for the strain energy density for the crystal

:? of trigonal symmetry in the twice-rotated, or double primed, coordinate

. system as was given in the previous section for the crystal of

ii hexagonal symmetry. But we already know that if our only concern is

the generation of the second harmonic of a pure longitudinal mode, it

is sufficient to write only the terms containing n{? in the expression
l! ¢3- This simplifies the expressions a great deal.

- First, let us look at the expression ¢y By substituting

(I1-36) into (IV-1), the expression ¢, can be given in the double

[ primed coordinate system as:

n2 4

¢, = C]][n cos 6 + (n"2

ﬁi)cosze -anl(n¥3'*n§])sinecosae

Il2 2

cosZesin’ 0] + clz("lz + nz,)cos

T v VT v
v o -
., 5,

+ (n"lls )2 e

2 2 2

+ C]3[nffcos esin®e + n?1(n?3 + ﬁg])cosesine(cos 0 - sinze)

= (nj3 4 n3 )2005 esine] + Ci4lm3 25in(26)cos2esing (3cos2y - siny)

3

+ nf](nf3 + ngl)cosze(cosze - 3$1n29)sin¢(3cosz¢ - sin2¢)

i

l--:'
[
o
]

1

»

»

’

H

3

)
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'y
- + 3n7,(n3, + n) )coszesinecos (cos2 - 3s‘lr|2 )
_ 1n'tM2 * "2 bicos e ¢
E ¥ + 1 (av. + n2)2cos(26)sin(26)sine(sin%e - 2cos?
' N 7 (nj3 * n3;)"cos sin(26)sin¢(sin“¢ - 2c0s“¢)
d
_ ﬁ + (ni’2 + nsl )2c05651nesin¢(sin2¢ - 3cos2¢)
; y + (n3, + n),)(nY, + n )cose(cosze - Zsinze)(coszc» - 3sin? )cosé]
B 127 "1/ iM3 T "y . ¢
Y T + %— C33[nﬁsin46 + Zn']'] (ni'3 + ngl )sin3ecose
2 + (n']'3 + ng])zsinzecosze] + C“[Zn!ﬁcoszesinze
= + ( w2 4 "z)sinze + 2n¥,(nY, + n%,)cosesine
. M2 Y " "MtMs3 T "3
X (cosze - sinze) + (ni'3 + ";1 )2(cos4e + sin4e)
. - 4n¥.n2 coszesinze] (1v-3)
: M3"3 .
AP
N o The strain derivatives can be calculated and simplified by
‘ : taking into account ":IIZ = n5] and n!|'3 = "51 as:
N 32 8 2.2 2 2 2
© el Frion [Cncos ® + 2C;4cos"esin"e + 2c"sin(26)cos 0sin¢(3cos"¢ - sin“¢)
- 11
= 4 2
- u ] -
L + C3351n o + C“sin (29)]n!“ +[ cncosesin(Ze)
N + C]3cos(29)sin(29) + Zcucoszo(cosze - 3sin26)sin¢
~ L
X (3coszo - sin2¢) +C sinzesin(Ze) +C,,sin(46)]n?
. 33 4 "3
: 2 2 2,1\
. + [6cos“esinecos¢e(cos®¢ - 3sin ”]“12 , (Iv-4)
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302
WZ.T = [3C-I4COS

2esinecos¢(cosz¢ - 3sin2¢)]ni‘.l

+ 4C.|4cosesines1n¢(sin2

+ [2C]4cose(cosze - Zsinze)cos¢(cosz

— = [-C]]cos3esine + %-C]3sin(26)cos(26) +

. sin¢(3cosz¢ - sin2¢) + C33sin3

2

+ [2C, ,cos6(cos e - Zsinze)cos¢(cosz¢
14

+ [zcllcoszesinze- 4c]3cos2

2

. (sinZQ - 2cosz¢)sin¢ + 2c33cos esin

4 4 2

+ (cos'® + sin'e - sin ecosze)]n¥3 .

2

2

+ [C]1cosze - C]Zcos 6

¢ - 3cosz¢) + 2044sin26]n¥2

¢ - 3sin2¢)]n{3 » (1IV-5)

C]4cosze(cosze - 3sinze)

0c0S6 + C4Asin(29)cos(29)]n¥]

- 3sin2¢)]n;2

esinze + 2C]4cos(26)sin(29)

o+ 4C44

(Iv-6)

Carrying out a similar procedure as was done for hexagonal

crystals, we get a set of first approximation

wave equations for propa-

x gation along the a"-axis in trigonal crystals:
=
o T L
pqUy = o +8 +8
i "ozt Bt B
| . vy Jfur? oW )
o paVY = ¥ -—2-* 8 ——2—+B — IV-7
_:‘ 0"l 1 T 1 22" 3 2a"
S
A ’ 2wy aus? o afw ~
P} Yo — 3t By — 7+ By —7
. 01 2 20" 2 a2 3 2a
o where
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o= c]]cos4e + %-C13sin2(26) + 2C]4sin(29)coszesin¢(3cosz¢ - sinzo)

4

+ Cggsinte + C“sinz(Ze)

Y- %-c]]cosze - %-c12cosze + 2C]4coses1nesin¢(sin2¢ - 3cos2¢)

+ C44sin29

Yo = %-C]]sinz(Ze) - %-C]3sin2(26) + C]4cos(29)sin(20)(sin2¢ - 2cosz¢)

1
- sing + 3 Cyy8in?(26) + 24,01 - % sin?(26))

2 2

(Iv-8)

8y = 3C]4cos 8sinecose (cos ¢ - 3sin2¢)

By = - %-C]]coszesin(Ze) + %-C]3cos(26)sin(26)

2

+ C]4cosze(cosze - 3sin26)sin¢(3cos ¢ - sin2¢)

2

+ 3 Cygsinfesin(2e) + & Cy,sin(40)

2

By = C]4cose(cos 6 - Zsinze)coso(cosz¢ - 3sin2¢)

From the above expressions we can see that there are two
coupling terms (81 and Bz) existing in the longitudinal wave equation
[the first of Eq. (IV-8)]). This means that longitudina) waves excited
by the transducer may couple to the transverse waves of both perpendi-

cular and horizontal polarization rather than only one polarization

as it does in the hexagonal crystals. So in this case we seek directions

along which both of the coupling terms vanish instead of only one term

as in the last section.
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Il First, let us look at what happens in the basal plane. When

6 = 0, we have

8] =0
- and (1v-9)
82 = C]4sin¢(3cosz¢ - sin2¢) .
Further,
B,=0,when¢=nz n=0,1,2,... (1v-10)
- This means that both B3 and By vanish and the pure longitudinal mode
VA can propagate in trigonal crystals only along two special

r L

directions, ¢ = 0 and */3, in the basal plane, not all directions

I8

like in hexagonal crystals.
Second, we can find another direction of the pure longitudinal

mode, which is

b

6=(m+1)y n=0,1,23...

Obviously, all of the directions of the pure longitudinal mode we

= found above are common for any trigonal crystals without exception
no matter what their SOE constants are. It was pointed out (6) that,
besides the above directions, in the b-c plane, i.e., ¢ = n/2, one

| unique direction may also be discovered with vanishing 8 and 8-

= Fortunately, we have already had the possibility to find it .

i§ quantitatively. It is clear that when ¢ = #/2, 8, vanishes and 8,

is reduced to
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B, = - %-C]]coszesin(ZG) + %-c]3cos(29)sin(20)

- C]4cosze(cosze - 3sinze) + %-033sinzesin(26)

+ } Chqsin(de) . (Iv-11)

Thus, the direction we seek is dependent on the magnitude of the second
order elastic constants of the sample being measured.

The quartz is a sample whose nonlinear mechanical properties
are of wide interest. The SOE constants can be found (3) for quartz

as:

c 86.6 GPa
6.7 GPa
12.6 GPa
C33 106.1 GPa

C44 = 57.8 GPa .

n
12
13

© o
[ ] ]

(1v-12)

The direction with vanishing B, can be determined numerically

in the b-c plane from (IV-11) as

ep = 20.444° .

Figure IV-2 shows the diagram of (82/0) versus angle 6 in the
b-c plane for quartz. Lithium niobate might be another interesting

sample. Its SOE constants can be written (3) as follows:
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®
¢e-allu

180° (r—_——'
—

102
27¢°

Figure IV-2. Coupling coefficient |8/a| versus angle e for Si0, (at
¢ = (2n+1)n/2).
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Cl] = 202.0 GPa
C;p = 55.0 GPa
C.. = 71.0 GPa
3 (IV-13)
Cjq = 8.3 6P
Cyy = 262.0 6P

¢ 60.1 GPa

48 =

The angle ep with vanishing By gives

= °
ep 69.812° .

Figure IV-3 shows the diagram of (lea) versus angle 6 in the
b-c plane for lithium niobate. Finally, we give a summary in Figure IV-4
which shows the direction of pure modes in trigonal crystals in general.
So far we have determined all of the directions of pure
longitudinal mode§ in the crystals of quartz and 1ithium niobate.

In the direction with vanishing By and Bys the solution of the first
approximation wave equation can be worked out with the boundary con-

dition when a" = 0. U] = A]sin(mt) can be written in the same form
as (I11-20):

U] = Alsin(wt - kLa")

(Iv-14)
v] = H] =0.
Using a similar procedure as in the last section, we may

get the second approximation wave equation of the pure longitudinal
mode for the trigonal crystals. But, as we already have seen
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LS T RN @_f.{&{\':\.\-.".\};'.‘E\.‘:L?-:'-‘L‘t 1



ERCRSLNRNL Ml O U Sl gt a i b St g AR eI ad e - |

59

0
+ c=-axis

18y/a|

180 02 beaxis

e

Figure IV-3. Coupling coefficient Iezlul versus angle & for L1Nb03
(at ¢ = (2n+1)n/2).
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Figure IV-4. Pure longitudinal mode directions in trigonal crystals
(fndicated by arrow).
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above, because of vanishing Vl and H], only the terms involved

in ng? must be kept in the expression of the part of the strain

energy density ¢3 in the double primed coordinate system, as well as
9
only the strain derivative of elastic energy 3;%—-must be used in
1

1
the developing of the second approximation wave equation.

Therefore, we need to write the expression for ¢3 only with

those terms involved in n??. That is:

6 2 w3

1

+ %-C]]3cos46sinzen¥? - Cll4cossesinen{?

¢3 = %-C]]]cos ecosz¢(cos ¢ - 3sin2¢)zn

5 w3

+ 2C]2451necos osin¢(1 + 2cos(2¢))nn

2 4, o3

1 . 3
+ E-C]33cos esin On]] + 26134cos

3

esin esfn¢(4cosz¢ - 1)nf?

4 2 2

- C]44cos esin"o6cos 2onv3 4 C 4

¢sin o) 15505 esinze(z - %-sin(2¢))n{?

6

+ %-szzcos esinzo(l - 4cosz¢)2n{?

6, «3

) 2
*+ § C333sin onyy

4. W3

+ 2C344cos esin °"ll

4 3

+ §-c444cos esin3es1n¢(1 - 4cosz¢)n;? . (Iv-15)

And, its corresponding strain derivative is

¢ '
33?; = %—C]]]cossecoszo(coszo - 3sin2¢)2nf€
3 4 2. w2 5 wl

+ §'C'24sinecossosino(l + 2cos(2¢))n;$




62

3

3 2 4 3

3

esin esin¢(4cos ¢ - 1) "2

4 .2 2 2, w2

- 3C]44cos esin“ecos"¢sin oy,

4

+ 3C]55cos esin 9(2 - I-sin(2¢))n"2

6

+ %-szzcos esin2¢(1 4cos ¢)2n],

)

vlc 2,i080 u2

ul "

333sin69n]] + 6C344cos

+ 4C444cos3esin3esin¢(1 - 4cos 0)n“2 . (1v-16)

Putting (IV-4), (IV-16), and (IV-14) into (I11-41) and

restricting our attention to the second approximation terms, we can get

the second approximation wave equation of the pure longitudinal mode

for all of the specific directions mentioned above.

or

Here

The wave equation is

2up  auy 2%y
DOU" = q _—f + 34 W-—E (IV-]7)
2
i ”z 2 "

Kz =qg= C]icos‘o + %-C]3s1n2(26) + 2C]4s1n(26)coszesin¢

. (3c052¢ - sinzo) + c33sin

4

6 + Cyysin’(20) (1v-19)
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K3 = § -3K2 = Cli]cossecosz¢(cosz¢ - 3sin2¢)2

4 2 5
+ 3C1]3cos esin“e - 5C]]4cos esino

+

3C]24sinecossesin¢(l + 2cos(2¢)) + 3C]33coszesin4e

2 2

¢-1) - 6C]44cos4esinzecosz¢sin ¢

+

IZC]34cos3es1n3esin¢(4cos

+

6C]55cos4esinze(2 - %-sin(2¢)) + szzcossasin2¢(l - 4cosz¢)2

+ C333sin69 + 12C344coszesin4e + 8C444cos3esin3esin¢(l - 4cosze) .

~ (Iv-20)
The solution of Eq. (IV-18) can be obtained with the boundary

condition Ug = 0 where a" = 0, as
(k,A))?
Uz(a".t) = -(3K2 + K3) "TﬁQZ" a"cos2(wt - kLa") . (1v-21)
Thus, the solution of the nonlinear wave equation of the pure

longitudinal mode can be expressed as

U" = Uy U3

= A]sin(wt - kLa") - AzcosZ(ut - kLa") . (1v-22)

Here the amplitude of second harmonic is
(ki A)
Az = (3K2 + K3) —-8-K2— a" . (1v-23)
The parameters K, and K, for the specific directions of a pure

Tongitudinal mode in trigonal crystals are written in tabular form in
Table 1IV-1. The directions specified are the directions along which
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ﬂ harmonic generation experiments can be expected to yield useful
information about third-order elastic constants in trigonal crystals.
-~ V. CONCLUSION
S The results given in this Technical Report can be used to
\ evaluate the third-order elastic constants that determine the ampli-
' tude of the second harmonic wave propagating in the listed pure mode
533 directions in crystals of hexagonal and trigonal symmetries.
. In addition, we may point out that the theory developed in the
- early chapters of this report is sufficiently general that one can
use it to study the nonlinear behavior of crystals of any symmetry.
One even can consider piezoelectric crystals by using the appropriate
. . form of the strain energy ¢ that describes the effect of piezoelectric
.. coupling as well as nonlinear effects. As one goes to crystals of
- lower symmetry, however, he must be prepared for the equations to
_' . become more complicated.
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