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INPUT-CUTPUT STABILITY ANALYSIS
WITH MAGNETIC HYSTERESIS NON- LINEARITY

M. G. Safonov and K. Karimlou*

Department of Electrical Engineering - Systems - -.

University of Southern California
Los Angeles, CA 90089

Abstract Magnetic Hysteresis

Popov type frequency domain conditions for 1 Y

* stability of feedback systems containing ferromagnetic +N
*) hysteresis non-linearity are established.

I. Introduction + +

Popov criterion and its extensions consider C2

non-linear elements that are nemoryless and pass Linear
through the origin. i.e., f(0) a 0. For an important

" class of non-linearities, ferromagnetic hysteresis. (a)
" none of the above conditions are satisfied, i.e.. it

is neither non-dynamic nor pass through the origin.
Therefore. to analyze the stability of systems con-
taining this type of non-linearity, appropriate
modifications to Popov's approach should be made.

Published material to tackle this problem is --
scarce. The only work known to us is by Lecoq and i(t)
Hopkin [I). where by letting the derivative of their
input signals to belong to exponentially weighted L2

spaces, they obtained bounded input-bounded output
stability for systems containing hysteresis non-
linearities, (b) Ferromagnetic Hysteresis Loo?.

In the present paper we analyze the stability of Fig. I
feedback systems of the form shown in fi. (Ia),

where N is a ferromagnetic hysteresis non-linearity Table I
and H is a linear element. The analysis is done by Notations
substitution of the model for the hysteresis proposed Notati,-s

, by Chua and Strornsmoe 12). Then the concept of Symbol Mea.ning.
. passivity is utilized to derive Popov type frequency
, domain conditions on the linear element H for stability R.R. Field of real and positive real r. ; rs. s.

*of the feedback system. It will be shown that if the
same conditions as in the classical Popov criterionI  L] The space of signals such that .' jx(:dt
are satisfied by inputs uI and u2 and linear element exists.

H then the feedback system of fig. (1a) is stable if L, The space of bounded si-ls..
- the non-linear element N is a ferromagnetic hystere- L 2 e The space of signals which are sqaar

sis. integrable on every bounded inter%!a-" 10.71 1.
II. Hysteresis Modeling L2  The Hilbert space of sip.14s 0';ch a-'". ' ~~~square integrable on I--) L. Inne- i

The model for ferromagnetic hysteresis of Chua preduc t < x, y >. .....'-
and Stromsmoe (2) is given by -x. y > yO(t) x(t) dt

At . go IX fo - f (y ) (2.1)2 '
5-t '~~~, <x, y >T .ry(t x(t) dt".''.

where x(t) and y(t) are real-valued, continuous input T, o T-"'Ts:t.. t. d
and output signals of the hysteresis non-linearity x' i< x,

T
'Research supported in part by AFOSR Grant 80-0013
and in part by NSF Grant INT-8302754. x1  Truncated x 1b"

I By the classical Popov criterion, we refer to the Set of instances of tnime of i-.:ercs:.
earliest version of the result obtained by Popov 3 Convolu:aon Alge'jrii !1.-
and also derived by different approaches in [4), 5 Re f. I Real part o. co..pleK q..ar.:it..
161, and not later generalizations of the result by
Yakubovich 17) among others.

o: Functional Composition. Approved for publ c relte.s'
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r e t the current i(t) and the flux linkage c(t) f 4 e > 0 (3.4)
of an inductor (transformer); and g and f are strictly
wonotonically increasing, differentiable. onto func- Then the feedback system is finite gain L -stable.

tiens enjoying the important property of Proof: See for example 16).

g(O) a f(0) a 0 IV. Main Results

Equation (2. 1) models the behavior of ferro- Substitution of the model given by equation
magnetic hysteresis successfully and with very good (2. 1) for the hysteresis non-linearity N gives the
aeuracy. It predicts the expansion of the area of feedback system of fig. (2). Note that although the
the hysteresis loop with increasing frequency and standard magnetic hysteresis non-linearity, as -
"9redicts minor hysteresis loops such as commonly shown in fig. (Ib). is the plot of flux linkage ('(t)) '.
occur wbes a d-c plus periodic input is applied. vs. current (i(t)) of an inductor (transformer). bat

from circuit analysis point of view. the input and
After plotting the hysteresis loop for a conven- output of the model replaced for N as shown in

tent signal, simple procedures are given in [21 to fig. (2) are current through and voltage across the
determine g and f for that loop. When non-linear inductor (transformer). 3
9f6nctions g and I are determined, they can be substi-
tated in the model of equation (2. 1) to predict, with Next, the main stability result in presented.
good accuracy, the hysteresis shape and/or its
output for any arbitrary input. For further detail Theorem (4. 1): Consider the fqedback sytem
and examples sea (21. * of fig. (Z). where h(t)E LI(R+) 4 , and h(t) E .

311. Passivity and Stability Assume that for any u, . UZf L . there are solutions

tDefinition (3.1) [61: Let H: L - L. Then el.eZyl.y 2 (L 2 e. If a constant q> 0 exists such
2e Ze that for some constant

H is Bassive iff there exists some constant .ER such
that Re {(l+qj-A.) H(j.&) = 6>0 V*>0 (4.1)

<cHx° X>T - S xEL e Then V u,, it u2E L

~TEJ11 2 2E,7m a) (i) el.itl.e2yl. y2.jZ2EL 2 .

• Definition (3.2) [61: Let H: LZe - LZe. Then a .2

/4 is strictly passive iff there exists > 0 and some (ii) there exists constants I and :2 such that

constant SSR such that r;e , e' .. .

< ~Hx, X>T 5>xTlS V xE 11 .e2V J e< ic UInq Z&) +-

Definition (3.3) f ll: The feedback system of i.e.. finite gain L2 -stability.
fig. (Ia) is said to be finite gain Lstable if 'rct u a o z.. Z_ b) el. e cyzL are continuous. and g~o to zero ...

b)e1 e 2 y1 *y 2 .W
a) el.e 2 ,yly 2 E L2  V ul.U 2 EL 2  as t -W.

b) There exists constants P1 and P2 such that Hysteresis N

le Y ' I1 l UlV1 + A2' u 2 Vui'u 2 L 2  u I  MeI e Y1'lt li2'' 1 *ylI . * Il ,, , e

In the following well-known theorem, the I - .. '-."
concept of passivity is used to establish finite gain "
L 2 -stability of feedback system shown in fig. (I&). r I

where N and H are considered to be operators in the 7=./
general sense. yI

Theorem (3. ): Consider the feedback system -

shown in fig. (Is)

e =U 1 He 2  Y2  e "
2~ u 2 Ne

e2 U 2 + Nel Fig. 2

where H, N : LZe - LZ. Assume that for any Proof: See appendix.

2 ,u 2 EL 2 there are solutions ele*ELe. Suppose Upper and lower bounds of non-linearit'e. z

that there are real constants v. 6, and r such that and f can be taken into consideration to obtain less
conservative classes of linear element H(s). As ar.

IHx,'T _ V!'x'T (3. 1) example, an upper bound on g is ecploited ir. the

'4ax, a T T , (3.2) 3 The voltage across an inductor (transformer) is

a , NX > g 1!NX 1"2 (3 ) proportional to rate of change of the flux lkna. cae.T- T constant of proportionality beinp th number of

V xE LZe. VTEJ turns.

Under these conditions if 4 h(t) is the impulse response of lH(s).

SO - ' . , . . . . . , . ' . . . , - . . . . .- .. . . . -. . - . ., .



following Corollary. Proof- -cy, x '> 'j+q., S
oolaX1.1): Consider the feedback Orc(). c'> I 4H1 >1~-system offir, Z.where SZEsector (0, k), hA(t)E L (R 4 ) dt

9(t)(.4. Assume that for any tie .E L2 , there exists (i) -Cf(W. 6> ~TI (0)) V 7 > 0
solutions * 1 02 ' yl.y 2 f L2 ,- Ifa constant qz whore F. R R. by lemma (A. 1. (ii)).
exists such that for some constant G d i' T A d ~ jS=]!

Re ((lisj)H(ji&a4-1 za V~ Yw 0 (4.2Z)q df()]j

then *Ulf ;I f Lz conclusions of Theorem (4. 1) s q ft ;ffc1 dt0

bold. becaus df=] and >0
Proof: For outline of the proof, see appendix. Xc- (fd)>

U(1) and (4i) implies that < y. x> T F[=(Ofl V T > 0
V. Conclusaion Passivity follows. V L 2

M
Popov type frequency domain conditions for

stability of feedback systems containing ferro-.-
magnetic hysteresis non-Irinearity are established. ui4qu1 I I
To obtain the results, model of Chu& and Strornsmoe+
[21 for hysteresis is employed and the concept of Iq
passivity is utilized.

VI. Appendix V

To simplify the proof of Theorem (4. 1) and qs fs
Corollary 14. 1). the following two lemmas will be
proved first. 

qs H)
Lemma A. M) Let q Z 0. gf- sector (0.w).

Then the systemn of fig. (A. 1) is passive (61. B2e

X ~Fig. (A. 3)

{ ~ 4 jP7oof of Theorem (4. 1)- (a): bv icl.sio!. c-f th-e
multiplier (l+qs). q > 0. transform t':e feedt.&c"

Fig. (A. 1) system of fig. (2) to-the one shown in fig. (A.3)

Pro: yx T~ "T ('a): <1l 1 'T >-qO;[e(OJ7 by lerr'rna (A. 1)

q g(-:). T(ib): cy T>T -qFc(Q)] by lem-ra (A.Z)

(I: (~.?~ 0 ecue ~seor(0T Then (ia) and (ib) imp~lies that feed for'a.r block is
T

0 Oii (1.qs)H(s) is strictly passivi. if ieci!v
e(T) 14. 1) is satisfied. Since h(-.)L 1 ) (F n

'O(o) 9( d (t)i.. (1 qs)H(s) has fin~ite Fa'n

Define C(r) = g(%)d! . where G: R -R. Therefore. by Theorem (3. 1) t':e
system of fig. (A. 3) is finite gain L 2 - S*:.,.t:

ClearlyCG(7) Z0 V x R. Then V UP, 1 . u 2 L2 . i. e. . F1 . e2 , y,. 2  L. ar.-.

qc;i.~~-qI~~(o1 T~ V 1 ~l' 2 '.,y1  "2 .5 "1 u14 q~ V:.
(1) and (ii) implies - y, x >T 2 -q G1 c(o)) V T > 0 From Fig. (A. 3). y2 %-- ez: ~r~
Passivity follows. e m(t) U( -1 1. m(t) i and 1-.. t*,er'!-

* I~qs L1  2z.
Lemma A. 2): Le - q Z 0. if s ector (0. fore, y2 t.j 2 tCL 2 (6. Append ix C 1. T u :-e' e

dx 0 Then the system of fig. (A. 2) is passive. jI YZ(t)" aLm2 ) ~2 ( L 2 Ln L
16. App- C).

y ut'mT(t)' is finite (Cor.s:.-.: C).
Therefore

Fig. (A. 2) L-j. ; Inverse La;)lace T rio.sfEr-,r.



* '" t LZ • C I 92(t)L 2  [7) Yakubovich. V.A. "The Matrix Inequali:
L2. Method in the Theory of Stability of Nor-linear

• CCjl*quI L + C ."1u2'L Control Syste-ns. 11. Absolute Stability in a
2 2 Class of Non-linearities with a Condition or.

•- 1.1.L "Ii, CP u IVZL Derivative," A.:;omat. i Telemeh. Vol. 26,.
2 2 2 No. 4. p. 577. April 1965.

Cn the other hand. v2 (t) - in(t) * V2 (t). Then [8] Zames. .. "On the Input-Output Stability of

"('1' ": " ~t1' Time Varying Non-linear Feedback Systems.S()!'2L'' Part I: Conditions Derived Using Concepts o!- 1 __P' : q1 bL 2 )+ Loop Gain. Conicity. and Positivity," IEEESc','",t,.u3 ( ~1~1'~ C' L 2  Trans. Auto. Control, Vol. AC-lI. p.

April 1966.because la(t): 15i finite too. _
b9] Safonov. M.G.. "Propagation of Conic Model

Similarly. el(t) • m(t) * 11(t). Therefore. Uncertainty in Hierarchical Systems." IEEE'
I1 t I1 t Trans. Auto. Control. Vol. AC-ZB. p. 7l

similar conclusions for e (t) follow Immediately. June 1983.

(b): Y vrE Y "2 and *I. i I 1Z Implies that [101 MacFarlane. A. C. J. . Engineering System' s
y. i e (L. are continuous, and go to zero as t - I, Analysis. Reading. Mass.. Addison-V esley,

1964.
Since the model. i.e., equation (2. 1). is a continuous
mapping from input to output 12]. therefore, el .. [11) Willems, J. C.. The Analysis of Feedback
and e,(t ) -0 as t -,implies that the same properties Systems, Cambridge. Mass.. MIT Press.

1971.
hold for yl(t). i.e.. yl(t) EL. Is continuous, and go

to zero as t - .

Similar conclusions for e2 are immediate.
ZU

Proof Outline of Corollary (4. 1): Apply a A"cee Ic. QrI '- .. - I"

positive feedback of gain -K around g. To compensate
for it. apply a positive feed forward with gain I/k to .. i:-.
F(s). Let j a (g- - Then jEsector (0, ) and " ' .

(0) a 0. Following the same procedure as
Theorem (4. 1). Conclusions are immediate.
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