@

AD-A151 937

Reproduced From
Best Available Copy

ZIV~-ZAKAI BOUND APPLIE. T AN
AMPLITUDE-COMPARISON MONCPULST REDAR

THE.LIZ

T:ry E. Smith
Second Lieutenant, USAT

AF1T/GE/ZNG/84D=( 2

C. P> %

DEPARTMENT OF THE AIR FORCE
AIR UNIVERSITY

AR FOR(‘E INSTITUTE OF TECHNOLOGY

anhc-l’ontrson Air Foru Boso, Ohio .

85 02 13 119

SSNS?)G LNQNNHQAD&J .LV 03300‘)843! :

' DTIC |

DISTRIBUTION sn,ru. ELEICTE *' -
Approved fx public uloa:q MARZQ}QBS; .
DW.MO‘ Unlimited . i




P . T Y}

AFIT/GE/ENG/84D-62

Z2IV~ZAXAI BOUND APPLIED TO AN
AMPLITUDE~COMPARISON MONOPULSE RADAR
- THESIS
Terry E. Smith
Second Lieutenant, USAF
AFIT/GE/ENG/84D+62
Approved for public release; distribution unlimited
e . _‘.,;J‘I“‘. .... G .." R R !v.."dﬂg!‘ Setuturet o.’:-. ’,A,‘ PR AT RERE SO .' :..'.."A.' LR

oo

: eI

LA SCTRCICI IO

R R RARNENE SRR

PR T L

“r e e & -




AFIT/GE/ENG/84D-62

2IV-ZAKAI BOUND APPLIED TO AN

AMPLITUDE~COMPARISON MONOPULSE RADAR

THESIS

Presented to the Faculty of the School of Engineering
of thé Air Force Institgte of Techndlogy
"Alr UniQersity
_ In Partial Fulfillment of the
Requirements for the Degree of

Master of Science in Electrical Engineering

Terry E. Smith, B.S.'

Second Lieutenent, USAP
. December 1984

Approved for public rgieatg: distribution unlimited

’

N . . N ’l .
e e e P T o A R S R R N P I I e
B . . . . . B g A

- et
e ¥4 o

i
-
"

.
.

LT SRR

s
e

IR A DAV S AR AT PR

LR

. ¥




- Acknowledgements E;E
I am, most of all, gratefﬁl to my family for providing me the f;
encouragement and time necessary to complete this thesis. They deserve Ei
recognition for 'the many'hours of neglect they endured. Additionally, I Ei
wish to express my appreciation to Lt. Col Carpinella, my advisor, for Ef
suggesting this thesis toric and guidance thronghout the developmernt. EE
His enthusiastic attitude and expertise in radar signal processing were ii,
‘invaluable in this learning experience. Finally, I 'would like to -hank ff
Major Castor and Dr. Pyati, my readers, for their constructive E?
criticisms of my work. _
~:
9 =
=

e et et g . . e e . .
T Tt T (O R R B A SR A

. wiie

Accession ?gf

NTIS [CRAR]
DPTIC TAB

Unannpunced a
. b Justificntlon ey

By — A
Distributiocn/ .

Avaie® lity Codes

Avail end/or

Dist Special
' “4
[ A— enssm—
. ".5:’. Tttt e a -'_‘I.)‘a -'.*“-"-_;‘...'o“"v LT PO

RN B TALE AN A

SIS |

.
-~

- - “ e« e g .
St AT e T T T

Tt L.

Nt e, ¥,
FRt A A AN




Acknowledgements .
Lis; of Figqures . .
Conventions . . « .
‘Abstract . . . . .
I. Igtroduction.

Background.

Problem and
Assumptions

Scope

General Approach.

II. Radar Model .

. s »

3

Table of

Contents

* o s

The Antenna Functions . . .
Estimation Model.
Tracking Loop . ,

X ITI. Radar Simulation. .

Computer Program.
Performance Verification. .

v. Targei Pluctuations .

Distributions . .
Receiver Structure.

Performance

« o

‘ Smoothing Effects .

v. Multipath . . « .. .

s e o

* » s @

. . . L]

« o s 8

Signal Rgptesentation « .

. ' performance

L

"Lock-out” Technique. . . .

*iid~

.

'Page

ii

vii

viii

BB N -

o -

18

46

59

59
65

70

7"
73
" 75
83

85
87

55
104

. . . )
.. D O S T Uy L YO
-....f.n.a..q’.o‘c.o.d‘Q.O.._!o‘q'.t.a._o‘fAN"_.._f&l‘\q..q“o\-‘_.q'\c."‘

»

‘e

el
LS AN

[ DY I

13

T

i

s v v
DO
a & 8 0

1 l-'l'. ."-.'“..

R

R
feleta "
LIRS ]

DR YRR
LR
DI A K

.,." o ' R '-'

o

v e v .
LR ]
&S -

AAR N

3

*s

.,




VI. Results and RecormendationsS « . « « o o o « « o o o « « o » o 108 f%

h Stétionary Target TrackiNg. « « o« « « o s s s o « o o o « « 108 ;;
Moving Target Tracking, « « « « = ¢« o o ¢ s ¢ o« o o s » « » 108 .

Cramer=R30 BOUNd. « « o« o o o o s o o o s o s s s o s « « » 109 L

ZiV‘Zakal Bound a8 & e 4 e 8 e 8 * ® ® & e ® &6 e & ° e o o = 109 '::-

Target Fluctuations . « + « « & ¢ ¢ ¢« ¢ ¢ o ¢ ¢ o s » & o« « 110 , R

Multipath o ¢ & ¢ ¢ ¢ ¢ o s o o o o o s o o o s s o s s o« 110 N

' RecOmMMendations « « « o+ = s o o o « s o s. o o s o s o o ¢ « 110 o

appendix A: Two-Dimensional Radar Model . . . + . . e s e e e s . 113 ?f

Appendix B: Program Listing (One-Dimensional Tracker). . . . . . . 136 2}

. ’ . -.‘

Appendix C: Program Listing (Target Fluctuations) . . . . . . . . 139 o
Appendix D: Program Listing (Smoothing) .« . « « + o« o o ¢ & » o o 142 . :i
Appendix E: Program Listing (Multipath) .« ¢« &+ + « ¢« ¢ o ¢ « « « « 145 5i

Appendix F: Program Listing ("LOCK=oUt™) . « « &+ « & o & o« o « = . 149 o

appendix G: -Program Listing (Two-Dimensipnal Tracker). . . . . . . 154 }?
BiblioGTaPRY. « « « « o « o ¢ 4 o 4 e 4 b e 4t e e e e a e e s .. 158 T

-, Vita- ¢ o o & & @€ ® ® ®w & e e & ® e s s e & s a2 & e e & O * e v » @ 160 ;

L® -
e

B
e e T e e e

PR A A -]
e e
PRI

. s
o

B
v,

(O

oive

. 9 4 "
“elele,

-
.
EEEEAL RS RARLRT S SR STTARL HERER L AR AR S A S AR LA A SRR ‘;\.',_-.';.‘,-.j,i.“;-a_-‘_.s‘,-.: LR AR RN R IR RN
. . - . . L T 5 . . L " ' . ‘ Lt Eaia b - -

O
‘ PR
el et s ts e, Bt} _.\Ao Syratavy




; List ‘of Figures
Figure Page
1. sSimple Block Diagram of Antenna CirCuitry. « « + « o« « ¢ ¢« « o 6 ,}i
2. Uniformly Illuminatgd Reétgnéﬁlar Aperture .i.n the x-y Plane. . 8 . "
3. Graphical Determinatiqﬁ Of £(L) ¢ ¢ v o ¢ o o o o o o o o & o 9 :ﬁ
‘4. The Rectangular Apeftura . ; P | ;
5. Antenna Pattern for Uniformiy Iiluminated Liﬁe Socurce. . . . . 12 v?
6. Sqguinting éf Béams_f e ;:
7. Geometry of Targe£iLo§A£ion with Squinted Beams. . . . . « . . 13 ;f
8. VoltaquGain of Two Beams Squinted Off Boresight b& BW/2 . . . 15 ;5
9. Monopulse Sum ané:Difference Patterns. « . .+ « « o o+ o .I. .16 :-

15. " Approximations fét Monopﬁlse Ant;nna PatternsS. .« .« o o« o o o o 17 . '

) 11. Estimation Modell, o s 4 o s s o s s s s e s s s s s e e s . s 18

RN . ’ —
N 12. Mouopulse Observation Model. . « v « o svv o o o o o o o o o o 20 -
13. General Srthogonaiization'Implementation 2 | ;2
14. ﬁonopulse Orthogonalizatisn. e e s e e s s e s s s e e s s e 4 22 ;E
15. Estimation Decision Space. . . . . & « « « + & o % o « s+ »-a 34 ::
16. Decision Space for 1l(R) R N R R 39 5.
17. W vs Normalized Beamwidth. ... . o « o o .o ... ... . 48
18." p vs Normalized Béamwidth. Y -1 ;;
19. Dbiscriminator Curve. . . : e e e e h e e e e e e e e . 49 23
"20, Type I \ngle Servo ® 5 & 8 o 6 s s e e 8 o s e s a4 a 4 s e o s 50 "
“21. Responsa of Improved Type I Serve to a Uni; Scep Fuhction. ; . 54: o t;
22. Simple Linear Target ?ranslatioﬁ T 1L ﬁ
23. 1Initial Range Geomeﬁry .v; S T 'ﬁ
: | S | -
b ) ,;,.v if
1"-‘ el f."'."‘ ..:‘.:_,:‘,. el "'.‘...“". . .’\,._. oxs ,',."; e .‘.‘. ‘.:":':\":}' :..-‘ '.' & .‘..‘. ‘..:E




24. Amplitude-Comparison Monopulse Radar . . + ¢« ¢ ¢« ¢« « « « « « » 58
25, Prograﬁ Input SeCtioN. ¢ ¢ + o ¢ + ¢ ¢ ¢ o s 2 s o o o o o o o 01
26. Tracking Séct;on -3
27. Computation of Performance and BoundS. . « « « + &+ « o ¢ o + & 64
28. Simulatica Output Sectién... e o o o o s s s » a e . » e s =« o o 65
29; General Trend of the Stationary Target Tracking Error. . . .. 66
30. Stationary Target Tracking vs Signal-to-Noise Ratio (SNK). . . 67
31. General Trend of the Mcving Target Tracking Error. . . « . » . 68
32. Hgvinq Target Traéking vs Signal-to-Noise Ratio (SHR). « « -« . 6%
33. General Trend of the Fluctuating Target Tracking Ettor'. e ¢ o« 19
34. Slowly Fluctuating Targeﬁ Tracking Errer vs SNR Level. . . . . 80
35. Rapidly Fluctuating Target Traékiﬁg Error vs SNR Level . . . . 82
36; smooth.ng Effecté. -7

'37. Terrain Bounce ENVIIONMENT + « « « + « o o o o o o« s o o. 0o o o« 86

; .

38, Multipath TYPeS. « « « ¢ o o o « s s s o s o o o s s s o « o o« 87

39. Possibl; Response to a. Transmitted Pulse . . . . « « ¢« » « » » 88

40. Diffuse Multipath Tracking Erro?l. .« e e .‘. P s s e e e e .A 99

41. Specular Multipath Tracking Etro;. I R A A

42. Specular Multipath‘vs SNR Level. . .. . . . R T X

43. "Lock=out" Effec;s Upon Multipac£ Tracking . . . .'. e e o« o 107

44. M;nopulse Antenna Signal Processing CirCuitfy. o e v e s i s ..514

45. . :ima;ion Geometry. . ,l: T R I .—. . 122

46. EStimation DECiSion SPaCE. « « « « o o 4 o o 4 4 u o 0w . . . 123
47. Detection Decision Regions . . . . . . . . I DY
48. Two-Dimensional Target Tracking Error vs SNR Level . . . . . . 135
, : ; .
5 =T
a “yie . Eg
N D e N e NN R R

PR _ .‘_,,uaﬂ e . . K . . :

s >
S
g o—ﬂ-
——

I —

g R
ettt

o 4

»
BT YN *

o




‘n'a '-11- ~,'~ .,.l_.p. . a \"l""!'ﬁ.‘.']o“. N Coe e c‘o,.“ ‘. .. . ‘.!' .* » -\.;o.

Conventions

‘.

The symbol | | means the magnitude of the terms contained within
The symbol Re(l)_means the "real part" & Im( } means "imaginary part"

The symbol {-==~> indicates a Fc¢urier transform pair

The symbol & refers to "p_rogortional to”

The‘use of © over a symbol means the estimate of an unknoﬁn parameﬁer

Random variables are uppercase; random variabie values are lowercase

A / within paranthesjes‘ {/A} means "given that" (“given that" A is true} -

. The symbol ln[ ] denotes the natural logati£hm of the enclosed guantity
The symbol 3grt( ) meznz the gguare root operation

The symbol E{ } means the expected value

The symbol var{ ) means the variance

The symbol cov( } means the covariance

The symbol P{ ) means the probability of the enclosed random quantity
Boldface letters denote Qector quantities

3. refers to a sum & ‘[ refers to an integration

A'( ) refers to the de;ivatiwe with respect to the parameter A

Af( ) refers to the second. rivitive with respect to the parameter A
. wrt means "with réspecj: to” ; |
E, or Eqy, designates signal energy
BW &esigmtes ‘the 348 ‘beamwidth
PrLl designates the pul;e repetition interval

MSE designates mean~square error

CRB designates the Cramer~Rao Bound

Z2B designates the 2Ziv-~Zakai Boum
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This investigation addresses the problem of estimating the target
angle off beam-axis of an émplitude-comparison monopulse éaﬁar to
generate an error signal that can be app ied to a servo-control system,
to reposition the beam-axis on target, thus providing térgeg trackiné.
Cramer-Rao (CR) and Ziv-Zakai (22) bounds afe derived to indicate system
performance under varyiﬁg signral~to-noise ratio (SNR) conditions.

Actual tracking error is approximated from a computer simulated tracking
loop, and then‘compated to the CR ;nd 2Z bounds for yaryinq SNR leQels,
for tracking in "slow™ and "rapid" target fluctuation eﬁvitonments..and

for tracking in the presence of specular and diffuse multipath. A two-

L 14

dimensional tracking model and associated ZZ perfotmaﬁce bound are also
presented. . ' '

At high SNR levels, the CR bound results lower hon;d;d the mean-
square tracking-error, but for low SNR conditions the CR bound exceeded
the meanosquéré error. The 2ZZ bound r;sults indicate a ciqht lower
bound for the nean-squate ttack;ng erre: at low SNR 1evels and in both

-the target fluctuat.ion and multzpa:h envircnments."'31ou' target'
-fluctuat;ons and dxffuse multipath results indicate that tatget tracklng
. capability is not seriqusly degraded in either o£ these two

su:roﬁndings._ Conversely, "Rapid“ target fluctuations aa§ specular y

myltipath environment results indjicate serious tracking degradation is

introduced in the amplitude-comparicon monopulse tracker.

“viii=

¢ ’ ! . - e

(A .’ L . RIS .".. RN . % ., BRI A !
. p A ..'. , - ,, y .. " ‘T A o 1 \" e .‘. " ot . ‘e ... . ,.\ .t o ." R .f.. ‘\J u‘~ .- ..o .\J.‘ *:’.J':-P »* “ :-\ :..-‘:.-q:.c.‘,'.:.o
. . .

W s

U]
[y v

'.'t .
"1. U )

DT '}
ata




o

-

ZIV-ZAXAI ROUND AP?LIED TO AN

AMPLITUDE~COMPARISON MONOPULSE RADAR

I. INTRODUCTION

Background

An amplitude-comparison monopulse radar is a tracking radar that
determines target direction by comparing the reflected signal amplitudes

received simultaneously on two identical but noncoincident antenna

patterns. Target tracking is accomplished by maintaining the 'axis of

symmetry of the antenna patterns (beam-axis) on the target. As the
target moves off beam-axis, the ampiitude-comnarison yields an‘error
véltage proportional to the anguiarvdifference between the present beam-
axis location and the target position. ‘'his error information is
applied tp a servo-contro; system to reposition the beam-axis on target,
thus p;oviding target tracking} .

Due to practical consideraztions such as channel noise agd Qervo
time~constant limitations, the radar beam-axis will be steered in the

vicinity of the actual targe: position.. Associated with this'viéin;ty

is the tracking error from the true targe® location. An accurateé bound

on the tracking error provides a direct indication of the quality of the

estims“ed tatget position and’ thus provides a measure of the abzlity of

the systeu to track a :arqet. i
Traditionaly, the tracking error has beea lower bounded by the

_applicaziea of the Cramer-Rao bound to the variance of tho'disiribution
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of the estimated angle off beam-axis.. This bound limits the varicnce of
the estimate to a value directly proportional to the radar's heémwidth
(BW) and inversely proportional to the available signal-to-noise ratio

(SNR).

var(estimated position} « BW . - ' i
: SNR '

Inspection of the Cramer~Rao bound indicates that for any signai-

to-noise ratio, (SNR), reducing the beamwidth decreases the variancz of

the estimate. This presents a shoiicoming of the Cramer-Rao bound as a e
this relationship will not hold for all Bw and SNR values. Thus, SNR Q{f
levels for which the Cramer-Rac bound holds (ie the variance of the ;ii:

estimated position is directly proportiocnal to the beamvidth) must be

Jefined if the bound is to be useful.

Problem and Scope

This thesis'concentratés upon generating a naximun—1ike1ihood
estimate of the taiget angleioff beam~axis, deté;nininq the mean~-gquare
error between the estimate and ‘the acﬁual tatget position, and aopiying
the 2iv-Zakai bound to verzfy system performance.

The maximum-likelihood estimate of an unknown puraac:cr is the

' parameter value that would most likely cause a given observation to .éﬁq
" occur. 1In terms of statistical information, the q;xiuuu—likelihood

estimate would be the value of an unknown patametezvfot whigh the

coniitional probability distribution fundtion, given the unknown x o
o - : =7

~parameter, is maximum. Thic thesis develops a maximum~likelihood ' RN
.':\‘:

estimate of the ﬁargat angle off beam-axis and uses the estimate to
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track the target.

The optimum solution of.the estimation of an unknown gquantity from
data is, in general, very difficulf ;nalytically. The solution,
however, can be ¢onsideraply simplified'if the permitted analytical
operations are optimum in the mean-square sen;e. The error of the
target position in the mean-square sense is the average value of the
squated'difference between the estimated and actual target position:

mean-square error = B((estiméted position -~ actual position)z}

This thesis considers the difference between the actual tafget position

' and the maximum-likelihood estimated position in the mean-square sense.

The Ziv-Zakai bound is designed to be tighter to actual performance
values at low signal-to-noise ratio levels. The bounds established by
the Ziv-Zakai method are derived by comparing che estimation problem

with the known results from detection theory. The derived bound

compares a suboptimal estimate of one of two possible values of a

parameter to an optimal detection scheme between the two possible

;alues. A criteria for determination of which unique parameter value
was es;imated'theﬁ leads to a simple comparis.n between the probability
of error associated with optimal and suboptimal detection metheds. A
form of the ziv-ZAkai bound is use& in this thesis to derive & lower ~~ =
bound for the mean-square tracking error. |

" The goal of this thesis is to solve the general problem of
cs:initing an;amplitudeocomparisoa noaop@lso radar target parameter and

to applf the 2iveZakai bound to develop an accuracy estimate for system

-performance as a function of signal-to-noise ratio.




Assumptions

The development and solution of this thesis depends upon the

following assumptions:

1)

2)

3)

4)

5)

- 6)

The channel noise is assuped to be additive white Gaussian
that is independent from channel to channel and pulse to
pulse with zero mean and variance equal to ¥ /2.

The mndel is restricted to one dimentionql tracking; thus
total indepenéence froﬁ a second dimension is assumed.

Any velocity changes are assumed to be slowly varying with
respect to the time bétweén radar pulses.

The antenna p&ttgrns are derived assuming a uniform
aperture illumination and the target is in the "far-
field’;

Tﬁe amplitude of the return signal is assumed either
unknown, but non-randcm, (deterministic) or a Rayleigh
distributed random variable with completely specified
characteristics. | |
The carrier ph;se; although unknown, is assumed tc be the

same in all receiver beams.

General Approach

The approach to solving this problen can bs Ddroken up 1nco the

followinq main divisions:

1)

DeVelap a pair of observatiénn‘that are weighted fudcaieng

of the signals receiyed by the two antenna patterns.

L I I I T A

LI R I N




2)

3}

4)

5)

6)

7

Process.the observaticns to quahtify a maximum-likelihood
angle error estimate that wiil be used to steer the radar
beam-axiS‘tg the predicted target location. |

Derive Cramer-Rao and.ziv-quai bounds to indicate systeﬁ

performance under varying signal-to-noise ratio

conditions.

Design and implement a‘computer simulated tracking locp
that provides for beam-axis position changes and will
yield the error between actual target pésition and the
beam-axis position.

Convert the tracking error into a mean-square ertét ang
plot for different signal-to-noise ratio levels.

Compare ‘the nean—séuare efror plots to the derived Craner-

Rao and Ziv~Zakai bounds to indicate which bound provides

. the best estimate of accuracy, in the mean-square sense,

for different signal-to-noise ratio levels.
Observe radar performance under situations of slow and

rapid fading of the signal amplitude, and in the presence

of a return embedded in multipath.




II. RADAR MODEL

The Antenna Functions

Amplitude-comparison monopulsé radar uses two overlapping antenna
patterns to obtain ang'e tracking for a single coordinate direction.
The patterns are usually mirror imag;s about the boresighﬁ axis (beam-
axis). When a target is 6n the boresight axis, the signals received
from the two patterns are equal. Target tracking can be iccomplished by
bringing the boresight axis into coinéidence with the target bearing, as

indicated by equal received signals.

Vs:
as{B
: A

B-0-R-E-S-1-6-H: huorid j
B ,

-

vde

A-B

Fiéuré 1. Simple Block Diagram of Antenna Circu:. .,

Processing of the teceived'signals is accomplished by applying the

antenna patterns, A and B, to a hybrid junctio.. vhicﬁ sums and suhtracts

the two patterns. A block diagram of the amplitude~comparison antenna

circuitry is shown in Figure 1.
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The sum of the two beam patterns, A + B, is represented as an

antenna

vdo‘

will be
1)
2)

3)

4)

5)

To.

function vs' Likewise, the d'.fference, A - B, is represented as

derive the two antenna functions, vs and V_, the following steps

d
taken:

The techniqhe for taking the Fourier transform of a uniform
source will be déveloped.

A general exp:eésion will be deriveé for the magnitude of the
electric field at a distance far f;qm the source (far-field).
An expression will be develbped for squintiﬁg {offsetting) the
antenna patterns from the boresight axis.

Two antenna patterns will be combined with one squinted in a
positive direétion, and the otherlsquintéd an equal ‘amount in
tﬂe negative direction. These twovpatterns will then be added

and subtracted to form Vs and V_, respectively.

da

Approximations 'will be applied tc ;heiqeneral expressions of 4

to develop simple expressions for the antenna functions.

Antenna Patterns

Each individual antenna pattern, A or B, is assumed ﬁo be generated

from a uniformly illuminated rectangular aperture. A uniform

‘rectangular aperture has aperture fields which are uniform in phase and

amplitude across the physical aperture. The described situaiion for .

uniform illumination in the x~y plane is shown in Figure 2.
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Figure 2. Uniformly Illuminated Rectangular Aperture
in the x-y Plane

To specify antenna patterns, Fourier transform techniques are used.
In general, the Fourier transform is used to conver: fton ;ine domain to

frequency domain. As applied to antennas, the Fourier transform can be

\j; used to convert from direct space /aperture illumination! to K-space
{antenna far-field pattern) [1:523]. Three Fourier transform tools will
be utilized in the far-field pattern development. These Fools are:

'1) £(t) (====> F(u) | |

2) f'(ts <---->juP(u)’

3) f(t) = p(t+a) <~;-->F(h) = exp(jua)
£{ ) refers to the illumination of the source
F( ) r?fers to the ?ﬁt-field'aptenna pattern
<~~o->'dea;gnacds'the Fourier t;ansform.épetation :
primed variables_téfet to derivative:'ét that yaéiablc
$3( ) refers to the Dirac delts function (2:2531
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Figure 3. Graphical Determination of f£'(t)

.
TR )

Consider f(t) to be a uniform source of length 2a, the derivative,

£'(t), can be determined gta§hi¢a11y as shown in Figure 3. Using the

Ce
DML

Fourier transform tools pzeviouély mentioned, the derivative of the
uniform source can be utilized to determiae the K-space representation
of the far-field. pattern.

£1(t) <m===>3uF(u)=(2a)” [exp(jua)-exp(-jua)]

Solving for F(u) yields:
F(u) = (Zgju)'1(expfjua)-exp(-jua)} ' . : ' N
e (2agw ™ (29sin(ua)) | | : R

= (ua)-‘sin(ua) = Sa(ﬁa? : . o SN ' i;
where: o ' | » - ‘ .

sa{ ) = sampling function [3:24)
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Figure 4. The Réctangular Aperture

To apply the Fourier expression for the far-field pattern, suppose
the ape;ture electric field, Ea' is known and x directed as shﬁwntin the
1 by ly'rectangular aperture Qf Figure 4. For the one~dimensional
problem, the source geometry takes the form of a uniform line source
along the x-axis. The pattetn‘of concern is the glectric tield in the
rx-z plane that will be generated by this uniform s&utce.- For the x
directed source, the variable u will degcribe the‘x;cdmponent.of the

phase congtant for a plane wave. This phase constant is'commonly

refeted to as k and equals Z(pi)/wavelength. Hakinq a sinplu

'

{sin(@)cos(#)])2(pi)/wavelength. Substituting this value into equation
1, and noiing that the distance a = 1;/2. yields an expression for the

magnitude of the electric field due to a uniform source..

E = Sa(Z(pi)/wavelength)lsin(e)cou(dillx/z (1a)
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For the one-dimensional radar model, further éimplification of
equation 1A can be made by noting that only thelmagnitude of ;he
eiectric fieid in the x-z plane is of interest (ie electric field
changes as a function of azimuth only). 1In the x-z plane:v

p =0

Ecs(n) =1

Simplifying equation 1A:

E= Sa[((pi)lx/waveledgth)sin(ﬂ)] (2)

For large apertures (ie 1 > waveleﬁgth) the sin(9) factor is
approximately equal to 8 [1:387]. Further, the factor (pi)lx/wavelength
can be expresse.. as {4:267):
(pi)lx/wavelength = 2.78/Bﬁ , . ‘ L (3)
where: 7

BW = 3dB beamwidth

Substituting equation 3 into equation 2, a final form for the normalized
magnitude of the electric field for the uniform rectangular aperture can
be expressed as:

E = Sa(2.780/BW) , : (4)

A plot of equation 4 for varying 8/BW ratios is brovided in'?iéure S.
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Figure 5. Antenna Pattern for Uniformly Illuminated Line Source T
Squinting Beams Off Boresight KA
Ahplitude-comparison monopulse uses two overlapping patterns, of i
; the nature of equation 4, that are squinted (offset) from the'bOtesight ' —
(tracking) axis. The boresight axis is an imaginary line drawn 3
prrpendicular, and centered on, the plane of the rectangular apertures. :;f
This squint relationship is shown in Figure 6, where 'one beam is ;ﬂ
' -
squinted in a pesitive direction from boresight by the angle eq, and the -
other beam is squinted negatively from boresight by Ds. ' :;i
The squinting of the two beams from boresight will cauge two . U
distinct antenna voltage gains'to,be received from 3 target that'is ' ' j}%
arbitrarily placed a* some angle Gt' ';Q;
' -12+ ' o o ikﬁ
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Figure 6. Squinting of Beams

Beas 1 ' ' ' e

L 1§

.
RN
D)

R )
CR AN A

Beam 2 - ‘ . - _

Figure 7. Geometry of Target Location . . -
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‘Figure 7 depicts the geomet;y.of‘tho desciib«d situation. DBeam number
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v,(8) = E(8 - 8_) (s)
Vz(e?lf E(6 + Os) (6)
V1(B) = received voltage due to positively Squ}nted bean
and is a function of the tatget angle 0
vz(e)'s ?eceivedwvoltage due to negatively squirted beam
and is a funciion of the target angle 6
-
e Using equations 5 and 6 with the patterns degcribed by equation 4:
v,(8) = 5a((2.78/BW)(8 = es))' (5A)
V,(8) = .5a((2.78/B)(8 + 8.)) (6A)
At this point of tbe antenna function development, the squint ang;g'
'is established as one-half the besawidth. With this assumption,
' equations 5A and 6A beccme:.
V1(6) = Sa(2.788/BW ~;1.39) " (SB)
V;(G) = Sa(2.780/BW + 1.}9) (GB;
- 14~
. ":::f".".l':'yt_:_.:; e .° ":‘a‘ : .v'.:"' -"-‘.-'; ‘»:-‘J':' :"*’h:- :)"' "'. \f‘:& ."3.-"‘~‘.¢".~“:\:’:::".":i.$_‘i}.::z\
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In order to locate a target position relative to the boresight

axis; the monopulse radar sums and subtracts the'voltage gain from each

of the two squinted beams. {sum of the

The antenna functions Vs
patterns) and Vd
specifying the squinted beam patterns..

IR Y b &

(difference of the two patterns) depend upon completely

For a target located at an angle
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Figure 8. Voltage Gain of Tw> Beams Qi;
Squinted Off Boresight by BW/2 .
L
A combined plot of equations 5B and 6B are shown in Figure 8. The :
antenna functions then follow as V_(8) = V,(3) + V,(6) and'vd(e) = v,(0) L
’ -'vz(e)i The development for the sum pattern is as follows: | : "
Vs(ﬂ) = V1(9) + VZ(O) » _— : ' ;iy
= Sa(2.786/BW - 1.39) + Sa(2.788/BW + 1.39) i
. ) ) . . , .;' “.‘v
= Sa(2.788/BW ~ 1.39)|{[2.788/BW + 1,39] —
[2.786/BW + 1.39] |
+ sa(2.788/BW + 1.39)[[2.780/BW = 1.39]] o el
' {12.788/8W - 1.39] | : . S
let a = 1.39; b = 2.788/BW - o S ==
y ' ’ : S
! 2 . 2 -1 . . "«..“.
v, (8) = (a¥ - b) [sin(a = b) = sin(a + b)]a + . . s
L ‘ [sin(a = b) + sin{a + b)]b o ST
. -1 K . o pEA
= (a? = b%) " [(~cos(a)sin(b) ~ cosfa)sin(b)Ib + | S,
[ain(a)cos(b) + sin(a)cos(b)la ' ' e
X -1 . _;:: i
= (a® = b%)7' (2281n(a)cos(b) ~ 2bcos(a)sin(bl] s
-5« o DN
e
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VS(O) = 2 [.5(8/BW)sin(2.788/BW)~1.37cos(2.788/BW}] (7)

-7.73[e/aw]2 - 1.93

A similar development for the difference pattern yields:

vd(e) = 2

1.255in(2.788/BW)-2.74(8/BW) cos(2.788/8W)] (8)
7.73(0/BW]% - 1.93

Vs (even)

function
discontinuity

1.5 -

Figure 9. Monopulse Sum and Difference Patterns

In order to make subsequent calculations more tractable, and to
remove the function discontinuities shown in Figure 9, equations 7 and 8
need to be simplified. Observation of Figure 9 indicates that v; is an

even functigh and Vd is an odd function.

pattetn'as a scaled cosine function and apbtoximating'thc difference

_ pattern as a scaled sine functioh:

V,(approx.) = sqrt(2)cos (<)

v, (approx.) = sin’ (d)

16w
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- .0 ..V' .Q - "' . \“‘\. A
.;', '.p‘*.a".v"l HACA ,. .". "J".f( "*"a".r e .- .r.‘\..? d'.‘-b‘a:‘ ")1‘.!3&. MMA‘

e




CER b, e A

N "N AR

LYPRAR

Ll

. b0

A

B VAR

TN Y
P

R ML)
RIS
etets

[N '-."c." lT';‘

.o

U

ek

1

\J

o

ﬁ
.
B

o

b

[3

A few calculations on the arguments and powers of the
approximations indicates that the best argument for the sum
approximation is ¢ = 1.0478/BW, and the best poﬁer for the sum
aﬁproximation sets n = 2; similarly, the best argument for the
difference approximation is @ = 1.886/BW, and the best power for the
difference'apptoximation'sets n=1, Substitution into equations 7A and
8A yield thé final form for the antenna functions of the monopulse

radar. These functions are:

v_(8) = sqrt(2)cos’(1.0478/8W)
= (sqrt(2)/2)[1 + cos(2.0948/BW)]) . (9)
V,(8) = sin(1.888/8W) ‘ (10)
] Vs (even)

1vd! (odd)

' ' - -

P‘S “1 .5 0 S 1.58U

Figure 10. Approximations for Monopulse Antenna Patterns

For notational convenience, the theta dependence in the subsequent
developments using the sum and difference patterns will be dropped and
the antenna functions will be referred to as:

V(8) =V V. (8) =V,

T - o .17




Estimation Model

The general framework of the estimation prbbleﬁ coﬁsisgs of
determination (estimatior) of the value of ‘an unkpqwn.parameter,
possibly random, from an observation. ﬁormally obSerﬁa;ions'are‘made_
through a noisy channel, and in this case, estimatiﬁh ﬁechniques must be
used to determine the aesired parameter vaiue;'?éarameter estimation is

then a mapping of the observation space into a parameﬁer space.

ﬁ . ' ' ‘o

P observation, -

g E space J

4] '

" ' ” ‘N

E : v A
g probabilistic! ‘estimation
s sapping ' ' rule
P ] ]

A X v

[ ¢ s

E X ;

Figure 11. Estimaﬁion Model
Source: [5:53]

Figure 11 shows the basic components of £$§ estimation model. Once
; suitasle rule for m#ppinq into a pctametei’spaccthas been ceveloped,
it is of interest to examihe measures of quality of th; estimation
érocedn;es. PassiSlc quality measures miqht'inclﬁde the mean and the
error (in the mean éguare sansa; of th; egtimate, P;equhatly. quality'
measures of th; estination'ﬁtoceduto are quite difficult, And for many

cases rather than approach the error of the estimate directly it is of

.
wl8w»




more concerﬁ tﬂ derive a lower bound on the variance of any estimate.
A comparison of the chosen estimation procedure to the derived lower
bound will provide thé needed measure Af quality of the estimation
procedure. To complete the estimation model for the amplitude-
comparison monopulse radar, the folloQing steps will be taken:

1) The observations that the estimator will have to work with are
derived from the amplitude weighting provided by the antesna.
functions in'the presence of additive white Gaussian noise.

2) A'maximum-likelihood estimation procedure will be applied to
the received observations to estimate the amplitude that most
‘likely caused the observation. Subsequently, the amplitude
estimate will be uéed to develop an error equaticn based upon
‘the angle of arrival of the received signal'from a target.

3) The Cramét-nao lower bound will Le developed which considers
tﬂe conditional variance of any unbiased estimate for the
target angle of arraval.

4) An alternate bound, the Ziv—Zakai'hound. wiil be developed for
the.specific case where the piocedure of estimation is ﬁaximum-

likelihood.

- 10m

. . N + . L '
o eae e T L R I P TR R I I I R N Y R R I I DR BT YR B AP L TR S
. = .. . .




Observation Formulation

as ()
,ls-.é)-—‘ r, (4
- |v1 1
)

Figure 12. Monopulse Observation Model

For the specific case of additive white noise (See Figure 12) the
received waveforms are:
r1(t) = As(t)vs + ni(t) , _ : . (11)

rz(t) = As(t)vd + nz(t)‘ (12)

1

r(t) = |r_(t)
rz(t)

‘where:

" A = unknown signal amplitude (nonran )

-]
—~
(24
-~
[ ]

transmited gignal
v = sum voltage antenni gain ;uVs(Q)

v = difference voltage antenna gain = V _{8)

nfﬁ) additive white Gaussian noise

In general, the transmitted signal (8(t)): tﬂe disturbing noise
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{n{t)); and the received signal are randon processes. The kgy to
analyzing the random observation is to find a .way to replace all
waveforms by finite dimensional vectors, for whiéh characéerization of
the random process, by way of a joint density function; can bé made.

One implementztion of this transformation is referred tolas_Gram-5chmidt
orthogonalization [6:266].  The orthogonézizatioﬂ proﬁedure permits the
representation of any K finite energy time functionﬁ aé linear

combinations of M < K orthonormal basis functions.

M
5, (t) = ?‘sk,m).m(t’ x=1,2,...X . (13)‘
where:
?x,n = Js (e)p (v)at

integration is taken over a period

(91(t).02(t)....lu(t)) are orthonormal

(tr=—
’1— "X . 41ntearatof}fwkx
A0t ' ' :
’* Az?ti . %!ntcgrator}-#ﬂz'

rit . . .

Figure 13. General Orthogonalization Iﬁpiementntion
Source: [6:228]) ‘ .
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Figure 13 illustrates the implementation of the orthogonalization ' o

process. Each individual observation is developed by the basis
function, Dm(t), and t ;2 total dimension of the vector observation 'I
corresponds, at most, 0 the number of signals a% the source. For the ' i

estimation problem at hand, the nature of the source is known and one-
dimensioﬁai {singular valued). The random variable R‘-will be the only
output and is a sufficient representation for the energy time function,
1 (with white Gaussian noise .
-assumed). 'Further, the basis function, 01(t) is [6:267]): |

ri(t). as all other R's are independent of R

#.(t) = s(t)/sqrt(E) ' (18):
where: -
E = j;?(f)dt = 'signal energy :E
sqrt( ) = square root operation '?
- : -
(0 integration. is taken over a period -
RANDON _ RANDON -
. PROCESS ‘ " VARIABLE , ' ﬁ
| I _ ’ T S ' : o
. . - rltn—-(?—-' e;uat — R, | . . . -
| ' (L) ' | - 3
i— .1 (.t) -
€. =

Figure 14, MonoPulsc»o:zhcgonalization‘
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Substitution of equaiions 11 and 14 into equation 13 yields:

R1 ’ r1(t)01(t)dﬁ

;/}Avssit)-+ n ()18 (t)at

]}Avssz(t)/Sqrg(E)ldt + N,

Avsgqit(t) + N, | (15)
where: v
N, = ./Q(t)n,(t)/sqrttz)dt

integrations are taken over a period

A sigilar deielopmént for R2 yielas:

R, = Ava;qrt(zo + N (16)

2 2

To form the joint densit§ function required to characterize the
received waveforms, the first and second moments of th2» vectors R1 and

‘vector, and conditioning on the

2

R, must bn determined. Por the R1

amplitude and hngle of arrival (cénditioninq is perfotmed'on the angle
of arrival rather than the received sun channellvoltaqe because the sum
voltage antenna pattern is a function of 6, therefore E(R1fa,vs)'is
propotticnallyq E(RI/A.O)):
-stni/A.O}A-"Avss§:t(;) + E( 5(t)n1(t)/sqr:(t)dc)
- Avssgtt(t) + jg(s(t))E[n'(t))/sqtttg)dt
= AV_sqrt(E) N o L . (17)
" signal and ndisg.ate independent
- mean of the noise is assumed-zetu

E( ) refers to the expectation operation
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where: (continued)

integrations are taken over a period

A similar development for the R, vector yields:

2

E{R2/A,0} = AVdsqrt(E) . (18)

where:

E(Rz/h.vd) is proportional to E(RZ/A.B}

var(R,/A.8) = E(IR, - Avssqrt(B)lz/A.O)
= E(R)?/A,9) - [AV_sqre(E))?

= EC(AV_sqrt(E) %m0 - [AVésqxt(B)lz (19)

t

Expanding the first term of equation 19:
E( (aV sqrt(E)l /A 8) + B[2AV sqrt(E)N /A,9) + B(N /A.B)

= IAV sqrt(E)l + E(( j];,(t)n (u)s(t)s(u)/E)dtdu/aA, 8} . {(19A)

Substituting equation 19A back into equation 19:
vat(R1/A.0) = 1/E‘lyi{n1(t)n1(ﬁ))E(s(t)s(u)}dtdu
- No/zz'lyi(t-u)s(t)s(u)dtdu
= No/zs s(u)s({u)du
- NOE/ZE - "o/z. ' - (20)
where:
[&(t-.-u)dt w 1; iff t = u (sifting property)
= 0; otherwise
‘ intcgtatioﬁs are taken over a pet#od
ench.noi§; sample is independent, Gaussian, zero mean

autocorrelation of the noigse = (NO;Z)l(r)
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‘2 1 2
¢ therefore independent [7:199). The receiver observation is then the
N  joint density of two independenﬁ éaussian random variables.
Independence igplies that the joint density of R1 and Rz is the product
‘of the marginal R1 and R2 éistiibutions. With Gaussian distribuiions
' and statistics given| by equations 17, 18, 20, 21, and 23 the joint
conditional density of the'receiver $bsetvution is:
PR{T/A,8) = p(r|/A.8)p(r,/A,0) |
= (paNg) " exp(=N/N [(x, = AV sart(EN? + (r, = AV sare(en?]) (24)
=[] | £~ [:1
R,| Alr
- Af25'
R 742-.o.¢.f f.«. NENCREN f.€£f35"’~ LA AN A ,; BN ;f-? . '.f}—.if-.~~”; ot

A similar'development for R2 yields:
var(Rz/A.e} = No/2 ' (21)
cov(R,_,R )A 8} = E{(R_R )2)/A 8} -»AZEV v (22)
Ll 172 ! s d

Expanding the first term of equation 22:
E([AV'sqtt(E) + N1][AVdsqrt(E) + 821/3.8)
2 Ca
= f vsvdz + Av.sqrt(s)ntuz/A.O} + Avdsqrt(E)E(Nz/A.O) + E(N1N2/A.8)
2

= AVVE . (22A)
s d ,

Suhstitutin§ equation 22A for the first term of equation 22:

cov(R,,R,/A,8)} = 0 ' _ (23

Equation 23 shows the vector observations to be uncorrelated.
Further, with Gaussian noise assumed and linear operations to develop

the vector obsarvations, R, and R, will be Gaussian and uncorrelated,

i1
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Maximum-Likelihood (ml) estimation

The maximum-likelihocd approach is to choose the estimate for the
unknown parameter to be the parameter value that most likely caused a
given observation to occur. In the general case, the joint cbnditignal
density of the receiver observation is denoted as the likelihood
function (5:65]. Another useful function for monotonic functions (1 to
1 mapping between the function andlthe iikelihood function)'is.tho
logarithm of the likelihood function. With a 1 to 1 mapping, working
with the log-likelihood function is-eqﬁivalent to working with' the
likelihood function [8:181]. The maximum-likeliﬁood (ml) estimate is

' then that value of the unknown parameter for which the likelihood

function is a maxipum. Or equivalently, a necessary condition for the

" ml estimate is obtained by differentiating the ioq-likelihbod function

L ]9

with respect to the unknown parameter and setting the result equal to
zero [5:65].

Calling this condition the log-likelihood equation, it can be

expressed as:

A'llalpg(r/a,@)l| =0 ‘ (25)
A= Aml
where: 4

A' [} represents the partial wrt the parameter A

Maximum=likelihood estimatag can then be obtained truuluniqui

solutions of equation 25. To apply the ptocedute’desgxibediby equation

25 to the conditional density of equation 24, the log~likelihood

equation must first be established. .Using equation 24:
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ln[pR(r/A.O)] =-1/N°[(r1-Avssqrt(E))2+(r2-Avdsqrt(E))zl-ln[(pi)Nol
= -1/N0[(r1)2 - 2Ar,V sqrt(E) + (AV sqrt(E))zl
-1/N0[(r2)2 - 2Ar v sqrt(E) + (AV sq*t\E)) l

-ln[(pi)Nol

Takiny the partial wrt the parameter A and setting the result equal to
zero will provide’ the log-likelihood equation described by equation 25:

2
0= 2:1Vssqrt(3)/No - ZA(VSSqrt(E)) /No +

2z, sart(E)/N, ZA(Vdsért(E))z/No ' (25A)

2 2,
= t1vssqtt(E) A(Vs) E + rzvdsqtt(B) - A(Vd)IE

Sclving for Amlz

A

o1 = r1vssqtt(E) + rzvdsqtt(s)

2 2
(Vs) E + (Vd) E

= 1 r,V_ + Vv

sqre(m) |—5—291 (26
v )%+ vy

The other unknown parameter of 'interest is the angle of azrrival.
An estimate of 8 allows boresight movement to keep'thelttacking axis'
(boresight).upon the target. The 1oq~1ikélihood function terms that are
functiong of the gng}e @ are Vs and vd which are Qesétiped by equations
9 and 10, respectively. Taking the partial with :cspectvta the
parameter 8 and setting the resuit equal to zeroﬂyields:

0 f 2Ar1vs‘sq:t(E)/N° - zavssqrttz)hvs'sqrt(!)/uo *

IRV, 'sqre(E)/N, ZAVdﬁqtt(E)AVA’sqrt(E)/Nd _ (a2,
=TVt - AV V 'sqrt(E) +r v, “AV, V4 sqrt(E) g (27A)
-27.
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where

vs', Vd' represents the partial wrt the paraheter e

Substituting equation 26 for A of equation 27A and simplifying:

2 2
= ] - . ] ] - ]
0= r Vv 'V, AAARLEA A T V.V,
or equivalently:
] . [} - (]
r1vd[v Vd sYd ] = rzvslvs Vd vsvd ]

equating coefficients, and'evaluating-at the position estimate:

r v (8) - r V (8) = 0

1

(28)

The maxzmum—lxkelzhood estxmatzon ptocedute has generated two |
estimates. xhe first estimate, equation 26, dasctibes the most likely
amplitude for a givén observation. ,The second estimate, equation 28,

was derived from the amplitude estim@te and gives a relationship that

9

contains both cbserva*ion terms and amplitude veighted angle terms. In
order to get a better feel for the relationship between equatzon 28 and.
the estimate for tatget position, it is necessary to look more closely
at equation 28.

| For the second estimate (equation 28) the random quantities will be
1 and Rz.

would equal their respeciive mean values and

the noise corrupted observations, R In a no-noise environment,

the observations R, and R,

equation 28 restated for the no=noise case is: -

0 = [AV,(8)sart(E)1V (8] = [AV,(8)sqre(E)IV_(0) (29)

=28-
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where:
~

.VS(G), vd(e) are functions of an estimated target position, 6

VB(S), Vd(B) are functions of the true target position, @

Substitution of equations 9 and 10 into equation 29 yields:
0 = Asqrt(2E)/2{(1 + cos(2.18/BW) )sin(1.888/BW) -

(1 + cos(2.18/BW) )sin(*.586/BW)] (29a)

Inspection of equation 29A indicates that the equality will be
satisfieé. in the no-noise case, when the estimate forliheta equals the

parameter value. Fét all other estimated values of 6, unequal to the

true target position, the equation will not be zero but will be an error

1that is proportional to the difference of the estimate from the actual

value. Further, with no-noisé‘assumgd. the target position could be

determined exactly with one observed §ulse (ie the required eétimate

for target position to force equation 29A to zero) and the boresight

could ther. move to the exact target location. With additive noise,

equation 25 will not be equai to zero and the maximum-likelihood

estimate for target position will be in error. 1In this light, the

second esti;éte (equation 28), is the exror equation for the amplitudé-

compa:ison monophlse radar, The darived sacond estimate will be used to

uwove the hotesight to the vicinzty of the target. ' ' '
Ip otde:.to bound the estimation error for the target position, it

is first neéessary to compute the gtatiscics for the generated e:ziaaec

for the aﬁplitud. of the return signal.
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B(Aml/A,G: = VSE(R1'} + VdE{Rz} ‘ . . : :E:-:E::;:

_ 2 2 - .

sqrt(E) [{V_)" + (V)] N

ey

= ( t ‘ A

V_(AV_sgrt(E)) + V, (AV sqri(E)) ol

sart(E) (V)% + (v )?) G

= A (30) e

Equation 30 indicates that for all values of A, the average value T

of the estimate equals the parameﬁet that 4. are trying to estimate. ' —
With this relationship satisfied, the estimate is commoaly referred to A

as unbiased [5:64]}.

- ) - 2 - 2 . . ‘
var(a_,/A,0) = E((A ;)%) = E((A_))} | i
2) . ' T

I AR XA ) -

= E (== 3 3 - A ._:.4_'..

£ [tv )2+ (v S

‘ 2 2
Let k = 1/(}:((?3) + (vd) 1)

- 2 . .2 2
var(Aml/A,e? = kE{(R1Vs) + 2R1R2V3Vd + (szd) } - A

2 2.2 an2. 2 2 2 2,2 2
= k{vs (yar(R1)*A vs E) + 2A Evs vd + Vd (Var(R2)+A vd E)] -A
. 2 2. 2, 4 2,2, 2 2,4 2
| KIV TNG/2 4 VS ONG/2 4 (ATV TR+ 28TV VTR 2 ATV TEY] - A
2 2 2 2 2,2 2
KNo/2(V. " + Vv ) + AkELV. " + v, A - . ,
- ‘ - 2 .2 :
vat(Aml/A,é}‘* N, + A" = A
. 2 2
2BV, +V a )
- N
— (31)
ZE(Vs + vd') :
-
‘30w ?2 :
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Crarer-Rao Lower Bound (CRB).

For any unbiased estimate ﬁ of a scalar A, the coﬁditicnal variance

is bounded by [8:232]:

var(A/A} 3_(E(m'[in(pn(r/lml)z))-1

or equivalently, var({A/A) 3_[-E(A'(ln(pn(r/h))lll-1 (32)

where:
A' represents the partial wrt the parzmeter A -

A" represents the second partial wrt the parameter A

Equation 32 is usually referred to as the Cramer-Rac inequality.

Consider applying the steps described by equatibn 32 to the amplitude

estimate:
. ‘ - . - 2 '
A' [In(p (x/A))] = 2r,V _sqrt(E)/N, - 2AV_ E/N, +
2
| 2:2vdsqrt(3)/uo - 2aV, "E/N (33)
" - 2
=R lln(PR(r/A))l 2Vs E/Nu f ZVd E/No , ' (33a)
iy 1131
E{~-A [ln(pR(t/A))]} = N,
2 2
ZE(Vs + Vd )
Using the inequality given by equation 32:
- N 0 :
var(A_./A,8) > - (34)
ml 28v ? '+ v %

' Equatién 31 previously §efinad the conditional variance of the

"amplitude estimate. Cthatison of equation 31 with the cnnditional

inequality of eqﬁa;ion 34 1ndic§tos'that the conditional variance

sagistiei the CRB with equality. Any'unbiasod estimate that satisfies .
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the inequality of equation 32 with an equality is called an efficient
estimate [5:66). There is no quarantee that an efficient estimator
exists for a given problem, however, if one doe: exist, the maximum-
likelihood estimate will be efficient (8:233]. Efficiency is of
importance because equality with the lower bound described by equation
32 assures minimization of the conditional variance of the estimate, and
therefore,.provides the best estimate available. Appl}ing equation 32
to an estimate of target location.'az
©8'(lnp (r/A,8)] = 2AT,V_'sqrt(E)/N) - 2AV_sqrt(E)AV,'sqrt(E)N, +
Zhrzvd'sqtt(z)/ﬂc - zavdsqrt(x)avd'sqrt(E)/No
9“[lnpn(t/A,9)] = zar v 'sqrt(E)/No -2aztv")2E/No - 2A2vsvs'z/uo +
28z ¥, "sqre(E)N, ~207(V," B/, = 2V V"B,
= ZAsqrt(E)/NotVs'(r1~Avssqtt(E))"+ '(t AV sqtt(E))l -

G 2%/ 1y 9%+ v 0 .
= 2Asq;t(z)m0[v;'ﬁ1 4~vd"u2 -Asqrt(z)(v")z -Asqtt(z).(vd')zl (35)
~E(8" (1ap_(2/A,0)]) = 2T [V )7 + (v,1F) (35A)
where:

;(VS”N1) = E[Vd'NZ) = 0

.1 Y 1 : '
[~E(8" (lnp_(2/A,8)])] " = . o (358)
| v_")

2a%e 24w X )2

Substitution of equations 9 and 10 into equation 35B and performing
the indicated first partial squared, and then simplifying yields the
final form for the Cramer-~Rao bound (CRB) for the conditional variance

of the unbiased Cstimate'as

T w32e
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var{6/A.8)} > 02
2A'E 2.87 + 1.8cos(3.88/BW) - 1.1cos(4.28/BW)

Equation 36 is one of the bounds for the tracking error of the
monopulse radar. Application of the conditional variance as a mean
square e:iot implies a priori knowledge about the average error.
Specifically, a zero average error is implied. ' This will clearly not be
the case if the‘estimate is no‘long;t unbiased, and at that point this
form of the CRB ¥Qé§f usefulness. vgefore leaving the CRB, a few
éomﬁents about equation 36 are in order. Ihspection of the leading

coefficient indicates that the bound is directly proportional to the

beamwidth and inversely proportional to the signal-to-noise ratio. This

result is intﬁitively appealing, as the bound predicts a small tracking:

. error in a low-noise (high'éNR,’low BW) environment. Nota also taat if

the converse ig true (low SNR, high BW), then the var;ance of the
estimated position grows quite large. For low SNR, the CRB does not
adequately approximate the estimation.errOt because the likelihocod
function can have several peaks and maximization of the likgiihooa
funcﬁion may only produce a local, in:teaﬁ of absolute, maximum. Errok#

are then made 6n the likelihood function sidelobe peaks {9:148).
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. Ziv-Zakai Lower Bound (ZzZB)

The Ziv-Zakai bound is derived by comparing the astimation problem
with the optimal detection'prcbiem. The resulting bounds are
inagependent of bias and explici£ly inclﬁde the dependence on the a
prio#i intervalnof the desired parameter [10:386]. The estimation
decision rule will have an asgociated probability of error (Pe) that
will be lower bounded by the Pe assoéiated with an optimal detection
scheme. This lower bound (estimatioﬁ decision vs optimal decision)
enables the cderivation of perfprmhnce bounds that are based upon
detection theory. | |

CQnsxder an estimation technxque for the target angle off bean-.
éxis. Ot, of a rece:vad wessagu when it is knovn that the angle is
either 0, or 61. The z;v~zakni approach is to compare the angle

0

\]; estimate, 3. with an average value (ie conpake 3 with (Oo +‘o,)/2) and

then'decide between 80 and 01.

Pe ESTIMATION DECISION
- THRESH
0' + + + + ‘e - - - - -
+  Pe(8 ) + - Petgy) - -
+ Ol + L 4 + :- - - o, -
. + — 4 )
* + <+ - - . - e
8 N -]
¢+ 2, . e . t L.
T
LR R el e 4 e . a
' 9,+0
21
-2

Figure 15. Estimation Decision Space
Source: [10:387) .
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From the léw of total probability:

Pe(est) = p(eo)p((e > 60 + 61?/801 + 9(81}P{(8 < 00 + 61)/0‘)
2 2
= 1/2P¥(6 > 90/2 + 91/2)/301 + 1/2P((0 < 90/2 + 01/2)/01)
where:
p(eo) = P{01}

conditioning on 8, assumes s(Oo)lwas transmitted

Let: d-01-90

1/72pP{(8 > 90 + d/Z)/Oo) + 1/72p((8® < 01 - d/Z)/91)

1/2P((8 - 8, > &/2)/8,) + 1/2P((0 - B < -d/'2)/e1}'

L]
-~
o
(-]
(a4
~—
[]

1/2P((]0 - o | > as2)/0,) + 1/2pU(]e, - o > as2)/8,)

Recall that Pe must be greater than an optimal d:.tection scheme. (ie

t;i for equiprobable binary signaling):
P, < V2p((|e ~ o | > as2)/0) + 1/2p((]e - 8.| > a72)70.)  (37)
where
o - 0,| = [o, - o
To proceed, the right side of squation 37 must be simplified.
Reference 9 applied the Tchebycheff inequality to tﬁe right side of
oquaticn 37. The Tchebychctf inequality is a specific case of a more
general rule which is tcrmed the 1noquality o! Bicnamyc' [31:151) ¢
Let ¥ = |x ~ l' 7 since Y is always positive:
P{|x-a] > b} < E(|x - alM it ‘ - . (38)
«35-
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Applying equation 38 to equation 37:

-~

Let: x =8; d/2 =Db; a= 90 or 01; ns=2
p(|e - 8 | > a2} < Ei]s - aolz)/(d/z)2 » (38a)
pijo - 0| > a/2) < (]o - 8,5yt | " (38B)

Using equations 3§A and 38B in the inequality of éqnation 37:
B, < 1/2C|0 - 8 ]2/8 /(22 + 1/25(|8 - 8,]%/8 1 ta/2)°
(62/417, < 1/205C(6 - 9)%/8,) + B((6 - 8.1%/8.]
[az/cxpé;_ 1/2[22(90) + ;2(31)1 | - (39)
E((; - 9)2/0) = ;2(8) = mean-square estimation error
. To simplify, assume eo = ¥01:
((20)%/417_(3,-8) < 1/2[EC(8 - 9)2/8) + EC(8 - 8)%/-8)] (40
P_(0,-9) = error probability of the best procedure for
deciding whether a t#rgetvil aﬁ 9, or -8, when it
i.; known to be at one of these positions with equal

probability

0 P (9 -8) < 1/20 (8) + 1/20 (—0) ‘ . o (40n)

The right hand side ;)t the inequality of 'equn'tioa 40A ils a lower.
bound to the arithmetic average ;':t the ménn square estimation error (:2)
for any pair 6! the values of the parameter dt which are 20 units.' aparlt
[10:387). Imposing the symmetry of the mcn-sqt‘nté érrors equgti;:n 40A

then becomes:
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0%, (8,-€) < 1/2¢%(0) + 1/2¢%(0)
2 > o%p_(0,-0) -
- - e .
Many bounds on the estimation error can be dérived from this basic
result. Clearly, the worst case error will be lower bounded by the . o &
maximum in the a priori interval of the parameter Ot'[12:650]. In this
case, the estimation error is bounded from below by the scaled maximunm
of the product of the square of the difference of the two possible i _ - ;;
angles and the minimﬁm achie?able detection error for eqﬁiprobable | :
binary signaling over the a priori interval. S . o
>  max 8 p_(6,,-0,) , (a0B) .
0 < et < onax' - C?E
Reference 9 developed an extension to the bound on the mean-square error ;;;
;. for bearing estimation given in equatlion 40B for the specific case of :
maximum-likelihood estimation. The development is as follows [9:156): E;
A tighter bound can be obtained for the ciase where ﬁhe probability | ;i
dengity function is a function oniy of the difference between ;?
estimated and actuallparamnter values. This constraint is s '  o ﬁi
satisfied by a maximum-likelihood estimator u = sin(@). Reali;ing  1 | ' ,;;
that lQih(so) - sin(e )] ¢ ]e-o - 8., the maximum-likelinood T
estimator can be applied to give the apptogriate,b;unds on the Ei
hean-sqparo error: - | o I ‘ . | éi
' G
- -37- -
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ezil max [sin(et)lzpe(et,-et) (40C)
0 <6 <90 '
where: '

sin(Bp) = [sin(emax) + s8in(8))/2

e = maximum possible angle (a priori intexval)

Equation 40C, [3:156], will be the form of the Ziv-Zakai bound used
to predict the mean-square estimation error for a maximum=-likelihood
estimate of azimuth angle. To apply equation 40C, the error
probabiltiy, P, must first be computed.

0 and H,

of whether the azimuth angle of the target is at 8

H are the two hypotheses for the binary detection problem

0 or 91, when it is

known that a target is at one of these two positions. The two

hypotheses are:

> : Ra
Ho. R E(R/Ho) + N
Hy: R=E(R/H,) + N
The total probability of error is:
Pe = P(making an incorrect decision)
= p(deciding Hy but H, is true or deciding H, but H, is true}
= P(H,} ‘fpn(’/ﬂo)d’ + P(Ho) d[pk(r(u1)d: '
H H
where:
H1 integral is area under "0" density in the. "1® region
,Ho integral is area under "1* densiﬁy in the "0" region
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The decision rule is then:

H1 L
> plHy) | L

L(R)

_ H0< P(H'j} .

where:

‘L(R) is the likelihood ratio (5:26] = p(x/H,) A

P(r/ﬂo)

equal a priori probabilities is assumed

equivalently: ‘ , ..

1(R) 0
_HO ‘ ‘ ol

where:
-, vu

1(R) is the natural logarithm of the likelihood ratio :

2ERO

THRESH s

B T SN f- R - . ——

+PecH ) ¢+ - -Pefﬂa) - ' e

L L ' O

- o 1 (R) o

I e L R TSP ' :E:'
+ + ..+ "JE‘ R : o |

I I L T —

L

Figure 16. Decision Space for 1(R) o _ ' —e
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- From Figure 16, the total probability of error is:

P, = A/2P(1(R) > o/n°1 + 1/2P{1(R) < 0/H,) 41)

The log-likelihood ratio is a random variable. This is easily seen
from the derivation for the likelihood ratio which involveé the ratio of
two functions of a random variable; therefore, L(R) is a one-dimensional
random variable'[5:26], and the logarithm of a random vaziabia is |
random. With Gaussian statistics for each of the.jciﬁt conditionﬁl
dengities, 1(R) is the sum of independent Gaussiaﬂ random variables;
therefore Gaussian. Computing the statistics of the one-d;ﬂensional
Gaussian random variable 1(R) will allow the development of the
probability of err&r as described Sy equation 41. From eéuaﬁion 24,

the joint conditional density when Hy is true is: .

(r/H ) = equation 24 evaluated at 6 = Oo {42)
. ) ,
= (1)exp(- 1/N [(r Av (8 )sqrt(z)) + (rz-avd(oo)sqrt(ti) 1) (42a)

Pl)N

Similarly, the joint conditional density when H, is true is:

= (1)exp(=1/8, [(r,-AV_(8 )sqrt(E)) + (z,-AV,(8,)sqrt(E))?])  (42B)
(pl)N ‘ '

Then 1(R) is the logarithm of equation 42B divided by equation 42A:

, .2 ey 2 ' 2. Can 2 -
1(R) = -1/N°(t?°a) =1/N,(x,=b)" +1/N,(x =c) +1,"uo>(r2-ld) {43) .
- where:
a= E[R1/H1}'- Avé§61)sqrt(3)
b= E(RZ/H1) = gvd(61)sqrt(z)
-] E(R1/H°) - -Avs(elo)s‘qr.t(m
d.= E(R2/H°) = Avd(eo)sqtt(s)
(=
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1(R)

2 R 2 2 2
-1/N0(r1 - 2r1a + a’) --_1/N°(r2 2r2b + b))

2 2 2 2
+1/N°(r1 - 2r1c + c) +1/N°(r2 - 2r2d + 4d7)

= 1/ND[2r1(AVs(91)sqrt(E) - AVs(So)sqrt(E)) +

2r2(Avd(91)sqrt(Es = AV (8)sqrt(E)) - g?“k

ARG A UR IS AR S AN | E;éi

= 2Asqre(2)/N (2, (V_(8.) = V_(8)) + £ (V4(8,) = V4(8.)) + '- Et:..f-;..:
asare(e)/2v 2(8)) - v 200 + v ,2(0)) - v (e ) (433) Ef';
Introducing a new version of 1(R): o . ' 5;;;
1'(R) = L(R)/(2Asqrt(E)/M) |  am)

The statistics of 1'(R) for the hypothesis Ho are:

B(l'(R)/HO} = E{R1(Vs(81) -Vs(ﬂo)/ﬂo)) + F(RZ(Vd(el) ‘Vﬂ(eo)/ﬂgi) +
, 2 ' 2 .2 , 2
Asqtt(!)/Z(Vs (90) Vs (91) +.Vd'(°0) - Vd (91)‘

\ =Asqrt(E) lvs(ao)(vs(e1)-vs(e°))+vd(eo)(vdgs1)-vd(oo))l* ‘
\ 2 o 2 2 2
Vo Asqre(E)/2(V_“(8,) = V. “(8.) + v, ‘9_0’ vy o8,
= Asqrt(E)[V_(0,)V_(8,) + V. (8)V,(8,) = S
2 2, 2 2
Asqrt(E)/Z[_(vs (90)_ + v, (8,) + vd (90) + VY, (01)]
= AsSqrt(E)W/2{p = 1.0] (44) e
where: h | :, ;
v 28 2 2 2 .. e
We v Sey) ¢ VS0 + VS0 4 Ve, (45) o AN
P = 2/WIV_(8)V_(8) + V (8)V (8] ' ©(48) Bl
. , | 2
qu{l'(Rilﬂo) . Vft(R1/ﬂo)[Vs(91) - Vs(so)l +
' - ‘ ' 2
var(R/Hy) [V(8,) = V,4(89)]
oy 2 2 » Ly 2
= Ng/21V TG00 + v S(a,) ¢ v (8 + v 8] -
NIV (8,)V (8,) + V (8)V (0,)]
-a1-
) o o B . o N
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var(l'(R)/Ho} = NOW/2[1.0 - pl ' , (47) R
A similar development for hypothesis H, yields: ' e
E(1'(RI/H,) = Asqrt(E)W/2[1.0 - p] (48) o
var(1'(R)/H,} = N W/2[1.0 - p] L (49)
The conditional distribution under the hypothesis H, is: - TE

1
P(1'(R)/H > = kexp[~(1'(R)-EQ.* (R)/H,))%/2var(1* (R)/H,)]

where:
k = [sqrt:(2(pi)var(1'(R)/H1))l-1 . RO
E;l'(R)/H1) = Asqrt(E)W/2{1.0 - p]

Qar(l'(a)/ﬁ1) = NJW/2(1.0 = p]

Similarly, under the hyéothesis Hy: '  , ’ 3j:ﬂ
P(L'(RI/H,) = kexpi~(1' (RI+E(L' (R)/H_3)%/2var (1" (R)/H,})

where: _ -
—

E(1'(RI/H,) = - E(1'(RI/H,)

var(l'(R)/Ho} = vgr(l'(R)/H1)

Equation 41 then becomes: : ' ' _ o ;’tﬁ
Py = 1/2P(1'(R) > O/H)) + 1/2P(1'(R) < O/H,} | - B o

= 1/2P(1'(R) > O/B)} + 1/2B(1'(R) > O/H.) a o0

- RL'(R) > 0/H,) B | B

Due to the symmetrf of the shifted diéttibutionsx

P(1'(R) > 0/H,). = P(1'(R) < 0/H.)
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_[pu-m/no)cn'(n)
a [kexp[-(l'(R)+l-:(1'(R)'/H1))2/2var{1'(R)/H1}ldl'(k) (50)
where

integrations range from zero to infinity

Let u = (1'(R)+E(1‘(R)/u1))/sqrt(var(1'(R)/H1})
du = dl'(R)/sqrt(vat(l‘(n)/ﬂ1)): dl'(R) = sqrt(var(i'(k)/ﬂ1))du

when 1'(R) = 0 ; u = E(l'(R)/H1)/sqrt(var(1'(R)/H‘})

Equation 50 then becomes:

‘ -1 2
Pe = l'(R)SQ.[ Sqrt(?(Pi)) exp(‘“ /2]6“

= Q{u when 1'(R) = 0]

where:
En— o ]

Qfal = sqrt(Z(pi))°1&/.exp[-xz/ildx ' (8:257)

Pe = Q[E(l'(R)/H1)/sqrt(var(1'(R)/ﬂ1))]
= Q[Asqrt(E)W/2[1.0 = p]/sqrt(N W/2{1.0 - pl)

= Q[Asqrt([EW/2N°1(1.0 = ph ' (51)

Equation 51 describes the necessary Pe of the best procedure for
decidihg whether a target is a Oo or 81, Qhén it is known to be at. one
of these two positions with equal probability. For the case at hand, Do

= oa and substitution of ecuations 9 and 10 into- equataons 45 and 46

the factors W and p become"
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2

2 ' 2,
W= (v, (8,) + Vv, 5(8) + v 7(8)

2
(8g) * Vg d

= 1/2[142c0s(2.18/BW) + cos>(2.18/BW)] + sin’(1.98/BW) +

1/2[1+2c0s(~2.18/BW) + ‘cos>(=2.18/BW)] + sin’(-1.98/BW)

= 5/2 + 2c05(2.18/BW) + 1/2c05(4.28/BW) = cos(3.88/BW) . (52)

Figure 17 provides a plot of the factor W out to three beamwidths.

U=S/2*§COS(2.lX)+.SCOS[4.2Xl-COS(E.BX)
T .
X=8-/84

| |-
-3 -2 2, 3BV
Figure 17, W vs Normalized Beamwidth

P = 2/WIV_(8)V._(8,) + V,(8,)V,(8,)]

= [1/2 +2c08(2.18/BW) +1/2c08(4.20/BW) +cos(3.88/BW)]/W (53)

A plct of the pa;ameier p is p;oviééd in Figur; 186, Inspection of
Figure 18 shows the parameter p to be periodic in nqtﬁglizedAhgnmwidth
and approkimatgly equal to cos(Z-ﬁZO/Bw)., r:;&:é 18 dispiiys‘énly a

small window of the function p because the particular form of equation

52 has discontinuities at multiplcs»of 1.7 tipes th‘ rormalized

beamwidth. No approximation for p is utilized because all angles of
' 44
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interest zre within plus or minus one-half the beamwidth. With the -

magnitude of p always less than or equal to 1, p satisfies the condition

1

of a correlation coefficient.

pslz S + +

1 X:9/84

Fiqure 18. p vs Normalized Beamwidth

Iﬁspection of Pigures 17 dnd 18 reveal that when thé‘pafameter 8 is
zero, W equals 4 and p is unity.' When p is unity, equation 51 is
maximum; and therefore P, is'maximum. This result is intuitively
appealing as targets with small seperation angles will be difficult to
distinguish. substitution of equation 51 into equation 4oc. along with
eéda;ions 52 and 53, will provide ;he Ziv—Zakni lower bound for the

' estimation etror of a aniﬁum«likelihood estimate of the tatge# azimuth

angle.

“45-

. R T i
e DRI Y y . y
.‘. < PO ‘-: .'.'\.‘.'-“ "o. ", .*:-‘ -' J‘ .“'-‘ 'I ‘\ EA Yoo '.’.'c"' -

“ 4

- e ettt WA SICRY N
N AR AR N e

RS AR '.‘:-. LN




Tracking Loop

The output of the monopulse estimator was previously shown
{equation 28) to be an error signal .that is proportional to the
difference of a noise corrupted estimate of target position ard actual

target location. Réstating equation 28:
e = R,(O)Vd(e) - Rz(B)Vs(B) (28)

To provide automatic tr;cking of targets, the error signal actuates
a servo-control system to steer ;hé beam-axis on target.  If tﬁe error
signal does not change rapidly with respect to the operating frequency
of the radar, the error will be approximately a dc, or step, input to
the antenna servo system. The time domain response of the servo is then
appro*imately the response that would be obtained due to a scaled sﬁep
function proportional to the error signal. 1In thét light, the
development for the tracking locp w111 be as follows:

1) A relationsth will be der;ved between the error signal and a
step function that is proportional to the difference cf the
estimated target location ;nd actual t;rqet position. This.
convegsion'wi;l be in the form.o a discriminatcr curve that
will, within limits, ptovide a 1 to 1 mapping beEueen error and
a step function with amplitude proportional to required
boresight movemen;. |

2). Since tﬁa error signal wil; be in the form of a sﬁep £ﬁnction.
an'imptoved Type 1 servo system will hi devclcped to provide

the desired response time and steady state error for the

46~ , .-
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monopulse tracker. A Type I servo gives zero steady state
errcr for a step input, and an improved Type 1 provides the
desired response time.

3) Relationships will be established for tracking.moving targets.

Discriminator

With additive noise, the erior equstiqn ;s a random quahtity as R,
and R2 are indeperdent, Gauséian, distributed randomvvariables. As
stated earlier, the discriminator curve is ésﬁablished assuming a
perfect mapping from error signai to a step function required to align
the beam~axis with the target pcsition (ie thé mapping is accoﬁplished
in the no-noise environment). 1In this case, the observations are given
by the conditional means: |

R = E{R(8)/A,0)

(o = AV_(8)sqrt(E) for observation R, ' | 4 (54)

= AV,(8)sqrt(E) for observation R, | : (55)

Substitution of equations 54 and 55 into equation 28 yields:

e = AVS(O)sqrt(B)Vd(é) - Ayd(ﬂ)sqrt(E)Ys(a) C (56)

Recall that VS(O)‘ahd Vd(o) were describéd by equations 9 and 10:
LV (o) = sqrt(2)/2[1 + cos(2.09468/BW)]

vé(e) = 'sin(1.888/BW]

As previously stated, it is necesséry to express the error equation
(equation 56) as a function of the difference between estimated and

actual target location. Such a function allows boresight movement

o ‘ - qa
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Let d8 = 9 - 8; O = d8 + 8; For small 6:

proportioﬁal to this differenca. If all anéles are considered‘relative
to the boresight axis the radar will estimate a target location, the
target may move relative to that location; and the boresight will then
move to the estimated position where the whole procedure is repeated
over Again. In this light, gach angular difference between 8 aﬁd'g is
approximately equal to the difference between 8 and the boresight (ie ‘3

is approximately equal to zero).

-~

vs(e) = 3qrt(2) ' (56A)

vd(e)‘- 1.880/BW which is approximately 0 . (56B)

Substitution of equations 56A and 56B into equation 356:
e = - Asqrt(2)sqrt(E)[sin(1.8868/BW)]
= - Asqrt(2E) [sin(1.8848/BW)) - (57)

de = - BW/1.88arcsinle/Asqrt(2E)) . " (57a)

Equation 57A is the transformation required from an error signal to
a step function with amplitude proportional to the required boresight
movement for target tracking.

Figure 19 provides a plot of equation 57. Due to the inverse sine

function agsociated with the discriminator curve, all values of error do .

not map to a unique value of d8. Limits must be place on d8 such that

within the defined interval, there is approgimately a one to one happinq

between 48 and thé error signal. For large ezrors{ de can then only

move to an established maximum, and no further. This constraint doesn;t

limit the usefulqess of the discriminator curve, becauselin a realistie
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sense the mechanic#l limitations on how far the bbresight can move for
lgrgé inpdtg mdy be the final performance limitation.- The limits used
for dé are noted on Figqure 19. Equaticn S7A will be then be used,

wiﬁhin the %peéifigd limiis; to. actuate a servo-control system to steer

the beam-axis on target.

~e/ASQRT(E) = SQRT(2) [SIN(1.88d8/BW)]

‘1

Iﬂ-h p:i
o'Ss

S -’: i

: d
- .8 1.28

%
|

' Pigure 1§. Discriainator Curve

Angle Servo

' .A tracking radar can be divided into two parﬁs. “The first part

estimdées thé-position of the target within the resolution cell. The
second part centers the resolution cell on the target, typically with

the aid of setvompchaniams (4 32}, If gear bac <lash, and other non=

lxnearities,.are neglected, ‘the servo system can bc ‘modeled as a linear

system. Analysis of this linear systen’can be performed with the aid of

Laplace transforms.
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: {4:314]). .Conbining the gains, xD and KM of Figure 20, results in an
open loop transfer function:
G(s) = K/s(s + w ]
Closing the loop, the closed loop transfer function is:
aout/ein = H(s) = G(s)/[1 + G(s)]
. = K/[s(s ¢,wf)l* ) 4]
=x/1s% ¢ sw, v K1 | S (58)
The characteristic equation of equation 58 is:
52+ sw, + K =0 : o ' (58A)
The roots of equation S8A determine the time response
characteristics of the linear systénf Exciting equatian 58 by the
A e s I T T e e N L S e

. G(s)

Fe)
LiLJ 4

K
Cis) » —OA—0

sls#oll

H(s) s 1

K KKy

. Figure 20. Type 1 Angle Servo
. Source: [4:313]

Pigure 20 shows a Type 1 angle servo and associated parameters.

The corner frequency, WL is fixed by antenna inertia and motor torgue
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Léplace transform of a unit step function (1/s), separating into partial

fractions, taking the inverse Laplace transform, and then simplifying

the result yields the time domain output response éﬁe to a unit step
.input. For t > 0, this response can be shown to be: -
Gout(t) = 1 - exp(-{wnt)(sin(wnsqrt(1 - {z)t) + _;;
cos(w_sart(1 - $2)e) /sqre(1 - $2)1 (59)
where: g
{ = w,/2sqrt(K) = damping coefficient _;_
w_ = pqrt{K) = system natural frequency -;j;
Since w1bis fixed by the system elements, desired sysfem ii;;
performance (ie allowable settling time, steady state errdr. and . , fﬁt
percent overshoot in the output response to a unit step function) must ;;i
'be established by the adjustment of the gain parameter, K. Settling Ei?i
y time is the time required for the syéten to damp out all transients._ In :t:
practice, the settling time is established where the error (ripple about &E;
the desired response) is reduced below 5% of the initial error [13:90). Egé;
For approximation purposes, the settling time is within 4'time constants Efi
| . .
of the enve ogevog the damped sinusoidal oscillation. The ratio of the 3
sgep response peak‘value to -the steady state settling value ;a termed ;fj
percenﬁ overshoot. The amount ot'overshoot allowable depends upon the. i;;
parthulat ystem, and is a function of the damping ta:io, but ten ' ) j?;{‘
percent overshoot is teasonable [13 9%]. For the monopulso'tadqt. ‘the " . 7?553
constraints [for the servo are: | - - ' ' :;;
1) Thl servo respohin to & pulse nust settle io steady state | ;;i
before the arrival of the next pulse. This fixes the settling ' ;Eé

51~

R L R A . ". o . LN '.. ..... \.'T. e . . AT I Y S
e ','-"‘ i’-' <ot .’-' -.’ .'o ‘o \'.\ \. -.‘.\- si.-."n "'.0.' '\' ’ " N ."',,.‘."-." 3. .'.- L RN .\t""-',‘,,g",.l.",:-i'.




time to bé le;s than the PRI, which in turn fixes the rise time
of the gervo .o be less than one-fourth the PRI.

2) To maintain allowable overshoot, the damping ratio must be set
to approximately 1/sqrt(2) for optimum second otdgr response to

a step input [4:315].

Due to the pulse‘repetition frequency (PRF) of the radar (100pps),
the Type ! servo, as described by equaﬁiOn 59, could not settle within
the pulse repetition inter§31 (PRI) and a slightly different servo
system than the Type I serQo must be employed. |

Higher gain can be utilized while holding the damping ratio to
approximately oné-half with the adéition of a reéiptical corner (phase-

lead network) in the system closed loop transfer function of a Type I

servo system [14:251]. This phase-lead network eliminates the overshoot

problem at high values of gain while'teducing the step response rise-
time {4:320]. The step respoﬁse of the improved Type I servo is éiven
in Reference 14 as [14:254]:

0 (¢) = [1 - exp(-twnt)/sqrt(1‘- fz)]sqrt(1 - '1/'n)

out A
(cos(whsqrt(1 - {z)t - 7)) ' (60)
Hw1.- antenna cor£er frequency = 10 réd)sec'(4£i21} (60A)
w, = phase lead network break‘fteq;any |
W, - natﬁ:al f;equencf = gqrt(K) . : : (60B)
{ = damping coetficient = K/(2w w,) + v’/f2vn) ~ (60C)
P = arctan{(1/28qrt(1 - f?))(w1/;n'* wn/wz)i o , (600)

*52m
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The rise time is provided as [14:254]:

(pi) - arctan{(1/2sqrt() - (2))(v1/wn + wn/wz)] + Q
. tr = (61)
wnsqrt(1 - fz) ‘ » '

To establish performance at ﬁhe desired level, the gain (sqrt(K)
and the phase-~lead break frequency (wz) were adjusted, by an iterative
techniqué.'vith constraints of a fixed damping ratio ({ = 6.707) and a
ri;e time that must be glightly less than one-fourth the PRI (tt <
2.5msec). For the iteratioﬁ, the.ratio wn/w2 was held consgant at 1.4
until an acceptable value of rise time was attgingd, and ﬁhen '2 was
adjusted until { = 0.707. All calculations were petformed,bn a
programmable hand-held calculator. The iterativé results are:

w_ = 900 rad/sec | - (61A)

wz = 641 rad/seé : (61B)

From equations 61A and 60B:

K = "n2 = 810E+3 ' : _ (62)

Substjtuting equations 62, 61A, 60A, and 61B into equation 60C:

{=0.707 o o | . (63)

Using all of the constants and solving equation 61¢

tr = 2,48E-3 sec B (64)

SOIVinq for the step response (equation 60)s
(t) = [1 = exp{-fw t)/sqrt(1 - f )]sqtt(i - w /w )
(cos(wnsqrt(l - { e - )l

= 1 « 1,39exp(~616t) [co8(636t ~ 0.778)]
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9 (t)

out 1 - 1.39exp(-636t)[cos(636t)cos(.78) - sin(636t)sin(.78)]

1 - .99exp(-636t) [cos(636t) - .99sin(636t)]

1 - exp(-636t) [cos(636t) - sin(636t)] (65)

Equation 65 is the output, time domain, servo response
characteri;tic for the monopulse tr#cket. An amplitude scaled version
of equation'65‘is used to steer the beam-axis on‘target for a given
ertor‘signal input. A plot of equation 65 is provided in Figure 21 fot

a unit step input,'

‘jl'EXP(83St)lCOS(SSgt)-SIN(63St)l

1
’
. 01=18r/s E
' 99641r/s X
' on*880r/s .
51 ' K =0.8E+6 '
' & 19.787 '
1 ' tp22.1/90012, 3E-3s '
;s ts*8.4/980:9,3E-3s |
y » y sy " b () o t|
o 1 2; 3 Y 5 b 1 8 +18
ontp onte

Figure 21. Response of Impriuved Type I Servo to a Unit Step Function

Moving Target

‘Several moving target considerations must be accounted for in the
radar model. Among the considerations are range ana signal-to-noise
ratio (SNR) changes because of target movement. cénsidet linear target

translation as shown in Figure 22.
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Fiqure 22. Simple Linear Tatget‘Tfanslation

From Figure 22, a simple relationship can be established for the

new target range as a function of velocity, time, and previcus range.

2.

‘ 2
o1 T (VE)T] (66)

‘Rnew = sqrt(R

The range and signal-to-noise ratio are related by the radar range

equation {4:29]:

2 2
Ol PrGr = | (87
[4(pi)] N {5/,
R - ;aximum range for a given set of radar parameters
P, = actual perr.teceived'by the radar .
Gr .»* aﬁténna_gain

= wavelength

Nint = receiver internal noise power - | » . ‘ | e T?"ﬂ‘
(s/N) = signal-to-noise ration per pulse . - jiﬁ{://
ai = target cross-section
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Solving'equation 67 for (S/N)p:

PrGr2°£*2
(s/N)_ = :

3 (67A)

R |
[4(pi)] N LR

Using equation 67A and after cancellation of like terms, the ratio of

new SNR to the previcus SNR is:

4 4
SNR(new) 1/Rm(new) Rm(OId),

?NR(old) 1/Rm(old) Rm(new)

or equivalently:
SNR(new) = SNR(0ld)IR_(0ld)/R_(new)]® : - (68)
where:
R (new) = sqrt[R 2., (vt)2]
m old )

Rﬁ(old) is established by the initial conditions

To establish initial conditions, some constraints must be placed oa
the simple translation described by Pigure 22. Let:
aircraft velocity = 500 knots = 257.4 n/sec

antenna beamwidth = 3 degrees

'

aircraft travel one~half the beamwidth in 50 pulses

radar PRL = 10E-3 sec . - | ' ' S

After 50 pulses, the target will travel 50 times the PRI tinés the
velocity, meters. Pluaging in the constraints, this tramslation is
128.7 meters. Figure 23 provides the geometry of the described

situation that now allows for initial range computation.
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Figure 23. Initial Range Geometry

Solving for the intial target range yields:

Rinit = [128.7 m]/tan(1.5 degrees) = 4914.9 meters

Figure 24 depicts the complete amplitude*comparison monopulse radayr

'

development that will be utilized in the radar aiﬁulation program that

follows,
Ly
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III. RADAR SIMULATION

Computer Program

To compute the mean-square tracking error and associated
" performance bounds of the amplitude-comparison monogﬁlse radar, a

simulatioﬁ program was designed for the radar model as developed in the
previous chapter. An anhotated program listing of.the program is
pr;vided in Appendix B. The input variables of the simulation allow for
chcice of a statxonary or moving target and desired sxgnal-to-noxse
rat;o (SNR) level. The ou;put parameters are the mean-square tracking
error, the Cramer-Rao bound for the conditional variance of the |
estimated target position, and the Ziv-Zakai lower bound forAthe
estimation error: of the target position. Two external International

‘3. Mathematical and Statisticai Libraries (IMSL) routines are called during
the program execution. The first routine is a Gaussian random deviate
generator, GGNML, that E:eates tagdon._indépendent, noise sampleé. The
second routine, MDNOR, comﬁutgs the area gnder a ‘Gaussian curve and is
utilized to éompute the P_ for the Ziv-2akai bound.

Average tracking error as conduéted in the simulatinn program is
developed by'chsefvation of the rgdats ability to maintain the horésight
in the vicinity of the target for a finite interval of pulséé.‘and then
repeating ghe expeti;ent many times ahd'averaginq the results.' The
observation interval is established at 50 pglses. and each 1§dividua1'
pulsi is saﬁpled oﬁcc. From that one sample, an error signal‘i-

generated proportional to the difference between the boresight and

59w
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target position. The error sign#l is then applied to the angle servo to
move the boresight in the target direction. Each set of 50 pulses is
considered a run; A gotal.of 15 runs are perfo:med and then the error
is summed an& averagea for eaéh of the 50 pulses over the 15 runs. The
simul#tion program contains four discrete components:

1) An input section

2) A tracking séction

- 3) Computation of performance and bounds

~4) An output section

The input is a:short sectién that prompts the user for desired SNR
level and whether the target is ching or stationary, establishgs the
radar and program parameters (pulse width, pulse repetition frequency
{PRF'), beamwidth, etc.), and positions the target in the beamwidth at
the beginning of a run. A few comments about the input section:

1) Two separate 1X50 vectors of zero mean, Gaussian, iandom
ﬁariables are established. Tge twé_seeds are utiiiied to
insute independent noi#e saﬁples;

2) Provisions are provided for the testan of 15 signal~to-noise
ratio 1evels in the range from ~20 to +38 dB. |

3) The only exit for the simﬁlation is the eatetinq of a 0 to the
‘prompt as to whether the target is mnvinq or statxcnlry.

4) 'Tatget placemene provid-a tor t:anslatioa to hc one-half the

» beauwidth at the end 0t the 50th pulse for thc xnizial range,

velocity, and PRP ptovided.
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5) Signal amplitude was adjusted while monitoring boresight
movement for a stationary target At changing SNR levels. A
compromise between the amount of pulses necessary to move to
the target and ;arget tracking potential over the established

range of SNR levels fixed the amplitude at 5.

A flow chart of the input section is provided in Figure 2S5,

MOYING?
NRz 2,

Figure 252. Program Input Section

Tracking
The tracking section moves the boresight to the vicinity of tha

targat for each received pulsa. The radar tracks {lie target for a 50

pﬁlsn interval. (run). During the run, noise samples are cenerated from

61~
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the stored GGNML vectors, the receiver observations are formulated, an

error signal is generated from the observations, and the boresight is

moved in a direction to reduce the error. Figure 26 gives a flow chart

of the tracking section.

RANGE, SNR

COMPUTE ERROR]

Pigure 26. Tracking Section
A few comments about the tracking sectién;
1) Provisions are provided for the changing range_ind SNR of

~ moving tgrgetSf‘”““
2) Large errors are limited to a max;mun positive'o& negative
value to model the limitations on how.faf the boresight c#n'
ﬁove for large inputs. |

3) The time parameter for the servo response is tﬁo radar pulse

;epétition interval (PRI).
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Computation of Performance and Bounds :tf
This section computes the squared tracking error, the c:§mer-Rao" _‘;
bound, and the Ziv-Zakai bound. The tracking error (angle between . ' -fﬂ}

boresight and target after observing a pulse) was computed in the last

section. Squaring this result (in radians) gives the desired squared .
error (SEi. The Cramer-Rao bound is computed by substitution of the
angle 8, after pulse observation, into equaﬁion 36. The ziv-Zakai bound
requires the_maximum of equation 40C for all target angles from 0 out tb | ;i:
ep. To find the maximum, thé'foliowing routine was utilized:
1) Compute thg arithmetic mean angle ep (ep varies f:om'.757'
‘degrees to 1.5 degrees). "' ! ,;;

2) Segment Op into angle intervals with ptovisions for adjustment

of the number of segments (8 seguents when 8-0, 16 aegmants : ft}
: when 8=BW/2) to ptovide more resolution at large angles o . ;;i

(app:oxinateiy equal step sizes) and then evaluate and'stOte . ‘ -
equation 40C for each seqmented interval. The stored values ‘ o

are then sorted, and the maximum is picked off. ’ ;;:

~63e - -

O RISt S e " T
s ’-‘.ott-‘n_OI' DAL/ .

* WK
s Te N ..,.,.’u - ... ) ’I)‘pﬁ ‘. o 0 o v n




Figure 27 provides a flow chart of the described sequence.

t STORE

NN
J e X )

MAXIMIZ

Figure 27. Computation of Performance and Bounds

Output

The output section averagag the squared tracking error (SE) and
bounds over the 15 runs and prints the three cutput vectors (the average
‘of the SE will be designated as mean-square error (MSE)). A flow chart .

of the output section is stown in Figure 28.
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Pigure 28. Simulation Output Section

Performance Verification

Stationary Target

The cutpﬁts of the simulation program are plotted in the following

diagrams. The first plot, Figure 29, shows the geﬁerdl trendvbf the
mean-squire tracxing error fSé a stationa:é tarqét at different SNR
levels.‘;As the figure indicates.-there is an increasing error fo:
decreasing SNR leveis. There is also a general. tendency for the mean-
square error to be spread over a 1azger range far the smaller values of
SNR; This is a direct indication ot the increased difficulty of |

maintaininq the. botesight within the vicinxty of the targct.

-85+

[S a Y e 0w RPN A S Y *\
XA ‘n ’o-'. P e e e S AT A e e e - t

. .--.‘.V.b “ =, . s. . . 1 ' - ®,
,.-..,.»,.q_,.-..i.-....; Lret e, .-.-.*.-'.-_~~- -.- .»-_.‘.n--_: R

-----

et

. Ve

o RN R
it .

s b ., .
g A .

. 0 NG

T )

*.%

AR )
s 4

LS

s % 'o'

AR

-
)
0

o .
o
'

2.




M STATIONARY TARGET
E(X10E-5)

65
60
55

o ™~ s ‘“' ~~ xsos
8 S 16 15 29 25 39 35 48 45 se
ULSES

WOXXM MIDCOWVW ZITD
W
[~ ]

Figure 29. General Trend of the Stationary Target Tracking Error

Figure 30 is a stationary target ccmppsite'plot for mean-square
_tracking error (QSE). the Cramer-Rao bound (CRB), and the ziv-Zakai
bound (ZZB) for SNR levels of 15, 7, 45, and -20 dB. As the -54B plot
indicates, the CRB begins to approach the MSE. The -20dB plot clearly
shows . the CRB exceeding the MSE. Since by definition a lower bound must
always be less than or equal to the actual error, the CRB is nét useful”
at low SNR levels. Where the actual bound loses its usefﬁiness depends
upon the system parameters, but for the purposes of this simulation, the
CRB for a stationary target will only be valid for SNR levels greatet
than ~5dB. ‘In contrast to the CRB, observation of Pigurg 30 shows the
- 22B is tight at the iowe#t measu:e& SNR le§e1._ The -20dB plet shows the

<3 to be approximately constant and no greater than the average MSE -

excursions.
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Moving farget

Fiqure 31 provides the general trend of thé mean-square tracking
error for a moving target at different SNR levels. As the figqure
indicates, there is an increasing error for decreasing SNR.levels. 
Purther[ comparison with the general trend for 'a 'stationary target
(Figure 29) shows two significant results. The first observation is"
that for high SNR (15dB) the MSE settles out to the same value as

. étationaty target tracking. The second observation is that for the

lower SNR levels, the moving MSE is slightly higher than the
corresponding statiodary vaiues and the degree of MSE spreading for a

moving target is noticeably larger (increased tracking difficulty).

u MOUING TARGET
£(X18E-5)
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Figure 31, General Trend of the Moving Target Tracking Error

Figure 32 provides the moving target composite plot. As the -20dB
plot indicates,'the CRB again far exceeds the MSE. In contrast to the

CRB, the 2ZB is once again tight, approximately constant, and no greater

than the averags MSE excursions.
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IV. TARGET FLUCTUATIONS

The receiver design and ghaiysié up to. this point considered only
deterministic amplitudes of the received‘siépal. Consequencly, the
pe;formance estimates, up to this point; #fe haseé upon a deterministic
amplitude. Of interest in this éhipﬁéf is what happens to performance
estimates, and to target tracking capabilitf, when tatgeﬁ fluctuations
are present that were not aesiéned for.

. To properly account for ta;get‘cross-sections. thé probability
density function must be knowﬁ for‘the particular type of target that is
being tracked. The model of theiradarlconsidered thus far has utilized
deterministic amplitudes that aré'propo;tional to the poéitive square
root of the radar's cross-section. The next extension is to assume that .
there are many individual point scatterers with each individual '
scatterer contributing (in an additive fa:hicns to the cross~section of
the targét. The probabilistic model of a target in free space with many

‘individuAI contributers will tﬁ:n out tn appear as one source whi;h has
an Exponentially distributed cxégs-sgctioﬁ [15:47]. The corresponding
target amplitude will have a Rayleigh distribution: Inhereat in this
‘developnént'iq the assumption that none of the individual scatterers are
much ;atéer than the rest }point.targets) and ihat tﬁp groiaésectiﬁn

. does not change during the sampling interval. o

To account for fluctuating cross-sections, the nature of cross-
section dependence upon radar viewing angle ﬁust be known. The taréee

cross-section is very dependent uﬁon‘aspecc angle, and the aspecﬁ angle

- - ' _ . '-70-)

SR P U

e A A I a Tt e T e e 8 Gt e "
L I - o ¢

L e e e L P P B S U AU
o, - . . .0 .
AR \_fl'.{t"\"‘o‘-‘..‘,.'.‘,.‘l.I‘.-O.f.-o‘f,.',.".-‘n“‘.;..\‘“.....
' . . - R . -, A [

. / . . ) ’_..




cﬁang;s with time [4:38]., If the cross-section changes significantlf
over a time of viewing egual to the pulse repetition interval (PRI), the
fluctuationg are assumed independent from pulse to pulse [15:47]. This
paper will consider such fluctuations to ke "rapid” fluctuations. 1if
the cross-gsection changes afe significant only over times on the order
of a burst of pulses, miny timesAthe PRI, the fluctuations &ig assumed
to be independent from scan to scan [15:46]. This/papet cogsiders such
fluctuationsvto be "slow” fluctuations. ' Target fluctuations will be
investigated in the following steps: |
- 1) A variable transformation will be performed on an Exponential
(cross-sectién) density to insure that' the positive sqﬁare root
(amplituée) will be Rayleigh distributed.
2) The effect 61 a random amplitude ;n the receiver estimator will
be investigated. |
3) The simulation program developed in chapter 3 will be modifiedl
to investigate traéking performance with "slow® and “"rapid®

fluctuations on the signal amplitude.

4) A simple method to reduce the mean-sguare tracking error for
_tazget tracking in the ptesence of amplltude fluctuations will

‘be proposed and investigatad..'

‘Distributions
| As proviousl& stated, the probabilistie nodei of a target in free
'.spaée with many individual contributots'appeArs to ;he'ridat to be one
scurce that ha; an Exponential distribution om the radar cross-gection.

Lat the cross-section be represent~" by the random variable X, the
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probability density function, pdf, of X is given by (7:45]:
f,(x) = aexp[-ax] x>0 - (69) .
where:

a = V/E{X)

The units of cross-section are units of power. To convert to a
form of positive amplitude, power must be converted to field strength.
The appropriate trarsformation is:

Y = +sqret(X) - .-‘ , : : (70)

‘The transformation requires the following theorem [7:118]:
Let X be a continuous random variable and Y = g(X) where g(X)
is continuous in X and stticﬁly monotonic. Then
£,0y) = £.097 () [ (g ty))'] eIy
vhere:
| | @enotes absolute value

" ( )' denotes the derivitive wrt y

' btilizing equations 69 and 70 in equation 71 and realiziag that for
X restricted to positive values and Y re#tticied to the positive squiro

root: A , !

f*(x)' - aéxp(-ax] x>0
gi{x) = +sgre(X)

gy =y

leg™Vynr] = 2y

£ ly) = 2ayexpliayzl Y 20
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Let a = 1/2(!'2

fy(y) = y/azexp(-y2/202) y>o. (711)

Examination of equatioa 71A shows tha; Y is a Rayleigh distributed
random variable [11:195]. The general exr.ression for the moments of a
Rayleigﬁ distrihuted random variaﬁle are given by {;1:148?:

E(Y") = sqrt((pi)/Z)(1’3'5'.';.a.ncn}zv n odd ~ (71B)

= 2°5®(.5n)16"; n even , ' (71¢)

From 71B and 71C, the mean and variance of Y are:
E(Y) = sqrt({pi)/2)e , - ‘ (71D)
var{Y) = E(Yz} - E(Y)z

= (2 - (pi)/2)d* : ¢ 11

The parameter ¢ of the Rayleigh distributed amplitude will be
adjusted in the fade'sinulation“pfogran to force equation 71D to be
equal to the deterﬁinisgic amplitﬁde previously used (A =5), .Note that
equation 71E shows that the variance of the random amplitude will change

as' the parameter ¢ is changed.

Receiver Structure

' Earlier in the estimator deve)dpmgnt. the necessaiy condition for
the"maximdm-likelihood estimate was obtained by differgntiaﬁing the
conditional log-likelihood fuqction Qith ;espect to the unknown
parameter and settin; the result equal to zeré. This condition Qas
callgd the log-likelihood equation and was exprasséd“in equatioa 25A.

The inherent assumption was that the conditioning due to the amplitude

o73-
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and angle of arrival resulted from deterministic, but unknown,
parameters., With the amplitude now known to be a Rayleigh random
variable, the log-likel;hood equation must be expressed in terms of the
a priori knowledge of the amplitude distribution. To -account for
conditioﬁing with a random variable, an average log-likelihood ec-ation
can be used to remove the conéitioning by averaging over all possible
amplitude vglues [{16:310} . Averaging equation 25A:
E(0)} = E(2r,V_sqrt(E)/N, - 2A(V_sqre(E))?/n +
2r2Vdsqrt(E)/N0 - ZA(VdSqrt(E))z/No)

- - \ 2 - 2 .
0 = r1vssq:t(E) E(A)(Vs) E + rzvdsqrt(s) E(A)(Vd)‘E

ISOIVing for Ecéml)

a ) = r1vssqzt(E) + rzvdsqrt(t>

2 2
(Vg)'E + (V) E

= 1 r. VvV + rV
PN S d
sqrt(E) 1,: ; 2 3

(Vs) + (Vd)

(72)
Comparison of equation 72 and the previously derived estimate for
amplitude (equation 26) shews that on the average, the maximume

likelihood estimate for amplitude will be unaffected by its random

the monopulse error equation, and therefora the receiver structure that

~ nature. Recall that the amplitude estimate is. later utilized to'develob :

develops an error signal of :he.anQIe off boresight is. on the avcrige.[

unaffected by the Rayleigh distributed amplitude. BEquation 72 only -

conszdets the average valuc of the amplitude estimate. As shown earliet

in equation 71E, the random amplituda will have an associated variance.
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This’ahplitude dispersion will have a direct consequence upon receiver
pérformance for a fixed radar design based upon deterministic

amplitudes.

Performarice

Rayleigh Amplitude Samples
To investigate the performance aspects of fluctuating targets, it

is. necessary to modify the simulation program of Appendix B to account

. for "slow" and ‘ral d" fluctuations on signal amplitude. The IMSL

routine GGWIB provides the necessary tool for deéeloping Rayleigh
distributed random samples. GGWIB is a Weibull random deviate
generator, and the Rayleigh density is a special case of the more

general Weibull density. The genétal.forn of the Weibull probability

~ density function, pdf, of the‘random variable Y is given by [7:229]:

(A1) expi-ty=c)/B1®; vy > c BT

£,ly) = (A/B)i{y - C)/B]
where:
A = shape parameter; A > 0

B = scale parameter; B > 0

¢ = location parameter

' Consider the following parametér'values in equation'73:

‘A =2 B=sqrt(2)ei C= 0

' 2 2, 2
fy(y) = y/o exp(~y /20 ; y20 ‘ _ o -(73a)
Comparison of equaticn 73A with equation 71IA shows that with the

parameter values as designatad.-tha Weibull density is transformed to
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the desired Rayleigh density. This transformation is used in the target
fluctuation program to create Rayleigh distributed amplitude samples.

An annotated program listing is provided in Appendix C.

Signal-to-Noise Ratio (SNR)

Signal-to-nouise ratio as designated up to this point has been equal
to the maximum instantaneous signal powef to the average noise power.
With a fluctuating amplitude, tﬁe peak value of signal power is no PR
longer applicablg. and -an average signal-to-noise ratio must be defined,
In general; '

‘Egy = [s2(t)at =Q/bw a%at = a’pw
An average vaiue of Egy would be:

E(Egy) = E(A°)}PW = 20°PW .

where:
2 : . : -~

from 71C, E{(A%} = 20

Egy represents signal energy

An average signal-to-noise ratio is then:

E(SNR) = 2E(EQY)/N, i-403PW/uo

Taking the ratio of peak to average SNR:

2. 2.
Asunpeak/snaavg = Egy/E(Egy) = A“/E(A")

80131ng for SNRavg

2,2 ' : ' ' .
SR, = suaPedk;(A }/A | | (74)

In the fluctuating target simulation, the standard deviation of the
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Rayleigh distribution was adjusted to provide a mean value of amplitude

equal to the nonfluctuating amplitude (A = 5). This was done to provide

' a performance comparison between fluctuating and nonfluctuating models. :f}f
Solving equation 71D for the standard deviation required for a mean Ejff
amplitude equal to 5 yields o = 3.9894. From equation 74: ;;}5

SNR___ = sNR___E(A%)/5% | | : )
avg peak e
2
SNRPeach /25 |
= 1.27sunpeak , : N (74A)

The result of equation 74A indicates that to maintain the same mean

value of amplitude as the nonfluctuating model, 1.27 times as much SNR
was vequired under fading conditions. This is equivalent td adding 1.04
dB more to the signal-to;noise ratio level; Another way of interpreting
the result of equation 74A is éhat for a fixed average SNR, the average
and standard deviation of the amplitude wpuld change considerably from
the nonfluctuating values of A = 5, and o = 0. Because simulation SNR
was free, the average SNR céuld be raised. 1If there were an associated

' cost with increasing averaée SNR, performance may degrade even further
! ,

than what the results that follow 'indicate.

Fluctuating Target Simulation

The modifications necessary to include provisions for amplitude e

flucthations are simple and sttaight»forwa:&.-_?he program modification

is anpoted in Appendix C and includes the following steps:
1) The user is prompted for "slow" or "rapid® fading of the

amplitude. . o o | RSy
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2) The external Weibull deviate  generator is ca;led.

3) For "rapid"” fading, the pulse amplitude is fluctuated for each
of the 50 tracked pulses. For "slow" fading, the amplitude is
held constant for each run (50 pulses; but is allowed to
fluctuate for successive runs. AEach fluctuation is Rayleigh

distributed by appropriately transforming the Weibull deviates.

4) The tracking error, and performance bounds, are then computed.

The outputs of the fluctuating target simulation program are
élotted for a stationary target in the following diagrams. A stationary
target wasléhosen because as noted in the previous chapter the only
difference between stationé:y and moving targets was é slight inctéase
in the average mean-square error (MSE) value and larger dispersions in
the error (iﬂcreased trackin§ difficulty). The first plot, Figure 33,
shows the general trend of the MSE at high SNR for the nonfluctuatinq
model, the "slowly™ fluctuatzng model, and the “rapidly” fluctuat;nq
model. As Figure 33 indicates, even at high SNR the rapidly fluctuating
model is very erratic and with a considerably larger tracking error than
either the'nonfiuctuatihg or "slowly" fluctuating modélq. This i; an
indication of the boresight bouncing wildly around the target position
rather than settling to a steady-stateluss valqe.l The "slowly”
fluctuating model shows a;mcdétate increase in MSE abOVe the

nonfluctuating model.
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Figure 33. General Trend of Fluctuating Tatéet Tracking Error

Slow Fluctuation

Figure 34 is a stationary target composite piot fof the sloﬁly
fluctuatiég target mean-square tracking error (MSE), the Cramer-Rap
bound (CRB), and the Ziv-Zakai bound (2ZB) for SNR levels of 15, 7, -7,
and -20 dB. Comparison of Figure 34 with the previous nonfluctuating
tatgetvmodel shown by Figure 30 demonstrate that:.l

1) The MSE for "slowly” fading gaigets shows more degradation at

high SNR than for ;oﬁ. This is an indicatibn that when thé-
target tracking gnvironment is §oo: {low SNR)“SIOQ target fades
don't coqtribute,siénifigantly to ‘the tracking errer.

2) Thé CRB was largely affected by the presénse of target

fluctuatioﬁs. |

3) Although the error is q:eater_zof’all levels of SNR, the raday

‘is still able to track.thevtatgeﬁé | | |
4) RAs the =20 dB plot indicates, the zznixa still tight at the

lowest measured SNR level and the CRB has lost its usetulnéss.
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Rapid Fluctuation

Figure 35 provides the rapié fluctuation composite plot.

Comparison of Figure 35 with the previous nonfluctuating target model

shown in Figure 30 demonstrate that:

1)

2)

3)

4)

5)

Because of the vety.large excursions in both MSE and bounds, it
is very difficult to track the target in a 'rapid'-amplitude
fluctuation environment. |
The MSE shows relatively iittle sensitivity to changing SNR and
doesn't really indicate tracking at all. -
The CRB exceeds the MSE at a higher SNR level.

The 2ZB shows more variatiou at low SNR than previously seén.
but still prbves to be a tight ound at low SNR levels.
Characteristic of the "rapid"” fluctuating model are deep nulls
and peaks from pulse to pulse in the MSE and CRB curves. This
indicates that t:ackiﬁg, which should be b@sed upon past
history, is independent from pulse to pulse. Clearly this is

not a very desireable tracking characteristic.
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Smoothing Effects

In an attempt to smooth out amplitude fluétuétions, the fluctuating
tatgef simulation of Appendix C was modified to accumnlatevthe error
signal on N pulses befére moving the boresight. The annoﬁated smoothipg
program is proviéed in Aépendix D and includes the following steps:

1) The user ' is prompted for the number of pulses to be observed
befor; boresight movement (N). N must be a factor of 50 to fit
into the previous programming structures.

2} The error for the designated N pulses is then accum#lated and
averaged. This averaging injects the "smoothing” of amplitude
fluctuations éver N pulses.

3) The boresight is moved at the end of the Nth pulse based upcn
the average measured error.

‘4) Tracking error and bounds are then computed in the same fashion

as the previous programs.

Pigure 36 provides a plot of the MSE at high SNR for a stationary
t;rget with “rapid” amplitude fluctuations and pulse smoothing. Two and
five pu}ses were obserQed‘before.batesight movement. Also included-in
Figure 36 is the nonfluctuating MSE; Igspection'ot the pt&vided plot
.clearly shows the tendency of smoothing to zéduce the tracking error.
Pufther, as the Aumbe: og pulses ;ncreases; the hss aéproachea'tﬁe
nontluctuatiannodel MSE. It is worth noting thaﬁ this inctease‘iﬁ’
traéking :eliab1lity in a fﬁdinq environment coﬁes at tha expéuse of

requiring N pulses to accu:aé;ly locate target pc  fon.
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Figure 36. Smoothing Effects
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V. MULTIPATH

The last chapter was an extensioln to the initial model that

- considered target trécking and performance estimates in the presence of

‘a fluctuating target. This chapter extends the initial model to

deterﬁine performance estimates and target tracking capability for a
more complex channel model, specifically, tracking in the presence of al
multipath environhent.

As a signal is transmitted from one point to another :<.ove an ,
irregulat surface with electr;cal properties differing from that of the
propagation medium, reflected signals may be generated. These signals
then appear, along with the direct path signal, at *the antenna of the
radar. The reflected signals are commonly called multipath. The -
concern of this section is to detérmine the gffedts of multiéath on
azimuth estimation performance.

Rather than a complete spatial diffraction de;cziﬁtion of specific
envircnmental structures, the attempt will be to develop an'adequate |
mod§1 to chata;teri;e and simulate the multipath channel. One specific
type'of.mhltipgth will be focused upon, terrain bounce. Figu;g'37
describes the geometry of the terrain bouﬁce environmeht. Obscrhe from
Figure 37 that the taxget radiates or reflects siqhals in all ditections
and the radar. receives a direct signal from the angls ®_, and a

e’
rcfloctcd signal from the angle ez'

-85~
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Figure 37. Terrain Bounce Environment
Source [16:688])

The reflected path, or multipath signal retufn. w;ll depend upon
the relecticn characteristics of the terrain. Stréng. well defined
Vreturns are called specular multipath and they result frgm iarge fNat
refléctiné surfaceS._‘A'second kind of multipath. diffuse.mdlt§p§th.
cccurs.dﬁe to small surface irrégulatitiés and appear tq come from all
angles instead of a single well def;ned directioﬁ. In this section,
both specul;t'and diffuse multipath effects on azimuth ;étimation
performance are of interest. Pigure 38 describes ;he'tup types of

multipath.' 
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Figure 138. Muliipath Types

| Tracking in a multipath environment will be investigated in the
follcwin§ steps: | | '
1) A model will be generated for the return signal in the
multipath aﬁvironment.
2) Azimuth estimation performance willAbe simulataq'in the
presence of specular or diffuse multipath.
*3) A methed to reduce the tracking error for £arget iracking in

the presence of multipath will be prbposed and investigated.

t

Signal Representation

.~ Characteristic of the multipath medium is the time spread

introduced in the signal which is transmitted tnrough the channel

{17:455]. A short trarsmitted pulse over a multipath channel might be

received as a train of pulses. PFigure 39 shows a‘possiblé‘response to a

" transmitted pelse tﬁraugh the multipath channql.
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Figure 39. Possible Response to a Transmitted Puls
Source: [17:455]
Another characteristic inherent to the radar problem is that the
received direction of the individual reflected signals willi differ from

each other and from the direct signal received from the true target

. location.

The objéctive of the radar signal model, as déveloped here, is to

" obtain a received obsgervation that is a function of both time and

azimuythal directidn thét agcouhts for the following effects::
1) Direct returns from the target.
é) ﬁefléctéd fetutns (either specular or diffuse) féon the
terrain.
3),'The possibility‘of the superposition of tntﬁ:ns ipulse overlap)

that may add in a constructive or dqstructivo manner.

. *88=




-, . amaw -

General Signal
Most na;towband radar signals can be expressed as [18:298]:
s(t) = Alt)coslw (t) + B(t)] . (75)
Wy = carrier frequency (rad/sec)
A(t) = instantaneous amplitude

p(t) = instantaneous phase

A{t) & #(t) vary slowly compared to Yo

To characterize both direct pulses and a random number of reflected

" pulses with both specular and diffuse multipath environments, equation

75 must be extended to a more ger-:ral §escriptiva form of s(ﬁ). For any
arbitrary puise.la general representation of the signal received at the
radar can be expressed as;
s(t) = Re(uft)exp(jw (t)]) | . (75R)
vhere: |
u(t) is the complex envelope and can be expressed as
u(t) = TA(t)expijd(t)] |
' = complex reflection coefficient
"A(t) = discrete z#ﬁdom process gha; describes the received
pulses in both quantity asd time of occurance
~ B(t) = arbitrary phase relative to some xéfetenéb

complex repéesentatieaIis;uséd'to allow combining signals.




I S R I B I TN L e

s % N

Complex Reflect?on Coefficient

The reflection coefficient of the terrain surface is generally a
complex quantiﬁy. rs= pe#p[jwl.‘ The real part of T (p) describes the
amplitude changes on reflection, while the imaginary part of T (¥)
describes’the‘phase changes on reflection. To Assigm appropriate
magnitude coefficients for the different multipath cases (specular or
diffuse), an average value of surface to#ghness was employed. For
average surface rogghness, Ehe'magnitude (p) of the complex réflection-
coefficientﬁ fpr both specular and diffuse multipath is approximgtely
0.4 [16:689]7 To aésign the appropriate phase after reflection, a phase
angle of pi'radians-applies.to a smooth'surfacc with good reflecting
properties if the radiation is horizontally (tangential glectric fields

across a boundary) polarized and the angle of incidence is small

(specular) [15:444], and diffuse‘reflectiqn is assumed uniform in phase

from 0 to Zpi. The complex reflection coefficients are:

specular: T = 0.4/pi S (76)

diffuge: I = 0.44ﬁ (77
wheré:

¥ is U(0,2pi)

Envelope A(t)

The . changing terrain w;ll caus§ independent path lengths and a
random numbe¥ of pulse r;tuing, with unique arrival times. at'ﬁhe radar
receiving antenna, Defining a‘randum variable A such that A({) ?quals
ﬁhc total number of returns within the radar pnlsé repetition interval

(PRI), A only‘takes on discrete integer values 0, 1, 2, ... and the




event {A=k} is the event k returns occur in the time interval [0,PRI}.
The probability of k returns within the PRI 'is given by [11:285]:
P(A = k) = exp[-APRI) APRD)X/kI k=0, 1, ... (78}

where:

A = average number of occurances per unit time

Let a = \PRI

= rate*time = avg occurances in the time interval (0,PRI)

P(A = k} = expl-a] (a)%/k! K =0, 1, eos (78A)

Equation 78A gives the probabiltiy mass function of A{t), the

number of pulse arrivals during the PRI. It describes the Poisso@

-distribution with parameter a [7:171[;' At this point, it is necessary

to determine the placemeht of eich tetuzned pulse on the time axis.
Each time interval between successiiéipulses will be a random variable
and can be termed as tﬁg interarrival time for the Poisson distribﬁtion.
Te find the distribution for the intgrairival times assume:

1) all eéents,ate'equiprobayle

2) the first event (To) must occur after some time t
(ie A(t) = 0 for t < To)

B(X = 0) = P(To > t] = expl-al(a)’/01,
P(To > ti = exp|=-a)

P(To < t) = P(To & t) = 1 = expl=al o (719)

The probability distribution of the interarrival times isg expressed
in equation 79, and its corresponding density function is that of the

Exponential distribution (7:209]. The Exponential density function was

091‘




previously defined by equation 69. Thus, the envelope of the general

representation of the signal received at the radar will take the form of

~ a Poisson distribution with Exponential interarrival times.

Instantaneous Phage

To account for the phase of the complex envelope, all instantaneous
phases are assumed as time independent and gquiptobabie for any phase’
between 0 and 2pi. This establishes phases as being uniformly
distributed from 0 to 2pi and constant. From equation 75A and the
preceding development, the feceived signal At the radar will take on
three seperate férm;:

1) For the direct pulse; ¥ = 0, 9(t) is U(0,2pi), p = 1

s(t) = A(t)coslw,(t) + 8] o (80)

I2) For specular reflections; ¢ = pi, #(t) is U(0,2pi), p = 0.4

s(t) = 0.4A(t)cos[w°(t) + 8 + pi) (80A)

3) For diffuse reflections; ¢=U(0,2pi), #(t) is U(0,2pi), p =0.4

s(t) = 0.4A(t)cos[w0(t) + @ ; ¥} (80B)

Qbservatioqg

The received cbservations will in general be:

£(t,8). = 5(t,8)V(8) + N(t)
s(t.Q) is dgscribe§ by tha upptopria;e goin of equation 80
N(t) is addiﬁive white Gaussian noise )

V(8) is an antenna weighting due to the angle of arrival
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-The model for the anténna weighting, V(8), will take on one of
three ;epe¥ate fofms. The direct pulse will have an angle of arrival as
describéd'ﬁy Figure 37. the two forms of»reflection will have angle of
ar:ivgls as'éescribed by Fiéure 38, Therefore:

 1)v.Eor the direct pulse; 8 = target angle of arrival
-2) For specular reflections: with respect to the boresight, ©

"will be uniformly distributed from 9 = 0 to 8 = BW/2. ALL

reflected pulseé will Se allowed to form observations.

5) For diffuse reflections; 8 will be uniformly distributed from

@ =0 to® = pi, Only reflected pulses ﬁhat fall within the

interval (0,BW/2) will be allowed to form observations, as all

other returns will not get into the received antenna.

Pulse Overlap

with :xponentiai interarrival times, provisions must be made for

the possibility of two pulses arriving into the receiving ahtenna during

1

the same time interval. Such an occurance would be pulse overlaé, and

 for simplification this investigation considersvany ovelap to be .

.;ompleté overlap tie' for any portion of overiap in the pulsewidth,

overlap is considered to be of length eqﬁal to the pulsewidth) with a

resultant :ecéived p@lqc equal tovthe Qupgtposition of the amplitudes

and ph;sés of theiiuo‘;ffectgd pulges. Thislissﬁmptioﬁ is reasonably
valid provided no doppler sh{fts of either of the two signals occurs.(i;"
the‘sun of éwo sinuséids at the saﬁa frequency islsinusoidal’at the same
frequency) . '

- - recall u(t) = A(t)expl{js(t))

f93-. .




in polar form: wu(t) = Um/fm ©(81)

where:
um = |u(t)]| = |r|A(t) = paA(t)
fm = /u(t) =9 + ¢
in rectaﬁgular form: u(t) = X + jY . (81a)

where:
X = Uncos{fm] = Ref{u(t))

Y = Umsin[fm] = Im(u(t))

Using the rectangqulur form of u(t) as described by equation 81A,

two overlapping pulseé can be combined by adding the real and imaginary

compodents of each pulse. For the two overlapping pulses at the same

frquency:

Re{u1(t)) -"Um1

cbs{9m1lx Im((ui(t)} = Um sin(fm,]

Re[uz(t))‘- Um cos(ﬂmzlz Ih((uz(t)} = Um sin(!uzl

2 2

where:

Um and fm are described by equation 81

The resultant magnitude and phase of the sum of the two pulses are:

[u(sum)| = sqrt((Um cos(fm,) + Um :os(ﬂmz))2‘+

2
C s : . 2 '
| (Um,sin(Pm,) + Um,sin(pm,)) l‘ : (82?
/9 (sum) = 2y |Umysin(@m, ).+ Um,sin(fm,)

tan ‘ o (83
Um1§os(ﬂm1) + Umzcos(ﬂmz) : ‘

Only the magnitude (equation 82) is of interest in the combined

resultant signal. Equation 82 will be used in the multipath simulation




program to combine two pulses. the resultant signal [sr(t)] is:
s (t) = Re(lu(sum)I/D(sum)exp[jwo(t)])

= |u(sum)|cos(w,(t) + B(sum)]

Performance

To investigate the performance aspects of target tracking in the

presence of multipath, extensive modifications are required in the

~simulation program of Aﬁpendix B. Extension to a multipath environment

requires a random number of additional pulses thatlwill form
observations during each pulse repetition interval (?RI). An annotated
listing of the gimulation program in the presence of multipath is |
provided in Appendix E. ;n the multipath simulation, each reéeived
pulse is allowed to form an observat on, compute an error estimate, and
move the boresight in a direction to reduce the error estimate, To
facilitate comparison with previous results the simulation outputs, the

tracking error and performance bounds, are again computed after each

pulse repetition interval. Both diffuse and specul&r multipath

i
environments are considered.

oisacnfbistribuied‘Re:urns

As stated in equation 78A, the model used to simulate a random

"number of arrivals during the PRI ig a discrete ?oissbn distribution on

the envelope of the signal, A(t). The IMSL routine GGPOS provides the
necessary toél'tor developing the Poisson deviates. ‘The Poisson
paramater, a of equation 78A, is an input parameter, RLAM, 6! the

simulation program of Appendix E, ahd was adjusted during performance
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verification to simulate différent multipath environments.
Specifically, RLAM values oflo.sl 1.0, and 1.5, respectively, were used
to model ipcreasing multipath s?enafios. The GGPOS output vecter, IR,
;ontains the‘50 Poisson deviates describing'the number of random

reflections for each PRI of the 50 pulse run.

Exponential Interarrival Times

For each of the 50 direct pulses of a run, the Poisson generated
number, IR(Pulse) of the-sihulation. describe; the number of reflected
pulses. As sﬁawﬁ in equation 79,‘the timevof arrival for each of these
pulses will be Exponentiglly distributéd. The IMSL routrine GGEXP
provides the necessary tool for developing pulse interarrival times
within the PRI. The number of required Exponential interarrivals, NEX
of the simulation, equals the random GGPOS output for a specific PRI.
The qener;ted random arrival timés. the vector E of the simulation, are
sorted to provide sequential arrivals in time. The difference beﬁvaen
arrival times, DTIME of the simulation, esta#lishés the respons;'time

that the servp-ioop will have to each generated'obsetvation.

" Pulse Overlap

As ﬁentioned eaiiier. pulses are cénsidered to be totally
_overlapped if any portibn of the pulses overlap éig if the time
difference betwe;ﬂ'pulses'is less than tﬁice'the bulse width). Both
direct and rsflected pﬁlses'aré ConsiAerqd fc;_ﬁhd pbssibility'of |
overlap. ‘If overlap occurs, the resultant pulse maqnitudg is computed

by equation 82. Magnitudes are assigned according to the appropriate




reflection coefficient times the éulse amplitude for each coﬂsidered
pulse; All phases are assigned a random, uniform, numbsr between 0 and
2pi. The IMSL routine GGUBS provides the nedesséry tool for devéloping
uniform deviates from 0 to'1, and an appropriate scaling of the

genarated vector of uniform deviates yields the desired random phases.

Upoh conpﬁtation of the resultant magritude and phase of two'overlapping

pulses, a program flag is set vwhich disregards the next incoming pulse

and subsequentialy reset in anticipation of another overlap.

Angle of Arrival

The iMSL routine GGUBS also provides provisions for random angle of
arvivals (AOA). "For diffuse multipath, IR(PULSE) (Poisson number of
generated reflections) uniform deviates are generated by an external

call to GGUBS and scaled to be uniform from 0 to (pi). Each reflected

pulse is then assigned a unique AOA. Likewise, specular multipath.

uniquelf assigns IR(PUQSS) AOA's but the deviates at; scaled to be
uniform from 0 to BW/2. No AOA is assigﬁed to the direct pulse, as it
locates the true target location. In the simulation ?rogram. no |
;bservations are.fcrméd for AOA's that are greate. thanABW/é (diffnsg
multipath). Therefore, the differgnce in'the'simulatibn program betéeen
specular cnd diffuse multipath is the AOA's that are allowed to form
observations (all for specular; only those between 0 and BW/2 for
diffuse). : |

The outputs of‘thc multipatﬁ’simulatiéﬁ prégrau éte.ﬁlottad.for a

stationary target in the following éiagr@ms.

w




Diffuse Multipath

F£gure 40 is a composite plot showing diffuse multipath‘effects on
the mean square tracking error fﬁr a. stationary target, at high SNR,
with varying degrees of multipath (paramcter lambda). Thg upper left
co#ner shows the MSE for the direct pulse with no multipath, and is
provided for comparison.l Comparison of the plots with parameter lambda

unequal to zero with the direct pulse only plot demonstrate that:

1) 1In all cases, the MSE starts at some large value and settles to

a smaller value. This indicates good tracking capability.

2) Although the actual MSE changes from plot to ploﬁ (MSE is a
zandom variable), diffuse multipéth dben not significantly
degrade tracking capability. This result verifies a statement
made in the literature [15:112] where diffuse multipath is
claimeqd to‘present no serious limitation in direction finding

capabilities.
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Specular Multipath
Figure 41 ;s the corresponding composite plot for specular
multipath effects on‘the MSE for a stationary target, at hiéh SNR, with
varying degrees.of multipath (parameter lambda). Coﬁparison of the
three mﬁltipath plots wath the direct pulse only plot demonstr&te that:
1) Serious monopulse tr#cking errors occur in the éresence of
speculak multipath. |
2) At an average one~half additional pulse per PRI, MSE has
increased considerably but still shows tracking capability.
3) At in average of one extra random pulse per PRI, the monopulsé
radar tracks for approximately 5 pulses and then the tfaéking
error starts £o run away. This ig'an indication of not enough
SNR to perform thé tracking fnnctioﬁ (breaklock). Observe that
‘3. , t@ere are a few points where the errcr dips down, or decreases,
in the 1aﬁbda = 1 plot. The boresight has iﬁ these few
instances moved to reduce the error'and for the purposes of
this simulation lambdalt 1 is the tracking thrashold for the
radar.

.4)‘ At an avérage of éne and one-half additional pulses pé? PRI,
thevtracking error increases monotaniéally. c1§a:1y. the
monopulse'traéket hag lost its usetgla.us. ‘The monotonic
‘increase in tracking errét;may be useful though as a multipats

" detector [19:61].
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Specular Multipath vs SNR

In general, tracking capability was'inéicated for specular
multipath only when the parameter lambda (average number of returns in
the PRI) was less than‘{.o. Of concern in this section is how tracking
and performance bounds are affected by chanéing SNR levels. Specular
multipath was chosen for observation because the previous results
indicate thgt no serious tracking limitaéions are intt;duced by diffuso‘
multipath enviornments. Also, since tracking capability was indicated
when the parameter lambda was less than 1.0, the Poisson paramente;
lambda whil/ +onitoring tracking potential will be established as lambda
= 0;5. Figu. 42 is a stationary target composite plot-for MSE, the

~ CRB, and the ZZB for SNR levels of 15, 7,‘-7,‘-20.d8 in the presence of’
specular multipath. Comparison of Fiéuxe 42 with the previous direct
pulse only tafget model shown by Figure 30 demonstrate that: '

n Even'for high SNR levels, £he MSE does not settle to a steady

state value but is larger at the end of the run (50 pulse) than
an average value of MSE. This is indication of‘i general
tendency of the MSE to be increasing in the nulﬁipafh
environment. |

2) At =-7dB SNR leyel. alﬁhouqh ttackinqlis indicated the mgnobulsé

t#acker is‘cledrly in a threshold situation vhe¥e there is not
an adequate amount of signal power té deterniQQ target
direction. | |

3) Once ag;in the cnﬁ exceeds the MSE at low SNR levels while in

contrast the ZZB lower bounds the MSE, aven at -20d8.
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"lock-out® Technique

In an attempt to overcome the tracking difficulties introduced by a
multipath environment, the multipath simulation program of Appendix E
was modified to "lock-out” all undesired pul;e; within the radar's ?RI.
The “lock-out” technique requires that the first 4 PRI's be.tracked_ih a

multipath environment, thus the radar must be able to sacrifice accurate

- tracking in the first 4 PRI's in favor of increased tracking-capability

later in the run (the remaining 46 pulses). Additionally, only one
target is assumed to be present. Discarding returns (as is done in this

technique) with multiple targets present may affect target

‘ rqsolvability.

The objective of the simuiation modification is to look at the
target returns over the first 4 PRI's and extract some fbtm of
petiodiéity in the target returns. The characteristic focused upon ;ﬁ
this investigation was the time of arrival of pulse returns. Recall
that the interarrival times are random, Exponentially distributed, over'
the PRI. The probability that pulse réturns would éonsecntively 6ccur,
at the same instant in time for the first 4 PRI's ggé that the pulse
would be du; to ;‘raﬁdom terrain reflection is quite small (considered
equal to 0 in this simulation); Usinqrghis feasoninq} the puls; arcaval
time,karrival tiﬁe + 0 for the direct pulse, and repetitive) within the
first 4 PRI's can Le used to "lock-in® the desired targat return ahd

"lock—~out” all other returns not occuring at the proper time instants.
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The annotated "lock-put“ program listing is provided in Appendix F and .

| includes the following steps:

1) A (4X%25) arrival time storage matrix is initialized to a value

| of 1.0. The 4 rows represent the first 4 PRI's, and the 25
columns represent the direct pulse and a possible maximum of.24
rellected pulses within ‘each PRI.

2) As the simulation program proceeds, the arrival time for each
pulse (direct and reflected) is ;tored in the proper matrix
element position. |

3) At‘the beginning of'the Sth PkI, each of the 25 columns are
averaged over the 4 PRI's. This column avera§a is then

. compazred to each corresponding column element. 'If total

equality for all elements is obtained with the average and the

average is not equal to ihe initialized value (1.0), or the
next PRI, then the equality designates the desired pulse
arrival time for "lock-in". All other received pulses will be
disregarded in the S5th and subsequent PRI's except the '

designated "lock™ pulse.

Figure 43 provides a plot of the MSE at high SNR for a stationary
target in.a specular muitipath ghvironment'anq pulse “lock-cut” -
employed. 'tor comparison with the previous perfotmance curVQs of Figqure
41, the same values of lambda (Poisson fatanatez) vere used. Comparison
of Figure 43 aﬁd ?1§ure'41 show that the “lock-out® technique has
femoved’th’ tracking Aegtadatién introduced by all of the multipath

environnnntp.‘ All of the trackihg errors settle in to a final value
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that is representative'of.stgtionary target tracking at high SNR
(reference upper left cornef plqt of figu£e 43).' It is well worth
noting that this increase in‘tracking'relihbility in a specular
multipath environment is for the particulatfhodel of multiﬁath, and form
of radar simulation, that has beeq defingd herein and may require

extensions to combat an actual multipath situation.'
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VI. RESULTS AND RECOMMENDATIONS

This chapter summarizes the _..evious results for the various
tracking capabilities #nd‘the applicability of ihe pérformance bounds
for the amplitudg-comparison monopulse radar. In addition, a section is
provided for recommendations for cdntinued study along the lines

followed by this thesi..

Stationary Target Tracking '

As FPigure 29 indicates, the general trend of the mean-square
tracking error (MSE) for a stationary térget is inversely proportional
to the available signal-to-noiie ratio (SNR) level. There is also a
general tendency for the MSE to be spread over a larger range of values

for the smaller values of SNR.

Moving Target Tracking

trends:

Pigure 31 indicated two significant results for the MSE for a

moving target relative to the pfevious stationary target tracking
| )

1) For high SNR, the moving target MSE settles out to the same
value as for stationatj targEt tracking.

2) Por . low SNR lévcis, ihe moving targat MSE 1; slightly highef
thaﬁ.thc corresponding statipnary values, anﬁ the MSE spreading

is noticeably larger (increased tracking difficulty).




Cramer-Rao Bound

Present in all of the obtained results is the inability of the
Cramer-RAo bound (CRB) to predict tracking capability in low SNR
environments. Performance results indicate that the applicability of
the CRB as a performance indicator is limited to prior knowledge that
the MSE exceeds the bound (ie the SNR is above a threshold situation).
FPurther, as Figure 35 indicates, the CRB is extremely susceptable to
target amplitude fluctuations (producing a much higher error with
corfespondingly larger valleys and peaks in a fluctuating target

environment).

Ziv-2akai Bound

| The Ziv-Zakai bound (ZZB) in all observed tracking environments was
ipproiinately constant and n§ greater than the average MSE excursions.
For high SNR levels, a large magnitude difference exists between the ZZB
| and MSE (See Pigure 30).. Thus, the ZZB is m&te applicable ai lower SNR
levels. For low SNR levels, the 2ZB proveﬁ to be very tight to actual
performance values ip that the bound always existed at, otlsligﬁgly
belcw, the ati;hn?tié'meaﬁ of the MSE ‘excursions (see the -20dB SNR
level plots of.néurq 30, 32, 34, 35, and 42). Thus, the Z2B was touxp&

to be a very good performance indicator for low SNR levels.
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Target Fluctuations

S;gn;ficant results of tracking in a fluctuating target amplitude
environment are:

1) The maximum-likelihood receiver structure was unaffected by'the
nature of the flhctuating target amplitude.

2) "Slow" amplitude dispersions only moderately degiaded tracking .
capability (see Figure 34).

3) -'Rapid“-amplitgde dispersions imposed serious tracking
limitations (tracking degradation) upon a fixed rad;r design

based upon deterministic aﬁplitudes (see Figure 35).

Hultiggth

Sigh;tibant results of tracking in a nﬁltipath environment are:

1) Diffuse multipath pregsents no serious lini:ations in target
‘tracking capabilities (see Figure 40). |

2) Serious fra;king errots‘occ;t in the presence of specular

nultipath (see Figures 41 and 42).

Recommendations

In the way of recommendations for continued study along the lines

established by this thesis, the following studies are proposed:

Simultaneous Parameter Estimation

One of the possible extensions of the work presented here would be
to inéiudo another radar parameter in the estimation process and
investigate the multiple parameter ambiguity fuction. Possible

candidates foi the study might be the signal delay or doppler.
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Two-Dimensional Radar

Appendix A provides the work done in this thesis on a two-~'
dimensional target tracking rada;. The mappiung from probability space
to a homent space (in the estimation error) was accomplished via a two-
dimen;ional‘genefalization of the Tchebycheff ineqﬁality. T@e method
utilized to come up withva two-dimensional mean-square estimation error
reéuires close scrutiny as to its correctness and applicability.

Further, the error probabilities for both estimation and detection as

ciiculated in- this development require exhaustive integrations of

standard normal density functions at low SNR levels. The efficiency of
thq computational.algorithn could be considerably improved with a Q
function "look-up” table rather than ysing coﬁputer integrations. Such
an improvemen! would allow runs at lower SNR levels than were pqssible
in this investigation and would directly prévide indication about the

applicability of this form of the 22B to the two-dimensional tracker.

‘Simultaneous Multipath Components

This thesis'chused in on either specular or diffuse multipath
environments when in a praétical tracking environment both EQMponents
wouldvbe ptésent-siﬂultangously.’ 1t }s well worth recommending an -
investigation that considers botﬂ Qultipath compoﬁents present and their
reiulting congequen?es upon rece;vei performance. The idea wcn}d be to .

establish a probabilistic description of the received envelope by

allovinq'Arccnstant'speculat component added to a Gaussian distributed

diffuse compounent (Central Limit Theorem applied to many diffuse

scatterers). The constant plus a Gaussian should result in a Rician

=111~
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envelope distribution. It would be interesting to monitor receiver
performance while varying the specular component of multipath ([ie
varying the specular component from zero (diffuse compqnent only), to an
intermediate value (combined specular and diffuse components), to a

large value (specular component only)].
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ABEendix A

TWO-DIMENSIONAL RADAR MODEL

Introduction

In its simplist form, aﬁplitude-comparison monopulse radar
-determiﬁes target direction by comparing a single pair of signals
received on two antenna patterns simultanéously. Thié is sufficient to
datermine the target angle of arrival in a single plane (azimuth or
elevation). This simple form of monopulge i:hthe radar model thus far
developed. Three dimensional traqking. hcwever, require; comparison of
two pairs of signals in ort$qgona1 planes (usually one in azimuth and
the other in elevation). |
| The two-dimenéional developmentlthat follovs.provides only
significant features and results. Extensive derivations are omitted as
much of tbe radar development parallels previous work, and a rigorous
dgvelopment is lengthy. The scope of this appendix is to cover the two=
dimensional radar model with sutfiéient detaiL'to demonstrate the work

done in this thesis, and to provide an avenue for subsequent studies.

Antenna Punctions

" Figure 44 shows the monopulse antenna signal processing circuitry
for a four horn monopulse radar. Amplitude-comparison monopulse uses
the amplitude difference between two adjacent horn voltages to generate

error signals {20:46]).
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, Figure 44. Monopulse Antenna Signal Processing Circuitry
Source: [20: 46]

Inspection of Figure 44 indicates ghat only three cﬁnbinations use
-adjacent horns (A + D or C + B are diagonai combinations). The three
zf; adjacent horn combinations produce a sum channel, an azimuthal
difference channel, and an eiévation diffe:ence channel. The diagonal
combination is not used, and is simply routed to a load.
Refereﬂce 4 derived the three necessary antenna patterns required
. for furthe; processing of thé two~dimensional nonopﬁlse tecgiée siqnals.
Gaussian beams séuinted'otf the t:ackiﬁg axis'in the two-orthogonal
coordinate directiona, azimuth andlélevatioh. utrc‘useé; The Gaussian
_ pattern is almost ide#tical (out to one-half the beamwidth) to the sa()
; pattern resultzng from the uniformly illuminated rectanqular aperatute
that was developed in the gecond chaptet {4:2681.- Since all angles of
interest are within one~half the beamwidth, thc'squintad Gaussian beams

can be succesafuly applied to this two=dimensional development. The
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derived sum and difference patterns of squinted beams (for small angular
displacements) are [4:306]:

vV = Zg0

<
]

ZQORNO/BW

vV, = Zgokmﬂ/nw | - -
where:

V_ = sum voltage pattern

V_ = elevation difference voltage pattern

e
va = azimuthal difference voltage pattern
Rk, = 2sqrt(2)1n(z)es/sw} 2sqrt(2)1n(2)8_/BW

= 0.98 if Os = BW/2; ls = BW/2

9 " pattern gain constant

Let: 9 = 0.5'

- v =1 ; (84)
(e .

S ) ' '
v, = o/B¥ -  (84a)
v, = 8/BW (84B)

The three forms of equation 84 are the desired antenna function

- approximations for the two-dimensional monopulse radar model.

Estimation Model

Obgervation Formulation

For the specific case of additive white noise, the,ieceived

vaveforms for the sum and difference channels are:
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r1(t) = As(t)vs + n1(t) ! ‘ ) ~ (85)
rz(t) = l}s(t)ve + nz(t)4 (85A)
r3(t) = As(t)va + n3(t) (85B)

Applying the Gram=-Schmidt orthogonalization procedure as in the

' Chapter 2 development, the waveforms can be replaced by finite

dimensional vectors. Characterization of the received observation by
way of a joinﬁ density function can then be made. The vector

observations are:

R1 = Avssqrt(E) + N1 (86)
R2 = Avesqrt(E) + N2 '. | ' (86A)
X R3 = Avasqr§(z) + N3 (86B)

The means and variances of the three observation vectors are:

E(R,/A,0,8) = ASQrt(E)V_; var(R,/A.8,8} = N /2 (87)
E(R,/A,8,8} = Asqrt(E)V ; var(R,/A,0,8)} = nokz- ' (87A)
E(Ry/A,0,0) = Asqrt(E)V_; var(R,/A.8,8) = N /2 I (87B)

The conditional covariances are:

cov(R1,R2/A.a.D) - cov(R,,R3/A.9,D? = cov(az,R3/A.6.D) = 0 (88)

Equation 88 shows the vector observations to be uncorrelated. .

'Furthet.'vith Gaussian noise assumed and lineat-operntions to develop

the vector observations, R, R, and R, will be Gaussian and uncorrelated,
therefore independent. The receiver observation is then the joint
density of three independent Gaussian random variables. Independence

implies that the joint density of R1, Rz, and RS is the product of the
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marginal diétribution;. with Gaussi;n distributions and statistics
given by equations 87, 87a, 878, and 88 the joint conditional density of
the receiver observation ié: |
Pg{r/A,8,8) = p(r./A,0,0)p(r,/A,0,0)p(r /A,0,0)
. : .

. 1.5 ' 2 : 2
= [(px)Nol .exp(-1/N°[(t1 - Ayssqrt(E)) + (r2 Avesqrt(E)) +

, v 2
(t3 - AV‘sqrt(E)) 1) ' ‘ (89)

Maygimumelikelihood (ml) estimation

The log-likelihood equation for a parameter A was given in equation
25 of Chapter 2. The extension to a three dimensional conditional

density described by the vectors R , and R, is straightforward.

, 1 Ry 3
Applying the procedur§ described by equation 25 to the joint conditional

dengity of equation 89 and Solvinq for the unknown parameter A yields?

o A, = 1 rV_+ rVvV+ r v
(e ml  Sgre(E) 1229 32 (90)

2 2 2
(V') **I(Ve) + (V‘)

Taking the expected,valﬁo of eqﬁation 90 ptoduces the mean value of
the amplitude egtipnte. .ﬁerfOtming the expectation, the amplitude
esiinaee, as in.thc one-dimensional case, proves to be unbiased.

© Applying the maximum-likelihocod procedure of equation 25 to as
esciﬁate of ;he elevationlpnglc ott_bor@siqht (3l‘and substitution of
the amplitude estima‘a of equation 90 into the resuic yields the'

elevation error equation. The elevation error (e ) is:
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2 . .2, . o
Jemlsw+r39mla rleW + 973 (91,

e =7r

e
where:
The antenna functions of equations 84, B4A, and 84B are

used in the development for elevation error

Taking the expected value of eguation 91 produces the average

rlevation error, Performing the expectation operation, the average

-3
"1
8. Assuming zero error, equation 91 can be solved uniquely for the

error value is found to be egual to zero when equals the parameter

elevation maximum-likelihocd estimate. The result is:

- 'rlewz + '2]

-] =

ml .
t1BW + r3I

(92)

Manipulation of equation 92 and taking the expectation of both
(jr sides yields the average estimate value of the elevation ang;e estimate.
Performing the expecgaéién operation, the maximum=likelihood estimate
for the'elevation angle off Soresight is fouhd go be unbiased (ie the
average Qalue of the estimate equals 6). An operation similar to that
for the eéuation 91 development performed for the azimuthal angle off
vborgsight produce; thevazimuth error equation (o;). and an unbiaged

maximum~likelihood estimate for the azimuthal angle off botesiqhé..

- -~ -~ - 2 2 ! '
e, t19mlBH + 0,9 - rylBuT + 8 ] (93)
- r3[BW2 + 02] _
F.BW + r,e

When joint qzimhth and elevation angle estimateées ars nad;. the
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. estimates are, in general, coupled. Inspection of equations 92 and 94

show that both estimates have a scaled Gaussian numeratok and a Gaussian

 denominator-  (sum of scaled Gaussian random variables). The ratic of

- jointly independent Gaussian random variables has a Cauchy density

centered at zero [11:198). The Cauchy density is like the Gaussian
density. but the tails are off-axis. Moments do not exist for the
Cauchy dcnsity, thus naking it difficult to determine the coupling

coefficient. tor two Cauchy random variables (azimuth and elevation

‘estinates). Thigs investigation will make use of reference 21 which

generated combined azimuth and elgvaticn.maximun-likelihood esﬁimates:in
a whi;e noise environment. Reference 21 shéws that for a narrow-band
signal the naximun-likelihood elevation and azimuth' estimates will be
uncoupled if the vo-dincnsional illumination function is separable into
the-product of one-dimensional functions (21:44]. Since, the
illumination functions used in the two-dinensionql development are
Gaussién. the estimates are assumed uncorrelated.

To move the boresight in both\azimuih and elevation, the
relationship b&cveen thé two error cquaﬁionl (equations 91 and 93; nust
be determined. The covariancﬁ‘between azimuthal and elevation errors
after lengthy cqlqnlatioh‘ iss

cov(e ,e,) = E(le, - E(e }]le .~ E(a,)])

o2 e 2, 2 2 2 s 2 o
= N,BW /2(°'m1(1 4-'\!‘l ) + onl"‘ f_V‘ ) ’ omx'mlvs | o (95)
zvaluatinq oquation 95 at the average estimata values for 0 1.0
cov(o ..} = NOBH 00/2[v v.2 + ¢.2]' "~ (95A)
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Examination of equation 95A shows that in the no-noise environment
the covariance will be small for small angular displacements 6,8. Sche
target tracking implies that bqth 8 and § are less than one-half the
beamwidth (1.5 degr;es), the coupling coefficient betw?en gzinuth and
elevation exror is assumed negligible. Neglecting the coupling,‘allawn
the error voltages to be used to drive tvd seperate anterna servo loops,
similar to the one~dimensional servo loop of Chapter 2, to maintain

track-axis alignment with the targut;

Discriminators

It is necessary to exgpress ﬁhe two error equations (equations 91
and 93) as a fuaction of ihe difference between the esiinated and actual
target locations. Functions of the diffference allow projected |
botesiqht‘npvoncnt along the two orthogonal coordiﬁatb axes proportional
‘to the computed ditfargnce. With additive noise, the error equations

are iando- quantities as R1, R,, and R, are independent Gaussian

2’ 3
distributed random variables. Assuming no-noise, the obsorvatioﬁs will

be equal to their respective mean values. Uiing the mean values of the

3 and expressing the elevation difference as

d0, the elevation error (equation 91) can be expressed as:

observations R’, Rz. and R
o, = - Asrt(E)BWA® - Asqrt(E)9 de/sw

where:

dé = 8 - @

Solving for dé and approximating the result:




a = - ee/Asqrt(E)Bw (96)
where:

(I/am2 << 1

A similar development for azimuthal error yields an approximate
expression for ag:
ag = - e./Asqrt(E)BH (97)

where:

(a/BW)2 << %

Examination of equations 96 and 97 indicates that the mapping from
estimated error to step function proporticnal to required boresight
movesent is linear. Equations 96 an 97 will then be uged to actuate

seperate elevation and azimuthal type I, improved, servo-control systems

to steer the beam-axis on target.

Ziv-Zakai Bound (ZZB)

The Ziv-Zakai two-dimensional bound is derived by comparing the
estimation problem vity'the optimal detec;ion problem. The first
development for the Ziv-2akai bound is to determine the error:
progcbility assoéidted with eltinatinglu tvo-&iacnsiona; target
ﬁositian. The nexﬁ devclopnnht-is to conﬁutp the probability of error

associated with detection of all poisibfo combinations of the two

' angular dimensions. This is an u;aty detection problem where M equals 2

squared, or 4. Finally, an inequality must be established between the

estimation and detection problems that accounts for all possible target

positions in the a priori interval,

=121~

. _




Estimation Error Probability

Considgr an estimation technique for the two~-dimensional angle off

.boresight 3 when it is known that the angle is either at position S, or

1

position S.. Pigure 45 shows the described situation where the two-

2

dimensional position'vector S has azimuthal (#) and elevation (8)

components.
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Pigure 45. Estimation Geometry '

The Ziv-Zakai approach is to compare 8 with an average value of S, .

savg' The decision space for the two possible poqitions and their

' average is shown in Pigure 46.
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?igure 46. Estimation Decisgion Space:

From the law of total probability:
P.(tatal) - P(81)P(8 < Savg/31) + P(Sz)P(S > s‘vg/sz}
= P(S‘)[P((O < 01(2 + 92/2 or # < ’1/2 + 02/2)/8’) -
P8 € 0,/2 % 0,/2and § < 0,/2 + 8/2)/8))] +

P(Sz)lP((0v> 9.,/2 ¢+ 92/2'25 g >0./2+ 02/2)/52) -

P({(9 > 01/2 + 82/2 and # < l,/Z *'02/2)/3231 (98)

where:
‘the first P(S‘).tetu is left or below the averages
the second P(S,) term is lett'ané'belov the avcfiqo: anﬁ
accounted for twig;;'thetetbrc must be subtracted 6@:

similar arguments hold for the P{szj‘;crns'v




Assuming equal a priori probabilities and rearranging terms:
P, = 0.5[P((8 < 91/2 +8,/20r §<B./2+8,/2)/5) +
P((8 > 0,/2 +0,/20r 8 >P /2+8,/2)/5,}] -

0.5(P((8 < 8./2 + 6,/2.and 8 < §./2 + §,/2)/S,) +

P(8 > 8./2 +0,/2 and B > §,/2 + 8,/2)/5,)] (98A)

Consider the or terms of equation 98A and let:
'da = 92 - 81; 02 = dd + 013 51 = 52 - d8

R A I AL RN AR

P((9 < 0,/2 +8,/2 0r B <9, /2+9,/2)/5,) =
P((® - 8, < d8/2 or 8 - B, < d8/2)/5,) ~ (98B)
P((® > 01/2 + 92/2 or § > l1/2 + l2/2)/sz) -

P((0 - 02 > -d8/2 or p - .2 > ud’/2)/82} (98C)

Imposing symmetric target positions let S, = -5 and fix d0, d# at the .

1 2
maximum usable angle off boresight (ie d0 = d8 = -BW). Equations 98B

and 98C become:

P((6 - 9 < d8/2 0r § -9, < d#/2)/8,) =

P(je - o,] > Bw/2/0 ‘or |8 -0 | > BW2/9,) - (98D)
P((® - 8, > ~da8/2 or # - §, > -dB/2)/S,) =: | _

P(je - o | > Bw/2/8, or |9 - 8| > BW/2/8,) (98E)

Substitution of 9, = 8 and p, = § into equations 98D and 98L and scaling
by 0.5, the terms can be added together. Equatioa 98F is the result,
and represents the or term contribution to the equation 98A estimation

probability of error. The or terms can now be ‘expressed as:

- 'z‘o




P(|e - o] > BW/2 or. |9 - 6| > BW/2) ~ (98F)

To proceed, equation 98F must be transformed into a second moment. -
Reference 22 provides a two-dimensional generalization of Tchebychev's

inequality ([22:18]:

P(|® - E(8)] > Asqrt(var(e)) or |B - E(8)] > Asqrt(var(6})} <
{1+ sqre(1 = pHIAAZ | (99)

where:

~ ~

p is the correlation coefficient between 9 and §

Following a partial development in reference 22, and applying a Biename'’

inequality of the nature of equation 38:

p(|o - o| > aw/2 or |9 - 8| > BW/2) ¢

Emax((8 - 0)2,(8 - 0021311 + sqre(1 ~ p?)1/(Bu/2)? ~ (99n)

-~ -~

Assuaing 6 and § are uncorrelated:
(o - o] > BW/2 or |8 - 9] > BW/2) < se’(s)/BW (998)

where:
—

«%(8) = E(max((8 - 0)%,(p - )%

= two-dimensional mean-square estimation error

‘

Now, consider the and terms of equation 98A:
P((08 < 8,/2 + 02/2 and 9 < 9,/2 + 92/2)/81) -

P(je - 8] > BW/2/0 and |8 - 9| > BW/2/0) T (00

P((8 > 9,/2.+40./2 and 9 > 8,/2 + 9,/2)/8,) = '
=" "% 2 2

P(lo - 9| > BW/2/0 and |9 - 8| > Bu/2/9) ' {100A)
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Scaling ky ~0.5 and adding equations 100 and 100A results in equation
1008, which'represents the and term contribution to the equation 98A

estima*ticn probability of error. The and terms can now be expressed as:
-P(|8 - 8| > BW/2 and |8 - B| > BW/2) (100B)

Assuming 6 and p are independent, eguation 100B becc.es:

-mla - 8| > BW/2)P(|8 - 0| > Bw/2}] ' (100C)

From the one-dimensional development, equation 100C becomes the product

of scaled cne-dimensional error probabilities:

-te2(er/tmws2)2e? (91 /(mus2.” © (100D)
where:
“2 - 2
e“(¢) = E(|® -~ 8]|°) = mean-square el error

e(p) = E(|s - DIZ) = mean-square az error

Combining the results from the or terms (equation 99B) with the
results obtained from the and terms (equatiqn 100D), the expression for

estimation probability of error (equation 98A) ‘becomes:

B (est) = [e2(5) = 202(8)e2(0)/BW?]8/BW ' o (101)

Detection error probability
The detection error probability is the error ﬁtohabili:y for

decidinq whether a target is at'$1 or S, when it is known to b. at one

2
of these two positions with equal probability. . The dec'sion regions for

the two-disensional case are shown in Figure 47,
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REGION 2 ¢ REGION 1
’et ”t 9“0,,
— 8
‘Bt,"t at’.’t
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Figure 47. Detection Decision Regions

The four detection hypotheses are:

81:

= Asqrt(!)vs(+0t.+ﬂt)

= ASart(E)V,(+8,,48,)

= ASGrt(E)V, (46,48, )

= Asqtt(t?vs(-et.+ﬂt)
= Aﬁqrt(E)Ve(-Ot.+ﬂt)

= Asstt(E)va(-et'+’£)

= Asqrt(t)vs(~9t3-lt)

= ASQre(E)V, (-8, ,-8, )

= Asq:t(E)Va(~9t.‘Dt)

= Asgrt(z)vs(+6t.-¢t)
- Asq:t(s)ve(fet,-nt)

- Asqrt(z)va(*et.'-ot)




Due to the symmetfy of the four decision regions of Pigure 47, and
with egual a priori probabilitieé, the detection error will be
equivalent to the error in a single region. Using hypothesis 51:
Pe{detl = P(l12 < 0/H1}P{l12) + P(l13 < 0/31)P(113} +

P{1

sq < O/HIPLL ) } | (102)

where:
1ij = natural logarithm of the likelihood ratio
= lnlp(r/ﬂi)/p(r/ﬂj)]

Consider the generai log-likelihood ratio (1i )3

3
1y, = Ny 'tr, - BR/MD? 4 (x, - ERyH DT+ (2 - BRyH)?
~tx, - BR/MNZ =(x, - ERYH NP -(x; - B(Ry/E,0))
= -[2Asqrt(E)/BWN,] (r,(8, - 6;) +'r3(nj -8+ |
O.SAsqrt(E)/BH(Oiz - 052 + aiz - pjz)l

where:
E(R,) = equation 87, and is independent of 0,#
E(Ré) = equation 87A, and is independent of #

E(R,) = equation 87B, and is independent of @

An equivilant decision rule considers 1'ij where:
1.oo=1 (BWNd)/(ZAsqrt(E))

ij b

The.general conditional mean of 1'i follows as:

3

. - ' - . 2 .
Efl ij/1-11) . Asq_rt(E)/Bw[Ot(ai Oj) + 0.5(0j Oi ‘ 3 i

”ﬁ(ai - Bj)l | {103)
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A similar analysis on the general conditional variance of l.ij yields:

2 2 : . .
var(l'ij/u1) 0.5N0[(9i - ej) + (ni - lj) 1 . (104

To uniquely determine the densiﬁy functions of the various
combinations of l'ij' the statistics mu;t be derived from the general
formulas given. With Gaussian statigtics for each of the joint
conditional.densities. 1'ij is the sum of independent Gaessian random
variables, therefore Gaussian.

Consider the combination i = 1, j = 2; i = ‘*9:'*’t" J = (=0, ,49.):

E(1',,/H,) = 2Asqre(E)0, */BW; var(l' /) = 2v.8 ° (105)

POL' /) = [k, (pi)) "Pexpl-ti, )7 (10, - 28sare(E)e, /mi?)

where
2

k12 = 4“0°t

Congider the combination i = 1, j = 3; i = (+Ot.+lt). j o= (-Ot,-ﬂt)z

. 2,2, . - 2,2
' 2(1'13/31) -.ZASqrt(E)(Bt +ot-)/swa var{l ‘3/H1) 280(9t +at ) (106)
1

L5 - . 2 2 2
p(1'13/31) - [k13(pi)l exp{-(k13)l (1 13 - 2Asqrt(z)(et + Bt Y/BW))
where '
2. 2
k13 4N°(Dt + 't )

' Consider the combination i = 1, § = 4; i = (+0,.,48,), 3 s'(+et.-ut)s

) a2 2 .
E{}'14/H1?.' ZAsqtt(E?lt /BW; var(1'14/H1) - ZNO't . (107?
) -.5 ' K2 P ' : 2 2
p(lvi 14/5’-) - [k14‘pi)] .exp{-(kL‘) (1"14_' 2qu(3)’t./5‘ﬂ ]
where:
. 2
kig = N0,

Using the appropriate change of variables in each of the three density
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functions described by equations 105, 106, ﬁnd 107, the detection error
(equation 102) can now be expressed as:

P (det) = P(1',)QIE(L",/H,}/sqrt(var(l' /H.})] +
P{l'13)Q[E(1‘13/H1J/sqrt(var(l'i3/n1))] +
p(1°14)QlB{1'14/ﬁ1)/s§¢t(var(1'14/51})1 _' . (108)

where: | |

Qla)] = sqrt(Z(pi))-1a/f:;xp('x2/2]dx
statistics of 1'12 are given in equation iOS

statistics of l'1 are given in equatioh 106

3
statistics of l'14 are given in equation 107

Substituting the app;opriate statistics into equation 108 aqd
simplifying: | )
P (det) = 0.33[Q(A9tsqrt(2sun)/BW) + Q(A!;sqtt(zsun)lsﬁ) +
Qasqre(a,? + 8, %)sqre(2sR) /8W)] : (108A)
SNR = E/N,

P(1'12} = P(1'13) = P{1',,) = /3

Equation 108A describes the Pe of the best procedure for deciding

whether a target is at S, or -s,.,ﬁhen it is known to be at one of these

1

" two locations. with equal probabality. To compare with the results

obtained in one-dimensional tracking consider Ot - 't - 0

P (det(0,0)] = .333(Q(0) + Q(0) + Q(0)] = 0.5

This result is the same as obtained in the cne~dimengional case where

the target seperation angle was zero. Here, target seperation in two
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orthogonal planes is zero and once again the detection error indicates

that the targets will be difficult to distinguish.

Detection/Estimation Inequality

Following the Ziv-Zakai method, a performance bound can be derived
by comparing the estimation problem with the optimal detection problem.
The'estimation decision fule error will be lower bounded by the error
associated with an optimal detection scheme. Establishing an
egtimation/detection inequality:

Pe(det)}i P (est) 4 ' ' (109)

Using the estimation probability of error as describgd by equation 101

. and solving equation 109 for the two-dimensional mean~square estimation

errox:

-

e?(5) > BW’P_(S,-8)/8 + 207(8)e”(8)/BW (109A)
where:
Pe(s.-S) is described by equation 108A

ez(a) refers to the mean-square error for parameter a and

given by the expression in equation. 40C

'

Equation 109A is a lower bound to the mean-square eqtinat;onverro:

of any pair of values of fhe-patametetl3-whichrare 3W units apart.,

Extension of equation 109A to considér all possible pogitions in the a

‘ptioii interval of the parameter S, and using the worst éake error of

all possible a priori values results in:
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. ez(s) > max ' [szé'(s.-S)/e + 2e2(8) ez(ﬂ) /Szl {(109B)
- e t t ;
0ce <O
c <o <@ .
.t = max
where:

Observe in equation‘10§B ghai the lower bound does not exist at S = .
0. Thus a restrictinon on tho.bonnd ag described in references 9 ahd 12,
and previously used in -equation 40C of ihis thesis, must be imposed.
Further, becanse-of‘thévsymnetry'invoked. the bound only considers
positive values of azimuth‘aﬂd elevation. Positive parameter values
allog thelaubstitution-;f the‘magnitudé squazedfot the parameter for the
square of the parameter. In vector notation:

s (pos 5) = |8|% = 58T = [°:]:°: 5]

‘at

'Redefininq the bound of equation 109B:
“2 i lel 22 *2,.0 "2 . .2
e“(s) > max |sin(|Ss|)"P_(8,-8)/8+2¢°(0) _e“(9) _/sin(]|51)°]1(109C)
“0g0_.<0 ' e - t t

0<p<p?
P

'wheres
sin(ep) - 0.5[sin(ohax) + s#n(@)l :

siy(lp) - 0.5(sin(lmax) + sin(p)])

Equation 109C will be the form of the Ziv-Zakai bound used to
predict the nean-square'e-timltion error for naxinun-likelihood

estimates of elevation and azimuthal angles.
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Radar Simulation

To compute the mean-squa;e tracking eztofvand assoéiatéd
performance bounds of the two-dimensional amplitude-conpérison monopulse
radax, a simulation program was designed for the ra@ar nbdgl.is
developed in this appendix. An annotated listing ot}ﬁhp simulation
pngran is provided in Appendix G. The program is.i ;trﬁiéhtfotvard
extension of the one-dimensional simulation provided in_hppéndix B. The

najor'nodificationn and signific&nt features are:

. 1)  Three 1ndeéendent observations are réqu;fﬁd.

2) The Cramer-Rao bound is not computed. |

3) Provisions for moving ta:gots are removed.

4) Equaticn 109c (ZZB) is never evaluated at o= l = precisgely
zero. The slight offset from zero allo-s conputati9n of the
second term of the described oquation..

S) A storage matrix (16X16) is established for thc\evaluagion of

equation 109C (zZB) for the various ségnented angle intervals

in azimuth and elevation. The stored values are then sorted by

row and column, and the maximum 1s,pick¢d-off;,

pPerformance Verification

Before conpar;nq'the rciulés with tﬁc‘one-dimensional t;aéking
rotulti. few comment about tho simulation is in order. Por eich’
computed bound ot thc sinulation. the Q function is evaluated by
integrating the tails of a s:andard Normal density iq an external call

to the IMSL subroutine MDNOR. One run calls the MDNOR subroutine
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apptoxinaﬁely thirteen hundred times. Each SNR level conducts fifteen
runs, therefore approximately nineteen thcusand int?grations. For lower
SNR levels, the area integrated increases, and the time consumed for
each run is quite lengthy. Low SNR runs veré not possible because of
time limits on the computer system used (CYBER).

2igure 48 is a stationary target composite plot for tﬁe two—
din?nsional ta;gét mean-square tracking error (yss). and the Ziv-Zakai

bound (2ZB) for SNR levels of 30, 25, 15, and 7 dB. Comparision of

Pigure 48 with the previous stationary one-dimensional target tracking

results demonstrate that:
1) The MSE is much larger for the two-dimensional tracking case
[reference approximately 3X10E-5 for one-dimension at 153B SNR

(see Figure 30) and approximately 20X10E-S for two-dimensions

at 15dB SNR (see Pigure 48)1. '

2) At 7dB SNR, the éuo-dimensional MSE grows unbounded. Breaklock
.is asspmed to occur at this peint. This w‘s noﬁ encountered in
the one-dinsnsional #rackef.

3). Fo; all SNR levels‘considered. the two-dimensional ZZB lower
bounds the MSE curveB. Although not as, tight as in the one-
dimensional tracker, the two-dimensional Z2ZB is an adequate

performance indicator, and merits further investigaticen.
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Appendix B

Program Listing

lil!ili!ili!!lili*ilii!***fii***l*ill!ifl!*'*li**i*ill***il!i*iiil****ii

W W W K

PROGRAM:
PURPQOSE:
INPUT:
QUTPUT:
COMPILER:
EXT CALLS:

FORTRAN, VERSION 5
IMSL ROUTINES GGNML, MDNOR

SIMULATION OF AMPLITUDE-COMPARISON MONOPULSE RADAR
COMPUTE THE TRACKING ERROR AND PERFORMANCE BOUNDS
.DESIRED SNR LEVEL(dB), TARGET MOVING OR STATIONARY
3(1 BY 50> VECTORS CONTAINING AVG ERROR, ZRB, 22ZB

L % R B NN R J

Iilliii!!iill**iii*.ll**i*'i*iiiiililil**!!ill!I!l.ﬁ.ﬁ.’il{l!iil!’.i*'i*

DIMENSTON AVG(50) V61 (S0) AV62(50) ,PREC16) ,R(S0) ,B(SD)

DIMENSION SNRV(15),SER(15,58) ,SERCR(15,58) ,SERZ2(15,58)
REAL NPUR,NI N2 NAP NCALC

INTEGER PULSE,ANGLE :

DOUBLE PRECISION DSEED1,DSEED2

DATA SNV/38, .3'. ,25.,2..,15. ,1.0 ,70 '50 '3- ,la,
=2, "50 |-7'¢ ,-!.o "”J
CONTINUE

" WRITE(#,1000)

READ2, INS
IF(INS.E0.0)60 TO 3000
WRITE(#,1810)
WRITE(#,1028)

READs, 11,12

DATA DSEED1 ,DSEED2/123457.000, 325017000/

DATA OPRAD,R9,VEL, P, B/S7,3, 4900, ,257.4,1.E~6,3.0/
DATA PRI, S16.0MEGA,AMP, SAUR/10. E-3,636. ,634.,5.0,1.E-Y/
ESY=PUMIPIR2

eSO

NO=5)

00 500 IPelt,I2

RN IP)

SNRNG=10. 14(IN/10.)

. ROLD=RO

00 200 J=f,15 - -
CALL GENML(DSEED! ,NR,R)
CALL GBNML(DSEED2,N8.8)

BS1TE=0.0

TRGT=0.88
IF(IMS.EQ.1)BSITE=1,5
IF(IM5.EQ.1)TRET=0.0

TRETA=TRGT-BSITE

I=¢

00 100 PULSE=1,50
PULSECSFLOATCPULSE)

-136-

E

W W o o W W s WP W NP W SN W N e

PLACE TARGET IN BEAAIOTH
© STATIONARY

TN CALCAATION

VAR

INTEGER TO REAL
REAL TO INTEGER
DOVBLE PRECISION SEEDS

INPUT STATRMENTS

POSSIBLE SR VALUES (d8)

TARGET MOVING OR QUIT

START/STOP SNR VALUES

MOAR PARWETERS

'ENERGY

SO GAUSSIAN SAMPLES
SO GAUSSIAN SAMPLES

SR 00 LOOP

COWERT T0 MMERIC
INITIAL RANGE
JoRIN NIBER

. NORWAL DEVIATE GENERATOR®

NORWL DEVIATE GENERATOR®

STATIONARY
NOVING
NOVING
TARGET ANGLE OF ARRIVAL

S PULSES

COWERT 70 MIERIC -




RNEU=SORT (RO#42¢ (VEL #PRT #PULSEC) #22)
IFCINS.EQ.1.) SNANE=( (ROLD/RNEN) 234) 2SHRNGM
NAR=SPIR/ SNRNEW

NAR=SORT (NAR)

I=]+4

Ni=R(]) NAMP

N23(1) e -
VD=SIN( 1 . 004 THETA/BM)
VO=(SORT(2.)/2.)8(1,4(05(2.0943THETA/BM) )
RI=PaSORT(EEY) WS

R2WPHSORT (EGY) W2

ERR=R] VO-R28VS

IF(ERR/(SART(2,3667) 4AP) 6E.0.99) ERR=G . 992SQRT (2, 3E6Y) 4P
IF(ERR/(SORT(2, 5E6Y) M) .LE.-.99) ERfm-8.792SQRT(2, 3EGY) 2P

DTHETA=-(Bid/1 . 88) MASINCERR/ (SORT(2_$E6Y)IAP))

SERVO=1 , 8-EXP(-5164PR1) #(COS(BMEGASPR]) -SIN((MEGAPR]))
IF(VDSERR.6T.0.0) OTHETA=-OTHETA
BSITE=RSITE+SERVOSOTHETA '
IF(IMS.EQ. 1) TRET=ATANC (VEL 3PULSECHPR]) /R9) 20PRAD
THETA=TRGT-8SITE

B=Bl/0PMD

THETASTHETA/DPRAD

SER(J, PULSE)STHETAS2

 DENGNS( 2, ¥ININGLIAPE2) 1(2, 84341 . T73C0S( 3. 765 THETAVM)
#=1,0933C0S(4. 1882 THETA/ M) )

CRBe( e82)/DENIN

SERCR(J ,PRLSE)=CRE

THETP=(ASING (SINCBW/2) ¢SINCABS(THETA) ) ) #9.,3) ) sDPRAD -
Busd20PRAD

" THETASTHETASOPRAD

DATA PRE/1480.0/
ANGLE=1 , #ABSCINT(10. STHETP))

00 90 Nsl ANGLE

NCALC=(FLOAT(ANGLE)/100.) N

" WeS./202,9005(2, 094ANCALC/BM) +8. 58COS(4. 1 B8INCALLY W)

#=C0S(3.76aNCALL/B) o

RHOS(0 342, $C0S( 2. 094aNCALC/BW) 40, S8COS (4. 1 8BINCALL/B) |

#400S(3.76NCALL/BON
AXs(STRT((1,-RHO) WaNRNE/ 2. ) ) AP

. CALL MONOR(AX,PX)

W=, -PX

NCALOSNCALL/0PRAD .
PRE(N)=QXB(SINC1 . INCALC)) 882
CONTINUE

00 94 Jxst,13

JK1=qKet -

D8 92 KJ=J1,14

IF(PRECJX) LE.PREKJ)IGO0 TO 92

- STORESPRE( )

PRE(JX)=PRE(KJ)

' .1.37-

T N N e e I R R SR I S

CONPUTE CHANGING RANGE ¢
COPUTE CHANGING SNR ¢
'NOISE POMER ]
NOISE AMPLITUDE ]

]
WGN SAMPLE 085 1 $
WaN SAMPLE 08S 2 :
ANTENNA DIFF WEIGHTING #
ANTENNA SUM WEIGHTING  #

SUM CHANNEL 0BSERVATION #

- DIFF CHAMNEL OBSERVATION®

ERROR SIENAL

LINIT POSITIVE ERROR
LINIT NEGATIVE ERROR
SERVO RESPONSE
TRACK PROPERLY

MOVE BORESIGHT

NEJ ANGLE OF ARRIVAL

SUARED ERROR
COPUTE CRER-A0 BOUND

DENGMINATOR
- BOUND
V-
ARITHETIC MEAN ANGLE

INITIALIZE
- RANGE X18 FOR DO LOOP
CHECK FROM 0-THETP

ANTENG VEIGHTING

INPUT PARAMETER AX
4 FINCTION (Pp)
)

SORT ROUTINE PREC)

STEP PROPORTIONAL TO ERR®

CHANGING TARGET POSITIONS

W W e W s e B S s S s®s S eSS

CORRELATION COEFFICIENT ¢

. COMPUTE AREA ~INF TO AX #

ftete A B T




23

108
200

PRE(KJ)=STORE
CONTINUE

CONTINUE
22B=PREC14)
SERZ2(J,PULSE)=22B

CONTINUE
CINTINE
YRITECs,1030)NR
WRITE(2,1040)

00 M8 ke,
SUN=0. 8

- SiMi=e.0

SUM2=4.0

© DO 0 Lat,13

1000 FORMAT(IX,’NOVING TGT,STAT T6T, DR QUIT(1:MOVE,2:STAT,0:0UIT)")
1010 FORMAT(1X,’ SNRV/35,30,25,20,15,18,7,5,3,1,-2,-3,~7,-10,~28/* /)
1020 FORMT(1X,’ENTER SNRV START/STO® POINTSCIE START«1,STOP=13)”)

SUMESUMOSER(L ,K)

" SUN1=SUN1 4SERCRIL 10
SUN2SUN20SERZZ(L )

CONTIME
AVBLK):SUV1S,
AVGT(N)=SINL/13.
AVG2(X)=SUM2/13.

WRITE(#, 1050)AVB(K) A6 (K) ,AVE2(K)

1838 FORMAT(/,1X,’ SR LEVEL (0B) = ,Ei1.3,/)

1040 FORMAT(14Y, ‘AVBSER’ ,8X ' AVGSERCR’ , X, “AVGSERZZ")
1036 FORMAT(10X,3(3X,E11.3))

. 3608 STOP

. e138-
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PRE(14) 1S MAXIMM

QUTPUT RESILTS

E

ONLY WAY OUT IS 0 IN I

T _STA N

O e W g W o W e W W W M W s W A
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Appendix C
Program Listing

98 36 330 38 263098 3 396 38 30 30 98 3 0 38 36 30 36 36 36 36 36 I8 3 30 38 336 30 36 26 36 30 36 36 6 3636 36 36 9 6 36 30 34 96 I 3 36 36 36 36 34 36 3 36 3 36 3 ¢ 94 36 I 3 % %

L K BN BE B S B

PROGRAM:
PURPOSE:

COMPILER: FORTRAN, VERSION S

EXT CALLS: IMSL ROUTINES GGNML, MDNOR, GGWIB

SIMULATION OF “"SLOW® AND "RAPID* AMPLITUDE FADING

COMPUTE THE TRACKING ERROR AND PERFORMANCE BOUNDS

INPUT: DESIRED SNR LEVEL(dB), TARGET MOVING OR STATICNARY,
TYPE OF FADE CHARACTERISTIC DESIRED

OUTPUT: 3(1 BY 50) VECTORS CONTAINING AUG ERROR, CRB 228

L B N B A I

0836 3098 3 3 98 30 36 90 3 3 % 3% 3 9 % i**l’**ﬁ‘li‘l.**li{!l“l!**l’lﬂl!*i*l!**lllii&**iili*l“lli

PROGRA FADE

DIMENSION AVG(SS) V61 (58) ,AV62(5) ,PRE(16) ,R(50) ,B(50) ;A(50)
DIMBNSION SNRV(1S) ,SER(1S,58) ,SERCR(15,58) ,SERZZ(15,50)

REAL NPWR,N1,N2 ,NAMP NCALC
INTEGER PULSE ,ANGLE,SMERLG
DOUBLE PRECISION DSEED1,DSEED2

mT. Mo’ac,aaph ,15l’10-'7v,5u,3',‘10,
..2| .‘5. .'7..'1.. ,'2'./
CONTINUE

WRITE(e,1000)

READ2, IMS
IF(INS.£Q.0)60 TO 5000
WRITE(2,1010)
WRITE(#,1028)

READe, 11,12
WRITE(,1025)
READ® , SWHERLG

DATA DSEEDS ,0SEED2/123457.008,325817.000/

DATA DPRAD, RO VEL P BU/S7.3,4980.,,257.4,1 -4, 3.0/
DATA PRI SI6,0NEGA, SPUR/10.£-3,436. 636...E-¥
ALPH3. 9894 , ,

§=2

TeSORT(2.)8ALPHA

NRe50

NBe50

NS0

IF (SERLG.ED. 1INAm1S

00 500 Ipelf,12

NANRKIP)

SNNBIS10, 44 IRV/10,)

ROLDSRY

00 200 Jat 19

CALL GEMAL(DSEED! N, 1)

CALL GANWL(DSEED2,N8,B)

CALL GBMIB(OSEED] ,5,¥0,4)

“139«

#
: ]
&
]
]
2
]
8
]
]
s
L
#
L
]
4
»
]
]
L
*
#
L
4
#
]
$
]
]
#
L]
#
4
4
]
L

CLARE VARIAGLES
50 AMPLITUDE SANPLES

FADE TYPE: SWERLG
INPUT_STA ]

RAYLEIGH PARAMETER-STDEV
SHAPE PORMETER
STALE PARMETER

S0 RAYLEIGH SAMPLES °
1S SAMPLES SLOW FADE

WEIBULL DEVIATES

:
£
3

.
e




L ]

BSITE=.0

TRGT=0.80
IF{INS.EQ.1)BSITE=1.5
IF(IMS.EQ.1)TRGT=0.0

THETA=TRGT-8SITE

1=§

0 i00 PULSE=1,50
PULSEC=FLOAT(PULSE)

RNB=SORT (RO#22+ (VEL +PRI #PULSEC) #42)
IFCINS.EQ.1.)SNRNEWs( (ROLD/RNEW) 234) #5NRNEW
NFUR=SPUR/SNRNES

NANP=SORT (NPUR)

Isl+f

NisRCI) NP -

N2=8(1) e
IF(SUERLG.NE. 1 JAP=T3A(])
TF(SWERLE.EQ. 1)AMP=TIA(J)

- EGY=PaAPE2

VO=SIN(1 . 885 THETA/BK)
VS=(SORT(2.)/2.)#(1.4C0S(2.0943THETA/B))
R1=AMPESORT(EGY) WSN1

R2=AMPRSORT (EGY) WDN2

ERRmR1 SVO-R2VS

IF(ERR/(SQRT(2.2E6Y)3AMP) .6E.0.99) ERR=0.993SQRT(2,2E6Y) 3P
IF(ERR/(SQNT(2. 3EGY) 34P) .LE.~8.99) ERRm-0.992SQRT(2.2EGY) 3P

OTHETA=-(BW/1.88) SASINCERR/ ( SORT( 2, 3£6Y) 3¢P) )

SERVO=1 .O-EXP(-SIGIPRI)KCOS(O(MI)-S!N(WD)
IF(VDSERR.5T.0.0)UTHETAS-DTHETA-
BSITE=BSITE+SERVOSDTHETA

1FCIMS.EQ. 1) TRGTSATAN( (VEL¥PULSECHPRI] )/RO)'DPW
THETASTRGT-BSITE

Bd=B/DPRAD

- THETA=THETA/DPRAD

SER(J, PULSE)=THETA#S2
DENGR( 2, ESNANGIMMNP292) (2, 84541 , 773C008(3. 764 THETAVB)

-, 0951(:03(4.188“"&1”80)

CRB=(u#22) /DENDM
SERCR(J, PULSE)'CRI

THETP=(ASIN(( SlN(N/!)OSIN(ABS(THETA) 1)%0.35) )leO
Su=Bis0PRAD

THETA=TRETAR0PRAD

DATA PRE/1490.0/

ANGLE=1, ABSCINT( 12, s THETP))

00 90 Nl ANGLE -

NCALCsC(FLOAT(ANGLE) /100, ) N

UsS,/2¢2,400S(2, 094aNCALL/BU) +0, 53C05( 4. 188INCALL/ M)

- #=C05(3,76NCALL/BW)

RHO=(0,5¢2, -mstz.mnmuwoo.s-cosu.xmmuw

" <140«

% PLACE TARGET IN BEAMJIDTH

..-..-O-—.“‘..*..‘t‘-‘.*_".-.‘..‘..‘.‘..““...**.*

TRACKING ERROR

V-

TRACKING CALCWLATIONS

"RAPID® FADE AP
*SLON® FADE AP
EGY CHANGES WITH A

COMPUTE CRANER-RAD_BOUND

18



HC0S(3. 76NCALL/BDA
AX=(STRTCL 1 ,-RHO) MAESNRNE/2.)) WP
CALL MONORCAX,PX)
et -PX
NCALC-NCALL/DPRAD
PRECN)=@X8(SINC1 . INCALL) ) 842
N CONTINGE
DO 94 JKe1,15 |
JK1=JK+1
00 92 KindK1,16
IFCPRECJX) |LE.PRECKJ))S0 T0 92
 STORE=PRE(JK)
PRECJ)=PRE(KD)
PRECKJ)=STORE
7 CONTINE
9 CONTINE
228=PREC14)
SERZ2(J,PULSE)=228

100 CONTINUE

200 CONTINUE
WRITE(#,1050)9
WRITE(#,1060)

M M Me e e s MR e MR e AR s NS e M s M e W s Wk W

ANERAGE_ERRORS OVER 13 RUNS
00 430 Ke1,50
SiM=0.0
T X
SIN2=9.0
00 308 L=1,13
. SUMRSUMNSER(L,K)
SUN1=SUM1 +SERCR(L ,K)
SUN2=SIN24SERZ2(L ,K)
300 . CONTINGE
. AVBCK)=SUVIS.
© AVBI(K=SUNI/S,
AVS2AK)=SIN/1S.
OUTPUT RESULTS
WRITE(2, 10S0)AVCK) ,msmo AIAK) |
A0 CONTIMGE - '
500 CONTINUE .
" 50708 o
A . : FORMAT STATEMENTS IN/OUT
1000 FORMATCIX, ‘MOVING TET,STAT T6T, OR QUITCI:MOVE,2:STAT,0:0UIT) ) R ,
/1010 FORMATCIX, * SNRV/35,39,25,20,15,10,7,5,3,1 ,-2,-5,~7,+10,-20/* ,/)
1020 FORMAT(1X,’ENTER SNRV START/STOP POINTS(IE START=y,STOP=IS)*)
1025 FORMAT(1X,’ENTER DESIRED FADE MODEL (SLOWei,FASTs2)’)
1030 FORMAT(/, 1X,’SNR LEVEL (DB) = *,£11.5,/)
1040 anm,wssn',n,wsssm'.a,'msszm'
1050 FORAT(10X,3(3X,E11.5)) ,
5000 STOP
-y

“‘.'.‘-‘-".“.".*.‘*“*.‘...**‘......‘...#.'.*.-.*.

W at M ae W e W a M 0 ae s e 6 A age 6w W age W e WS o W e W

o e 4.




SR R

Appendix D
Program Listing

6269696 36 96 96 9635 96 38 36 9698 36 36 96 96 36 96 36 9096 36 6 3636 36 36 36 36 36 38 96 36 56 36 96 3 38 96 30 30 36 936 38 363606 36 36 96 36 36 36 6 3696 36 96 36 3 36 36 36 36 96 36 3 3

i rn" L
P .
. L

COMPILER:  FORTRAN, VERSION S
EXT CALLS: IMSL ROUTINES GGNML, MDNOR, GGWIB
003090960036 90 638 30 4036 0038 30 36 3836 9630 9038 90 30 3696 090 90 .98 6 30 36 3636 8 36 30900 900 0036403000090 00 0030 003636 30300000 30 00 0036 00 606 3 3¢

PROGRAN FADFIX | o '
| - % DECLARE VARIABLES

* PROGRAM: SMOOTHING OF "RAPID" AMPLITUDE FADING OVER N PULSES  *
o * PURPOSE:  COMPUTE THE TRACKING ERROR AND PERFORMANCE BOUNDS *
= : * INPUT: - DESIRED SNR LEVEL(dB), TARGET MOVING OR STATIONARY, %
i - * NUMBER OF INTEGRATED PULSES DESIRED *
’ * OUTPUT: 3(1 BY 50> VECTORS CIZNTAINING AVG ERROR, CRB, 22B . #

* *
E ‘ * *

]

DIMENSION AVE(50) ,AVE1(50) ,AV62(50) ,PREC16),R(50),B(30) ,A(58) ¢

DIMENSION SNRV(15),SER(15,50) ,SERCR(15,50), SERZZ(IS 50) ]

REAL NPWR,NI ,NZ,W,NCALC &

INTEGER PULSE,ANGLE ¥

DOUBLE PRECISION DSEED1,DSEED2 #

DATA SNRV/35.,30.,25.,20.,15.,18.,2.,5.,3.,1., &

"2."5."7- ,'lﬂ-,'ZﬂJ #

3 CONTINUE ]

WRITE(#,1000) ]

READ#, INS *

IF(INS.EQ.0)60 TO 5000 2

WRITE(#,1010) ¢

R (E(+,1020) '

READE, 11,12 ¥

WRITE(#,1025) ¥
WRITE(#,1027) S | ,

READ N | | ¥ MePULSES INTEGRATED

) ’ L

4

¥

§

#

4

#

]

3

L

|

]

]

]

)

]

$

rr.v-v_nf?,.

RADAR_PARAMETERS
DATA DSEED!,0SEED2/123457.000,325017.000/

DATA DPRAD,RO,VEL P, B/57.3,4900. ,257 .4, 1.E-6,3.0/
DATA PRI,SIG, OMEGA, SP4R/10.E-3 636.,636..1 Y
ALPHA®3, 9894

§=2

T=SQRT(2.) sALPHA

NR=50 )

NB=50 , -
Na=30 ‘ :

00 508 IP=l1,12

NR=SNRV( IP)

SNRNEM=10, 28(SNR/10.)

ROLD=RD

00 200 J=i,13

CALL GGNML(DSEEDI NR,R)

CALL GGNML(DSEED2,NB,8)

CALL GGUIBCDSEED!,5,NA,A)

‘BSITE=3.0
TRG6T=0.80

MO W W e W e W s e M e M o W e A a0 kW sk NS a M e e s M e M abe S as e i Nt e W
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LI R I Py N

R S Y.L

159

- IFCINS.EQ.1)BSITE=1.S

IF(INS.EQ.1)TRGT=0.0

THETA=TRGT-BSITE

=0

MO=INT(50./FLE". (M))

DO 100 PULSE=) ,M

DTSue=e.8

PULSEC=)

00 13- ml,ﬂ

PULSEC=PULSEC+1 :
m(ﬂﬂﬁMMINSEDHZ)
TFCINS.EQ. 1 . ) SNRNE=( (ROLD/RNEW) #14) :SNANEW
NFR=SFUR/ NG '
NAMP=SORT (NAIR)

Is]e)

Ni=R(1) NettP

NZ=B(1) NP

AP=TIA(D)

EGY=PiniPre2

VD=SINCE . BS'TIETW)
V9s(SART(2.5/2.)%(1,+COS(2, 0944 THETA/BM) )
R1aAPRSERT(EGY) WS
R2=AMPRSORT (EGY) VDN2
ERR=R1VO-R20VS

IF(ERR/(SGRT(2.3E6Y) 3P) .6E.0.97) ERRsd. 994SORT(2.3EGY) 3P
1F(ERR/(SORT(2,3EGY) 3P) .LE.~0.99) ERR=-0.993SORT(2.1E6Y) 2P

DTHETAm-(BW/1 . 88) SASINCERR/ (SQRT(2, SEGY) SAP))
SERVO=1 . 8-EXP(-S1GHPRI) 5(COS(IMEGASPRI) -SINCONEGASPRI))
IF(VDSERR. 6T .0.0) DTHETAm-OTHETA

DYSUNOTSUN+DTHETA

CONTINUE

DTHETAROTSUN/FLOAT(N)

BSITE=BSITE+SERVORDTHETA

IFCINS  EQ, 1) TRGT=ATANC (VEL#PULSECSPRI ) /R0) 30PRAD
THETASTRGT-8S1TE

Bu=B/DPRAD

 THETA=THETA/DPRAD

" SER(J,PULSE)sTHETA®2

DENGMs( 2, BSNRNEWSAMPEE2) 3(2, 84541, nmscs.mnm/m
#-1,0952C0S(4. 188+ THETA/BM))

CRE=( Bu#52)/0EN0M

SERCR(J,PULSE)=CR8
mm-(asxm<sxmwz)osmmasmmnm sn-m
B=BMADPRAD .

Tmmmmomo

DATA PRE/1630.0/

ANGLE=1 . 4ABSCINT(10.2THETP))

D0 90 N=1 ,ANGLE A

NCALC=(FLOAT(ANGLE)/100.) N

W=3./242,8C05(2. 0943NCALL/B4) 40, S4COS( 4, 1 BHINCALL/B)
#~008(3, mmc/w

<143+

‘..‘*.‘...-.‘*-IUUO‘.-".-“‘.‘.‘....*".‘..‘...mﬁﬁﬁ*..

ING ULATIONS

INITIALIZE ERROR SUM
SMO0THING D0 LOOP

ACCUMIATE ERROR SUM
AVERAGE ERROR

TRACKING ERROR & BOINDS
TRACKING ERROR

CRAMER-RA0 BOLND

MO=NUMBER OF BSITE NOVES

W B o W o Wl W e W M M e W e W W AN B M N o M M S e A a0t a0 N M o M e M M M e 00 e NS s MK a0 sl s oK M g e




-

(&

" AECSERT((1, ~RHO) AESNRNEW/2. ) ) 3P

100
00

400
560

RHO=(0.5+2.2C0S(2.094aNCALL/BW) 0. 52C0S(4. lBOlNCALUHJ)

HC05(3.76MCALL/ BN

CALL MONOR(AX,PX)
=1, -PX
NCALCSNCALC/DPRAD

PRE(N)=OX#(SIN(1 . #NCALL) ) 242

CONTINUE

DO 94 Jk=1,13
JK1=JK+t

D8 92 KJ=JKi,14

IF(PRECJK) . I.E PRECKJ))60 TO 92

STORE=PRE( ¥
PRECJK)=PRE(KJ)
PRE(KJ)=STORE
CONTINUE
CONTINGE
12B=PRE(16)
SER22(J,PULSE)=228
CONTINUE
CONTINUE
WRITE(2,1030) R
WRITE(2,1040)

DO 488 k=1,38
Si=0.0

SMi=4.9

SiM2=4.0

DO 300 L=t,13
SUM=SUN¢SER(L ,K)
SUM1=SUM14SERCR(L,K)
SUNZ=SIM24SERZZ(L ,K)
CONTINUE
AVE(K)=SIV 13,
AV61(K)=5UN1/13.,
AVE2(K)=SN2/15,

WRITE(#,1050)AVE(K) ,AV61(K) ,AV62(K)

CONTINUE
CONTINUE .

- 60703

1000 FORMAT(1X,’MOVING TGT,STAT TGT, OR QUIT(1:MOVE,2:STAT,0:Q6IT)*)
1010 FORMAT(1X, SNRV/33,30,25,20,15,10,2,5,3,1,°2,-8,+7,10,-207* /)
1020 FORMAT(1X, ENTER SNRV START/STOP POINTS(IE START={,STOP=13))
1025 FORMAT(1X,PULSES INTEGRATED/1,2,5,10,25,30/°,/) -

1027 FORMAT(IX,/ENTER DESIRED NUMBER OF INTEGRATED PULSES’)

1030 FORMAT(/,1X,SNR LEVEL (DB) = /,E11.5,/)

(1040 FORMAT(14X, AVGSER’ , BX, ‘AVGSERCR’ .M,’NGSERZZ’)
1050 FORMAT(10X,3(3X,E11.9))

000 stop

¢144d'
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2IV-2AKAL BOUND -
AVERAGE ERRORS OVER 13 RUNSe
3
1
3
]
2
2
'
2
2
3
3
2
OUTPUT RESULTS *
3
#
'
- . . K]
FORMAT STA N/ *
*
'
%
F
'
*
2
'
2
2




Appendix E
Program Listing

l**‘i***!***!****i**i*********'I"l'lN!*ii’******!***i*i*li*i*i*i*i****i***!*

W ok N ok Kk

COMPILER: FORTRAN, VERSION 5

PROGRAM: SIMULATION OF MULTIPATH EFFECTS (TERRAIN BOUNCE) *
PURPOSE : COMPUTE THE TRACKING ERROR AND PERFORMANCE BOUNDS *
INPUT : DESIRED SNR LEVEL(dB), TARGET MOVING OR STATIONARY, =
AVG OCCURANCES IN THE PRI, SPECULAR OR DIFFUSE MULTI =

OUTPUT: 3¢1 BY 50) VECTORS CONTAINING AVG ERROR, CRB, 22ZB *
*»

*

'EXT CALLS: IMSL ROUTINES GGNML, MONOR, GGPOS, GGEXN, GGUBS
IR N EHHHE EHHHHE U EHEHHHEHHEHEH I HHH I HHH T O R R

PROGRA MLPTH

DIMENSION AVG(50) ,AVE1(50) ,AV62(50) ,PRE(14) ,R(1250),B(1250)
DIMENSION SNRW(13) ,SER(15,30) ,SERCR(15,50) ,SER2Z(15,58)
DIMENSION IR(50),EC24),DTIMEC26),U(25) ;ANG(23.

REAL NPWR,N1,N2 NAMP NCALC ,PULSEC ‘

INTEGER PULSE,ANGLE ,REF ,FLAG.

DOUBLE PRECISION DSEED],DSEED2,0SEED3,DSEED4,DSEEDS

DATA SNAV/3S.,30.,25.,20.,15.,10.,7.,5.,34, 1.,
*2, "5. .'70 "!°n .'2'./
CONTINUE '

| WRITE(,1000)

READE, INS
IF(1¢S.EQ.0)60 70 5000
URITE(®,1010)
WRITE(#,1020)

READE, 11,12

DATA DSEED1,DSEED2/123457.000,325017.000/
DATA DSEED3,DSEEDM,DSEEDS/123437.000,123457.000,123457,000/

_ DATA DPRAD,RO,VEL,Pd,BW/57.3,4900.,257.4,1 .E-6,3.0/

DATA PRI,S16,0MEGA,AMP,SPWR/10.E-3,434.,434.,5.0,1 .E-3/
NR={ 250

MB=1250

NP=30

FLAG=S

~ - DO 500 1P=1t,]2

SNR=SNRV(1P)

SNRNEW=10, 28(SNR/10.)
ROLD=RY

URITE(2,1023)
WRITE(2,1029)

READ# ,RLAM
WRITE(2,3020)

READ® ,REF
IFCRLAM.LE.0.0)60 TD §
JF(RLAM.6T.16.0)60 T0 8
D0 200 Js1,15

CALL GGVL(DSEEDI R, R)

~145«

L

‘..-...“U_..."-_.'...‘-“'.-‘..t.-"..

DECLARE VARIABLES |
DIN FOR 24 REFLECT, MAX

P01S,EXP,INIF DEVIATES

FLAG MONITORS OVERLAP
ADDITIONAL DBLEPRE SEEDS

INPUT STATEMENTS

ONLY WAY OUT IS 8 IN INS

RADAR

W e W o s W W W M W M o M 2 M s N W W W W

PRIMARY +24 REFLECTED,MXs
PRIMARY 424 REFLECTED MAX
SO POISSIN DEVIATES ~ #
INITIALIZE FLAG TO 0 ¢

L}
]
]

INPUT AVG OCCURNCES/PRI
LAMBDA LINITED TO 10, POSH
RUARPOISSON PARMETER @
R ]

SPECULAR OR DIiFFUSE REFL #
LOMER ‘LINIT, MUST BE POS ¥
UPPER LINIT, M6 { 10 - &
. ]

..




67

7

CALL GGMHL(DSEED2,N8,8)
CALL GGPOS(RLAM,DSEED3, P, IR,1ER)

BSITE=.A

TRGT=4.88
1F(IMS.EQ.1)BSITE=L.S
1F(INS.EQ.1)TRET=0.0

' THETASTRGT-SSITE

=4

00 100 PLSE=1,30
LASTSIR(PULSE) 41
NEX=]1R(PALSE)
X=(1,0E-2)/FLOAT(LAST)
CALL BGEXN(DSEEDM )01,NEX,E)
NUSNEX

CALL G6UBS(DSEEDI,NU,U)
1F(NEX.LE.1)60 T0 &3

00 40 LLsi NEX-1

IPI=iLo}

D8 53 K=IP1 NEX
IFCE(LL) .LE.E(KX))60 TO 33
TEP=E(LL)

E(LL)=E(KX)

EQ)=TEP

CONTINUE

CONTINUE

DY 65 MULTI=,NEX
IF(FLAG.NE.1)60 TO 67

FLAGS

50'T0 63

CONTINVE |
IFMALTIEQ.O)EQWLT])=0.8
ECLAST)=PRI

IF(E(MULTI+1) GE.PRI6O TO 85

- DTIMEMULTI+1)ECMLTI+1)-EMATD)

COEFF=d .4

0070 lIst N
ANG(11)=U(11)44,283
CONTINVE
IF(MULT].EQ.0)COEFF=1.0

IF(OTINE(MALTI+1) 6T, 20A4)60 TO 73

UM1=COEFF

ANGI=ANG(MLTD)

Wi2e0.4

ANG2SANG(MILT]+1). :

UMTSORT( (M1 $COS(ANGT ) HUN23COS(ANG2) ) 402
#{(WN12STH(ANGY ) ANZESIN(ANG2) ) #42)

COEFFe\MT '

FLABsy -

CONTINUE

|
L
]
L
L
2
L
]
&
]
s
L
]
L
L 4
]
2
8
L4
L
]
]
s
8
]
3
2

 TRACKING CALCWATIONG

2
L
]
]
L
¥
]
]
]
L
L
L
L
4
L
L
L
&
L
L4
L4
L]
#
L ]
?

POISSON DEVIATES
T IN 10TH

W W s M e W

]

TOTAL PULSE=POISSADIRECT
8 REQ INTERARRIVAL TIMES #
COPUTE AVG = PRI/PULSES #
GENERATE NEX INTRARRIWLS #

. WX § INFRY DEVIATES REQ #
GOERTE NU ARS PHASES  #
DONT NEED T0 SORT
SORT INTERARRIVAL TIMES

W s B B W e W

TIPATH PRI 00 .
DIRECT & REFLCT 00 LOOP #
FLAGe! ON 240 (VRLP PULSE#

RESET FLAG WRIARLE ¢
08SRV | PULSE (N OVERLAP #

]

DIRECT PILSE ARRIVAL TINE#
 LAST ARRIVAL=NEXT PRI
LINIT REF FRAME TO PRI 9
DTIME BETWEEN ADJ PULSES ¢
REF COEFFICIENT SPEC,DIFFs

PHASES INIFORY 0-2P1

P10(0,1) . *

B .‘

DIRECT REF COEFF W6 9

COPUTE PULSE QVERLAP &
IF PULSE OVRLP 00 ELSE 758

FIRST PULSE MG COEFE  #
FIRST PULSE PHASE ANGLE *

SECONO PULSE PHASE ANGLE ¢
. .
RESULTANT MAG COEFF

FLAG SET (MITS NEXT REF
END PULSE (VERLAP (ALC

[ B

SECOND PULSE MAG COEFF ¢ -




PULSECSFLOAT(PULSE)
TIME=PRI#(PULSEC-1.)+E(MILTI+1)
MBI SORT(RO¥24(VELSTINE)482)
IFCIMS.EQ.1,) SNRNE( (ROLD/RNEW) #44) 2 SNRNEW
NAR=SAUR/SNANBY

NAP=SORT (NAR)

I=]4y

Ni=R(1) AP

N2=B(1) AP

IFQMATI.EQ.0)60 TO 80

IF(REF .EQ. 1) THETA=UCMLT]) #8.3
1F(REF .EQ.2)THETA=U(MALT]) 1190,
IF(THETA.6T.1.3)60 TO &
CONTINUE

.EMNC!EFFW)H?

VO=SIN(1 . 885 THETA/BM)

V9=(SORT(2.)/2.)%(] . +C0S(2. OWTIETW))

R1=COEFFMMPRSORT(EGY) WSN]
R2=COEFF MIPRSORT (EGY) WOHN2
ERR=R1 WO-R2NS
1F(ERR/(SORT(2, 5E6Y) #COEFFMi¥P) .6.0.99)

#ERA= . P9ESONT( 2, 3E6Y) 2COEFF s
1F(ERR/(SQRT(2. 9€6Y) 2COEFF \IP) .LE . -0.79)

$ERRm-4 . 799SORTL 2, 3EVY) SCOEFF AP
DTHETAm-(B\/1 . 88) SASINCERR/( SORT (2., $EGY) *COEFF 344P))

SERVO=1 .0-EXP(-51640T DE(HI.TI”))'(COS(GEWIKMT!“))

+-SINCECAROTIME(MALTI#1)))
IF(VOZERR.6T.0.0)OTHETA=-OTHETA
BSITE=BSITE+SERVOSOTHETA
CONTINUE

IFCIMS.EQ. 1) TRET=ATANC (WJTIHE)M)!OPW
THETASTRGT-BSITE

BumEhd/ DPRAD

THETATHETA/DPRAD

" SERCJ, PULSE)STHETARS2
DENGM= (2, SNNEAAAP442) (2, 84341 T70C05( 3. 269 THETAVBM)

#-,0935C0S(4. 1884 THETAVEM) )
CRB=(Bdn#2) /DENIM :

' SERCRAJ, PULSE)=CRS

TIETP'(ASXN((SXN(MMSIN(AIS(T!TM)NO 3))lDPMO
BB #DPRAD

THETASTHETASOPRAD

DATA PRE/1458.0/

ANGLES] . \ABS( INT(10.4THETP))

00 90 Mey ANGLE

NCALO=(FLOAT(ANGLE)/100.) N
ws.mz.-cosa.omc/wn.s-oosu.xmmm
-C08(3.76mCALL/BN)

B W(I.SOZ.EOS(Z.OM)OO.WN.IWW

e

CLOCK FOR ENTIRE RUIN
MOVING TGT RANGE UPDATE

DIRECT AOR 1S TGT LOCAT
SPEC, AOA 1S U(S,B/2)
DIFF, AQA 15 We,PD)
OMIT ALL REF QUTSIDE BW/2%
]
EGY 1S FUNCTION OF COEFF #
]
]
SUM CHANNEL OBSERWATION #
DIFF CHANNEL 0BSERWATION
 §

[ BN BN B BE Y J

OTINE IS PULSE TIME DIFF t
]
MOVE BORESIGHT EACH PULSEd
LOOP END FOR REFLECTIONS &
]
UPDATE MOVE TG6T LOCATION #

COMPUTE THETA AFTER PRI &

TRACKING ERROR -
TRACKING ERRIR AFTER PRI

COPUTE CHeE3-140 409
(88 AFTER PRI

GIPVTE Zv-ZataL S000

- S WM W e WS P R R W E W




#005(3.76MCALL/BON
AX=(STRT( (1. ~RHO) MRSNRNBW/2. ) ) 4P
CALL MONOR(AX,PX)
i1, -PX :
NCALCSNCALC/DPRAD -
PRE(N)=gX3(SIN(1 . aNCALC) ) 242

98 CONTINUE

DO 74 JK=1,15
JKialK¢]

DO 92 XdmJK1,16
1F(PRECJX) .LE .PRE(KJ))60 TO 92
STOREPRE(JX)
PRECJX)SPRE(KJ)
PRE(KJ)=STORE
CONTINE -
CONTINGE
220=PRE(14)
SER22(J,PULSE)=228

23

100 CONTINE

20 CNTINE
WRITE(2,1038)9\NR
WRITE(s,1040)

D0 48 k=130

SU=4.9

SiM1=§.8

Sii2=¢.0

DO 300.Lw1,13

SUM=SUNPSER(L ,K)

SUM1=SUM1 +SERCR(L ,K)

SUM=SUM2¢4SERZZ(L )
300 CONTINUE

AVE(K)=SUV13.

AVE1(K)=SINI/1S.

AVG2AK)=SUN2/1S,

< UlllTE(l,lDSO)M(K),MI(K)MKI)
49 CONTINGE
508 CONTINGE

60709

* 1000 FORMAT(IX,’NOVING TET,STAT. T6T, OR QUITC1:MOVE,2:STAT,0:0UIT)’)
" 1010 FORAT(IX, NRV/33,30,25,20,15,10,7,5,3,1,-2,-5,-7,-10,-20/* /)
1028 FORWT(IX, ENTER SNRV START/STOP POINTS(IE STARTs1,ST0P=13)’)
1023 FORWT(IX,’ INPUT RATE OF OCCURANCES/PRI (LAMBDA)*)

1025 FORMAT(1X, ‘LAMBOA MUST BE REAL (8-10.0)’,/) ‘

1027 FORMAT(/,1X,‘SPECIRAR OR DIFFUSE REF’(I‘SPEC.Z:MFF) )

1030 FORNT(/,1X,’SNR LEVEL (08) = ‘,E11.5,/) -

1040 FORMAT( 14X, ‘AVGSER’ ,8X , NGSERCI 16X, AVGSERZZ")

1050 FORMAT(10X,3(3X,E11.5)) :

_ ﬂ” sToP

e

- =148-
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Appendix F '
Program Listing

33838 3 3 3 3 % % iil**!!‘lilliiiii**f*******#I***!*i{**‘***!Q**!**!li**i*{*l*****i

L N B BN BN BN IR

PROGRAM: *LOCKOUT® OF UNDESIRED PULSES WITHIN PRI(REQ 4 PULSES)#
PURPOSE ¢ COMPUTE THE TRACKING ERROR AND PERFORMANCE BOUNDS L
INPUT: DESIRED SNR LEVEL(dB), TARGET MOVING OR STATIONARY, #

AVG OCCURANCES IN THE PRI, SPECULAR OR DIFFUSE MULTI =
OUTPUT: 3(1 BY 50> VECTORS CNTQINING AVG ERROR. CRB, 2B *
COMPILER:  FORTRAN, VERSION 35 *
EXT CALLS: IMSL ROUTXNES GGNML , HONOR, GGPOS, GGEXN, GGUBS *

ll!llll!llii*ili!lllil*i"Il!iil!!ii!l*i’iilli*!li!lllll*lii!ili’i!ii*ill

 PROGAAM MULFIX

DIMENSION AVE(SE) ,AV61(58) ,AV62(50) ,PRE(16),R(1250) ,B(1250)
DIMENSION SNRV(13),SER(13,38) ,SERCR(13,58) ,SER22(15,30)
DIMENSION 1R(S0),E(24),DTINEC26) U(ZS),N(!S)M(C,Z‘)
REAL NPUR,N1 N2 NAMP NCALC , PIRLSEC

INTEGER PULSE ,ANGLE ,REF ,FLAG, FLAGI ,FLAE2,FLAG3

DCUBLE PRECISION DSEED1,DSEED2,DSEED3,DSEEDM,DSEEDS

DATA mm: ,3.- '250'”0 ,15.,“.,7.,‘5. '30510'
!'20"50.'70"l30"2.0/

CONTINGE

WRITEC2,1000)

READe, INS

IF(INS.£0.0)60 T0 S008

WRITE(,1010)

WRITE(#,1020)

READs, 11,12

DATA DSEED!,DSEED2/123457.008 325017000/

DATA DSEED3,DSEED4,0SEEDS/123437.000,123457.000,123457.000/

DATA DPRAD, RO, VEL P, BW/57.3,4900.,257.4,1.E6,3.0/
DATA PRI, S1G,0MEGA, AP, SAUR/10. E-3 1636.,636.,5.0,1 £V
N=1250

NGw1258

NP3 -

FLAG=

00 500 1Pei1, 12

" SNReSNRU(IP)

URNE=10. 28 (NR/18.)
ROLD=RY

" WRITE(,1023)

WRITE(#,1029)
READ+ , RLAN
WRITECs,1027)
READ#,REF

~ IF(RLAM.LE.0.0)60 TO

IFCRLAN.GT.10.0)60 T0 S
00 200 Jo1,4S
DATA ARAL/10401..0/

..-‘.v-.“..“‘.“'.-_.‘&..‘...-......ﬁ...‘.

INPUT_STATEMENTS

RADAR_PARMETERS

UARIABL

o ARRIWL TIMES 4 PRI‘Se

THREE ADDITIONAL FLAGS

ONLY WAY OUT 1S 0 IN NS

INITIALIZE ALL ARVAL=1.0

WMo W M Mo W o S R ol S e W W e W M e W M W I W W s M W W W

r




&8

&

FLAGI=4

CALL GENML(DSEED] NR,R)

CALL 6BNML(DSEED2,N8,E)

CALL G6POS(RLAM,DSEED3,NP,IR,IER)

BSITE=.0

TRGT=0.80
IFCIMS.EQ.1)BSITE=1.T
1F(INS.EQ.1)TRGT=3.0

THETA=TRET-8SITE

1= -

00 100 PULSEst,Sd
LAST=IR(PULSE)*1
NEX=1R(PMLSE)

(1 ,0E-2)/FLOAT(LAST)
CALL GGDMN(DSEEDY,)01,NEX,E)
NUSNEX

CALL 65UBS(DSEEDS,NJ,U)
1FNEX.LE.1)60 T0 43

00 60 Li=g NEX-1

IPt=LLot

08 S5 Ki=IPY NEX

IF(E(LL) LE.ECKN))G0 TO 53
TEW=E(LL)

E(LL)=ECKX)

E(K)=TR®P

CONTINUE

CONTINGE

DO 85 MULTI=0,NEX
IF(FLAG.NE.1)60 TO 47

FLAG=

50 10 83

CONTINGE
IFORLTILEQOEQMLTI)=0.0
E(LASTISPRI
IFCEMLTI®1) .GE.PRIDGO TO 83

PTIME(MULTI+1)sE(MRTI+D)-ECMLTD) .

IF(FLAG3.EQ. 1) OTINECMULTT+ 1 )=PR]
COEFFad . 4

00 70 11=1;00
ANGCT1)=UC11)46.283

CONTINGE

IF(ULTI.EQ,0)COEFF=1.0

IF(DTIME(MLTI ), GT 28A)G0 TO 73
WM1=COEFF

ANGI=ANG(MULT])

Wi2=0.4

ANGANG(MULT1+41)

1

UNT=SORT( (VM1 3COSCANG1) A21C0S(ANG2) ) #92

#(UM1 9SIN(ANGT ) AM23SIN(ANG2) ) #42)

- =150~

O._---.-.-“n...-.‘-..-..-.-—‘.~‘-.n-nrt.ll."‘.

8 [INIT FLAG3 (LOCK INDICAT)®
3

t

s

# PLACE TARGET IN BEAMJIOTH

E

....-.-..-...i......-.*.&...

MATIPATH PRI DO LOOP

DH.M 08S PERI00 1S PRI

5
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. WERAm-0,992SORT(2, 2EGY) #COEFF 3P
DTHETA=-(BW/1.88) MASINCERR/(SORT(2, 9E6Y) #COEFFaii¥P))
SERVOs1 . 0-EXP(-5]6#0T XI'E(NI.TM))KCOS(MB\IOT!HE(MTDU)

COEFF=AMT
FLAG=}

- CONTINUE

PULSEC=FLOAT(PULSE)

TINE=PRI3(PULSEC-1.)4ECMNLTI+1)
RN SIRT (RO 24 (VELSTINE) 142)

TFCIMS.EQ. 1) SNRNGU=( (ROLD/RNEW) #34) 2SNRNEW

IFORAT].EQ.0)60 TO &

IF(REF .EQ. 1) THETA=UCMLT] ) #1..5
IFCREF .EQ. ) THETA=U(MLTI) 3180,

IF(THETA.6T.1.3)60 TO 85
CONTINUE

IF(PULSE.LE. 4“("15!,!!1710!)-5(““)

IF(PULSE.NE.3)60 TO 84
D0 82 JJJ=1,23

TOTAL=(ARVAL( 1, JJJ) +ARVAL (2, J3J) +ARVAL (3 JJJ)*AM(C,JJJ))M.I
IFCTOTAL NE.ARVAL(1,J3J))60 TO 82

IF(TOTAL NEARVAL(2,444))60 TO 82

IF(TOTAL NE.ARVAL(3,449))60 TO 82

TF(TOTAL JNE.ARVAL(4,19J))60 TO 62

IF(TOTAL.EQ.1.0)60 TO 82
IF(TOTAL .EQ.PR1)60 TO 82
AAGeIII-1 '
FLAGI=Y

CONTINUE

CONTINUE

EGY=Pua(COEFFsiP) 252
V0=SINC1 . BOSTHETA/BM)

Vos(SORT(2.)/2.)%(1,+COS(2. 894¥THETA/EM))

Ri=COEFF }AMPESORT(EGY) WSNI
R2=COEFF sAMPRSORT (EGY) SWOMN2

ERR=RI D-R2VS

1FCERR/(SORT(2, #E6Y) #COEFF3AP) ,6E.0.99)

SERRQ ., 99SORT(2, SEGY) 2COEFF saeP

1F(ERR/(SQRT(2,3EGY) sCOEFF 34®P) .LE.~0.99) - .

#-5INCIMEGAOTINE(NLTI#1)))

JF(VOSERR,6T.0.0)0THETAS-DTHETA

IF(MRT] . EQ.FLAG2) RSI TE=RSI TE+SERVOROTHETA

CONTINVE

IFCINS . EQ. 1) TRET8ATANC (VELST mm)m

Tl!TkW-lSlTE

WS e S eSS e P s BRSNS e W W W W N W N s W M M e W s W e M M. M W N e W

BN PULSE LOCK CONPUTE.

. ' ‘ 3
PULSE OVERLAP MONITOR  #

3
END PULSE m COMPUTE®

PILSE °LOCK®

. STORE ARVAL TIMES FIRST 48

LOOK FOR PERIOOIC ON STH #
CONSIDEx 25 PULSES POSSIBR
MG 25 PILSES OVR 4 PRI‘Ss
DOES AVG=PRI1,PULSE JIJ?
DOES ANG=PRI2,PILSE JJJ? 8
DOES AVO=PRI3,PULSE JJJ7 #

DOES AVG=PR14,PULSE JUJ? &

RECALL ARVAL INIT T0 1.0 &
NEXT PRI NOT DESIRED ¢
4dJ-1 BECAUSE DIRECT IS 0s
SET & LOCKED TO PULSE FL2#

- LOOP THRU ALL 23 PULSES ¢

OUT IF ROM,COL NE. VG 2

LOTK ON FLAG2, (MIT (THER®
BY) MLTIPATH DQ LOCP @

" ., e

C I I R R N

| PIADCTRE

’

- . PRI R R )
. ' l. e
. . e

.. et

'v R
LA )

‘1 LEIA l.":"-’ 0,‘-': -"




l""'.

23

108
200

Ba=B/DPRAD
THETA=THETA/DPRAD

SER(J,PULSE)aTHETA#2

DENGM=( 2, SSNRNGIMANPE2) #(2,865+1 . 773005 3. 74 ¥ THETA/BW)
#-1.0958C0S(4. 1884 THETA/B))

CRO=(Bu#2)/DENGN

SERCR(J ,PULSE}=CRB

THETP=(ASING (STNCB/2)+SINCABS(THETA))) #0..5) ) 50PRAO
Beit0PRAD

THETASTHETAR0PRAD

DATA PRE/1644.0/

ANGLE=1  MESCINT(18.4THETP))

00 98 Nel ANGLE

NCALC=(FLOAT (ANGLE)/100. )

S./202, »eos(z.mnmuwu.smsu.xssmc/w
3-C0S(3. 76NCALL/B)

RHO= (8542, 3C0S(2, 0 4INCALL/BM) #0 SHC0S (4, 188INCALC/BM)
#C05(3. 26NCALL/B) Y
AXs(SIRT({1 ,~RHO) RHGNNEL'2.,)) P

CALL MONORCAX,PX)

D=1, -PX

NCALCSNCALC/DFRAD

PREI=EXR(SINC1 , INCALL) ) 142

CONTINUE

00 94 Jie1,15

1=t

08 92 KjmJi1, 16

IF(PRECJK) .LE PRECXJ))60 TO 92

STORESPRE(JK)

PRE(JX)=PRECK])

PRE(KJ)=STORE

CONTINE

CONTINGE

BPRECIH)

SERZ2(J ,PULSE)=228

CONTINGE
CONTINGE
WRITE(s, 103098
WRITE(#,1040)

00 400 K=1,38
‘Sumd.0

SUM1=0.0 -

Sted.0

DO 300 Ls1,13
SUMsSUMISER(L , K)
SUM1wSUNT $SERCR(L ).
SUReSURISERZ(L,K)
COMIME
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AVE(K)=5UV 13,
AUB1(K)=SUNL/13,
AVG2(K)=5IN/15.

WRITE(#,1858)AUG(K) ,AV61 (K) ,AV62(K)

400 CONTINE

300 CONTINUE
50 T0.3

1000 FORMAT(1X,‘MOVING TGT,STAT T6¢, OR QUIT(1:MOVE,2:STAT,8:QUIT)’)
1019 FORNAT(1X, NV/35,30,23,29,15,10,7,3,3,1,-2,-5,-7,-10,-20/* /)
1620 FORMAT(1X, ENTER SNRV START/STOP POINTSCIE START={,STOP=13)’)
1023 FORNT(IX, INPUT RATE OF OCCURANCES/PRI (LAMBDA))

1825 FORMAT(IX, LAMBOA MUST BE REAL (8-:0.8)’,/)

1027 FORWT(/,1X,’SPECILAR OR DIFFUSE RE¥7(1:SPEC,2: DIFF)’,/)

1030 FORAT(/,1X,’SNR LEVEL (DB) = ‘,E11.5,/)

1040 FORMAT(14X, “AVGSER’ ,8X, ‘AVESERCR’ , &X, ‘AVGSERZZ’)

1638 FORMAT(18X,3(3X,E1i.3))
3668 sioP
an
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Appendix G

Program Listing

3036 3 3 38 36 36 36 3 3¢ 3 36 6 36 3¢ 336 36 38 36 36 3 36 36 36 36 3 36 I 36 36 38 3 36 36 3 3 363 36 6 I 3 I 36 363 36 I3 3 36 36 I I 3 I 36 36 36 36 36 36 0 36 38 3 3 3 6 X

wx ko kN

PROGRAM : TWO-DIMENSIONAL AC MONOPULSE RADAR SIMULATION
PURPOSE : COMPUTE THE TRACKING ERROR AND PERFORMANCE BOUND
INPUT : DESIRED SNR LEVEL(dB)

OUTPUT : 2(1 BY 50) VECTORS CONTAINING AVG ERROR & 228B
COMPILER:  FORTRAN, VERSION 5

EXT CALLS: IMSL ROUTINES GGNML & MDNOR

W K kK W ok K

ii‘l‘lll‘il'i.l*Il"l!i*llﬂli'l!'l'lii**l*l*i**l******i*liill**ii.i!!*!ii***i*i*l ’

PROGRAN TWODIM

DIMENSION AV6(5D) ,AV62(50),PRE(14,14) ,R(38),B(50),C(3D)
DIMENSION NRV(13),SER(135,50),SER22(15,%0)

REAL NAMR NI N2,N3 ,NAMP NCALC] ,NCALC2

INTEGER PN IE ,ANGLET ,ANGLE2

DOUBLE PRECISION DSEED1,DSEED2,DSEED3

DATA NRV/35.,3.,25.,20.,15.,10.,7.,5.,3.,1., .
2.,"9.4°7.,~10.,-20./

CONTINUE

WRITE(#,1000)
" PEADs, INS

JF(IMS.EQ.0)60 TO 5008

WRITE(#,1010)

WRITE(#,1020)

m:,n,xz

DATA DSEEDI,DSEED2,DSEED3/123457.008,325017.000,133547, 000/
DATA DPRAD,PM,BW/57.3,1.E-4,3.0/

DATA PRI,SI6,OMEGA,AMP,SPWR/10.E-3,634. ,436.,5.0,1.E-3/
Eﬁmu'i’

NR=30

NE=30

NC=58

00308 1P=11,12

PR=NRV(1P)

SNANB=1 0, 38 (NR/10,)

00 200 J=1,13 ‘

CALL GGNML(DSEED! ,<.2,R) -

CALL GGN'L(DSEED2,8,8) .

. CALL GGNML(DSEED3,NC,C)

BSITEL=0.8
BSITEA=S.0
TRGTEL=4.50

THETA=TRGTEL-BSITEL
PHI=TRGTAZ-B8SITEA
I=4

00 100 PULSE=1,58

" 154
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PULSEC=FLOAT(PULSE)

NPUR=SPUIR/ SNRNEW

NAMP=SORT (NPUR)

I=l+t

NI=R(1)aNAMP

N2=B( 1) NP

N3=C(1) AP

VDEL=THETA/BM

VDA2=PH1/B4

Vs=1, :

R1=AMPESORT(EGY) WSNT

R22AMPESCRT(EGY) WDEL N2
RIANPESORT(EGY) WDAZ NI

ERREL=R1 sBWaTHETA+RIFTHETAZPH] -R2%( 24 PH] 242)
ERRAZ=R1 #B4aPH] +R25THETARPH] ~R3 8¢ BUs 224 THETAR42)
DTHETA=-ERREL/ (AMPRSORT (EBY) *BW)

DPHI=~ERRAZ/ (ANPSCRT(EGY) #EU)

SERVEL=1 .0-EXP(-S16¥PR]) #(COS(OMEGAZPR]) -SINCOMEGARPR]) )

SERVA2=1 . 0-EXP(-S16#PR]) #(COS(OMEGASPR] ) -SINC(OMEGARPRI))

IF(VDEL#ERREL .6T.0.0) DTHETA=-DTHETA
IF(VDAZSERRAZ . 6T.0..0)DPHI=~DPHI
BSITEL=BSITEL+SERVELA0THETA
BSITEA=BSI TEA+SERVAZ 20PH]

. THETASTRGTEL-BSITEL

PHI=TRETAZ-BSITEA
BiB/0PRAD
THETA=THETA/DPRAD
‘PHI=PH]1/DPRAD

SER(J,PULSE)=( THETA#¥2¢PH] 282)

THETP=(ASIN((SIN(BId/2) +SIN(ABS(THETA) ) 120, 5)) 20PRAD
PHIP=(ASINC(SINCBU/2) +SIN(ABS(PHI))) %0, 5))*DPMD
Bu=BusDPRAD

THETASTHETASDPRAD

PHI=PHi 20PRAD

DATA PRE/256%0.0/

ANGLE]=1 . +ABSCINT(10, #THETP))

ANGLE2=1 . +ABSCINT(10.,#PHIP))

00 90 N=t ,ANGLE!

00 80 N=1 ANGLE2

NCALC1=(FLOAT(ANGLE1)/100,)N
NCALC2=(FLOAT(ANGLE2)/100 . ) BN

Wi=3./2¢2,2008(2, 09‘1NMLCIIW)00 S805(4. 188aNCALCL/BH)

#-(0S(3.74MCALCI/B)
W2=3./242.3(08(2. ONWLCZ/WNU SHCOSC4. 188INCALLY/BW)
#-(05(3.76sNCALC/B4)

RHOI=(0, 562.!C03(2.094mCALCl/9J)00..'MOS“ IBBWLCI/M '

HC05(3.74MCALCL/BD /L

RHO2=(0 502, #C0S(2, 0948NCALC2/8) 40 , SHCDSC4. 188INCAL L/ BW)

#4005(3.74aNCALL/B A2

. AXI=(SART((1,-RHO1) i1 2 (SNRNEW/ 2. ) ) ) seiéP

AX2=(SORT( (1, ~RHO2) 23 SNRNEW/ 2. ) ) ) sidP
AX31=(ANPINCALC1/Bu) #SQRT( 2, ¥SNRNEW)
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38

92

4
%

124
58

100 .

ST=SORT((NCALC1/DPRAD) #22+(NCALC2/DPRAD) ##2)

AX32=(ANPEST20PRAD/BW) 2SERT( 2, #SNRNEW)

AXIF=(AMPANCALC2/BU) SORT (2. #SNRNEW)
CALL MONOR(AX1,PX1)

CALL MONOR!/2,PX2)

CALL MONOR(AX31,PX31)

CALL MONOR(AX32,PX32)

CALL MDNOR(AX33,PX33)
Xi=4 ,-PX}

A1, -PX2

@X31=1,-PX31

X321, -PX32

@X33=1,-PX33
NCALC1sNCALC1/0PRAD
NCALC2NCALC2/DPRAD
PEST=.3338(DX31 +@X32+@X33)

PRE(N,NN)=, 1258 SINCST) #22)#PEST+({ 2./ (SIN(ST)#22))
+3(QX1SINC] . SNCALC1 ) #22) 8(@X23SIN(1 . SNCALC2) 342)

NCALCI1aNCALC1#DPRAD
NCALC2aNCALC230PRAD

CONTINUE

CONTINUE

D0 96 Ji=1,15

00 94 JK=1,15

JK1=JK+1

08 92 KJmJKi,14

1F(PRE(JJ,JX) .LE.PRE(JJ,FI))60 TO 92
STORE{=PRE(JJ,JK)

PRECJJ, JIO=PRECJJ XD
PRECJJ,KJ)=STORE!

CONTINUE
CONTINUE
CONTINUE

DO 98 JL=1,1S
JLi=JdL+

00 97 LJ=JLi, 14 o
IF(PRECJL,14) .LE.PRE(LJ,14))60 TD §7
STORE2=PRECJL,14)
PRE(JL,148)=PRE(LJ,14)
PRE(LJ,16)=STORE2

CONTINUE

CONTINUE

22B=PRE(14,14)

SER2Z(J ,PULSE)=22B

CONTINUE

CONTINUE

WRITE(¥,1030)SNR

WRITE(#,1040)

DO 400 k=1,58
SUM=0.0
SiN2=0.0
00 300 L=1,13

+156~ -

te W M W W W W M B kM W T M N W I e N M T M e W W W e MW e S B

L R

“..“‘.‘..‘*“*&‘...."....**.*-*.‘...'&‘.U*..“‘

JIV=-2AKAT BOUND
RROR RUNS#
s
s
N
B



-

SUM=SUM+SER(L ,K)
SUM2=5UM24SERZZ(L ,K)

300 CONTINGE

AVG(K)=SIN/1 5,
AVG2(K)=SIM/15.

WRITE(#,1050)AV6(K) ,AUG2(K)
430 CONTINUE
S00 CONTINUE

60703

1800 FORMATCIX,/GUIT2(ENTER 1 TO PROCEED, 8 TO QUIT)")
1010 FORMATCIX,’ SNRV/35,30,25,20,15,10,7,5,3,1,-2,-5,-7,~10,~20/* /)
1628 FORMWTCIX,’ENTER SV START/STOP POINTS(IE START={,ST0P=15)*)
1038 FORMATC/, IX,‘SNR LEVEL (08) = *,E11.5,/)
1049 FORMT(14X, ‘AVESER’ , 25X, "AVGSERZ2 ")
1050 FORMAT(10X,3X,E11.5,17,E11.5)
5000 STOP .
B
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