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e aoility to predict the response of structures subjected to large, 

abrupt bursts of energy depends on a number of factors. These include load 

definition, the characteristics of the geological material in which the struc¬ 

ture is emoedded, tne mechanism by which forces are transferred from the geo¬ 

logical material to the structure, and the characteristics of the structure. 

The oasic oojective of the research project discussed here is to provide an 

improved understanding of the response of common geological and structural 

materials and of structure-media (concrete-soil) interfaces (SMI), to abrupt 

loading. For tnis purpose, engineering constitutive models have been devel¬ 

oped, and appropriate experimental data are being used to validate the 

models. 

A viscoplastic constitutive model for concrete and geological materials 

has continued to be used as tne basis for investigations on the fundamental 

behavior of these materials. Although predictions of the limit stress are 

quite gooo for a wide range of materials, it has been observed that for mean 

pressures near zero, the results obtained for concrete were anomolous. To 

remeoy this defect, the theory has oeen modified. The new form, which is 

, described in Appendix A, appears to be general enough to include classical 

metal plasticity as one of the limiting cases. Althougn many details must 

still be investigated, the framework has been established for a constitutive 

equation tnat is relatively simple but much broader in scope than are existing 

constitutive relations. 

For applications in which the complete energy-absorbing capabilities of 

materials are required, a model must also address postpeak behavior. If a 

material can display softening after the peak stress is reached in a struc¬ 

tural element, then the softening will localize into a region tnat is small 

compared to tne element. For a continuum, the region of localization will be 

a surface, a feature that is not observed experimentally. Instead, a band of 

softening is exhibited, and an additional feature must be incorporated into 

the constitutive equation to enable it to capture both the softening and the 

region of softening. One approach is to assume that the width of the band is 

known from the microstructure of the material. This procedure is described in 

Appendix tí, which includes an application to reinforced concrete beams. An 
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alternative approach is given in Appendix C, where the stress is assumed to be 

a function of both strain and the gradient of strain. The resulting nonlocal 

constitutive relation is capable of predicting both softening and the zone of 

softening for a structural element. 

A nonlocal constitutive relation with the ability to handle sharp gra¬ 

dients in strain may provide a convenient mechanism for modeling an interface 

between soil and concrete. The idea is proposed in somewhat more detail in 

Section II, with the suggestion that existing experimental data can be used 

for verification. 

As described in section III, experimental testing for rate effects in 

concrete nas progressea beyond the conceptual stage to tne point that a test 

device now exists. The initial suggestion that propellants might be suitable 

suostances for providing forcing functions with short rise times appears to 

have been substantiated. Although the burning of propellants is not new, the 

use of propellants to provide a specific class of forcing functions in an 

enclosed environment requires some experimentation. In addition, the combina¬ 

tion of high thermal and dynamic loads creates a need for the development of 

new instrumentation techniques. Meeting this need will be a najor aspect of 

the research. Overall, the concept of rate-effect testing in concrete remains 

feasible. 

Auction potential, whicn is a measure of the ability of fine-grained 

soils (silts, clays, and fine sands) to absorb water, may be a natural param¬ 

eter for characterizing the strength and deformation behavior of these mate¬ 

rials. To test tne nypothesis, a small experimental program was initiateo to 

obtain measures of suction potential and triaxial stress-strain data for 

unsaturateo silts and clays, a class of geotechnical materials for which few 

data are available. As described in Section IV, two methods for measuring the 

suction potential were used, ana tne results were in good agreement. Conse¬ 

quently, the simpler of the two methods can now be used witn confidence. The 

accuracy of the stress-strain data obtained from triaxial tests on cylindrical 

samples is another matter. Conventional methods relate the total force on the 

sample to the average strain, wnich is determined by dividing tne axial short¬ 

ening oy the length of the specimen. Normally, lateral strains are not 
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measured; therefore, appropriate instrumentation had to be developed. Mea¬ 

surements based on photographs of the specimen at various stages of the load¬ 
ing process provided a means of obtaining lateral strain values. However, the 
lateral strain varied considerably with the longitudinal coordinate. This 
feature is merely a detailed display of the end effects that cause tne barrel¬ 

shaped configuration commonly observed in cylindrical specimens. Because 

lateral strain varies coniideraoly, it is highly probable that the longitu¬ 

dinal strain varies as wel'i. To investigate this possibility, equally spaced 

staples were implanted alono the specimen, and pnotographic measuranents were 

made. The results indicate that a great deal of variation in longitudinal 

strain occurs. These improvanents in measuring strain provide, for the first 

time, a means of obtaining stress-strain data that are suitable for the veri¬ 
fication of constitutive models. 

The primary focus for tne continuation of this research project is sum¬ 

marized oriefly in Section V. The effort will include the new approach to 

modeling soil-concrete interfaces, the continuation of experiments on rate 

effects in concrete, the possible incorporation of concepts from damage tneory 

into tne viscoplastic model, the theoretical study of unsaturated fine-grained 
soils, and tne extension of tne viscoplastic model to accommodate anisotropy. 



II. INTERFACE MODELING 

BACKGROUND 

The use of computer-based techniques has spurred active research on the 

theoretical formulation of constitutive relations for the nonlinear response 

of materials. For interface or contact problems involving geological mate¬ 

rials, such as problems dealing with soil-rock or soil-concrete interfaces, 

the available information is still sparse. 

In the past, simple models based on Coulomb friction were commonly used 

in engineering and physics, and static tests were performed to determine fric* 

tion coefficients for the SMI of interest. Experimental data indicate that 

these kinds of models may be inadequate. Because the friction phenomenon has 

not become a precise science, and much of its analytic description is based on 

empirical knowledge, the models for considering friction mechanisms cannot 

provide a satisfactory constitutive relation. Nevertheless, the simple fric¬ 

tion approach has been used with either slide pi mes or thin finite elements 

to obtain a computational procedure. 

This research is an attempt to find a new method for representing inter¬ 

face phenomena through the use of a nonlocal constitutive equation in which 

both theoretical and computational aspects are kept in mind. The idea used 

here is based on the observations that strain softening is accompanied by 

strain localization and that localization of deformation usually occurs adja¬ 

cent to interface surfaces as illustrated in Figures 1 and 2. As Figure 1 

shows, there is no unique stress-strain relation along a bar, even for a state 

of homogeneous stress. In fact, strain softening can occur anywhere, but a 

notch fixes the localization area at a given position. Similarly, the strain 

next to an interface is larger than the strain in other parts of the material. 

Thus, if strain softening and localization can be predicted simultaneously for 

a uniaxial stress specimen, the same model should also be suitable for repre¬ 

senting interfaces. Adjusting constants in the model can provide the consti¬ 

tutive relation for interfaces at which two different types of materials 
meet. 
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Figure 1. Notched specimen under uniaxial stress. 
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Figure 2. Soil-concrete interface under pure shear. 
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LITERATURE REVIEW 

Strain softening phenomena--St1ef et al. (Ref. 1) studied the possibility 

of strain localization into a shear band in the case of a metallic glass that 

is modeled as a nonlinear viscoelastic solid. They derived an analytical 

formula for the stress at localization in terms of physical parameters such as 

the elastic shear modulus, initial free volume, and applied strain rate. 

They point out that the weakening that initiates the shear band is due to the 

stress concentration near microcracks when inhomogeneous flow occurs. As 

a result, analytical expressions that predict values for stress at cata¬ 

strophic softening agree closely with the values of stress at strain 

localization calculated from the numerical solution of the full set of shear 

band equations. 

Li and Howard (Ref. 2) used the -finite-element method to investigate the 

growth of an initially spherical void embedded in a cylinder of elastic- 

plastic material. The effects of various mean tensile stresses, equivalent 

strains, and initial void volume fractions were included. Also studied were 

void growth with and without softening, the effect of mean stress, and strain 

softening. This study provides a logical connection between the macro- and 

microresponse of the material, i.e., between the average response of a consti¬ 

tutive model and the pointwise variables of a material. 

Bazant and Oh (Ref. 3) studied several aspects of strain localization 

including instability, ductility, and the size effect of concrete structures. 

A finite-element crack band model, in which cracking was assumed to be uni¬ 

formly distributed throughout the finite element, was set up, and the material 

was described by a three-dimensional constitutive relation with tensile 

strain-softening. Recently, the previously derived size effect law for blunt 

fracture was exploited to determine the parameters of this finite-element 

crack band model (Ref. 4). However, the assumed bilinear stress-strain rela¬ 

tion is valid only for a certain element size, which corresponds to the repre¬ 

sentative volume of the heterogeneous material, and to a certain width of the 

cracking front. If a different element size must be used, the stress-strain 

relation must be adjusted. Although so-called nonlinear, nonlocal material 

models have been applied in finite-element analyses of dynamic failures caused 

by strain softening, computer results indicate that these models are highly 



susceptible to various instabilities, not only in the strain softening range 

but also in the elastic range. Bazant and Chang (Ref. 5) have addressed this 

proolem in some detail. 

Gopalaratnam and ühah (Ref. 6) have developed an analytical expression to 

descrioe tne entire tensile response of concrete, i.e., a stress-displacement 

relation., oy assuming a unique relationship between average stress and average 

cracK wiath. Their tests showed that because of the localized nature of the 

postpeax deformations, no unique stress-strain relationship exists. The 

experimental results they obtained for the distribution of strain will be 

considered in the SMI research discussed in this section. 

Interface pnenomena--Huck et al. (Ref. 7) used a shear-loading computa¬ 

tional code to research the static and dynamic responses of sand-concrete and 

clay-concrete interfaces under shear- with high pressures. The analytical 

model is based on a frictional mechanism. They also obtained experimental 

data on shear stress-shear strain relations for the same types of interfaces. 

Ue beer (Ref. 8) has pointed out that the shearing strength of sand is 

a sensitive function of the density and varies with the mean normal pressure, 

it is expectea that a similar phenomenon holds at interfaces. 

Vermeer (Kef. 9) summarized several approaches for handling interfaces 

oetween granular materials and metal walls by considering the two friction 

angles associated with the powder and tne interface, respectively. The first 

approacn, that of using a nonassociated constitutive model and a fine mesh 

near tne interface, showed that a thin shear oand can develop. The second 

approach is to use special, thin interface elements, which are given a ficti¬ 

tious tnicxness. The slipping motion along the wall of a die can then be 

modeled. The third approach is to implement directly the frictional sliding 

as a mixed boundary condition. Vermeer also compared theoretical and experi¬ 

mental results for normal and shear stress distributions for a powder compac¬ 

tion apparatus. The comparison is qualitatively reasonable, but on a quanti¬ 

tative basis it is not satisfactory. 

r. 



OUTLINE UF PkOPUSEU THEUKY 

It has oeen suggested that heterogeneous materials may be modeled by a 

nonlocal constitutive relation, where the stress at a certain point is a func¬ 

tion of the strain and of the strain distribution over a certain representa¬ 

tive volume of the material centered at that point. As is shown in Appen¬ 

dix C, one of the simplest forms for such a model, in which the effect of 

strains in the vicinity of a point may be captured, is based on the assumption 

that stress depends on both strain and strain gradients. 

From the experimental data, it can be concluded that in tne postpeak 

softening regime there is no unique stress-strain relationship and that fail¬ 

ure localizes into a small region, tne length of which varies with different 

materials for a given strain rate. On the other hand, it has been found that 

tne interface of soil and concrete often initiates failure, which implies that 

the strength of the interface is different from that of adjacent points in the 

soil and concrete. To predict the distribution of stress and strain in the 

vicinity of an interface, an approach is proposed in which stress is a func¬ 

tion of strain gradients as well as strain. As illustrated in Figure 3, the 

assumptions for a one-dimensional model are the following: 

1. A simple hardening and softening relation exists in which the stress 

is given in terms of strain and a parameter identified as the peak stress; 

and 

The peak stress decays linearly with the absolute value of the strain 

gradient. 

A viscoplastic model, in which the limit state is affected by a norm of 

tne strain gradient, will be used in an attempted generalization to three 

dimensions. The value of such an approach is purely speculative at this 

time. 

VEkIFICATION OF THEORY 

Theoretical results of using tne proposed one-dimensional model for 

representing an interface will be compared with experimental data from 

3 
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Figure 3. One-dimensional constitutive model. 

sand-concrete and clay-concrete interfaces provided by Huck et al. (Ref. 7). 

To evaluate the more general model, a two-dimensional problem will be ana¬ 

lyzed. Strijbos and Vermeer (Ref. 10) have obtained experimental data on 

boundary stresses by performing a one-sided die compaction of ferric oxide 

powder. They also performed an analysis of the problem, but because of the 

limitations of their computer program, they had to simulate an axisymmetric 

problem by using a plane strain approach. The successful analysis of this 

problem will provide credibility to the approach in which a nonlocal consti¬ 
tutive equation is used to represent interfaces. 
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BACKGROUND 

Many of the mechanical properties of concrete are affected by the rate at 

which the concrete is loaded. The extent to which a property is affected 

depends on the property being considered and the method used to prepare and 

test the concrete. As the first step in the investigation of strain rate 

effects in concrete, a literature survey was performed (Ref. 11). The survey 

revealed a basic lack of experimental data that could be used for material 

model development. Although data from uniaxial stress tests at various strain 

rates are available, significant pieces of information, such as lateral 

strains and static behavior, are often missing. Almost no data exist for any 

other stress path. 

A two-pronged approach to closing the gap in the experimental data and 

providing adequate material models for frictional materials subjected to high 

rates of loading was then proposed in Reference 11. The experimental program 

was to be conducted in conjunction with the development of a third-invariant 

plasticity model. The program was scheduled to consist initially of uniaxial 

stress tests, but the technique to be used was one that could be developed 

later for performing multiaxial stress tests at high rates of loading. The 

results of these tests were then to be used to verify the material model and 

to identify areas requiring improvement. 

To accomplish these goals, the following tasks were scheduled for this 

work phase: complete the design of the experimental testing device, construct 

the device, and begin the evaluation tests. The evaluation tests were to be 

used to develop needed instrumentation, operation procedures, and apparatus 

configurations that would provide the required data. If the evaluation tests 

were successfully completed, production tests were to be initiated. In this 

section, the progress made toward meeting these objectives is described. 

DESCRIPTION OF APPARATUS 

Several designs for the testing device were considered. The final con¬ 

figuration consists of cylindrical segments bolted together with flanges. 
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Figure 4 is a schematic view of the device. The overall height of the appara¬ 

tus is about 1 m. Two chambers are included to provide more control over the 
burning of the propellant used as the driving force in the tests. 

The walls of the barrel are made from 4142 steel tubing with a 10.2-cm 

(4 in) inside diameter and a 16.5-cm (6.5 in) outside diameter. The flanges 

are standard 1500-lb flanges. A plate is inserted between the top two flanges 

to close off the upper chamber. This plate is 2.54 cm (1 in) thick and has 

two safety rupture disc devices. The discs are calibrated to rupture in case 

tne pressure should rise above 68.9 MPa (10,000 lb/in2). Another plate is 

inserted oetween the lower chamber and the upper chamber. In this plate, 

whicn is also 2.54 cm (1 in) thick, are venting holes that allow the pressure 

created oy the burning propellant to escape into the lower chamoer, where tne 

load cell and specimen are located. The venting has two purposes: (1) to 

reduce the temperature load on the Toad cell, and (2) to provide some control 

over the rise time. The second purpose is of particular interest if a high- 

density or a fast-burning propellant is used. These types of charges will 

give a very fast rise time, and the venting plate can be used to reduce the 

rise time to the desired value. However, the charge currently in use is pro¬ 

ducing an appropriate rise time without the venting; therefore, the plate is 

usea primarily to prevent the burning propellant from coming into contact with 
the load cel 1. 

FKOPELLaNT CHAKÜE utSIGN 

The department of the army has issued a propellant design handboox 

(Kef. 12) that includes an algorithm for determining the characteristics of 

burning propellants. The propellant parameters have been identified at arse¬ 

nals where these propellants are in common use. The algorithm is coded to 

include a closed bomb configuration, which corresponds to rigid boundaries, 

and a configuration that permits displacements of the boundary based on the 

linear elastic constitutive properties of the material surrounding the 
propellant. 

Pressure histories, which are particularly relevant for observing rate 

effects in concrete, can be obtained for various propellants. These histories 

indicate that the peax pressure in a chamber depends on the density of the 

propellant. Rise times depena on both tne initial density and the propellant 
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Figure 4. Isometric drawing of a rapid loading device. 
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type. Higner initial loading densities give faster rise times and higher 

peaks. Iterating for different densities and propellants showed that for the 

desired pressure histories, a fast-burning propellant at a low density was 

required. The difficulty with low charge densities, however, is that the 

propellant may extinguish itself if any movement of the chamber boundaries 

occurs. This reaction is due to the interaction between pressures and burn 

rates for propellants. To ensure that the propellant would burn properly, a 

relatively high density (35 percent by weight) of a fairly large-grain, slow- 

ourning propellant was used. This charge gave too high a peak pressure—over 

138 MPa (20,000 lb/in2)--and too short a rise time and caused some minor 

damage to the device. Once the device had been repaired, lower charge densi¬ 

ties were tried to determine whether the charges could maintain their burn. A 

small charge at a b-percent oensity was tried next. Only the lower chamber 

was used in this test. One continuous solid steel cylinder was used to simu¬ 

late the load cell and specimen in order to avert a cavity expansion tnat 

could cause the propellant to stop burning. The results of this test were 

encouraging, except that the top of tne solid steel cylinder was scorched by 

the burning propellant. 

In an attempt to reduce the heat load on the load cell, a plate was 

introduced oetween the upper and lower cnambers. Vent holes in the plate 

allow the nigh-pressure gas to vent to the lower chamber, where the load cell 

is located, because the propellant actually burns in the upper chamber, away 

from the load cell, the load cell is not subjected to the intense, direct 

heat. The propellant density was increased gradually over the next few exper¬ 

iments to bring the peak pressure up to about 41.4 MPa (600Ü lb/in2). The 

shortcoming of the current setup is the occurrence of leakage, which prevents 

the pressure from increasing to its full potential and also causes the pres¬ 

sure to decay too rapidly. In the next set of tests, gaskets will be used to 

reduce or prevent leakage. 
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h summary of the propellant type and charge density for each test fired 

to oate is provided in Taole 1. The peak pressures achieved, as measured by 

tne pressure gage for the lower chamber, are also included. Typical pressure 

and concrete strain nistory plots are shown in Figure 5. Because of a time 

snift oetween the concrete strain record and the record of pressure in the 

lower cnamber, no pressure-strain curve is included. 
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Figure 5. Typical pressure and concrete strain histories. 
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LUmD CtLL UtV£LÜPÍvl£NT 

Commercially manufactured load cells are not designed to be inserted 

into a closed chamber. Therefore, a special developmental effort was con¬ 

ducted. Specifications for the cell included the following: it had to be 
rugged enough to survive repeated tests; its physical dimensions were 

restricted; and it was required to provide linear response over the pressure 
range of interest. 

The initial calibration tests indicated that this load cell was linear 

and reliable up to the desired force level. The cell was instrumented with 

two vertical and two horizontal semiconductor strain gages that would measure 

the Poisson effect. The full bridge provided temperature compensation and a 

good response. The difficulty with this load cell was that because the gages 

and wires were openly exposed to the heat, the gage survivability was poor. 

To obtain better survivability, a second load cell was developed. On 

this load cell (Fig. 6) the strain gages are mounted in the interior of a hole 

drilled partway through the wall of the aluminum cylinder. A side exit is 

provided for the wires, and a steel pipe screwed into the exit protects the 

wires from the heat. The first of this type of load cell was instrumented 

with U-shaped strain gages that could not provide linear results because of 

the curvature of the hole. In the next model, a straight strain gage, which 

did not have to be curved around the hole, was used. 

Gage survivabi1ity for this load cell seems to be good. Further tests 

will be conducted to verify the adequacy of the design. If further modifica¬ 
tions are indicated, they will be implemented in future models. 

EXTENSIONS 

Because of the difficulty of developing an adequate load cell, production 

tests have not been accomplished. These tests will be made early in the new 

work phase, while a new device is being designed and built for biaxial test¬ 

ing. In addition to the experimental program, models will be developed from 

the data from the uniaxial stress tests and from biaxial stress data if 
available. 
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diameter 

(0.8 ± 
0.05 in) 
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The design for tne biaxial testing device will be based on tne latest 

design for tiie uniaxial device. Essentially, two devices will be oriented to 

load orthogonal axes of a cubical specimen. Several difficulties that are 

immediately apparent include using a cylindrical barrel to load a square sur¬ 

face, instrumenting three-dimensional concrete specimens, and firing two 

devices simultaneously. These and other difficulties will be addressed as the 

designing of the device progresses. 
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IV. BEHAVIÛK OF UNSATURATED FINE-GRAINED SOILS 

The prediction of the effect of stress waves in geological media requires 

vhe use of a numerical technique that includes a constitutive model. The 

conventional approach to modeling fine-grained soils is to assume that the 

medium is saturated and that rate effects can be ignored. Neither assumption 

is valid. The first phase of a comprehensive study of fine-grained soils 

consists of an investigation of the effect of moisture on the static response 

of clay and silt. It is postulated that suction, which is inversely related 

to moisture and tends to bind the soil particles together, is a parameter that 

could provide a unifying structure to the behavior of the complete class of 

fine-grained soils. Because the static behavior of these materials is not 

understood, it is premature to consider rate effects. 

In order to develop procedures for studying the behavior of unsaturated 

fine-grained soils, several testing techniques were evaluated. The work con¬ 

sisted of classification tests, suction tests, and an evaluation of techniques 

for studying material behavior. The objectives were to select methods of 

measuring suction potential, to use suction in behavior studies, and to 

develop an experimental data base for investigating constitutive models of 

soil behavior. 

CLASSIFICATION TESTS 

Two materials were selected for study. The first, commonly called 

Vicksburg silt, was obtained from the U.S. Army Engineer Waterways Experiment 

Station (WES). The second is a clay obtained from a site in Oklahoma City. 

Results of standard classification tests on these soils, shown in Table 2, are 

typical values for these types of materials. All tests involved remolded 

materials. The specimens used in compression testing were prepared in a mini¬ 

ature compaction apparatus, which yielded specimens 3.6 cm (1.4 in) in diam¬ 

eter by 7.1 cm (2.8 in) high for the unconfined compression and the triaxial 

tests. A specimen size of 3.8 cm (1.5 in) in diameter by 7.6 cm (3.0 in) high 

was used in the stress path testing. 



TABU 2. RESULTS OF CLASSIFICATION TESTS 

Property Clay Silt 

Atterberg limits: 

Liquid, % 

Plastic, X 

Plasticity index, % 

Activity 

Specific gravity 

Passing no. 200 sieve, % 

Finer than 0.002 mm, X 

Unified Soil Classification 

Compaction test:3 

w, X 

Y, kg/m3 

36 

23 

13 

0.4 

2.72 

81.2 

32.0 

CL 

20.0 

1706 

25 

20 

20 

NA 

2.72 

99.4 

6.0 

ML-CL 

20.2 

1642 

aCompactive effort » b6,684 J/m3 
(1810 [ft-lb]/ft3) at 5 blows/layer. 

SUCTION TESTING 

In fine-grained soils, water is attracted predominately by the mechanisms 

of adsorption ana capillary action, the former being most important for clays 

and tne latter for silts. Water is attracted to or adsorbed by the particle 

surfaces because of negative charges resulting from charge imbalances and 

because of substitutions within the mineral structure of the particles. If 

the particles agglomerate to form clods, then capillary spaces, in which water 

is held oy capillary forces, are also created. 

Suction or suction potential is a measure of the free energy of water in 

a soil. Several methods of measurement are available. In this study two 

methods, called "energy methods," were used. These techniques require equili¬ 

bration of tne soil sample within a tightly closed container at constant tem¬ 

perature, followed by measurement of the relative humidity within the con¬ 

tainer (in equilibrium with the sample). The thermocouple psychrometer uses 

the wet-bulb, dry-bulb method, employing tiny thermocouples that serve as 

sensing elements. McKeen (Ref. 13) provides a detailed description of this 



instrument as well as a historical review. The second method permits cali¬ 

brated filter paper to reach moisture equilibrium with the soil. Determina¬ 

tion of the water content of the filter paper and use of a calibration curve 

then yields a suction value. Tests have demonstrated that the two methods 

yield similar results when used on the same materials. The filter paper 

method was used in the tests described here because it is capable of measuring 

a wider range of suction values. Silt exhibits low suction values over normal 

water content ranges, and clay exhibits high suction values over the same 

ranges; therefore, this capability was important. 

Measurements of suction were made at several water contents and after 

compaction to various densities. These data are shown in Figures 7 and 8. 

Lines were drawn through the data points to provide a representation of 

expected average oehavior. The curves for both types of soil in the range 

tested have two distinct branches. -Also, the energy change (suction) for a 

given change in water content is much greater in clay than in silt. The 

entire range of data for silt is in the capillary range h < 33.2 kPa. As the 

water content increases from the dry state (point a in Fig. 8) in both mate¬ 

rials, a point is reached (point b in Fig. 8) beyond which suction drops off 

rapidly as the space available for water is filled. One would expect stress- 

strain oenavior to differ on tne two branches as well as near the point of 

saturation shown as point c in Figure 8. 

bTHAlN MEASUREMENT TECHNIQUE 

To develop constitutive relations, it is essential that three-dimensional 

stress-strain data be obtained for a variety of paths. A stress-path appa¬ 

ratus was available for performing tests on compacted samples in a partially 

saturated condition. Three sets of tests were performed on the cylindrical 

samples. Une set consisted of unconfined compression, which denotes the con¬ 

dition of zero lateral stress and axial compressive stress. A second set 

consisted of triaxial tests, where the lateral stress is a fixed compressive 

value while the compressive axial stress increases in a monotonie manner. A 

more general set, called stress-path tests, represents a class in which both 

Tateral and axial stresses are prescribed in a manner different from that used 

for the first two sets. 
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It is customary to use the relative displacements of the axial heads to 

obtain a measure of axial strain that is actually the average strain for the 

sample. Normally, volume changes for tests on soil specimens are obtained by 

measuring the amount of water that flows into, or out of, the specimen. 

Because the samples used in these tests were partially saturated, there was no 

flow of water; therefore, the standard technique for measuring volume change 

could not be used, and an alternate method of measuring lateral strains had to 

be devised. 

The procedure adopted was that of photographing the specimen at various 

points along tiie loading path and measuring the width of the specimen with a 

parallax bar. This procedure is used to obtain coordinates of points in aer¬ 

ial photographs. After considerable effort had been made to reduce errors due 

to slack in the parallax bar and to obtain readings in a systematic manner, it 

was observed that the lateral strain varied by a considerable amount from one 

end of the specimen to the other, even for low values of stress. The implica¬ 

tion of this observation was that the conventional method of using average 

strains would be unacceptable for obtaining data suitable for use in evalu¬ 

ating constitutive relations. Also, the possibility existed that the longitu¬ 

dinal or axial strain would vary as well. Therefore, it became imperative to 

measure the longitudinal or axial strain along the specimen rather than rely¬ 

ing on the average strain. 

After several alternative approaches had been evaluated, a system was 

adopteo whereby staples were inserted in the specimen. The staples, which 

were visible through the rubber membrane that contained the specimen, served 

as reference points that could be used for making both longitudinal and lat¬ 

eral measurements on photographs. The following procedure was used: 

1. Staples were inserted into the specimen (Fig. 9) as reference markers 

that divided the specimen into five vertical layers. 

2. The specimen was placed in the triaxial cell as is normally done for 

any test. 

3. Photographs were taken before the test began and at specified loads 

during the test. A Pentax 1000 camera with an f.2 lens and black and white 

Kodak film was used. 

4. The photographs were processed to produce normal 3- by 5-in prints. 
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Figure 9. Triaxial test showing 25.4-mm reference rod.

5. The initial longitudinal and lateral dimensions of the layers were 
measured on the photographs and corrected for scale. A 25.4-mm reference rod 
placed next to the specimen was used for these measurements. With the 
parallax bar, distances were measured to within 0.01 mm (0.0004 in).

6. Similar measurements taken at subsequent times in the test provided 
data that could be used to determine changes in length and to calculate the 
strains tnat accompanied specific load changes.

The technique was calibrated by using the system to measure metal speci

mens machined to specified dimensions. The influence of the curved triaxial 
cell wall and the curvature induced by water in the test chamber was eval

uated. The final step involved measuring differences in the positions of the 
staples at various times in the test, which cancelled the effects of the cur

vature features. The reference rod in the photographs was used to correct the 
data for any deviation in camera position that occurred during the tests.
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UNCüNFINEü CUMPkESSION TESTS 

Three sets of unconfined compression tests were performed to provide 

data indicating the stress-strain response to variations in moisture condi¬ 

tion, compactive effort, and rate of loading. First, tests were made at a 

constant displacement rate of 1.0 mm/min for six specimens with different 

water contents. All specimens were compacted at 13 blows per layer (B/L). 

The stress-strain responses of these specimens are shown in Figures 10a and 

10b for silt and clay, respectively. The test numbers on the plots corre¬ 

spond to the parameters defined in Table 3. For the silt, test numbers 1, 2, 

3, and 4 correspond to suctions that lie on branch a-b of the curve in Fig¬ 

ure 8; test numbers 5 and 6 correspond to branch b-c. Figure 10a shows that 

for low suction (high water content), ductility is enhanced in comparison with 

the ductility displayed by curves associated with high suction (low moisture). 

Because of the limited amount of data, no conclusions can be drawn about peak 

stress. On the basis of the results shown in Figure 10b, a similar conclusion 

concerning ductility can be drawn for clay, with the additional feature that 

in this case the peak stress appears to decrease as the suction potential 

drops. Additional tests were conducted in which the displacement rate of the 

loading head was varied (0.1, 0.5, 1, 1.5, 2, and 4 mm/min) and the compactive 

effort was investigated (5, 8, 13, and 20 B/L). The stress-strain response 

curves were not affected significantly by these parameters. 

TRIAXIAL TESTS 

Unconsolidated, undrained triaxial tests at various confining pressures 

were performed on samples. Test results obtained for constant displacement 

rate include the typical data shown in Figures 11, 12, and 13. If oL and oa 

denote the lateral and axial stresses, respectively, then q * (o^ - ^)/2 and 

P = (°|_ + aa)/2, where q denotes the shear and p is a measure of confining pres¬ 

sure. In Figure 12, a represents the normal stress components, and a^. As 

expected. Figure 11 shows that the peak stress increases if the lateral stress 

is increased, and some softening is apparent. Figure 12 shows that a linear 

failure line is appropriate, and the effect of maximum shear stress on strain 

i.s illustrated in Figure 13. 
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Figure 10. Stress-strain curves. 
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Figure 10. Concluded. 
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TABLE 3. STRESS-STRAIN DATA 

(a) Silt 

(b). Clay 

Test 

No. 

w, 

% 
Ydry, 
kg/m3 

Of, 

kPa 
ef* 
% 

1 

2 

3 

4 

5 

6 

14.1 

15.8 

17.7 

18.0 

19.8 

22.6 

1597.0 

1632.3 

1707.6 

1696.4 

1704.0 

1625.9 

172.4 

237.9 

160.7 

188.2 

143.4 

64.8 

2.0 

1.5 

7.5 

6.0 

13.0 

17.0 
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STRESS PATH TESTS 

A number of stress path tests were performed on compacted samples in the 

partially saturated condition. The stresses were changed manually in incre¬ 

ments of 0.007 MPa/min. The tests were performed in such a way that drainage 

was not impeded. Because the samples were partially saturated, no water flow 

occurred. Axial stresses were obtained by dividing the axial force by the 

cross-sectional area, which was adjusted under the assumption that the sample 

maintained constant volume. 

One object of the stress path testing was to obtain data that could be 

used to predict the change in axial strain that would occur in a given soil at 

a given moisture content when the sample was taken from one total stress con¬ 

dition to another. To accomplish this objective the following procedure was 

used: 

1. The K (consolidation) line was established. Because K in terms of o o 
total stress was not known for this soil, a ratio of a,/a = 0.5 was used. It 

L d 
was assumed at this stage of testing that the K line represented the in situ 

o 
stress condition for this particular soil at a given depth and moisture 

content. 

2. The Ky (failure) line for the same soil was determined by starting at 

points on the K curve and proceeding upward in the q-p plane until a limit 
o 

state had oeen reached. In tne first phase of the testing, the Kf line was 

determined by starting at two points on the Kq line. From each point, three 

stress paths were followed, two at 45 deg and one vertical, as shown in Fig¬ 

ure 14. These tests provided six points that could be used to establish the 

Kf line. However, it was found that the Kf line could be determined ade¬ 

quately by using only three vertical stress paths; consequently, only three 

paths were used for subsequent tests. 

The results of the stress path testing on the Vicksburg silt are summa¬ 

rized in Figures 15, 16, and 17. The Kf lines for moisture contents of 19, 

12.36, and 12.1b percent are plotted on Figure 15. Pertinent data and param¬ 

eters taken from the Kf plots are shown in Table 4. 
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TABLE 4. RAUMMETERS FRÜH Kf LINES FUR VARlUlb 
MOISTURE CONTENTS 

W, 
% 

ß, 
deg 

<*, 
kPa deg 

C t 
kPa 

19 

12.36 

12.16 

30 

28 

25 

40.0 

42.7 

53.8 

35.3 

32.1 

27.8 

49.0 

50.3 

60.7 

To cneck the reproducibility of the vertical stress paths, six tests were 

performed on samples at a moisture content of 18.8 percent. The results of 

these tests are shown in Table 5 and are plotted on Figure 16. 

Tne Kj,. and Kq lines shown on Figure 14 are repeated in Figure 17 along 

witn contours of equal axial strains for points along the six stress patns. 

The use of this plot can be illustrated by considering point A, which repre¬ 

sents soil consolidated at a specified condition, and point A', which repre¬ 

sents a new state of stress. The axial strain that results from going from 

conaition a to A1 would be 0.5 percent. This strain would apply only for the 

soil and tne moisture content for which the data were obtained. 

CONCLUSION 

A major result of this investigation is the discovery that conventional 

methods for measuring strains from triaxial tests on soil are not adequate for 

use in the development of constitutive models. Although no specific results 

are available, a promising method for measuring strains has been developed. 

If average strains are used, the stress-strain curves of Figure 10 fall 

into two categories for both silt and clay. The two categories are defined by 

low and high values of axial strain at the peak stress. Low and high values 

of axial strain correspond to the upper and lower branches, respectively, of 

the suction potential curves shown in Figure 8. Another conclusion based on 

Figure 10 is that tne limit values of stress may not depend on the suction 

potential, a finaing that was unexpected. The correlation of strain and 

stress with suction potential will be extremely useful in the development of a 

constitutive mooel. 
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TAtíLE 5. KESULTS ÜF VERTICAL STRESS PATH TEST FUR REPRODUCIBILITY 

Sample w, 
% 

P, 
kPa 

q 
at failure, 

kPa 

c 

at failure, 
% 

Suction, 
kPa lf/ê 

la 

lb 

le 

2a 
2b 

2c 

18.75 

18.76 

18.90 

18.95 
18.7 

18.7 

207 

207 

2U7 

2U7 

207 

207 

152 
152 

152 

152 

145 

152 

3.18 
2.59 

3.70 

7.76 

2.605 

3.169 

17.0 
17.2 

18.2 

18.3 

18.3 

19.0 

1626.0 
1625.1 

1626.0 

1618.3 

1632.8 
1628.9 
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V. PROPOSED WORK 

The primary emphasis in this work phase has been on the development of an 

improved understanding of the behavior of concrete and geological materials 

and on the use of mathematical models to represent the observed response fea¬ 

tures. Advances in experimental observation have been made in the areas of 

rate effects in concrete, of suction potential in fine-grained soils, and of 

stress-strain data from triaxial tests. Significant improvements in modeling 

are reflected in strength predictions for concrete and in softening and strain 

localization phenomena. The work will be the basis for continued research on 

the fundamental behavior of concrete and soils. 

The use of nonlocal constitutive relations holds great promise for prob¬ 

lems involving strain localization, which is a characteristic associated with 

cracking, shear bands, and soi 1-concrete interfaces. Application of tne 
theory to the latter case will be a significant aspect of the new work phase. 

Development of the device for obtaining rate effects in concrete will 

continue until the proper type and amount of propellant can be specified rou¬ 

tinely and the stress and strain components can be measured accurately under 

the specified thermal and dynamic environment. When this phase has been 

accomplished satisfactorily, a two-dimensional version of the device will oe 

developed and will be used to obtain multiaxial stress-strain data. 

altnough limit stresses for concrete can be predicted accurately, the 

same is not true for strains at the limit state, where predictions may be in 

error by a much as 5U percent with the current version of tne model. A 

concentrated effort will be made to investigate the source of this discrep¬ 

ancy. The damage theory proposed by Krajcinovic (Ref. 14) holds considerable 

promise. The essential idea is that an additional parameter, which at this 

stage of development may be a scalar, vector, or tensor, must be used to 

monitor the size and orientation of voids and microcracks. A description of 

the coalescence of voids and microcracks under three-dimensional states of 

stress is probably too ambitious to attempt, but it is possible that by merg¬ 
ing damage tneory with a viscoplastic model, one might obtain a useful 

engineering model. Preliminary investigations of this nature will be initi¬ 

ated by a comprenensive literature survey and an exploration of possible 
approacnes. 
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Numerous data indicate the existence of anisotropic phenomena in concrete 

and soils. Anisotropy may stem from the basic structure of the material, such 

as that of conventional or fiber-reinforced concrete, or from the effect of a 

previous state of stress and strain. The scope of the existing viscoplastic 

model will be extended to incorporate anisotropic features, and theoretical 

and experimental data will be compared. 

V 

The experimental work on unsaturated fine-grained soils will be suspended 

temporarily with the conclusion of the present effort. The reason for the 

suspension is that tne theoretical phase has not developed to a point at which 

a logical set of stress paths can be suggested for testing assumptions that 

are implicit in any model. Therefore, the focus of the next phase will be on 

using tne experimental data that have been obtained so far to verify the use 

of tne viscoplastic model for this class of soils. 

I 
l 

V 

• ! 

Generally, the proposed work represents an effort to explore in more 

detail the fundamental response characteristics of concrete and soil. For 

each aspect that has been proposed, there is both a significant engineering 

need and very little, if any, corresponding effort by other research groups. 

Thus, this research can be considered both fundamental and of high potential 

value for technical applications. 
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INTRODUCTION 

It has been generally assumed that, for metals, the surface defining the 

limit state is independent of mean pressure. One relation that has gained 

general acceptance because of its mathematical convenience and reasonably good 

agreement with experimental data is the surface obtained by setting the second 

invariant of the stress deviator equal to a constant. This surface is also 

known as the von Mises criterion. Recently, however, Casey and Jahedmotlagh 

(2) have emphasized the fact that at least some metals display a strength- 

differential effect, which is simply a manifestation of the dependence of the 

limit stress on mean pressure. This dependence is more commonly observed for 

concrete and geotechnical materials and is explicitly taken into account by 

Drucker and Prager (3), as a typical example. 

Whether or not variations in pressure are included, the intersection of 

the von Mises surface and the deviatoric or pi plane is a circle. For many 

materials the experimentally determined shape is triangular rather than cir¬ 

cular, and to represent theoretically the triangular shape, a third invariant 

of stress must be introduced. Criteria involving all three invariants (16) 

are quite successful because theoretical predictions based on these criteria 

agree well with experimental data. 

Lade and Duncan (8) noticed that the limit state for a cohensionless soil 

could be represented adequately when only two invariants, the mean pressure 

and a particular combination of the three invariants of stress, were used. 

Lade (7) subsequently showed that concrete could be included in the theory. 

By considering a modification to Lade's approach, Schreyer (11) found that the 

limit surface could be transformed into a straight line, which offers some 

conceptual advantages for analyzing experimental data. These approaches have 

been used with some success as the basis for plasticity and viscoplasticity 

models (6, 12, 13). 

In an attempt to apply the limit state criterion developed by Schreyer to 

a large amount of experimental data on concrete, Read (10) found a good corre¬ 

lation for data corresponding to large values of mean pressure and no correla¬ 

tion for those data associated with mean pressure close to zero. Read's 



observation was the motivation for this study, with the result that the theory 

was modified through the use of a scaling factor on mean pressure. The scal¬ 
ing factor Is significant near zero mean pressure and asymptotically 

approaches one for large mean pressure. Thus, the advantages of the theory 

have been retained and a deficiency has been removed. 

An additional aspect of the newer formulation is that the parameters in 

the model can be given physical interpretations in a natural sense. For 

example, one parameter controls the shape of the intersection of the limit 

surface with the deviatoric plane so that both triangular and circular curves 

can be obtained. Pressure dependence can be conveniently adjusted, with the 
result that von Mises, Drucker-Prager, and more general surfaces are available 

with a single formulation. The theory is equally applicable to metals and 

concrete and perhaps will prove to be applicable to geotechnical materials, 
although the latter class is not considered in this paper. 

DEVELOPMENT OF THE LIMIT SURFACE 

In accordance with the development by Schreyer (11), define an invariant 
of the stress tensor, o, by the relation 

M 

-[det(a - a ) + det a ]1/3 
I 61 »S ac 
L*---!- (1) 

ao 

in which det denotes the determinant, and the power of 1/3 is used so that the 

numerator has the dimension of stress. The reference stress °o renders L 
dimensionless. With the assumption of isotropy, 

where I is the identity tensor, and is a material parameter. 

It is instructive to develop alternate relations for L. In terms of the 

principal stresses 0l, 02, and 03, and with the use of Eq. 2, the expression 
for L becomes 



ifilith the use of the mean pressure, 

V.-: 

P = -1/3 tr g (4) 

d , where tr denotes the trace, the deviatoric stress tensor, g , is 

2 = 2 + p i (5) 

Let the invariants of the stress deviator be 

IId = tr (gd)2 

IIId = -det gd (6) 

Then 

[IIId - 0.5 (P + o ) IId + (P + a )3 - a 3]1/3 
__^^ w (7) 

Postulate the existence of a unique surface that describes the limit 

state for all stress paths, and assume that this surface can be described by a 

general relation 

L = f(P) (8) 

The implications of the assumption are that any single class of paths can be 

used to determine f and that the function will be equally valid for any other 

path. To be specific, consider paths for pure shear, which are defined as a 

hydrostatic state of stress followed by a simultaneous increase and decrease 

of two of the principal stresses; i.e., after the imposition of a hydrostatic 

stress, P, the principal stresses are given by 

= -P a2 -P + S -P (9) 

for a monotonically increasing load parameter, S. Suppose the limit state in 

snear is given as a smooth function of P: 

$ = Sp i S(P) (10) 
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which may be determined frcwn experimental data. If Eqs. 9 and 10 are substi¬ 

tuted in Eq. 3, then fcq. 8 yields an expression for the general limit surface 

[(P + o )3 - SJ (P + o ) - o3 ]i/3 
f(P) --§-ß-§-§- 

°o 

For convenience, alternate variables are introduced. Let 

(11) 

Sq = Sp(0) (12) 

and 

i-o 5 f(0) » 
t-S§ oJl/3 

(IV, 

Subtract Lq from both sides of Eq. 8 and define a stretched parameter for mean 

pressure as follows: 

P* = f(P) - L, 

Then tne limit surface defined by Eq. 8 becomes the linear relati 

L = P* + Ln 

(14) 

on 

(15) 

with the parameter os and the parameters used to define Sp adjusted to opti¬ 
mize a fit to experimental data. 

Suppose both sides of Eq. 15 are cubed. Then the use of Eqs. 7, 11, and 

14 yields 

HI - (P +o ¢) % I * Ü 

For large values of P + o^, the limit surface reduces to 

H = 2 S2p 

(16) 

(17) 
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whicn is tne criterion of Drucker and Prager (3) if Sp is linear in P. If Sp 

is constant, the von Mises criterion is obtained. 

The shape of tne intersection of the limit surface with the deviatoric or 

pi plane is frequently of interest. To obtain such a curve it is useful to 

employ coordinates q!, in this plane and a third coordinate, q3, 

perpendicular to the plane. Une choice, which has been used previously 

(11) is 

<li 

¾ 

(a1 - a2) 

/7" 

(2o3 - ol - o2) 

7r 

-(°1 + a2 + °3) 

✓T 
(18) 

The inverse relations, in terms of principal stress and principal stress 



It follows that 

IId * + 

(21) 

which can be substituted in Eq. 16 to obtain an expression for the limit sur¬ 

face in q-space. 

Typical limit curves in the qi-q2 plane are shown in Figure 1 for Sp = 1 

and for various values of the sum P + o . For small values of P + a , a tri- 
, , s s 

angular shape is obtained. Because this shape is characteristic of limit 

surfaces for concrete and geotechnical materials at small values of mean pres¬ 

sure, these materials can be characterized by small values of o$. For large 

values of P + a^, the limit curve is circular. This behavior is consistent 

with experimental observations of concrete and geotechnical materials because 

the limit curve is generally believed to transition from a triangular to a 

circular shape as P increases. For metals, the Circular shape is observed for 

all values of P; therefore, the correct behavior is obtained by choosing a 

large value for a . 
s 

Thus, the parameter delineates the shape of the limit surface in the 

deviatoric plane, and the function S(P) describes the size of the surface as a 

function of mean pressure. 

DEFINITION OF MATERIAL PARAMETERS 

Uniaxial stress in compression is one path that is typically considered. 

Suppose the limit state is reached when 

ai = -f' a2 = a3 = 0 
V* 

(22) 

The mean pressure is f'/3. Let 
c 

(23) 

51 

- . * . 
:ji •-» r*.- 



■j • " ■ u • ...K" Iimi (V WP 1.1.. .11 1.11111 p 11,11., II, 11.11 

■ ï, » 

m 

• .>> 
V'.' 
.V, 
vw. •H 

"f 
«*. *• 
•‘.V 
.'.V 

P. 

>. 
. 

-V--. 
.\v‘“ 

h}: 

rt 
CT 

Figure Ai. Typical limit curves in the qi-q2 plane for 
Sp = 1 and various values for the sum P + a,. 
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An estimate for P can be obtained by using an inverted form of Eq. 26 as 
d 

fo11ows: 

*" rv<sm • VJ 
(28) 

and a data point that provides values for P and Sp. 

DETERMINATION OF MATERIAL PARAMETERS 

A personal computer and an interactive program were used to select 

material parameters for several materials. The procedure follows: 

1. Select starting values for ¢$, S^ P0, and PQ. If the uniaxial 

compressive strength f is the only convenient data point, the values 
c 

a * 5/9 f, S s 2 f, and P0 * -f'-/10 are often reasonable. With the 
s c m c 0 c 

assumption that S (f'/3) 3 f/2, Eq. 28 yields P„ = 0.43 f7*n(4/3). 
p c c 0 c 

2. For each data point, and with o0 = f', compute L and P* from Eq. 1 or 

3 and Eq. 14, respectively. 

3. Determine the parameters a and 3 that provide the optimal fit of the 

straight line 

L = ap* + 3 (29) 

to the set of points obtained in step 2. 

4. tiy trial and error, adjust the parameters Sm, P0, and PQ so that 

a = 1, ß = L0, and the coefficient of correlation is as close to unity as 

possible. Experience indicates that the coefficient of correlation is most 

sensitive to a_, whereas o and 3 are most affected by S and Pn, 
s ^ m u 

respectively. 
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CORRELATION WITH EXPERIMENTAL DATA 

Values of the material parameters are given in terms of f in Table 1 for 

a large number of experimental data. For all cases, the coefficient of corre¬ 

lation is unity to within two significant figures. Those data obtained by 

Mills and Zimmerman (9), Bresler and Pister (1), and Goode and Henny (4) are 

labeled as MZ, BP, and GH, respectively. Groupings according to the values of 

f^. are labeled A, 8, etc., and follow those used by the original authors. The 

data from Goode and Henny (4) and Bresler and Pister (1) include pure torsion; 

therefore, it is apparent that the fit is now equally good in the region of 

small values of mean pressure. Typical results for data from Bresler and 

Pister and from Mills and Zimmerman are shown in the P*-L plane in Figure 2 

and in the P-L plane in Figure 3. In the P-L plane, an extrapolation of data 

obtained for large values of P iritlicates a positive intercept of the L-axis, 

which is contrary to experimental observations. This discrepancy, observed by 

Read (10), illustrates the need for the stretched parameter P*. 

Although the number of data points is limited, Green and Swanson (5) have 

provided typical data for high-strength concrete. The corresponding param¬ 

eters are labeled GS in Table 1. A large number of data for a weak concrete 

was provided by Traina et al. (15), with some points involving tensile states 

of stress. Parameters for this concrete are labeled T and are also included 

in Table 1. Plots for the Traina data are not included because the limit 

state is a straight line for all cases. In fact, if -L0, rather than fl, is 

used for a0, the limit state for all these concretes consists of a single 

line. 

Yield and limit states for high-strength steel may also display depen¬ 

dence on mean pressure. For the data provided by Spitzig et al. (14), the 

parameters that provide a fit to the limit state of AISI 4330 steel, expressed 

in MPa, are the following: as = 4480, Sm = 1380, P0 = -2920, and Pq = 1000. 

Corresponding parameters for a fit to the yield state are a = 3450. 
s 

S = 1380, P = -4030, and P * 2330. The large values for o indicate a 
m 0 D s 

circular shape for the intersection of the surfaces in the deviatoric plane. 

The appearance of the same value of for both states is explained by the 

observation that the maximum value in shear for the yield state is reached at 
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TABLE Al. MATERIAL PARAMETERS FOR VARIOUS CONCRETES AND A STEEL 

Source fi- 
MPa 

Vf'c Sm/fr m c vf; vf; 
MZ-A 

MZ-B 

MZ-C 

BP-A 

BP-B 

BP-C 

6H-A 

GH-B 

gh-c12 

gh.c3 

GH-OE 

GS 

T 

SSR-Y 

SSR-L 

1 
24.1 

27.6 

35.8 

20.7 

29.3 

41.4 

35.9 

33.1 

30.0 

19.3 

16.5 

48.3 

21.0 

1550 

2010 

2.0 

0.55 

0.865 

0.567 

0.353 

0.567 

0.558 

0.563 

0.552 

0.571 

0.625 

0.56 

0.57 

22.2 

22.3 

2.0- 

2.03 

1.73 

2.37 

2.24 

2.33 

2.50 

2.33 

2.37 

2.25 

2.50 

1.80 

1.90 

0.889 

0.687 

-0.159 

-0.0864 

-0.219 

-0.0513 

-0.0517 

-0.0428 

-0.0267 

-0.0383 

-0.0446 

-0.0607 

-0.0481 

-0.136 

-0.0681 

-2.60 

-1.46 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

0.5 

r. * 
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Figure A2. Typical results for the data from Bresler and Pister 
and from Mills and Zimmerman in the P*-L plane. 
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Figure A3, Typical results for the data from Bresler and Pister 
and from Mills and Zimmerman in the P-L plane. 
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a value of P0 that is much larger than the value of PD for the limit state. 

For illustrative purposes, the parameters for steel at the yield and limit 

states are also included in Table 1 with the designations SSR-Y and SSR-L, 

respectively. 

When the coefficients in the model are expressed in terms of the maximum 

stress in uniaxial compression, a consistent pattern appears. The ratio 

Oj/f'^s approximately 0.5 for concrete, which indicates a triangular shape in 

the deviatoric plane (a large value for steel denotes a circular shape). The 

maximum value for shear, S /f, is of the order 2 for concrete and less than 1 
m c 

for steel. The absolute value of P0/f‘ is relatively small for concrete. The 

larger value for steel indicates the greater tensile carrying capacity of 

steel. The rate at which the maximum shear strength is attained with an 

increase in mean pressure, as exhibited by the parameter PD/f¡., shows that 

relatively more mean pressure is required for concrete than for steel to 

attain a maximum shear bearing capacity. All of these results are intuitively 

plausible and indicate that the model may be useful to engineers concerned 

with strength predictions. 

CONCLUSION 

A model containing parameters that have simple physical interpretations 

has been established for the limit state in stress. The parameter Po corre¬ 
sponds to a tensile cutoff expressed in terms of a mean stress. The maximum 

shear stress the material is capable of sustaining at high values of mean 

pressure is denoted by S^. The shape of the limit surface in the deviatoric 

plane is governed by o^, and the parameter governs the rate at which 

strength increases with mean pressure. 

The model appears to be applicable to a large class of materials that 

includes concrete and metals. A good model for the limit state or the initial 

yield state is often the basis for a plasticity or viscoplasticity constitu¬ 

tive relation. The result of this study indicates that it may be feasible to 

use a single model for a much larger range of material behavior than has been 

considered until now. 
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THE EFFECT OF LOCALIZATION ON THE SOFTENING 
HEHAVIOR OF STRUCTURAL MEMBERS 
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ABSTRACT 

Experimental results Indicate that softening deformation Is localized to a 
relatively small region for segments of beams with constant bending moment. The 
implication of this observation for the formulation of constitutive eguatlons is 
that a localization parameter must be Incorporated Into the model. For a simple 
softening model, the effect of the magnitude of this parameter is Investigated. 
Results are given as load-displacement curves for beams. 

If the parameter Is small enough, or if a characteristic dimension of the 
beam is large enough, the load-displacement curve can double back on itself. 
The conseguence of this feature is that even for displacement-controlied loading 
devices the response may be unstable. Furthermore, If the possibility of 
dynamic disturbances or stiffness imperfections Is admitted, then the failure 
load may be less than the limit load. This approach yields a nondimensional 
failure load that decreases with the size of the structure and represents 
another manifestation of the size effect. However, the lower limit of the fail¬ 
ure load 1s not zero for realistic material parameters. 

If the localization parameter is large, conventional softening behavior Is 
obtained and it becomes feasible to develop Inversely moment-curvature relations 
from load-displacement curves. 

INTRODUCTION 

If a structural member Is loaded with a displacement-prescribed device, the 
resulting load-displacement curve usually consists of a monotonically increasing 
load up to the limit value and then a smooth reduction with a further Increase 
In displacement. The post-peak response, which Is often called the strain¬ 
softening regime, has recently come under intense scrutiny in an effort to make 
designs less conservative. This attitude 1s appropriate for Impulsive dynamic 
loads and for static loads If there Is a high degree of structural 
Indeterminacy. 

Analyses that attempt to predict the post-peak response of beam structures 
must involve a moment-curvature or constitutive relation that describes harden¬ 
ing and softening at any ooint of each beam. Such moment-curvature relations 
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Tha ehaory la alaa appllad ta a aora ductlla eaaa conalaclng of a rain- 
forcad cooerata baaa for which load-daflaccloo data ara avallabia, and a aoaant- 
curvatura ralaclon la darlvad tharafroa. If tha locallaatlon langth can ba 
cenaIdarad a lagitlaata aatarlal paraaatar, than tha aoaanc-curvatura ralatlon 
and tha paraaatar can ba uaad la tha auaarlcal analyala of aora coaplax configu¬ 
rât Iona In a procadura alailar to that auggaatad by Elba {*1 and Waapnar (S). 

ntOBUM AMD SOLUTION TICHNIQUI 
a 

Conaldar a olaply aupportad baaa of langth 2L loadad ayaaatrlcally with two 
concaatratod loada of aagnltitda P. To allow for locallaad «oftoning, oaa-half 
tha baaa la dlvldad Into tha thfraa raglona ahown In Pig. la. Bacauaa tha prob- 
laa la atatlcally dataraina ta, tha aoaant dlagraa will alwayo aaauaa tha fora 
ahown In Pig. lb, whara tha paak aoaant la glvan by 

H* (1) 

and La danotaa tha dlatanca batwaan tha alapla aupport and tha point of applica¬ 
tion of tha load. 
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Region B Region 
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Figure Bl. Problem description 

A smooth hardening and softening oehavlor Is assumed for the generic 
moment'Curvature (M-k) relation Illustrated In Fig. 2. Unloading occurs along 
the straight line with slope E. This relation Is assumed to hold everywhere, 
except that In Region C, which Is of length 1., the peak moment Is slightly less 
than the value. Mg. The assumption forces softening to occur only In Region C. 
The softening could exist anywhere between the applied forces and. Indeed, most 
experiments show that the softening region Is located next to one of the loading 
points. The choice of Region C forces sjmmetry, but It Is believed that essen¬ 
tial points will still be demonstrated. It is assumed further that In Region C 
the curvature is constant and that Lc Is a constant. 
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Figure B2. A generic moment-curvature relation 

To obtain a load-deflection curve, suppose that the curvature In Region C 
is a monotonlcai1y Increasing parameter. For a given Increment In curvature 
the moment-curvature diagram yields the Increment In moment In Region C and 
consequently In Regions A and B as well. With due allowance for a loading or 
unloading condition, the Increments in curvature In Regions A and B are also 
obtained from the moment-curvature relation. If all points In the bean are in 
the hardening regime, the curvature diagram will appear as stw-n In Fig. lc; 
whereas if softening has occurred, there will be a discontinuity 1n curvature as 
Shown in Fig. Id. 

If an Increment In deflection, iw. Is taken to be positive downward in 
Fig. 1, an increment in curvature is given by 

Ak • -Aw 
(2) ’XX 

For Region A, the curvature and Its increment are functions of x. Let 

(3) 
o 

so that the difference in slope between the ends of this region is 

I * Ïa0-a> 

Increments in curvature in Regions 8 and C are denoted by the constants A*h and 
Akc, respectively. The integration of Eg. (2) and the imposition of continuity 
of deflection and slope, together with the boundary conditions of zero displace¬ 
ment at the left support and zero slope at the center line, yield 

in which 6 represents the deflection of the center point, and 

(6) 

If increments in curvature are determined for each region by the use of 
egui1ibriurn and Eg. (1), then Eg. (5) provides the corresponding increment in 
displacement. 



ILLUSTRATIVE SOLUTIONS 

Consider the piecewise linear moment-curvature relation shown in Fiq. 3, 
which represents a crude approximation of the "exact* relation in Fig. 2. The 
hardening and softening parameters are designated by a and B, respectively. The 
corresponding load-deflection curve is represented symbolically in Fig. 4. The 
parameter n characterizes the softening portion of the load-deflection relation 
with a positive value representing the region to the right that is commonly seen 
in experiments. A vertical drop is dr-noted by n « ±», and the possibility of a 
solution doubling back from the peak vjlues for P and a is permitted through 
negative values of n. 

In the hardening regime it is cler-- that Increments in curvature are given 

Ak a 

A^b * A<c » 
(7) 

for an increment in force, AP. 

K 
6E 

’ La(3L* - L2a) 

It follows from Egs. (3), (5), and (6) that if 

(8) 

then 

& 
A6 

<* (9) 

The 
positive 
that 

softening regime is characterized by a negative value for aP and a 
value for Aicc. For linear unloading in Regions A and B, it follows 

. àí Ak. ■ X 
a E 

“La E a ÛKb 

ak » — L, 
c BE a 

and consequently that 

AP 
A5 

-nK 

where 

and 

2 
-to 

rst2 - 6ic 

(10) 

(11) 

(12) 

t2 
0 

s 
(3 - 'i) 1 ♦ B 

The dimensionless parameters 

La Lr t, * -i; t. * -i 
a L c L 

(13) 

(14) 

characterize the location of the load and the size of the localized softening 
region, respectively. 

V 
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The character of the response of the beam 1s reflected through the 
parameter n. As expected, if a ■ 0 then n * 0 for any value of t . As the 
sketch in Mq. 5 shows, a complete spectrum of values for n is possible 
Including the valuer of *• when nv«.uie 

‘c ’ 5 1 ■(>41 
/2 

(15) 

The case given by Eq. (15) might be described as abrupt rupture, which holds for 
any value of 8 greater than zero. In particular, ft Is not necessary that 
8 * -, which Is the usual condition associated with rupture. It 1s more mean- 
Ingful to consider two classes of problems: one for which tr > t* and n is 
positive, and one for which ic < t* and n is negative. The softening behavior 
for which n is positive can probably be handled by using existing computational 
techniques. An example is provided in the next section. For the moment the 
possibility of negative values of n will be considered. 

69 



■Y”» 'j w j wy w'j w”-j r vjt.'ir 
r 

11M i hihi « ni 111 in i y ï* u i rv L > V « ri V" 'il ■'f .p m m m ^ 

i 

I 

, 

i 

» 

% 
r 

If n Is negative, It can be Immediately concluded that once the limit load 
is reached, the structure Is unstable even for a displacement-prescribed loading 
condition. An attempt to load the structure past the limit point will result in 
a sudden drop of the applied load to zero. Such a dynamic consequence would not 
occur If n were positive. 

The span of negative values for n is (-1, --), where the first limit Is 
obtained by setting tc ■ 0 in Eq. (12). The closest branches of the stable and 
unstable equilibrium paths In the P - 5 space have slopes of oK and K, respec¬ 
tively. For physically meaningful representations, a Is between zero and one, 
where the lowest values are associated with ductile materials and values close 
to unity are associated with brittle materials. It follows that for brittle 
materials, the two equilibrium branches could be close. Suppose that static 
loading is a.companled by dynamic perturbations, which could be considered 
always present when a loading device is used and which are denoted symbolically 
as an additional deflection shown by the dotted line In Fig. 6. If adjacent 
points on the two equilibrium branches He within the disturbance band. It is 
conceivable that the'Unstable branch could be reached and that failure would 
occur at a load less than the limit load. Specifically, let the nominal limit 
load be 

5o ■ VLa (16) 

Then the center-point deflection at the limit state Is Pj/oK. For a dynamic 
disturbance of magnitude c* * «?«/<* under a displacement-prescribed load, 
geometrical arguments based on Fiq. 6 show that the failure load is 

PF » P 
(17) 
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Figure B6. Possible failure mode 

One way to obtain a small value of tc Is to allow L to grow. Thus, for a 
given value of e, the dimensionless failure load will drop with L, which is a 
specific manifestation of the size effect discussed extensively by Bazant [3]. 
However, an implication of this theory 1s that for physically realistic values 
of a, ß, and Lc, the reduction Is limited to a value that depends on e; that is, 
the failure load dbes not approach zero for large l. For example, suppose that 
e « 0.01. Then, for the worst case of n » -1 and for the small amount of duc¬ 
tility described by a * 0.98, Eg. (16) implies that the failure load will be 
Pf ■ P0/2- 

Another implication of a negative value for n for more complex structures 
is that a computational method must be developed to determine whether an 
unstable equilibrium branch exists. The development of such a method will not 
be an easy task because most existing methods [6] are based on elasticity 
theory, for which additional displacement fields are generally not localized to 
the degree that they are for plastic softening. 

APPLICATION TO A REINFORCED CONCRETE BEAM 

Lane [7] performed several experiments for a beam geometry characterized by 
F1g. 1 but with the additional possibility of an axial load proportional to the 
lateral load. The nqminal compressive strength (uniaxial stress) of the con¬ 
crete was 34.5 MPa (5000 psi). The beam was 22.9 cm (9 in.) wide and 38.1 cm 
(15 in.) deep. Three reinforcing bars of diameter 1.9 cm (0.75 1n.) were placed 
6.4 cm (2.5 in.) from the bottom surface, and two reinforcing bars of diameter 
0.6 cm (0.25 in.) were placed 3.8 cm (1.5 In.) from the top surface. Shear 
stirrups were placed at 15.2-cm (6-in.) Intervals along the beam. For all 
cases, the beam span was 3.82 m (12.53 ft). 

For the first series of experiments, that of immediate Interest for this 
analysis, no axial load was applied. Experimental results were obtained for 
values of La egual to 96 cm, 130 cm, and 160 cm (37.5 in., 50 in., and 
62.6 in.). On the basis of photographs of the failed specimens, the half-length 
of the softening regime, L , was selected somewhat subjectively to be 17 cm 
(6.7 in.). 
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The moment-curvature relation was assumed to he of the following form: 

M * OjK 

m . ku ♦ (<. K2)2 
1*3 * *2/ 

M » Mj ♦ 6j (w - <3) 

0 < K < K. 

«J < K < <2 

<2 S ic < Kj 

«3 < ic 

(W) 

The experimental load-deflection curve for the center of the bean was used with 
Eq. (5) to determine the parameters of Eg. (18). The peak moment, is avail¬ 
able from Eq. (16), and the other parameters were obtained by trial and error. 
The results are 

M„ * 2.67 X 10s N*m Mj » 2.0 x 105 N*m 

Oj * 2.04 x 107 N*m2 ßj » -2.0 x 106 N*m2 (iq) 

<j * 0.013/m «2 * 0.050/m «3 » 0.213/m 

The un loading slope was taken to be equivalent to the tangent of the moment- 
curvature relation at the origin, i.e., 0^. The resulting moment-curvature 
relation is shown in Fig. 7, and the comparison with experimental load- 
deflection data for the three geometrical configurations is given in Fig. 8. 
The correlation between theoretical and experimental data indicates that the 
approach would be pore than adequate for most computational purposes. 

It must be emphasized that these fits were made under two restrictive 
assumptions: 1) the softening zone was fixed for the duration of the analysis, 
and 2) the deformation field was taken to be symnetrlc about the center line. 
Neither assumption is particularly valid, but each is considered appropriate for 
the purposes of illustrating features that may appear in structures that exhibit 
strain softening. Because the problem is nonlinear, there is no unique choice 
for the localization parameter and the moment-curvature relation. However, if 
the localization parameter can be established independently, the inverse proce¬ 
dure is a viable method for obtaining a beam constitutive equation. 

CONCLUDING REMARKS 

I -3 

i 
V 

s " 

. 

As the results of Krajcinovic [8] and Popelar and Hoaqland [9] show, 
softening can be viewed as a natural consequence of the growth of microcracks or 
voids as reflected in a damage parameter. The resulting constitutive relation 
is useful for obtaining theoretical ultimate loads of structural members, but a 
more comprehensive approach requires the inclusion of the fact that softening 
tends to localize into a small region. As demonstrated by the analysis of the 
model problem, a spectrum of post-limit equilibrium paths is available in which 
each path is identified by a value of a parameter defined in terms of the length 
of the localization region and by a characteristic structure length. If dynamic 
perturbations or initial imperfections due to variations in structural stiffness 
are assumed to be always present, then a stability argument yields a theory that 
predicts a drop in the nondimensional failure load with either a decrease in the 
region of localization or an increase in the characteristic dimension of the 
structure. Although the nature of the decrease in the failure load is similar 
in many respects to that obtained by the assumption of a blunt fracture mecha¬ 
nism [3], the stability theory indicates that as the characteristic dimension 
increases, the failure load asymptotically approaches a finite value rather than 
a value of zero as indicated by the blunt fracture approach. 

72 

■ V V 
•AV'.’-V 



•v-v 

I 
N*. 

m 
>? 

V’-*.- » * • * 
DU*1. 
» 

y V -'X 

1 

y:- 

y 

M(10* N-m) 
4 r » »TT "T1 I I I I I 

/" 
2 - \ 

\ 

\ 

\ 
\ 

0 5 10 15 20 25 30 35 
•c(10*Vm) 

Figure B7. Moment-curvature relation for relnforced-concrete beam 

, P(10,N) 
* -r- 

- Theoretical 

~— Experimental 

L# ■ 0.96 m 

1.3 m 

1.6 m 

-i-1_ 6(10'2 m) 
20 25 

Figure B8. Comparison of experimental and theoretical load-deflection curves 

73 

'ï>;ÿ 
uL.' ‘i lVV. ‘.i’ L-. ’l". I.' '1 



. 

7? 

V'' 

:v 

V. . 

The existence of unstable equilibrium paths provides a severe challenge for 
any numerical algorithm because these paths must be Identified If a rigorous 
determination of a failure load Is to be made. The fact that the source of the 
problem 1s localized could mean that approaches used for similar features In 
elastic problems may not be sufficiently robust, although recent developments 
look promising [10]. 

While this study has Introduced no new concepts. It does show that the use 
of a simple beam as a model problem Is helpful In Illustrating some of the 
Issues and problems associated with softening. A significant need remains for 
Investigations of constitutive models and associated numerical algorithms. 
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INTKÜUUüTIUN 

Numerous computational codes contain numerical algorithms for strain¬ 

hardening plasticity. To develop a capability for predicting large deforma¬ 

tions, strain softening must be incorporated. Strain softening is associated 

with localization, and if no precautions are taken, the region of localization 

will depend on the size of the mesh used for spatial discretization. This 

mesh-dependence is clearly unacceptable, and therefore an approach that can 

provide basic equations governing the phenomena of softening and localization 

is needed. Several studies concerning the conditions necessary for the onset 

of localization are available (Rudnicki and Rice, 1975; Vermeer, 1982; 
Prévost, 1984), but which procedure is optimal for predicting postlimit states 

is still not clear. 

From a continuum point of viewt Bazant (1976) has pointed out that the 
region of localization must condense to what might be considered a surface. 

However, such an idealization is rarely observed in experiments. On the other 

nand, there is no douot tnat a region of localization exists and may consist 

of a band whose lateral dimension appears to depend on the physical character¬ 

istics of the materials. Because of the complexity of proolems involving a 

material instability, a numerical technique such as the finite-element method 

nas oeen used to obtain most solutions. Innerent in such a technique is the 

proolem that a region of localization that is smaller than the element size 

cannot oe accurately represented. In fact, the predicted response will gener¬ 

ally depend on the element size, and this feature is unacceptable to 
analysts. 

Recently, considerable effort has been made to obtain a suitable approach 

to nandling strain softening and localization. A promising approach (Bazant, 

1984; Pietruszczack & Mroz, 1981) involves the assumption that the size of the 

localization is fixed according to the material being studied. Softening 

characteristics can then oe adjusted to taxe element size into account or to 

ensure that an appropriate amount of energy dissipation is provided. However, 

Hi 11 an (1984) suggests that in order to take into account what appear to be 

different mooes of softening, a composite damage formulation is necessary. A 

motivation for the use of a nonlocal constitutive equation is that in this 

1 76 

1 -ik. 
. - V-w-k W> .Vk'v .-. 

Ukl 
■ . -.- . 



way, the aspects discussed by Wiliam can perhaps be synthesized into one 

theory, although Bazant and Chang (1984) point out that certain precautions 

must be taken. 

At least two aspects of strain softening and localization have not been 

addressed. First, the effect of initial imperfections is unknown; and second, 

the potential usefulness of a nonlocal constitutive relation has not been 

demonstrated conclusively. In this paper, the implications of softening, 

localization, and stiffness imperfections and the assumption that stress is a 

function of both strain and the gradient of strain are explored by means of a 

one-dimensional model problem. It is believed that the insight provided can 

be useful to the construction of more general theories to address the issues 

raised by Wiliam (1984). 

MODEL PROBLEM 

To simulate the softening phenomenon (Crisfield, 1982), consider a body 

of length L 3 a + b and a unit cross-sectional area as shown in Figure 1. 

This body can be considered a bar or, in a more general sense, a structural 

member or even a finite element of a continuum. The element is considered to 

be composed of two segments described by similar constitutive equations, the 

only difference being that the limit stress for segment B is slightly less 

than that for segment A. If the stress on the element is such that the strain 

in region B exceeds the value at the limit state, then softening will be 

exhibited. It is assumed that softening occurs uniformly over region B and 

that parameter b is the dimension of the localized softening region. It is 

also assumed that the length of the element is greater than that of the 

softening regime, i.e., L > b. 

For simplicity, the constitutive relation for both regions is considered 

to be bilinear. The slopes of the loading and softening segments are aE and 

-3E, respectively. If unloading occurs, a line with slope E is followed so 

that if a < 1, the effect of strain hardening can be simulated in an approxi¬ 

mate sense. The limit stress for region A, denoted by a^, is assumed to be 

inf1n1*:es^ma^y larger than the limit stress for region B, denoted by ao< 

These details are sketched in Figure 2. 





There Is a cogent argument that strain softening does not exist. It is 

the essence of damage theory (Krajclnovic, 1983) that a decrease in apparent 

stress occurs not by strain softening but by a reduction in effective area due 

to the coalescence of voids and microcracks. The viewpoint adopted here is 

that for an engineering approach, the choice of a procedure for providing a 

drop in nominal stress with strain can be based on convenience because a 

rigorous development of the two methods should provide the same results on a 

macroscopic basis. For the current development, the assumption of strain 

softening provides a suitable basis for deriving general results that would 

not change if an alternative approach were used. 

For given values of strain in regions A and B, which are denoted by e 
cl 

and e^, respectively, the corresponding elongations are 

(1) 

Then the elongation and the composite strain for the complete element are 

given by 

ô*5 + 6 
a b 

e * 6/L (2) 

The composite constitutive equation is characterized by the relation between 

stress, a, and strain, e, or equivalently, a P-5 curve. 

For monotonically increasing stress from zero up to the limit stress, the 

composite constitutive equation is identical to the constitutive equation for 

either segment. However, the postlimit response is different. To obtain this 

part of the curve, suppose that e^ is given an increment, Ae^. From 

equilibrium in segment B, 

Ao = -ßEAe 
b (3) 

and the change in strain in segment A is 



It follows from Eq. 2 that the Increment in total strain is 

(5) 

The result of substituting Eq. 3 in Eq. 5 is 

Ao 3 -nEAe (6) 

where 

b(l + 8) - SL 
(7) 

The composite, or smeared, constitutive relation is shown schematically in 

Figure 3. For 0 < n < », conventional softening is displayed. The case of an 

infinite value of n corresponds to a vertical drop in stress, whereas the 

stress-strain curve displays a decrease in strain with a decrease in stress 

for negative values of n. The parameter a, which characterizes strain 

hardening, does not appear in the expression for n. As L increases, n 

approaches asymptotically the limiting value of -1. 

a 

n 3 0 

n > 0 

e 

Figure C3. Composite constitutive relation. 
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Implications 

Experimental data are often obtained with stress-prescribed devices, in 

which case failure occurs when the limit load is reached. For some devices, 

however, displacements are prescribed, in which case postlimit data can be 

obtained unless the case corresponding to negative values of n exists. If the 

model problem represents an element in a continuum, for example, then because 

of the oasic indeterminacy of such a system, the situation is probably closer 

to a displacement or strain-controlled problem than to one of load or stress 

control. 

If the loading condition can be represented adequately by increasing the 

strain monotonically, and if n is negative, then it is apparent from Figure 3 

that it is impossible to follow the actual stress-strain curve. If an incre¬ 

ment in load forces e to be larger than eo = 0o/aE» tlie result will be a snap- 

down to zero stress with a corresponding release of energy. Because loss of 

stability is often associated with failure, a condition of negative n is 

assumed to be undesirable. However, no matter how small a value (positive) of 

B is appropriate, Eq. 7 snows that n can be made negative for a sufficiently 

large value of L witn b fixed. In a structural member context, the dependence 

of instability on tne size of tne structure is a manifestation of a size 

effect that has not been investigated extensively. For example, fracture can 

be used to justify tne argument that strain softening is not observed in 

metals. However, an alternate interpretation for fracture can be given. The 

phenomenon of crack growth occurs in such a small zone compared to the length 

of the specimen that the terms involving L in Eq. 7 dominate, and n is nega¬ 

tive. In other words, fracture is usually an unstable process because of the 

size of the specimen, not because strain softening does not exist. In fact, 

since crack widening has been controlled for concrete (Shah and Gopalaratnam, 

1984), it would be interesting to know whether one could obtain a similar 

result for metals by using a sufficiently small specimen. 

An energy interpretation is apparent. Once softening occurs, the energy 

dissipated in region B must be provided from region A and from any work added 

by an external agency. The situation defined by n = +® is the critical case 

in which region A can provide enough energy to match that dissipated in region 

ti witn no additional work, a case corresponding to Ae = 0. 
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In many finite-element codes that use explicit time integration, the 

total strain increment is fixed at each time step. Many algorithms incorpo¬ 

rate the conventional softening identified with n > 0, but almost none incor¬ 

porate the possibility associated with n < 0. From Eq. 7, the need for the 

latter case can be averted by selecting the element size, L, such that 

0 < L < L* = 
b(l + B) 

S 
(8) 

It is assumed, of course, that b is known. 

If the element dimension is chosen to be b, which would probably be too 

small for practical applications, then a = 0 and n 3 ß; i.e., the original 

constitutive equation for a segment could be used. The choice of an even 

smaller element would necessitate the use of a composite constitutive relation 

with n < ß. The reason is that softening would concentrate in an area defined 

by the element size, and to take this fact into account, a smaller value of n 

would be required so that the correct amount of energy dissipation could be 

obtained. 

r 

The primary problem is that the use of elements larger than L* is desir¬ 

able. Therefore, a constitutive equation that incorporates a negative value 

of n is required. To the authors' knowledge, such an algorithm has not been 

developed. This feature should not be difficult to incorporate, because plas¬ 

ticity algorithms automatically incorporate an elastic unload feature. In the 

postpeak regime, which is not unloading because energy is being dissipated, a 

pseudoelastic behavior could be incorporated as a three-dimensional represen¬ 

tation of the case corresponding to negative n. Simultaneously, the limit 
surface must contract to exclude any path that involves an Increase in 

stress. 

INITIAL IMPERFECTIONS 

So far, the development for the model problem indicates a size effect 

based on the softening feature of an element, but there is no implication that 

the apparent failure or fracture stress varies with the size of the structural 

member. To show that there may be a size effect for the failure stress as 

well, consider the case in which L » b, so that n is close to (slightly less 
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than) -1. The situation is illustrated in Figure 4 with m < nz < ns < -1. 

The fact that the pre- and postlimit equilibrium states can be close suggests 

that the response of the structural member will be sensitive to initial imper¬ 

fections or loading disturbances. Rather than being geometrical in nature, 

the imperfections of concern here are those associated with variations in 

stiffness, a£, as the structure is loaded. Suppose such variations are 

bounded on one sioe by the dotted line in Figure 4, where the imperfection is 

characterized by the strain parameter, c. Then, for strain-prescribed load¬ 

ing, it is possible for a snap-down response to occur at stress values of a1, 

a2 , and a3 for softening conditions characterized by n2, and ri3, respec¬ 

tively. To be specific, if n = n2 and the load increases from point A to 

point C, then the possibility of reaching an alternative equilibrium state 

exists at o = o2, and snap-down from point D is feasible. 

The presence of initial imperfëctions provides the rationale for a poten¬ 

tial size effect on the limit stress (or limit load) that can be exhibited by 

a structural member. As the size of the element increases, the softening 

parameter approaches -1, and the probability of snap-down at a stress less 

than the ultimate stress becomes greater. 

Geometrical arguments based on Figure 4 can be used to snow that tne 

failure stress, in the presence of imperfections, is 

Op = J0 n > 0 

eotE 
oF = o0 - —— n < -1 (9) 

1 + a/n 

For brittle materials, modeled by a value of a close to unity, the failure 

stress is sensitive to imperfections as exhibited through e; whereas for duc¬ 

tile materials, modeled by small values of a, the decrease in the failure 

stress from Oq is not as abrupt. The idealized postpeak response, as 

reflected through n in Eq. 7, does not depend on a, whereas a consideration of 

initial imperfections shows that strain hardening, as exhibited by values of a 

less tnan one, is an important characteristic. 

A plot of failure stress as a function of L/b is shown in Figure 5. For 

strain-control led loading, no reduction in failure stress occurs if the 
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Figure C4. The effect of an initial imperfection on a stable equilibrium state. 
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• Figure C5. Failure stress as a function of element length. 
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structural element 1s small enough. When L/b reaches the critical value of 

(1 + 3)/ß, the failure stress decreases sharply. The magnitude of the jump 

depends on the degree of Inelasticity In the loading part of the stress-strain 

curve. With a further Increase 1n structural size, or a decrease in the size 

of the region localization, the failure stress asymptotically approaches a 

limiting value, which also depends on the parameter a. In fact, If o Is close 

to one, the limiting value can be zero for large values of L/b. This disturb¬ 

ing aspect was pointed out by Bazant (1984) In connection with the cracking of 

beams. 

These results must be ameliorated to a certain extent because neither 

total strain nor a stress-control led loading condition describes a typical 

problem. Instead, a stable postpeak response may be any Une with a slope of 

-m, where 0 £ m < «, so that an additional regime of Instability exists for 

values of n between m and « as shown in Figure 6. Except for a change in some 

of the details, the basic concepts outlined previously are still valid, and 

the matter will not be pursued further. 

Figure C6. Reduction.in failure stress for initial imperfections 
on a spring-loaded element. 



A NCMLUCAL CONSTITUTIVE MODEL 

The existence of a localized region with strains much larger than those 
in the adjacent region implies that the strain gradient mist be large. For 

cases in which softening and localization have been observed carefully, the 

region of localization does not remain fixed in size; instead, it expands 

monotonically with deformation. One approach is to postulate that a charac¬ 

teristic dimension of localization depends on the material (Bazant, 1984) and 

perhaps on the postpeak stress (Shah and Gopalaratnam, 1984). The disadvan¬ 

tage of this approach is that a separate procedure for handling softening must 

be estaolished for numerical computations. On the other hand, an alternate 

approach involving an assumption on the constitutive equation might provide 

equivalent results, but with the advantage that the softening mechanism would 

be a consequence of the loading path. As a result, existing numerical algo¬ 

rithms could be used with a minimal degree of modification. 

To explore tne potential usefulness of a nonlocal constitutive equation, 

a modified form of the relation shown in Figure 2 is used. It is assumed that 

tne peak stress, o^, is a function of strain gradient rather than being the 
constant, a0. If the following simple relation is assumed, 

% ' a0 (1 - 9l«.x|) 

(10) 
K aE 

in wnich x is the spatial variable, then the constitutive equation can be 

represented oy the sketch shown in Figure 7. The result of such an assumption 

is to force the localization away from the point of initiation, allowing the 

degree of expansion of the softening region to be governed by the material 

parameter g, which has the dimension of length. Thus, the approach introduces 

througn the constitutive equation a length parameter that should ultimately be 

relatable to the microstructure of the material. 
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Figure C7. Nonlocal constitutive relation. 

To show the effect of g on the response of a bar, consider a case in 

_ which a bar under uniaxial stress is loaded such that the strain in the 

softening region is increased monotonically. For the case of E 3 5, a = Ü.3, 

^ = 0.1, g = 150, and °o 3 1, the evolution of strain distribution is shown in 

Figure 8. Initially, the strain is uniform. Once the peak stress is reached, 

however, at a point chosen arbitrarily to be x 3 0, a portion of the bar will 

continue to elongate, while elastic retraction will cause the remainder of the 

bar to shrink. The region of continued extension is the localized softening 

region, which develops in the smooth manner shown in Figure 8. 

Strain distributions for a fixed value of stress are shown in Figure 9 

for various values of g. An increase in g corresponds to a widening of the 

softening region; thus, if softening is very localized, which occurs with 

cracking, for example, then a small value of g should be used. 
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Figure C8. Evolution of strain distribution. 
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Figure C9. Strain distributions for 
a fixed value of stress. 
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For a length of one unit, the stress-deflection relation Is shown in 

Figure 10. Again, a smooth behavior in g is shown, even to the extent that an 

abrupt drop in stress can be displayed as a routine result of the constitutive 

relation. All softening curves would be steeper if a longer segment had been 

chosen. 

Tne effect of element size is shown in Figure 11, in which convergence is 

displayed. Except for the case of an element length of 1/10, the results 

agree to acceptable engineering accuracy. 

Shah and Oopalaratnam (19Ö4) performed tensile tests on concrete under 

carefully controlled loading conditions, using refined measuring techniques. 

Their suggestion tnat the haraening part of the stress-strain curve should be 

nonlinear was adopted, but linear softening in strain and a linear decay in 

peak stress with strain gradient were retained. Specifically, the following 

relations were used: 

ao (1 - 9le»xl) a 
P 

0 < e < e 
P 

a = 0p[] - 0'(e - ep)] (11) e > e 
P 

where 

n = 1.18 

a' = 2.U3 X 10“10 

op * 531 Ib/in2 

g = 7.67 X ICT6 in 

The stress deflection relation for a gage length of 3.25 in is shown in Fig¬ 

ure 12. experimental data, the predictions of Shah and Gopalaratnam based on 

an alternate approach, and the results of Eq. 11 are plotted. Except for the 

latest phase of tne softening phenomenon, the essential feature has been 

captureo in a very simple nonlocal constitutive relation. 
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Figure CIO. Stress-deflecticn relation for 
a length of one unit. 
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Figure C11. Effect of element size in which 
convergence is shown. 
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Figure C12. Stress-deflection relation for 
a gage length of 3.25 in. 



The size of the predicted softening zone at the state of zero stress is 

0.12 in, which is considerably larger than the measured crack width. The 

difference between theoretical and experimental values may be due to the exis¬ 

tence of a softening region outside the crack zone. 

CONCLUSIONS 

With the use of an elementary model problem, the significance of both 

strain softening and the size of the softening region has been demonstrated. 

If the structural member is large enough, the assumption of strain softening 

can lead to unstable equilibrium states, even if the problem is one of strain¬ 

er displacement-controlled loading. The existence of unstable equilibrium 

states near stable equilibrium states implies that such a structure may be 

sensitive to initial imperfections in stiffness. Consequently, the failure 

load may be less than the load associated with the nominal peak stress. That 

there is a size effect is indicated by the dependency of the drop in failure 

load on the geometry of the structural member. 

The results are useful for suggesting appropriate choices of finite ele¬ 

ments and smeared constitutive models. They also demonstrate that existing 

constitutive algorithms should be modified to take into account the existence 

of a wider class of equilibrium states. 

An approach for predicting both softening and the region of localization 

is to assume that the constitutive equation is nonlocal. Preliminary compari¬ 

sons between theoretical and experimental data associated with the cracking of 

concrete indicate that the method is feasible and that a generalization to 

three dimensions might be useful. 
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