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ELIMINATION OF SENSOR ARTIFACTS FROM INFRARED DATA
66.

BACKGROUND

The objctive Of the Navy Background Measurements and Analysis Program (13MAP) is to satisfy
the data requirements for design of surface- and air-based infrared (JR) search and track devices [1,21. -

The BMAP product is a test set of IR background images for use in off-line simulation of alternative : ::
signal processing techniques for false-alarm suppression. The sensor used to obtain the backgound
data is an IR scanner constructed, owned, and operated by Raytheon Missile Systems Division, Bed- ';:

ford, MA. Table 1 summarizes the measurement system characteristics. - 7

Table I - Technical Characteristics of the
Raytheon Dual-band Scanner -.

Pixel size (mrad, square) 1/3
Elevation channls/wavebmnd 16
Azimuth field-of-view 2.20
Fram rate (frames) 1I.'~..
Word depth (bitstsample) 12
Sample factor (samkples/dwell) 3.44
NE (w/cm2, array average)

3.9-4.8 pum 2.04
7.6-11.3 #&m 1.0 X1-3

The scanner's lon-wave array consists of two columns of detectors, separated by a gold common
deposited on the FlgCdTo detector material. Ground connections are brought out fromthgodom

mnboth from the top and from the bottom (Fi. 1). The long-wave arrY has 15 optically active ele-
ments, the first detector channel being inactive.

15

Ift. I GOMMtr of lmtg-Wave pbt mmdc 4]
td" KsOdTg detector arry. Each detecto is
square, 2 x 2 rm. Tim moupjo of odd. DIRECTION

nubrd deecOr is sepaated fmat. fthe-Nqw

011111of6 -UbWdetectorbasol OF SCAN
cmmonm 2 mil wide. Grod coanectionsweI
made at Points A and 5 on the sol comtm.
Detector No. I is optically inactive. 2
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RICHARD STEINURG

The detector arrays are scanned in azimuth over approximately a 2.8* field of view. As each
detector traverses its 2.8 azimuth sweep, the output voltage of its corresponding postamplifier is sam- .
pled 512 times. Thus each long-wave frame consists of a 15 x 512 matrix of numbers, where the small
dimension corresponds to detector channel or elevation, and the long dimension corresponds to time or
azimuth. Of the total 2.8' azimuth scan, about 0.6" (the first 100 samples) is filled by an internal cali-
bration pulse. Thus the viewed scene external to the sensor is actually 2.20 in azimuth. We omit the
calibration pulse in displaying the data. Censoring the first 112 samples, each long-wave frame then
consists of a 15 x 400 matrix of numbers. ..

* ARTIFACTS APPEAR IN BAR-rARGET SCANS

Laboratory bar-target measurements were performed in the interest of characterizing the transient
response of the Raytheon dual-band scanner. Figure 2 shows a single frame of long-wave bar target
data in three-dimensional (3-D) perspective format. The bar was oriented perpendicular to the direction ,. .Z
of scan and had a 31.4"C contrast against its background. The data displayed in Fig. 2 have been pro-
cessed by NRL as follows.

0 Sample errors introduced by the digital data recorder were removed [I].

9 The data for even-numbered channels were delayed seven samples relative to the data for
odd-numbered channels to compensate the offset between even- and odd-channel detector
columns (Fig. 1). The seven-sample offset follows from the sample rate, 3.44 samples
per dwell, and the fact that the gold common has the same 2-nail width as the detector r .i

elements (Fig. I). The distinction between the true two-dwell offset of 6.88 samples and
the applied integral offset of 7 samples is not significant.

* Separate offset and gain parameters were calculated and applied to each detector channel
to compensate detector responsivity nonuniformity.

Before inspecting the bar target measurements, it was expected that the preceding sequence of
operations would constitute the major part of data reduction, the sole remaining step being a single
additional gain and offset correction applied to the entire frame for radiometric calibration. This expec- '".f
tation was overly optimistic, however, as seen by inspection of Fig. 2. The horn-shaped spatial artifacts
in the data are seen more clearly in Figs. 3 and 4, depicting channels 2 and 3 of the data frame shown
in its entirety in Fig. 2. Data for all even-numbered channels are similar in appearance to those of Fig.
3, while data for all odd-numbered channels are similar in appearance to those of Fig. 4.

Raytheon engineers hypothesized that the long-wave data artifacts might be due to the resistance--
of the ground connections to the HgCdTe focal plane (Fig. 1), introducing a small amount of electrical
resistive coupling among the detector channels. The present work confirms the resistive coupling -.
hypothesis.

SUMMARY OF RESULTS

We show in our analysis that the resistive coupling artifact can be corrected by applying the fol-
lowing equation to the long-wave data:

E.( - A;' II4) + B, I.((), n - 2, 3, ... 16, (1)

where n indexes the detector channel, t is time, and coefficients A, and B., together, are 30 correction
constants. The 15 waveforms ,(t), n - 2, 3, ... 16, entered as input to Eq. (1) are the digitized

*postamplifier outputs in need of correction (e.g., Figs. 3 and 4 show 12 (t) and 13(t) for a given frame

2. ""..
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FWg 2 -Frame of long-wave bar targt data disphyla saial artifacts
(horns) caused by reistive lntercbmenl couplng Bar targt contrast tern
perature was 31.40C. Seeso ring noise is about one unit on the pails scal,
and hence is far below vidbOlit on the scale of this drawing. Data have been
prcssed by removing sample errors and by applyieg separate pain and
offset costants to each canel for nonuniformity compensation.
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1 -- t4
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x3

.13

275 325 3i5 425
SAMPLE NUMBER

FI. 4 - Postamplfler output waveform for LWIR channel 3, for data frame shown in its en-
tirety in Fi. 2. An odd-numberd detector waveform, 3, S, ... IS, are similr in appear-
ace.

of data). The 15 waveforms E(,), n - 2, 3, ... 16, are the corrected data. Equation (1) is "instan-
taneous,' i.e., the corrected value E.,) is generated from the 15 instantaneous samples 12 ( 1), 13(1), -

... 116 (n), and does not depend on values of I(,) for times t P tl. The instantaneous, or "memory-
less, property of Eq. (1) is characteristic of resistive coupling as opposed to, e.g., inductive or capeci-
tive coupling. Since Eq. (1) is the same for all values of time, we generally unburden our notation by -
not showing explicit time dependence, i.e., by writing the waveform quantities E(t) and 1(,) as E,
and I., respectively.

The 30 coefficients in Eq. (1), 15 values each of A. and H,, are determined from an analysis that
requires as input the thirty parameters x,, y. obtained from one frame of bar target data. The parame- .-.-
tars x, and y, are directly measurable from the original waveforms, as shown in Figs. 3 and 4.
Waveform parameters x. and y. and the derived correction constants A;' and 8, are given in Table 2.

The same bar-target frame in which the resistive coupling defect was originally manifest, Fig. 2,
serves as the source of diagnostic data from which the correction constants are derived.

The effectiveness of the correction formula, Eq. (1), is illustrated by Figs. 5 to 7, depicting the y-: .,
corrected versions of Figs. 2 to 4. On average, the resistive coupling artifact is reduced tenfold (Table
3). Apparently, the correction is excellent when applied to data from which the correction constants
are derived. An obvious question is whether the correction is data- or time-dependent, i.e., whether
the correction constants derived from Fig. 2 will serve to correct data having different varieties of struc-
ture than Fig. 2, obtained some time subsequent to Fig. 2. -

4
-- --- :e *
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Table 2 -Waveform Parameters and Correction Constants for
Long-Wave Detector Array. Waveform parameters are measured
from a single frame of bar target data (Figs. 2, 3, and 4). Correc-

tion constants are used with Eq. (1) to perform data correction.
Detector Channel Waveform Parameters Correction Constants

nl ___ YN A; B.(x 10-2)
2 1556 71 1.01947 0.68322
3 1535 74 1.01790 0.63862
4 1571 96 0.99304 0.92380
5 1562 87 0.99405 0.75082
6 1629 93 0.96181 0.89493 ,-

*7 1613 110 0.95269 0.94931
8 1595 109 0.97060 1.04890
9 1547 111 0.99043 0.95794I10 15S7 104 0.99591 1.00078

11 1557 104 0.98810 0.89753
12 1560 82 1.00925 0.78908
13 1510 100 1.01933 0.86301
14 1592 86 0.98741 0.82757
15 1492 80 1.04250 0.69041

1 16 11499 1 53 11.07017 10.51001

z

.55

%~ % %
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r.

275 325 375 425
SAMPLE NUMBER

Fi. 6 - Channel 2 of corrected date, extracted from Fig. 5
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Fi. 7 - Channel 3 of corrected dat, extracted from Fi, S"
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Table 3- Performance Summary for Ristive Coupling
Artifact Correction (1-bar data). Each channel waveform
(e.g. Pigs 3 and 4) manifests two artifacts. a l artifact
and a right artifact. The relative amplitude of each artifact,
lef and right, is tabulated as a "Parent Error," calculated as
(100 Y/x,,). Columns labeled "Avg' are the numerical
average of columns labeled *LAW and "Right" The column
labeled "Lef" under "Original Data can be calculated from
the values of x. and y in Table 2. The bottom row is an
average over chand number, i.e., an army average. Thus,
the rray-average artifact relative amplitude was 5.6% in the
original data, but is reduced tenfold to just 0.5% in the
corrected data.

Detector Percent Error (100 Y./x.)
Channel, _Original Data Corrected Data

Rig Left Rht Avg Left Right Avg.

2 4.6 4.3 4.4 0.77 0.35 0.56
3 4.8 4.2 4.5 0.50 0.06 0.28
4 6.1 5.9 6.0 1.01 0.54 0.78
5 5.6 5.6 5.6 0.57 0.67 0.62
6 5.7 5.5 5.6 0.95 0.56 0.76
7 6.8 6.3 6.6 0.70 0.25 0.48
8 6.8 6.4 6.6 1.12 0.40 0.76
9 7.2 6.7 6.9 0.74 0.33 0.53

10 6.7 6.1 6.4 0.38 0.26 0.32
11 6.7 6.2 6.4 0.69 0.23 0.46
12 5.3 S.1 5.2 0.8 0.56 0.72 .. •
13 6.6 6.5 6.6 0.68 0.64 0.66

.. 14 5.4 4.7 5.1 0.31 0.05 0.18 .

15 5.4 5.1 5.2 1.24 0.35 0.80
16 3.5 3.0 3.3 0.60 0.05 0.33

Averag 5.8 5.5 5.6 0.74 0.35 0.55

Figure 8 depicts a typical even channel of data obtained against a laboratory target consisting of
six vertical bars of varying widths. The data in Fig 8 were obtained in measurements made about three
months subsequent to the Fig. 2 measurement. The correction demonstrated for the six-bar data
appears almost as good for the earlier data. On avere, the resistive coupling artifact evidenced by
the last bar of the six-bar target is reduced eightfold (Table 4).

We note that the later data were corrected with correction constants derived from the earlier data.

Figure. 9a and 9b ae provided as a final example of how the resistive coupling artifact appears in "
• : original and corrected field data. Figure 9a shows channel 2 of a long-wave scan across the moon,

obtaied at 8:48 PM on 14 August 1983 during initial sensor field trials at Montauk Point, LI. The
local minimum in the neighborhood of sample #330, which is due to the resistive coupling effect, is

are eliminted by application of Eq. (1) to the data (Fi. 9b).
'1 -.A ,_

77%%4. ." ..

.. .. • .. -. - -

* ~ - . . * . i *. *. o"- . . , . .
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• -, .; .t)

* ..*- ,

.5-

5 300 ,0 400 450.
SAMPLE NUMBER

Fi. 8 - Channel 2 of 6-ber data, before (12) and after (EZ) resis-
d.e coupllns correction. Correction constants derived from 1-br
data, ftg 2, obtained 3 months prior to the 6-bar data.

Table 4 - Performance Summary for Resistive Coupling
Artifact Correction (last bar of 6-bar data). Interpretation
analogous to Table 3. According to the bottom row in this
table, the array-average artifact relative amplitude was 5.6%
in the original data, but is reduced eightfold to 0.71% in the
corrected data.

Detector Percent Error (100 ylx.),0
Channel, Original Data Corrected Data

SLeft Right Avg Left Right Avg.
2 4.9 3.6 4.3 0.96 0.19 0.58
3 5.3 4.5 4.9 1.13 0.22 0.68
4 6.4 5.1 5.7 1.19 0.53 0.86
5 6.6 5.6 6.1 1.63 0.64 1.14 0
6 5.9 4.9 5.4 0.95 0.46 0.70
7 6.7 6.3 6.5 0.77 0.31 0.54
8 7.1 5.9 6.5 1.28 0.46 0.87
9 7.3 6.7 7.0 1.06 0.37 0.71

10 6.7 4.8 5.7 0.91 0.20 0.55 :..
11 6.9 5.9 6.4 1.02 0.04 0.53
12 5.5 4.2 4.9 0.97 0.65 0.81

' 13 7.1 6.2 6.7 1.27 0.36 0.82
14 5.4 4.4 4.9 0.76 0.67 0.71
s 15 5.8 5.1 5.4 1.05 0.32 0.68

16 3.7 2.2 2.9 0.64 0.41 0.53
Average 6.1 5.0 5.6 1.04 0.39 0.71

5 -de o, ,. . ., .. ' .. . . - ° o .- t o ~ .  . .-. . %o ,. o .- ,- . , , . . . . . . . .. =% 8-

a- ,./,..... : - -- ;% ; x . "..":","''''''''- .",,'.,"g"-" ',"-
' .*. . . " "-"-L ."

' .
,"o" " ",.."" "".- -. Z -- -,- " - -"- =--
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15 250 350 450 550
SAMPLE NUMBER

E MU2

4150 2;0 350 450 550
SAMPLE NUMBER

(b)

Fit. 9 - Channel 2 of a long-wave scan across the moon. The artifact appearing near
sample #330 in the uncorrected data (pert a) is largely eliminated in the corrected data
(port b). Data obtained at Montauk Point, LI, at 8:48 PM on 14 August 1983.
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FOCAL PLANE EQUIVALENT CIRCUIT

The starting point for our analyss is tie preamp/baus circuit diagram and focal plane equivab

circuit, Fig. 10, developed with the aid of Ratheon eugineers

VV)V 31") V4;- V16

12(t) 13(t) 1C
F5 1 -DiunAt ITs aclui an eatraye~Ivaetcu
fort~g-avejiotConmiIRCT array. Adapdfrmcom

PLATPSA betEe L FaP a .Kubof(a~inM LsyATmnA).

portionalfo to wahe curet (s lown throughthe hotocodci tor.Th cicuitondadfclp

pround (i.e., sold common) have effectively zero resistance. As shown in Fig. 10, the focal plane a
mon and circuit pround are joined by two resistive ground connections that are eecrcal in par.
The detector equivalent resistances R2. R3, ... R16, are assumed to be unknown and gene
different from one another. Our model is general enough to accommodate nonuniformity in dete
responsivity, accounted for as an unknown gain parameter K, multiplying each of the Th~venin vol

* sources in Fig. 10.

* Figure 10 can be simplified somewhat by replacing the bisdinput stage schematics by eqvA
4 circuits. We note that the voltage drop from transistr emitter to base is a small constant value,

points .4 and B in Fig. 10 are effectively shorted. Moreover, the large value of capacitor C1 ainare
Ci, also, can be considered effectively a short circuit. The resultant focal planeinput stage equivi
circuit is given in Fig. 1i. In this figure we consider the currents 1, ) as the measurable quantities

* voltage sources Em,(t) as the quantities we wish to determine. The 31 constants R,,R0 am
(n - 2. 3, ... 16) ame all indeterminate at this stage of analysis.

It follows from Fig. I I that

where K ,~~Rl -. ,.l

16

10

0 % %

a-Z
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K2 E2  K3 E3  KIS E16

4+ +
Rg

I M1

Fig. 1I I Long-wave focal plane/ input stage equivalent circuit, corresponding to Fig. 10

The quantities E., I., and I in Eqs. (2) and (3) are time waveforms, i.e., E, tf), 1.(t), and I(t). Other
quantities, i.e., K., R., and R. are time-independent. We see directly from Eq. (2) that if R. were
zero, the desired waveforms E. Wt would be equal to the measured waveforms 1, ) to within a readily
determined calibration gain. Nonzero R., however, causes coupling among the waveforms. Equation
(2) may be thought of as an error correctitrn equation: if the constants K,,, R., and R. are known, Eq.

- -* (2) can be used to convert the measured uncorrected waveforms 1a into the desired waveforms Ea.

Equation (2) is now written as

A.aE. 1. + B. l, (4)
where we define

An KN(5)

and

Summing Eq. (4) for values of n from 2 to 16, using Eq. (3) to simplify the result, and gathering terms
in!I we obtain 16.1

1-1 ~ AjE,. (7)

Substituting Eq. (7) into Eq. (4) we obtain : : ~
16

4.- A.E. - e

* where we define
16

En B + ZBa.1 (9)

We think of Eq. (8) as describing how the desired waveorms, E.0(), are damaged in creating the
measured waveforms 4(t).

From Eqs. (3) and (4),

E. A;-'1 ,+ i aJ (10)

V.. -I

I...d*
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We can show from Eq. (9) that

B.- .1 - 1 1 0. .)

Equation (10), like Eq. (2), may be thought of as an error correction equation. Our task is now to
obtain values for the 30 constants (A., B.) appearing in Eq. (10). -9

BAR-TARGET EXCITATION *

We now assume that the sensor is scanned across a vertically oriented bar target, so that ~

IE,(t, n -2, 4, .. 16P

Egt EOWt, n - 3, 5, ... .(2
The forms of E1 (t) and 40(t) are schematized in Fig. 12. The odd-numbered waveforms; are delayed
two dwell-times relative to the even-numbered waveforms due to the gold common being equal in
width to the detectors (Fig. 1).

Fig. 12 - Idealized even-channel waveforms, E,(O, and
a odd-channel waveforms, EO., fr bar target excitation.

Waveforms EOWt are delayed two dweil-times relative to
I Eeat), i.e., r, - 2rd, due to the separation between the

even and odd detector columns shown in Fig. 1. Step-P .E
E00) response rise-timet, T2 is assumed also to be two dwell-

0 times, including the effects of optical blur, detector size,
b -and the electrical response characteristics of preamps, and .-.
* digital recorder.

TIME

From Eqs. (8) and (12) I (E, - 8,E), n even (13a)

H. (4 0 - 8.E,), n odd, (13b)

where we define
(All - R C), n even (14a)I(AN,-INC0), n odd, (14b)

12,

"X**
*~~~~ % .* % % .* ,*'

~ *#. . . *A,
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ax ~ even (15a)

C, aH.xodd. (15b)

Quantities C, and C0 in Eqs. (14) and (15) awe defined as .

C, A,,. (16) .4

and
7

C ; A A2j+,. 
(17)

For even-numbered channels the form of 1.(t) follows from Eq. (13a), depicted graphically as
Figs. 1 3a and 1 3b. Also shown as Fig. 1 3c is a more realistic waveform adapted from Fig. 3. The

quantities x, and y, shown on Fig. 1 3c are attributes that may be measured directly from the available
wavfors. .

(o)

nE M

(b

Fig.13 -(a)and b) he frm f J*s) ~ deuce

*~~~~a fro 0q (1. n i.1.fr vnnmee hn

by~(b eqatn corsodn quniisi ()ad()

b*n - [E Mf -l a n E ( 0

b~ -. 4-..

Fig.~~~~~ ~ ~ ~ ~ ~ 13()ad()Tefrmo .)i eue
from~~~~~ ~ ~ ~ ~ ~ Eq 1a ndFg 2 free-umee hn

nels.~~~~~ ~ ~ ~ ~ ~ ~ (c oeraisi aeomadpe rmFg

3 .Eqain o h oreto osat.a bando n

byeutn orsodn qatte.n()ad()
4~~~0 a b - _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ -I.

(c (t. 
.4.

13

J. P %

*% I , * **J%** * 4. S~ 44~
4* % ~ .*A. 4 **%*X* ~ .. * * 4 ... , p
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Setting corresponding quantities equal to one another from Figs (1b) and (130 we obtain ....

x- (b - )H,, (18)

and
y- 8.0b - a)H. (19)

Recasting Eq. (18),. J -..

H( x./(b- a), (20) -.

and dividing Eq. (19) by Eq. (18),
"a. - y.x.. (21) -

Eliminating H. from Eqs. (14a) and (15a) we obtain

An - d,(C, + co/.) - , y',(C,y. + COx), (22) .

where the final equality is obtained by substituting Eq. (21) for 8,.

Eliminating H, from Eqs (1Sa) and (20),

H. - x./(b - a) - c.C08,. (23)

Substituting Eq. (21) for 8, into Eq. (23) we can write

.-T.Y,, (24)

where T, is independent of #. From Eqs. (22) and (24)

A, - T,(C,. + Cox.). (25)

Summing Eq. (25) over even values of n and invoking Eq. (16) we obtain

C.- T,(CY. + COX.). (26)

where we define .-- ,
.is . . '

V, - A y,. (27)
-..

;. .
[, ~Eliminating T,, from Eqs. (24) to (26) we obtain"""""

• .- ,.A. - C, Ce Y, + COX, , even, (29) ..- ,

i.. and .-

',-y,C,(C'Y, + CoX,)- ' , n even. (30)

For odd-numbered channels the form of I,(t) follows from Eq. (13b), depicted graphically as
Figs. 14a and 14b.

We can show analogous to Eqs. (29) and (30) that for odd-numbered channels

C. + C.x.A. - Co0 owro , o dd , (31)•,O
CO ,, + 1 A%
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Our correction formula expressed as Eq. (10) has 30 indeterminate constants, 15 values each of
A, and B. However we see that if the A, can be determined, the values of B, can then be calculated
from Eqs. (35), (16), and (17). Thus, our 30 unknowns are presently reduced to 15. (The constants
Y,, X, Yo, and X0 appearing in Eq. (35) are calculated from Eqs. (27), (28), (33), and (34) in terms
of the x,, y.n values directly measured from the bar target waveforms, e.g., Figs. 3 and 4.)

ITERATIVE SOLUTION A
The constants A, appearing in the data correction equation, Eq. (10), are obtained by iteratively

solving Eqs. (29) and (31) according to the following prescription: L..

C (,)¥" + C(,)X" C"n even (36)

Co(i) ¥o C+ )xo n odd, (37)

cj : + ...0 "
where, from Eqs. (16) and (17), -

C(1) - A$) (38) . .

and
7

C'( -(39)

The superscript on quantities A., C,, and Co in Eqs. (36) to (39) indicates the order of iteration.

We start the iterative solution by assuming that to zero-order the gains K, and resistances R, are

the same for all detectors (cf. Fig. 10). From Eq. (5),

A (o) - 1. (40)
Starting with A (°) equal to a constant other than unity results in a proportional scaling of the iterative
solution for A.. Since the measurables (t) in Fig. 10 are related to the I8(1) by an electrical pin, it
follows from Eq. (8) that all values of A, can be scaled by an arbitrary multiplicative constant chosen to
suit our convenience.

From Eqs. (38) to (40),
C,(0) - 8 (41)

CO) - 7. (42)

The next order of approximation beyond Eq. (40) follows from Eqs. (36), (37), (41), and (42),

8 By. + 7x. , even8 ,+ 7 X, nee . .,..

7y, + Sx 1I, nodd.

The parameters x. and y. in Eq. (43) are directly measurable from the bar target data, e.g., Figs. 3 and
4.

The numerical values AP(') obtained from Eq. (43) are substituted into Eqs. (38) and (39) to
obtain C,(t) and C41) , which in turn are substituted into Eqs. (36) and (37) to obtain A (". Conver-
gence is achieved to eight places after four iterations.

-1 19
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The fully converged solution for 4 is used with Eqs. (16), (17), and (35) to obtain the remain-
ing correction constants, B,.

The waveform parameters x., y. obtained from the Fig. 2 waveforms and the corresponding item- 1

tive solutions for A, - and B. are given in Table 2.

CONCLUSIONS

As shown in the numerical examples discussed in our Summary of Results, illustrated in Figs. 2 .

to 9, excellent correction has been achieved for data defects caused by resistive interchannel coupling.
The correction constants derived from a "diagnostic frame,' Fig. 2, provide accurate correction to
scenes containing different varieties of structure and obtained months after the diagnostic frame. Thus,-.-"
the correction constants are time- and data-independent. Nonetheless, we intend to obtain diagnostic
frames both immediately before and immediately after each field trial with the Raytheon sensor to .... ;-
assure a completely updated set of Ions-wave resistive coupling correction constants for use in data
reduction.

The instantaneous, "memoryless,' nature of the resistive coupling defect allows us to perform
correction without smoothing the data, i.e., without loss of spatial resolution. The form of the correc-
tion equation, Eq. (10), together with the fact that B, - 0(10-2), implies that the relative increase in
rms sensor noise introduced by the correction process is a small fraction of 1%, and hence is negligible.
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Appendix

DERIVATION OF EQUATION (35)

From Eqs. (30) and (27)

S. - c. (C. Y + Cox. (Al)

From Eqs. (32) and (33)

7

.2 -+" CoYo(CoYo + CIXo)-,. (A2)

Adding Eqs. (Al) and (A2), and subtracting the resultant from unity, we can show that

16 - C, Co (XIX 0 - Y YO)

m-2 I (CoYo + C.Xo) (C + " (A3) " --Co-

From Eqs. (A3), (30), and (32),

yn Y0 + (C1C0)X01 ee

B E .1 , X0 xx- Y, YO(M

yYo + (coCol xoL n odd

X. "o- " YOI
B.-, - - " Jr + (CoC.)X. (A4) -:::.: ;.

Equation (A4) is given as Eq. (35) in the main text.
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