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I. INIRODUCTION

Since Wcrld War II, comtat modeling, simulation and
analysis have been the subjects of considerable research.
The oljectives of this research are to support defense deci-
sion making and doctripal developments during pesace and war
time. During rpeacetinme defense-planners are pricarily
concerned with weapon procurement, development, acquisition,
organisation and structuring. During war time it is
telieved that a better understanding of the gquantitative
aspects c¢f attrition can help commanders make better ccomand
and control decisions.

Ccmbat processe€s involve complicated interactiocns
tetween oppesing forces. These interactions are often influ-
enced by many external factors such as environment, troop
quality and tactics. There are different types of ccakat
models such as war games, simulations and analytical models.
A fundamental recuirement for a good model is that it must
te of a fairly high degree of operational realism, since
otherwise they would not be credible to military planners.
Cn tbe othker hand, excessively complicated models can make
the mathematics too difficult tc handle.

In this thesis, a generalised Lanchester [Ref. 1] rodel
which contains area-fire, aimed-fire, self-attrition and
replenishzent coefficients is used. It consists of a system
of 2N bilinear equations and beloangs to the general category
of anpalytical models. The model is rich enough to treat
modern comtined-arms operations involving heterogeneous
forces. It is also fpossible to extend the model to analyse
operations ¢n two or more fronts.

Aancng the many ipportant issues that could bLe analysed
using this model, the problem of optimum force 1istribution

12
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had teen studied by Wozencraft and Moose (1983). In their
Faper [Ref. 2], an objective function was <chosen as the
difference of the aggregate attrition rates. It was shcwn
that the orptimizaticn problem is matheratically equivalent
to a matrix game. Hence, the model has a saddle-point solu-
tion with corresponding optimum force distribution vectors
x and y for Blue and Crange forces respectively.

In addition, the neighborhood stability of the model at
the operating point (x* and y*) was also investigated. By
defining two parameters, K1 and K2 which are obtained by
considering small perturbations around the operating points,
a great deal could ke learned about stability.

Motivated by these results, much of the work done during
the initial part of this thesis was directed at studying the
effect of stability cn battle cutcome. The ultimate gquestion
is, how do we exploit the knowledge of stability of an oper~
ating point to influence battle outcome? Before this ques~
tion can te answered, it appears that there is a need for a
tetter understanding of the equilibriua points. Charter III
is devoted to finding and understaanding the equilikriunm

solutions and their stability behavior. Like many other
nonlinear <system of egquations, the Lanchester's model
adopted bere has multiple equilibria. Stability analysis

[Ref. 3] of a non~linear system is usually done Lty metheods
wvhich do nct reguire prior knowledge of the eguilitrium
solutions, One example of such a method is the Liarunov
method [Ref. 84]. If, by some realizable means, the equilib-
rium soluticns can be found explicitly then there is no need
to rely on these indirect methods which are often difficult
to isfplexent.

Cne of the reasons for resorting to the Liapunov metlkod
is the difficulty ip obtaining equilibrium solutions of a
non-linear system. Many numerical methods are unsuitable for
reasons such as difficulty in obtaining good initial

13
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guesses, non~convergence, ill-conditioning and so forth.

Fortunately, a powerful nuperical technigue called the

Continuation Method can be applied for our purpose. This
7 method not cnly finds all the solutions (i.e. it is exhaus- -
T tive), it dces not even require initial guesses.

In order to gaip a firm grasp on the dynamics of the
system surrocunding the eguilibria, it is helpful tc tempo-
rarily fccus attenticn on the homogeneous (1*1) systen. In
spite of its simplicity, the 1*1 system is not devcid of the
essential characteristics of the N*N system. In fact, the
1*1 model is sufficiently sophisticated for certain analyses
in which the opposing forces can be assumed to Le homoge-
neous. As we proceed through Chapter IV, it will beccne
clear that much ipsight into the stability and system
dynamics cculd be gained by merely considering the 1*1
system. Part of the chapter is devoted to the derivations
and interpretations c¢f the relations hetween systen asyomp-
totes, 1locations of equilibrium points and stability. The
dynamics of the system are studied using the idea of phase
trajectcries. These trajectories represent changes c¢f force -
levels with time and they will be shown to depend not only
on the stabilities of equilibrium points but also on the
domains of attraction.

Chapter V concentrates on tattle outcome which is cne of -

the main issues facing a commander. It encoapasses many
issues such as, (1) VWho will win and by what margin? (2)
What is the length of battle? (3) How do initial deployments
affect bhattle outcome? (4) Which parameters af fect battle
cutccome most? But we will «c¢nly address the two follcwing
subjects :

(a) The effect cf stability on battle outcome;

= (b) The effect cf varying X and Y, the initial force
levels.

14




The rasic approach is to define a aultistage battle with
a predetermined condition for termination. The resultant
payoff matrix can then be used to obtain the optimum set of
mixed strategies. An example, vwhich employs KOREAN WAR data,
is Fresented for the purpose of 1illustrations and
discussions.

The essernce of tle findings are:

1. OUnstable operating conditions can be exploited to
influence battle outcome, especially when total war
rescurces are large. The effect on battle ocutcome is
pcre pronounced for highly unstable warfare;

2. Ipitial force deployment can be optimizel in accor-
dance with a set of mixed strategies.

We conclude this introduction by stating two of the
outstanding issues. The first question is the extert to
which cne «can replace the N¥N froblem by the 1%*1 problem.
The motivation to find an eguivalent 1*1 system stems from
(1) our better understanding of the 1*1 system, (2) ease of
rresentirg and visualizing two-dimensional pictures, and (3)
savings in computaticnal effort.

The second question concerns replenishment rates. In
this thesis, the rerlenishment terms used in the model have
teen constant. It 1is therefore reasonable to ask, how to
podify replenishment terms to reflect a higher degree of
operational realism? In other words, are there more suit-
able tipe-dependent replenishment rates ;(t)?

15




II. IANCHESTEE'S EQUATION

Ad. PBACKGROUND

Ccmkat models hLave been studied as a form of decision
aid for defense fplanring. A wide variety of defense plan-
ning rrobleuns, ranging from force structuring and weagon
selection to rates of deployment in battles have been anal-
ysed using combat models. There are many different types of

models. They can be loosely categorized as either war ganmes, .

simulaticns or analytical models. Discussions on the
pature, advantages and shortcomings of each carn be fournd in
[Ref. 5].

Cur attention will ke focused on a generalized
lanchester's [Ref. 5] model, which 1is an analvtical zcdel.
It consists basically of a system of ordinary differerntial
equations describipg the mutual interactions between

opposing conbat forces. Although earlier works in e

lanchester's model [Kef. 6] employed only a few terms in the
equaticns, modern high speed computers enable more general-
ised, realistic and responsive versions to be used.

Consider a battlefield with opposing forces, Blue and i

Crange, denoted by {xi} and {yi} respectively. The
subscripts i, J refer to the type of forces such as
infantry, tanks, artillery, etc. A generalised version of
Ianchester's model given by

X, = - - X, .Y - ..y. *+ T,
Xp = 7X4Yy xl}i?ljy] Ezbl]y] T3
’ ’ (egqn 2.1)
Y S - . . - LN . .« s - .'d-- + s.
73 7 793 ’JE:xlcln E:Yl i5 7 %3
i i
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where
us o, Vj = self-attrition coefficients
aij‘ cij = area-fire attrition coefficients
bij’ dij = aimecd-fire attrition coefficients
r. o, Sj = replenishment coefficients

is adcpted in this tlLesis.

Note that in gereral I # J, implying that the force
compositions may be different for the two sides. It is also
possikle toc extend the akove formulation to a scenerio
involving more than cne Lattlefield.

In the next two sections, the highlights of the work
done by Wozencraft and Moose (1983) are given. The work done
in this thesis 1is a continuvation and extention of ‘their
work. The detailed derivations of the results obtained by
ti2a can be found in [Bef. 2], and hence are not included
here.

B. OETIMUNM FORCE DISIRIBUTICN

The gquestion of optimum force distribution arises in
combined-arms operatiorns. The problem is fundamentally
this: Given aggregated forces X, Y, how should one
distribute them among the different types x, and Y5
Lb,2...,I1, j = 1,2...,3? Since loss rate is one of the

i=

fundamental concepts in comkat modeling, it is resasonable to
choose this measure as a starting point. The okjective
function was chosen to be

17

Aba




a y y
M 'Z(xi -ry) - z:‘-"j - Sj) (egn 2.2)
i N

Fcr this choice of M, it was shown that there exists
optimum force distrilkution (row anid column) vectors x* and
¥* such that for any cther vectors x and y

~ % * &~
xdy <M < x Ay (eqn 2.3)
where
* L A
M = X “\’V
A = matrix determined by attrition coefficients and

the aggrepgate force levels X and Y

The resemblance of this result to the Ninimax theorem
[Ref. 7) in matrix games is very striking. Indeed, this
result holds precisely because M can be written in a fcra
pathematically equivalent tc a pmatrix game. Conseguently,
it is nct surprising that one can solve for the optimunm
vector x* and y* by means of a linear Program. An interac-
tive frogram to solve a 2*2 program is given in Appendix A.

C. NEIGEBCRHOOD STAEILITY

Equilibrium conditions can be achieved if the replenish-

kcut rates are chosen to make




r
L)

at x = x*andy = y'. Following the usual approach in the

analysis of nonlinear system stability, egquation 2.1 can
then be transformed into a system of linear eguations.

Ex dx ;\ g
o = <C s C = ~
6y Sy : D ¢

C is called the conflict matrix and its elements are deter-
mined by the attriticn coefficients and the optimum vectors
x* and y*. For the system of egquations 2.1, A and C are
diagonal matrices. It was shown that two parameters k;, k,
partially characterize the stability of the system. k, and k,
turn out to be the column sums of the left and right side of

the matrix

~ ~

A A ~
Lenoting the elements of the sukmatrices A, B, C, D, by a5

by, ejj and 4,; respectively, k; and k, can be written as

ky = -a54 Ei:dli
1

X =-A..+ZS.

2 3j - 1)

independent of the columns i, j. Furthermore, it was shcwn
that the following relation holds

8K - k68X = &Y - k,6Y

19




where

A
§X ¥ Foex. ;oY 2 Eiyj
i j

It was found that the equilibrium point (x*, ¥ ) is
stable if k, and k, are negative. If k; and k, are positive,
l then the system 1is ‘unstable'.! Furthermore, values cf k;
and k, and hence the stability of the operating focint was
found to be affected Ly the aggregate X and Y.

]
i . 1More generall it can be_shown that k, <A<k where
, is the maximum elggﬁvalue of =C. 102! 0

20
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III. MUITIDIMENSIONAL (N*N) SYSTEM

A. NATURE CF N*N PROELEM

The interesting results highlighted in the last chapter
provided motivation tc extend the body of knowledye. A study
of the effect on stability of battle outcome seens to have
important potentials for aprlications. Should a ccmmander
strive to establish a stable operating point, and 1if so,
under what conditions? Also, what is the optimum initial
level of forces he should deploy and how nmany should he
Baintain in reserve? To answer these gquestions, more knowl-
€edge alkout the nature of these equilibria and their
stability behavior is required.

The pext section outlines the kind of problems we would
€expect to see and their potential complexity. It is
followed by a section on finding the ejuilibrium soluticns.

1. Existence of Fultiple Ecuilibria

-—— - ——— - =

An N*N system is in equilibrium if the replerishment

rates r, , s are such that there is no change in the force

. j.
levels (x; = yj = 0). The system of equations becomes

j

(eqn 3.1)
0= -vyyy = Yy L%iiy - Xxdiy v
1

i,j = 1,2,...,N




where, for simplicity, i and j are each assumed tc have N

types cf forces.

A 2N-tuple vector, z 4 (}, ;) which satisfies egua-
tion 3.1 is an equilibrium solution. Like many nonlinear
systems cf equations, eguations 3.1 have more than cne egui-
librium point. Geometrically, these equilibrium points are
at the intersecticns of a set of hypersurfaces in the
2N-dipensioral space. To help in visualizing the geometry,
we can look at an example using a 1*1 system as shown in
figure 3.1. In this case the hypersurfaces simply reduce to
byperbolic curves.

Figure 3.1 Equilibrium Points at Hyperbolic Intersections.

The existence of multiple eguilibria makes the anal-
ysis of the N*N problem very interesting but difficult. 1In
chapter 1V, sone illustrations cn how the locations of these
equilitria affect phase tra jectories will be presented.

A fev other interesting gquestions arise spontane-

ously. For instance, hr . many of these equilibria are there
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Figure 3.2 Infini te Number of Egquilibria.

in an N*N problem? 1TLe answer to this guestion is not imme-
diately obvious just by looking at eguation 3.1; however, it
emerges guite naturally when the Continuation #Hethod is
considered in Section 1IIIB. It will be seen then that an
N*N system has, in general, N, equilibrium points where

N

w2 (1) - (%)

1=0

Two excepticns, or degenerate cases, have Leen
observed, namely: (1) when some or all of the hypersurfaces
merge there are an infinite opumlter of eguilibrium points,
(see Figure 3.2), (2) when some or all of the hypersurfaces
intersect in such a manner that repeated eguililria are
formed, the number of distinct equilibria is less than Np.
Figure 3.3 illustrates such a degeneracy.
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Figure 3.3 Repeated Equilibria.

Fach equilibrium point in an N*N system may cr ray
not rte stable depending on whether or not its eguilitrium
point «can be maintained. The property of neigkborhood
stability is important because it has a strong influence on
the phase trajectories. Generally, if an operating foi=c is
stable (the maximur eigenvalue is negative), then any
perturbation away from that roint results in the systen
returning to the same point. Conversely, perturbations
about arp unstable fpoint results in divergence from that
point.

The notion of domains of attraction is also critical
when determining phase tra jectcries. Any operating point
within this dowmain cr region will be "attracted" toward a
stable equilibrium point. In short, a Jdomain of attraction
is a volume in the 2N~dimensional space surrounding a stalle
equilibriuam point. Figure 3.4 shows a typical domain in
which scme of the trajectories are shown converging to a
stable equilibrium point.
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Figure 3.4 Domains of Attraction,

Domains of attraction are separated by boundaries
which are invariant curves in 1*1 problems anl invariant
hypersurfaces in N*N problems. A boundary surface may be
considered as an infirite number of invariant carves placeil
side by side. A boundary curve is the locus of points that
approach an unstable point from both sides. The koundary
line can be obtained by backward integration (i.e. |using
negative tire in equation 2.1) starting just on either side
of an unstable point. The rationale behind this method is
that tc approach ar unstable equilibrium, a peint pmust
remain exactly on ttke boundary. If this is not the case,
then the point will te attracted into the domains and move
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toward a stable point or infinity. By performing a tackward
integration, we are actually retracing the path taken by a
point which previously approached the wunstable eguilitrium
Foint. This method requires knowledge of the unstable equi-
libria, bLut this is made feasible because the Continuation
Methods can be used tc find all eguilibrium solutions.

E. FINDING THE EQUIIIBRIUOM SOLUTIONS

To obtain a set c¢f equilibrium solutions, one has to
solve eguation 3.1, which <can be written using a more
compact notation as

F(Z) = 0 (eqn 3.2)

where

F(.) represents the right-hand side of
equation 3.1

N

= (X,¥)

(] ]

= eTro0 vector

It is well known that numerical techniques for solving
nonlipear equations are not always successful. Since egqua-
tion 3.2 describes a bilinear system, one should expect to
face sipiliar difficulties when attempting to solve it
numerically.

Most numerical methods for root finding generally
require that a fairly good initial guess (z,) be known so
that some convergent iteration process

in+1 ) g(in)
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brings tke apprcximated root closer and closer to i* the
desired equilibrium solution or root. In practice, the
following difficulties are often encountered

(1) The convergence <condition of the algorithnm
must be ensured;

(2) Finding an initial guess that is sufficiently
close to the correct solution is difficult,
especially for higher dimensions;

(3) Even if a good initial guess has been obtained,
the numerical process may still be plagued by
ill-conditioning, saddle points, etc.;

(4) Not all the solutions are guaranteed to re
found.

1. Continuation Method

Fortunately, the akove problems are avoided if a
numerical method called the Continuation Method [Ref. 8] is
used. This technigue, which is sometimes called The
Inbedding Method, has been successfully applied in wmany
fields. It intrcduces an artifical guide which will channel
the iterates toward a specific solution. Such a guiding
principle is actually a knowledgye of the existence of a
suitable curve ccnnecting an initial point with the decired
solution.

Continuation Method has significant advantages over
other numerical techniques. Most importantly, a good initial
guess 1is rnot necessary and all the solutions can be
cbtained.

a. Basic Theory

Given the problem F(Z) = 0 to solve, the first
step is to embed it into a homotopy or a parameterized set
of problems, H({Z,t). The requirements on H{z,t) are :
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(1) H(z,1) = Fy (z)
(2) H(z,0) = Fo (2)

is the original prctlenm

Ot Ot

has a trivial or easily
computed solution

For example, a homotopy could fte :

H(Z,t) = tF(2) + (1-t)F (2) , te[0,1] (eqn.3.3)

Using the above parameterization, the simple
problem of Fy(z) = 0 is deformed into the desirel one, Fy (2)
= 0 . This 1is done by calculating the solution tc the
deformed problem at each stage of the deformation. The exis-
tence of a continuous curve such that H(E(t), t) is a solu-
tion to H(.,.) = 0 for all te [0, 1] is assuned.

¥. Iomplementation

To actually carry out the above continuation

Frocess one usually differentiates H(.,.) to form

H(Z(t),t) = O (eqn 3.4)

Using equation 3.4, 2z can ke written as a function of z and
t as given in eguaticn 3.5. The function, h(.,.) is prefer-
ably a linear functicn that can be integrated numerically.

i = h(z,t) (eqn 3.5)

Together with the initial condition z (0) = 2z, ,
equation 3.5 is actually an initial value problem which can
ke integrated numerically. The solution at t=1 is then the
solution to the origipal problem F(z) = 0.
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2. Algorithm to Obtaipm 2*2 Eguilibrium Problem

A 2*2 Lanchester problem is first formulated into a
Continuation process. It is followed by a discussion on hLow o
&‘ the accuracy of the method can be improved. The last rart of S
¢ this subsection includes a note on the number of equilitriun

Foints in an N*N problen.
a. Formulation

For the 2#2 prokblem, F(z) = 0 is explictly

~zy(up*agg25%a3,2,) * 1y cbyyzg - by, = 0 -

it
Q

"2p(up*a,25%a,0%y) * Ty "By 23 - by

“zzlugrcygzyrcygzy) * Ty mdygzy - dgyyz, = 0
2y (ugreg gt

The homotopy is formed by writing

Hl(i) Hl(i,O) + t(rl-bllz3-blzz4) -

H,(%Z) = H,(Z,0) + t(r,-b,,2.-by5z,) = 0
2 2 2 721°%3 "22%4 (eqn 3.6)
HS(Z) = HS(:’O) + t(rs-d

H, (2)

1121792122) ,
Hy(Z,0) + tlry-djp2y-dy52,) = 0 -

where

Hl(i,o) = -zl(ul+allzs+alzzd) = 0
Hz(i,O) = -zz(u2+321:3*a22:4) = 0
H3(2,0) = -z5(ugrcyy2,+cy)2,)
H4(i,0) = -24(u4+c12:1+c22:2) =0
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Next, we differentiate eguation 3.6 with respect to t and
Put it in a matrix fornm

N

Az = B (eqn 3.7)
where
- A
Uj*a)125*3)02y 0 3112)*b T 3p03pthypt
0 Us*tas 2248572, 351I5%hyit @5525%D,0t
é:
c11%3%dt G M A S EIRCPIED: 0
C12fg*diat Cppigtdpst 0 uy*C;524%C,Ha2,
. 9T
Z -[lezzs-3)z4]
rl'bllls'blz“;
r,-b,.z:-b,,z
r3-dyyzy7dp%s
T47d1,217952%;

Equation 3.7 can now te integrated numerically using one of
the readily available integration routines.

We have assumed that the trivial solution to
H(zZ, 0) = 0 has been previously found.

b. 1Improving¢ Accuracy

Numerical integration of ejuation 3.7 inevitatly

produces scme errors at €ach 1iteration. Since the
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Continuation method relies on following curves to arrive at
the desired solution, it is esssential that each iterate
remains close to the actual curve. It 1is necessary to
include a way to correct the aprroximated position ty means
cf a corrector step. The combination of integration and
correction is often called a "predictor-corrector step"

This process of prediction-correction is shcwn
in Figure 3.5 where each integration error has teen exagger-
ated for illustrative purposes. The algorithm tc be
presented later emplcys an IMSL routine called ZSCNT for the
predictor step. Other forms of curve following routine can
also ke found in the 1literature, and are briefly mentiomned
in [Ref. 8].

Cc. Trivial Solution

The trivial system H(Z,0) = 0 was chosen to be
Hl(E,O) = -zl(ul+a1123+alzz4) =0
HZ(Z,O) = -zz(u2+32123*azzz4) = 0 (eqn 3.8)
HS(E,O) = -zs(u3+cllzl+c2122) =0
H4(2,0) = -14(u4+c12:1+c2222) =0

In non-degenerate cases, there are six scluticns
corresponding to egquation 3.8. The result is derived in
Appendix B which also deduces the number of trivial solu-
tions for an N*N problem to Le

N 2

N
Nk =2£:(i) (eqn 3.9)

i=0

The method of ottaining the trivial solutions is given in
Appendix 3. Using a combinatorial identity, Nk can be

written as
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Figure 3.5 1Integration Path using Predictor-Corrector.

(ZN)

N, =

k

N

Each continuation process starts from a trivial

soluticn z and follows a specific curve until it reaches

the eguiligrium point. Conseguently, the number of equilib-
rium points will alsc be N,. As aentioned in section 111A,
the two e€xceptions are situations involving infinitely-many
and repeated eguilibria. Situations involving degeneracy

are discussed in Appendix B.
d. Algorithe

(1) Singularity Ireatment. In Continuation

Method algorithms [Ref. 8], it is sometimes necessary to
give special treatment to cases in which the curves being
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followed by the integration rcutine pass throujh a singu-
larity. Experimentally, it had been observed that in our
problem, the singularity tocok on the form shown in Fijure
3.6. Corrective measures were necessary to ensure that upon
crossing the singularity, the large magnitude was preserved
but the sign was changed; otherwise the curve might termi-
nate at an equilibrium point which was not the intended one.
In the algorithm, the presence cf the
singularity is detected by monitoring the rate of change of
the individual component z;. Once identified, this fast-
changing and large~magnitude component (zp) is monitored at
each step t where 0 = t; <...<... t, < tk+1 Ceee kg = 10
Wwhen 2z, is found not to cross the singularity and end up at
approximately -2, the algorithm attempts to correct this
irregularity by artificially making zp = -z, before the next
predictor step commerces.
(2) Flowchart. The flowchart for the algo-
ritho is given in figure 3.7. Only the major steps have been

shown. The program listing is given in Appendix C.
3. Exapple and Fesults

Consider as an example a 2*2 problem with the

following attrition coefficients

1.0 0.3 [1.2 1.0
A = C =

0.6 0.9 1.1 0.6
.15 0.17 0.0 0.0
C = D =
.15 0.3 (0.0 0.0

ta

U= 1[0.3 0.3) r0.1}

\'
L0.
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correct
curve

incorrect

- -

Figure 3.6 Curve Passing through Singularity.

The trivial =solutions are first computed and serve
as one of the inputs to the program. The program obtains the
values of z (t) and plots each component ( z;(t) ) versus t.
In Figure 3.8, the plcts for t close to zero show one set
of curves for z;(t) starting from their respective trivial
soluticns. The curves of z;(t) versus t for all the six
sets c¢f equilibrium solutions are shown in Figure 3.9.

A few interesting features of the continuation
Frocess are worth noting. For exaample

e Each trivial solution leads to different eguilib-
rivy solution and the integration path is different
for each component.

e All the curves are smooth ; one of the four curves
way rass through a singularity. { see Figure 3.9 (c)
and (4) ).
Table I sumrarizes the computed equilibrium solu-
tions. They are tabulated in the same order as the plots in
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Figure 3.9. To estimate the accuracies of the results, ve

defined error as

~2 ~2 -~ -~
ERROR = Y F, + F. + Fo + F.

Fi = Fi(z) » 2 1s the computed equilibrium

solution to F(z) = 0

Decreasing the integration step size in the
predictor and correctcr routines may reduce the errors by a
small amount; but tle increase in computational effort ray
not ke justifiable. Conversely, it may be desirable tc cut
down computing time. Currently, the algorithm performs cae
corrector step for each predictor step. If two or more
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TABLE I
P .
4 Computed Egquilibtria for X = 1.0, ¥ = 4.0
Trivial Sclutizon Tormputed Eoudlirrium  Oclution, z Trror
. -U4
(0, 0, (1.7795, 1.2206, 0.2%10
0, 0) 1.0533, 0.3512
(0, -0.33, (34,2989, -64,2651, c.5%107°
0, -0.33) 0.1350, ~0.2775 )
(0, -0.091, (0.5154, 0.38u45, 0.1%107"
-0.5, 0 ) 3.676%, 0.9221
(-0.2, O, (0.u6%10""%, -0.2030, 0.22%10"°
0, -1.0) -16.6400, 52.%320 )
(-0.083, 0, (-0.1857, €.0325, 0.56%197°
-0.3, 0) -uu 5297, 28.6147)
(-0.42, 0.37, (-45.2284, 39,1604, 0.23%10" "
0.25, -0.17) -0.3497, ~0.04485)

predictor steps are done for each corrector step, scne
computational effort2 can be saved.

2faving in computational effort will be more significant
when sclvinhg higher dimensicnal systems.
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I1V. BBOEERTIES OF THE 1*1 SYSTEM

The 1*1 problem is the simplest case in our nodel. It is
nevertheless important for us to investigate and understand
its properties. Despite its relative simplicity, it is by no
means uninteresting. There exists many situations which can
ke realistically and easily modeled by the 1*1 systen. For
e€xample, when the oprosing forces can be considered as hono-
geneous, it is convenient to use the 1*1 model for analysis.
It is also useful for the analyses at the strategic level
when the forces and parameters can be aggregated. In many
instances, it seems to provide insight on how to apfproach
the N*N problem, which is much more difficult to visualize.
In fact, as the understanding of the 1*1 system increases,
there is a strong urge to try to represent the N*N prcblem
by an equivalent 1*1 problem. The equivalent representation
is not only attractive in terams of its simplicity but also
its econcmy irn computational efforts.

The next section will focus on the relation Letween
system asymptotes and stability of the equilibria. By formu-
lating the rroblem gquantitatively, we are able to arrive at
some useful properties. In Section IVB, the system dynamics
i.e. the changes in the force levels are analysed Lty consid-
ering the phase trajectories.

A. SYSTEM ASYBPTOTES AND EQUIIIBRIUM POINTS

For the 1*¥1 rroblem, the system reduces to

X = -Xx(u +ay) + r - by
. (eqn 4.1)
Yy = -y(v #cx) + s - dx
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An equilibrium condition exists if r and s are chosen such
that x and y are both zero. In general, there will be two
equilibrium points ccrresponding to two locations where the
two hyperbolas intersect. The hyperbolas are descrited Gty

x = L - by

u + ay
(eqn 4.2)

s - dx

Y T VA cx

From equation 4.2, one can easily deduce the four asymptotes
(two vertical and two horizontal) associated with the hyper-
bolas. Figure 4.1 =shows a typical set of four asymptotes.
They always cross in the third gquadrant of the x-y plane and
do not depend on the replenishrent coefficients. The rela-
tive displacements Letween the two horizontal (and also
vertical) asymptotes depend only on the ratios of attrition
coefficients and not on the coefficients themselves. It
turns out that these properties of the system asymptotes
help to simplify the analysis considerably.

1. Stability Criteria

Considering small perturbations about an equililrium

(x. ,y7.) and linearizing the eguations, we have
e ¢¥e g

5; (u + aye) (b + axe) 8x

Sy (d + cy,) (v * cxg) Sy

The characteristic polynomial is simply
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]
D(s) = Det [sI - C] (eqn 4.3)

where
I = identity matrix -
C = the 2*2 matrix in equation 4.3 -
Hence, ;«w
D(s) = [s + (u+aye)][s + (v+cxe)] - [(b+axe)(d+cye)]

s2 + [(u+aye) + (v+cxe)] s + [(u*aye)(v+cxe)
- (b+axe)(d+cyeﬂ T

The conditions for (e ¢+ Yo) to be a stable eguilibriunm,
i.e. for the roots cf D(s) to be in the Left Half Plane
(LHP) are given by




(u + aye) +(v + cxe) >0

(eqn 4.4)
(u + aye)(v + cxe) - (b + axe)(d + cye) >0

2. Stakbility and Asvmptotes

— -—

Five different ways in which the hypsrbolas «can
intercept have been 1identified and their statilities
accounted for. These five cases are shown in Figjure 4.2 and
each case will be elaborated upon subseguently.

a. Definitions and Formulation

One of the most intriguing facets of the 1#*1
Froblem is the connection between the asymptotes and the
stability cf the resulting equilibria. We begin the guanti-
tative treatment by first defining the following ratios:

A u A d
n = = n = =
1 a ’ 2 c
A b A \Y
B - u = -
u1 a ’ 2 c
The four asymptotes are x =-Mp e X =-Hy o, Yy =00 and y =

Ny e If we let the first equilibrium point be (Xop ¢ Yop)
and sutstitute the corresponding r and s into the equation
4.2, we have

|
(]

nl(X'Xel) + (XY'xelyel) + Ul(Y‘Yel)
(eqn 4.5)

|
[}

nz(x'xel) + (xY'xelyel) + uz(Y'yel)
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Figure 4.2 Types of Equilibria
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Next, the distances Letween the asymptotes are dafined as

ne>

€ -
X u2 ul
e £ on -
y 2 1
It is not difficult to see that =« and ¢, will

X Y

decide where the hyperbolas intersect. For instance, when ¢

> 0 and Ey > 0, there mwmay be two equilibria in the first
guadrant3 (See case (b) of Figure 4.2). In general, the
second equilibrium point (Xez, Ye2 ) can be found ty eliumi-
nating y or x from equation 4.5 and comparing coefficients
with (y - Yo) (Y - Yoo) and (x - xel)(x - xez). The final
€xpressions are

€
- X _
Xe2 = g, Ye1 * M) - ¥
e (eqn 4.6)
= Y .
ye2 € (xel * ul) n1

For constant Loy X580 Yoy and Yoor equation
4.6 can ke written to represent two straight 1lines in € #

€y Flane. The equations of these two lines are

e _e Uep* M)
y = x
(X1 * ¥1)
(eqn 4.7)
£ ex fyel * nl)
(Xez + “1)

<
n

3In our cor .ext, the quadrants are defined by the asymp-
totes and not by the x, y axes.
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b. Types of Equilibria and their Stability

To derive the different types of equilibria and
their associated stabilities, we make a transition from the
X, Y plane into tke ¢, €y plane. Briefly, the basic
approach is to fix ore equilibrium point (Xg; » ¥Yq) OB the
first quadrant hyperbolas and consider the regions in the
Exr  Ey plane when we have the other point in various places
of the x, y plane. The other essential step is to express
the stability criteria (equation 4.4) in terms of €., £ge
Mye Nye X 0 Y, A summary of the results which are derived
in Appendix D is given below :

(1) When both equilibrium points are on the first
gquadrant hyperbolas ( case (b) in Figure 4.2 ), cne
will be stable and the other unstable;

(2) When one equilibrium point is on the first
guadrant and the other on the third, both <can be
unstable or one will be stable and the other
unstable ( case (a) in Figure 4.2 );

{3) When both eguilibrium points are on the third
quadrant hyperbolas, both are unstable ( case (c) in
Figure 4.2 );

(4) HWhen there are infinite number of equilibria as
in case (4) in Figure 4.2, ¢, = Ey = 0 and the two
sets of hyperbolas wmerge. Equilibria lying on the
first quadrant hyperbola are neutrally statkle (one
eigenvalue eguals zero) and those on the cther
hyperbola are unstakle;

(5) When there are repeated equilitria as in case
(e) in Figure 4.2, they are neutrally stable if the
hyperbolas touch in the first quadrant ; otherwise
they are unstable.
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Most of the above results are embedded within
Figure 4.3 which is reproduced from Appendix D for conven-
ience. Evidently, Lcth the coorlinates of the egquilibrium
Foints (x,., y,) and the location in the ¢, €y plane deter-
mine the stabilities. The e, €y plane has been sutdivided
into a few regicns each with distinct stability
characteristics.

(Xe17 Yer)
3] unstable;
(Xa2+ Ye2)
stable
-——-—-{(/;}————/ @g as above
—— - @ both
) unstable
: A “) (xel’ yel)
\§:S;;§$:q '"@“" stab]e{
(xezs )ez)
\\\ unstable
T J“\S BB as above
( 4 <
EEESS;> N~ _Optyey)
\\\\\ N : e e
§\ 5 R (%)
fiiT ALJH

Figure 4.3 The € e ty Plane.

The case of infipitely many equilibria corre-
sponds to the origin cf ¢, £y plane (u,=p,, ny=n,). The
only way for two sets of hyperbolas to merge is for their
respective asymptotes to merge. This case is 3 degenerate
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instance of repeated equilitria ( case (e) in Figure 4.2 ),

which 1is shown in Appendix D to correspond to ofperating
Foints on the line Ey = e (Y +#n)/(X + L) as illustrated
in Figqure 4.3.

As a corollary, we note that there cinnot be two
stable equilibrium pcints in the 1*1 problem. This deduction
can be made by referring to TFigure 4.3. There is no region
in the €,, ¢ plane which allows for this casz. At most,

y
there can be two 1neutrally stable eguilibria which are

repeated. Numerous attempts have been wmade to obtain two
stable equilibria in the 2*2 fprcblem, but in vain. Whether
it is also true for 2*2 or higher dimensional problems that
only cne equilibrium may te stable is still a matter of
conjecture.

In Appendix E, the relations between the regicns
on the ¢, €y plane and their associated stabilities are
verified. Some representative points on the ¢, €y plare

are chosen and thedir stabilities checked.

E. SYISTEM DINANMICS

The dynamics of a 1%¥1 system are characterised by its
phase trajectories, which are c¢urves on the x-y F[plane
descriting the history of the system as the tine, t,
changes. These trajectories can be conveniently obtained by
integrating equation 4.1 numericaliy.

Needless to say, being able to predict the trajectcries
is important, for it means that we know how our model of a
rattle progresses. Cnce the factors influencing the ccurse
of a Lattle are known, appropriate command decisions can be
introduced to ensure favorable battle outcome. In Chapter V,
we will see how many cf the results obtained in this section
can ke used to rationalize and predict battle outcone.
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Some typical trajectories corresponding to the different
types of equilibria are described in the next subsecticn.
Besides the stability which influences trajectories, it was
briefly mentioned in Chapter III that domains of attraction
also affect the trajectories. In the subsection that
follovws, we will show specific examples of the way to deter-
mine the domains by finding their exact boundaries.

1. Jrajectories

Two methods cf establishing the trajectories from a
given initial condition will be described. The btrute-force
method which has been mentioned uses numerical integration.
The cther method which often provides better insight, is
more graphical. The graphical method is based on a few very
simple rules to predict the gross behavior of a trajectory.
Some c¢f these rules are listed below :

(1) A stable point Mattracts"; unstable r[foint
“repels";

(2) Points an either side of a boundary move into
their respective domains;

(3) For large (x,y), trajectories are governed by
the lanchester "“linear law";

(4) Points near the hyperbolas can te easily
analyzed by rncting the signs of x and }.

As an example of using the graphical wmethod to
determine trajectories, consider a region around amn unstatle
equilibrium point on the first quadrant hypertola. The whcle
Picture of the phase trajectories (sometimes called phase-
plane portrait [Ref. 9] ) <can be put together in a logical
fashico by using those simple rules. Since this equilitrium
point is unstable, trajectories will be expectel to diverge
from it. As an unstable equilibrium point, it will have a
boundary line passing through it. 1Initial conditions start
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from each side give rise to different trajectories. Next, we
determine the signs cf X ‘ i on both sides of each hyperbcla
as indicated in Figure 4.4 where only one intersecticn is
shown.

x.-O
y»0

2
»

Pigure 4.4 Analytical method of predicting trajectories.

Note how predictable these trajectories are. 1f,
for some reasons, the exact trajectories are required, vwve
can resort to the brute~force method. The methods are obvi-
ously complementary in nature. The advantages of thke brute-
force method are accuracy and simplicity. In Figure 4.5, a
typical ccamputer plot consisting of ten trajectories is
shown. 1The program vwhich produces the plot is included in
Appendix F.

Feferring to Figure 4.5, the trajectcries cross the
hyperbolas and move asyaptotically along a common curve
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Figure 4.5 Computer Plot of Trajectories.
f lying between the hyperbolas. This same property is exhib- .
i ited by other cases. Even the special case with no hyper-
; Folic intersection has been found to behave similarly as can

seen in Figure 4.6.

Our ability to determine the trajectories and

" presept them vividly 4is partly due to fact that two-

dimensional pictures can be easily drawn and visualized. For
dimepnsions higher than the third, it is impossible to visu-
alize trajectories; however, the notion of trajectcries can
be concerptually extended to n-dimensional space. Thus, it
seems likely that in the higher dimensional systems, trajec-
tories cross hyperscifaces and move along a common asymp-
totic curve analogous to that in the 1*1 systen. Further

.v'vw',—r—rvv"v"" T TR

studies are required hefore this behavior can be confirgmed.
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|rojecrory

Figure 4.6 Trajectories when Hyperbolas do not Intersect.

2. Poundaries of Domains of Attraction

e e i > . w — —  —— v — o o i S i i

In Chapter III, the idea of the domains of attrac-

tion was briefly discussed. 1Ipn an n-dimensional space, such
a domain is a region or volume in which all initial pcicts
come under similiar influence. When domains exist, there R
will Dbe bcundary =surfaces which can be thought <cf as | i
collections of invariant curves passing through uastatle "]
equilibria. o

For a 1*1 problem, domains and toundaries are nct at '
all alstract. In the last subsection, they have been shown
to affect trajectories. Recall that in Chapter III, vwe
menticned a simple and yet effective way of finding the Co

boundary curves and establishing the domains in the =x-y
Plane. Examples on ttke use of backward integration to olktain
boundary curves are now presented.
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a. Boundary curve through an Unstable Paint

Starting from an unstable point, we apply small
perturtations in both directions perpendicular to an eigen-
vector asscciated with the most positive eigenvalue and
integrate backward in time (in the computer program, this is
easily done by employiny negative time steps for integra-
tion). The result is a smooth, invariant curve which is
exactly the boundary or the so-called separatrix like the
one shown in Figure 4.7.

S
\'\)>

o

Boundoary

Figure 4.7 Boundary Curve through an Unstable Point.

To verify that the curve is indeed the boundary,
two ipitial points are chosen just off the curve (e.g A, B
in Figure 4.7). I1f we forward integrate from thcse two
points, they move into different domains as indicated in the
same diagranm. Appendix G contains a Fortran program that
does the backward integration and plots the toundary curve.




Boundary curves do not necessarily pass through
unstable points. Backward integration methods carn also be
used if a bcundary exists but there is no unstable eguilib-
rium point to serve as the starting point of integraticn.
This is FLest illustrated by considering the case of bcth
equilibria cn the first quadrant hyperbolas. 1In this case,
there is no equilibrium point in the third quadrant; never-
theless a boundary does exist between the third-quadrant
hypertolas. The existence of the boundary is visible by
simply ccnsidering tke signs of x and y on both sides of the
hyperbolas. In figure 4.8, the signs of x and y and also the
directions cof some typical trajectories are depicted.

O=r

0<4

Figure 4.8 Existence of Boundary Between Two Hyperbolas.

To obtain the exact boundary, choose a point clcse
to a hyperbola and «c¢n lower part of the hyperbolas (e.g.
point P or Q in Figure 4.8) and integrate backward. The
result is a boundary curve as shown in Figure 4.9.
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hyperbolas

Figure 4.9 Exact Bcundary Curve Between Two Hyperbolas.

4. uppary of the 1*1 Problem

We have seen the close relation between systex
asymptotes and stabilities. Througyh the use of newly definel
variakles ¢ and £y 0 the stability of different types of
equilibria has been derived. Five cases have been identi-
fied, and they correspond to the types of intersecticns on
the x-y place. For example, if both the equilibria are found
on the third quadrant hyperbolas, then we know that tley
will be unstable,

Two methods <c¢f establishing the trajectories have
Leen descrited in this chapter. These two methods complement
each other and the chcice depends on our requirements. The
dynamics of the system are <characterized tky the trajecto-
ries, which as we have seen are very predictable. These
trajectories are influenced by the stabilities of equilibria
and domains of attraction which are separated by Loundary
curves, A simple way of r[plotting the boundary curves has
also been presented along with specific examples.
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The results derived in this chapter will be applied
in the next chapter. The knowledge of the system dynanmics
and how they are affected by stability and other parameters
will enable us to analyze changes in force levels as the
tattle progresses.
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V. STRATEGY FOR INITIAL FORCE COMMITMEXT

In the last two chapters, emphasis has been placed on
establishing the mathematical framework of the systen
dynamics and stability. In this chapter, we examine sonme
model operational problems that are related to stability and
dynawic considerations.

One of the major command decisions that has to be made
during a build-up period of a war pertains to initial force
commitment. A good strategy calls £for a balance between
initial derloyment and reserves., In practice, a multitude of
factors have to be considered before deciding on a partic-
ular compitment. The approach in this chapter [provides us
with a set of mixed strategies but does not consider intan-
giable factors like world politics, national econony,
survival factor and so on.

Stability has been shown to effect trajectories which in
turn effect battle cutconme. Recall from Chapter IV that
there are some trajectories which represent sreedy and
complete annihilation of one force; hence it seems reascn-
able that the side that 1is tipred to win the battle will
want to operate on an unstable trajectory. But to what
extent can one exploit the stability behavior of the systen
to influence battle outcome? Obviously there will be prac-
tical limitations; an impor tant one of these is total avail-
able resources.

A. PBOBLEM STATEMENT AND AEPRCACH

The problem statement is as follows :

Given total dJdefense resources Q, ., Q, for x and y
respectively, what is the optimum set of strategies for
initial force ccmmitment, X and Y?
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We begin by treating this as a 1#%1 problem at the stra-
tegic level. The dyramics of the problem are thus governed
Ly equation 4.1. Both sides are assumed to operate initially
at equilibrium with constant replenisnment rates given by

r = X(u + aY) + by

(eqn 5.1)

S Y(V + CX) + dX

Since both sides have limited defense resources C o Qy,
the replenishment rates versus time may be as shown in

Figure 5.1, where Qx = rTx and Qy = sTy.

replenishment

-
L g

Tl Ty
Figure 5.1 Replenishment Versus Tinme.

The next step is to select some suitable form of payoff
function which is to ke optimized for a certain choice of X
and Y. The payoff function (from X to Y) has been chaosen to
be

AX,Y) = Ly - Ly

]

vhere L , L Total losses for x, y at battle termiration
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As each side runs out of resources at different times,

the simulation is conducted in stages. The total losses are
determined by simulating the dynamics of the system until
one of the force levels drops to ten percent of its total
resources, Q.

If X and Y are assumed to te chosen from a finite set of

values, then for e€ach pair (X,Y), one A(X,Y) <can be
obtained. A payoff matrix can be formed and the problen can
te treated as a two-person Janme. Based on the mirimax

theorem, there exists a set of optimal mixed-strategies and
one convenient way of finding them is through the use of
linear Programming.

It is perhaps worth-noting that the approach is
computation- oriented. It has been made feasible by the
availability of high-speed conputers and efficient software
for numerical computations.

F. MULTISTAGE BATTLE

Using the above approach, the entire battle can be
divided into three stages, namely

(1) Both r and s are nonzero
(2) One of the r or s equals zero
(3) Both r and s are zero

-—d

L]
=m

lad

age 1

This stage will be the period from outbreak of war
to the time (T,) vhen one side runs out of resources. It is
also fossible that x < 0.1Qx or y < O.1Qy before T, is
reached, in which case the battle is over. 1In general, this
pericd T, can be written mathematically as

T, = Min {T,, Ty}
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During this =stage, the dynamics of the systenm is
given Ly the familiar 1*1 systen

-x(u + ay) - by + r

I S S
e
[

(eqn 5.2)
-y(v + ¢cx) - dx + s

e
n

Fher this 1*} system is integrated, just as in
Chapter 1V, the resulting trajectories behave similiarly.
However, there is a nmajor difference. Now, we no longer
have unlimitel defense resources, and this stage will not
last forever. It implies that, unless Q, or Qy is extremely
large+ , trajectories which reflect quick annihilaticr of

one of tke forces are¢ rare. In general, T, and Ty are given

by
Qe - X
Tx = T
Q, - Y
T:-L___—
Yy S P

If one of tktke force levels drops to less than ten
percent of Q, or Q,, the battle is arbitrarily considere: R
over and the losses are calculated as in Figure S.2. 1The -
finish time (FIKTIM) is simply t, the time whean x < O.1Qx or
y € 0.1Qy.

2. age 2

rn

Since either x or y can rurc out of reserves first,
the dynamics of stage 2 are governed by either equation 5.2 ';fﬂ
cr 5.4 respectively. i

may be very larg
€

4Q.  or Ry E large if x or y is_backed by a i
superg8wer whd is"fully committéd to provide military aid. i’
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. 4
1

Lx = Lx = (t*r) +
. L = (t*s) + - 4 (X - x)

Y - y) Continue Ly - O'QQy
Integration
= - < A(X,Y) = L, - L
A(X,Y) Ly Lx ( ) y X
Y

— {STOP

A

Figure 5.2 losses at Stage 1.

X = -x(u + ay) - by

. (eqn 5.3)
y = -y(v + ¢cx) - dx + s

X = -x(u + ay) - by + r

. (eqn 5.4)
y = -y(v + cx) - dx

Onless the battle ends earlier, this period will

last for T, which is given by

T, = Max {T, T, }

During this period, the trajectory will be different froa ]
that in stage 1. This is because when r = 0 or s = 0, cre of
the hyperbclas is <shifted so as to cross the origirn and we

61




L 9]

have different equilibrium points. The trajectory will now
ke influenced by the new equilibrium point. This is illus-
trated in Figure 5.3.

Calculations of the losses are more complex than in
stage 1 since there are now two cases to deal with i.e. 1 =

0 or s = 0. The procedure is shown in Figure 5.4.

3.

[:2

age 3

If the battle enters stage 3 without either x <
0.1, or y < 0.1Qy then the dynamics will be dominated by
attritiors sincer =s = 0. Equation 5.5 is now used for
integration.

5 e
1l

-x{u + ay) - by
(eqn 5.5)
-y(v + ¢cx) - dx

.
"

Again, the trajectory will have to change tkecause
now both hypérbolas pass through the origin. This is illus-
trated in Figqure 5.5 where we show how the intersecticn at
stage 2 has changed. Losses and FINTIM are calculated in
accordance with the procedure in Figure 5.6.

C. MIXEL STRATEGIES

The range 0 to QS for both X and Y can b2 subdivided
into @ ferce 1levels. There are m*m pairs of X and Y and
corresponding number of payoffs, A(X,Y). We thus have an m*nm
rayoff matrix having elements A(X,Y). Figure 5.7 gives a
pictorial representation of this two-person game.

SIn the actual rrcgram one Da wish to restrict the
range of X and Y to intérva é «75Q) to reflect prac-
tical ligitations in initial orce deplo;ment.
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r=0 < Is r=0 ;s=0
or s=0 ?
¥ ‘}
) Integrate Integrate
\ eqn 5.3 eqn 5.4 1
Lx = Qx - X Lx = r(Tv +t) + X - x
L = s(T + t - = T v
A%X Y)( xL )L+ ' ” Ly Qy )
, =1, X A(X,Y) = Ly - LX
FINTIM = t + T_ FINTIM = ¢t + T
X v
(stom)
> STOP 4
./

Figure 5.4 losses at Stage 2.

In the last section, the procedure for computing A (X,Y)
has been described. A simple program can be written to
compute each element of the payoff matrix. One such progranm

is given in Appendix H.
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integrate eqn 5.5

X
L, = Q -
ALY = Ly L
FINTIM = Max {T, T |
+ t

(sTOP)

Figure 5.6 losses at Stage 3.

There are a few ways of presenting and interpreting the
payoff matrix. A norral practice is to present it in tabular
form and consider only pure strategy. Alternatively, a plot
of A(X,Y¥) as a function of X and Y could be oktained. Wten
using pure strategies, it has been observed that the game
does not always have a saddle point [Ref. 10] and it would
be better to use mixed strategies.

In mixed strategies, x and y may play all their strat-
ejies in accordance with a certain set of probabilities.
Althcugh in our situation, x and y can only play once, the
same ccncept of mixed strategies is still useful. If we let
pi and qﬁ be the probabilities by which x and y select their
ith and jth pure strategies respectively, then




Figure 5.7 Payoff Matrix.

]

1

Inp addition the (i,j)th entry of the payoff matrixzx be o
denoted Yy ajy, the probabilities can be represented by the
matrix below

Y
p1 P2 . Pn
q1 211 a12 : dm
X
R an1 a2 c mm

The optimal mixed strategy 1is based on the mirimax
criterion. Mathematically, x and y select p, and qj which
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will yield U and V as given equation 5.6 and egquation 5.7

respactively.
max [ [ m o m ]
u = P min E: a;1P; » 3 3 Pgsee s 2: a;Pi (egn 5.6)
L i=1 i=1 i=1 )
Vv =
qj max ZaquJ ’ ZaZJqJ’ ? Zaquj {(eqn 5.7)
L j=1 j=1 j=1 J

Arpendix I describes how the problem of solving for the
optimal values of p, and gj can be put into linear progranm-
ming forr. The program given in Appendix H also computes
this optimum set of solution in addition to obtaining the
payoff matrix.

The concept of mixed strategies 1is quite intuitive if a
game is to be played repeatedly. But since we are using it
to provide wus with an orptipum set of probabilities of
selecting the ©pure strategies, some interpretation is
required. Although the optimum mixed strategies have been
obtained, a pure strategy still has to be selected and used.
However, it is important that the selection process should
ke random® according to the optimized protatilities
obtained.

One simple but valid statistical procedure [ Ref. 11] to
select a pure strategy from a set of mixed strategies is to
first plot the probalkility distribution function. A randon
number generator is then used to generate a nuaber between
2ero ard one. The corresponding value of the strategy could
then be selected. This procedure is shown in Figure 5.8.

6The selection process must _be random otherwise the
opponent can select a strategy to improve his outcone.
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H
strotegy X
selected X

Figure 5.8 Obtaining Pure Strategy from Mixed Strategies.

D. EIAMELE USING KOEKEAN WAR DATA

Cne cf the main objectives of using actual historical
data ip a model is for validation. It is important that the
results obtained using the model should at least be consis-
tent with actual events. The Korean War has been chosen
because there was a clear-cut victor during the initial
rhase of the war. We consider the period when only North
Korea and Republic of Korea (South Korea) were involved.

Before the wentire simulation can be carried out, the
actual fcrce strategies, fighting ability, weapon state,
etc, have to be transformed into faailiar quantities and
parameters such as Q.. Qye X, ¥, a, b, ¢, d,..., and sc cn.
This transformation, together with some background data on
the Korean War are given in Appendix J.

First we exanmine the resultant trajectories during
the three =stages of the battle which are shown in Figure
5.9. The simulation uses the X and Y which correspond to




the actual initial deployment Ly both North and South Korea
respectively. Clearly we see that the victor is x, as it
was ip histcry. The result of the simulation also shows the
three stages explained in the 1last section. Note that the
trajectories for the first and second stages are curtailed
because both sides run out of war reserves. The implication
is that in practice, the kind of trajectories leading to
large and rapid changes in force levels are rather rare.

However, the effect of instability on battle cutconme
is borne out by experimenting with the directions of pertur-
baticns. Consider the case in which x (North Korea) fixes
the initial force and y (South Korea) varying the initial
force levels around the equilikrium point. In Figure 5.9,
these perturbed points are dencted Ly points A to D spanning
across tbe boundary separating the domains of attracticn.
From our understanding of the stability and system dynamics
each perturbation will give rise to different trajectory and
payoff at the end of the simulation., Clearly, y will want to
operate at the perturbed peceints A or B rather C or D since
the former will result in the trajectory for stage orne to be
in a decreasing x direction. Table II shows the variaticn in
the payoff as the perturbation point <changes. When the
perturbed pcints are at A or B, the payoffs to x are less
then those for points C or D. Thus we have seen how an
unstable system can be used to inflict heavier losses on the
opponent. The more unstable a system gJets, the more signif-
icant will be the effects of initial perturtation which are
manifested by initial victory and element of surprise. Since
some systems with large aimed-fire coefficients tend to be
highly wunstable, we can expect this effect to ke most
proncunced in battles involving high-technology and highly-
lethal weapons.

The payoff matrix and optimal probabilities p: and
g, are shown in Table III. The results suggest that the

70




~ TABLE 11
Effect of Different Perturbations on the Payoff

Location in Co-ordinates of Payoff to X
Figure 5.9 Perturbed Point

A (6.7, 3.05) 2.39

B (6.7, 3.025) 2.41

C (6.7, 2.975) 2.45

D (6.7, 2.95) 2.47

Hyberbola
during Stage 1

X

Figure 5.9 Trajectory for Korean Wwar.
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North Korears should wuse large initial deployaenut. In the
actual war, North Korea actually deployed almost all of its
reqgular force apd within a few Jays capturel Seoul, the
capital cf South Xorea. The payoff matrix also shows that
Do matter which strategy is chosen by South Korea, it is
bound to suffer nmuch more losses than North Korea. Again,
this is in agreement with history since it is an acceprted
fact that without US intervention, there would be ro South
Korea today.

So far in the example, we have always cun sidered the
situation irn which the equilibrium point (X,Y) determines
the replerishment rates as given in eguation S.1. It 1s
interesting to investigate the effect on the payofi when the
initial operating point is at some other location cther than
(X,Y)« let the new initial foint be at (X;0,Y;) aund consider
a case where X; is kept equal to X arnd only 1 is varied.
(X,Y) has been closen to be (6.7,3.0). In Fijure 5.10, three
trajectceries correspcrding to Yl at 2.5, 4.0, 5.0 are shown
togetber with the hyperbolic intersection durinqg stage orc.
Basically, the trajectcries correspond to the three stages
of sigulaticn as before ard x is still the victor. However,
koth the payoff (Ly-Lx) and <finish tim2 are slightly
different from operating at (X,Y). Table IV shows thit ¢
inflicts mcre losses on x when operating at ¥, above tic
boundary curve rather than at (X,Y), but in doing so y is
defeated faster. Thus depending on his amission, a ccamander
can choose to lengthen the battle or inflict zore casualties
on his opponent by chkcosing a suitable operating yoint which
may Le other than an equilibriua point.
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Figure 5.10 1Initial Operating Points at Non-eqguilibrium Points.

TABLE 1V
Effect of Operating at Non-equilibrium Points
Yl (Ly-Lx) Finish Time Remarks
(FINTIM)
2.5 2.475 0.323 Below boundary
2,435 0.313 At equilibrium
2.353 0.293 Above boundary
5.0 2,305 0.283 Above boundary
74

-A‘l aaCad




= |

VI. CONCIUSIONS AND RECOMMENDATIONS

- ) i, e -

A. CONCIUSIONS

This thesis has covered a number of subjects whiclL are
based on the generalized Lanchester Model. The first part of
the results has to do with finding the equilibrium points in
the N*N system. The Continuation Methods have been fourd to
re suitable for this purpose. The advantages of the
Continuvation Methods over numerical technigues are numerous
and important to our understanding of the non-linear set of
egquations. The method finds all the equilibrium soluticns
accurately and does not need good initial guesses. An
example to compute tle eguilibrium solutions of a 2*%*2 systen
is presented along with a way to treat singularity fgrokblen.

The derivations and interpretations of the relaticns
tetween stalility and system parameters form the next major

portion of the thesis. By considering the simpler 1%1
problem, a few interesting conclusions have Leen reached,
namely

(1) Both the system asymptotes and equilibrium points

are intrinsic to a system in equilibrium. The locaticns
cf the equilibrium points on the x-y and €4, ¢y, Pplanes
ccppletely characterize their stabilities; € and €y
are the differences in the system asymptotes;

(2) The dynamics of a system are characterized by the
Fhase trajectories which represent the ways a kattle
[rogresses. Besides stability, the domains of attrac-
tion also influence the trajectories. The _.oundary
curves which separate these domains can be ascertained
by graphical or backward integration.




]

The last portion of the thesis integrates thz concept of
equilibrium stability and system dynamics. It relates these
theoretical concept to operaticnal problems. Two operational
issues are addressed namely, (1) the effect of varying X and
Y, the initial force deployment on battle outcome, (2} the
exploitation of statility to influence battle outcome. A
methodolcgy which cortines multistage battle simu lation with
two-person game has been emfployed and the conclusions are

(1) 1Initial force deployment, X and Y can be optirized
by finding a set of mixed strategies. A suitakle pure
strategy can then be selected from the mixed strat-
€gies;

(2) Instability can and should be used to share the
ccurse of battle and its outcome. This is particularly
true in highly unstable warfare wihich is normally asso-
ciated with large aimed-fire attritions. Unless defense
resources are extremely 1large, it is not ©possible to
ccnpletely reverse the outcome of a lopsided-battle
where cne side is much stronger than the other.

As far as military commanders are concerned, the above
conclusions suggest two things. Firstly, depending cn the
relative strengths, it is not necessarily true that
deploying the largest possible force will bring victory,
reduce loss or even buy tiame. There is an optimum way of
deploying available <forces. Secondly, if a war involves
large aiged-fire attritions due to weapors 1like aircraft,
missiles, tanks, artillery, =raval bombardment, etc., then
initial victory which could perhaps be achieved through a
preemptive strike certainly affects battle outcorzre.
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B. RECOMMERDATIOCHS

1. Iransformation of N*N Eroblem into

the 1%#1 Protlen

It has been mentioned that the sinplicity of the 1*1
problem can be attributed to the simpler matheratics
involved and our ability to draw and visualize two-
dimensional pictures. Despite its simplicity, it does share
many of the properties with the N*N [froblem. <Considering
these factors, it =seems logical that an attempt should be
nade to find the 1*1 equivalent to the N%*N system. Another
reascn is that there is much to be gained in terams of
savings in computational effort by going to the 1%1
€quivalent.

Of course, the "equivalent" system will not be
expected to be identical to the N*N problem in every asfect.
One can only hope that it is equivalent in some serse, for
example

(a) Preservation of stability characteristics and
dynamics;
(b) Preservation of mixed strategies.

One way of transforming the N*N system into the
equivalent 1*1 system is to equate losses in both systeas.
The equivalent system parameters are obtained by using rela-
tions such as

j = coordinates of the equilibrium point in
the N*N problem

17
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xeq B E:Xi

1

3 Yeq = L7
J
The results of the preliminary studies suggest that
this method of transformation «can preserve some stakility
. characteristics. The possibility of using the eguivalent
: system to obtain the mixed strategies should not be
o dismissed until further studies have been conducted.

2. IJime Variable Replenishment Coefficients

The replenishment rates used in the thesis have
always been assumed tc be constant. In actual wars, constant
replenishment rates may not ke used by either side; at
times, it may not even be possible to do so. It would tlere-
fore be interesting to study the cases which involve time-
varying replenishment rates r(t). The choice of r(t), for
example periodic, non-periodic, ramp, etc. will depend on
how well it represents practical replenishment rates.
Whether a mathematical tool can be found to cope with the
added complexity also has to be considered.
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APPENDIX B
NUMBER OF EQUILIBRIUM SOLUTIONS OF THE N*N PROBLEM

We first consider the 2#%2 and 3#*3 problem and extend the
results to the N*N problen.

Ip general, each trivial solution leads to a unigue
equilibrium solution in a continuation process and there
will be equal number of equilibrium and trivial sclutions.
Secticn 4 discusses what happens when there is degeneracy.
The trivial solutions are ottained by solving

z)(uy*ay 2302 ,24) = 0
z,(up*ay z3%8y72y) = (eqn B.1)
zglugrey2y+c,yg2y) = 0
24 (ug*cyp2y*Cp022) = 0
At first glance, there would seem to be 2* trivial
solutions ccrresponding to the number of ways of making the

lefthand sides of equation B.1 zero. Each lefthand sides can
te made zero by either making z; or the terms in parenthesis

equal to zero. But closer examination reveals only six
allowed cases, in non-degenerate cases, corresponding to (1
+ 22 + 1) =6 solutions. Table V shows hoWw these cases
arise.
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TABLE V

Trivial Sclution for 2%2 Probem

Case 2; which ars made zero Remarks

1 215 295 23, 2y

2 21y 2q

3 10 %y 22 = 4 cases

4 22, 23

5 Zys 2

6 . all terms in parenthesis

equal to O
7 z =0 degenerate case;

se¢ section 4.

2. 3*3 problenm
Here, the trivial sclutions are obtained fronm
zp(ugra 23y 25%a;526) = 0
2p(ugrayyigtag,zgragsze) = 0
z3lugrag)zytaz,zgrazsig) = 0

2y(uy*rcyyzy*cpza*cesyzg) = 0

25lugtcyp21%Cp 2, %C5,25) = 0
Zg(Ug*cy321*Cp32,%C3523) = 0

Again, there are some cases which are nct allowed
because cf inconsistencies in non-degenerate cases. Table VI
shows the different cases.

In this case, the total number of allowed cases is

20
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TABLE VI

Trivial Solution for 3%3 Problem

Case z. which are made zero Remarks

1 Z1s Zpeeey Xg

2 20, 2, W

3 Z1s Zg .

4 210 %g 3 = 9§ cases
5 2,y 2, ’ <1)

6 2y 2

7 2y 2Zg

8 24, 2y

’ 23» %

10 23, Z(5 4

1 F10 %2 5 Zys Zg )

12 210 23 5y Zg

13 10 %y 5 Zg, Zg

1: 22’ 23 ; zu' zs . (;)7 = 9 cases

1 %3 3 Py Zg

16 215 23 5 Zg, Zg

17 Zys 23 5 Ty, zg

18 25 23 5z, 2z

13 295 23 5 Zg, I ) . . '
20 —_— all items in parenthesis

equals to 0.
21 2oy 23 3 2y degenerage casc;
see scction 4,
22 1 degenerate case;

see section 4.
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3. Extension to N*N Prcktlem

Now we know the type of allowed cases, it is easy to
recognise the pattern of results. The pattern looks like a
Pascal triargle with each element squared.

Number of

N*N Equilibria (Np)
1%1 12 . l2 = 2
282 12 4+ 22 4 12 = 6

2 2 2 2 = 20
%3 1+ 3 + 37 + 1

2 =

4% 4 12+ 4% 4 6%+ 4% 41 =70

2 i}
SHs 12+ 52 4+ 10% + 102+ 5% 41 = 252

For N*N in general,

Nk can also be written as

The proof of the identity,

S0 - ()

=0

can be found in [Ref. 12].
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4. Degeneracies

For the 2*2 rroblem, a degeneracy can arise when z,
(or any cther z,) is made egual to zero. The other three
lefthand sides in eguation B.1 are made equal to zerc making
the terms in the parentheses equal to zero.

In general, such a case does not correspond to a new
trivial solution because there is an inconsistency when zZ, =
--u3/c21 and z, = -u,/C,,. However, it seems that by making
u3/021 = u4/c22, the inconsistency no 1lonjer exists and
there will be an infirite number of trivial solution as long
as z,, 2, are chosen to satisfy u, +a,,z, 50%, = 0. It
turns out that the rumber of equilibrium solutions still

+ a

remains at a maximum of six (disregarding the case with
infinite number of egquilibria). Similarly for the 3*3 case,
even if there is degeneracy, the number of equilibria will
not exceed 20.

That the above 1is true can be shown by considering
tke 1#*1 proklem. 1In this case, the two non-degenerate cases
correspond to (a) x =y =0 (b) v + cx = 0 and u +# ay = 0. A
degeneracy canr occur if v = 0 or u = 0 in which case there
seens to be an infinite number of trivial solutions lyirg cn
the y or x axis respectively and hence an infinite number of
equilitria. But when the actual hyperbolas are plotted,
there are only two intersections and hence two equililtrium
points. Furthermore, when the Continuation method is used to
find the equilibria, there are only two equilibria irrespec-
tive of whether the trivial solutions are chosen to be
degenerate or not.
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1, 2)=2.300
25 13=0.,6D0
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2 =, 200

1 0-080
21=C. 000
3)=C.0D0

4} =0,000
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1o 13X (1)¢C(2y L)*¥X(2))+C(1,1)
120X (1) CL242)%X(2))+D0(1,2)

[ 3¢ I O ST )
ME SDEDBEDHBIDNNNN $IAO Y D rupt DO CVod el ZC CCCOOC OO O AMIDMMB Y >

O N I omIWom I momomngnem H$ODE DOMOOICIE oo || 4= o oo o 0 . oot g g o S, g, g, P e, B

Tt o 3 (33 N o ot S QI NI
Pt P e S e P e .

>o frNw S 4Pt
LT —— Lt o Lt

oD Bo Hde e
. AL NI o NOem N 1o s O O 2

e P e 5 e s e :cn* O fczn—s—s-, M-t W W W W WY GV W WY W
LM C~C~CwCODO0Om

[N T Ty TRy Ty (I (I T U ]
MNaw o= o fom #0000 #IX

-l 3 4 I %X G MOLIOO

=t O oo re~e ¢ & &
. o DL DU DN D et

1) g1, R(Id g 1=1,4)
9998 JI3 0= 8120 ,4x, 'REY 13,0 )20,

&Fl2.4)
22222222 SRR IR 2R RS2 RS2 222 RS R R R L S 20

WHILE IREF (THE CGCE FOR REPEATINT ) IS 1,THE CUNT-
INUATICN FRCCESS WILL BE REPEATEL.EACH REPE TITIGN
WILL INCREASE TS IN MULTIPLES OF 0.005.

I X RS R PR RSS2 R R R RS E R R RS R RS RER SR 2 2 E L

IF(.NQOT . EQ.12) GO TO 8
MR ON+1

E
L2 ERERIE LS. 2L EESER RS2SRRSR R 2R R 2 L2 2 T 23

v

3

SET 1RI
EREEEBSEE S5k

Y S o T
#CH O

ON
P2 2RISR 2 222 R 22 RS R 2R RS R S 2 2R 2 22

OO0 OOOOOOOOO

90




.............

" [ * +* # %
b %+ +# * % 3*
% #* * * # i | - ¥
t # T 3 % % wigiug 11 *
4 - % +* + QoA - *
w— » [ (] » » X - »
1 #L % O L= ¢ % * —y o~ - - - —~y *
* # ZO0 d * * S T Y SN S 4 ~N oW +*
#Z # < U # O * PN N ~ ~— ~al *
X B Q) * Z ® et e D > > »Q »
#D H e w * < # X3¢ X% »* * * X »
St~ #* O * #* HHF e~ e mmammns v w3 #*
#wW # ™MD of # Z #* ~mam o el NNNOMe-t $F - #*
XL B ~9 O -~ " D # (NN & s et W B e g »
3t * . D # ~ LI T S N VT o o et VI S oV K »
e # W~ O < * —~D# ~MONNNwe #% wtHHidt—w ¥ - #*
#D % Z~ << - # T Wt < e L) ~m e #*
#Z W e ) e # I MDA+ N +o 4Nt d NN + » *
* # O xXZ W T # U<#H 111 ™~ eo e neem oo =0 *
D * WO w QO #* W B ~en oy on@) e OANONAN~ —~ =T *
[V TSR B 1O B« 4 - =% YN et s ottt »
+ #D # = O #  Jwf wwwmw> X DO XONDAOAX O X *
O~ #0O # o W < # <+ XXXXKip ¥+ e ete e P+ B +*
QY # # Dl - o N #H s M MmNy mew N #*
Ok~ #a # Z e U, # et o o] b A NN FF NZ *
o NN, W k= W o # Zw el (] & e L e o X +*
Qo O~ = * oz v w # w *» oo n emd XX ONIXXXKetg XX A *
(e} ] O= #WV # =~ < - % Ul Ot b *# ~ b .a.a. ~ w #*
[wlelnle ] oy 3t # OO0 W 9 # WI W e~ v L < -~ ) 90, *
NOOQQ Ow #0X # ~NUO I ¥ Wi BEDD*OIZO#IZII#OZZOQA -~ * —
*~OO = RO R e~ -4 R W ® 11 1= ceQ™ o oo o) e aQdvwEX » (=]
-t QO -] Hip- # [ ¢ W # =W s oy e (O A D OI N NIA N OO IO U, e *
N Om ZO #O # WO I W % O3% XM P 0w v www e Srwr wmiriQ *
O~ 0 o O #W # Z2Z D o # A Ewwww)OAOIIIIVVIIOVLVLO D~ I D #*
QO—~0O VO o # < O - % WO* [l g A TR I I TR T R U TR I IR T O R By YT *
OONS We #o # Lo Z = B OV ot s ar o o oy oy Ty Sy g ey o o ey o)) D 3%
[olglele] L~ O # Wy = . B * WU NANNE~AN TN~ NOP INYE T #* oo
LoOn L~ HOLR - V) W RAPTIR ™SS cetraatontstnese Ow—ill U
00000000 ~twr U ey @ W O J* ot e = NN NN (YN VL ST F D D W
—~OMOULLOHLOD b=t HpOLrddp wed W) P B FRU) P e s i et e P g e sl et e i i o S~ ) ZZ W=
8 e OYLOOODO VO I PO #» s e T $v) L Ooaaoaaaaguaoacaacnoqaacaatoaagy O #wv
IS o o % sl W 1) B W R O e~y g R Wit e d <A GI(IAIILILCIC]LAY L I~ ®
11000V LW <40 *-Qe® QZ r~ d R Z wL
HHNUN NN NIZAL IOl VI Z o =t < HOTR® O Q 0
—emmenommmenan JIOHADZ NN DIN =Lt X AV VL #i- WH O O =
SN T - ONMPLOZWLULDa | Z  # * -l W #*OQ J® »O
e LOOX WO U ND R WEH WL~ N =D ® s
MK b= = QD TFXWAL ™= 3¢ J D et oy #0O J% # ol
=0 R # Wi~ -Jd3% # o
* Lo #XBIIR * 0
o SWe FAVION -
# #* w * * *
#* #* #* 3* %*
#* * # #* N *
* # * #* O #
* * * * O *
LV VPVL VOVLLVLLLL -,




E**#*#‘##*###*#1##*###‘*#*#####*#*#***#***###*##***#*#***

CALL ZS5CNT lFCthSIC'N e ITMAX, T,X.FhCRM,hK:IERJ

UMAX=25C.000%0OMINL(DX(12,DX(2) 4CX(3)4DX(4

c
E COMPUTE DIFFERENCE BETWEEN PREVIGCUS AND CURRENT X
DG 104 K=
Stk OE A8 se xTek ) =x (K3
éO4 CGNTINUE
¢ CALL SUBROUTINE TO DETECT FAST CHANGING COMPONENT
. CALL DETECT(DX yREFLAG, ERFLAG)
E******#*****#*#####******##**#***#*#******#**###*#*$***#
¢ CCMPUTE ERROR IF T IS NEAR 1.0
E*****'#****#*#4#*#*###*####*###*###***#*###****##*##**#*
. IE (<NGT.(DABS(T(1)-1.000).LE.0.0005001) GO TO
TEl==X(L)#(U (L) +A(L g L)EX(3)¢A(Ly 20%X(4) )
& +R(1)-B (1,1 )¥X(3)=-B(1,2)%x(4)
F2==X(2 1% (U(2)+A(2, 1 )3 X (3)+A {2, 2)%X(4))
& +R(21-602,1 )¥X(3)=8(2,2)%X(4)
F3==X(3 )#(U{3)+4C{1, 11%X{11+C{2, 1)%X(Z))
& +R(3)-Dil,1)2X(1)=-0(2,1)%X(2)
Fa==X(4 ) ¥(U(4)+Ct1,2)0%X (1)4C (22 20%X(2))
& +R(4)-D (142 )X (1)=D(2,24%X(2)
ERR=CSQRT (F 134 24 F2# 9 24F 3% ¥ 24 F 4% #2)
WRITE(L ,997JT(1),ERR
1031 CONTINUE
C*****#*******#*#*t****#######*#**#**####*##***#***####*#
¢ QUTPUT VALUE CF X VECTOR WHEN T IS NEAR 1.0
E*****t*#*##*###*######*####*##***#***#***#***#é**##***#*
TF(LNOTL(T(1)5GE, (0.99D0)) 160 TC 86t
ARITE(1,95501T(1)
PRITE(Y 9993 (Ko X(K) sK=1 4N}
go5 CCANTINUE
(e 2132 REE2 RS RREERREE SRR R RS2SR IR R RS R R L FE S
¢ CHANGE DOUBLE TO SINGLE PRECISION FUR PLCITING
(22Tt RES -2 2RRERE RS R ER2ERRE RS R R LR RSP RS R RS F 2 8
¢
TA(CTR)=SNGL(T (1)1}
XA(CTR)=SNGL(X (111
XB(CIR)=SNGL(X (2))
XCICTRI=SNGL(X (3))
XD (CTR)=SNGL (X (4) )
COUNT=CCUNT+1
CTR=(TR+1
6o 10 5
6 CONTINUE
C****##*#*##*#8####**#*##*####***##*#*##*#*#**#****‘**##*
¢ COMMENCE FLOTTING ROUTINE
(IR ETE SRR R R R 23RS ISR SRR RS E L R E TS
¢
CALL TEK618
c CALL COMPRS
CALL FACE(14.0,10.5)
CALL NOBRDR
CALL BLINUP(O.4)
CALL AFEA2D(12.0y840)

0w
(3]

N . "
Tk e

.




..........
.......

- - *

- A P ) * #* * *

A % - Ped 3 #* +* - *

#* » ow -~ * # +# wo *

# ¥ ~8 O [« 4 # kod # o W #*

* 3#* o~ip . ST ] % #* e e e ) #+ W ey, »

* ® O xx L 4 - X 0 IR VIR LR 4 L B e ) [l *

# # O ™ [ + * et P e - # IO e #

* R ~H - o - #* - # Q6 X & &£ * —~JJITZO W

#* % -t o - 0 #* Z % - # W e~ W

® w e® Ww - . 9w -~ + * ¢ - £ ey w
T B AT Y > K4 % VI w (N~ = o~ =~ * LL FZZ P ™~
* % ¥ < [as] N # O~ - e~ e~ # WIHNWDOI # O
- O ORR QO - o #* # NT F N N # TXr~NOT # <<
o * ® "Re V) - - * W R - -~ * S U W I
Q * R W e u - * 2 & 0xX X X X * [T, ) #* U
- * 3t - 2 " * - # % # #* # W A=ZZ # I
- #* ul ##% O =z X~ % —~ #* Ty~ ey -y # VIW> WO # O
—~e w o R e — N # 2 # NN N =N #+ ALULOW—~ & =
o fo SERVTRENTVITUREEN. ] [ xy # I # o = & = #* UWIO # O
O~ w T o W P X4 ¥ o H# N~ NN N 3* —_J # <
—t—y z wuw g o) ur e # %* —— - - # EXZUNN *
- Q T = Q e # W # [G1-C X Lo 18 1 18 Y # It~ # W
- x Q9 Z o -~ # L # ePrd eI+ M+ S * J XL~ # o
“w Z2 4 00 O (W) X0 # - # T N g #*# DA2 # W
(%] - % ZZ 0 ey~ [ 0N = 3} #* O Y o () frmm il o gef e * GMOFHE #* -
9 Q # LL N et~ ~ e # > # [ i fh - # ZA7T=O> # QO

w 0 9 #* #® - 111t ~ NENF R @ # - N € o O X X * il eadq # < 1
vy W W % % e L Lo lan i IR +* Q- i ampmp~P o~ * VILEZIIL # J o))

X T O# N W ettt o4 s H# O v eF DaFaF~AN=N #* x®¥O=® .
4 — * ##* J aaaa w TT s # W f O srtwrtwrtet- ® = el & W
— D R R QA LWOY b~ NN X e S o aX e =X X * A Frd B
D # AR Q eenn =z DO # = BZ D e O e # W Wz
w w a # #3F v O w coe B D H e emE ewmwmawoa oy # CSLOWU= 3%
p % XL Z # HH* e > > X X - -® e # O #HU L PLeNIqNINO~ON % -~z # <
— - W ¥R - L - N ll— 3 W # = ot ob od ab o " w«lIO> % W
- W = © oo O IIII~=~X 0O e % € #XZDU <C eI~ # Oz QA #
- e — WS e o~ 9 epmbet—OO0™M W -ee % B 0w O\ () e P # =UWZS 33 -

— X T Z Z T2 O wwwwwwet e & ree B Z RZ SENENLwL O] 4 VIS ®
WWID D rimvtmieawe  WWWW P e L) XXX # O #ODISFWEIDIDIDITHN *  Wwaol W % W
TIEZZ Z OTOTOATUL~AIIZI A NO~= MO # Uy #U el w O wraw #* ZLWVNQ o # =
QO v~ q *q Q< *Q | XXXEYD "> e & ] aee % I e R VR OV i # > B
ZZLZZ QO W W WUl 1GEDDIIDIZ2W~A, % WU " se RN £ U SR WU VD Ty oo " O~ N2 e
XX, o TetLeedTErtOrOW0QW— =N Wi OO0 % G #Z2Z ZWA~XINXOXTX * DXVwRA—YD #* D
w - - - WD) IZ mwow # L # DVOINNNTh b et e} # 0O Qur) # Q
Adddd T 200U IO IN DI A J N~FTNQA~Z20) e $ O = = > e 3 g N e 3 > # o axZa # o
- =dd DO U YO bt ddddd~l C = == # O #ODOWHNZZ Il | | N #* O ODWROS- # @
QIqQQA ~ A4 <L AQOWOr- QL # & #OO ZAQAW || U =) = * DI ZL4 ® D
LUOLLY D QO *Q *VY *JVVVLVVVLLVRYLFXOZ A ETTXE Q. U JUIT T et O ey ot D #* =W—OW # W

a. (e P [as Jo o Ao Y ) M #OLTET AN 2T w=) # +*

=z OA—~200Z#% 2 #OZW—QO—O-DNwD=wOUWZ # +*

L) UV UL i V) VIOV W | W P W s »

w3 #» +* W oW W W * *

o * # #* *

-t #* #* * *

o [TaYate B 4 * #* *

o o nogs # * #* #*

(G158 SIS ISIE]S §18) [eale T NN B IS IS (BT | LLLVLLVLVLVVOW

........




W
Wz ~ b~ -~
-2 -~ W -~
) — v) =~
4 ® | . ~4 )]
D - w v [ —t [\]
. — 2 — O 2] >
wio . w4 — -
-) (&) Q . - ~N (%)
Z - < g O — (12 ~4 M O (o
O -4 -~ < o + o + - ~
[a 4V ] U, u 4 ~- - ~4 - ——
2 ~q 4 [c JANTH (%] N w) o o -
D= W w o - —~Q - ~N O —
NZ o) ~ w [ ~ - ~ ~
= 172 S B ) DA T - o Py O ~ fnd
A Il =« O . Q —~ -Q -~ — -~ ]
T =2 Z ~ Q (S — (&) — (o] o
WIF=~D - Z — (@] ~ o] ° Q
[T Py (7 B ¢ — [ (D~ [ad O g (@]
Wil -~ L 4 [} - 1 ) t ~iy .
XK= & ~O U -~ o (=] -0 o ~pe V) wn—~
g =X ool -~ . o - = B ) V) =
X~ W - [ @ J o —-J Q —~“<L<L+ ~ s
g =FrV) Z0 xX U~ W [} *u [} e L) amrm iy - o)
b - LR (15 | W = Vv [« BN 17, ) VI U, XA NNO L
QIAXa O ] * WD V) o Wb W) [TT1 e ul R, W T e T |
o) «F JqUIV) ~ (9 QA +$ ™~ b I $ = - X Vb= t=}= O H
V) il _JOr- ~ Q@ UWqdmmmon e = Jdvmonemiy N - Of =i e i —¢h=
= W e V) ) U LY AONNO~AYZ W UL ANNO—YZ s AN smemm=_J= I} ZIWOO
aZwwld, Wway < U vl w o w) ) -t V) ALt~ (O (|~ %/ AT NI LTI NN
PO X~ U, W XXX == e OO~ i} U Qb= e QOO =) I WO ) L~->000Z 0D
eX & wwrmwd e L | N RN eI VI s il W e<T )t wv WNZ e O QO LD
I w ~sedt= ) X o N wm semmemn (N~ |} w_mv._oo — Efu)\l\l“ZL\uM n N_n.-Uuoo — RH . Trlr__n
- - -~ ® — ey gt e = P B (1§ By
X o it~ W AL T e O Q OO LI A o Zes bbb OO0 L N (8 Yo 478 Jow J
YAk 1 (D e~ V) O <T@ e dad - QO e —JddJd Q P-4
W WE M Z - Z U~ KUl D U, Z ZwLuw u, 02 -—
ww Y W o, it X vy, YW W e t~
o U= — o~ XX wew W e oxw @ ~ <
ONVO W W wo o U (w [V = )
W et 0 = O > - D= (D Q
Q=Z = (&) w - | -
WLOOXD w 4 P4
UL=TIO () z o (w]
-2 oc
oo o ., W, e
U . ~— — —
w ("] w3
— o~ [}
— - -4
o o -4 o ~N o o
LOLO~ (8] — (STS 8 1] (8 - (616 |6 Iy (8 - o~




T e e

(-
i D #* 39 = 0] -
# U< % < D = Q
# OJd % -~ O -t [4 4
#* uwv #* W, O ‘D [s 4
LA e 40, +* [2 4 -~ Z v w
* LU * w Z < SSINY | v
# 1w Z #* - O b = wny Q o< [e+] wny
#* Znw +* o O (] —4 << wV~Q0 << -
#* DIOZ #* (g - JO -4 DO % - Q
* aad * ~— - (%) — . a~—o — - ~ us
# X JO. +* V) e LI O w 0o 00 w o ~ [> 4
# JQWE % =0 <aw —~Q o« #OMUO~O Q ~o w
O O * oL U~ - [ Ot~ o =rd ) e~y I
*» WO * e e £ (o] - QO U ¢ r~
# VI # WUTU VS W (d®] w MO~~~ o v o
% 221 # dwldd O Z D w) 9D e~ L~ -~ L= N -
#* e #* I L I | o - O wod LY 2
#* O QQx D # WL s W Q D 9 ~~_) () W~ Q ®
% ZaAv +* e« T e X -~ £ 0 o= o =X ~4 X9 [ od -
# < # WO —E O -0 — o W ON—~ * N\ -
3 TITO> % o~ -y =) QD bl ] a O O™~ tm~ _— Ty (] vy
# OVOZ # D= D = X ® QA ~ ¢ =0 ~—tpe O D <
# < # LAX > e q W — ~p VY @ —Mv e U,
#*  =Q # Jez A T =0 ~ - O =g vy L= —
#* W # UTFTO ~= = O - W b~ = el <<NUeJ -~ &)
* QA= # WD X - S~ — 21 A I Tl [T o Z
#* U # XN e s V) wZ <« + Z OUOrQWXO =2 — =Z . — V)
3% < b= +* - opm UL e U W = W OWViUgra~e Z XX Ded X J)X'H - (&} c
% W # Xawun X ) - pd B o) <) e ) L~ |} ™ Sndenlon 9 =z
#* QU 0  QEI] ~ = O ~J X O 2D £ il X ¢D =D W) p= ) i) L e
* wyU U, eZ o~ xO u _. Q ~ v (Y, [ N E MwZ D ['4 p <
# ==l # e O ~r e X O U - XN Q =t ¢ _JI) d gLoemn—r oL U -~ J
% WoOD # DU x & X ol M?_NEQ - 0+ SwmDp=L I N Q=~D—~_JD ¢ =
#* OZ # WxXZ Ne O Or=r=w il DD V) W~ =OWUZ O = —~tQUZ 7.
+ -t _d +* e« X ~ONIrZ 0O Z- q Zr=0)m=m o= | ZXOLO o~ || ZWI—O oOAE -
# OZJ * wx <=2 e Z U OO—ZW u. W ~wm}aNZ ® = | =N -R.lh..l nJd>d
,.*f g # OLOZoD X Zi= s XTI - ZLwaDL O ZoLl QIO Qe Z -
J£ ® PUIWD <« oD~ ZVE = U 22U WX OZu."—U, UONEPIE P4
% WO # WO ~LUXV X ~Z\, QU™ O =) St Il e d O el s
: #* Zw<g # Z X ~+—=TF Q o= QO Fr= | O i~ — ~ ZZ Z
w % E LY A D =N e M Zw n e XU U, X ouu, x Ow. Oeaws O
o B I M R P LD XN [T QD) =~ ey (O U (W A
zZ #* DZwwr w ORWIOHZEQ N~ WDZ 1 UE ~—r zZZ =
— g # 0O0xXO # 0O OO0 =~ o — V) ZDWLX o= O
=2 # X W # CIJUIEODO X -4 b~ << (Y, R Ot= QW
ZQ # WDAOFr § MU= oE o L U < ~
QWZ # D eZWw # DWZZO0Z X+ O 0O - uw Qo 9
otw # NXIO M I« « Q= 0O QO X e OV ZI
(%} Q
+* ¥* w<g W, PN 4
+ * -, — Lan 1¥ 4
#* #* 93 W oW w
#* #*
* * n < — ~N ~9
o #* ¥* - -0 ~N N ——
o 3* #* o OO o Q O ~ [e]ale)
4 VOLLOVLLLVLO VLV ~ OO0 -~ ) —~ ™M S W16 {8




AD-A151 518 EQUILIBRIUM SOLUTIONS STRBILITIES AND DVNRHICS oF
LANCHESTER’S EOURTIONS W. . (U) NAYAL POSTGRADUATE SCHOOL
MONTEREY CA A B NING SEP

UNCLASSIFIED F/G 1271




““ 1.0 & e i
=ti
s B

— L
LS s pes

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A




YT T

1020

RON «EQe 1J o AND.( IER.GT.Q1M41 GO TO

o
~N
o
(]

.........
......

.....

~~~~~~

96

Lt e,
PO PP

a® . e
A

>,




APEENDIX D

p DERIVATIONS OF THE RELATIONS BETWEEN 5;., €y AND STABILITY
= 1. DNeutral Stability
?. In this case, Ey = €, T 0 and eguation 4.5 reduces

to
Ny (X=Xg1) + (xy-xg1¥e1) * uy(y-yy) = 0

It follows that both sets of hyperbolas merge intc ore and
all the points on the commcn hyperbola are egquilibrium
points. The lefthand side of the second condition in egua-
tion 4.4 can be manipulated as follows

(uray ) (v+cx,) - (b*ax ) (d+cy,)

ac [(n1+ye)(u2+xe) - (ul+xe)(n2+yc)]

ac [xe(nl'nz) + )'e(uz‘ul) + nluz = nZ‘JL]

=0

This result implies that the constant term of thz character-
istics polynomial D(s), is zero ; hence one of the eigenva-
lues, s, egquals to zero. Factoring out the characteristic
pPolynomial, we get the other eigenvalue as

€]
[[]

2 % ° [(u+aye) + (v+cxe)]
(eqn D.1)

- [a(n1+ye) + C(u2+xe)]
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For points on the first quadrant hyperbola, x, > -y, ard Y,
> -n, 3 therefore s, < 0 and neutral stalkility exists.
Conversely, S, >0 on the third quadrant hyperbola wiaich is
therefore unstable. The results are suamarised as fcllcws :

() %hen €, = &, =10, infinitely-many equilibria
exist as points cn the two hyperbolas on which x = y =
H

(2) The first quadrant hyperbola is neutrally stabie;
(3) The third guadrant hyperbola is unstable.

2. Intersections in First and Ihird Quadrant

The proofs for the following results are given in
this section :

(1) when both egquilibrium points are on the first
gquadrant hyperbolas, one is stable and the other

(2) wvhen one equilibrium point is on the first gquad-
rant hyperbola and the other on tine third, both can be
opstable or one will be stable and the other unstatle.

The straight lines given by egquation 4.7 are plotted
on the ¢, €y plane as shown in Figure D.1. It also shcus
the corresponding regions on the e,, ¢

plane as X, and Y,

Y 2

vary.

let (x .,/ Y.,) be the first eguilibrium point on the
first guadrant hyperbola. The first stability criterion ic
eguation 4.4 is automatically satisfied since

(u+aye) + (v+cxe)
= a(ny+y.) + c(u,*x,)

>0 for Xop > “Uy and Yo
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/
/ yeZ

=40 —»

Figure D.1 Effect of Varying x_, and Y, on € v ey Plane.

Conseguently, the stability of (xel, yel) is solely deter-
Bined by the second condition in equation 4.4. The second

condition can be rewritten in the following manner

(u+aye)(v+cxe) - (b+axe)(d+cye)

ac [ Xg(n=ny) + ye(u2~u1) *ui(ng-ny) + “1(“2'“1)]

ac [ —cy(xe+ul) + cx(nl+ye)]

> 0
: (ny*y,)
or ey 3 €x l7e (eqn D.2)

(u1+xe)

. -y o
» T
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For (xel, yel), equation D.2 represents t he boundary
line of stalkility and this line has a slope between

r]ll(xel
) and (yel + N))su, . It is shown in Figure D.2.
;
€ / Q
/ AT
/ R
// &
L
r SR -~
o .
'y -
7 -~
13 . RS
‘C‘.‘.' /./ nl
slope = -
/ P Xo1*Hy
e " EX
/'/_." / (ny*y_ 1)
o 1| s1ope = 1 el
-7 Ry o (1)
-~ - :-.a
N
&Yy
& .
M L el
: e slope = ———
<>/ Y1
{P
% /
Pigure D.2 Boundary line of Stability on €e.o € Flape.

To investigate the stability of (xez, Yool s we

substitute them into equation D.2 and obtain the condition
for stability as

X

€ 2 € (n1+yel)
>
s (hp*xeq)

(egqn D.3)
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Equations D.2 and D.3 are only different in the
directions cf inequality. This means that on one side of the
line €, €M+ Y1)zt 210, one eguilibrium f[foint is
stable and the other is unstalble. On the other side of the
line, the opposite «ccnditions exists.

Note that (x.,, Y.,) may or may not satisfy the
first condition of ecuation 4.4. This condition is

a(n *ygo) * clujre,*x,,) > 0 (eqn D.4)

From Figure D.1, €eguation D.4 and earlier results the
follcwing deductions can be made

(1) In the first quadrant of the Ex? €y plane, ¢,> 0,
X, > “Moe Yoo > -Ny hgnce equation D.4 is satisfied.
The region labelled “/n%%g in Figure D.3 is stable for
(x yez) but unstable for (x

ezl el' Ye1)3
{2) In the third quadrant of the €r €y Flane fut
Letween the two lines where X, 2 ¢ and ¥y, >-n;

eguation D.4 is again satisfied. The region labelled
NNR is also stable for (X_,, 7,,) but unstable for
(xel' yel) ;

(3) In the second yuadrant of the Ex,ey Plane, Xop <
L S < -ny and ex< 0, eguation D.4 is pot satis-
fied ; so both (Xgqe yel) and (xez, Ye2) are unstable.
The region is labelled in Figure D.3;

{4) In the fourth quadrant of the Exr €y plane, equa-
tion D.3 is not satisfied ; so (X 5e Yo5) is unstatle
tut (x.4, Yo1) 1is stable. This region is labelled
[ <o sisure o-3:

(5) In the region labelledf eguation D.3 is

pot satisfied ; so (x.,, jez) is unstable Lut (.10
yel) is starle.
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.0_"» T".c .‘('.“.-.';-" "

(Xe17 ¥o1)
unstable;
(Xe2 Ye2)
stable

as above

both
unstable

(xel’ yel)
stable;
(Xo25 Ye3)
unstable

as above

e me (M1*Y61)
y

X
(b1 +xg1)

Figure D.3 Regioms in ¢ €y Plane.

X'

By carefully noting the signs of (x.,, Y.,) 2and the
various regions in Figure D.3, all the previous deductions
can be ccmbined ; we conclude that :

(1) When both equilibrium points are on the first
guadrant hyperbola, one is stable and the cther
unstable;

(2) %hen one equilibrium point is on the first quad-
rant hyperbola and the other on the third, both can be
unstable or one will be stable and the other unstable.
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3. I¥o Equilibria ip the Third Quadrant

The simplest way to show that both equilitrium
points in the third quadrant are unstable is to refer to
Figure D.4. Clearly, ve must have x < - v/cand y < - uw/a
for roth eguilibriur points. In that case, the first
stability criterion in equation 4.4 is not satisfied since

(u+aye) + (v+cxe) < 0

Therefore, both egquilibria are unstable.

-l
'J

ok

e g g L L

Figure D. 4 Two equilibria in the Third Quadrant.

4. Repeated Equilibria

This case corresponds to operating exactly on the -

= + + the ¢ lane. The cf is
Exf’el nl)/(x?1 _“1’ on th x¢ €, Plan . he pro '1
obtained by substituting Xog = X1 ¢ Yoy = Vg into eguation

4.6 apnd solving for Ey.
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Y

Y

= = X -
Ye2 = Ye1 = g, Fer™1) = M
. (eqn D.S)
- = -——x- -
Xe2 Xe1 ey (Ye1+n1) ¥1
Rewriting eguaticn D.S5, we have
€xVe1 T EyXe1 Y V1fy T M1%x
€y¥e1 T Ex¥e1 T Mifx " H1%y
subtracting one from the other,
= 2 -
Zexyel Zeyxel + _uley anex
(v_{+n,)
ey = € el 17 (eqn D.6)
(xg1*Hq)

Thus we have shown that the case of repeated equi-
libria corresponds to points on the straight line indicated
in Figure D.3.

Equation D.6 can be also obtained by setting the
second stability criterion egual to zero ( see equation D.2
). That is equilavent to saying one of the eigenvalues, Sy
is equal to 2zero. 7The sign of s, is deterainel by ccnsid-
ering the first stability criterion. Following the same
argument as in neutrally statle case, we can prove that
repeated egquilibria on the first quadrant hyperktclas are
neutrally stable. On the other hand, repeated equilibria on

the third quadrant hyperbolas are unstable.
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APPENDIX E ~
BRELATICN BETWEEN STABILITY AND € 0 sy PLANE: VERIFICATIONS -

Scme representative points on the € ¢ €., Plane are

y T
cuosen and the corresponding stablities of the equilibria e
Calculated. The points chosen are marked F, G, H, M, N, P, o

Q, T and W in Figure E.1.

)
€ /
/

H /

* / N .
/ .

P / P
¢ / '/"
/ g
/G:u '/,/
f T M €
Fl' - X I
./“/;f/
/,f S
L~ /
-
.~ /
~ . -
w /
/ T .Q
/ [ ]
/
/
/

Figure E. 1 Experimental vVerifications.
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ﬁ 1. Erocedure
Having chosen the points on the €4, €y plane, ve
have to work backward to obtain a, b, ¢, d, u ard v. o
Suitable (x,;+ Y.,) are then chosen, followed by a calcula- ) ;
tion cf 11, S, X, and P (X e Y,,) can be cbtained ;fu

directly from equation 4.6. From all these paraneters, the
eigenvalues can be «calculated aud results compared with
theory.

Ve .
ottt
e el N

-

2. Results

The results are tabulated in Table VII. ThLey agree
with tle theoretical results given in Figure E.1.
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APPENDIX F
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E RESET INTERGRATION PARAMETERS AFTER EACH CLRVE.,
T=0.
IER=8
IND=1
X(1)=1.0C0QC
100 CONT INVE
CALL ENDFL(O)
CALL CONEPL
STOP
C END
(ot 222222 ERESRRRRRR 22 R IIERERREE RS R R R AR R SR 2 R 2
C SUBROUTINE FCNL REQUIRED BY OVERK
CRAEE 23X I3 I35 30%%%3% PR SR T IS RIS SR RS 22 22 908 35
C
SUBRCUTINE FCNLUNoTyXeXPRI)J
INTEGER NglyJ i
REAL #* 4 X(N) ¢XPRIUN)+T,R(2)4A¢B:C,0,0U(2)
COMMON RoABylyCol
XPRI(1)s=X(l)#(u(l)+A*X(2))¢R(1)-BeX{2)
XPRI(Zi==X12)*(U(2)¢C*X(L)I+R(21~-0*X( 1)
ENDRETURN
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KM1l=K1-1
KM2=Ke=1

Ct#**#t##*t*##ti*ttt#*##**Qt##t#*###*#*#*##ttttt##ttt###*#
COMMENCE PLGTTING THE BCUNDARY

E**‘**#*##‘####**ttt*#****#‘**###*##**#***#‘###t**"*‘*##*
CALL TEKE1E
¢ CALL COMERS
ALL VRSTEC(0,0
eAtt MReiiisa s,
CALL NOBRCFR
CALL CROSS
CALL ELCHUP(0.55)
ALL AREA20(13.7+5.0)
CALL XNAME (S TOTAL X FORCES$®,100)
¢ CALL YNANE(® T0TAL ¥ FORCES?® ,10G1)
¢ INSERT HEADINGS WITHIN QUOTES;REMCVE COMMENT CHARACTER
C CALL bEAD]N("**##**“*OO#**#*#“###*#**##**"
¢ & 4100 9laypa)
C CALL HEADIN(* 2% %26 %h 332252250k k3%sd%kdIg?
C 8 100!1-"0,
C éALL HEADIN('#**#***‘*##*‘**‘#***#s',100
¢ 64100 91ey4)
s CALL "HEADIN( 4563455 44208 85455245422 49KH 3§ 0
¢ €4100 41av4)
CALL "GRAF 16,009, *SCALE® 17500040, 400, *SCALE* +4.000)
CALL CURVELCAPX)CAPY ,kM1,2)
CALL CURVE(CAFLXCAPLIY KMZ:2)
CALL ENCFL(O)
CALL DONEFL
$TCP
¢ END
C*****‘*#*##**t#‘*#t***###‘#**t*#*t***###*##**#1#**#‘****#
¢ SUBPROGRAM CALL BY INTEGRATICN ROUTINE,DVERK
C*******##*#**‘"#*#**t#*#‘###‘**###*****#**4**‘ FERS e kK
¢
SUBROUTINE FCNL(NyTy X¢XPRI)
INTEGER Nolod
REAL #* 4 X() oXFRIIN)+ToR¢AsBsCeDoU
COMMON R(2)
CCMMON /PARA/ A.B,CsDqU(2)
XPRI(1)=-x (1) *(U(11+A3X{Z)1eR (1)-Eox(2)
XPRL{2)==X(2) #(U(2)+CX(1Di+R12)=-DaX( 1)

END
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APPENDIX 1
TRANSFORMING MIXED STRATLGY PROBLEM INTO LINEAR PROGRAMMING
The payoff function has been defined to be
A(X,Y) = L, - L,

Y selects his optimum mixed strategies which veild

m m m

» - min z : 2 :

V qj max aquj, azjqj,..., aquj
= )

J:' J=1
where
aij = payoff to x when x adopts ith strategy and y adopts
jth strategy
qj = probability that y selects jth strategy

E a; = 1, d4; > 0, j=1,2,...,m
4 a o
Let vy £ max [%;aquj, E;aquj""’ E:aquj]

Then the original problem becomes

minimize vy
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Subject to

<
o

Z"‘quj ©
)
Zaquj < Vo
I .

2345 < o
J
.= 1
29;
J
q.

of J>0,j=1’
Dividing the constants by vy (>0), we have
1"\
= a,.q. < 1
1
= a,.q. < 1
Vi 4 ZJqJ
j=1 .
p
A 1"\-
v, E:aquJ <1
07
]m
v,2 45 =1
» OJ=]
Let Y d si
e Qj = VE and since
min v, = max 1 = max [Q, + Q, +
0 vy 1 2

the problem can be written as

max Q0 = [Ql + Q2 + ...+ Qm]
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Subject to

After solving the LP problem, the optimum strategies for y

is given by qj* = Qj*VO. Some constants, K = ]min(aijn could
have been added to aij to ensure Vo > 0. If this is done,

K has to be subtracted from the optimum value obtained by the

LP, that 1is

where v = the value of the game.
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APPENDIX J

BACKGROUND DATA ON KOREAN WAR

PERIOD CONSIDERED : 25 June 1950 to 7 July 1950
(No American ground involvement L
as yet) -

TYPE OF ENGAGEMENT : Predominantly land combat
GENERAL STATE OF READINESS

NORTH KOREA : Well prepared by 1950; arms
build-up and training of
troops since 1945; many
military leaders and combat
personnel were war veterans
fighting in China

REPUBLIC OF KOREA : By 1950; a small defense
force began to take shape
through American aid;

training only started around )
1948. ———

SOURCE OF DATA : a) Appleman, R.E., United States
"Army in the Korean War, Department
of the Army, 1961.

b) Montross, Lynn, U.S. Marine Opera-
tions in Korea, U.S. Marine Corps.,
1954.

RELATIVE STRENGTH =
NORTH KOREA REPUBLIC OF KOREA

Total strength = Qx = 135,000 men Qy = 95,000 men

Tanks : 150 nil

Artillery pieces : 1,600 700

Aircraft L
(1) fighters - 40 no combat aircraft

(ii) attack bombers - 70 (22 trainer, 4

(iii) reconnaissance - 10 auxiliary; no pilot)
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6. CORRESPONDING PARAMETERS USED IN MODEL

0.7 c =
» 0.4 d =0
u 0.15 v =0

a

n

N O O

1 unit = 13,500 men U
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