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ABSTRACT

This paper is the second in a series by the authors concerned with the
theory of viscosity solutions Hamilton-Jacobi equations in infinite
dimensional spaces. The first paper introduced a notion of viscosity solution
appropriate for the study of Hamilton-Jacobi equations in spaces with the so-
called Radon-Nikodym property and obtained uniqueness theorems under
assumptions paralleling the finite dimensional theory. The main results of
the current paper concern existence of solutions of stationary and time-
dependent Hamilton-Jacobi equations. In order to establish these results it
1s necessary to overcome the difficulties associated with the fact that
bounded sets are not precompact in infinite dimensions and this is done by
sharp constructive estimates coupled with the use of differential games to
solve reqularized problems.

Interest in this subject arises on the abstract side from the desire to
contribute to the theory of.partial differential equations in infinite
dimensional spaces to treat natural questions raised by the finite dimensional
theory. 1Interest also arises from potential applications to the theory of
control of partial differential equations. However, the results herein do not
apply directly to problems of the form arising in the control of partial
differential equations, a question which will be treated in the next paper of

the series. . -
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HAMILTON-JACOBI EQUATIONS IN INFINITE DIMENSIONS, PART II.
EXISTENCE OF VISCOSITY SOLUTIONS
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Introduction:

This is the second paper of a series devoted to the study of Hamilton-Jacobi
equations in infinite dimensions. Part I ({10]) was concerned with the uniqueness of
viscosity solutions of general first order equations of the form
(HJ) F(x,u,Du) = 0 in @
in which @ is an open subgset of some (real) Banach space V, the unknown function
u:® » R is continuous and Du(x) denotes the Fréchet derivative of u at x; thus Du(x) € v*
where V" is the dual of V. The nonlinear function F defining the equation is a continuous
mapping F: 8 x R x v" » R. The notion of a viscosity solution for (HJ) considered in {10])
is a straighforward adaptation of the notion of a viscosity solution first used in
obtaining existence and uniqueness results in the finite dimensional case (i.e., V = nP)
in M. G. Crandall and P. L. Lions [7] (see also M. G. Crandall, P. L. Lions and L. C.
Evans {5]). One of the equivalent forms of this notion is recalled in Section 1 below.

Here we prove general existence results for two typical problems, namely, the Cauchy

problem

(CP) u, + H(x,t,u,Du) = 0 in V x }O,T[,
ul(x,0) = ¢(x) in Vv

and the stationary problem

(sP) u + H(x,u,Du) = 0 in Vv

where the functions H and ¢ are given and satisfy conditions detailed in Section 1. 1In

1Un1versité de Paris IX, place de Lattre-de-Tassigny, 75775 Paris Cedex 16, France. _:
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either case we call H the "Hamiltonian". Here the Du in (CP) denotes the derivative of
the map x + u(x,t); i.e., D is the gradient in the "space variable" x. The equation in
(CP) is regarded as a special case of (HJ) by regarding the pair (x,t) in (CP) as x in
(HJ) and V x R as V.

The existence results established here are precisely formulated in Section 1.
It is quite striking that these results are obtained under much the same assumptions used
to obtain the corresponding results in the finite dimensional case in H. Ishii (16}, [17)
and M. G. Crandall and P. L. Lions [9). (See [3), [7), (18], [19), [21) for earlier
existence results.) However, even though the finite and infinite dimensional theories have
similar formulations, the proofs must be modified substantially in the infinite
dimensional case.

There are three main difficulties in the passage from finite to infinite
dimensions. First, the finite dimensional theory relies everywhere on the fact that
continuous functions on closed and bounded sets attain maximum and minimum values, and
this is false in infinite dimensions. A way to deal with this in infinite dimensions was
demonstrated in [10] in the course of proving uniqueness. Next, in finite dimensions the
method of vanishing viscosity can be used to solve (CP) or (SP) in a simple way if the
data H and ¢ are "nice"”. That is, a term -¢A is added to the equations, the resulting
problem is solved and then € is sent to zero using a priori estimates, the Arzela-Ascoli
(or AA) theorem and properties of viscosity solutions to pass to a limit. Having obtained
existence for a restricted class of H and ¢, a priori estimates and the AA theorem are
used égain to obtain solutions for H and ¢ of the generality desired. 1In infinite
dimensions we have neither the A nor the AA theorem available to us. This first
difficulty is circumvented by the use of explicit formulas from the theory of differential
games. We obtain solutions for a restricted class of Hamiltonians by forming ad hoc
differential games (following the finite dimensional discussion in L. C. Evans and P. E.
Souganidis [14]) whose value functions are shown to provide the desired solutions. Next,

to deal with less regular Hamiltonians by limiting arguments in the absence of the AA
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SECTION 1. PRELIMINARIES AND STATEMENTS OF RESULTS

In all that follows, unless otherwise stated, V is a real Banach space with the
Radon-Nikodym property (or "V is RN"), v is its dual space and Q is an open subset of
V. We will use the same notation | | for the norm of V, the dual norm on v" and the
absolute value on R. The value of p € v at x € V will be written (p,x).

There are many equivalent ways to say that V has the Radon-Nikodym property - see,
for example, {4). We will use the following form: V is RN if and only if whenever ¢ is a
continuous mapping of a closed ball B in V into R which is bounded below (above) and
€ > 0, then there is an element x' of v" such that Ix'l < €and ¢ + x" attains its minimum
(respectively, maximum) value over B.

Both (SP) and (CP) may be regarded as equations of the general form H(x,u,Du) = 0 by
using V x R in place of V in the case of (CP). let H € C(V x R x V.). The notion of
viscosity sub- and supersolutions of an equation H = 0 in a set Q were defined in [10].
One of the equivalent forms of this definition is:

Definition 1.1. Let u € C(Q). Then u is a viscosity subsolution H = 0 in Q if

(1.1) Whenever ¢ €C(), y € Q, ¢ is differentiable at y and u - ¢ has a local maximum
at y, then H(y,u(y),Do(y)) < 0.

Similarly, u is a viscosity supersolution of H = 0 in Q if

(1.2) whenever ¢ €C(Q), vy € Q, ¢ is differentiable at y and u - ¢ has a local minimum
at y, then H(y,u(y),D¢(y)) > 0.

Finally, u is a viscosity solution of H = 0 i{f it is both a viscosity subsolution and a

viscosity supersolution.

We will also refer to a viscosity subsolution of H = 0 as a viscousity solution of
H < 0, etc. We next formulate conditions on the Hamiltonians H in (SP) and (CP) which
will be among the hypotheses under which we will prove the existence of solutions. These
conditions will involve two auxiliary functions v:V + [0,») and 4:V x V + {0,») which are

required to satisfy the following conditions (C):
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(C) For every y € V the nonnegative function x + d(x,y) is Fréchet
differentiable at every point except y and the derivative is denoted
by dx(x,y). Similarly, y + d(x,y) is differentiable except at x and
its derivative is dy(x,y). The function v is nonnegative and
differentiable everywhere. Moreover, there is a constant K > 0 such that
(1.3) |dx(x,y)|, |dy(x,y)|, |pv(x)| < Kk

whenever the quantities on the left are defined,

(1.4) lim inf —fifl > 1,

|| =
and
(1.5) |x - y| < dlx,y) €< K|x -~ y| for x, y € v.

We continue. A function m:[0,®) + [0,®) will be called a modulus if it is
continuous, nondecreasing, nonnegative, subadditive and satisfies m(0) = 0. We will use
m, m,, etc., to denote such functions. We will also say that a function
0:[0,=) x [0,=) + [0,«) is a local modulus if r + o(r,R) is a modulus for each R > 0 and
o(r,R) is continuous and nondecreasing in both variables. We next formulate conditions on
the Hamiltonian H:V x [0,T] x R x v’ + R in (CP). These conditions are interpreted in the
obvious way for time independent Hamiltonians H:V x R x v’ + R as in (SP). Throughout the
statements it is assumed that conditions (C) hold and d, v are the functions in (C). We
also let Bp(x) = {z €v: |z - x| <R} be the closed ball centered at x of radius R in V,

B;(p) be the ball of radius R in V. centered at p € v' and Bp = BR(O), B;(O) = B;.

(HO) There is a local modulus % such that

[H(x,t,x,p) - H(y,8,v,Q)| € ogl|x - y|+|t - s|+|xr - v|+|p - q|,R)

for R > 0, x, y € BR t, s € (0,T), |r|, |v| <R and p, q € B;.

(H1) For each (x,t,p) € Vv x [0,T] x V' the map r + H(x,t,r,p) is nondecreasing.
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SECTION 1. PRELIMINARIES AND STATEMENTS OF RESULTS

In all that follows, unless otherwise stated, V is a real Banach space with the
Radon-Nikodym property (or "V is RN"), v is its dual space and  is an open subset of
V. We will use the same notation | | for the norm of V, the dual norm on v" and the
absolute value on R. The value of p € v at x € V will be written (p,x).

There are many equivalent ways to say that V has the Radon-Nikodym property - see,
for example, [4]. We will use the following form: V is RN if and only if whenever ¢ is a
continuous mapping of a closed ball B in V into R which is bounded below (above) and
€ > 0, then there is an element x" of v" such that Ix'l < € and ¢ + x" attains its minimum
(respectively, maximum) value over B.

Both (SP) and (CP) may be regarded as equations of the general form H(x,u,Du) = 0 by
using V x R in place of V in the case of (CP). Let H € C(V x R x V'). The notion of
viscosity sub- and supersolutions of an equation H = 0 in a set 2 were defined in [10].

One of the equivalent forms of this definition is:

Definition 1.1. Let u € C(Q). Then u is a viscosity subsolution H = 0 in Q if

(1.1) Whenever ¢ € C(R), v € Q, ¢ is differentiable at y and u - ¢ has a local maximum
at y, then H(y,u(y),D¢(y)) < 0.

Similarly, u is a viscosity supersolution of H = 0 in Q if

(1.2) wWhenever ¢ € C(R), v € R, ¢ is differentiable at y and u - ¢ has a local minimum
at y, then H(y,u(y),D¢(y)) > 0.

Finally, u is a viscosity solution of H = 0 if it is both a viscosity subsolution and a

viscogity supersolution.

We will also refer to a viscosity subsolution of H = 0 as a viscosity solution of
H < 0, etc. We next formulate conditions on the Hamiltonians H in (SP) and (CP) which
will be among the hypotheses under which we will prove the existence of solutions. These
conditions will involve two auxiliary functions v:V + [0,») and 4:V x V + [0,») which are

required to satisfy the following conditions (C):
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(C) For every y € V the nonnegative function x + d(x,y) is Fréchet
differentiable at every point except y and the derivative is denoted
by dx(x,y). Similarly, y * d(x,y) is differentiable except at x and
its derivative is dy(x,y)- The function v is nonnegative and
differentiable everywhere. Moreover, there is a constant K > 0 such that
(1.3) la, (xox)|, |dy(x,y)|, [pvix)| < x

whenever the quantities on the left are defined,

v(x)
(1.4) lim inf —T—T— > 1,
x|+ X
and
(1.5) |x - y| < d(x,y) < x|x - y| for x, y € V.

We continue. A function m:[0,») + [0,») will be called a modulus if it is
continuous, nondecreasing, nonnegative, subadditive and satisfies m(0) = 0. We will use
m, m,, etc., to denote such functions. We will also say that a function
o:[0,») x [0,=) + [0,~) is a local modulus if r + o(r,R) is a modulus for each R » 0 and
o(r,R) is continuous and nondecreasing in both variables. We next formulate conditions on
the Hamiltonian H:V x [0,T] x R x v'os R in (CP). These conditions are interpreted in the
obvious way for time independent Hamiltonians H:V x R x v, R as in (SP). Throughout the
statements it is assumed that conditions (C) hold and 4, v are the functions in (C). We
also let Bp(x) = {z €V: |z - x| <R } be the closed ball centered at x of radius R in V,

B;(p) be the ball of radius R in V. centered at p € V' and BR = BR(O)’ B;(O) = B;.

(HO) There is a local modulus % such that

[H(x,t,x,p) - Hly,s,v,@)| < opt]|x = y|+|t = s|+|r - v|+|p - q|.R)

for R >0, x, y €Bg t, s € [0,T], |z|, |v|] <R and p, q (B;.

(H1) For each (x,t,p) € Vv x [0,T] x v* the map r + H(x,t,r,p) is nondecreasing.
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(H2) There is a local modulus oy such that
H(x,t,r,p) - H(x,t,r,p + ADv(x)) < ou(X |p| + X

whenever 0 < A, (x,r,t,p) €V x [0,T] x R x v',

and

(H3) There is a modulus oy such that
H(y,t,r,—xdy(x,y)) - H(x,t,r,kdx(x,Y)) < my(Ad(x,y) + d(x,y))

for x, y € Vwith x #y, t € {0,T}], r € Rand A 2 0.

The existence results will be proved for (CP) under (HO) - (H3). For (SP), (H3) will need

to be augmented and sometimes we will invoke the additional condition:

(H4) There is a function F:{0,®) x [0,«) + R nondecreasing in its arguments such that
H(y,r,-kdy(x,y))-H(x,r,kdx(x,y))<F(X,d) for x,y€V,xr €R and A>0
and a nonnegative nondecreasing uniformly continuous map G:{0,«) + R which is
continuously differentiable on (0,%») and satisfies

G(r) » F(G'(r),xr) onxr > O.

In order to appreciate the need for (H4) for (SP), as well as for further insight
into the nature of the other conditions above, we invite the reader to refer ahead to
Section 5 at this time and to see the discussion in {10, Remarks 2]. The reader will
observe some differences in the formulations of (C) (in which, for example, a constant
called k in {10] has been put equal to 1 here, as can be done without loss of generality)
and (HO) -~ (H3) from the corresponding formulations in {10]. 1In particular, (HO) is
stronger in several resgpects than its analogue due to the more stringent requirements of
the existence theory. We also recall that for (CP) (H1) can be weakened to the

monotonicity of r + H(x,t,r,p) + Ar for some A € R by means of the change of variable

Finally we introduce various function classes. If X is any metric space, the space

of uniformly continuous real-valued functions on X is UC(X) and the subspace of bounded

==

- " * I. -.-~.~.-‘...
LR B SR LS,

3 -
o« . = -

B K
A CAn e taalaan atata




R Al AT st St e A Sl e ST SRR e (Sl S fies

functions in UC(X) is BUC(X). The space UCg(V x [0,T]) consists of those functions
u:V x [0,T] + R which are uniformly continuous in x uniformly in t and uniformly
continuous on bounded sets. This amounts to asking that there are a modulus m and a local
modulus ¢ such that

lutx,t) - uty,s)| <m|x = y|) + otlt - s|,[y]).
BUCS(V x [0,T]) is the subspace of UCS(V x [0,T]) consisting of bounded functions.

Existence Theorem 1.1.

(1) Let (HO) - (H3) hold and ¢ € UC(V). Then there is a unique u € UCS(V x [0,T]) which
is a viscosity solution of u, + H(x,t,u,Du) = 0 on V x (0,T) and satisfies u(x,0) = @O(x).
(ii) Let (HO) - (H4) hold. Then there is a unique viscosity solution u € UC(V) of

u + H(x,u,Du) = 0 on V.

The program of proof of the existence theorem is quite long and involved and will
occupy the next three sections. There are infinitely many variants of this result and we
discuss some of them in Section 5. This section concludes with some results of general
interest concerning viscosity solutions which will be used in various parts of the proof
of the Existence Theorem. In the statements of these results the reader should think of
the equations H = 0, etc., which are involved as including both (SP) and (CP).

In what follows we will assume the existence of a function N:V + [0,®) with the
following properties:

(1.6) The nonnegative function N is Lipschitz continuous on V and differentiable
on v\{0}. Moreover, N(0) = 0 and N(x) » [x| in some neighborhood

of 0 in V.

For example, if the conditions (C) hold, then N(x) = d(x,0) has the desired properties.
In addition, if X is reflexive, then it has an equivalent norm which may serve as a
function N satisfying (1.6). When (1.6) holds, then the requirements defining viscosity
sub~- and supersolutions may be weakened without modifying the notion. We formulate and

prove a result to this effect (see also [10,Remarks 1]).
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Proposition 1.2. Let (1.6) hold. Let u € C(Q). Then u is a viscosity solution of

H<O (H?>0) in 2 if and only if whenever ¢ € C(Q) is everywhere differentiable,
y € Q2 is a point of continuity of Dy and there is an r > 0 such that

u(x) - @(x) < uly) - oly) - |x - y]z for |x - y| < r (respectively,

uly) = oly) < uix) - ¢x) - |x = y|? for |x ~ y| < r), then H(y,uly),Do(y)) < 0
(respectively, H(y,u(y),Dop(y)) > 0).

Sketch of Proof: Assume that u satisfies the conditions the proposition asserts are

equivalent to being a viscosity solution of H < 0, ¢ € C(R) and y ¢ @ is both a local
maximum point of u - ¢ and a point of differentiability of ¢. 1In order to deduce that
H(y,u(y),D¢(y)) < 0 we first remark that:

Lemma 1.3. Let (1.6) hoid. Let ¢ € C(R) be differentiable at y € . Then there is a
function ¥ € C(Q) which is everywhere differentiable on Q2 and an r > 0 such that

Ply) = ¢o(y), Dyly) = Dgoly), DY is continuous at y and Pix) + |x - ylz < p(x) for
lx-yl<t.

Proof of lemma 1.3: Set p = D¢(y). By assumption and (1.6) there is a r > 0 and an

h € C(R) satisfying h(0) = h'(0) = 0 and
o(x) > @ly) + (p,y - x) + h(N(x - y)) for |x - y| < r.
Lemma I.4 of (7] (due to Evans) provides us with a continuously differentiable function g
on R which satisfies g(0) = g'(0) = 0 and g(s) < h(s) for small s. Clearly
P(x) = @ly) + (p,y = x) + g(N(x - y)) = N(x - y)2 has the desired properties.

End of proof of Proposition 1.2: Since y is a maximum point of u - ¢, if ¥ is related to

¢ as in the lemma, y is also a strict maximum point of u - ¢ in the sense of the
assumptions. But then, by the assumption on u and the properties of Y,
H(y,u(y),D¢(y)) = H(y,u(y),D¥(y)) < 0, completing the proof. The case of supersolutions

is treated in a parallel way.

The next result presents a key stability property of viscosity solutions.
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As mentioned above, conditions much like (HO)-(H3) were introduced in [10} where the
question of unigueness was studied and some continuity of solutions with respect to the

equations was proved. We will in fact need to supplement these results of [10] somewhat

to achieve full generality below. This task is taken up in the next gection.
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SECTION 2: CONVERGENCE THEOREMS AND MODULI OF CONTINUITY

The results of this section, which are both technical and general, concern the
continuity of solutions of Hamilton - Jacobi equations in the data of the problem. These
data are here taken to be the equation and, in the case of (CP), the initial-value.
Results of this sort were given in [10], however they have proven to be inadequate for the
full existence program treated in this paper. Roughly speaking, the results of [10) were
formulated to correspond to uniform estimates on all of V, while we will need to deal with
estimates uniform on bounded sets, but not on V. We will, however, make full use of the
proofs in [10] by referring to them rather than repeating arguments when appropriate.
This minimizes repetition and shortens the presentation. We ask the reader‘'s forbearance
as we launch ourselves into the discussion.

We consider sequences of Cauchy problems
(CP)n e t Hn(x,t,un,Dun) =0 in Vv x (0,T],

un(x,O) = qh(x) in v,
and stationary problems
tse), u, + Hn(x,un,Dun) =0 in vV
indexed by n = 1, 2, 3, ... . In each case the Hamiltonians will converge to a limit H in
the sense that
(2.1) i&: H,(x,t,r,p) = H(x,t,r,p) uniformly
on bounded subsets of V x [0,T] x R x v*

(interpreted in the obvious way if H, is independent of t). When a sequence of functions

£, converges to a limit f uniformly on bounded subsets of its domain we will simply write

£, * £ UB,

and say f converges UB to f. The point of the main convergenc!!}esult is that if Ho (and

O for (SP)) converge UB to a limit H (and ¢) which obeys (HO) -~ (H3) and we have gome

"ol el A

additional information like (but not exactly) a uniform modulus of continuity of the UL,

then the u, converge UB to a viscosity solution u of the limit problem. The convergence

AR §

theorem will be invoked later to assert that solutions of approximate problems converge to

e
PP
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solutions of limit problems. In order to verify the hypotheses in these applications, we
will need to obtain something like uniform moduli of continuity. Results in this
direction are given in Theorems 2.2 and 2.3 below.

Convergence Theorem 2.1. Let Hn, n=1,2,... be Hamiltonians which are uniformly

continuous on bounded sets and satisfy (HO) and H be a Hamiltonian which satisfies (HO) -
(H3). Let Hn converge UB to H.

(1) Let u, € UCg (v x (0,T)) be a viscosity solution of (CP), for n = 1,2,.. . Assume
that there are constants A and B such that

(2.2) fu tx,£)] € Ay + Byu(x) for (x,t) €V x [0,T]

for n = 1,2,<++++« . Assume, moreover, that

(2.3) lim lim sup sup {|u (x,t) - u (y,t)|: d(x,y) <r, 0 <t < T} = 0.
rio n-+o 1 n

Then there is a u € UCS(V x {0,T]) such that u *u UB.
(ii) Let the above assumptions hold. Let u, € UC(V) be viscosity solutions of (SP) for

n=1,2, ««« , and (2.2) -~ (2.3) hold (where the u, are now independent of t). Then there

exists a u € UC(V) such that u, *u UB.

Of course, it follows from Theorem 1.4 that in both cases (i) and (ii) above u is a
viscosity solution of the limiting problem. Before beginning the proof of the Convergence
Theorem we will formulate two theorems which provide, by giving estimates on viscosity
solutions and their moduli of continuity, a way to verify its hypotheses. Later we will
need to expand the range of application still further.

The following "data" of (CP) or (SP) will be referred to in addition to the data in
(C) and (HO) ~ (H4): A modulus my such that
(2.4) [otx) = ¢(y)| < mytdix,y)) for x,y €V

and positive congtants AH, BH, Ao, Bo such that

(2.5) |H(x,£,0,0)] < Ay + Byv(x) for (x,t) €V x [0,T)
and
(2.6) Jetx)| < Ay + Byulx),
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and the function
(2.7) by (R) = sup {|H(x,t,r,p)|:v(x),|p|.|r]< R ana tefo,T]}.

We begin with (CP) since the hypotheses needed for (SP) are more restrictive.

Theorem 2.2. (i) Let H in (CP) satisfy (HO0)-(H3) and ¢ € UC(V) satisfy (2.4) - (2.7).

Let u € UCS(V x [0,T)) be a viscosity solution of (CP). Then there are constants A, B
depending on Ag: Bg, Ay, By, oy such that
(2.8) Jutx,t)| < (A + Bv(x)), (x,t) €V x {0,T],

and a modulus m depending on my and L such that

(2.9) Jutx,t) - uly,t)]| < m(d(x,y)) for x, y € Vand t € [0,T].

Moreover, there is a local modulus ¢ depending on A, B in (2.8), m in (2.9), bH' v and 4
such

(2.10) Jutx,t) - uix,s)| < o]t - s|,|x|) for t,s € {0,T).

(ii) Let H in (SP) satisfy (HO) - (H4) and u € UC(V) be a viscosity solution of (SP).
Then there are constants A and B depending on Ay B, and gy such that

(2.11) Jutx)| < A + Bu(x) for x €V,

and a modulus m, depending on G in (H4), A and B in (2.11) and my, such that

(2.12) Jutx) = u(y)| < mtaix,y)).

As a simple example of the use of these results, observe that by combining the
Convergence Theorem and Theorem 2.2 we learn, in particular, that if H satisfies (HO) -

(H3) and u_ is a solution of (CP) with the initjial data ¢ €uc(v), n= 1,2, ... , the ¢

n
admit a common modulus of continuity, wh(O) is bounded and ¢, * ¢ UB, then u, *u UB and
u € ch(v x {0,T)) is the viscosity solution of (CP) for the initial-value ¢. This result

employs only the special case of the convergence theorem in which the modulus is uniform

in the U, and is interesting and new even in the classical finite dimensjional theory.

=14~




We remark that the additional assumption (H4) (or soume variant) is necessary for (SP)
in the sense that it is possible to give examples (there is one in Section 5) of
stationary problems u + H(x,Du) = 0 in V = R in which H satisfies (H0) - (H3) but there
are no uniformly continuous viscosity solutions.

We next sketch the proof of the Convergence Theorem. After this is complete we
establish Theorems 2.2.

Proof of the Convergence Theorem 2.1: We begin with the case (i). As a first step we

replace u, by et

u, in the usual way, the effect being that we may assume that w is a
viscosity solution of the problem

(2.13) Upy + uy + Ho(x,t,u,,Du,) = 0,

and the remaining assumptions are still satisfied. We seek to estimate the difference
u (x,t) = up(x,t) on the set v(x) < R. To this end, let G:R + R be continuously
differentiable and satisfy

(2.14) G(r) =0 if r <0, G(1) = 1 and 0 < G'(r) < 2.

Let R, R', a, B > 0, and put

2
_ (d(x.y) ~ v(x) = R)).

(2.15) d(x,y,t) = un(x,t) - um(Ylt) = 5

The parameters will be chosen for various purposes later. Roughly speaking, we will first
produce a bound on u, = w, on V(x) < R which is independent of R and then we will use this
to sharpen the estimates and show the convergence. Let

Mo s sup{®(x,y,t): (x,y,t)€ S} where
(2.16)

s = {(x,y,t) € Vxvx[0,T}:v(x),v(y) < R + R' and d(x,y)<1}

and (xk,yk,tk) € S be such that

(i) °(xkrykltk) + Hnm -
(2.17) and
(ii) °(xk,Yk,tk) > °(xk.xk,tk).

=15=
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Notice that, by (2.14),

(2.18) Mom 2 suplup(x,t) - u (x,t)sv(x) <R, t € [0,T]}.
The relation (ii) implies that
(2.19) d(xk.yk)z/a Suplx.t) - u (y.t).
Now we set
wn(r) = sup {Iun(x,t) = un(y,t)l : d(x,y) <r, 0 <t < T},

(2.20)

w(r) = lim sup w (r) for 0 < r.
nse n

Using (2.19) and (2.20) we have

(2.21) AxL¥,0% < g (Alxg ey, ).

We consider three possible situations: Either

(1) t, * 0

or

(II) nax(v(xk),v(yk)) + R +".

or

(I1I) For some n > 0, te > n and v(xk), “(yk) R + R' - n for large k.

By passing to a subsequence of {O(xk,yk,tk)) if necessary, we can always reduce to a case

in which one of (I) - (III) holds. Using the bound (2.21) and d(xk'yk) < 1 we find

(2.22) Ay, ) < (aw (1)) /2
and so
(2.23) Axeeyy)/a < (up(1)/a /2.

Using (2.22) in (2.21)
(2.24) Ay 2/a < apllag, (1) 172).
Let us now assume we are in case (I). 1In this event, (2.17), (2.22) and

un(x,O) = wn(x), etc., imply that

P

(2.25) Mo < sup{|¢h(x) - @u(x)|:v(x) <R+ R'} + uh((auh(l))‘/z)-
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If we are in case (II), we use (2.2) to conclude that
(2.26) M o€ 2(A; + Bo(R + R')) - 8 liﬂ*iup G((vix ) = RI/R').
Now either v(x,) * R + R’ or v(y,) » R + R'. Since vix) > vy ) = Kjx -y | >

v(yk) B Kd(xk,yk) and G' is bounded by 2, in both cases we conclude that

(2.27) Mo, € 2(A + B(R + R')) = 8(1 = 2(K/R") (auy(1)) V/2).
In case (II1) we may use the arguments of (10] to conclude that the estimates we
arrive at below by assuming that in fact 0(xk,yk,t) = Mn and using the equations

satisfied by u, and u, are valid if we keep the parameters in the range where (2.22)

pnr § S

guarantees d(xk,yk) remains strictly away from 1 (as we will). Hence we simply assume
(% 1Y rty) 18 a maximum point of ® on S. We write (x.,y,,t;) = (X,7,E) to have a nicer

appearance. Recall (([10]) that the function z(x,y,t) = un(x,t) - um(y,t) satisfies the

equation

zy ¥z + Ho(x,tu (x,0)m,Dyz) - Holy,tiuyly,t),-Dyz) =0

t

on VxV x (0,T] in the viscosity sense. Therefore we have

(2.28) u (%, 8) - wp(¥,%) < HL(F,Eup(F,8),2d9,/0) -
Hn(i,E,un(i,E),dex/a + (B/R*)G'((v(x) - R}/R')Dv(x))

where d = d(x%,y), etc. We also have

(2.29) -H (%, E,u,(X,E),2dd,/a + (8/R')G'((V(X) = R)/R'IDV(X)) =
H(X,E,u, (%,E),24d, /a + (B/R')G' ((v(X) - R)/R')DV(X)) -
H (X, €,u (X,E),2dd /a + (B/R")G'((W(X) - R)/R'IDV(X))
- H(X,E,u,(%,8),2d4, /a + (B/R')G ((v(x - R)/R')IDV(x))+H(x,E,u, (x,E),24d /a)+
- H(¥,E,u,(X,£),2dd /a).

Let us introduce the functions

ko (R) = sup {|H (x,t,r,p) = H(x,t,x,p)}|: vx), ||, |p| < R}.

Using (2.22) - (2.24), (2.29) and (H2) we deduce that

-17-

Bkt BBl B A

3 s s . o
ote . at o A
°~\. '..' 'O'o.‘- ... R
LRI S, AN AT WP I S I WO o L




(2.30) -H (X,E,u (X,E),24d,/a + (B/R')G' ({v(X) - R)/R')DV(X)) <
kp(A + (1 + B)(R + R') + 2K((uy(1)/a) /2 + g/R"))
+ 0, (2KB/R' , 2K ((up (1) /@) V/2) + g/R')) - H(R,E,u (%,E),2dd, /a) .
In a similar way we find that
(2.31) Hm(i,E,um(;?,E),zddy/a) <
k(A + (1 + B)(R + R') + 2x((mm(1)/a)1/2))
+ u(;,E,um(i,E),-zddy/u).
Putting (2.30) and (2.31) together with (2.28) and using (H1) and (H3) yields
(2.32) u (%, €) - u (7,8) <
(Kp + kp) (A + (1 + By)(R + R') + 2K((u,(1)/a) /2 + g/R') +
o (2KB/R' , 2K( (up (1) /) /2 + B/R')) +
myy (2K Cap (Cau (1)) V2) 4+ (awy (1)) 172))
and so
(2.33) Mim € (kp + k) (Ag + (1 +# B)(R + R') + 2x((mm(1)/a)‘/2) + (B/R")) +
+ oy (2KB/R', 2K ((uy(1)/a) /2)) + B/R'))
+ my (2K Cagy (1) Y2) + (a1 V/2)).
Let
(2.34) L= w2,

To estimate lngigP Mnm we can assume that we are in one of the cases (I) - (III)
for each n,m. 1In case (I) we use (2.3), (2.20), (2.25), (2.34) and the assumed UB
convergence of the ¢h to conclude that
(2.35) li?mgzp Mom € wla'2L)

(where we should write w(a1/2L+) on the right but won't).

In case (II) we use (2.27) and (2.34) to conclude

(2.36) lim sup M__ < 2(A+B(R+R')) - B(1-2(X/R')aV/2L).
n,m»e

Letting

(2.37) R' =R > 1

and assuming hereafter that a is so small that

-18-

et

»

s ¥ opeile
a_ v a_ 4 s

[, SRR I N |

-l ._-(_

2

o O




(2.38) a2y < min{1/2,1/(4K)}
we see that the right-hand side of (2.36) is negative if
(2.39) B = 4(A + 2BR) + 1,
and we may therefore disregard case (II) when (2.37) - (2.39) hold.
In case (III) we use (2.33) and (2.37) - (2.39) together with kn + 0 UB to conclude
that when these conditions hold

1/2
(2.40) 1im sy < 2Kw( ( o) ) +1/2)
n‘:‘m WP Mam my ( w(

+ 0 (2K(4(A + 2B) + 1),2K(La™ /2 + 4(A + 2B) + 1).
Notice that the right-hand sides of (2.35) and (2.40) are independent of R, so from (2.18)

we deduce that for all R > 0

(2.41) sup {u (x,t) - u (x,t):vlx) < R,t € (0,71} < e + B,
where
(2.42) G 0 as n,m » =

and B, is some constant independent of R.

The estimate (2.35) is sufficient for our purposes in case (I), but we need to use
the above information to sharpen the bounds in cases (II), (III). First of all, we argue
that (2.41) holds with a constant B1 independent of R in general. This follows from the
above by choosing R = R' and R as in (2.39) to reduce to either case (I) or (III) so that
(2.41) or (2.35) hold. Since (2.35) implies (2.41), we conclude that (2.41) holds for all
R. Since (2.41) is independent of B, a we are free to assume (2.41) holds and to choose
B, a anew in further analysis.

To analyze case (II) further, we now use (2.41) (with R + R' in place of R) to deduce

uplxeaty) - uply,,t ) <e o+ By, + wm((aqm(1))1/2)
and so in case (II) (2.27) can be replaced by
(2.43) Mam € €nm * By * up(Cauy(1)7/2) < 801 = 2(k/R") (o (1)) V/2).
Hence, by (2.42),

(2.44) lim su <By + 12 - g1 - 2(k/R")a"2L).
n,m+mp Mnm 1 8 / a
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We see that we may fix B8 sufficiently large and independent of R, R' > 1 in such a way
that the right-hand side of (2.44) is negative for all sufficiently small g > 0. With 8
so fixed, we may disregard case (II). The estimate (2.35) is still sufficient for our
purposes in case (I). 1In case (III) we use (2.33) with the B just fixed by case (II) to
conclude that
(2.45) Lm sup Moy < ay(2KB/R* ,2K(La™ /2 + g/R"))

+ my(2ku(a'20) + o'/21)).
By (2.3), the right-hand side of (2.35) can be made as small as desired by taking the
choosing a small. Similarly, the right-hand side of (2.45) yields 0 in the iterated limit
R' + » and then a + 0. In view of (2.18) we conclude the UB convergence of the u, to a
limit u. It follows easily from (2.3) that u is uniformly continuous in x uniformly in t.
Since each w, is uniformly continuous on bounded sets, their UB limit u also has the
property and we conclude that u € UCS(V x [0,T}).

The proof in the case (ii) of (SP) is given in an entirely analogous way. One still
uses (2.17) (now independent of t) and proceeds through the same steps. We leave it to
the reader.

We turn now to the proofs of Theorems 2.2.

Proof of Theorem 2.2: We adapt the comparison function technique of Ishii [16]), ([17]) to

the current case. First of all, we bound u. Let A, B » 0. Using (H1) and (H2) we have
(2.46) - H(x,t,v, (1+£)BDV) < -H(x,t,0,0) + o, ((1 + T)B,(1 + T)B),

for v > 0 and so we see that the function v(x,t) = (A + Bu(x))(1 + t) is a viscosity
solution of vt + H(x,t,v,Dv) » 0 if

(2.47) A + Bv(x) » H(x,t,0,0) + °H(1 + T)B,(1 + T)B).

In making this claim, we are using the obvious remark that inequations in the viscosity
sense for everywhere differentiable functions are equivalent to the corresponding
pointwise statements. If also A + By(x) » A, + Bov(x), then v(x,0) > u(x,0) = ¢(x) and we
conclude, using [10,Theorem 2} (the global nature of the assumption (HO) in r there is not

necessary in Q = V) that if
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B = max(Bo,BH) and

(2.48)
A= max{Ao,AH} + OH((1 + T)B,(1 + T)B)

then
u{x,t) < (A + Bu({x))(1 + t).
To begin the estimate on the modulus, we use again the fact that the function
z(x,y,t) = ulx,t) - ul{y,t) on V xV x [0,T)] satisfies the equation
(2.49) z, + H{x,t,u{x,t),Dyz) ~ H(y,t,u(y,t),-oyz) =0
in the viscosity sense. Therefore, by (H1), on the cet

{{x,y,t) €V xV x (0,T): z(x,y,t) > 0}, z igs a viscosity solution of

(2.50) z, + ﬁ(x.Y't,u(y,t),sz,Dyz) <0
where
(2.51) B(x,y,t,r,p,q) = H(x,t,r,p) - B{y,t,r,~q).

We seek a function w(x,y,t) of the form
(2.52) wiiy,t) = (Eg + Foalx,y))e®
which ig a viscosity solution of
(2.53) w, + ﬁ(x,y,t,r,wa,Dyw) >0
for all r € R. To this end, we make the following simplifying remark:
Remark 2.4: Even though d{x,y) is not differentiable with respect to x or y on the
diagonal x = y, all of the formal calculations below with trial subsolutions and
supersolutions involving d{(x,y) can be made rigorous by first doing the calculations with
de(x,y) = (e + d(x,y)z)"/2 for ¢ > 0, then letting € +» 0 and invoking Theorem 1.4.
Observe that de(x,y) is everywhere differentiable with respect to x and y and, for
example,

dg(x,y) = (e + Ax, )2 2a(x, )8, (x,v)
(interpreted as zero on x = y) and (¢ + d(x,y)z)'1/2d(x,y) < 1. For everywhere

differentiable functions the pointwise and viscosity notions of solutions obviously

coincide.
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In order that (2.52) solve (2.53) we need that
(2.54) MEy + Fod(x,y))et > H(y.t.r.-e“rody) - H(x,t,r,eMFga )
for all r. In view of (H3), it suffices to have
ME, + Fod(x,y)) > e'xcmH(echod + d).
Because m, is a modulus, mH(r) < mH(1) + m (1)r, and it follows that (2.54) holds as soon
as A is large enough. Moreover, by (2.4), for Eq. FO > m0(1)
wix,y,0) = E; + Fod(x,y) > u(x,0) - uly,0) = ¢(x) = ¥ly).
We claim that then z(x,y,t) € w(x,y,t). This follows from the proof of [10, Theorem 1}
(but not quite from the theorem itself). To see this, observe that for fixed
r A(x,y,t,r,p,q) satisfies conditions (HO) - (H3) of [10] (while H(x,t,u(x,t),p,q) may
not). In checking that this is so, one uses
Vlx,y) = v(x) + v(y) and A((x,y¥), (%, F)) = (d(x,%)2 + a7,y 12
as the functions for conditions (C) on V x V and in (H2) - (H3) for R. 1In order
to prove z < w we will only need to discuss z where it is nonnegative. Then proceeding as
in the proof of the comparison theorem and using (2.50) and (2.53) one encounters an upper
bound roughly of the form
R(x,y,t,xr,p,q) - R(x,y,t,u(y,t),p,q) + terms which go to zero

where (x,y,t) is chosen to maximize a certain functional. Since r is at our disposal, we
may use r = u(y,t) and the comparison argument succeeds. Fixing 1 > a, Y > 0, we next
seek a supersolution w of (2.53) on the set

s = {(x,y,t) €V xV x {0,T): d(x,y) < 1}
of the form
(2.55) w=(E+ F(a+ dlx,y))V)(1 + ¢)
where E > 0 and F satisfies
(2.56) F > e (g, + £y

with A, E F. from above. This guarantees that w(x,y,t) » u(x,t) - u(y,t) on

0o’ "o
d(x,y) = 1 and on t = 0, d(x,y) < 1. A calculation reveals that (2.55) is a viscosity

supersolution on S if
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(2.57) E+ Fla+ dx,y))Y > my((1 + T)yF(a + Q)Y + Q).
Fix

T
(2.58) F = max(mg(1) + 1,e"T(E) + F))

so that (2.56) holds and put

(2.59) E(Y) = max{mg((1 + T)YF(a + r)Y + 1) - Fla+ 1)%: 0 <r, a < 1}.
One easily shows that E(0+) = 0 (see, e.g., {9,Lemma 1]). As above, comparison implies

that for 0 < a, Y < 1

Jutx,t) - uly,t)| < (E(y) + Fla + dx, ¥y V(1 + t)

P T

and sending a » 0 and taking the infimum over Yy on the right produces the modulus

m(d(x,y)) en d < 1.

o o g . .

In order to exhibit the local modulus in time, fix X € V with vw(x) < R and € € (0,T)
and seek a supersolution v of
(2.60) vy *+ H(x,t,v,Dv) > 0
on {(x,t) €V x (E,T) } of the form
(2.61) vix,t) = ulx,t) + A + Ba(x,x) + C(t - ©)

which further satisfies

(2.62) v(x,t) > u(x,t) if vw(x) =R + 1 and t € (E,T)
and
(2.63) vix,E) » u(x,E) for vw(x) <R + 1.

Using (2.8) we see that

Jutx,e)] <cp if v(x) <R+ 1 and t € [0,T]
where CR depends only on the data. Let d(x,y) > L if |v(x) o v(y)l > 1. We will have
(2.62) provided only that
(2.64) BL » 2CR'
Using (2.64) we see that (2.63) holds provided that

A + BdA(x,X) » m(d(x,%X)) on v(x) < R + 1.

Since m is a modulus,

m(d) < m(eg) + (m(e)/€)d for ¢, 4 > 0,
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SECTION 3. REDUCTION TO THE CASE OF LIPSCHITZ CONTINUQUS HAMILTONIANS l

We will carry out the discussion below for the Cauchy and stationary problems
simultaneously. Appropriate distinctions between the cases will be made at those times
when it is necessary - otherwise the discussion proceeds as if H depends on t and (SP) is
understood to be included by allowing H to be independent of t.

First Reduction - to Lipschitz continuous initial-values:

The first reduction is only relevant for (CP). Let H(x,t,r,p) satisfy (HO) - (H3)
and ¢ € UC(V). We consider (CP):
(3.1) ut + H(x,t,r,Du) = 0, u(x,0) = @(x).
Then ¢ may be approximated by its "inf convolution"”
(3.2) 9, (x) = inf{oly) + njx - y|l: y €v}
for n > 0. If mg is a modulus for ¢, i. e.
(3.3) Iw(x) ~ w(y)l < mo(lx - yl) for x,y €V,
then one can easily demonstrate that
(3.4) Prlx) € o(x) < @ (x) + g
where

€, = sup {mo(r) - nr: 0 <r}

satisfies €, + 0 as n » . (In particular, ¢, is finite if n > m(1), and ¢ is well-
defined in this range.) Moreover, m,; is a modulus for ¢,. In all, ¢, is Lipschitz
continuous for n large (with n as a Lipschitz constant) and converges uniformly to ¢ as
n + » and has the same modulus of continuity as ¢. Using the Convergence Theorem (or the
simpler result which bounds the difference of solutions of (CP) by the supremum of the
difference of the initial values), we conclude that to prove existence of a solution
u € UCB(V x [0,T)) of (CP), we may assume that ¢ is Lipschitz continuous. We could (but

don't need to) further approximate by putting (assuming now that ¢ is already Lipschitz)

wn(x) = (1 = ]x]/n)*w(x) (where rt = max(r,0)). The qh have a common modulus and converge

UB to ¢, so we may use the Convergence Theorem to assert that it is enough to solve (CP)

f‘ in the case of Lipschitz continuous initial-values of bounded support.
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Next we begin a sequence of approximations of the Hamiltonian.

Second Reduction - to bounded Hamiltonians:

For n > 0 set

(3.5) H = max(min(H,n),-n).

Since H is uniformly continuous on bounded sets by (HO), it is bounded on bounded sets and
therefore H, + h UB. Moreover, it is easy to see that H satisfies (HO) - (H3) with the
same functions oy, my as H. 1In the stationary case, H will satisfy (H4) and the Hn's do

also with the same F, G. Therefore, if we can establish the existence assertions with H

replaced by Hy» the Convergence Theorem and Theorem 2.2 can be invoked to establish the
existence assertions for H. We have now reduced our considerations to bounded
Hamiltonians satisfying the assumptions.

Third Reduction - H(x,t,r,p) is also uniformly continuous in (x,r) for p bounded:

Now let H be a bounded Hamiltonian satisfying (HO) - (H3). For n > 0 put
(3.6) H (x,t,r,p) = (1 - |x|/n)+H(x,t,rn,p)
where r ~denotes r truncated at the level n as in (3.5). Then H 1is supported on the
bounded set |x| € n and is independent of r onr > n and on r < -n. In the case of the
Cauchy problem, one easily checks that the H, converge UB to H and satisfy (HO) - (H3)

uniformly in such a way that the Convergence Theorem and Theorem 2.2 may be invoked to

reduce the existence assertions for H to the case in which H is bounded, has a bounded
support in x and is independent of large r. For (SP) we would need to have (H4) satisfied
uniformly in n. This is so, but not because H in (3.6) satisfies (H4): Instead we use
the uniform bound C on IHn| provided by the bound on H and put F = 2C, G = 2C. Thus we
may assume hereafter that, in addition to (HO) - (H3) (and (H4) for (SP)), H(x,t,r,p) is
now bounded and (jointly) uniformly continuous in (x,r) uniformly in t € [0,T] and

bounded p.

Fourth Reduction - H(x,t,r,p) is also independent of r:

- 4

We remark that the reader.will be better served on an initial reading to assume H is

independent of r from the beginning, skip this reduction and then return to it when it is
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convenient. To begin the reduction to the case in which H is independent of r, assume the
conditions through the third reduction and put
(3.7 H (x,t,r,p) = inf{H(x,t,s,p) + n|lr - 8|: s € R }.
If H has all the properties achieved through the third reduction, then H, does as well and
uniformly in n. Moreover, Hn is Lipschitz continuous in r and converges to H UB. Thus it
is enough to solve (CP) (or (SP)) with Hn in order to have the solution in general. To do
this we will use a fixed point argument based on the solvability (yet to be established)
for the case in which H is independent of r. We describe the program in the case of
(SP). One begins by verifying that if H(x,r,p) satisfies the conditions achieved through
the third reduction and is Lipschitz continuous in r, then for w € UC(V) the Hamiltonian
H(x,w(x),p) satisfies the same conditions and the solvability of (SP) with this
Hamiltonian would be guaranteed if we had settled the case in which H is independent of
r. If the map w + u is then shown to have a fixed point we would be done. A slight
modification of this outline indeed succeeds, as we now establish.
Let H have all the properties of H, above,

{3.8) |H(x,r,p) - H(x,8,p)| < L|r - 8},
and w € BUC(V). Let w, W € UC(V) and u, U € UC(V) be viscosity solutions of

u + H(x,w(x),Du) = 0 and U + H{x,w(x),Du) = 0.
Because H is bounded, so are u and U. Using the comparison result of [10] we easily find
that ’

ulx) - G(x)| < Lsup {|wlz) - W(z)]: z €V }.
Thus the map w + u is a strict contraction of BUC(V) if L < 1, and there is a fixed point
u which solves u + H(x,u,Du) = 0. If L > 1, we proceed by choosing v € BUC(V) and using
the result just obtained to uniquely solve

u + M(x,u,Du) = nv =0

when AL < 1 (the Hamiltonian now being M(x,r,p) - nv(x)). The self - map v + u of BUC(V)
has |n| as a Lipschitz constant and therefore has a fixed point if 0 < n ¢ 1. The fixed

point u satisfies (1 - n)u + M(x,u,Du) = 0. Putting, for example, A = 1 - n = 1/(2L) we

~27~-
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satisfy all the conditions, the fixed point u therefore exists and it solves

u + H(x,u,bDu) = 0, so we are done.

FRREERY ==, RUSTIEDEPEIEPEES 4

The Cauchy problem is treated in the analogous way, with the details being somewhat

S

more complex. We consider the map w + K(w) = solution u of the Cauchy problem

u, + H(x,t,w(x,t),Du) = 0, u(x,0) = ¢(x) as a self-map of BUCs(V x x [0,T]) under the

L. .

assumptions to which we now have available on H and the assumed solvability if H is

independent of r. Via the argquments of [10] one shows that

s A t o

ﬁ IR(w) (x,£) - K(w) (x,t)] < Lf sup{IW(y,s) - wiy,s)|: yev las
0

where L is a Lipschitz constant for H in r and thus concludes that K has a fixed point.

We leave it to the reader to verify this inequality ~ it is not quite explicit in [10,

Theorem 2 and following remarks]. There is another way to deal with u dependence of H as

-

is remarked at the end of Section 4.

Fifth Reduction - H is also Lipschitz continuous in (x,p):

LI o S

L4
Ty

R

At the next stage, we begin with a bounded Hamiltonian H(x,t,p) (the r - dependence

a

having been taken care of by the fourth reduction) which is uniformly continuous in x
uniformly in t and bounded p and satisfies (HO) - (H3)(and (H4) for (SP)). We then set
(3.8) H (x,t,p) = inf (H(y,t,@)+(|y-x]+|p-q|n: (y,q) €V x v'}

and wish to argue that it is enough to solve (CP) of (SP) with Hn in place of H. Hn is
well-defined (since H is bounded) and Hy is Lipschitz continuous in x and p. Moreover, Hn
satisfies (HO) and there is a continuous nondecreasing function €n such that 4
(3.9) la, (x,t.p) = Hix,t,p)| < € (|p]) 3

and ;

(3.10) lim en(R) =0 for R » 0.
n+o

In particular, Hn + H UB. However, it does not follow from the assumptions that Hn E
satisfies (H1) - (H3) with 4, v from (C), let alone uniformly in n. It does, however, ¥

satisfy (H4) uniformly in n since H is bounded - see the third reduction. We will need

.‘V‘Y. Lt o

the full force of the Convergence Theorem. i

v
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We continue the discussion in the context of (CP). Assume that u, € UC,(V x [0,T])
is a viscosity solution of

u + Hn(XItID\ln) =0,

nt
(3.11)

un(x,O) = ¢(x).
We seek to estimate un(x,t) - un(y,t) = z(x,y,t). Using the above and (3.9) we find that
(3.12) zp + H(x,t,D2) - H(y,t,~D2) < e tID,z]) + sn(loyzl).
We construct some supersolutions of (3.12). First, we observe that if w as given by
(2.52) solves (2.54), then
W lxiy,t) = (Eg + Fodlx,y))er® + 2¢ (e krg)e

is a supersolution of (3.12) since eAT

KFo is a Lipschitz constant for w in x and y. We
claim that z < LA The inequations solved by v and z do not satisfy the hypotheses of
the comparison theorem in [10], but going through the proof given in [10] and regarding
the terms involving en(.) as a perturbation one easily justifies the above claim. We
leave the tedious verification to the interested reader.

In particular, un(x,t) - un(y,t) is bounded independently of n on the set d(x,y) < 1,
say by M. Next let w(x,y,t) be the supersolution E(y) + F(a + d(x,y))Y(1 + t) of (2.53)
constructed in (2.55) - (2.59) with, however,

F > max(my (1) + 1,my(1),M)

in place of (2.58) (where L5 is a modulus for ¢ as in (2.4)) so that w > un(x,t) - un(y,t)
ont =0and d < 1 and on 4 = 1. Then, as above, we conclude that
(3.13) u,(x,t) = u (y,t) € (E(Y) + Fla + dlx,y)) (1 + T) + 2e,(LlY,0))
where L is a Lipschitz constant for w in x and y. It is now clear that the condition
(2.3) in the convergence theorem holds. Our conclusion is that if we can solve (CP) with
bounded Lipschitz continuous Hamiltonians, then we have proved the Existence Theorem.

This last step is taken up in the next section. The arguments above need only minor

adaptations to cover the case of (SP).
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SECTION 4: EXISTENCE IN THE LIPSCHITZ CONTINUOUS CASE
We will now prove the existence in the Lipschitz continuous case to which the above
considerations have reduced the proof of the Existence Theorem.

Proposition 4.1. (i) Let H:v x [0,T] x v' » R satisfy (HO) and Ly, L, be constants such

that
(3.1) [H(x,£,5) - H(x,t,p)| < L |& - x| + L,]5 - p|
for x, X €V, p, p € v*' and t ¢ [0,T). Assume that ¢ € UC(V) is Lipschitz continuous with
constant L. Then there is a viscosity solution u of u, + H(x,t,Du) = 0 on Vv x (0,T)
which is Lipschitz continuous on bounded sets and satisfies

lu(x,t) - ulx,t)| < (L, T + L)|X - x| for x, X €V, t € (0,7}
(4.2)

and u(x,0) = Y(x) for x € V.
(ii) If H in (SP) satisfies (4.1), then there is a Lipschitz continuous viscosity
solution u of (SP) with L1 as a Lipschitz constant.
Proof: We will mainly treat the case of (CP) and relegate (SP) to remarks. It follows

from (4.1) that

(4.3) H(x,t,p) = min, (H(x,t,q) + L2|p - q]) for R » |p|
qEBR
and so,
(4.4) H(x,t,p) = min, sup (-(ps2) + (q,2) + H(x,t,q))
qeB_ zeBL2
for R » Ipl. So motivated, we introduce the following Hamiltonians: 3
(4.5) Hy(x,t,p) = inf, sup (-(p,z) + (q,2) + H(x,t.,q)). ]
quM zEBL2 ]

Clearly Hy(x,p) = H(x,p) for |p| < M. We will produce a viscosity solution uy of
(4.6) uye + HM(x,t,DuM) =0 in Vv x (0,T], uM(x,O) = ¢(x) in v,

such that Uy, is Lipschitz continuous in x with Lipschitz constant (L1T + L) and u, is
Lipschitz continuous in t uniformly on bounded sets of V. 1In this event, if

* - -
(p,a) €V x R and (p,a) € D+uM(x,t) Ubp uM(x,t) (b* and D™ here taking values in V x R,
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then it is easy to see that |p| < (L,T + L) and so uy is also a viscosity solution of
Uy * HOx,t,Duy) = 0 4f M > (L T + L).
For 0 <8 <t <T, we set O, , = {strongly measurable q:([s,t] + B; } and

2 = {strongly measurable z:(s,t] + BLZ}. The set of strategies on [s,t], Es,t' is

8, t
defined by T, o = {nonanticipating maps E’Qs,t + zs,t}' where nonanticipating means that
’

if p, q € Q' ¢ agree almost everywhere on an interval [(a,t], 8 < a < t, then so do £(p)
’
and E(q).
let 0 <8 <t <T. We define U(t,8)9 € UC(V) for ¢ € UC(V) by

t
(4.7) U(t,s)p(x)=inf sup (] £(X(T,t,x),T,E(q) (1),q(T))AT+Q(X(8,t,x)) )
fey,¢1%%,, ®

where the "state process" X(t,s,x) is given by

t
(4.8) X(t,8,x) = x + { E(g)(T)at ,

8
and
(4.9) £(xit,2,q) = -(q,2) - H(x,t,q) for x €V, z €B, and q ¢ By

It is easy to see that U(t,s) is in fact a self-map of UC(V) (see below). We are abusing
notation a bit by not expressing the dependence of X on £ and q, which should be kept in
mind. For those without experience with differential games, let us mention that the key
relation in what follows is that if g(X,t,z,p) = z (8o that (4.8) amounts to

X’ = g(x,t,E(q),q), X(8,x) = x), then (4.5) may be written

(4.10) Hy(x,t,p) = inf, sup {-(p,g(x,t,z,q)) - f(x,t,z,q)}.

quM ZGBLz

Indeed, all that follows generalizes to suitable representations of this sort.
Lemma 4.2: The value function Uy given by uM(x,t) = (U(t,0)@)(x) is a viscosity solution
of u.+ HM(x,t,Du) =0 in V x (0,T). Moreover, uy is Lipschitz continuocus on bounded sets

and is Lipschitz continuous in x with constant (L,T + L). Finally, uy(x,0) = ¢(x).
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Proof: It will simplify the notation if we agree to write u in place of u, hereafter.
with £ and q fixed and x, x € V,

X(t,8,x) - X(t,8,X) = x - X.
Moreover, from (4.1) and (4.9) we have [f(x,t,z,q) - £(X,t,z,q@)| < Ly|x - X[. It then
follows immediately from the definitions and assumptions that
(4.11) lutx,t) - uxt)| < (L, + L)|x - x|
for x, x € V and t € (0,T], and the asserted Lipschitz continuity in x holds. Moreover, u
is easily seen to be Lipschitz continuous in t uniformly for bounded x.

To prove that u is a viscosity solution of v, + HM(x,t,Du) = 0 we will use the
optimality ;onditions of the dynamic programming principle. In this situation, this just
amounts to the statement that U is an evolution operator. That is, if 0 < r < 8 < t < T,
then
(4.12) u(t,r) = U(t,s)U(s,r),
where juxtapositon denotes composition of mappings. This relation may be verified in the
usual way - see [14] for the finite dimensional case. In order to verify that u is a
viscosity supersolution of u, + H(x,t,u,Du) = 0 we assume the contrary and reach a
contradiction. Assume that (p,a) € v' x R, (y,b) €V x (0,T) and
(4.13) u(x,t) < uly,b) + (p,x - y) + a(t = b) +o(|lx -y| + |b -~ t]),

i.e., (p,a) lies in the superdifferential of u at (y,b). Assume, moreover, that
(4.14) 4y = a + H(y,b,p) > O,
where Yy is defined by (4.14). Using (4.5) we conclude that

(4.15) a + sup { =(p,z) + (q,2) + H(y,b,q)) » 4y for q € B;.
z
L

Using (4.15) and a partition of unity argument, one easily concludes the existence of a

5 such that

continuous function E:B; + B
(4.16) a - (psE(qQ))) + (q,E(q)) + H(y,b,q) > 3y for q € By
Next choose an arbitrary q € Qs,b and 8 < b. From the continuity properties of H and

(4.16), we deduce that if s < t < b and b ~ s is small enough, then
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(4.17)

T,

a - (p,&E(q(t))) + (q(t),Ela(t))) + H(X(t,s,y),t,q(t)) 2> 2y,

where X is given by (4.8) and £(q)(t) = E(q(t)) denotes the strategy associated with the

mapping of B; into BL2 discussed above. Integration of (4.17) with respect to t over the

range s < t < b and use of the relation

(4.18)

yields

(4.19)

Use of

b
[ (p,E(q(TINAT = (p,x(b,s,y) ~ ¥)
s

a(b - 8) + (p,y - X(b,s,y)) +

b
[ (H(x(t,s,y).t.alt))+q(t), E(q(t))))dt > 2Y(b-8).
8

(4.13) in conjunction with (4.19) and obvious considerations of continuity yield

b
~ u(x(b,s,y),s) + uly,b) + [ (H(X(t,s,y),t,a(t)) + (q(t),E(a(t))))de
s

> Y(b - s)

for b - s sufficiently small. Hence, using (4.12),

inf

u(y,b) >

b

sup  (u(X(b,s,y),s) - | (H(X{t,s,y),t,E(q)(t)) + (q(t),E(q)(t)))at )

ge:s'bqegs'b s

= (U(b,s)u(.,s))(y) = (U(b,s)U(s,0) ) (y) = (U(b,0)@)(y) = uly,b),

a contradiction. Thus u is a subsolution.

The proof that u is a supersolution is similar. Assume not, so that there is a

(y.b) €V x (0,T} and a (p,a) € V' x R such that both

(4.20)

ulx,t) » uly,b) + (p,x - y) + alt - b) + o(|x - y| + [t ~ b])

and there is a Yy > 0 and a q ¢ B; such that

(4.21)

a + H(y,b,q) + (4d,8) - (p,&) < -3y for all £ € By .
2

Proceeding as above, we find that for every strategy £

(4.22)

a + H(X(t,s,y),t,d) + (3,E(3)) - (p,E(J)) < -2y,

where q denotes the corresponding constant element of Q, provided only that s < t < b and

b - s is sufficiently small. Integration of (4.22) over s < t < b, use of (4.8), (4.20)
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and then (4.12) yielas

u(y,b) <
b v _ pm =
u(x(t.s.y).S) =) I (H(X(t,soy)otoq) + (q,&(q)(t)))at - v
s
b
< inf sup (u(X(b,s,y),s) = ! (H(X(t,s,y),.t,q(t)) + (q(t),E(q(t)))at)
tes qeQ 8
s,b s,b

= (U(b,s)u(.,s8))(y) = (U(b,s)U(s,0)¢)(y) = u(y,b),

a contradiction. Thus u is a viscosity solution and has all the claimed properties in the
case of (CP).
In the case of (SP), the analogous considerations succeed. One still has (4.4)

(independent of t) and defines Hy as in (4.5). The value function

]
u(x) = 4inf sup [ e E(X(1,x),E(q) (1), q(1))dT
ez qeQ 0

now obeys the dynamic programming principle in the form
t = -t
u(x) = inf sup { | e £(X(1,%x),E(q(1)),q(T))AT + u(xX(t,x))e "),
£EeE= geQ 0
where X(t,x) = X(t,0,x), Q is the set of controls on [0,») and E is the set of strategies

on [0,») (where { is a strateqgy if whenever controls p and q agree on an interval [0,t)

then so do £(q) and £(p)). Then one (for example) writes the statement that u is not a

viscosity subsolution, multiplies this by e't, integrates over a small interval 0 < t < b

and reaches a contradiction as above.

PRI . |

We remark here about the case in which H(x,t,r,p) depends on r. If H is Lipschitz in

shat g

{(x,r,p) and nondecreasing in r then

*
H{x,t,r,p) = inf { H(x,t,s,q) + L(r - 8) i + Llp = ql: s @R, qevV }
(4.23)

PO U DNT DA T S 3

= inf sup {H(x,t,8,q) + 6(t = 8) = (2,p - @)} .
(s,q)eRxvV (O.Z)GIO.L]xBL

p p—

=34~

[PV LTI

amtamteia.




.

. L%

S s R e e
.. 8 0 o e ' . =

[ T T e M o W Lo L, S S

One can use this formula to obtain a solution for (CP) and (SP) via differential games as
was done above in the r - independent case, but the complexity becomes unpleasant.

We conclude this section with a variety of comments. All of the above presentation
holds in a general Banach space V ~ no geometrical assumptions were invoked and conditions
(C) played no role. In this generality, however, the value of the results is not clear.
No uniqueness results are available. If one wants to pass beyond the context of RN
spaces, it seems likely that the notion of strict viscosity solutions ([10, Appendix]}) or
a variant is appropriate rather than the notion used here. 1Indeed, ia the language of
[10), p*u(x) and D u(x) may be empty for all x, hence the simple notion becomes useless.
Moreover, the uniqueness of the solutions constructed above even when V is RN and (C)
holds does not follow at once, since (H3) may fail. For example, for H(x,p) = |p|, (H3)
is equivalent to the existence of a constant C such that |4, + dyl <Clx - y| for x,y €V,
and this is not implied by the assumptions. However, one can replace 4 by
d(x,y) = d(x - y,0), and d does satisfy this condition. Using the uniform approximability
of uniformly continuous H(x,p) by Lipschitz continuous functions, one can extend existence

to the case of uniformly continuous Hamiltonians.
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SECTION 5: VARIANTS, EXAMPLES AND REMARKS

In this section we attempt to provide some feeling for the assumptions used in this
paper and [10]. Let us begin by reviewing what various assumptions mean in the event that
V is a real Hilbert space, d(x,y) = |x - y[ and
(5.1) H(x,p) = (bl(x),p) - £(x)
is an affine Hamiltonian. Here ( , ) denotes the inner-product on V and we have
identified V and V'. Note that in this case

de(xry) = = & (x,y) = [x = y[Tx = y).
With this choice of 4 (H3) is equivalent to requiring that £ € UC(V) and that there be a
¢ 2 0 such that
(5.2) (b(x) - bly),x ~y) »=c|x - y|® for x, y €V;
that is, x + b(x) + cx is monotone. The condition (H1) is automatically satisfied since H
is independent of u, and (H0) is equivalent to the uniform continuity of b on bounded
sets. Finally, (H2) is equivalent to the existence of a cq; € R such that
(5.3) (b(x),Dv(x)) > -c for x €V
where v is a function satisfying {1.4).

It is easy to see that some condition like (5.3) is necessary for uniqueness even in
the linear case. Indeed, set b(x) = -lx for some A > 0 and f = 0. Clearly (5.2) holds
with ¢ = =), the other assumptions hold as well, and (SP) becomes
(5.4) -x(x,Du) + u = 0 in V.

If X > 1, (5.4) has the distinct uniformly continuous viscosity solutions u = 0 and
u = |x| V72,

We turn to the condition (H4) and its role in the study of (SP). First, let us give
two examples of functions F. If we take
(5.5) F(a,b) = C(1 + b) + &(a)
where C > 0 and b + &(b) is continuous and nondecreasing, then we may choose

G(r) = C(1 + r) + &(C).

Observe that this choice of F is appropriate for the situation in which V is a Hilbert
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space, d{x,y) = |x - yI and H(x,p) € UC(V x B;) for all R > 0; indeed, we then have
H(y,0) - H{x,0) < C(1 + |x - y|) and lH(x,p) - H(x,0)| < &(|p|) for x,y € V
for a suitable constant C and a nondecreasing function ¢, and so
H(y,-kdy) - H(x,Adx) < H(y,-kdy) - H(y,0) + H(y,0) - H(x,0) +
H(x,0) = HO M) € clt + |x = y|) + 20(k0).

A second F of interest for which (H4) is verifiable is
(5.6) F(a,b) = cgab + c1b‘x + c, for a, b >0
where a € ]0,1), and Cgr €2 > 0. Then (H4) holds if cpa < 1, for we can then use
G(r) = cq(1 - coa)-1r° + cye In fact, the curious relation cpa < 1, which was used
without further explanation in Ishii [17] (a somewhat related condition also occurs in
[8]) is necessary here, as the next example shows. In this example, (HO0) - (H3) hold, and
the estimate of (H4) holds with F(A,d) = M + &, but cja = 1 in this case and there are no
uniformly continuous solutions of (SP).

Let V = R, H(x,p) = b{x)p - |x]| and choose b as follows: set x =(n+1) (n+2) for
integral n > 0 and

b(x)

0 if x < 0, b(x)

H

X = X, if X, < x ¢ x, + (n + 1),
(5.7)
b{x)

]

x - x if X, +n+ 1 <x <x

n+1 n+1°

Clearly (HO) - (H3) hold and the first inequality of (H4) holds with F(A,d) = Ad + 4.
Here Cp = 1 and we can show that (SP) does not have a uniformly continuous solution.

Indeed, if such a solution exists, it is easy to show that it is given by
= t
u(x) = ] |x(t,x)|e dt
0
where X(t,x) is the solution of the Cauchy problem X = b(X), X(0) = x. Obviously
u(xn) = 0 while for h € (0,1)
s

ulx_ + h) > [ X(t,x_ + hle tat
n 0 n
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As is seen from this sketch of proof, it is not (5.8) which is crucial to the

existence of bounded solutions, but rather the ability to find suitable bounded sub- and

supersolutions.

]
o
4
*
N
§
3

To illustrate what is gained by replacing (C) by (C)' we consider again the case of
the linear Hamiltonian given by (5.1) in a real Hilbert space V. Let b(x) be uniformly
continuous on bounded sets and satisfy (5.2). As the example of nonuniqueness shows, we
cannot deduce from these assumptions that (5.3) holds for some v satisfying (1.4).
However, v(x) = (1/2)log(1 + |x|?) satisfies (C)' and (5.2) with y = 0 implies

(b(x),DV(x)) = (b(x),x/(1+]x]2)) > -c + (b(0),x)/(1 + |x|?)
and the right-hand side of this expression is clearly bounded. We conclude that BUC

solutions of u + (b(x),Du) - £(x) = 0 are unique whenever b satisfies the above

conditions. This assertion does not contradict the nonuniqueness of solutions of (5.4)
exhibited above, since the second solution was unbounded.
We want to examine this situation further. We next present a class of examples that

indicate that even in the case of BUC solutions some assumption like (H2)' is needed -

etk Kdind ol okt st

indeed, the example shows that this condition is rather sharp. Consider the equation

(5.9) -g(x)|u'|®+u=0

»

where 0 < a < 1 and

(5.10) g € UC(R) is odd, nondecreasing, g(s) > 0 for s >0 ﬂ
and J
9
1 1 L
(5.11) ds = o, 1
0 g(s) '/ 1
The uniqueness of BUC(R) solutions of (5.9) is determined by whether or not j
i

(5.12) I= [ ———as

1 g(s)vu 3

is finite. 1Indeed, if I is finite one easily checks that the odd function given by

for x > 0

1 - ® -a/(1-a)
- | as + 1) w/(1-a

(5.13) u(x) = ( =8

x g(s)
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is a BUC solution together with u = 0, so BUC solutions are nonunique. For example, if
g{x) = x and a = 1/2, then u(x) = x/(1 + |x|) and u is even Lipschitz continuous. It
follows that if I is finite then there is no v satisfying (C)' such that (H2) holds for

H(x,p) = -g(x)lpl“- However, if I is infinite, then

Il |

v(x) = f ds on |x| > 1

1 9(3)1/0

satisfies (C)*' and (H2) holds. 1In this class of examples, (H2)' is necessary and
sufficient for uniqueness in BUC.

We continue dissecting the role of (H2). As mentioned above, it played a dual role
in first obtaining bounds on d < 1 and then again in getting refined estimates in d < 1.
We can split the assumption into pieces designed to handle these tasks separately. To
obtain the preliminary bounds it is enough to know that there is a function v satisfying
(C) (in particular, (1.4)) such that

(H2)a For each R > 0 there is a constant C_ such that

R
H(x,t,r,p) - H(x,t,x,p + ADV) < CR
for (x,t,r) €V x {0,T) xR, |p| <Rand 0 < A <R
holds. 1In order to continue to the second stage, one only needs that there is a u which
satisfies the requirements of (C)' (in particular, (1.4)' in place of (1.4)) in place of v
such that
(H2), There is a local modulus g, such that
H(x,t,r,p) - H{x,t,r,p + ADU(x)) < au(\|p))

whenever 0 < A < 1, (x,r,t,p) € @ x {0,T] x R x V'.

Then the existence and uniqueness results remain valid with (H2) replaced by (H2)a and
(H2),. Examples show that this is an interesting generality. Indeed, if H is bounded on
v x [0,T] x R x B; for each R, then (H2)a is automatically satisfied. Hence

H(x,p) = max{(min(-(x,p),|p|).-|p|) satisfies (H2),. It also satisfies (H2), with

u(x) = log(1 + |x|2) when vV is Hilbert. Another example, with the same y, is given by

H(x,p) = cos((x,p)). Neither satisfy (H2).
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