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Prefaca

Fhis report Ls the result of a twelve weak study on tae feasibility
of using the method of weighted residuals to determine approximatioas to
the discrate Grazea”s fumctioan or an analog to it. Included 1in the
report are derivations of the methods of Galarkin, collocation and
finite differences, for the one- aad two-dimensioaal Poisson”s equation.
The analytical solutions for various inhomogeneity terms are also
iacluded. The problem of ill-conditioned matricies which arose in two
cases is discussed in Appendix A. All of the primary goals of the study
were met or explainad.

During the twelve week period, I learmed a great deal about the
theory of Green”s functions, uaumerical methods, matricies and the
problems that can come about from solving matrix equations.

1 would like to acknowladge Dr. <aplan for his support, and
seeningly never-endiag 1list of reference sources. His suggestious
always openad up new avenues for research, aand taught me more about the
subjects than I really wanted to know.

I must also thank ay wife, Roxaan, for her understaading during
this strassful period, and for being willing to share the computar 4ith

me despite needing it for work on her owan thesis.

Deaa E. Qyler
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‘ Abstract

The purpose of this ogﬁdy»was to determine the feasibility of using
the method of weighted residuals to obtala approximations to the
discrete Green”s function, or analogs to it. The weighted residual
methods of Galerkia and collocation, as well as the finite dJdiffereace
aethod were programed on a Kaypro II micro-computer i{n Microsoft Basic.
These programs were used to ganarata approximatioans to the one- and two-
dinensional Poisson”s equatioa. The two~dimensional case was restrictad
to the geometry of a unit square. Various inhomogeneity terms were used
*» obtain approximatz solutioas to the discrete Gr2an”s fuactions or
thelr analogs. The results were comparad with the analytical values at
various {iaterior nodal points on the mesh. The average percent error
for the approximations were reported for each case as the aumber of
interior nodal points was Ilncreased. The areas of consideration wer2
the rate of convergence to the analytical solution, the amount of time
it took to rumn each program, and the accuracy of the approximata
solutious. The results of this study indicate that tha Green”s
functions or analogs obtained are valid approximations to the discrate
Green”s functions. The asthod of welighted resi{duals proved to bs very
sensitive to the choice of basis functions, resulting {n {ll-coanditiomad

matricies in some instances.
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INVESTIGATION OF THE NUMERICAL METHOD OF MOMENTS FOR
DIGITAL COMPUTER DETZRMINATION OF DIFFERENTIAL EQUATIONS

I. Introduction

Background
The final step in the mathematical treatment of many problems 1{in
physics and engineeriang is often fiuding the solution to 1 bouandary-
value problem, The standard differential equations most often
encountered in mathematical physics includa -
LaPlace”s equation:
‘
0 V% = o0 (1)
Poisson”s equatioa:
Vo =-p (2)
the wave equation:
Viy - 12 [PWat] =0 (3)
{ and the Helmholtz equation:
g
& (V2 + Py = (%)
.

Frequently, the solutions to these equations can be reprasented in

tarms of a Green”s function. There are several advantages in the usz of

vy ry

Greea”s functions as solutions to these boundary-value problems. Ona

advantage 1s that 1t enablas a di{fferential equation with suitable
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boundary conditions to be solved by an ordinary {integral. Aunothar
advaatage is that once the Green”s functfon for a  particular
differan .lal operator and geometry has bzen found, it can be utilized
for all other problams iavolving the same differential operator and
geometry, but with different =2xpressions for the inhomogeneity or sources
term. If these Green”s fuactions for differeat differential operators
and gaometries could be tabulated, they could be used to solve boundary-
value problems guite easily, in a manner analogous to the use of a tabla
of integrals.

Although Green”s functions have been obtalned analytically for
certaln standard geometries (planes, rectanglas, spueras, cylinders),
for the usual 2quations of mathematical physics (Eqs(l-4)), a difficulty
arises {a finding the Green”s functions for mixed or irregular
geometries. In these situations, one must employ the use of numerical
m2 thods tachaiques.

Previous thesis research and publications have successfully solved
the problem of aumerically approximating Green”s functions by means of
finite difference algorithms (1,3,6). In this method, one usas
approximations of derivatives (usually a truncated Taylor”s series) to
convert the boundary-value problem into a large series of simultaneous
algebraic equations, which can than be solvad with relative 2ase using
matrix methods on a digital computer.

This thesis will inveatigats the use of a different naumerical
tachnique, the method of weightad residuals, to solve the necessary
differential equations, In this techanique, the unknown solution 1is

axpressed as a series of fuactions which can be manipulated to once

.agaln raduce the problem to solving a series of slmultaneous algebraic
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aquations. The iaverse of the coefficient matrix of these equations is
analogous to the discrete Green”s function for the differential

operator.

Objective

This research effort will compare the discrete Green”s functionms,
obtained by both the method of weighted residuals and tha method of
finite differances, for both the one- and two-dimeasional case, with
reepect to accuracy and feasibility for digital computatioa.

The curreat thesis problem is a follow-up to a pravious 4.S. thesis
(1) that reported conflicting results for the one- and two-dimensiomal
cases, concerning which of the three mathods was best. This study will
attempt to verify or refute the couflict between the two cases by
recreating parts of the previous thesis using a different computer cods,

and different matrix solving routiaes.

Scogg

This study will only consider tne problam of the one- and two-
dimensional Polsson”s equation, with Dirichlet boundary conditions. TIha2
solutions £for both the one- and two-dimensional Green”s functions will
be compared usiag the finite difference method and the mathod of

weighted residuals.

Approach

The 1{infit{al approach to this study will be to develop computar

programs which wuse the method of finita differances and two of the

o Tes
[ O S St - |
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me thods of waighted residuals (Galerkin”s method, and collocation) to
obtain approximations for both the discrete Grezen”s fuaction, or {ts
analog, and the solution for the one-dimensional Poisson”s equation.
domogeneous Dirichlet boundary counditions will be assumed for all cases.

Ooce the initial programs have been daveloped, they will then be
modified to handle the two-dimensional cases.

The usefulness of the Grean”s functions obtainmed in the previous
steps will then be analyzed by varying the inhomogeneity term for the
Poisson”s equation. Areas of consideratioa will include the number of

calculations required, computar run time for each mathod, the

convergence rate to the corract solution, the overall accuracy of the
approximations as compared to the analytical solution, and how the
results compare to the earlier study (1l).

0' Finally, the feasibility and possible directions for continued

research into these approximation methods will be explored.
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I1. POISSON’S EQUATION IN ONE-DIMENSION

The 1initial problem examined in this study is the one~dimansional

Poisson”s equation. The general form of the problem caa be expressed as
L u(x) = g(x) (5)

whera L 1s the 1linear differeatial operator, dzldxz, g(x), the
inhomogeaeity tarm, {is the source or excitation (a known function), aad
u(x) 1is the field or rasponse (the unknown function to be determuined)
(7:1-2).

Associated wiph the problam in this study are the homogzneous

Dirichlat boundary counditioas

u{(0) = 0 (6-a)
u(l) = 0 (6-0)

Analytical Solution

The general solution to Eq(5), with an inhomogeaeity term of the

form
2
g(x) = Ax" + Bx + C (7)

| can be found by direct integration to be
a .
< 4 3 2 ‘
- u(x) = Ax /12 + 8x°/6 + Cx“/2 + Dx + £ (3) .
| {
¢ By applying the boundary conditions (2q (5)), Eq (3) becomes :
b 4 3 2 A
3 u(x) = Ax /12 + Bx"/6 + Cx"/2 = (A+2B+5C)x/12 (9) R
’ A
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which 1is the analytical solution to the one~dimensional Poisgson”s

aquation.

Numerical Approximatioas

All of the numerical approximations in this study make use of a
technique in which a mesh is superimposed over the reglion of interest of
the problem, For the one-dimensional case, ‘this merely iavolves
subdividing the region by N equally spaced interior aodes. The
numerical method is then applied at these nodes resulting in a set of N
simul taneous algebraic equations, which can be solved to giva the
approximate solution to the problam.

The accuracy of the approximation depends upon the aumber of
interior nodal points used. A fine mesh with many nodal points will
generally result in a more accurate solution to the problam. A sample

mesh for the ona-dimensional case is shown below in Figure 1

Figure 1. 1-D Mesh With 5 Interior Nodes
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The mesh in Pigure | has five interior nodes, with a step size h between

2ach of the nodes equal to 1/(N+l), to easure that they are equally

spaced.
Q' Finite Differenca Method. The method of finite differeacas makes
Fi use of a truncated Taylor“s series to approximate the solution to the

problam. According to Taylor”s theorem (14:6), whea a function u, and

1
ii its derivatives are singla-valued, finite and continuous fuactions of x,

then
rl .

u(xth) = u(x) + hu"(x) + h2a""(x)/2 + £ou"""(x)/6 + ... (10)
and ;

a(x-h) = u(x) - hu(x) + hou""(x)/2 = Bou"""(x)/6 + ...  (il)
0 !
Adding these two expressions yields ]
1

u(x+h) + u(x-h) = 2u(x) + hzu”(x) + higher order terms (12)

Neglecting the higher order terms and solving for u”“(x)

U (x) = dzu/dx2 = (u(x+h) = 2u(x) + u(x-h))/'n2 (13)

.

|99

This equation allows an approximation to Eq (5) to be made so that

R S i deee 4
PR

(a(x+h) - 2u(x) + u(x=h))/h% = g(x) (14)

By applylag this approximation to each nodal point in the mesh, the

equation becomes a serias of N simultaneous algebraic equatioas which

Y VY W W T TN YT Y
/! R o e a
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can then be solved by matrix tachniques. These equations can be written
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in matrix notation as

-
)

Cu=g (15)

L.

In all cases when vector anotation {s used, a boldfaced capital letter

indicates a rectangular matrix, and a boldfaced lower case letter

ind{cates 3 column vector.
The coefficient matrix, C, formed from these equations is known as

a tri-diagonal matrix. A tri-diagonal matrix has aon-zero values oaly

along the nain diagonal, and the adjaceat diagonals both above and below

the main diagonal. As an example, the tri-diagonal matrix equation for

5 A

five interior nodes is shown in Figurs 2.

g

B

=32 16 0 0 O u(xl) g(xl) ]

[ )] 16 =32 16 0 O u(xz) g(xz) -
0 16-32 16 0 [u(xg)| = |8(x3) ]

0 0 16 =32 15 u(x,) g(x3) -

0 0 0 16 =32 u(xs) g(xs) -

E

|

s

Figure 2. [ri-diagomal F.D. Matrix Equation for 5 Nodes

B, TP

Method of Weighted Residuals. In the various methods of weighted

tesiduals, the uanknowa functioa u(x) from £q(5) is expanded {n a serias

of functious, bl(x), bz(x), b3(x), . « o« 1o the domain of L, as B

vy

u(x) -ganbn(x) (15) -

whera the a, ara coanstants, and the bn(x) are expansion or Dbasis
functions (7:5-6). The basis fuactions are chosea so as to match the

boundary conditions of the problem. For the boundary counditions of

L 20 BE adha on oo S ieart

—

. . - o . B I
LJ'LJ'~'~ - NP IR S SR L PPV R PP P R NPEIPUCE AN A T, AP WS LI WU SO o Y IR TN N,




Eq(6), the basis functions were chosen to be a powar series (7:7) of the

form

+
bn(x) -x - xn 1 n=1,2,3, ... (17)

By substituting Eq(16) iato Eq(S) and due to the linearity of L, the

equation can be rewritten as
ganz. b (x) = g(x) (18)

Now, 2 set of weighting or testiag functions Wis Way Wase o . is defined
tn the range of L (7:6), and the inner product of Eq(13) aad the

weighting functious L is taken so that
a <wm, L bn(x)> = <w, g(x)> m=1,2,3, ... (19)
or in the more conda2nsed matrix aotation
Ca=g (20)
where C is the square coefficient matrix

. L] .1
<w1, L bl(x)> <w1, L bz(x)>

<w2, L bl(x)> <wy, L bz(x)> e . (21)

L] - - . . L] . . . . L]

2 i3 the column vector

a (22)
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and g 13 the column vactor

r‘ -
<w1, gl(x)> ‘
<y, gz(x)> (23) :
The column vector of constants, a, can be determined by ﬁ
-1
a=C g (2%)
Ouce a has been determined, the approximate solution can then be written
as
u(x) =b a (25)
Eor a method valid over the entire region, or as
@
. u=38a (26)
for a method valid only at discrets points, where b is the transpose
vector
[bl, gy Dyy eeey bN] (27)
[u(x )]
u(x,
u(xz)
a = (28)
:
. [4(xy),
and

r 1
bl(xl)’ bz(xl), ceuy bN(xl)
b, (x,), b (x,)y «os, b (x,)
pa | 1720002 N'<2 (29)

3 . . L] . . . . . . L] . . .

b e o S SO S aen

Lbl(xN), bz(xN)’ LR 2 bN(xN)‘

10
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The particular choice made for the weighting functions W

determines which of the methods of weighted residuals i{s baing used.

Galaerkin”s Method. The choice of 1latting the weightiag

o+l
function w, = bn(x) is known as Galerkin”s method. For v =X -X .

the values for the coefficient matrix, C can be fouad by taking the

ianer product of L and L bn(x). The result is

!
n+l

o+
Can = <¥g» L b_(x)> = /(x - ™ et - ™ ax 30)
Similarly, 2. is found to be
|
g, = <v, g(x)> = f(x - ™) dZaxPax® B+ ©) ax (31)
®

There are no limitations on the value of x, therafore the rasults
obtained by Galerkin“s method are valid over the entire ragioa, aund not

just at the nodal points of the aesh.

Collocation Method. This procedure, also known as point-

matching (7:10), makes use of the Dirac delta fuaction as the weightiag

function. The {aner product of L and L bn(x) is then

)
C.nn = (wm, L bn(x)> = f 8(x - xm) dzldxz(x - xn+1) dx (32)
°

where x, are the points equispaced in the interval 3 < x < 1,
(xm = m/(N+1), m=1,2,3, . . N) corresponding to the nodal points. And

& i3 given by

!
| 8y = Wy 8(x)> = f&(x - %) dzldxz(f\x2 + Bx + C) dx (33)
[

The collocation method 1imits the value of x to the values at the
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nodal points, therefore, the method of collocation approximations are

oaly valid at these nodal points.

Grean”s Functioas and Analogs

This ssction will show how the various approximation techniquas
utilized 1in this study may be related to the Green”s fumction or {its
analog.

Fin{te Difference Method. The relationship for the Green’s

fuaction for the differential operator L of Eq(5) has beea defined

(15:5-7) to be
2 2
d G(xlxo)/dx - 5(x~x°) (34)

where G(x]xo) 1s the Greea”s function for Eq(5), x is the fiald poiat,
aand X, i1s the source point. The associatad Dirichlat boundary conditions

for Eq(34) are

G(leo) =0 (35-a)

G(1ix,) = 0 (35-b)

When appliesd to a mesh with step size hV’ Eq(34) takes the form of

the discrate Green”s function (5:314-315)
4% (xIx )/dx2 = §(x-x )/h (36)
N o o (N

where ¥ i3 oace again the number of intarior nodal points oa the mesh.
The derivative term can then be treated in the same manner as was
done =2arlier for the finite differeace mathod, and be replaced by a

central difference equation
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2, 2
4 uN(x|xo)/dx
”~ ~ - 2
= (Gy(x+hy|x ) = 25 (x|x ) + Gy(x=hy|x ))/h (37)
2 J
Substituting thi{s equation into Eq(36) and multiplying through by h", ]

the expression becomes

GN(x+hN|x°) = 26 (xfx ) + G (x=hy|x ) = by 3(x-x) (38) :

Applying Eq(38) along with the associated boundary conditions to
each of the nodal polats yields a series of Nz simul taneous algebraic

equatioas which can be expressed in matrix notation as

¢ Gy = oy Ty (39

where C 13 once again the coefficient matrix, G is the discrete Greean”s
function matrix, and IN is the identity matrix of order N. fhe
coefficieat matrix of the finite difference method of Eq(l5) is
equivalant to the {nversa of the anumerical Gresn“s function matrix

multiplied hy h., The finite difference equations and -the Greea”s

function equations yiald identical approximatioas to the solutioms.

Me thod of Weighted Residuals. For the one-dimensional Poisson”s

t
g
F
3

¢ equation (Eq(5)), and its associated boundary conditioas (Eq(6)), the *
3 Green”s function for the problem can be determined analytically (15:1-
3 12). The solution to Bq(S) with its various inhomogeneity terms can be .
p .
F‘ fouad by calculating the integral i
t 0 X
[ u(x) -fG(x]xo) g(x) dx_ (40) ]
r ° 3
i. whare G(x|xo) i{s the Green”s function for Eq(5) and {its associated }
houndary coanditions, x i3 the fisld point, and X, is the source point. g
. .]
U
< 13 '
& R
b RPN . 4
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Eq(40) can be writtan in matrix notation, for the discrets Greesa”s

function on a mesh of step size hN as
QN = h GN 8y (4)

where @ 13 the column vector of solutions at discrets points on the amesh
for the given inhomogeneity. Tha tilde has been placed over the left-
haad side of the equatioa to stress the fact that the discrete Green”s
function solution may not necessarily be equal to the solutioa obtained
by the method of weightad residuals for u.

If £9(24) is substituted fnto Eqs(25) and (26), they can be writtan
as

u.=bC g (42)
and
-1
L BC g (43)

These two equations for the weighted residual approximations do aot
contalia the factor for the step size, ay, as does Eq(4l) This is due to
the fact that the weighted residual approximations lavolve a summation
ovar N terms, while the discrete Gresen”s function solution was developed
by approximating an Lntegral equatioa (Eq(40)), where the step size, hN’
corresponds to the dx term. The analog to the discrete Sreea”s function

in Eq9(42) aad (43) can be defined to be

for a method valid over the entira tregion of interest, such as Galer-

kin“s method (the bar over the 5 is used to indicate a column vector ia

this case to avoid confusioa with the lannhomogeaeity term), and

14
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Gy=8C (45)

for a method valid only at discrete points, such as the collocation
method. The superscript asterisk indicatas that they are analogs to the
discrete Green’s function. They are considered analogs since the
elements that make up the inhomogeneity vector, g, 1in Eq(23) may oot
necaessarily be equal to the inhomogeneity term g(x) because of the

welightiag factor.

Computer Analysis

All of the aumerical approximation routines were developed on a
Kaypro II microcomputer in Microsoft Basic, using double-precision

arithmetic. The program listings are included {a Appendix C.

Inhomogeneity Terms and Exact Solutioas. The same four functions

chosen by Clapp (1) for the excitation terms were also used in this
study so that comparisons could be made with the results obtainad {n

that earlier study. These four functions were

1) L u(x) = 19 (46=-a)
2) L u(x) = x2 (46-b)
3) L u(x) = xz + 1 (46=-c)
8) Lou(x) = x2+x+1 (46-4)
with the associated boundary conditions
u(0) =0 (47-2a)
u(l) = 9 (47-b)

15
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The oaumber of interior nodes wera carefully chosen so that the

solution comparisons could all be made at the same nodal points, x=1/3 i

and x=2/3,

The analytical solutions to the problem set were found by direct

integration to be

1) u(x) = 5x* - 5x (48-a)
2) u(x) = x*/12 -x/12 (43-b)
3) u(x) = x*/12 - x2/2 - 7x/12 (43~=c)
4) ulx) = x*/12 + x3/3 + x2/2 - 3x/4 (48-d)

The 2xact solutions at the comparison points are listed in Tablz 1

TABLE 1

Exact Solutioas to Eq(48)

——p e rrry

v

Problenm # x =1/3 x = 2/3
1 -1.111111 -1.111111
2 -.026749 -.039095
3 -.137860 -.150259
4 -.137243 -.211934

T

Average Error. The average perceat error was the criterioa by

which the correctness of the approximations were measured. For the one-
dimensional case, the average perceat 2rror was defined to be

(2/3) = u(2/3) {, 100 (49)

N u(2/3) 2

E> = Ylug€L/3) = u(r/3) + |u
) BTV £))

where uyg is the approximation at a specific point for a given number of

nodes, and u is the exact solution.

16
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Comparison of Approximations to Exact Solution. The plots of the

average percent error vs. number of {nterior nodal points ara shoun ia
Figures 3-6 for each of the four equations in the problem sat. T[he
actual values of the approximations are included ia Appendix B.

Except in two Lnstancas, both of tha methods of weightad residuals
(Galerkin and collocation) yielded approximations to the exact solution
that were orders of magnitude bettar than the method of finite
differences. In addition they wera able to achieve these good

approximations using a relatively low number of interior nodal points,

wheraas the finlte diffearence approximations coaverged to the eaxact
solution more slowly. The only deviations from this tread were in the
case of problam 1 (Eq(46-a)) when all methods did equally well on the
average, and 1ian problem 4 (Eq(46-d)), when approximations 1in the
Oe Galerkin routiae began to diverge rapidly from the correct solution for

eight or more interifor nodes.

Computer Run Tlmes. Each program was timed by haud usiag an elac-

tronic stop-watch to obtain values for the computer run time, The times
varied by oaly one or two s2conds for the various inhomogeneity terms,
therefora the times reported are averages for each method. The plot of
program run times vs aumber of intarior nodas is shown in Figure 7.

In 2all cases, the method of finite differences took the laeast
amount of time to rua. This method not only has fawer {ntermadiate

calculations than the other methods, but ifa additioa, ths coefficient

matrix was tri-diagonal; this allowed the usa of an extremely 2fficient
coutine expra2ssly written to solve tri-diagonal matricies (2:122).
doth methods of weightad rasiduals toox considerably 1longer to

b arrive at a solution (in some cases, 1) to 30 times longer), for a given

%' 17
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Pigure 3. Average Error vs Number of Interior Nodes
for g(x) = 10
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Figure 4. Average Errotz' ve Number of Interfor Nodes
for g(x) = x
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Figure 5. Average Error vs Number of Iatarior Nodes
for g(x) = x° + 1
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Figure 6. Averaga2 Etros vs Number of Interior Yodes
for g(x) = x" + x + 1
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number of nodal polats. The collocation program was the slowest of the
three methods, largely due to the matrix solving technique usad in this
program, This program was based on an inversion routine using 3auss-
Jordan elimfioation with column snifting (8:294-295), whereas the
Galerkin program required the use (see Appendix A) of a direct Gaussiaa
elimination routine with partial pivoting (9:192-193). Inversion
methods require more computations to arrive at the solution than do
direct mathods, hence the large difference in the times between the two

me thods of welighted residuals.

Overall Solution Accuracy, and Comparison with Earlier Rasults.

The results of this study do not support those raported i{ian the earlier
study (1). Clapp reported that in all cases, the finite differeancs
method was superior to the method of weighted residuals for the ona-
dimeasional case, ylalding average errors of about one perceant whan 17
or more nodes were used. This study shows that both methods of weighted
residuals achieved average errors on the order of 10-6 percent after
only five i{intarior nod2s were used. This accuracy was matched by the
finite difference method only for a constant inhomogenaity term.

Jona of the oscillations reported by Clapp £for the collocation

me thod were noted ia this study.

Conclusions

From the analysis performed, it 1is clear that the method of
weighted residuals is the best choice {f few interior nodes ars desired.
While these methods are more difficult to program and take loager to run
than the method of finite differeances, the overall accuracy is much

superior,
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For the one-dimeansional Poisson”s equation, it appears that the
collocation amethod 1s the more stable of the two methods of weighted

residuals, and should therefora be the mathod of choice.

« e
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III. POISSON"S EQUATION IN TWO DIMENSIONS

The other problem a2xamined in this study is tha two-dimensional
Poisson”s equation. The general form of the problam caa be axpressed in

the same manner as Eq(5)
L u(x,y) = g(x,y) (50)

where L 1s now the two-dimensional linear differeantial operator, dzldx2
+ dz/dyz, g(x,y) is the two-dimeasional Lahomoganeity tera, and a(x,y)
is the wunknowa function to be detarmined. The Dirichlat boundary

conditions associated with the two~dimensional problem ares

u(0,y) =0 (51-a)
u(l,y) =0 (51-b)
u(x,0) = 0 (51-c)
u(x,1) = 0 (51-4)

Zquatioas (50) and (51) define Poisson”s equation for the ragion of a

unit square.

Analytical Solutioa

The anoalytical solution to Eq (50), with {ts associated boundary

conditions Eq (51), can be found by a Fourier series expansion (6:41-42)

to be
u(x,y) O
®
= 4/ 2 2 fdfqu sin(mawx)sin(awy)sin(nms)sin(amn )g(&,0)
a=l o=l J J ( 2 2) 52)
a +a

For a given excitation, g(x,y), the series solutiomn to Zq (52) can

be found by 1integration. This solution can then be programed oa a
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computer to provide a auaserical solutioca, at a specific point, for the

B desired number of summation ternms. It should be noted that because the

solution involves a double summation process, obtaining the result may

take a considerable leagth of time,

R TR

Numerical Approximations

For the two-dimensional case, the mesh {s superimposed over a unit

square, with s equally spaced nodes in the x direction, of step size h,

R

and t equally spaced nodes in the y direction, of stap size k. The

total number of interior nodes in the mesh, N, {3 equal to s X t. A

sample mesh for the two dimensional uoit square, with the interior nodal

poiants numbered, is shown in Figure 8.

T e | _I- A
—L- _

v, Y
Adendandh N

i

—

| ) Figure 3. 2-D Mesh with 10 Iaterior Nodes
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Since the number of interior nodal points used determines the number of
simul taneous algebraic equations that must be solved, the x and y step
sizes were chosen not to be equal. This was done in order to keep the

matricies down to a manageable size.

Finite Difference Method. As was shown in saction II (the one-

dimeansional Poisson”s equation) the finite difference matricies, and the
Green”s function matricles were identical, therefore, the development of
the filaoite difference method will only be done utilizing the Green’s
function approach.

The Green”s function for the two dimensional linear operator, L, of

Eq (50), is defined to be (15:1-18)

Po(xxyivly )/t + olxlx ivly,)/aay’ = Blx=x )8(r-y))  (53)

L with the associated boundary conditions (Eq(51)) being represented by

G(0}x ;yly,) =0 (54~a)
s(1lx ;yly) =0 (54=b)
G(x|x°;O|y°) =0 (54=c)

i G(x|x°;1|y°) = Q (54~4d)

F.

Sl The discrete Green”s function imposed on a mesh with step size h in

b

¢

f the x direction, and k in the y direction, can be written as (4:315)

a 2 2 2 2

° G (x[x syly )/ " + 3 GN(xlxo;y{yo)lzy = 8(x=x )8(y-y )/ne  (55)

t

L The derivative terms can once again be rceplaced by central

b difference expressions

@

C

\ .

o

b

h-

" -

t'
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2 2
G (x]x_;v]y ) /ox

= (Gylx+hlx 3ylyy) - 264(x]x 5v]y,) + GN(x-hlxo;>’|yo))/h2 (56-a)

T, 3N L_u:x_'L:‘.-r_..;\;-;_'J

and

2
? GN(xIxo;ylyo)lay2

2
= Gylxlxgiyvily,) = 269(x|x, 5ly,) + Sy (xlx iy-k|y /K" (56-b)

e an W K

and thea substituted back into Eq(55), so that the final form of the

equation becomes

.

2 2 2
K Gylxrhlxsy[y,) = 2k Gy(x|x 5y]y,) + kG (x=hx 3y]y ) ;
2 2 . o
+ hZGN(xlxo;y‘l-'.{lyo) - 20%G (x[x syly ) + & Gy(x|x sy-k|y ) (57) 4

= nk 6(x-xo)8(y-yo)

Applying this equation, aad {ts associatad boundary coaditions 1
(Eq(54)) at each of the ¥ interior nodes of the mesh will result in a
saries of Nz simul taneous algebraic equations. These equations can be

represented in matrix notation as !#
1+ GN = thN (58)

where C is the coefficient matrix, GV is the discrete Graen”s fuaction

satrix, and IN is the identity matrix of order N. Eq(58) can be solvad

using matrix téchniques to fiand c“, the approximation to the discrata

b Green”s function matrix.

Method of Weighted Residuals. For the two~dimensional method of

AN Rt i SED S S

weighted residuals, the form of the solution is almost {denticzal to the

oae dimeansional case (Zq(16))

u(x,y) -zanba(x,y) (59)

[+)
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where the a  are agala constants, and the on(x,y) ara the basis
fuactions, which ware chosen to satisfy the boundary conditions
(£q(51)). azisik (13:340-344) developed basis functions for 1a
rectangular region as the product of a fuactioa £(x,y), 3nd various

powars of x and y. For the geometry of the problam {ia this study, the

function f(x,y) was chosen to be
£(x,y) = xy(l-x)(1-y) (60)

and the basis functions wers chosen to b2 the saae as those used by

Clapp (1)
b = ) 23 D3 g 0y (for uel,4,7,...) (61-a)
b_ = 2213 o oy (for =2,5,8,...) (61=b)
bn = yzn/3 £(x,y) (for u=2,5,9,...) (61=c)

The basis functions were split fato these three subgroups in order

to facilitate the necasgsary integrations that follow In the sections on
the Galerkin and collocation methods.

By substituting £q(59) into Eq(50), the equation becomes
gan Lbn(x,y) = g(x,y) (62)

As ia the on2-dimensional case, a sat of weighting functions, L

i{s then defined in the range of L, and the inner product of Eq(62) and

these weighting functions i{s taken so that

D <, Wb (x,9)> = <y 3(6,y)>  wml,2,3,... (63)
e 20V,

which can agaln ba rapreseanted ia the more condeasaed matrix notation as

29
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Ca=g
whare C s the square coefficlent matrix

<y Lbl(x,y)> vy, Lbz(x,y)> ..

<w2, Lbl(x,y)> <w Lbz(x,y)> . .

2’

a is the column vector

and g is the column vector

Yy

<wpy sl(x,y)>
KWy sz(x,y)>

L ‘ .

The values of a can then be computed from

=1

a=C g
¢
{ and the approximate solutions can then be written as

¢
u(x,y) = b a

'\
t
i - for a method valid over the entire region, or as

30

(64)

(65)

(66)

(67)

(68)
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u=38a (70)

Ve e
a0 e

for a method valid oaly at discreata points, whera

*
b= [bl’ bys bys weny byl (71)
’u(xl ,Yl )‘
u(x,,v,)
u = 2°2 (72)
[uxygs yy))

and

rbl(xl.vl), bz(xl,yl), ooy bN(xl,ylﬂ

b, (x y¥o), bo(x Y ), ceey by(x,,y,)
g - | 1720720 Palxpe7y (%277 (73)

P Tgds Balxgayyds ees Dylxy,yy)

Galerkin”s Method. In the two-dimensional method of Galesrkia,

the weighting functions are again chosen as being equal to the hasis
functions Eq(61). The values for the coefficient matrix, C can be found

by taking the Linner product of wo and L bn(x,y), resulting fa

'

) 2, 2, 2, 2

Con ™ <wm, Lbn(x,y)> - ‘/“/-"m (a7 /dx™ + 4% /dy") bn(x,y) dx dy (74)
[- -]

and g, can ba found in a similar manner to be

g, = <wm, 2(x,y)>

)
f: = ff".n (c!zldx2 + dzldyz) (sz + Byz + Cx + Dy + E) dx dy  (795)
X2
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wherz in each case, w_ 1s defined to be equal to bn(x,y) (Eq(51)) for
the various values of na.
Thera are no restrictions on the value of x or y in £qs(74) and

(75), so the Galerkin approximations are valid over the entire regionm.

Collocation Me thod. In the two-dimeusional method of

collocation, the weighting fuactions are chosen to be equal to the two-

dimensioaal Dirac delta function
W B(x-xm)ﬁ(y-ym) (76)

where the coordinata X0 1s defined to ba the x coordinate of the ath
iaterior node and Y i1s defined to be the y coordinate of the mth
interior node. The values for the coefficient matrix, C can be found by

taking the inner product of v, and L ba(x,y)

Con ™ <wm, Lbn(x,y)>

[
- fﬁ(x-xm)a(y-ym) (@®/ax? + a¥7ay?) b_(x,9) 4x dy (77)
c0

and g, can be found to be

gy = <y, 8(x,¥)>
[}
-ffb(x-xm)b(y-ym) (3%/ax? + a2/dy®) (ax® + By? + x (78)
°o + Dy + £) dx dy

The values of x and y ars restricted to the coordinates of the
interior unodal points for the collocation method, therefore, the
approximations are oaly valid at these poiats, and not over the entire

region.
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Green”s Fuactioas and Analogs

Since the fianite differeance mathod was daveloped in tarms of the
Green”s function, only tha method of weightad rasiduals will be
addressed in this sectioan.

For the two-dimensional Poisson”s equation (Eq(50)), and 1{its
associated boundary conditions (Eq(51)), the Green”s fuaction for the
problem can be determined analytically (6:42-43). The solution to
€q(50) with {ts various iahomogeneity terms can be found by calculating

the {atagral

11
u(x,y) -/[G(xlxo;ylyo) g(x,y) dx  dy (79)
oo

where G(x]xo;ylyo) i3 the Green”s functioan for Eq{50) and its associatad
boundary conditions, x and y ara the field point coordinates, and L and
y, ar2 the source point coordinates,

£q(79) may be writtean in matrix notation, for the discrete Green’s
function on a mesh of step sizes hS in the x direction, and k} in the y

direction, as

ﬁN = hk GN 3y (80)

where @ is the coluamn vector of solutioas at discreta points on the mesh
for the given inhomogeneity, and the tilde again-signifies that the
discrete Graan”s function solution may not necessarily ba aqual to the
solution obtained by the mathod of weiéhted residuals, u.

The two-dimansional forms of £q3(42) and (43) are tne approximate

solutions

u, =bC g (31)

33
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and

a =BC g (32)

Agaia, the weighted residual approximations do not contain the factors

for the step sizes h and k. This {s due to the fact that the weighted

R ¥

residual approximations {avolva a summation over N terms, while the

discrete Grzen”s fuaction solution was developed by approximating an

fategral (Eq(79)), where the step sizes h and k correspond to the dx aand
dy terms. The analog to the discrate Graen”s fuaction in Eqs(8l) and

(82) can be defined to be
¢
G,=bC (33)

for a method valid over the entire region, such as Galerkin”s method

‘i) (wher2 the bar notation again indicates a column vector, and was used to

prevent confusion with the inhomogeneity tarm), and -

* -1

G, =BC (34)

for a method valid only at discrete points, such as the collocation

ae thod. The astarisk iandicates that they are analogs to the discrete

T P

Greea”s fuactioan, aad that the elements that make up the {inhomogeneity

~
vector, g, may not nacessarily be equal to the {ahomoganaity tarm g(x,y)

; because of the weighting factor.

' o

f Computer Analysis 3
)

E~ 3

{; For the two-dimensional case, naw programs weras Jevelopad from the &

' |

3 one-dimensional programs to handle the approximations for the three

tachniques. The program listings are lncluded in Appeadix C.

34 q
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Inhomogeneity Tarins and Exact Solutioans. The same four excitation

terms chosen by Clapp (1) were used in the two-dimsasional case so that
comparisoans could be made with the results obtained {a his study. The

four problams were

1) L u(x) =13 (85=a)
2) L u(x) = x> (35-b)
3) L u(x) =x" + yz (85-¢)
4) Loulx) = x>+ 3% +x (35-d)
with the associatad Dirichlat boundary couultions
u(0,y) =0 (36-2)
u(l,y) =0 (86-b)
1(x,0) = 0 (86~c)
u(x,1) = 0 (36-4d)

The number of interior nodes were carefully chosen so that the

solution comparisons could all be made at the same four x,y aodal

points; (1/3,1/3), (2/3,1/3), (1/3,2/3), and (2/3,2/3).

The analytical solutions to the problem s2t wera found by

(o 2 i S i due

fantegrating Eq(52) with a genaral form of the equations used for the

inhomogenei ty ternm,

L ss anges

: 3(x,y) = Ax? + By2 +4Cx+ 0y +E (87)

where A, B, C, D and € are all coastants.
The solutioan for the general inhomogeneity term with the boundary

conditions of £q(86) is

M gl B SR ot a8 B SE - S 4
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[ ] -
'-_:_f a(x,y) = -!;/'71’22 2 {sin(mwx)sin(nm y)/(m2 + nz)]
B e a=] n=l

(Al(2/nd7° - 1/am (-1 = 2/2°7°) (L/am @ - (-1)P)
+ B{(2/2T - L/am (-1 = 2/2°7°] (L/am (1 - (-1)™) (38)
- Cl-1)ar? 1 (1 - (D) = D[ (-1)%/md?1(1 = (-1)™)

¢ E[1/2m ] ((-D® = =D -1))

This solution was then programed oa the computer, and the numarical
values for the inhomogeneitias at each point were geaeratad by suamiang
over both m aad a from one to seveanty. Each numerical value thean was

obtained using 4900 summatioa teras. The numerical values for thz four

problams are listad in Table 2.

TABLE 2
(o

Exact Solutions to Eq(38)

-

[_4.‘ Problam # | (1/3,1/3) (2/3,1/3) (1/3,2/3) (2/3,2/3)

- 1 -.6034615 | -.6034615 | -.6034515 | ~-.5034515
%: 2 -.0126051 -.023049¢6 -.0126051 -.0230496

3 -.0252102 | -.0356547 | -.0356547 | =-.0460993
& 4 -.0501611 | =.0710501 | ~-.0608956 -.0814946
@

:1 Average Error. For the two-dimensional case, the average perceat
| @ error was defined to ba

-

3

. <E > = ) |u (point 1) = u(point L) { 100 (33)
i N =N =i

g u(point 1) 4

]

where uy {s the approximatioa at a specific polat, and u i{s the exact

solution. .

.....
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Comparison of Approximations to the Exact Solutioas. The plots of

the average parcant error vs number of iaterior nodal points for each of
the four equations in the problem set are shown in Figures 9-12.

As [n the earlier study (1), tne collocation method failed to
converge to the correct solution despite using a direct Gaussian
elinrination routina instead of perforamiang a matrix iaversionm. A mors
detailed discussion of the problem with the collocation method can be
found in Appendix A.

In each of the four cases for the other two techaiques, the
Galerkia method yieslded better vesults than the finite diffsrasncz
mathod, whica 1s aot only consistent with the r2sults reported for the

one-dinensfional case, but also with the results reportad by Clapp.

Computer Run Times. Each program was timed by hand using an

alectronic stop-watch to obtain values for the computer run time. The
times were again averaged, since they differed by oaly oaz or two
seconds. The plot of program run time vs number of intarior nodal
points {s shown {n Figure 13.

In all cases, the method of finite differences was again the
quickest of the thra2e programs to ruan. while the two-dimensional finite
differance coefficient matrix was not a tri-diagonal matrix (as in the
one-dimensional case), It was still a relatively sparse oane (le. few
non-zero tarms). Because thera were fewer computations raquired to
creatz the finite differance coefficient matrix than for the other two
methods, it ran faster (despite being based on a matrix ianversion
routine), Both methods of weighted residuals were developad usiag tha

direct Gaussiaan elimination routine.
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Overall 3olution Accuracy, aad Comparison with Earlier Results.

The results of this section of the study support those reported by Clapp
(1), the 3alarkia method yialded better results than did the finite
diffareace method, with iaitial averaga errors from 1.5 to 3.0 percent,
compared with 13.5 to 27.0 percent. The Galerkin method converged to
withia oae percent aftar 34 interior nodes were used, while the finite
i1 fference method remained above four percent.

A s8light oscillation in the Galerkin results was noticed for 22

intarior aodal points,

Concluslioas

From the analysis performed, the method of weightad residuals was
once again superior to the method of finite differences, for fawer
fatarior nodal points.

Neither method was as accurate as its one-dimensional counterpart.
his 18 most likely due to round off error caused by the larger matrix
sizes, and to the rather leagsthy recursion relations used to creat2 the
coefficient matricies.

While tha Galerkin mathod was clzarly batter than the finite
differencz method, it Ls also more difficult and tedfous to changz the
inhomogeneity term, or the form of the differential equation, due to the
fntegrals that must be solved. Despite this difficulty, the Galerkin
approach is clearly the method of choice for solving the two-dimensional

Poisson”s equation.
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IV. Conclusions and Recommendations

Coaclusions

Saveral points should be made coacerning the use of the method of

S IR

weighted rasiduals for deteraining approximations to the discrate

Green“s function.

R T

First, both the Galarkin and collocation methods yield analogs of

rd

the Grean”s function, which are as useful as the discrate Green’s

Vet T e
PO Sy e 3y M .

function {tself, and they caa be used (at least theoretically) to find
the solution to the one~ aad two-dimensional Poisson”s equation with

various inhoaoganeity terms. A major drawback to the use of the method

of weighted residuals is that the ianhomoganeity amatrix must be
recalculated for each differeat inhomogeneity term. This iavolves the
calculation of a leagthy double intagration 1in the two-dimensional
problam, especially {n the case of Galerkin”s method.

The next point i{s the criticality of the choice of basis fuanctions.
Both the one-dimensional Galarkin routine, and the two-dimensional
collocation routine seemed to show the effacts of the choice of basis
functions resulting f{n {ll-conditioaned matrlicies.

Finally, the method of weighted residuals takes amora time to rua oa
the computer than does the finite difference method. For low numbers of
{nterior nodes, this may aot be much of a problem, but in the tuwo-
dimensf{onal programs, calculations favolving 34 aodal points took 25

aiautes to arrive at a solution.

Recommandations

The first step in any follow-on study snould be the actual

calculation of the Graen”s function for the various wmethods, so that

44




they can bYe comparzed for accuracy.
In addition, one other major arza requires further study 1in

utiliziag the method of weighted residuals - the choilce of basis

functions. An ia-depth study of the orthogonal collocation method, and
the choice of basis functions in general would be most beneficial.

The choice of using a micro-computar for daveloping the programs
was probably oot very wise. Altnough the results were as accurats as
those doue on malaframe computars, the programs took too loag to rua.

Future work should he doae oan a larger, faster machiae.
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Aggendix.é

Ill-conditioned Matricies

The divergence from the corract solutiou reported for the oae-
dimensional Galerkin routine with g(x) = xz +x+1, and for ths two-
dimensional collocation routine, were both the results of 111~
coaditioned matricies.

Ill-conditioned matricies are nearly singular systems (ia. those
that have no unique solution) which are extremely sensitive to small
changes in the coefficient matrix, c,' and the right hand side, g. PFor
example, the solutions to the following two siamilar matrix equations

differ graatly:

o o -
1 -1 | u; 1]
- (90)
-1 1.00001 uz 0
N - o & -
and
1 -1 1 hl' 1]
= (91)
L.l 2. 99999‘ Luzi l.Od

The solution to Eq(90) is [10001 100000}, and the solution to Eq(91) is
{-99999 -100000} (11:343). This shows that a relatively small change
in the value of sz by .00002 can cause a large change f{a the solution.

It is easiest to interpret what is happeaning geometrically. Each
solution may be thought of as representing the point of iatersection of
two nearly parallel lines. Aay slight shift {in either of the two 1lines
will greatly change the point of intersectioa.

Ill-conditioning of a system wmay be attributad to any of the

following sources (11:345-347):
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l. For well-coaditioned physical problzams, {l1l-conditioned
equations may be caused by a correct, but very fine mesh ideallzatioa.
No numerical problems are encountered wnen the problam is solved with
coarse idealizatioas. As the mesh 1is repeatedly subdivided, the
condition aumber {acreases. Eventually the buildup of error due to
round off in the calculations swamps any accuracy improvement due to the
finer discretization.

2. The form of the rignt-hand~side vector can have a significant
effect in maay applications. For example, In the bending and stratching
of a flat plate, the gstiffaess matrix may uncouple 1{into an {ll-
conditioned submatrix and a well-conditioned submatrix. In complax
structural systems, weak coupling can occur so that 2 force vector
acting on the ill-conditioaned part will excite the {ll-conditioning;
whereas {f it acts on the well-conditioned part, highly accurate
solutions are produced.

3. The coandition of the syst2m is influenced by tne choice of
basis fuactions,

The two—-dimensional collocation routine seemed to exhibit the
traits 1isted in source 1. The program was run for different anumbers of
intarior nodal points than the ones used for the other programs. Figure
14 shows a plot of the average percant error vs number of interior nodal
points for the collocatioan meathod whean fewer nodal pofnts were used.
The plot shows that the collocation mathod was f{n fact convergiag to the
correct solution until the aesh size passed a critical value.

The one-dimensional Galerkin routine seemed to exhibit the traits
of source 2. It worked perféctly well for all other inhomogeneity

terms, but failed for g(x) = xz + X # 1 beyond 11 {nterior nodal points.
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One way of determining i{f a matrix is ill-condition2d is to observe

whether the condition number increases significantly as the size of the

matrix 13 {ncreasad. The condition number for a matrix can be
-1

calculatad by multiplyiag the value of °i,max by C {,max’ where C{,max

is defined to be the summation of all of the terms within the column of

the matrix leadiag to the greatest value, and C-i aax is the same
?

calculation performed on the l1averse of the matrix.
Table 3 shows how the condition number for the two~dimensional
collocation coefficient matrix iancreased as the size of the matrix was

incraased.

Table 3

Condi tion Numbers for the 2-d Collocation Matrix

Size of Matrix Condi tion Number
4 X 4 2.7 x 10}
5 X 6 5.9 X 102
3 K3 1.6 X 10°
10 X 10 2.6 X 10°
20 X 20 | 3.9 x 10'2

Little can be done to improve the solutiouns obtained from an {ll-
condi tioaed matrix. One improvement though is to use a direct method of
solving the natrix, rather than aan {aversion routine. This was done for
the one-dimeasional Galerkia prograa when it was discovered that the
approximations were all diverging from the correct solution after oaly
eight Interior nodes. Once the matrix laversion routina -was replacad
with a direct Gaussian elimination routine, the results ILmproved

sigznificantly, except in ‘the aforamentioned case.
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Chaagiaz the matrix solviag routiane was aot 2nough however to aake
a differencz ia the two-dimensional c¢ollocation program. Jthers
(11:345-347, 12:60-65) have suggested that the ill-coaditioning may be
the result of the improper choice of basis fuanctions; that orthogonal
polynomials would ba better suited for use in this situation. A
detailed discription of the orthogonal collocation method can be found

in Finlayson (4:97-107).
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Aggendix‘g

Numerical Approximations for the Problem Sets

This Appendix contains the values for the finite difference,
Galerkin, and collocation approximations to Eq(46) and the finite
difference and Galerkin approximations to Eq(85) (the results of the
two-dimensioaal collocatlion routine are discussed in Appendix A).

The values listed are the outputs from the computer routines listed
ia Appendix C, rounded to seven decimal places. These values are listad
by lniomogeneity term within each method, and are tabulated according to
the number of interior nodes used. The average perceant error is also

listed for each sat of values.
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Finite Difference Approximatioas for g(x) = 1)

Number of Average
Iaterior x =1/3 X = 2/3 Error
Jodes (2)

2 -1.1111111 -1.1111111 0.9

5 -1.1111109 -1.1111109 1.1 E-5
8 -1.1111111 -1.1111111 0.0
11 -1.1111113 -1.1111113 2.1 E-5
14 -1.1111110 -1.1111110 6.3 E-6
17 -1.1111108 -1.1111108 2.8 E=5
Table 5

Finite Diffarence Approximations for g(x) = x2

Number of Average
Interior x =1/3 x = 2/3 Error
Nodes (%)

2 -.0246913 -.0370370 6.5
5 7.0262346 -.0385802 1.6
8 -.0265203 -.3886602 0.7
11 -.0266204 -.0389651 J.4
14 -.0266066 -.0390123 0.3
17 -.0266913 -.0330375 0.2
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Table 6

Finite Differenc2 Approximations for g(x) = +1
Numbar of Average
Interior x =1/3 x = 2/3 Error

Nodes (%)
2 -.1358025 -.1481481 1.4
5 -.1373457 -.1496913 0.4
8 -.1376315 -.1499771 0.2
11 -.1377315 -.1500772 0.1
14 ~-.1377777 -.1501234 6.0 E-2
17 -.1373%029 -.1501486 4.0 E-2

Table 7

Finite Difference Approximations for zg(x) = xz +x +1

Number of Average
Interior x =1/3 x = 2/3 Error
Nodes (%)

2 -.1351352 -.2093765 1.0
5 -.1867234 =-.2114197 9.3
8 -.1870142 -.2117055 0.1
11 -.1871142 -.2118056 6.0 £-2
14 -.1871605 -.2118513 4.0 E-2
17 -.1371356 -.2118759 3.0 E-2
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Table 3

Lt e dn 2d

Galerkin Approximations for g(x) = 10

Number of Average
Interior x =1/3 x = 2/3 Error
Nodes (%)

2 -1.1111111 -1.1111112 6.1 E-6
5 -1.1111111 -1.1111112 6.1 E-6
3 -1.1111111 -1.1111112 6.1 E-6
11 -1.1111111 -1.1111112 6.1 E-6
14 -1.1111111 -1.1111112 6.0 E-6
17 -1.1111111 -1.1111112 6.1 Z-6
Table 9
- Galerkin Approximations for g(x) = xz
Number of Average
Interior x =1/3 x = 2/3 Error
Nodas (%)
2 -.0271605 -.0395062 1.3
5 -.0267490 =.0390947 3.5 E=6
8 -.0267430 =.0390947 3.5 E-6
11 -.0267490 -.0390947 3.5 E-6
14 -.0267490 =.0390947 3.5 E-6
17 -.0267490 -.0390947 3.5 E-6
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Table 10
Galerkin Approximations for g(x) = x2 +1
Number of Average
Iaterior x =1/3 X = 2/3 Error
Nodas (%)
2 -.1382716 ~.1506173 0.3
S -.1373601 =-.1502053 5.4 E-6
3 -.1378601 -.1502058 5.4 E-5
11 -.1378601 -.1502053 5.4 -6
15 -.1378601 -.1502053 5.4 E-o
17 -.1378601 -.1502058 5.4 E-6
.
)X
5 Table 11
" Galerkin Approximations for g(x) = xz +x+ 1
Number of Average
Interior x =1/3 x = 2/3 Zrror
Nodes (%)
- 2 -.1876543 -.2123457 0.2
2
3 5 -.1872426 =-.2119341 1.7 E=5
3 -.1872351 -.2119680 1.0 E=-2
11 -.1884510 -.2118339 0.3
14 -.2158807 .1950268 103.7
17 -.2414421 .1324444 95.7
57
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Table 12

Collocatioa Approximations for g(x) = 1J

Number of Average
Iaterior x = 1/3 x = 2/3 Error
Nodes (%)

2 —1:1111111 -1.1111112 6.1 E-6
5 -1.1111111 -1.1111112 6.1 E-6
8 -1.1111111 -1.1111112 6.1 E-6
11 -1.1111111 -1.1111112 6.1 E-5
14 -1.1111111 -1.1111112 6.2 -6
17 -1.1111111 -1.1111113 3.8 -6
Table 13
Collocation Approximations for g(x) = X2
Number of Average
Interior x = 1/3 x =2/3 Error
Nodes (%)
2 -.0246914 -.3703704 5.5
5 -.0267490 -.0390947 3.5 E-6
8 -.0267490 -.0390947 3.5 -6
11 -.0267490 =.0390947 3.5 E-6
14 -.0267490 =.0390947 3.5 E=§
17 -.0267490 -.0390947 6.1 E-6
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Table 14

" *-1177—’_

Collocation Approximatioans for g(x) = x° + 1

Number of Average
Iaterior x = 1/3 x = 2/3 Ecror
Nodes (%)

2 -.1358025 -.1481482 1.4

5 -.1378601 -.1502053 5.4 E-6

8 -.1378601 -.1502058 5.4 E-6

11 -.1373601 -.1502058 5.4 Z-6

14 -.1378601 -.1502053 5.4 E-6

17 -.1373601 -.1502053 7.6 E-6

Table 15

Collocation Approximations for g(x) = xZ +x+1

Number of Average
Interior x = 1/3 x = 2/3 Error
Nodes (%)

2 -.1351852 ~.209876% 1.0
5 -.1872428 =-.2119342 5.4 E-6
8 -.1372428 -.2119342 5.4 E-6
11 -.13724238 -.2119342 5.9 E=6
14 -.1872423 -.2119342 5.1 E-6
17 -.1372428 ~-.2119341 8.9 E-6
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Finite Difference Approximations for g(x,y) = 10

RN T 2 s e " . et

Table 16

Number of Averagze
Interior x = 1/3 x = 2/3 x =1/3 x =2/3 Erxror
Nodes y = 1/3 y =1/3 y = 2/3 y = 2/3 (%)

4 -.5128205 | -.4059829 |-.53413380 |-.5123205 13.5
10 -.5653312 | -.5469123 |-.5684183 |-.5640845 7.0
16 -.5734571 | -.5674212 |-.5744274 |~-.5729557 5.2
22 =-.5759343 1 -.5732613 [-.5763574 |-.5756971 4.7
28 -.5769715| -.57.2534 |-.5771928 |-.5768423 4.4
34 =.5774941 | -.5766637 |-.5776240 |-.5774159 4.3
Table 17
Finite Difference Approximations for g(x,yj = x
Number of Average
Interior < =1/3 x = 2/3 x =1/3 x = 2/3 Error
Nodes y =1/3 y =1/3 y = 2/3 y = 2/3 (%)

4 -.0092593 | -.0146605 |-.0100309 |-.0135135 25.8
10 -.0114660 | -.0202691 |-.0115141 }-.0210928 9.4
16 -.J0118848 | -.0213449 |-.0119352 |-.0216323 6.1
22 -.0120202 | -.0216807 |-.2120430 {-.0218120 5.1
28 -.0120734 | -.0218200 |-.0120906 [-.0213904 4.6
34 -.0121082 | -.0218838 |-.0121155 |-.0219309 4.4
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Table 18 :

4

Finite Difference Approximations for g(x,y) = x2 + y2 %

Number of Average '
Interior x = 1/3 x = 2/3 x = 1/3 x = 2/3 Error

Nodas y = 1/3 y =1/3 y = 2/3 y = 2/3 (%) ;

4 -.0185185 | -.0200617 [-.0293219 |-.0370370 26.9 #

10 -.0222856 { -.0304095 {-.0321873 {-.0415052 11.4 1

16 -.0229319 | -.0321670 |-.0327394 |-.0423317 3.3 :
22 -.0231333 | -.0325936 }-.0329224 |~-.0426666 7.9
28 -.0232130 | -.0329065 {-.0330028 |-.0427894% 7.5
34 -.0232607 | -.0330099 |{~.0330447 (-.0428522 7.4

Tabla 19

'''''''

Finite Differsance Approximations for g(x,y) = < + y2 + x

Number of Average
Interior x = 1/3 x = 2/3 x = 1/3 x = 2/3 Error
Nodes y=1/3 y=1/3 y = 2/3 y = 2/3 (%)

4 -.0391733 | -.0437441 |{-.0512227 |-.0669515 23.4
10 -.D455917 | -.0621753 }-.0556990 |-.0744159 9.6
16 -.0466739 | -.0652647 |-.0565486 [-.0758624 7.2
22 -.0470070 | -.0661833 [-.0568259 |-.0763281 6.4
28 -.0471457 | -.0665529 |-.0569463 [-.0765270 6.1
34 ~.0472151 | -.0667312 |-.0570084 |-.0766281 6.0
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Table 20

Galerkin Approximations for g(x,y) = 10

el Sl mul kSl s |

Number of Average
Intecior x = 1/3 x = 2/3 x = 1/3 x = 2/3 Error
Nodas y = 1/3 y =1/3 y = 2/3 y = 2/3 (%)
4 -.6076859 | -.6163949 {~.6107367 |-.6301380 2.1
10 -.5123007 | -.6074556 |-.6272431 |-.6072230 1.7
16 -.6049013 | -.6045431 | ~-.56156474% |-.5135822 1.0
22 ~.6098773 | -.6021091 |-.6093475 |~.5135225 1.9
28 -.6049922 | -.6015982 |-.5120685 [-.5115899 0.3
34 -.6047867 | -.6014126 [-.6131791 |-.6112015 0.9
Table 21
Galerkin Approximations for g(x,y) = x2
Number of Average
Interior x = 1/3 x = 2/3 x =1/3 x = 2/3 Error
Nodes y =1/3 y =1/3 y =2/3 y = 2/3 (z)
4 -.0123723 | -.0231150 [=-.0125778 |-.0233163 1.5
10 -.0126333 | -.0235861 |-.0126556 |-.0230530 0.7
g 16 -.0128219 | -.0232945 |-.0125344 |-.0231736 1.0
- 22 -.0129926 | -.0232655 [-.0124429 |-.0232417 1.5
;‘ 238 -.0128474 | -.0232133 |-.0124303 |-.0231501 1.0
?l 34 ~.J128156 |-.0232270 |-.0124337 |-.0231587 1.0

......

.....

.............




Table 22

Galerkin Approximations for g(x,7) = xz + y2
Jumber of Average
Interior x = 1/3 x = 2/3 x =1/3 x = 2/3 Error
Nodes y =1/3 y=1/3 y = 2/3 y = 2/3 %)
4 -.0293536 | -.0363258 |-.0318393 |-.0473203 7.9
10 =.0281930 | -.0354759 |-.0344257 |-.0475206 4.7
16 -.0269155 | -.0353635 }-.0349360 |-.0473580 3.1
22 =.0271406 | -.0357392 |-.0350872 |-.N474593 3.1
28 -.0262410 | -.0357353  -.0356338 |-.0475101 1.9
34 -.0262175 | -.0356544 |-.0356701 [-.0475472 1.3
Table 23
Galerkin Approximations for g(x,y) = xz + y2 + x
Number of Average
Iaterior x = 1/3 x = 2/3 x=1/3 x = 2/3 Zrror
Nodes y = 1/3 y=1/3 y = 2/3 y = 2/3 (%)
4 -.0542012 | -.0715187 [ -.0569433 |-.0335635 4.3
10 -.0530931 | =.0715547 | -.0596482 |-.0832595 2.5
16 -.0521139 | -.0709353 | -.0599984 {-.0331042 1.3
22 -.0527126 | -.0712927 | -.0599824 |-.0833457 2.2
28 -.0515650 | -.0711391 | -.0605779 [-.0833215 1.3
34 -.0514836 | -.0711403 | -.0606128 |-.0832310 1.2
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Aggendix c

Program Llstiqgg

VRS

This appendix contains the 1listings of the microsoft basic programs
written for this study. The programs are listed by method for the one-

and then the two-dimensional case.
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FINITE DIFFERENCE ROUTINE - (ONE-DIMENSION)

10 REM Jeeiede Jededede odede Krievede dodede J fodedede dese Fedede e de dedeiode de dedede de o deiek ke X e ol dede ddek icie ko ke ko ki ke ke ik
20 REM TAIS PROGRAM UTILIZES A ROUTINE THAT WAS TAKEN FROM ELEMENTARY

30 REM NUMERICAL ANALYSIS, BY CONTE AND DE BOOR, PG 122; AND

40 REM TRANSLATED INTO BASIC. ALL VALUES ARE IN DOUBLE-PRECISION.

50 REM dedeRe Xheieie R de i dedeiedeiedeieie Jo de et de dedk vede deie-de de de de dedede de dedede dede-dede-dedededede e de dedededevededede dedckcde ek
60 PRINT"ENTER N, THE NUMBER OF STEPS";

70 DEFDBL Q,R,H

80 INPUT N

90 LPRINT"FINITE OIFFERZNCE ROUTINE USING DIRECT, TRIDIAGONAL APPROACH"
100 LPRINT

110 LPRINT"N= ";N

120 Q=N

130 H=1#/(Q+1#)

140 DIM A#(N),B#(N),C#(N),D#(N)

150 FOR I= 1 TO N

160 R=L

170 at(I)==1ie(Q+l#)~2 K
130 C#(I)=A#(1) R
130 DE(T)=2i*(Qrlé)~2 #

200 B#(I)=l#+4d*(R*H)"~2
210 NEXT I

220 GOSUB 290

230 PRINT"THE SOLUTION IS:"
240 FOR I= 1 TO N

250 PRINT I,B#(I)

260 LPRINT I,B#(I1)

270 NEXT [

280 END

290 IF N>1 THEN 320

300 34#(1)=B#(1)/D#(1)

310 RETURN

320 FOR I= 2 TO N

330 R=-A#(1)/D#(1-1)

340 D#(I)= D#(I)+R*C#(I~-1)
350 B#(I)=B#(L)+R*B#(1-1)
360 NEXT I

370 B#(N)=B#(N)/D#(N)

380 K=N

390 POR J= 2 TO N

4500 K=K-1

410 BH(K)=(B#(K)=-C#(K)*B#(K+1))/D#(K)
420 NEXT J

430 RETURN

. T
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1 REM¥rkikkiededciridcdeie ol ok ki i dedefe kel feiotedeleiek il kded koot e doiede ke ki kseicick k
2 REM THIS PROGRAM USES AN INVERSION ROUTINE TAKEN FR0M NUMERICAL

3 REM METHODS BY R.W. HORNBECK, PG 294-295. IME ROUTINE EMPLOYS

4 REM GAUSS-JORDAN ELIMINATION WITH COLUMN SHIFTING TO MAXIMIZE
5
6

R

RE Mivdedededededoicivicieiedeicivde do feiicie e jo dedeiededeiod eteteieirieicioJo dode Je do dede dodedede e de it o Jedcde % Je e Je o de

FINITE DIFFERENCE ROUTINE - (TWO-DIMENSION)

EM PIVOT ELEMENTS

DE¥DBL S,T,H,K,A-G,X,Y

PRINT CAR$(26)+CHR$(27)+CHR$(13)

PRINT"TWO-DIMENSIONAL FINITE DIFFERENCE GREEN"S FUNCTION ROUILINE"

PRINT:PRINT:PRINT

PRINT"INPUT S, THE # OF X DIVISIONS; AND T, THE # OF Y DIVISIONS"

INPUT S,T
PRINT S,T
N=S*T
LPRINT"N="3;N
Hul#/(S+1#) :K=1#/(T+1#)
PRINT"H=";H;"K=";K

DId GH#(N,N),TJH#(N+25),F#(N),U#(N)

RE Micdedededededededese dedededeicieieicivieieieiicidoiod e e defeioheie oo Jode X kedede o dededo dededoiededede Jo dede

REM CREATES INITIAL COEFFICIENT MATRIX FOR THE GREEN"S FUNCTION
REMirsededededeededededede dede Jedededededededededededede e de d deiede dedeteiededetetese e defeieiededotede dededeteseicdede do

FOR I=1 TO N

IF I MOD S =1 THEN 190
G#(T,I~1)=K»K
G#(T,1)m=2#*(X*K+H*H)
IF 1 MOD S=0 THEN 220
G#(1,I+]1)=K*

If (I-S)<=0 THEN 240
G#(1,I-S)=H*H

IF (I+S)>=N THEN 260
G#(I,1+S)=H*H

NEXT I

FOR I=1 TO N

FOR J=1 TO N

PRINT G#(L,J);" "
NEXT J

PRINT

NEXT 1
REMcdedeiededetede ko dviedeiededeiviviciedeioi-iohk

REM MATRIX INVERSION ROUTINE
REM#criededed dededce Jeiededeie dededededeicdeodede ke
PD=1

FOR L=1 TO N

D=0

FOR P=1 TO N
D=D+G#(L,P)*G#(L,P)

NEXT P

D=SQR(D)

PD=PD*D

NEXT L

DETM=s1

FOR L=l TO N

.. N e .
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470 Q=L
480 J#(L+20)=Q

490 NEXT L

S00 FOR L=1 TO N

S10 C=0:Mw=f,

520 FOR P=l, TO N

530 IF (ABS(C)-ABS(G#(L,P)))>=0 THEN 550
540 M=p

550 C=G#(L,P)

560 NEXT P

570 IP L=M THEN 660

580 R=J#(¥+20) :
590 J¥(Mr20)=J#(L+20) -
6§00 J#(L+20)=R

810 FOR P=1 TO N

620 S=G#(P,L)

630 G#(P,L)=G#(P,M)

640 G#(P,M)=S

650 NZXT P

660 G#(L,L)=l#

670 DETM=DETM*C

880 FOR M=] TO N

690 G#(L,M)=G#(L,M)/C

700 §EXT M

710 POR M=l TO N

720 IF L=M THEN 790

730 C=G#(M,L)

740 IF C=0 THEN 790

750 G#(i4,L)=0

750 FOR P=] TO N

770 G#(M,P)=G#(M,P)-C*G#(L,P)

780 NEXT ? .
790 NEXT M

800 NEXT L

310 FOR L=l TO N

320 Q=L

330 IF J#(L+20)=Q THEN 950

840 M=l

350 M=+l

360 IF J#(M+20)=Q THEN 830

370 IF N>M THEN 850

380 J#(M+20)=J#(L+20)

. 890 FOR P=l TO N

s 900 C=G#(L,?)

910 G#(L,P)=G#(M,P)

920 G#(M,P)=C

930 NEXT P

940 JH#(L+20)=Q ‘
950 NEXT L s
950 DETM=ABS(DEIM) .J
970 DTNRM=DETM/PD !1
930 PRINT"DINRM=";DTNRM .
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1000
1019
1020
1030
1040
1050
1050
1070
1130
1130
1200
1210
1220
1230
1240
1250
1250
1270
1230
1299
1300
1310
1320
1330
1340
1350
1360
1370
1330
1390
1400
1419
1420
1430

REMArkedrdeiedeivde drde e dededede Je e dede de dedededede devie de e Jedededodedode Jek Je sodeie Je detede Jodode deededcde dede

REM MULTIPLIES INVERIZD MATRIX BY H*K*IDENTITY MATRIX

RE A S dedrdedodede Joledededetede-dede dede Je o de dode dode o doic S e Jeie e e Sede dede Je Jedede dc Jede Jo S evcieiedede e

FOR I=1l TO N

FOR J=1 TO N

G#(L,T)=G#(L,J)%d*K

NEXT J

NEXT I

PRINT:PRINT:PRINT"COLUMN VECLOR OF EQUATION"

REM#Adeidedeieiciededodedede Jodeie e i -Jodede dededede Jode o de do o de-dede Je do dede le devodede do dcdede Je de Scde dedevedede e de X dede Jede e de

REM CRZATES COLUMN VECTOR OF EQUATION TO BE EVALUATED, MULTIPLIED BY h#k
REM¥kdedd ioidoieich ik il R doiek ik doliele i deicio & dodo Je dcde de ode e deiedke dededeioie X dede & deicdedo il Jo o deieie ieie &
PRINT"THE PUNCTIONS TO BE EVALUATED ARE OF THE PORM: AX“2+BY~2+CX+DY+Z"
PRINT"INPUT A":INPUT A

PRINT"INPGT B":INPUT B

PRINT"INPUT C":INPUT C

PRINT"INPUT D":INPUT D

PRINT"INPUT E":INPUT £

FOR =1 [O N

Q=1

IF I<=N/2 THEN Y=1/(T+l) ELSE Y=2/(T+l)

IF I<=0/2 THEN X=Q/(S+l) ELSE X=(Q-N/2)/(S+l)
F#(L)=(A*X~2+B¥*T~2+C*X+D*Y+E) *¥d*K

PRINT F#(I)

NEXT I

PRINT:PRINT:PRINT"SOLUTION MAIRIX"

FOR I=L TO N

U#(1)=0

FOR J=1 TO N

U#(1)=U#(L)+G#(I,T)*F#(J)

NEXT J

LPRINT U#(I)

NEXT I

END
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10
20
30
40
50
60

30

90

100
110
120
130
140
150
160
170
130
190
200
219
220
230
240
250
260
270
280
290
300
319
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
430
490
500
519
520

REM
REM
EM
REM
REM
REM
REM
REM

" it S-S A A an AUl EPuL argh Suel e g i

GALERKIN ROUTINE - (ONE-DIMENSION)

2 Jeie o Arde Je eIl el Jeieie e e S de dode 7 B2 o de KA iedededeieiedede dedeSiekde dede el do dede dde ke dedeicle e de e ke de dededede s e dedeke

[4IS PROGRAM USES A DIRECT GAUSSIAN ELIMINATION ROUTINE WIrd

PIVOLING TAKEN FROM APPLIED NUMERICAL METHODS FOR DIGITAL COMPUTATION
BY JAMES, SMITH, & WOLFORD, PG 192-193. IN ADDITION, IHE INITIAL
COEFFICIENT MATRIX dAS BEEN MODIFIED SO THAT THE LARGER NUMBZRS ARE
IN T4Z UPPER LEFT OF THE MATRIX; THIS WAS DOWZ TO MAXIMIZE THE

EFFECTIVENESS OF THE PIVOTING.
e dedededete el dede deeiede de Jo deiede de dedeieietete foiedede dede dedede fe feiedededededede dedeieiedcledete dedede deteiede deto fededede Ak dede de de

PRINT CHR$(26)+CHR$(27)+CHRS$(13)
PRINT"GALERKIN (METHOD OF MOMENTS) ROUTINE"
PRINT:PRINT :PRINT
PRINT"INPUT N, THE NUMBER OF DIVISIONS";
INPUT N
LPRINT"N= ";N
Umi+1
L=N-1
DIM A#(N,M),X#(N),ALPHA#(N) ,U#(N)

DEFD3L Q-T,7
REM******************************k********k*****#***k*k*k***k********k
REM*#**xx*TiLS CALCULATES THE IJITIAL L MATRIX*kisedikiscdeicick
FOR I=1 TO N

FOR J=1 TO N

QuM-[:R=M=J
A#(L,J)=(Q*R)/(Q+R+1#)

NEXT J

NEXT I

PRINT:PRINT:PRINT"PICK A FUNCTION TO EVALUATE"
PRINT:PRINT"1~ G=10"

PRINT"2- G=X~2"

PRINT"3- G=X~2 + 1"

PRINT"4~ G=X~2 + X + 1"

PRINT"5~ 5=4X~2 + 1"

INPUT Z

FOR I=1 TO N

S=-1

ON Z 30SUB 960,980,1000,1020,1240
NEXT I

FOR X=1 TO L

HeK

R=ABS(A#(K,K))

B=K+1

FOR I=B TO N

S=ABS(A#(I,K))

IF (R=-S)>=) TUEN 450

R=S:d=]

NEXT I

IF (4-R)=0 THEN 530

FOR J=K TO ™

Q=A# (H,J)

Af(H,T)=A#(K,T)

A#(K,J)=Q

NEXT J
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530 FOR I=B TO N
S40 Q=A#(1,K)/A#(K,K)
550 FOR J=B TO M
560 A#(I,J)=Al(1,J)-Q*A#(K,J)
570 NEXT J
580 NBXT I
590 FOR I=B TO N
600 A#(I,K)=0
610 NEXT I
620 WEXT X
630 XE(N)=A#(N,M)/A#(N,N)
640 FOR O=1 TO L
650 T=0
660 I=N=-0
5§70 C=I+l
630 FOR J=C TO N
690 T=T+A#(I,J)*X#(J)
700 NEXT J
713 X#(I)=(A#(1,M)-T)/A#(1,1)
720 NEXT O
730 FOR I=1 TO N
740 ALPHA#(L)=X#(M-I)
750 NEXT I
760 PRINT:PRINT:PRINT"INPUT THE POINI YOU WANT EVALUATED";
770 INPUT Y
780 X=Y
790 FOR I=1 TO N ]
0 300 U#(I)={-7~(I+1)
810 NEXT I
320 S=0
330 FOR I=1 TO N
840 QaU#(T1)*ALPHA#(I)
350 S=S+Q
860 NEXT I
870 LPRINT"U(";X;")= “;S
880 PRINT:PRINT"DO YOU WANT TO EVALUATE ANOTHER POINT";
890 INPUT Y$
900 LF Y$="Y" THEN 760
910 END
920 REMAdeRddeicdeiricieirii Jeiede dedeici-deiriede deiedelei deieiciedeiciciede deleieieiedei Jeieie dedei Seiciedod deic X dok fedededede Jeie i ’
930 REM THESE SUBROUTINES CALCULATE THE INHOM. TERM TO ADD [0 THE AUGMENTED -
g 940 REM COEFFICIENT MAIRIX ]
4 950 REMdeRieiedededede Jeiede Jededededeiesodedode Jiede Sedede 2 Jode fedo-ledede deve i dedededede de dedede de Jdeedede e ded o dedede X fe dede deke de
¢ 960 A#(I,N+1l)=S5#%s/(S+2#)
970 RETURN
980 A#(L,N+1)=S/(4#*(S+44))
990 RETURN
1000 AF(L,N+1)=S*(34%S+104) /(4% (S+4)*(S+2#))
1910 RETURW
1020 A#(T,N+1)=(L3#*(S+4#)* (S+3F)*(S+2F)=124% (3453~ 2+13#%5+26#) )/ (12#%(S+4#)
*(S+3#)*(S+24))
1030 RETURN
1040 A#(T,N+1)=S*(34%S+84) /(2#% (S+24#) % (3+4#))
1050 RETURN
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40

50
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70

30

90

100
110
120
130
140
150
160
170
130
190
200
210
220
230
240
250
260
270
230
290
300
310
320
330
340
350
350
370
330
390
400
410
420
430
440
450
460
479
480
490
500
510
520
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GALERKIN ROUTINZ - (TWO-DIMENSION)

REM edededcdede Je Ao Jo-ie Jede Jede dode e dede Je Aeiedede de Jede deie Je e R dedesie Je Jede dedededede e oo Yo edede K Jededede ede e de e dede e ke edede ke
REM T4IS PROGRAM USES A DIRZCT SAUSSIAN ELIAINATION ROUTINE wITH
REM PIVOTING TAKEN FROM APPLIED NUMZRICAL METYODS FOR DIGITAL COMPUTALION
REM BY JAMES, SMITY, & WOLFORD, PG 192-193.
REM Jededo odeNede oot deles ddeie dicie ke fode o dedede e de Rededcie ko ke ik ke fodedo ke Sede ke e de e seve ke deke deRededede s k ke dekveie
PRINT CHR$(26)+CHR$(27)+C4R$(13)
PRINT"GALERKIN (METHOD OF MOMENTS) ROUTINE"
PRINT:PRINT:PRINT
PRINT"INPUT N, THE NUMBER OF DIVISIONS";

INPUT N

LPRINT"N= "N

M=N+1

L=N-1

DIM AZ(N,M),X#(N),ALPHA#(N),U#(N)

DEFDBL A-d,Q-T,Y,X
REM***k*****#**#*k*k*kk******kk**kk**k**kkkk*******k**k#********k****k
REMkdedce TS CALCULATES THE INITTAL L MATRIXdsekddiddeiriiis

FOR I=1 TO N

FOR J=1 TO N

Q=L:R=J:S=2*%(Q+2)

P=I MOD 3:VsJ MOD 3

IF (P=1 AND V=1) THEN GOSUB 1200

IF (P=1 AND V=2) THEN GOSUB 1250

IF (P=2 AND V=1) THEN 250 ELSE 270

Q=J:R=1

GOSUB 1250

I# (P=1 AND V=0) THEN GOSUB 1320

IF (P=0 AND V=1) THEN 290 ELSE 310

Q=J:R=I

GOSUB 1329 -

IF (P=2 AND V=2) THEN GOSUB 1390

IF (P=2 AND V=0) THEN GOSUB 1440

IF (P=0 AND V=2) THEN 340 ELSE 340

Q=J:3=]

GOSU3 1440

IF (P=0 AND V=0) THEN GOSUB 1510

NEXT J

NEXT [

PRINT CHR$(7)

PRINT:PRINT"THE PUNCTIONS TO EVALUATE ARE OF THE FORM: AX“2+BY"2+CX+DY+E"
PRINT"INPUT A";

INPUT A

PRINC"INPUT B";

INPUT 8

PRINT"INPUT C";

INPUT C

PRINT"INPUT D";

INPUT D

PRINC"INPUT E";

INPUT E

FOR I=1 TO N

Q=I:3=2%Q
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530

540

550

560

570

530

590

600

610

620

530

640

650

660

670

580

690

700

719

720

730

740

750

760

770

780

- 790

Qe 300

310

320

330

340

350

860

370

830

890

900

910

920

930

940

e 950

3 960

‘ 970

930

990

. 1000

- 1019

; 1020

;9 1030
,

1340
1350
1060

T

e a e
y & A b

P AT B B i i

P=Q MOD 3

IF P=1 THEN GOSUB 1560
IF P=2 THEN GOSUB 1620
IF P=) THEN GOSUB 1580
NEXT I

FOR <=1 TO L

d=g

R=ABS(A#(K,K))

B=K+1

FOR I=B TO N
S=ABS(A#(1,K))

IF (R-S)>=0 THEN 660
R=S :Ha1

NEXT I

IF (4-K)=0 THEN 730
FOR J=& TO M

Q=at(4,J)
A#(H,J)=A#(K,JT)
AX(K,T)=Q

NEXT J

FOR I[=B TO o
=A#(L,K)/A#(K,K)

FOR J=B TO M
A#(L,J)=A#(1,J)-QxA#(K,J)
NEXT J

NEXT I

FOR I=B TO A

A#(L,K)=0

NEXT I

NEXT K
LH(N)=A#(N, M) /A#(N,N)
FOR O=1 TO L

T=0

I=N~-0

Csl+l

FOR J=C TO N
T=T+A#(L,T)*X#(J)

NEXT J
K#(L)=(A#(T,M)=T)/AK(L,I)
NEXT O

FOR I=1 O N
ALPHAZ(I)=X#(I)

WEXT 1

PRINT CHR$(7)

Ol

N

Al it i e el

ARl SaMifiam iy b fah Syttt e b o Ba e g e dant et ns et e b

PRINT:PRINT:PRINT"INPUT fHE X,Y POINTS YOU WANT EVALUATED";

INPYT X,Y
FOR I=1 TO N
Q=1

P=1 MOD 3

IF Pw]l THEN U#(I)=(X*Y)~((2/*Q+1#)/3#)*(1#=-X)*(1#-Y)

IP Pw=2 THEN U#(L)aX~((2#%Q+5#) /3#)*t*(1A=X)*(1#=-1)
IF ©=0 THEN U#(I)=f~((24%Q+3#)/34#) %X (L#=X)*(1#~Y)

NEXT T
S=) .

ag s 2
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1070 FOR I=1 TO N
1080 Q=U#(I)*ALPHA#(I)

1090 S=S+Q

1100 WEXT [

1110 LPRINT "U(";X;Y;")=";S

1120 PRINT:PRINT"DO YOU WANT TO EVALUATE ANOTHER POINT";

1130 INPUT Y$

1140 IF Y$="Y" THEN 970

1150 END

1160 R EMcdededededeiedede e de deiedeie Jedetedo fede ¢ Je-ieiede-ieedede e dede Aedefo dedeeie dodeJ-3ede Je dode do-dededo dede dedeiede e Jedede i e de e dede e
1170 REM fHE FOLLOWING SUBROUTINES ARE USED TO CREATE THE AUGMENTED LMN
1130 REM COEFFICIENT MATRIX

1190 REMicdeiviedeiededeie deieiedeieiciede dedeiede fedeieie deicie Seieiede deiedeieioiede e fo-deieieie fe-fete Jode dei-feie ie dedeieteiede deicie de i deicie
1200 REM CALCULATES LMN MAIRIX VALUES FOR M=1,4,7,... AND N=1,4,7,...
1210 A=18/(S+5#)=2#/(S+3#)+1#/(S+11#)

1220 B=(R-1#)/(S~-1#)=(2#*+1#)/(S+2#)+(R+2#)/(S+5¢)

1230 A#(1,J)=4f*(2#%R+1#)*A%B

1240 RETURN

1250 REM CALCULATES LMN MATRIX VALJES FOR M=1,4,7,... AND ¥=2,5,8,...
1260 A=1#/(2#*Q+7#)=24/( 2 Qq+104)+1#/(2/HQ+13#)

1270 B=(R+1#)/(S+3#)=(2HR+5#) [ (S+6#)+(R+4#)/(S+I#)

1280 C=1#/(S+9#)=2#/(S+12#)+1#/(S+15¢%)

1290 D=1#/(2#xQ+7#)=1#/(24%Q+4#)

1300 A#(T,J)=(2{#*%A%Bk(24*R+5#)+18#%C*D)

1310 RETURN

1320 REM CALCULATES LMN MATRIX VALUES FOR M=1,4,7,... AND N=3,5,9,...
, 1330 A=L1#/(2/*Q+74#)=24/(28*Q+10#)+1#/(2#*Q+134#)

(o 1340 3=R/(S+1#)=(2#%R+3#)/(5+4#)+(R+3#)/(5+7#)

1350 C=1#/(S+7#)=-2#/(S+10#)+1#/(S+13#)

1360 D=L#/(2#%Qe7#)=14/ (24%Q+4#)

1370 A#(L,J)=(2#*A%xBx(24%R+3#)+13#*C*D)

1380 RETURN

1390 REM CALCULATES LMN MAIRIX VALUES FOR M=2,5,3,... AND N=2,5,8,...
1400 A=(R+14)/(S+7#)=(2#%3+5#) / (S+10#)+(R+4#)/(S+13#)

1410 B=1#/(S+13#)=2#/(S+16#)+1#/(S+19#)

1420 A#(L,J)=(A*(2{#*R+5%)/45#=B)

1430 RETURN

1440 REM CALCULATES LMN MATRIX VALUES FOR M=2,5,3,... AND N=3,6,9,...
1450 A=l#/(28*QrL1#)=24#/(2i%QrL4#)+1#/(24%Q+174#)

1460 B=R/(2#%+3#)=(2#%+3#) [/ (2#%R+6#)+(R+3#)/ (2#%R+3#)

1479 CuLl#/(2#*R+3#)=2#/(24%+124)+14/(24*R+15#)

1480 D=1#/(24%Q+114)=1#/(24%Q+34)

1490 AZ(L,J)m(2#%A%Bx( 24*R+3#)+184%CkD)

1500 RETURN

P 1510 REM CALCULATES LMN MATRIX VALUES FOR 4=3,6,9,... AND 4=3,5,9,...
. 1520 A=R/(S+3#)=(2#%R+3#)/(S+6#)+(R+6#)/(S+94#)

E 1530 Bml#/(S+9#)=2#/(S+12#)+1#/(S+15#)
1540 A#(L,J)=(A*(28%R+3#)/45#-8)
E, 1550 RETURN
- 1560 REM CALCULATES GM FOR JM=1,4,7,...
] 1570 P=(A+B)*(1#/(R+10#)=-1#/(R+13#))
. 1580 G=(C+D)*(1#/(R+7#)=1#/(2+104))
1590 H=EX(1#/((R+4#)*(R+4#))=24/((R+4#) % (R+7#))+1#/((R+7#)%(R+7#)))
1600 AF(I,N+1)=9#%((P+G)*(1#/(R+4#)~1#/(R+7H#))+H)
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1610
1620
1630
1540
1650
1660
1670
1680
1690
1700
1710
1720
1730

RETURN

REM CALCULATES GM FOR 4=2,5,8,...
F=A/28*(1#/(R+14#)=1#/(R+17#))

Gal/2#* (1#/(R+11#)=1#/ (R+14#))
H=(1#/(R+8#)=1#/(R+11#))*(34*B/20MD/4#+E/2#)
A# (I N+1)=F+G+H

RETURN

REM CALCULATES GM FOR ¥=3,5,9,...

Po(1#/ (Reo#)=18/(R+I#) )*(34*A/204+C/ 44+E/24)
GmB/2#e(14/(R+12#)=1#/(3+15%#))
HuD/2#%(1#/(R+9#)-1#/(R+12%#))
A#(I,N+1)=F+G+H

RETURN
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COLLOCATION ROUTINE - (ONE-DIMENSION)

10 REM *deddciekiedidelole xddokdede oicdodfoiviode Jededede it dok dole X ke dededeiede fedededoiod Jeleic Jo e deke dieie sode deieicie fode

20 RZM THIS PROGRAM USZS AN INVERSION ROUTINE TAKEN FROM NUMERICAL MET40DS
30 REM BY R.W. HORNBECK, PG 294-295. THEZ ROUTINE EMPLOYS GAUSS-JORDAN
40 REM ELIMINATION WITH COLUMN SHIFTING TO MAXIMIZE PIVOT ELEMENTS.
50 REM dedededeieiciededededeie de i deiricdede ke deiciede Xoeiek dok de soleieieiede ko feieieicie e deicde e kcdede el Kedeie deie ik dokrie i
60 PRINT CHR$(26)+CHR$(27)+CHR$(13)

70 LPRINL"CO~LOCATION (METHOD OF MOMENTS) ROUTINE"

80 PRINT:PRINT:LPRINT

30 PRINT"INPUT N, THE NUMBER OF DIVISIONS";

100 INPUT N

110 LPRINT"N= ";N

120 DIM C#(N,N),ALPHA#(N),G#(N),J#(+25),0#(N)

130 DTFDBL Q-S,Y,C,D

140 REM#Fkdricd i Xdeledoicicioiededeirio e fe X e Siricde & fede e de dedeie sededee Jo Jedede o de Je de-dede se-ie e 0 fedede e dede ie X dedededede
150 REM CH(N,N) CONTAINS THE INITIAL L MATRIX, THEN THE INVERTED L MATRIX;
150 REM J#(N+25) IS USED ONLY IN THE INVERSION ROUTINE

170 REM##************k**#kk***k********ﬂ********##****k*k****k*****m**k
180 REMia**%*THIS CALCULATES THE INITIAL L MATRIX#H*k#ikidikihi

190 FOR I=1 IO N

200 FOR J=1 TO W

210 Q=1:R=J:5=N

220 C#(I,J)=R*(R+1#)*(Q/(S+1#))~(R-1#)

230 NEXT J

240 NEXT I

250 PD=l

260 FOR L=l TO N

270 D=0

280 FOR K=1 TO N

290 D=D+C#(L,K)*C#(L,X)

300 NEXT K

310 D=SQR(D)

320 PD=PD*D

330 WEXT L

340 DETM=1

350 FOR L=l TO N

360 QaL

370 J#(L+20)=Q

380 NEXT L

390 FOR L=l TO N

400 C=)

410 M=,

420 FOR %=L TO N

430 IF (ABS(C)=-ABS(C#(L,K))) >= 0 TH&N 460

440 M=K

450 C=C#(L,R)

460 NEXT K

470 IF L=M THEN 5560

480 R=J#(M+20)

490 J#(M+20)=J#(L+20)

500 J#(L+20)=R

510 FPOR KX=1 TO N

520 S=C#(K,L)
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o 530
- 540
ACTE 550
560
570
580
590
500
610
620
630
640
650
660
6790
580
690
700
; 710

720
. 730
« 740
_ 750
N 760
‘ 770
780
790
300
310
820
830
340
350
360
370
330
] 399
- 900

910
920
: 930
! 940
3 950
“ 960
‘ 970
f; 980
0 990

T e T

. .-
-

- 1000
5 1010
- 1020
( 1030
i 1040
1050
1060

It S A

C#(K,M)=S

NEXT K

CH(L,L)=L#
DETM=DEIM*C

FOR M=l TO N
c#(L,M)=C#(L,M)/C
NEXT M

FOR M=l TO M

IF L=M THEN 690
C=C#(M,L)

IF C=0# T4EN 690
C#(M,L)=d

FOR K=1 TO N
C#(M,R)=C#(M,K)-C*xC#(L,K)
NEXT K

NEXT M

NEXT L

FOR L=l TO N

Q=L

IF J#(L+20)=Q THEN 850
M=L

M=M+1

IF J#(M+20)=Q THEN 780
IF N>M THEN 750
J#(M+20)=T#(L+20)
FOR K=1 TO N
C=C#(L,R)
C#(L,K)=C#(M,K)
C#(ﬂy K)’C

NEXT K

JH(L+20)=Q

NEXT L
DETM=ABS(DETM)
DTNRM=DETM/PD

R el b e gl

~~~~~~~~~~~~~~~

REM* xHickekih®CALCULATES gm, THE INNER PRODUCT OF THRE WEIGHT BN & gwikickkk

FOR I=1 IO N
Q=I:}=N

REMF##ikexTHE NEXT LINE CAN BE CHANGED FOR OTHZR INHOMOGENEITICS**Xxixi

GH(L)=1#+48%(Q/(3+1#))"2
PRINT"G(";I;")= ";G#(I)
NEXT I

REMI ik CALCULATES ALPHA**Iririkine

FOR I=1 TO W
ALPHA#(1)=0
FOR J=1 TO N

ALPHA#(1)=ALPHA#(L)+C#(L,J)*G#(J)

NEXT J
NEXT I
INPUT Y

K=Y
FOR I=1 TO N

RPN S SR WP R N lhmniechi

PRINT"ALPHA(";L;")= ";ALPHA#(I)

......

PRINT"INPUT THE Tdi POINT YOU WANT EVALUATED";

.....
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1370
1080
1090
1100
1110
1120
1130
1140
1150
1160
1179
1180
1190
1200
1210
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U3(1)=Y-Y*(I+1)
PRINT U#(1)

NEXE I

S=0

FOR I=l1 TO N

Q=U#( I)*ALPHA#(I)
S=S+U# (1)*ALPHA#(I)
PRINI"U(";I3")= ";Q
NEXT I
PRINT"U(";X;")= ";S
LPRINT"U("3X3")= ;S
PRINT:PRINT"DO YOU WANT TO EVALUATE ANOTHER POINT (Y,N)";
INPUT Y$

IF Y$="{" THEN 1030
END
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COLLOCATION ROUTINE - (TWO-DIMENSION)

10 REM de de Aol i do dede Sedeiede o de desiede Je Jederiede o de dededede Jede dedededededededo fe-iedo ke de de e de de e de dede dedede e dedede d dede de dede dedede
20 REM Td4IS PROGRAM USES A DIRECT GAUSSIAN ELIMINATION ROUTINE WITd

30 REM PIVOTING TAKEN FROM APPLIED NUMERICAL METHODS FOR DIGITAL

40 REM COMPUTATION BY JAMES, SMITH & WOLFORD, PG 192-193.

50 M R dedeie drieiciodeieirieieieiviieieivie Jeicicieleie Jde 7 de e de deieicie do de de do de de dede K e de o dedede S e de devede o ke ve dede el ke de k
60 PRINT CAR$(26)+CHR$(27)+CHR$(13)

70 PRINT:PRINT:PRINT

30 DEFDBL T,2

90 PRINT"INPUT THE NUMBER OF X DIVISIONS, AND THE NUMBER OF Y DIVISIONS"

100 INPUT T,2

110 Naz#T

120 M=N+1:L=l-1

130 LPRINT"N=";N

140 DIM C#(N,M),ALPHA#(N),X#(N),U#(N)

150 DEFDBL Q-S,X,Y,A-Z,V,T

160 REM#&ededcdedeicdedode do dedededodeiede e i Jode Joiede dededo fe Jededede deicie e dede dode e fedede e dodedodc Je Jede Jedededede dok Jedededede i de
170 REM**xx%k*THIS CALCULATES THE INILIAL L MATRIX*Xdkickiddkiiio. -whiiidoikiock

é
]
1
J

180 REM#resedederiedevescdeiedede e deieiede fe dovevedededeic Jtede Jedeie Je feicdededede o 2 deve 7t dedededededededeicic deie Jodede Jo Je e e vede R de .9
210 FOR I=1l TO N a
220 V=l %
230 IF I<=N/2 THEN Y=1/(Z+1) ELSE Y=2/(Z+1)

250 IF I<=N/2 THEN X=V/(T+l) ELSE X=(V-N/2)/(T+l)

270 FOR J=1 [0 N

280 Q=J

290 P=J MOD 3

300 IF ?=1 THEN GOSUB 1140

310 IF P=2 THEN GOSUB 1210

320 IF P=0 THEN GOSUB 1260

340 NEXT J

360 NEXT I :

370 REMirkirkiexikxCALCILATES gm, THE INNER PRODUCT OF THE WEIGHT FN § ghiddicwkx

375 PRINT CHR3(7)

380 PRINT:2RINT"THE FUNCTIONS TO BE EVALUATED ARE OF THEZ FORM: AX"2 + BY"2
+ CX + DY +£&"

390 PRINT"INPUT A";

400 INPUT A

410 PRINT"INPUT B";

420 INPUT B

430 PRINT"INPUT C";

440 INPUT C

450 PRINT™INPUT 0";

460 INPUT D

470 PRINT"INPUT &";

430 INPUT E

490 FOR I=l TO N

500 Q=I

S10 IF I<=N/2 THEN Y=1/(Z+1) ELSE Y=2/(Z+1)

520 IF I<=N/2 THEN X=Q/(T+l) ELSE X=(J3-N/2)/(I+l)

530 CH(L,M)=mA*K#*X + BFYXY + CXX + D*Y + E

540 NEXT I

550 FOR K=1 TO'L

560 H=K
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570 R=ABS(C#(X,K))

580 B=Z+1

590 FOR I=B IO N

600 S=ABS(C#(I,K))

610 IF (R-S)>=0 THEN 630
520 R=S:H=I

630 NEXT I

640 IF (H-K)=0 THEN 700 X
650 FOR J=K TO i ]
660 Q=CH(H,1) "
670 C#(H,J)=C#(K,J) ;

680 C#(K,J)=Q 2
690 NEXT J
700 FPOR I=B TO N
710 Q=C#(I,R)/C#(R,K)
720 FOR J=B TDO M
730 C#(1,J)=C#(1,J)-Q*C#(K,J)
740 NEXT J
750 NEKT I
760 FOR I=B TO N
770 C#(I,K)=0
780 NEXT I
790 NEXT K
800 X#(N)=CH(N,M)/C#(N,N)
810 FOR O=1 TO L
320 $=0
830 I=N-0
6 840 C=I+1 |
350 FOR J=C TO N ]
860 S=S+C#(I1,J)*xX#(J) .
870 NEXT J 1
380 X#(T)=(c#(I,M)-S)/C#(I,I) .
890 NEXT O
300 FOR I=1 TO N
910 ALPHA#(L)=X#(L)
920 NEXT I
925 PRINT CHR$(7)
g 930 PRINT“INPUT THE X,Y POINT YOU WANT EVALUATED";
i 940 INPUT X,Y
950 FOR I=1 IO o
960 Q=1
970 P=T MOD 3
980 IF P=l THEN U#(L)=(X*Y)~((2#*Q+1#)/38)*(1#=-X)*(1#=-1)
990 IF P=2 THEN U#(I)=sX~((2#%Q+5#)/34)*Yk(L#=-X)*(1#=Y)
1000 IF P=0 THEN U#(I)=Y~((2#%Q+34)/3¢)*X*(L#=X)*(1#-Y)
1010 NEXT I
1020 S=0
1030 FOR I=1 TO N
9 1040 Q=U#(I)*ALPHA#(I)
¢ 1050 S=S+U#(I)*ALPHA#(I)
1060 PRINT"U(";I;")= "3Q
1070 NEXT I
1080 PRINT"U("
1090 LPRINT"U(
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1100 PRINT:PRINT"DO YOU WANT TO EVALUATE ANOTHER POINT (Y,N)";
1110 INPUT Y$

1120 IF Y$="Y" THEN 930

1130 END ‘

1140 REM CALCULATES TdE LMN MATRIX VALUES FOR J=1,4,7,...
1150 A=X~((2#%Q=5#)/3&)* (1~ ((24%Q+1#)/3#)=-1~((24*Q+4d)/3¥))
1160 B=Y~((2#%Q=5#)/3#)% (X~ ((2#%Q+1#)/3#)=-X~((2#%Q+4#)/3#))
1170 C=xX~((28%Q=2#)/3#)% (Y~ ((28%Qq+48)/38)=1~((24*Q+12)/34))
1130 D=Y~((2#*Q=2#)/3#)* (X~ ((2i#*Q+4#)/34)=X"((2#%Q+1#)/34))
1190 C#(I,J)=((2#%Q=2#)*(A+B)+(24*Q+4#)%(C+D) )*(2#4Q+14)/9¢
1200 RETURN

1210 REM CALCULATES THE LMN MATRIX VALUES FOR ¥=2,5,3,...
1220 A=(23%Q+28)%X"((2#%Q-14)/3#)~(2#%Q+8#) %X~ ((24*Q+2#)/3#)
1230 B=23*(X~((2#xQ+3#)/3#)=X~((28%Q+5#)/3#))

1240 CH(I,J)=a*x(24%Q+S5#)*(Y-T*7)/9#+B

1250 RETURN

1260 REZM CALCULATES [HE LMN MATRIX VALUES FOR ¥=3,5,9,...
1270 A=(2{%Q) %Y~ ((24%Q=34)/3#)-(24eQ+6# ) >~ (24%Q/34#)

1230 B=2##(Y~((2#%Q+63) /3#)=1~ [ (2#4%Q+3#)/34))

1290 CH#(L,J)=A*(2/*Q+3#)%(X-X*X)/9#+B

1300 REIURN
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