,AD-A155 829  SMOOTHING SURFACE DRTR BY SPL!NE FUNCTIONS(U) JACKSON 1/1
STATE UNIV HS P C STEIN ET AL. APR 85 ARO-18612. 1-MA-H
DARG29-82-G-0080.

UNCLASSIFIED F/G 12/1

Fiee

oric




~
LA A A o o AU Sy S S A I

T T w— e e — -
SN PN MO 200 2 S AN /N P PRIy

1
'

0 pmm .
== & kK g2 | \
w L2 ! !
i = =

|

Jlzs s s

MICROCOPY RESOLUTYION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A

)

et w -
e fu T T e e - - . - - - i ey g W e B et
ARSI AT NI P I IR, e T e N M R R S W s I A L S SO A




S RS- I4a 8 S a0 S e S Al - iR e S Bt e
-

.............................................

: ! - Ao /P12 j-mA-
. . . - Y

SMOOTHING SURFACE DATA BY SPLINE FUNCTIONS

FINAL REPORT

AD-A155 829

PAUL C. STEIN AND WILLIAM L. WHITE

APRIL 4, 1985

R 4 DT A MR Pt
. t, LI O
’ et LI
. 7‘l PR R "

..’-’ [
3
A AN

U.S. ARMY RESEARCH OFFICE

-

,..., _
v ! ] .
. P
Sl RO
» (] A2

3

CONTRACT OR GRANT NUMBER: DAAG29-82-G-0002

_‘ L

JACKSON STATE UNIVERSITY

DTIC

*i ELECTE

APPROVED FOR PUBLIC RELZASE; JUNZ 7483
DISTRIBUTION UNLIMITED.

LTI e ey s e
s e e et e
e e et o

pad L4 i [N

14
Py

....

-.-.-.',{
R
AR

[g
L4

«
.
bl atades 4

M (..' -.' . A -: o
Za O

IR
o e 5 bt
Y P AP LN

OTIC FILE COPY

<
.
e
t__._qm_._'
&
(%)




< MASTER COPY -~ FOR REPRODUCTION PURPOSES A
C SSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered) -
e STRUCTIONS e
- REPORT DOCUMENTATION PAGE BER A o ORM e
7 1. NEPORT NUMBER 2. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER o
I ARO 18612.1-MA-H N/A N/A *_‘
N & TITLE (and Subtitie) S. TYPE OF REPORT & PERIOD COVERED ..
8 Feb 82 - 7 Feb 85 o
. S t f Dat S
‘_:: moothing Surface Data by Spline Functions Final Report
6. PERFORMING ORG. REPORT NUMBER e
. 7. AUTHOR(®) ‘ 8. CONTRACT OR GRANT NUMBER(s) (_4
Paul C. Stein g
William L. White DAAG29-82-G-0002
LY
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT, TASK =Ty
AREA & WORK UNIT NUMBERS S
Jackson State University _J
Jackson, MS 39217 R
1. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
- J
. U. S. Army Research Office Apr 85 -
- Post Office Box 12211 3. NUMBER OF PAGES
= b—Research Irianele Park Nc_27209 11
B, T MONITORING AGENCY NAME & ADDRESS(I? different from Controlling Office) | 15. SECURITY CLASS. (of this report)
-;: Unclassified
T . 5. DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

. st —— nese— i
”n 16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the ebstract entered in Block 20, I different from Report)

NA

18. SUPPLEMENTARY NOTES

) The view, opinions, and/or findings contained in this report are
those of the author(s) and should not be construed as an official

Department of the Army position, policy, or decision, unless so
‘ rion
19. KEY WORDS (Continue on reverse aide If necessary and identily by block number)

“pata Smoothing,

) Algorithms, ;
' Spline Functions, - ~

V.,,.\ . -_::..
;;f 20. ABSTRACT (Contiuus e reverse sids if y aod identify by block number) :::fzj
- —1- Research was performed to develop techniques based on spline functions which :I:j:
» can be used to smooth two~ and higher-dimensional data. 5 <3
.:' ~ S cond, Mw{ fJa¢ e QU-J.L . ‘-.1
: 3
. .1

5+ I :::",, 1473 =oIMOoN OF ? NOV 65 13 OPSOLETE UNCLASSIFIED
g . .ee ,SE.CI!RI_TY‘ C'LASSIFIC-ATCO" OF THIS PAGE (When Date Entered) =

S - « .
DL R S PRI SN, Wt et Sy e e e
. GRS RS A
o - L e, e, L e, . . - LI P T
. . D N Y DI L N TV P
R I R e s et e LI
e e e M Y N A AN

PP SR U S P PR TR R R

3
[P




P T S
.................
T I S A S AT S N ) - DR

SIS e A e Sund B rus mes e te s et sswh Joui i N JOul R utiL i i St e U SRR AR S T Rt

A95§§§{9n Por .
NTIS GRA&I K
DTIC TAB

STATEMENT OF PROBLEM: Unannounced g
Justification _________

Let x: a = X4 < x2<---<xN =Db By
Distr:bution/

PC = L Yol =< = d -

y » V1= Y2 YN Availability Codes
and R°= [a,b] X [c,d] . Avail and/or
Given (probably noisy) data Dis Special
fij = f(xi,yj) + Eij, 1£4i,3j=N A | l
let 0€P <1, and let wij>0
minimigze

N N . 2 /p d m - m 2
e 2, Z, [8xioyy) =215 )Py + -0 [ S (R)|2 gy | dxdy
i=1) a aﬂ%flk

over appropriate smooth functions g.

SUMMARY OF RESULTS:

The investigation of the problem has included the work of |
[1,2 , 3,6,7) .
As in the one dimensional case, Chui points out that it is
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over appropriate smooth functions g.

As analyzed in(6,7] a proper abstract setting for a natural
2-dimensional setting of this optimal problem and results is N -_.j
provided by the Beppo Levi space X = BLm(RZ) of order m over

R? (m an integer greater than or equal 1). Defined as
X = {ged’: FgeL, for || = n}, (2)
where ok = (o, ,00, -=- ,0¢) € N7 and |o¢| = &% +4 + -—- +Cf,

X is thus simply the vector space of all the (Schwartz)
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distributions (i.e. continuous linear functionals on the vector
space of infinitely differentiable functions with compact

support in RZ, provided with the canonical Schwartz topology)
for which all the partial derivatives (in the distributional
sense) of total order m are square integrable in R2. X is
naturally equipped with the semi-inner product (~,-)m correspond-
ing to the rotation invariant seminorm

2 2
|8l g { ; \ dxdy}, (3)
ax ay
the Kernel of |- is known to be simply the vector space
P = P _4 of dimension

m+1 .
M =( ) (4)
2 .

of all polynocmials over R2 of (total) degree m - i. It should
be noted that |g|§ may be physically interpreted (at least if

m = 2 and under some simplifying assumptions) as the bending
energy of a thin plate of infinite extent, g denoting the
deflection normal to the rest position. As they define the
equilibrium position of infinite extent that deforms in bending
only (under deflections specified at a number of independent
points), the solution of the optimal interpolation problem can
be appropriately termed surface splines.

Originally introduced for interpolating wing deflections
and computing slopes for aeroelastic calculations by (5], this
ingenious device proves most interesting to analyze mathemati-
cally; in this connection, various deep results have been ob-
tained in(21. However inte)l a more constructive approach is
taken, where a prominent role is played by representation
formulas in function and distribution spaces, these comple-
mentary results being obtained by resorting to such basic
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mathematical tools as convolutions and Fourier transforms of
distributions. For a more concrete presentation stressing the
significant properties of the optimal interpolation process of
surface spline interpolation at the algorithmic level we present
the approach of Meinguet [7 ).

Meinguet formulates the optimal problem as follows:

Let there be given:

A finite set A = (ai)iGI of distinct points of R% contain-
ing a P -unisolvent subset, by which we mean a set B = (aj)jeJ
of M points of A, M being defined by (4), such that there exists
2 unique pePsatisfying the interpolating conditions

plag) =24, jed (5)
for any prescribed real scalars on,Vj ed.

A set of real scalars @xi)iel’ or equivalently provided
that m:fg » the linear variety:

V=ggeX: glag); =ot; ,Vi€I}; (6)
whenever of; = f(ai), v i€ I, where f denotes a function
defined (at least) on A, V can be interpreted as the set of
X-interpolants of f on A. Thus our problem is to find h€V
such that

Ihly = jnfye| - (7)

By virtue of the P ~-unisolvence of the subset B of the given

set A of interpolation points in R2, there exists in P=PFj 4

a unique basis (pj) g that is dual to the set of shifted

dirac measures (c@ngeJ (in the sense that Pi(aj) = éij, i,j€J
where 6;3 is the Kronecker symbol). For every g€X, m>1, the
P-interpolant Pg of g on B is given by

€J

owing to this definition, the mapping P: XX is a linear
projection of X with range P=Pm__1 and Kernel
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X, ={g€X: g(aj) =0, Y jed}, (9)
so that

X=P 10X,
equipped with the seminorm j «|, 1, X, is a Hilbert space.

In view of the direct sum decomposition (10), the restrict-
ion of the associated projector I- P to the linear variety VCX
defined by (6) is clearly an injection. Therefore, finding he V
such that (7) holds amounts strictly to finding an element w of
minimal norm { -« | in the image of V under I-P, which is the
linear variety,

(10)

/
W={geX : gla) =04 ,WVkekK}, (11)
where
KzI-J ={keN: 1£k<Nzcard (K)} (12)
for definiteness, and }
/
X, = o(k——jzed,otjpj(ak) , keK. (13)
" The unique solution h of the problem is given by
- Z_ o
h=w + 517505 : (14)
depend continuously on the data «%i)iEI s Wwhere ?3@
v = =1 NKa > (15) E_x_'_l;-‘
Ka denotes the Frechet-Riesz representer of the a shifted i::

Di%ac measure Jé ’ Yk real coefficients satisfying the Cramer
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el

v e e
ST
PR )

syst?? of linear equations

’ -",'-.-'

Z K(a;,a ) T =o(k , 1<k =N. (16) £

k=1 S

in fact K, involves no functions more complicated than logarithms vl
and is easily coded. The set {Kx:\v’x eRz} is the so called :.f:-::_:

reproducing kernel of the Hilbert function space X,; it can be
regarded equivalently as the real-valued continuous function
(x,y)=K(x,y) = K (y) on RZxRZ.

Two dimensional interpolation by radial basis functions.

The "thin plate spline" is among the radial basis functions for
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surface interpolation which were found to be most successful {4].
The drawback in using these basis functions for interpclation is
the need to solve large full systems of linear equations which
become very ill-conditioned as their order, namely the number of
data points, increases. However, the above basis function share
the property that

z;mw(r)—»o as r increases
and Aw(r)—e as r-0 , (r2 = x2 4 yz) (17)
-2 2
where AP is the m-iterated Laplacian,A= _izg + 33—2 .
20X Y

This property of the basis functions enables us to apply a pro-
cedure by which most of the interpolation equations become
diagonally dominant.

As pointed out in [ 31, the major application of the above
radial basis functions is for interpolation of scattered data.
This presentation considers data given on a square grid, where

the discrete analogues of the operators o are well known. A ;:i;
method for defining the discrete analogues of o2 for general %7;;
domain is being investigated. e
LSRN
Let the data fkl = f(xk,yl) be given on the square grid: %ﬁi%
(xi,yj) = ((i-1)h,(j-1)n), 1£1i,j£€N (18) t_j

The system of interpolation equations becomes N

N - . r."‘.,

kl . o

Zoi(jw(rij) = £ izk,1<N (19) o

i,j=1

o

kl 2 2
where rij =\/ (xi—xk) + (yj_yl) .

We would like, by row operations, to form a finite difference ST
approximation to the iterated Laplacian of w(r), and thus to
generate diagonal dominance in the system (19). The central
difference operator 5'2 is replaced here by the 5-point
difference approximation to the Laplacian

Brfig = fier,1 * B * Tee,1 * fi1a1 - g




Operating with [}ﬁ (with respect to the indices k and 1) on

(19) we obtain

N

m k1l m
E oiJAh w(rij) = A, £, , mti<k,l<N-m.
ivj=1

k

By properties of (17) we expect that¢sﬁw(ri kl

1

:) decreases as r.
J) ses as Iy
increases and that the diagonal element becomes large. Further-
more we expect to achieve diagonal dominance in the transformed

rows, i.e. ,

N
o] > = Akl et sk1adea,
i, 3=
(1,3)#(k,1)

The remaining equations cannot, in general, be made diagonally
dominant. Therefore, even if the major part of the system (19)
can be transformed into a diagonally dominant system to be solved
by iterations, there is a substantial part of the system which
must be solved directly by each iteration. A way of overcoming
this difficulty, by using special differencing of (19) near the
"boundaries" of the system, is presented.

Iterative construction of "thin plate splines! TPS, on
a rectangular grid.

We consider TPS with m=2; this surface corresponds to an -
infiptg extent thin plate of minimum bending energy clamped at !vt1
the data points (3). For this case the basis functions are o
fundamental solutions of the biharmonic equation C?w =0, i.e.,

w(r) = rzlog r
augmented by the monomials 1,x and y. The interpolation equations
for data given on a square grid (18) are

N
izj‘?éijw(rﬁ) +a+bx, +cy = fig 14£k,1 <N, (20)
3=
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with the constraints

N N N
D O = Y Sax = Y gy =0 (21)
K T=1 1T KoT=1

Since zﬁ?w(rij) =<;(rij), it is expected that the difference

operator Zﬁﬁ is appropriate for generating diagonal dominance.

So far the process of differencing the equations is limited 153
to the interior equations with 3<€k,1<N-2. The application is .
extended to the "boundary" equations, i.e., with k or 1 equal to
1,2,N-1,N by defining the difference operator Zﬁﬁ on the
boundary points of the domain in such a way that Z&ﬁf = 0 on all

grid points if and only if f is a linear grid function of the
form fkl = a + bxk + C.YI’ 1<£k,1 £N. .

This property guarantees that the polynomial part in (20) X
vanishes with the application of Aﬁﬁ to (20), and can be restored e

from the solution o of the derived system: —d

A2 Y o4 <
. h[f—z w(rij) ij]k1=o’ 1¢£k,1 £N. (22)
i,Jj=1

To obtain the right form of zsﬁ we use the discrete analogue of 4ﬁ1
the iterated Green's formula:

_ _ _ 2 e

a(f’g):léiﬂfxxgxx+2fxygxy+fyygyy)' Z;g(zs f)+ boundary terms. o

The null space of the functional a(f,f) is the space of linear

polynomials. We define a discrete analogue ay of a, so that the
null space of ah(f,f) is the space of linear functions:

LT K
A -,
LIV ST

N N-2 2 2 N-1 3
ah(fo g) = Z; (fo)lk(cfxg)]_k + ZIZ (Jnyf )lk(Jnyg )lk ::."-j:
k= =1 s k=1
-

N-2 N 2 2
+ ; Z (Jyf )1k(5yg)lk ’ (23)
=1 =1

b
|
o b o

N
~1
]
1
=




Hence, the desired property of £&§ is guaranteed by formally

defining 4;% via the summation by parts of (23), namely by the
identity N
a, (f,g) = ngl(Ahf)kl . (24)
1=1
The following Lemmas are proved inf31:
Lemma 1. Let the difference operator 4&% be defined by (23%) and

Then z&if

N if and only if f is a grid function of the

[N )
ae e e

@

form fm_=a-+m%+Cﬁ_, 1£%k,1£N. ‘

Lemma 2. The matrix Ais symmetric, nonnegative definite of Pfkrj

rank N2—3, where A is a matrix representation of the difference Cj_i

. 2 SRR

operator on grid functions, regarded as vectors in RN . L

As direct conclusions from Lemmas 1 and 2, we have: !j.j

N ]

Corollary 1. kzgl1wkl-(a + bx, + cyy) = 0, for any a,b,c if ]
, 1=

and only if w :4&§f for some grid function f.

Corollary 2. The K -component of the solution of (20) and (21)
is a grid functlon of the form

Xy = (A2 ‘s)kl 1£%,1€N,
for some grid function é-
The system (22) obtained by the appllcatlon ofA&h to (20) can
also be written as

i,3=1

2 .
12;,-'-5 w(ria)kl = (O f),, 1£k,1<N or (25)

AAX =AT, e
where A is the N2xN2 matrix with entries w(r?%), ordered in i‘ic
accordance with the vector form of the grid functions. The sys- fjﬁk&
tem (25)is singular, by Lemma 2. More precisely we have: ;1'
Corollary 3. The matrix AA of the system (25) is of rank N2-3, DTS

Due to the symmetry of /\., the system obtained from (20) by R

. . _ A2 R

the substitution c(—lé%.ﬁ, §}§E
K1 -

ZA w(r“)ij /eij +a+bx +cy) = fiy, 14£k,1£N, (26) Lj.
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corresponds to the representation of the solution in terms of the
new basis functions

2 . . :~:::':l
Bij(x’y) =[/_&hw(r”)] i3 121i,jeN, ‘_‘:::“_..::::
which are bell-shaped for 3<i,j< N-2. This system of functions 2o
»
is of dimension N2-3, by corollary 1. T
In particular: -
S5 (o) = 3 %8y, (67) = 5 ¥iBy () |
B. .(x,y) = X.B..(x,y) = y:B..(x,y) = O. -
oy LR RS A b SR Rt R o
The solution of (25) constitutes a three-dimensional subspace 31;3
of §2- vectors by corollsry 3. In order to obtain that solution of R
(25) which satisfies (21), we present an iterative scheme for the fﬁfﬂ
R
solution of (25), in which each iterant is of the formz&ﬁw, and l,fj
therefore satisfies (21) in view of corollary 1. a
The iterative scheme is: e
{9 - i
°<kl =0 1£%k,1£N (27) !1
for n = 0,1,2,---, N
N R
(n) _ (n) .kl ‘v 1<
€1’ = fkl --Z_dij w(rij)’ 1<2k,leN (28) ]
i,3=1 SN
!ﬁfq
(a+1) _ oln) 2_(n) ] L1z o
Xyl =Xy W Bpetll | 0 1EKLEN (29) S
The first iterants in procedure (29) provide smoothing ]
solutions for noisy data {‘fkl} . L‘ﬁj
The development throughout this presentation has been f
restricted to square grids. However, the application of these 3?
ideas to triangular grids of general form is now being investi-~ ;

:
gated. In addition we plan to continue the investigation of the L,"1
smoothing technique. ’

|
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