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PREFACE

The techniques for computing confidence intervals for spectral estimates
from the Coastal Data Information Program were developed at the University of
Wyoming during the period from August 1982 to August 1983. This report was
done at the request of and was funded by the US Army Engineer Division, South
Pacific, as part of the Coastal Field Data Collection Program at the Coastal
Engineering Research Center (CERC) of the US Army Engineer Waterways Experi-
ment Station (WES). The work was performed by Drs. Michael E. Andrew, Re-
search Statistician, CERC, and Leon E. Borgman, Professor of Statistics,
University of Wyoming.

This report was revised by Dr. Andrew and edited for publication at
CERC under the general supervision of Drs. Dennis R. Smith, Chief, Prototype
Measurement and Analysis Branch, William L. Wood, Chief, Engineering Devel-
opment Division, and Dr. Robert W. Whalin, Chief, CERC.

Commanders and Directors of WES during the conduct of this study and
preparation and publication of this report were COL Tilford C. Creel, CE, and

COL Robert C. Lee, CE. Technical Director was Mr. Frederick R. Brown.
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METHODS FOR COMPUTING CONFIDENCE INTERVALS FOR
SPECTRAL ESTIMATES IN MONTHLY REPORTS OF THE
CALIFORNIA COASTAL DATA INFORMATION PROGRAM

PART 1: INTRODUCTION

Tha limits containing a certain quantity with a probability of 1-4
are called the (1-u) - 100 percent confidence limits for that specific
quantity. The interval between the confidence 1imits is called a confidence
interval. The purpose of this paper is to present methods for finding con-
fidence intervals for the quantities estimated in the monthly reports of
the Coastal Data Information Program sponsored by the US Army Corps of
Engineers and the State of California Department of Boating and Waterways. .
The theory presented here pertaining to confidence 1imits for estimates of

the spectral energy has been in existence for some time and has been veri-
fied. A good discussion of its validity appears in a recent paper by
Donelan and Pierson (1983). The theory concerning the probability law for
the longshore component of radiation stress estimates and associated con-

fidence intervals (as well as the approximate confidence intervals) is j!:
relatively new and has not been widely discussed in any applied sense. f;
However, some theoretical results have been presented by N. R. Goodman }i

(1957) on the probability law for estimates of the cospectrum. -
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PART 2: CONFIDENCE INTERVAL FOR
PERCENT ENERGY ESTIMATES

It has been shown that, under the assumption of a stationary Gaussian

f{{ sea surface, the normalized spectral density estimates obtained by finite

';?. Fourier techniques and frequency smoothing have a chi-square divided by
Qﬁf degrees of freedom probability distribution (Borgmar 1973). Furthermore,
'%Jj this theory has recently been demonstrated to yield accurate estimates of
. the sampling variability for the spectral estimates (Donelan and Pierson
1983).
If S(f) denotes the spectral estimate from an average of k/2 raw spectral
!!A lines centered at frequency f, then
| S(f) . ¥k
= K (2.1)
SUF) k
ll. where xﬁ represents a chi-square random variable with k degrees of
freedom. Thus
S(f)k
o2 2 = 1-
Pl ,urz < STRY < Xk, 1maz2] = 10 (2.2)
where Xi a 1s the value of the chi-square variable for which ]
’ 1
2 2 =
[ Privg < xg,al = 2 (2.3) |
¥ = The estimates provided in the reports are in terms of percent of the f
ifﬁ total energv. Thus it is necessary to find a relation between S(f) and 1
. -~
PE(f), the percent of total energy for the frequency interval centered at f.
PE(F) = (af T § ) 120 (2.4)
m E
m
9
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)
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where
Af = digital increment in the frequency domain
gm = raw spectral line for frequency mAf
TE = total energy in spectrum (2.5)
Note that the summation over m refers only to that frequency interval
centered at f. Thus,
5 _k o 100
since
S(F) =27 s
k m (2.7)
m
Then
5 100 , PE(f)  8f 100 -
Pri%% F Xk,oz2 < TS(FY € 2 TE Xk, 1-ay2d T 1 (2.8)
or
orlPELE) _2TE ey < PECF) _2TE 4 2.9)
Af 100 Xk, 1-0/2 Af 100 Xk ,0/2 .
Thus,
PE(F)  2TE PE(f) 2TE (2.10)

Wil » A Z
6F 100 Xy q1_gyp * AF 100 X /2

yields a (1-a) x 100 percent confidence interval for S(f). However, since

the reports are in terms of percent of total energy, consider the following

expression:
PrPE(f) X < KB S$E x 100 < PE(f) ——1] = 1=« (2.11)
Xk, 1-0/2 XK /2
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Then
5 K 5 Kk
PE(f) -—— , PE(f) —0—— (2.12)
Xk,1-0/2 XK ,a/2 :
is a (1-a) * 100 percent confidence interval for the quantity
KAf S(F)
5- =L 100 (2.13)
The quanitity
PE(f) = kaf S(f) | 100 (2.14)

2 TE

represents the discrete approximation of the energy in the frequency interval
centered at f containing k/2 raw spectral lines.

The monthly reports for the Coastal Data Information Program contain
nine spectral estimates for each location and time. The spectral estimates
are given by period bands and result from varying values of k, as shown
in Table 1. Also listed are the values for Xi,a/z and XE,]-Q/Z for the

appropriate values of k by period band.

Table 1
Coastal Data Information Program Spectral Estimates

: 2 2
Period k Xk, .05 Xk, .95
22+ 92 71.76023 116.50839
22-18 20 10.84948 31.41630
18-16 16 7.96032 26.30112
16-14 18 9.38799 28.87667
14-12 24 13.84490 3642149
12-10 34 21.66101 48.61088
10- 8 52 36.43630 69.82803
8- 6 84 63.87607 106.39197
6- 4 172 142.6713 203.59982




Table 2 lists the estimates from the Crescent City array for May 1, 1981
_ —
at time 2120. Also listed are the lower and upper 90% confidence bounds for -q
the quantity PE .(see Appendix B for a copy of the original pages from the .

report). % ;

-—44

Table 2 o

Crescent City Spectral Estimates ;;

z - 1

Period PE Lower Upper ol

:
22+ 3.0 2.369 3.846
22-18 0.6 .382 1.106
18-16 0.6 .365 1.206
16-14 3.0 1.870 5.752
14-12 43.8 28.862 75.927
12-10 20.7 14.478 32.492
10- 8 12.3 9.160 17.554
8- 6 7.4 5.842 9.731
6- 4 9.1 7.688 10.971

Using the values in Table 1 and Equation (1.2) to obtain confidence
intervals on the quantity defined as PE is relatively simple for any set of

estimates taken from the monthly reports.
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PART 3: PROBABILITY LAW FOR THE LONGSHORE
COMPONENT OF RADIATION STRESS
The Tongshore component of radiation stress denoted by Sxy has been shown
to be a function of the cospectrum of the offshore and longshore surface
slopes (Seymour and Higgins 1978). Assuming linear wave theory, it is
possible to determine the probability law for Sxy in a closed mathematical

form. Denote the two surface slope time series by

n.(nat) = offshore slope
> (3.1)
ny(nAt) = longshore slope
and
N-1
U (maf) - iV (maf) = ot ] n (nat) exp(-i2mmn/N) (3.2)
n=0
N=1 _
U (maf) - iV (maf) = At ) n_(nAt) exp(-i2mmn/N)
y n=0 Y

which are the discrete Fourier transforms of the two slope components. The
estimate for the cospectrum of T with Ty is

U (maf) Uy(mAf) + Vx(mAf) yy(mAf))

c - X (3.3)
ny(mAf) - NAt

An estimate for Sxy as a function of frequency is
g - Pg_n(k) & (3.4)
Sxy(mAf) kTL ny(mAf)

where

Py
14

wave number
p = water density

g = acceleration due to gravity

1 . L kh (3.
2 Sinh (Pkh)

h = measured average depth

[&a)
~—

n{k) =

3
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and n(k) and k are functions of frequency accordinc to the following velation:

(2m f) = gk tanh(kh) N :!%

[t can be shown that Ux(m'f), Uy(m'f), Vx(m‘f), Vy(m'f) are distributed
multivariate gaussian with mean zero and variance covariance matrix: ‘ﬁ
( > 3 b ( ¢ ‘J
Sxx(m f) ny(m f) 0 0 N
. C m-f S m-f 0 0 i
¢ -t w0 yy O (7 o
0 0 Sxx(m ) ny(n f) !
A C . 9
0 0 ny(m f) ;yy(h ) 1
|

where

L) |

S(f) = The spectral density of the sea surface

S._(f) = The spectral density of the offshore slope

vl
—
—
~—
"

The spectral density of the longshore slope

flso the four random variables are independent for different values of m in

R

the interval 0 - m < N/Z. b
In order to obtain the probability law for ny(m‘f) it is necessary to ‘
L . . L . R

forr the characteristic function. Define the characteristic function for a o]
1

randor: variable z1 to be ]
; N itzl, 2y [ J

’zl(t' f[e ] (3.0 .m4

wieve bostands for statistical expectation and 1 -1.0 . Thas if we let ]
A . ]

. eyl f Ehen 9
®

o
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Then let
- Cps:h§jf[f (4.22)
cost sins
and then
S f )
ol e s (4.23)
S (1 B st

It has already been stated that S(f)/S(f) has a chi-square divided by degrees

of freedom probability distribution. Then for Sxy(f) >0

s (f)

- k2 xy T kG 1-/24 (4.24)
Pri Ko /e AY o, 1= 1-+ :
sxym k
or
k'S (f) k'S (f)
pr[ -- XY S (f) « =Xy (4.25)
K, 1-./2 € X, )2

Note that if Sxy(f) - 0.0 then the inequalities are reversed. Thus
the resulting confidence bounds are reversed.
The expression for . can be rewritten by letting » = ¢ - ©+ and
sin 2
sin 2
sin 2
sin 2{ +")

. Coosin 2 (8.26)

wnere Y o cos 20k sin Y0 cot(?2 ). Then the confidence interval can be

writton as follows:
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several different values of the frequency averaging bandwidth then plotting

the coherence estimate vs. bandwidth. The coherence estimate will be equal to
one for one spectral line per averaging band. It will then drop off rapidly
toward zero for increasing bandwidth until it reaches a plateau. Beyond this
plateau it will again drop off to zero with increasing number of lines per
average. This is due to the smoothing across features in the true spectral
densities. The largest bandwidth that will keep the coherence on the plateau
is a good choice since céh(f) is stabilizing around its theoretical value.
Also,the largest bandwidth on the plateau provides the highest degrees of
freedom for the estimates (Borgman 1973). Estimates for coh{f) are not avail-
able in the monthly reports. Due to this difficulty it is not possible to
obtain approximate values for t1 and t2. However it is possible, under certain

assumptions, to obtain rough confidence intervals for Sxy(f). The monthly

reports contain values for the apparent angle 2 which is related to Sxy(f)
by the following equation:
S. (f) = E(f) n(f) cos6 sine (4.19)

where E(f) is the energy contained in the frequency interval centered at f
(Seymour and Higgins 1977).
Let E[f] be approximated by

E(f) = S(f) &(f) (4.20)

where ~(f) is the width of the frequency interval centered at f , in this case

§(f) =of k/2. Also let E[f] be estimated by

E(f) = S(F) A(f) (4.21)

22
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However, the function f*(z) contains an unknown parameter D where ]
_of

f fy - ¢ =
Sl sy () - () ;
R o

ny(f) .

S..(f) s (f ‘
Sl S0 B

¢ (f) -

Xy :

= coh(f)™' - 1.0 (4.15) "

The expression coh(f) stands for the coherence of the x slope with the y slope.
Coherence is defined to be

C2(F) + a2, (f)

coh(f) = Sxx(f) Syy(f) (4.16)

or the modulus squared of the cross spectrum divided by the two spectral

(f)

densities. In the case of x slope and y slope the quad spectrum qu

is theoretically zero, so

coh(f) = C;y(f) (4.17)
SXX(Tj Syy(f) .

)
Since the coherence is not known, it is not possible to determine D  and

thus t‘ and t2 exactly. If t] and t2 are found to satisfy the two conditions

using an estimated value of coh(f), it is not certain that the confidence

interval will then have the specified confidence coefficient (1-+) - 100

percent.  The estimated coherence has the following form: o

) 1
. C . (f) B

Coh(f\. = ..-»_x./V IO Kd.](ol) —'

S (f) S (f) -

R Yy

J

. . . . <

Th minice any sources of error due to the use of an estimated coherence in 1
1
obtaining salues tor t,] and r,,/ , it 15 desirable to have the best possible R J

estimate for coh{fi. This is5 done by computinn the coherence estimate for

PR ¥ ass P PG TIPS - . s a R J




Case 2: Assume t 0 , then the result is the same as in Case 1.

| A

2
Case 3: Assume ty <0, t, -0, and Sxy(f) > 0 , then
S (f)
Prit, < —;ir?y <t,] =
s, (f) S (f)
_ X X,
= Prit, 5§i(?y< 0] + Prl0 < gy < t,]
Xy Xy
5. (f) 5, ()
= Pri-e <5 () < FE=] P[RR <5 (f) < o] (4.10)
1 2

Then for t; - 0, t, > 0 and Sxy(f) >0, (1-a) + 100 percent confidence

interval is

S (f) S (f)
(<) 20 and (29, ) (4.11)
1 2

Case 4: If ty 0, t2 - 0 and Sxy(f) < 0 , then the intervals become

(-, S_X,Y(_f)) and (S_X{A(i)., ») (4.12)

to 1

The maior d1fficulty in using the above intervals is in the determination

0f the values for t] and tZ' The conditions for this are
Yz = )2 (4.13)
ti
Jtl
fr(z)dz = /2 (4.14)
20
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......

f*x(z) = E%-J Q(t) e Hdz

z
Sy ® e—itz
=7 () J v, g Ot
-o {t-ia} (t-ib)
- (3% £(2)
-m-1
Uy 2u ea (vim-1)1 2V
- (ﬁ) o-1)T z (v-m-1)1 ml vHm (4.6)
(a+b)

and

a=a,z<0

«a=b,2z>0

Now having obtained f*(z) it is possible to find t] and t2 such that
s (f)
X < = - (407)
Pr[t] < §;§—(?-)—__ t2] 1-a

In order to invert inequality, it is necessary to break the values of

t] and t2 into cases.

Case 1: Assume ty - 0 , then
5, (f) 5, (f)
XYL PRNE.S ARG, I i (4.8)

Then the (1-:) + 100 percent confidence interval for Sxy(f) is

PR AN XY (4.9)
A b ] t
| V2 1
19
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PART 4: A CONFIDENCE INTERVAL FOR THE LONGSHORE
COMPONENT OF RADIATION STRESS
In the sectiorn of this report where the probability law for the longshore
component of radiation stress was developed, the random variable z, where

A~

zZ = Sxy(f)/s(f), was obtained. Here consider the variable

z =5, (F)/s, (f) (4.1)

where éxy(f) is the estimate defined in the previous section, and Sxy(f) = 4(f)

is the theoretical value. The characteristic function for the new variable

z is from equation 2.28.

it , t2D?%,-v
Qz(t) = {1 - v } (4.2)
where
s (f £) - 2 (f
02 = o F) Syy( ) xy( ) (4.3)
2
ny(f)
The function Qz(t) can be rewritten
Q,(t) = (%Y t-ia) Vit-iby™ (4.4)
where
- V(. AmTTI
a—ZD(D"'v]/D +4)
: (4.5)
- v a7
b‘2D (D ‘]/D +4)
Since (Y)zv is constant, it is convenient to obtain the probability density of

D
2 from the results in the previous section. Thus

16
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Case 2: z <0

if © is chosen to be t = Re' for 0 - -~ ~ -, then the conditions are met (see _,q

Appendix A for proof) and

Ao

( © itz : 3
= 9n .bl1 »
J-w e Qz(t)dt 271 a_ ( ) o
.
where :\
a = 1im 1 }v-l-f(t 1‘a)\"e‘itz Q_(t)}) (3.52) E;
_ - o | T L - . -t
1 t-ia ( ”. T ] z ‘-;

As in case 1, a_; can be found in closed form and is

5 ) eaZ V§1 (‘«,'+m-])_! (‘])v+m'i ) Z\‘—m-] (3 53) -‘;.
- )T A m 1 | .
| T DY 0 (v-m-T)1 m! (a-b)v+m .
and .
f(z) = Voia 3
2 1 -
az o-m-] o
. e (oam-1)t 2777 !
G B WA Gt B m! v+ (3.54)
m=0 (a-b)
4 In general,
: 12 1 v-m-1
- ) - Am-1)0 |z 1
- f(z) = ~8~ 3 (Hffl, e — (3.55)
= (-1 meg Comm=1)1 m! (a-b)"m
b .
@
[ where
¢
t ¢t < a z 0
t. ¢ = b 2 0
8

17
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Case 1: z > 0.
If for the curve T we choose t = Re™'° 0 < 6 < n, then the conditions for

using the residue theorem are fulfilled (see Appendix A for proof), and

J e 1tz Q,(t)dt = -2mi a_q (3.44)
where
a_1 = 1im W’ : : (t-ib)\)e-itz Qz(t)} (3-45)
t>ib at
Since Q(t) = (t-ia) ™ (t-ib)™
then
v-1
3 -itz RV
a_y = lim {e (t-ia)™"} (3.46)
trib (" ]5 a1 '
The derivative can be evaluated using the formula in equation (3.47). :
For any two functions f(x) and g(x) such that the required higher order i
derivatives exist, it is possible to show that (Abramowitz and Stegun 1970)
n n n-k k 1
o f-q9 _ 7 (M J kf QSE (3.47) ]
ax" k=0 K ax" K ax ]
v-1 -itz v ov-1 1 mo1) +
) e \):(% b) Z (\)m])( _'Z)\) m-1 1tZ( ])m (\) 7\1)1—};' (t 1b) (\) m)
ot m=0 )
(3.48)
Thus
) = ebZ \)i] g\)"_m_])! (_])\)+m i Z\) m-1 (3.49) :
- Y1 m-1)! i + K
v-1 2o (v-m-T)1 m! (b-a) (v+m) :
b
Then for z - 0O ﬂ
1 4
f(t) = - 2_77 21 a_]
bz_ Vil (em-1) Zv-m-] ) (3.50)
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J e 12 g (t)dt = Jr e itz Q,(t)dt + J
C

7 e—itZ Qz(t)dt (3.38)

L

where T is the 'semicircle part of ¢ and L is the line segment. Now if it

can be shown that

;im Jr o2 Q,(t)dt = 0 (3.39)
then

;1m f e"tzoz(t)dt - J e 'tz Q,(t)dt (3.40)

0 C -0

However, by the Residue Theorem of complex analysis (Mardsen 1973), the inte-
gral

;im [ e 2 Qz(t)dt =+ 2mi a_y (3.41)
>0 ) C

where a_j is the residue of the function eTitz Qz(t) at the singularity
contained in the curve c. The function e"itz Qz(t) has a singularity at
ja and one at ib. Both of these points are said to be poles of order v .
Thus the function e-itz Qz(t) has residues equal to (Spiegel 1964)

. 1 V! v _-itz

Hm oy oy {(t-ty) e Q (t)} (3.42)
v-1) 1 | v-1 0 b4

t»tO ot

where tO = ia and ib, If the residue is in the upper half of the plane, then

the inteqral has value +2-1 a_;- If it is in the lower half, then the inte-

gral is -2-i a_,

[t is necessary to consider two cases in order to compute the integral

-itz
;e Qz(t)dt (3.43)
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If the formula is factored inside of the brackets, the function becomes

4
<
1
4

Q,(t) = (t-ia) " (t-ib)™ (3.32)
where
4 = ulf) VZT?7’"7775 (3.33)

s - 2(f) - AT
2 (3.34)

According to the inversiun theorem for characteristic function (Rao, 1973), the

probability density function of the variable z = vay(f)/B(f) is

f(z) = [ om1t2 Q,(t)dt (3.35)

-0

&
|

—d

= 5 J_: e’itz (t-ia) " V(t-ib) ™ dt (3.36)

It is necessary to make use of the theory of contour intearals in order to

solve for f(z). Consider the integral on the curve ¢

JC e 12 Q,(t)dt (3.37)

where the curve ¢ is either of the semicircles of radius R centered at the

origin and the line segment from -R to R, as indicated below.

dhY U
R } R \LR/

Since the curve ¢ is closed and since Qz(t) is analytic everywhere but at the

points ia and ib, then

14
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B(maf) = pg Tzt (S, (maf) s (maf) - € *(maf)) (3.24)

Since ”kﬁ) ny(maf) is independent for different values of m it is possible

to use another property of characteristic function. That is, if
z=1)z (3.25)
m
where z, is independent for different m, then

Q,(t) = {q,(t))" (3.26)

Under the assumption that the parameters o(maf) and i (m.f) can be taken to be

constant over the interval of frequency smoothing if

23 = 25 ”—%‘l Exy(mAf) : (3.27)
m
then
2 -
023(t) = {1 - it(—’éﬂ—+t2 vi}‘) (3.28)

In the last equation «(f) and B(f) denote the values of the two parameters at
the midpoint of the frequency interval of smoothing.
In order to simplify the function ¢ , if the new random variable =z

is to be defined as

z = :Sxy(f)/f(f) (3.29)

then
_ : L f) ;“"\.‘

Qz(t) =1 - it NG + t (3.30)
let (fY- (fyy, (fy and (f) #9. Then :_ is a function of only two param-
eters and . (f) that is

Q,(t) = 11 - (e + T (3.31)
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Thus

Q,,(t) = |1 - 2it cM| 2

{|c*|217%
(3.18)

[C*| ™

. t2 -
{1- it ny(mAf) + g (Sxx(mAf) Syy(mAf) - nyz(mAf))} !

If Sxy(mAf) is smoothed, then the smoothed estimate will have the following

form: ~

S
xy

<|—4

Z mAf (3.19)
m

where the sum is over a specified frequency band with v spectral lines. Since

Sxy(mAf) is a function of ny(mAf), then

e e k)
WURED! nikl ¢, (mf) (3.20)

One of the properties of characteristic functions is that

- t I
(t) = Q, (%) '3.21)

Thus if z2 = pg ﬂ£§l Exy(mAf), then

Q,p(t) = {1 - it pg 2L ¢ (maf)
-1
+ 4 Py —irl— x(maf) S (maf) - ¢ 2 (maf))}
= {1 - it a(maf) + t282(maf)} ! (3.22)
and

- ne NK) A (3.23)

a(maf) = pg —EY—-ny(m“f) .
12
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Now
\ =
ny(mAf) Sxx(mAf) 0 0
. S (- +f) C_ (maf) 0 0
2it M = % Yy Xy (3.13) _
0 0 ny(mAf) Sxx(mAf) _:
0 0 S Af f
yy(m ) ny(mA )
c* 0 _
I - 2it M= (3.14) Ny
C Cc* :
where
it it -
1 C(maf) -5 s, (maf) !
* =
‘ ” ot (3.15) P
— A . -~
5 Syy(m,f) I 5 ny(mAf) L
Then f .!
c* 0
|1 - 2it CM| = :
0 c* 5
o
g = Jc*| Jo*] 8
3 -
* = * |2 T
: = | C*| (3.16) o
- Crl o= (7 . it F1ye 4 1t : x
, ic*| = (1 - 5 ny(mA )7+ 7S x(mAf) S (mAf) .;::'.‘
S N PR Ll
1 - it ny(m.xf) i ny (mof) + i Sxx(m,,f) Syy(m.\f) y
| N
- : . te . . 2 (-
=1 - it ny(m,f) + (Sxx(m"f) S. (muf) - C. T(m f)) (3.17)
K
- =
¢ l::::
E: 11 o
K
8 -
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{ and
(0 1 0 0 )
I L |
Nat 1 g o 0 1| 2
_ | O 0 1 0 )
[
. LUty
q Since fU(g) 772 e 2 = (3.10)
.
;' o) -
: . it UMY ] -HU7CY
: Q,,(t) = ¢ (Zm)Z|cl’ © du
_ (T ~5(U7CTIU 29tV M)
BRI o
® -, Uo[CcTr-2it MJU
e T R .11
L [ te2it MTE (° 1 e~ [C 21t MY
L. Nt = j_m Zz|c it e U
2 _lCT it M7
. 1.
o lcl®
. _L - -1
= |C|7E |CT 20t M1
.
= |1 - 2it M| 2 (3.12)
.
L 10
.
RS BRI S ——aa RPN
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where

U = [u, (maf), Uy(mAf), v, (maf), Vy(mAf)]
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o xk Sxy(f) C K sxx(f)] (4.27)

X 1= 0/2 o2

It is possible now to compute confidence intervals for Sxy(f) given arbitrary
choice of A, If * is assumed to be small in absolute value compared to cot(2$),
then ~* will be close to 1.0. However, for Q close to zero cot(25) becomes

very large and can dominate the value of -*. 1In this case it may be desirable
to choose a value for - * that is different from 1.0, according to an arbitrary
choice for 4. Table 3 lists some values of - * for typical g values. For

negative » values simply look under -".

Table 3
Values of .* for Typical _ﬁhygjyg§

. 3 7 R N R |- 47
2.0 .33 .72 .78 .82 .88 1.00
-1.0 .67 .86 .89 .91 .94 1.00
- .83 193 .95 .96 .97 .99

0 1.0 1.0 1.0 1.0 1.0 1.0

5 1.17 1.07 1.05 1.04 1.03 1.01

1.0 1.33 1.14 1.11 1.09 1.06 1.00
2.0 1.66 1.28 1.21 1.17 1.12 .99

The following estimates were taken from the Crescent City array on May 1,
1981 (time 2120) (Appendix B). Table 4 lists the period bands, associated
midpoint frequencies, wave numbers and value for the function n(f). Table 5
lists the reported angles measured clockwise from true north, the associated
" values that are counter-clockwise from beach normal (positive x axis), and

the Sxy values computed with the following formula:

S,y (F) = L(F) n(f) cosh sin (4.28)

24
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j Table 4 o
X Midpoint frequencies and dave Nunber Values a
b‘ Period Midpoint Frequency  wave “wmber — n(t) -4
- 22+ .00273 oz 51580

22-18 .05050 1027 .99797

13-16 .05903 01104 .99623 -
] 16-14 .06696 L0106 .99377 A
g 14-12 .07738 02412 .94897 R
2 12-10 09167 03385 .97860 L
9 10- 8 .11250 .05098 .95325 .
{‘ 8- 6 1458 .08567 .88238 4
i 6- 4 .20833 17484 .68726
;
I K

Table 5
Reported and Adjusted Directional Estimates

[
g Period  Reported Angle*_ 4 xylfh K

220+ |

22-18 50.9 -9.1 -1.048
. 18-16 15.0 -45.0 -3.350 '
*i 16-14 44.4 -15.6 -8.655 -
B 14-12 66.9 6.9 57.903 =

12-10 72.0 12.0 46.173 :
s 10- 8 65.9 5.9 13.437 -
4 8- 6 64.5 4.5 5.724 -4
' 6- 4 57.4 -2.6 -3.176 =
[ * Angles in degrees. ;i
. i A . '
:; Table 6 1lists the bxy(f) values from Table 5 together with the lower and ’
| upper confidence bounds for varying guesses of The chi-square values
;. and degrees of freedom are the same as for the spectral estimates (Table 1). “
, .
$
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Table 6
Confidence Intervals for S

A
|
]
P
p
P
1
4
A
A
4
4
1
A
y
q
E
]
<
]
4
Al nla'aa 2. R ‘LA_L'A,.—J

3 *
p¢ﬁ1994;44,-_ ,?XX_._,_.A-H_u,.‘,,,,,.LPy?i,___,,A,_PPPﬁﬁ
L= -2.0 22-18 - 1.048 1.22 - 2.36 - .82
18-16 - 3.350 1.03 - 6.923 -2.10
16-14 - 8.655 1.12 -18.58 - 6.04
14-12 57.903 VA 27.09 71.24
12-10 46 .173 .83 26.80 60.16
10- 8 13.437 .66 6.60 12.66
8- 6 5.724 .56 2.53 4.21
6- 4 - 3.176 1.77 - 6.78 - 4.75
= -1.0 22-18 - 1.048 1.11 - 2.14 - .74
18-16 - 3.350 1.02 - 6.87 - 2.08
16-14 - 8.655 1.06 -17.59 - 5.72
14-12 57.903 .86 32.15 86.29
12-10 46.173 .92 29.71 66.68
10- 8 13.437 .83 8.31 15.91
8- 6 5.724 .77 3.48 5.80
6- 4 - 3.176 1.38 - 5.28 - 3.70
= 0.0 22-18 - 1.048 1.0 - 1.93 - .67
18-16 - 3.350 1.0 - 6.73 - 2.04
16-14 - 8.655 1.0 -16.59 - 5.39 |
14-12 57.903 1.0 38.16 100.34 :
12-10 46.173 1.0 32.29 72.48
10- 8 13.437 1.0 10.01 19.17
8- 6 5.724 1.0 4,52 7.53
6- 4 - 3.176 1.0 - 3.83 - 2.68
A= 1.0 22-18 - 1.048 89 -1.72 - .60
18-16 - 3.350 .98 - 6.59 - 2.00
16-14 - 8.655 .94 -15.59 - 5.07
14-12 57.903 1.14 43.50 114.39
12-10 46.173 1.08 34.87 78.28
10- 8 13.437 1.17 11.71 22.43
8- 6 5.724 1.22 5.51 9.19
6- 4 - 3.176 .62 - 2.37 - 1.66
= 2.0 22-18 - 1.048 .78 - 1.50 - .52
e 18-16 - 3.350 .96 - 6.46 - 1.96
® 16-14 - 8.655 .87 -14.43 - 4.69
& 14-12 57.903 1.29 49,22 129.44
12-10 46.173 1.16 37.46 84.08
s 10- 8 13.437 1.34 13.41 25.69
b 8- 6 5.724 1.44 6.51 10.84
P 6- 4 - 3.176 .23 - .88 - .62
r. e e e e e e e e e e e e
- 26
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As apparent, the intervals can be very unstable for changing values of -

Some of the intervals do not even contain Sxy(f). This demonstrates

that great care must be taken in the interpretation of such intervals. jI;
However, if one is willing to assume a value for the apparent angle

and thus a value for -~ , then this method is straightforward and relies only '%

on the well-known chi-square random variable. -C#
If one is willing to assume a value for the coherence that is consistent

with a specific model for the directional spectrum, then it is possible to

compute the constants t;, and t. and obtain the confidence interval. The

rnext section of this report will present such an approach.
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PART 5 CONFIDENCE INTERVALS FOR THE LONGSHORE
COMPONENT OF RADIATION STRESS BY THE
WRAPPED NORMAL SPREADINC FINCTTON

Assume that the directional spectrum can be represented by the form

S(f, ) = S(f) D(f, ) (5.1)
where S(f) is the freguency spectrum of the sea surface and D(f, ) has the form #
D(f, ) = exp(-. (=) /0] - é (5.2) ‘

where . and = are functions of frequency. This functicnal form is known as the

wrapped normal. The function D{f,0) has the following Fourier coefficients:

el

_exp(-n’_:"/2) cos(nd,) o)

exp(-n’_"/2)
bn = = sin(n ) (5.4)

. _J

It can be shown that in the case of water elevation x slope and y slope that

L

ny<f) = S(f)k?*n by/2 (5.5) :%

S x(f) = S(FIk*(1+7a,)/2 (5.6) S

S (F) = S(FIK? (1-7a,)/2 (5.7 R

yy( ) (f)k?(1-7a,)/ ) ,

(Borgman,Hagan, and Kuik 1982) ]

&.“ The coherence from [quation (4.17) is -E

- '4

. 4

2

¢ Coh(f) = ex ,(-f)__,_ ~ (5.9) !j

S (715,11 -]

Substituting the value in (5.5) through (5.7), it is rewritten to be ]

v o

g .:

b :~

- 28 X
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Coh(f) = _".fﬂ{[lZlew -
exp(dc )-cos (2¢,)
Thus the coherence can be tabulated for varying values of the mean direction

5.9)

and the spread parameter o . As apparent from the values in Table 7
for typical values of b and - , the coherence varies from 0.0 to around
0.8.

Having this range of values for Coh(f), it is possible to develop

tables for the confidence multipliers t, and t-. from Equations (4.6)

through (4.15). These tables appear in Appendix C. Appendix D contains the
corresponding values of the parameter 0 from Equation (4.3).
The confidence interval that results from Equation (4.7) was broken i#
into four cases depending upon the values of t; , t, , and §Xy(f). This 3
makes the interpretation of these intervals difficult since cases 3 and 4 iﬁ
result in intervals of infinite length. However, another look at Equation -.4
-1
(4.7) yields the confidence interval on the reciprocal of Sxy(f), that is, .
t .t ]
( *‘“}} ;*"(;; ; (5.10) )
(S0 Sy g
| .
for Sxy(f) » 0 and jf
.4
(ot . ti) (5.11) 2
S . (f) s (f ]
(S (F) 5, () A
~
-
for S f 0 .
or xy( ) 1
]
The confidence interval on X/Sxy(f) is more easily computed and exists 0
. . @
in ¢ meaningtul faorm for ail t-, t , and S f) except S f}) = 0.0. s
2 in o meaningtul form for a , n xy( ) f xy( ) = 0.0 ]
[ Another good propurty of this interval is the fact that it has a finite ]
r .
[ 1
@ LJ
.
.
. 29
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width that is f

<

- 2
w = -
Sxy(f) oxy(f)
. ‘ (5.12)
eyl (te - ty)
S,y (F)

since t, »t, for all t, and t, satisfying Equation (4.7).
The relative width for the intervals (5.10) and (5.11) is defined

to be

|
1

RW = (t. - t;) (5.13)
The tables in Appendix C also contain the corresponding values of RW.
In Appendix D is a listing of the computer programs that compute t,
and t, along with a description of how they can be made operational on
any computer equipped with any of the standard FORTRAN languages.

The confidence intervals on 1.0/Sxy(f) for the values in Table 5

appear in Table 8 along with W , the interval width. A spread parameter X
of o = 20 degrees was used with oo = 0 1in order to compute coh(f) and -
thus t, and t, . Equations (5.10), (5.11), and (5.12) were used to obtain
the values in Table 8. The values used for t; and t, were obtained from
Appendix C.
Y ()
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Table 7

AL

15.0
.0000
.015¢
.0879
L1205
L1941
L27C¢
L3540
4113
L4710
H2lh
L5671
L6047
L6369
L6632
L6854l
.7039
L1192
.T216
LTh14
LTUS0o
L7586
L7562
.760¢C

Coherence as a Function of the Wrapped

SiuiA
16 .0

¢G.00C0
L0131
.05023
L1056
L1719
L2u22
.3113
L3756
JUDL

W

. .
[Sa
SOy

P2 WO = O AN

O N

« e .
ooy Oy v
o =10 e

(@)
C

[49]
o

-_ N

-3
c
—_
=

(119
L7200
.7260
.72969
72138

Normal_Parameters

17.0
C.0000
L0114
L0439
.092¢9
1525
.2170
L2616
3430
. 3955

L45C1

L6818
L69CL
L6966
.70C¢Q
7029

31

1C.0
c.o000¢C
.0100
.036%
.0620
1357
1946
L2547
.312¢
<3671
L4165
L4€05
L4962
.5326
.5619
.5806%
6077
L6253
.639¢&
6514
.6€04
L6671
L6714
L6736

19.0
¢.0000
.0067
.033¢
0726
.120¢
L1747
.2304
2882
. 3370
L2847
LUZ2T79
LUEGC
L4999
562
5544
5758
50936
.6006
L6200
.630¢2
L6371
L6816
L6438

20.0
C.00C0
LA0TT
.026Gg¢
o6 Ul
1079
.1570
2085

o
W
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A N -1 Confidence interval .

CL e By sy

20 -9.1 .13 -.954 (-3.34, 1.18) 4.52

16 -45.0 .61 -.299 (-.66, -.03) .63
18 -15.6 .29 -.115 (-.32, .05) .37 .;
24 6.9 .08 .017 (-.028, .066) .094 2
34 12.0 .21 .021 (-.007, .052) .059 .
1
52 5.9 .06 .074 (-.084, .240) .325 i
84 4.5 .03 .175 (-.249, .611) .86 i%

172 -2.6 .01 -.315 (-1.26, .62) 1.88 .
.
Note: Angles in degrees. For o = 20 degrees, 1 - « = .95
32

......

Table 8

Confidence Intervals for S
LY
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PART 6: SUMMARY

A method tor computing confidence intervals for the spectral energy

estimates found in the monthly reports of the Coastal Data Information
Program was cresented.  The chi-square values presented in Table 1 enable

the quick corputation ot confidence intervals for any location and time
qilven In the veports, E
The sochani ity Taw cor the estimate of the longshore component of ;
radietior te dengre ot RKy\t\ was found tu depend on the coherence of :.a
e JONnGS e o vent with the of fshore slope component. Since ]

Cieate, e oo e not avallable, either finding a confidence
interyval tnat oo o the disteibution of the spectral density estimates ii;
-
voather tnar e Heteoution o %Ky(f) or obtaining valies of the coherence .
byoassanting o pacvameterioed divectional spectrum miust be considered. The }E
Pivt aneroach 15 made possible by assuming a velue of the apparent angle ;;
4
wd then computing tne intervval ot Eguaticn (4.27). The second approach -f?
coquires the assuvption of o wreapped normal spreading function (or perhaps f?
some other parameterized dirvectional spectrum) for which the coherence 1is ".]
derived as a function and then computed for specific values of the angle -AJ
Larame ter and the <pread parameter - (of Equation (5.22) . After "Y
the coherence is computed, the values of t and t  are obtained using .
e progran CTARZ2 listed in Appendi«< D, Contained in Appendix D are .}
Piatings ot t and t for various values of the degrees of freedom k , ‘:;
contidence coetficiomt  1-. L and cobherence COH. The first method provides "1
-
intervals on the quantity ”,U(f) itseltf.  The second method hac diifi- ;g
Ly -
cultieos with cases wheve the constant i5 less than zero and the :i
constant  t s greater, When this occurs, the intervals become infinite t.ﬂ
b
i3
®
- g
. . . |
e i i : et aaiass DA — ; . .




in width and are therefore difficult to interpret. tHowever, the confidence
interval for the reciprocal of Sxy(f) does not exhibit these difficulties.
[t is, therefore, presented as a much more easily understood interval. The
interval tor percent energy in Equation (2.12) has relative width

RW = k(]/xk’[/z -- 1/X;,1_u/2)
The reiative width has values varying from .36 for period band 6-4 to 1.4
for period band 15-16. RW can be thought of as the resolution of the
estimate with 90 percent certainty. Thus the percent energy can be esti-
mated with 36 percent to 140 percent resclution depending upon the period
ban. or value of k . Accordingly, the interval for radiation stress has
relative width RW from Equation (5.13). RW is Tisted under W in the
table of Appendix C. For typical values of the coherence from Table 8,
RW varies from 2.11 to 5.90 resulting in a resolution of 211 percent to
590 percent with 95 percent certainty on the estimate of 1/Sxy(f) . In all
cases, the confidence intervals on 1/Sxy(f) contained the value zero;
consequently, inferences about Sxy(f) are difficult. Due to the apparent
lack of resolution and to the difficulty in interpreting the intervals on
l/bxy(f) , it is concluded that the method given by Table 6 is the better

of the two tor general purposes.
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APPENDIX A

PROOF OF CONDITIONS FOR
USING RESIDUE THEOREM
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Case 1: Given z - 0 and the curve s chosen to be t = Re ' 0

In order to apply the residue theorem it must be true that

for t large, and no poles of Q_(t) on the real axis (Marsden, 1973).
' Z

Then 't = R and

i

0,(t) = ‘t-ia- " (t-ib) "

has poles on the real axis only if a=0 or b=0. This cannot happen due to

the way in which a and b are defined. Now consider

teialt-ib! = (ReT -ia’ [Re” T uib) - T1ReT' " - fialtliRe™ | - lib!!
= 'R-'a’ [R-1bi] = [R™-R(lal+[b]) + |ab]]
then
t-ia |t-ib R -R(‘a!+'b’) + |ab!

t-ia t-ib - R'-R('a + b.)!
Lince

t-ia t-ib R(R-( a + b))

*-1a  t-ib Bl a +t b))
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APPENDIX C

TABLES OF CONFIDENCE MULTIPLIERS FOR Sxy(f) CONFIDENCE
INTERVALS GIVEN A SPECIFIED COHERENCE
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APPENDIX B

PAGES FROM ORIGINAL REPORT FOR WHICH EXAMPLE
CONF IDENCE INTERVALS ARE COMPUTED |
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and if R is large enough, then R-{:a'+b.)] ~ 1.0 and thus for sufficiently

P P e

large 't, = R

{ ‘t-ial|t-ib - R

ﬁ Therefore
1Q,(t)]

9 z

{it-ial|t-ib127" « R™"

[ and then

) Q. (t)] < 1/R"

{ but

1/R™ = 1/R = 1/]t]

The boundedness condition is therefore satisfied by M = 1.0.

é;‘ Case 2: Given z - 0 and the curve I is chosen to be t = Re'" 0 <0<
-

- Then

01 . .

g 't-ia! t-ib] = [Re'"-ia||Re' "-ib] > |R-la}|IR-]b]

[

[ and the result will be identical to that of Case 1.
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TABLE GENERATING PROGRAM
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IR A N S D A Ak

)

Progran U7 AL,

gibpnte the constarts ot and ot

Vb T et g

‘

tatbmitar o, RilE

documentation,  oF

Devcription of Program CTAB?

catly subroatines SEARCH, BISLCT, PUTAR, and 20Tyt
CTALY b <dmply o driver routine with
vhaes b call SEARG and then write vesuwcte in organizod
our uabvroutines are drovided with o selt-esnlanatory

e une i tieation 1 that CUALS vt omaltindy OF and

L0 v search by the pacateter 0 tvon buation 4030 and divide by

U7 the nubeey o0
the subroatine i

Characteriastic o

AW - it/ v

Thee ooditication

which is that of oquation (3.2)

LD GO BE P TV WY L

Srectbral o Tines in o the averaging.,  Thio oo trae b ause

AR compntes the values for o candom varciable with

ot

jives 4 variable with characteristic function

Cito,tn kg2

Lo T

with = k/?2 the desired form.

PO SO ST SO VST S . y. SR

e S a

PGP TSI -V W G G S W R - SR SR

N - G Y 3 .'-"'A“._‘.
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»

g
: PRCG IR CTAr e (L i, SUYPUT, TabLs) ]
DIGETLIGL TARCuy, ), B0 ]
DATA (HNOI),i=1,9 /40.,100,8.,9.,12.,17.,000,82 0,500/ )
hz 0w 1
CC=1.-4 :
HT=60
N ONT=uT

~3

= G/ ENT
DC SO0 K=1,9
PRIUC*, RN(K) 9
RE=Z#HN(K)
DC 10 I=1,HT
I CCl=(I)%*DT
DEL=SWRT(CCH/(1.-CClLi) )
D=1./DEL
CALL SEARCH(LEL, U (E),4,CL,CUY
Tai(1,1)=CCii
THD(L,2)=D
) TAE(L,3)=CL¥D/RU(E)
TAB(I,4)Y=CUEL/PN(K)
TAP(I1,5)=TAB(I,4)-TAB(I,3)
10 CONTINUE
WEITE(2,91)
WRITE(2,92)RK
| VRITE(Zz,95)CC
WRITE(2,93)
DO 30 I=1,30
30 WRITE(2,94)(TAR(I,d),d=1,5)
WRITE(2,91)
WRITE(2,92)RK
WRITE(2,95)CC
URITE(2,93)
DO 40 I=31,60
40 WRITE(2,94)(TAB(I,Jd),Jd=1,5)
WRITE(2,91)
WRITE(2,92)KK
) WRITE(Z2,9%, CC
’ LRITE(2,93
DO 50 I=61,90
50 WRITE(2,94)(TAR(I,Jd),d=1,5)
PRINT*,"RK=",RK
20 CONTINUE
) a1 FGRLAT("")
92 FORMNAT(7X,"CONFILENCE DWULTIPLIEES FOR™,/,7X,"K = ",
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