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PREFACE

This report deals with the time dependent energy
dissipation mechanisms which should occur in micro
spots on cold metal cathode surfaces of low pressure

arcs.

The Appendices A and B contain especially the
mathematical way of how the analytical solution of
the time dependent heat transfer equation and the
formula for the time dependent heat flux for a

growing spherical spot has been found.

This research has been sponsored in part by the Air
Force Office of Scientific Research/US Air Force

under Grant AFOSR 82-0298.
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ABSTRACT

The paper deals with the dissipation mechanism of

microspots on low pressure arc cathodes.

Based on a new MPD stability theory and on an experi-
mentally found empirical relation between spot cur-
rent and crater radius on pure copper and molybdenum
cathodes, the time behavior of pressure and tempera-
ture within the spot and the appertaining voltage
drop have been calculated. Emphasis has been placed
on finding an analytical solution for the time depen-
dent heat flux into the hemispherical crater surface

as a function of the expansion of the spot.
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L INTRODUCTION 4
( e
| According to todays knowledge the attachment region )
of a low pressure arc¢c or a so-called metal vapor arc
r' consists of one or more bright "spots" of very high ) 1
®
i current-density ( 1012 A/m2 and even higher). A vapor k
¥ jet (containing even droplets) and a current-carrying ,-f{f
;‘ plasmachannel emanate from each of these microspots.
a2 ]
;! The discharge channel which electrically connects the 4
]
F cathode with the anode or with the main inter- 1
electrode plasma region 1s therefore exposed to a ]
i
very strong axial flow.
X 4
¢ ) . . [
1 These microspots are highly nonstationary, they 1
propagate and disappear and, depending on the
9 electrode material (oxidized surface layer, surface
,t chemistry), surface roughness, overall temperature, :
[ ]
s and type and pressure of gas, these microspots can
cluster together to macrospots of different sizes 1
- witn different erosion rates. ;
, 1
(J : . . . . °
This report presents an analytical investigation of 1
the instationary energy dissipation mechanisms within
an individual microspot on a pure copper and o  '§
molybdenum cathode. It is based on the knowledge of T
[ ] @
an experimentally found, empirical relation between 3
spo2t current and spot size and assumes a strong ‘
enough axiz2l Tlow in order to maintain a stable } :*
straight discharge channel.
] e
L ®
4
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-
1
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HEMISPHERICAL CRATER MODEL

- |

The following analysis considers a simplified model which,

however, according to experimental findings 3),“), is R
d quite reasonable. At first the arc attachment region is J
F divided into five different zones (Fig. 1). .,3
E Zone 1 is the current carrying plasma channel which .
¢ electrically connects the 1low pressure plasma of the .
j interelectrode space with the crater zone II. This latter . 1
: zone contains a complex, turbulent mixture of evaporated {

material like atoms, ions and electrons under fairly high j
4 pressure. Adjacent to the high pressure zone II 1is the J
y‘ molten layer zone III, which 1is connected to the solid ._
E cathode 2zone IV through a hemispherical phase transition 4 i_'f
- area. Zone V 1is the gas and vapor region outside the ) 1
. current carrying channel and is characterized by the fact T
:‘ that no, or only an 1insignificant, current density is 't’;;
E; present here. N -3
:- .

Cathode material 1is evaporated out of the c¢rater which : :
F’ forms a gas and vapor Jjet, causing an axial flow within :{:.:g;
E the current carrying plasma channel (zone I) and a .2. :;E
! diverging flow in the non-, or only weakly, electrically N
F conducting ambient zone V. As often observed in experi- o 1
r’ ments,this jet can contain droplets which indicate that 9f1
{ the surface of the melt within the c¢rater is boiling and, .?
- as will be shown later,that due to an explosively ;
; increasing pressure in the <crater (zone 1I1), molten ”:
;. material 1is pressed and ejected out around the crater - .-1
{ rim. The behavior is indicated by the protruding rims of : :
[ the craters 1left on the surface of cold metal cathodes
b tha*t have been struck by an arc. ?
¢ o
-
o
}‘ ) °
¢
L N 4
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' In our analysis we assume a hemispherical crater, neglec-
F‘ ting this crater rim and the thrown out droplets. However, -
8 since these droplets have a minor effect on the energy
- balance, and since the crater radius follows as a function
4 of the spot current from empirical relations of experimen-
*i tal observations, one indirectly accounts for the material
. loss due to this rim and droplet effect in zone III any- ﬁfrli;

way.

ANALYSIS

Now we will investigate the zones separately and match the J
boundary conditions in between, Thus we obtain an integral y
view of the energy dissipation and at the same time the
voltage drop Uy between the plasma channel (zone I) and
the solid cathode {zone IV). It will be shown that this
voltage drop fits very well with the cathode drop of a

spotty arc discharge.

First we 1look at the current carrying plasma channel,

zone I (Fig. 2). Former investigations in arc stability

5),6) lead to the following criterion for a stable arc:

S
= 2 Mo 2 ]
E /,S’Ve ol Aa T TC[4+£] Sars <
4z (2) i
with L
Sy = QA yA; I B,

and £°0.8 ®

which means that the axial impulse transport within the
discharge channel /:rQ'dWe has to be larger than o
A o

Mo -2 (j &r VA2 &, (3)

-— T A . o1 °
fr T LAET {44 qoc - = f
.

3
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| Fig. 2: Zone I: current carrying plasma channel -
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For a pure copper cathode, we know from experiments 7)
that JX;/I £ 0.12 (um/A) . Using this we can neglect
the second term within the curved brackets as long as the
constant outer magnetic field 1is small enough (By_ 1 T)

so the criterion above 1is reduced to :>0.

Utilizing the momentum equation for the crater 2zone 1II,
the vapor pressure p, above the molten layer can be rela-
ted to the axial mass flow (Fig. 3). Neglecting the ambi-

ent pressure p , the criterion above can be expressed as

()

which means that in the case of our hemispherical crater
model the vapor pressure above the melt has to be about
3 times the average magnetic pressure Pﬁ.ﬁ £

If this condition does not hold, a small é&%turbance,
which means a small curvature of the channel axis, will
bend the channel more and more until it touches the
electrode surface at another point and a new spot 1is
created. Fig. 4 shows the vapor pressure curves for copper
and molybdenum with another ordinate, the product of
current and current density, Ij, with dimension A2/cm?.
For 1Ij above these curves the current carrying plasma
channel is unstable; correspondingly if Ij is 1less than
the value given by these curves we have a stable discharge
channel.

With the assumption that the mean evaporation rate from
the fluid surface A, within the crater corresponds to the
vapor temperature T,, which is the temperature of the gas

within the crater straight above the melt and is

. [ 7c - /m. (5)
A Se 2y mo N ACP" Ewk e

Cafiarl

. o
PO

~,
».,L.,i

e a s

JON o)

-

aaoa o 2z 4

4
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2 of o e o
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the criterion (4) becomes - -

L
. 2 Me Iz st Ac y 11 I (6)

or 2rkTe.  Ap "3 = . =

—— e

with ®
- O
- kg VX AR
. —_— (1) ©
c = /fI‘f 70 ZS % ] 3
' 4
®
1
M is the atomic or molecular mass of the evaporating 1
cathode material,
.
The minimal evaporating rates for one spot at a pure o 1
copper and a pure molybdenum cathode yield to .
e (6a)
. — A lq] a
- . —
e = 36107 =[5 R
: -9 1t ks BN
”~ = 3 .70 =4 R
fo ’ r7'=r S -
c (6b) -
¢ 1
y
with I in amperes and T in Kelvin. 3
—
These results are now used for the analysis of the dissi- 1 3
s
pation mechanism together with the Jjustified assumption R
RS
that the voltage fraction of the spot is just high enough T;u
to obtain a stable spot. o
- . -
.
First the energy equation for the crater zone II is formu- 1
lated, which means that the power converted within zone 1II ;ﬂ
T o
given by the electrical power input
L
— - . .
Y :
e
k
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must be equal to the difference of energy which leaves and

A_.l.“J " Y WY Wy

which enters the crater zone per unit time.

Within this calculation the purely convective part

¢
fe F b Fowd S
O

AC'MQ ]

and the parts due to heat transfer and radiation have to _'¥.f<
be separated. The convective energy flow can be expressed ‘
as ﬁih, where m is the evaporated mass through the crater
area A,. Because of the continuity eguation, m is equal to

the massflow through the circular crater orifice area A,;.

h is the enthalpy difference of the plasma-vapor mixture Y
between the orifice area A, and the region directly above 7

the melting zone III. Because the mean pressure and

L temperature at both areas are known, this enthalpy

3‘ difference <c¢can be <calculated. In this evaluation the 7 ®
[ resultant heat conduction and radiation loss through the :t"ub

area A, can be neglected with respect to the convective

)

effects. The radiation and heat transfers (which include
ion bombardment) t*through the area A,, however, contribute ®

importantly to the heating up of the melting zone and to

the evaporation of the cathode material.

,.,
k")'i'._“

o

o

o The energy balance of zone III can be written in a similar )

¥ way. The electrical energy (I UIII) within this zone q

; equals the difference of outflowing and inflowing energy

; per second.

[ ®

: 1

b

4
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m sh + 2Tr (9.4S.) = IU; m=«[8V-dA,

o
» Z . 1
o m (Q +oh) + I¢, + 2T g, = I U, | .
(- J L
]
,’ Fig. 5: Zone II and III: crater and molten layer e
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Two other terms have to be added in the energy balance of
zone III: mQ, because of the transition of evaporated
material to zone II, and I @e because of the work function
of the emerging electrons (Fig. 5). The energy of the
particles which flow over the crater rim and that of the
ejected droplets are neglected. It 1is a main fraction in
respect to the mass but a minor fraction in respect to the

energy in this zone.

The energy balance of the spotty cathode voltage drop is
the sum of the voltage drops of the crater zone II and the

liquid zone III (Fig. 5). This yields to

n‘q(o, + ah)+ T ¢e+27rrf¢5=ft/k (9)

where (Z"rgds) is the energy flow per second through the
phase area solid-fluid because of heat conduction.

The evaporated mass m cannot become larger than the molten
mass in the same time period; this leads to the require-

ment:
w € 2mrlis
s %S Sr (10)

From Fig. 6 the energy which causes the melting of the

solid material can be calculated to
2 . Z : , 11
Inetrigp @ = 2ma (g -ge) Y

where Q25 1s the heat of fusion and qr the radial heat flow
directed from the phase area 1liquid-solid to the solid

zone IV.
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: ; tr =22 529 ]
REQUEST: m=2Tr, r 9F = 29K 0 .
S
29r2 6, 2 27r'd +m@ |
L7 95 - s q; S o
1
INTO THE ENERGY EQUATION ° 1
> * —~ 2 ° )
Tu, 2 m (an+Q, + Q) +I¢ + 27 ..
1
1
1
. . T
b m ( r —_ P qr ® p
. + R
) u, = = Ah + R, ¢ Q) + ¢, + 27, 7 W
g - ‘ .
. A
: Fic. 6: Zone III and IV: phase area fluid-solid -
.. fig. 6:
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With Egs. (10) and (11) and the results from Fig. 5, the _
heat flow in the liquid zone can be expressed with respect .. @

to the heat flow in tne solid zone. Therefore the cathode

voltage drop follows as:

’(441‘0) #. + (":ff G +4;) (12) ' 1

Before looking at the heat conduction éf within the solid
zone IV, the limitation of M caused by the stability cri- ®
terion (6) and the above requirement (10) will be added.
On a cold solid metal cathode the evaporation rate m with-

in a spot is limited by

szé £ 2 e, lZ"’ZOr' : .1

m £ rnr = Jwr (13)
— J 'S J
ilc f? G& }
To calculate the heat flow df, the heat flow equation e

within zone IV (Fig. 7) has to be solved. Therefore two
assumptions are made:

a) the heat transfer coefficient *¢ respectively the ther-
mal diffusion cceffi~ient ;¢ within the solid is constant L
and -
b) the term Zpj2, which takes the ohmic heating within the

ss1id into account, can be approximated step by step by a

o Attt caecingh

potential function with ¢~1/r. e

Hence it 1is

e gt 4

Br " = ¢lnt) o °.

X with
. . L 27,28 (15) ®
4a¢ r* 6r 9”’) =0 j
. 1
- 2
P. .
1
° ®
;
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HEAT CONDUCTION EQUATION OF ZONE 1V:

o1 . X 3 (.22 2
a1 T = r? ar (r br‘T) t Bf J
M« / :
— = CONST, = =
f;,C; / ﬂ/ .?,C[e,’ Y, J(") 2
INITIAL CONDITIONS ¢
r

t -

BOUNDARY CONDITIONS:

C

Foe T (e)
r — oo
Yig., 7:

re (t:0)

= Go /' rS (f) <

' T(,;” = 7'5 = CONST,
e T(f..”/ t) : Tao = CONST,
Zone IV: solid metal cathode

AREAS OF CONSTANT TEMPERATURE
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]
in the region the potential function is ]
given as — . @ :
£ :-
e ¥ =1y ¢ ("cé)' ‘ﬂv/’,f} -
i
!
rner £n ¢lrt)= g (rt) ]
: : : 0
S
pa , SR
vy ST Sy {/cé)"’:'(’/f) 1
i : ; : ER
N . ¢ ‘ . 1‘

o

A
Setting 3 = Cocesf. , there follows because 1
r*f PrSyce

of I %
- ]

®

2 _IE. 2
/f’e‘/ = /5; em? T (16)

which is in fact no potential function. But within a small

region K., <&r & r, the term (14) can be approximated by

3

RIAN

it = e e e (2 )

where 44, = O is nearly realized. This can be done within

all regions Vo= 1,2,3... . Witnh this step
~

by step

approximation of ij2 by a potential function ¥ the heat

flow equation can be rearranged.

Replacirng T by
t
T = T+ 4 //jN-zdt
o

where T® is the new independent variable

the new differential equation follows as

Oy _ X J s
AU I R G .

(17)

(18)

(Y-

e a s ala A
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SOLUTION :. T= T(rt) IN THE RANGE : t>0;

r;S I € oo

-
frat §(x) {
+[° + 9£(x1)]371) +j/3fJ0H

lo
- N Gt _ G- %o

YLt 2 R X8 2fxt

IO f;fe-"zdx
2
§6) = {1-d}fira] - Zxe€

s (4 el —
's it

Fig. 8: Temperature distribution
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which is solved for the given initial and boundary con-
ditions in Appendix A. Equation (17) leads to the solution
for the temperature T(r,t) which is shown in Fig. 8. Using
this solution T{(r,t) the heat conduction loss can be cal-
culated by forming suitable gradients on the solid side of
the phase area fluid-solid (r:rs; exactly: r=1im (rs+;r).

Zr—0

In Appendix B the heat flow into the solid zone IV is cal-
culated taking care of the fact that at time t=0 the

initial radius is rggy=0;

21/73 gf/r‘/ th,?(/ /n)/Z/ffZ(,r #lxe) —/1)]- (19)

/ S(xg)
— ./4h ot

114- 73"7;3 J7J2

r5(4)

with XK= e

(’t

The function (—75;- is displayed in Fig. 9. Taking
the rises of current I(t) and spot radius rg(t) from ex-
periments 2 Egs. [73) 2llows the calculation of the time
dependent heat flow into the solid electrode. With this it
is possible to determine the cathode drop voltage Uy
(without 1inductive part), the minimal vapor pressure p,
and the spot temperature T, as a functicon of time using

£qs. (12),(4) and vapor pressure diagrams (Fig. &4).
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RESULTS AND DISCUSSION

It is known from experimental 1investigations 1),2),11)
that during the first 3 to 5 ns of a pulsed discharge with
a current rise of about 1 to 5 °109 A/s, a small circular
melting point occurs on the pure metal electrodes which
afterwards forms a crater; then the crater rim expands
with a velocity of 104 to 5°10% em/s. After about 5 to 40
ns the final crater size is reached which means that the

current transportation is incured by a new spot.

On pure metal cathodes the crater radius rg increases with

the current Is. Experiments lead to the empirical
approach:
I_g/l’“
N o e (20)
with pure copper: ro=1,7 “m and I*=83 A

with pure molybdenum: ro,=1.2 ym and I¥=33 A 2y,

It is now possible to analyze the time behavior of the
dissipation mechanism of a cathode spot and to calculate
the purely ohmic part of the cathode voltage as a function
of time if one takes the spot current Ig as a given quan-

tity which linearly rises with time.

Figures 10 and 11 show the results of these calculations
for copper and molybdenum. In both cases the characte-
ristic traces of the curves are similar to each other for
the vapor pressure p,, the surface temperature T, and for

the ohmic part of the voltage Uyg.

During the initial phase the pressure rises explosively
and sooner or later, depending on electrode material and

current rise (dI/dt}), it reaches a maximum. With copper

Y

.

]
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(dI/dT = 2.67 109 A/s) this maximum of about 160 bar is
reached after about 30 ns; with molybdenum (dI/dt =
8-109 A/s) it needs only about 3.7 ns to get to the maxi-
mum of about 55 bar. This very significant, explosive
pressure rise on the inner crater surface gives an expla-
nation for the fluid metal which is ejected and which

forms a crown like rim.

Initially the temperature rises steeply, later on it rises
more slowly up to nearly 5000 K for copper, and nearly
7000 K for molybdenum. Nevertheless the temperatures do
not reach the value which would be needed for a pure

thermionic emission even in the case of molybdenum.

To explain the very high electron emission on the cathode
G. Ecker postulated a combination of thermionic and field
emissions '2). This seems to be possible because new
experiments 13) show field amplifying "Taylor cones" at
formerly plane fluid surfaces. With this explanation the
emission of the charged particles is not uniformly
distributed on the inner fluid crater surface but will
occur at one or more "Taylor cones"™ which emerge and
vanish at the fluid surface. Therefore only the time
average of the emission is uniform over the inner crater

surface.

A complex, turbulent high pressure plasma exists in the
crater-zone where the Debye-length reaches quite possibly
only 10=8 to 10-Tm and therefore the electrical field at
the tips of the "Taylor cones" c¢ould be some 109 Vv/m.
With that, the relatively high emissions of 1O8 A/cm?
(and more) can be explained. A further possibility would
be the evaporation of negative ions out of the tip of such

Taylor cones, similar to those observed with positive ions

.
el oA
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Fig. 10: Spot behavior (cold, pure copper cathode)
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Fig. 11: Spot behavior (cold, pure molybdenum cathode) 1;:[33
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on anode tips 1“),15). The 1ife span of such negative ions
within the crater plasma is expected to be short; they de-
compose rapidly into free electrons and atoms; through
further impact the atoms are ionized into electrons andg
positive ions. These considerations are only speculative,
but they <could yield a plausible explanation of the
experimentally found high current densities of about 108

A/cm? and greater,

The purely ohmic part of the cathode voltage U, above the
spot, first drops ste ply from relatively high values,
passes through a minimum and then increases slightly. It
is of interest, that the high voltages at the start are
caused mainly by the high heat-conductivity losses into
the electrode material at the beginning. In the first mo-
ment after the ignition of the spot discharge, the tempe-
rature decay at the phase boundary layer solid-liquid is
very steep (see Fig. 8) and therefore the heat flux into
the solid cathode is very high. The actual ignition is not
described by this analysis. The ignition voltage however
has to be surely greater than or at least equal to the
purely ohmic cath.lc vcltage Up, calculated here, to init-

iate a spot discharge which leads to a craterlike cavity.

Llso, the time when the channel becomes unstable 1is not
inciuded in this evaluation - the assumption was that the
stability criterion (1) or (4) is just satisfied at any
time. This means that the product of current and current
density Ij would reach its maximum at the same time as the
vapor pressure p,. However, it 1is improbable that with a
further increase of temperature, current and voltage, the
emission ur the average current density j at the 1liquid

surface of the crater would decrease. An increase of

Ak b 8’5 o o b

ok
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j would however lead to an immediate falling short of the
stability criterion (4) and therefore cause the kinking of
the discharge channel 5),16). As a consequence of this
plausible discrepancy, we have to expect the extinction of
this individual spot discharge if the vapor pressure pg,
reaches its maximum. In our calculated examples this maxi-
mum lies at ca. 30 ns and at a current of 80 A for copper

and at ca. 4 ns and 32 A for molybdenum.
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APPENDIX A

B SO

Before solving the heat flow problem as demonstrated in
Fig. 7, the following problem must be considered:

During t<0, the temperature within the homogeneous medium

h surrounding a sphere with radius rg, is set to be 7T.. At
“_ t = 0, the temperature at the surface of the sphere jumps
t. suddenly from T« to Ty = Tg and for t>0 it increases
E steadily, corresponding to To(t20) = Tg+ Tgo(t). Beginning
1 with t = 0, a homogeneous, radial current flows through

the outer medium, which 1leads to additional ohmic heat
sources. The heat flow eguation describing the time

dependent spacizl temperature behavior is given by

-~ oy ey

i .a_r x 9 zp— by
| ” ’7*97("97’/*/3‘/ (A1)

‘ T(rt)
ra ’
(
, j J
f
; ] |
. | \ "
\
. \ J
. ' . E(t} K /
\\ /
¢
Fig. A1: Temperature distribution around a ball with the

e surface temperature Tg.
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with the conditions:

-

‘oo Jfor ¢<O

Tlh,t)e 7,(t) =
-/:Y*dgo /d"' 2 Z20

T("""’/f) S e T Cows¥,

Solution: r
42 s et N ——— . . .
- The term . j¢ with JS zwrt is represented within each

hemispherical shell by the potential function

—
k=3
S}
~

Ayri= ¢

¢
- Substitution: 7—(’/{) = T‘(ﬂé/‘*/ﬂ,j‘lJt (A3
(]

I\

o (1) = zbgr[’zo%(ﬂ‘/'z/] Tay = 0

-

tre hez* conduntion eguation becomes

J
5 T*/r,t‘) = 7)(; 9%) (rz 2 T‘/rz‘)/ (A%

witnin the time interval the conditions are

- < ¢t < 0 T‘/f,!)' T(rt) - 7,

/l:r a//e -

O &€ ¢ < ¢ o0 Tl(q"é).7:+4‘/:° (¢)

w;#, 7 ¢
s T k- 2
'//:’/ oL
T /’-'”I'i) = T’." - _/__

.
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3 )
. The solution of this problem is found with Landau-Lif- R
- E
( schitz 17) as ¢ - @
5 L -
: (r-r:0) %, s _lra)
— - o ("~7i0 3o / o0 “x(¢-1)
Tt T == - _,,z (€T gz (as) :
er Yr A/ (¢~ T) :
= ~-00 -
7 o
where
_— — o %Ur 't<£9 ]
/ ['jb/r)— /’0 - T .
— .2
G"”"‘SZa(Z}-//}/ /r}/a’d A 720 . %
0
With this approach the temperature field is determined if ]
the temperature T*{rg ,,”) on the surface of the sphere is ]
known at arny time. The location of the temperature front, ® |
Tg, at any time 1is known by experiment., Therefore we try
t2 reduce the time dependent temperature behavior on the e

surface of the sphere to the behavior of the temperature

’ 4
front Tgq. ®

(@}
~
(@]
)
173
I3
jo]
(Q

—_— Y ) g
/(Z) - 475, (T) 0//50’ /’.n{/‘/é :

(A6) °

r=rse )
the solution witn X = (A7) .

resd.ts in

' / s p (r-ne)® 1
' Tlrt)- 75 = .L° j’ A / (z) Texlio)
o A ¢/’/ + s /-1 ({ t),t/‘ [ ‘/r
Teo
(A8)

¢
* //{/“/r,z)c/{
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x N
2 ‘70/ . ﬁ
h = is th ion. c
where (x) e = ; e dy is the error function R
) 4
. e
With the substitution
- q/ =" - :
= = -
ﬁ t
77 sxa—o ;N R AT ) e
and using (A7) 3
2 ]
T * t/ = - X ) ®
y) = ¢ /4 7 (A10) 4

the following solution is obtained:

—_— - h [ _ o0 w2
Tt) Tom 2 (5-m) {0604 [ty ] .
g |

(A11) ST

t
¢ J A7 ) e
J (% e
. -
As can be shown analytically with the linear approach

o)« £Geo) +(8) (h12) ke

(A8) or (A11) are the solutions of the problem. In the
same way, at any time TeZ, +tavz (/7 small), the function ]

f(71) can be approached with [ ]

/(T.) = fln)+ (%’tjt (z-t.) (A13) 1

This yields also the eguation (AB8) or (A11). ; H
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Substituting f(7) in Eq. A{(11) with respect to A(13) we

obtain

7(rt) = Too = % Z’- /{" ¢/X)*r' {Z/(t./ (7 ]

(A14)
Bl ot
or by using f(l',) {97‘ I, 5/\‘, (T,)
and calculating = (:) with (A10)
Tlt)-70 = = (7 -r,){[,,- #t)] [ 44k, ]
oz ¢ (A15)
4(5/“ t J(*)f "//”jz/'; t) ot
where
2 ;. k)
(i)« ',3/(/-7;): dy = [1- #6)] (1+ 2x)
2 xc"l (A16)
r
and ™%

ata
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of
ko and (%i z, have to be chosen at any time with respect
to the condition that the location of the temperature
front at time t in the surrounding medium is the experi-

mentally given one. So we obtain from

7—(’/{) = ‘/:- r Cous’.
rer; (¢)

and with (A15):

T e 2 (G ) 0] ek ]

¢ (A17)
@)t a)] o [
ot/ )} * fﬂJ (r ¢) ot
. n-n, °
wit Xg® ——0/—
2/ x¢ (A18)
Following from (A17), because of t =~ 0, rg = rgo, and
Xs =0, - -
r
A = —&[ -
s U4 o] 4t4, ] ¢ of +o
tha: isg,
Ko =0 (A19)
In the same way wWe obtain w1th (A17) and (A19)

/S,, Ua,t) ot

- (91:/,0 ;{‘s) /-’iﬂ — ][,,_ W"f)jj (A20)

Using this together with (A19), Eq. (A15) yields the

temperature distribution, at any time, and at any place
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Calculation of the heat flow 27rgqr ]
The heat flow at time t through the surface of a half ° !
sphere with radius r(>rg) into the colder solid body 4
leads to
Evr g’(ré) .- 27rt ,2/ T(r{} (B1) .Al
1
The heat flow is obtained as a function of t with the
passage to the limit:
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Therefore the heat “low follows as
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