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\ ABSTRACT

G ) Ezsperimental determination of the elastic constants is of
fundamnental impoxtance ia tesidual stress analysis with z-rays.
Such constants are usually termed ‘::;ay elastic constan!th/ In
certaia wmaterials changes bhave Ddeen observed in these elastic

d constants as s result of plastic deformation. Howaver, since

"l

,7{.
for some of such ocasas the 2:%: u&y plots used in the

A A A

analysis were not linear, as predicted by theory, but

escillatory, the wmeaning of these variations was not fully

S
o

snderstood. In this paper the =neaning of s=-z3y elastic

. e’ .
N oonstlnts'?/’obtulncd from wmaterials with oscillatory ‘d‘g'
. s

f
vs. stﬁbﬂ plots is ezamined. It is shown that z-ray

Accession Por -
diffraction analysis is 3 powerful tool that can be used to NTI§—_EEAIEN s
o DTIC TAB \

deteasnine the "effective elastio eonstaut;‘>vo! the material | Unannounced 0
Justification. 1

#
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under investigation, even when the material is inhomogeneous.
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INTRODUCTION .

AT St W S

- I-zay diffraction techniques are  used widely in e

non-dastructive measurement of residual stresses caused during

v
'4
'y “o-

production operations such as shot-peening, grinding,

I'."ll
1 "2-% %

quenchingl. Currently there are several sz-ray =methods for

o,

msasuring residual stresses that utilise different assumptions friﬁ
as to the stress state ezisting in the near-surface layers ' Z?ff
sanpled by the z-ray deanmi-5. All of these tcchﬂiquns, howevaer,
utilize an intezatomic spacing “d" in the material as an

internal strain gage and determine the strain tensor eszisting in

.; the surface layers from the slope of the “d° vs. 31;50 line.
The residual stress tensor is then ocalculated through the use of

Xy Hooke's law,

This procedure, ¢f course, raquirzes that the appropriate I

elastic constants of the matecrial Dbe known accurately. The

elastic constants used in the 3-ray determination of residual
stress are ocalled “z-ray eslastiec oconstants” and are usually
;; measured by 3-ray diffraction!. Vhen wneasured data s not

available, these constants can be calculated from single crystal

? elastic constants using procedures given by Voigt , Reuss , Hill

I3

? . ot Kronerd.é ) review of the literature shows that in some

2

- cases the measured values do not fall Detween the Reuss and

}i Voigt 1limits as postulated Dy theory?. In other cases a large ::
. .~_".'-:.'
] dependence of measured elastic constants on plastic deformation .Vfﬂ
- (3S-40 & for hardened steel wndergoing wuniazial plastie o
." . '.-.]
- deformationd) has deen odserved, while in ether studies no such R
o SUeld
5 dependence was feundl. Since iIn sost ¢f the cases discussed Ef;ﬂ
.-: B ‘1
’J'
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above no error analysis of the results ate given orf, in some

LPCEE S

eases, elastioc constants are caloulated from osoillatory “d°

vs. sin data, the causes of these anomalies are not clear.

In this paper the meaning of the “zx-ray elastic constants”
obtained from analysis of oscillatory “d" vs. siﬂ‘f’ data is
investigated. It will be shown that aven for oscillatory "“d¢»

:
? vs. siihf' data, ecurtent techniques for z-ray elastioc constant

deternination measure the total linear elastic response of the
material in question to an applied load. The z-ray elastic

constants determined {rom sueh data are ‘effective elastio

coastants' and contain contributions from the shape and
ezientation distributions of tha oconstitutive grains of the
aaterijal. The possible ocauses for the variation of x-ray

elastic constants with plastic deformation are also discussed.

)
Assume that a homogensous, acormal strass oa + wWhich |is

below the elastic 1imit, is applied to the bDoundazy of a
tesidual-stress-free teszstured material. At a point A in the

@
interior of the material O; will cause the strains & The

i .
strain &. 23y De ezpressed as the sum of two components:

3

0]
Reze E;, is the homogeneous «elastic strain that would be

observed if the stzess was applied to s hemogensous isotropic
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E naterial. E}i ¢« the reaction strain component, arises
:; because of the variation of elastic constants along a given

[ 5

éirection in the surface plane of the sample. Consider figure |

._'. P

where siz grains of wvarjous orientations along a surface

.

’

,; dizrection ( §$ ) are shown. 1¢ these gralns weze subjected
z sepesately to C& on their Dboundaries, each would have a
. . .
different strain E“ along §‘ .« tealatad to 5;; through the
general Hooke's lawé,?,
- ®
& = Su du 3)
These diffezent strains indicate different displacements in the
different grains. However in 3 solid‘body where grains are in
tigid contact, displacements across a grain boundary aleng
: §; sust De constant in order to avoid having voids, and a
» teaction stress tield constzaining the possible displacements
E arises and causes the reaction strains 5:;.. The magnitude of
<
N the reaction stressas (and hence the reastion strains) depend on
the difference between the displacements that have to be made
compatible at a point and varies from point to point since the
ef fect of surrzounding grains at each point is different.
5 Howaver as long as the total stress at a peint is lower than the
E niesoscopic slastic 1imit at any point, the magnitude of the
3 geaction stresses and strains at any point will be direectly
proportional to the applied stzess.
" Thus if a homogeneous stzess 5‘:‘. in the ‘-s| dizrection is
. spplied at the boundary
s
g
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of the material, the components of the strain tensor at any !

.
s g

peiat A in the material may bde ezpressad as:

E E.(x43)a 6°. i.;.. + Kk (x.g.us
En(‘oya‘)s 6':'. i--g- + Kg (K.gﬂ/} -
eyl e 6. {.% 5 (x'y'uj (3 S
) f‘,(¥03|u= 6':‘., K;(*-Sﬂ-) "
& xy3) e @0 Ke (x4, ¥) _ | e
| & leyd) « & kg (x.4,3) | <
heze x, y. 3 ate the coordinates of the point A with respect to Fe

& coordinate systam describing the surtface, and xs' (x,7.3) ace

the proportionality comstaats at A bdetween the applied load and

the tesulting ceaction strains. The constants l"‘ ¢ ls' .
t" may be finite depending on the symmetry of the constitutive S
grains eof the =material?. Also im certain ocases the local :.:f'_.:-_‘
- syametry changes as one approaches a grain bdoundaryll . In the o
‘:::: following discussion it is assumed that X, sk -K"'Q. :
~-.
1f the material also las an inhomogensous cesidual stress -
t s
distridution the total elastic strain &.J at 3 point will alse
Mave 3 sesidual strain component in addititon to the strainms .
.. eaused by the applied stress. Thus for this case equations (3)
.: Secome:
£ (x.y,3)s £ 0y, 1)+ & K.y 3) ]
. * E 3 . .
g eg)e By QA R0 i
5
e
-‘:'5‘73
whete S.ju,y.n is the residual straia at the point (z,y,8). o
e
. -'_.'_-.’._1
'_:'_': Now assume that this material is placed, spplied stress and ;
; o
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i all ., oa a diffractometer and a beam of z-tays, (whose esdges
extend fsom X, to Xy along ,5_. e Y to Y, along sz and
which penstrates a distance T along §3 into the material), is

. usead to =measure the average stzain along _‘:3 in the

:‘.E ‘.--‘ coordinate system, which makes the angles ¢ and 1’ with the

sample coordinate systen §'. (£i9g.2). This is done by measuring

the lattice spacing d‘? along (53),,’. and then obtaining the
dverage strain along “-'3)41' from:

’ . dey) -do
I. < 233 >¢rp‘= Ao (s)

whers d° is the unstressed lattice spacing, and catats

tepresent avearages over the diffracting volume.

The relationship between the average strains <E:j> ia the
sample coordinate system and the average strains measured bdy
t-rays in the ladboratory ocoordinate system is given by the

tzansformation rule for tensors of second rank:

t
<£33$¢.1,= 22k angkt? “)

For J-l. and 'P-(Y: . substituting the aotual values for the

dizection cosines 39k 33 into the above equation:

’ ¥
v
’."
{'l.b a '.l

¢Ey, « Emd-de §<s§ a3 sty ]
e 1T =
* RS

* < € ) ':'-.

3] fy‘, Ak

O R O G T

. . - FOICI I RIS
e e et e e N \.'\.5." N ."‘.\ W . P R N A S R R T e 2w e




\-.x\....-\..‘.-* AN AN AN LM ARIMNL I AN o ABRE SRR SO DAE AEILAL A A Rl SR A N PR NS gy Sy —phy ariing S A I 30 - ‘.
. %
_g . The avezage strains (E,j) in equation (7) aze related to .r
the strains at a point (equations 3,4) through equations of the
::t fora: -
: & Jv o
: ) &4 txy3)- fo)- i
g 4 §pnav ot
. <elj$r= alr’ ”'3 W) .

" " Sy -

. i

- s

Here Ea""(l.y.i) is the strain at point (z,y,2) in a diffracting

grain in the irradiated volume, Vi is the volume of this grain,

P RIT

f(s) 4is a funotion =relating the wvariation of diffracted .
intensity to depth (3), and "3 is the total number of grains
diffracting at a tilt angle yz . The summation is used instead ;{ i
- of an integral since the diffracting grains ate not necessarily —
%: contiguous. It must also be mnoted that Decauss 2-rays may
la penetrate to a different depth (3) for sach 1’ «~tilt due to
._ sbsocdtiond and, for finite Deam sises, the iatersection ol. the

tijting specimen with the beam changes the dimensions By =8,
Tq -, the total irradisted volume is also s (function of the
tilt angle * )‘g'. This means that parameters that are 2

function of volume can also be expressed as 2 function of ’y

The evaluatjon of the average x-zay strains in terns of the

strains at a point is esteremely complicated since, to date, the

e
e
“e

e
l_l

exact nature of the coupling terms {n equation (8) is not

—
[ 3
End knewné . However by inspection of equations (8), (3) and (4) it A
o~ ‘:.":.7
.:' ean be seen that the average strain map de writtem in terms of :-'.:-',
..:_. .:.‘f'.
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the average strain components contributing to it:

+ o n. r
<€=\p=(£,j)+ L&) + {&a) 9

. or, from equations 3,8,9:

<Eu§= 5:.0. {_é.q- k.(')")}-t- (gt.{

"
(&)= 6" 3_ %+ K,W’)}*’ &y (10)

and similar equations may be writtam for the other tezms of the
strain tensor. Here K;C*U is the average proportionality
constant describing the average response (described by equations
3,8) of the 9population of grains diffracting at tilt angle
“I’i teo an applied load, and <£.‘j)" is the average

(inhomogeneous) residual strain in this population.

[l BN A 4

By substitutln, squations (10) into equation (7)) the

talationship bDetween the applied stress and the measured strain

is obtained:

: ' dy.~ds o
‘ Errye == |G 4 k) - ()]

F
°

+ <€u§-<EJS]. Si’;"fj + 5-\'"3_%" K:”’,-)k (1

’
+ <:£55>HV

; &
i Slncokﬂ7)3§?aro not constant in ,1£t1/ . squation J1 describes
4 funetion that is non-linear in sti"’”. On the other hand, in

& hemogeneous wmaterial the interaction terms are sero by

TR, TP P B . ¥,V .5 -,

Yo N Sete ey ’:..,'.'_:. - ) % ’:. .“:.';..
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definition and for & homogensous residual stress distribution

v
the terms <€i> are constant for all ¥ tilts, thus for this

case a linear "d" vs. st&jﬂ plot will be obtained.

If a linear least-squares line is (fitted to the data,
described by equation (11), (as is wsually done in practice), it

is assumed that the function,

J'yj: /E, +/@|s£n"")yj+€ . Ca

desoribes the zalationship between d and sli‘ﬂf’ . Here @ is the

tandoa error component. The regression parimeters /3; are then

esbtained from the equation:
a

fus Z, (¥ ) (dy - )

a ommeng
Z (""'"'}? - Siat ')g )

4 ! (13-a)
J=!
- S (13=-D)
ﬂo-" Jy - ﬂl. J’ﬂt'y-
J
whete n is the number of )ﬁ tilts and:
A
'1;‘ :E:lh} g
WY o T
n
A (14)
- d.
dy = £
| /A
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It must be noted that, because a “ljinear® (it is forced on
escillatory data, the paramaters /3. ,/ﬂ‘ can not be called
*glope” and “"intercept™ of the Jleast-squares line in the
traditional sense (e.g. as in the conventional analysis of
linear “d" vs. nu‘)" plots). Here they are sinply mathematical

tunctions described by equations (13 a,bh).

Sudstituting equation (11) into equation (13-a) we obtain:

n o
= J'; , o;"gcj[{('_;‘?.)-.-K.('Yi)-l(z('wj)}sm“)?

c

g3 j

n
+ K)(¥;) - % %.i (".';'Y) + K (¥)- k’(ﬂ)}'m‘ﬁ C1s)

a r
* Kah) - Iv 2o [fensy - o 1% - <l o2

& $ 7’ ”~ —
-jg ‘(&ﬂyg-(eJ?.*ilﬁ;\“)‘g + <E”§,rj'r i]} , CJS s.‘,}"{g - s“.}')g

which can be written simply as:

Bi= 0 S (w2, 57))+5 (&)

R ah
[RERY I ‘

i)

rr
R Y

(14)

(Re)

- L d

Vheze the {funetion §.('_%‘.’,k;('l’)) is an average, defined by
equation 1S, ef the ternms '%‘_‘7. y 4292 K,(‘V/. The tera §2 is an

average rasidual stress ters.

A similar equation can be written for /3° . However this

ease is moze complicated and will not be treated here.

Trom equation 34 it is seen that the variation of the

]
pazasmeter F, with applied Joad ¢

W is lineas. The slope of

the IB' n.C:“ ;5.('-'%’,“.""’)“ a3 seasure of the average elastic
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tesponse of tha inhomogeneous material to an applied load and
contains the intesraction terss k&(ﬁﬂ/. Thus it is not an
elastic oonstant ( sijkl ’ C'j“- ) in the strict sense dafined
by linear elasticity theory. In liggro 3, "d* vs, st#ﬂﬁ plots
for  oL-brass (a), P-brass (b), 1008 steel (c) and 1075 steel
(d) loaded in-sito on a diffractomater to various elastic loads
are shown, The varjiation of the parametsr /L caleulated from
these curves vs. applied load for these materials is shown in
figqure 4. The "x-7ay alastic constants” obttino; from figure 4,
and average macroscopic elastic constants calculated from single
erystal elastic constants for these materials in the Voigtld

{econstant strain in all grains), Reussd (oonstant stress in all

grains), and Kroner!d (anisotropic precipitate coupled to an

isotzopic matriz) limits are given in table 1I.

DISCUSSION

The differences DbDetween the average elastic constants
ealculated (from single crystal values without taking coupling
ef fects into account, and those obtained fzom the <experimental
ptocedure dascribed above are measures of the reaction stresses
(and strains) caused by the inhomogeneity of the material in
question. It is thus seen that a study in the variation of
“s-tay elastic constants” with plastic deformation for a given
specimen {is really a study of the change in tha inhomogeneous
distridution of crystallographic directions (and the grains)
along & direction in the surface coordinate system, and the

sonstraining effect such a distribution has on the strains




causad by an applied stress. If duzing the study, the plastic
deformation causes changes in this distridbution such that the
average reaction stresses, and hence A&t?ﬂ changes, the “z-ray
elastic constants” will change also. In fact one should not use
the term "elastic constants® for these parameters whan they have
besn evaluvated from oscillatory "d” vs. si#)ﬁ plots, whare the
oscillations are due to the reaction stresses generalad by Ga.,
since, in this case they are not fundamental material properties
that depend only on the interatomic forcas lik. £ or V , but
also contain sinple configurational parametars. If the plastic
- deformation {s such that the inhomogeneous residual strains
-

- E::i change, but the coupling constants ate not affected, thea no

change in the "x-ray elastic constants” will be observed since.

even though such a residual strajn <(or stress) distributjon
L3

causes oscillations in ®d" vs. sin 79 « the residual strain

distridbution itself is mot a function of the elastic loads

applied (after plastic deformation) during the measurement and

will affect only the intercept of the /% vs. 6; plot (equation

(14)).

The configurational parameters contributing to such
"effective alastic constants” may have two main components. The
shape distribution of the grains in the material is one of the
possible components. Wall 1has treated the effect of the

inclusion shape on the average elastio moduli of a two phase

asterial and determined that disk shaped precipitates cause a

significant inecrease in the average Young's modufus . For ;5:{

testured naterial the non-random distridution of TR

orystallographic direotions (and hence elastico wmodull Sﬁl\ )

g,
y
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withina the material volume will also contribute to such

“sf{fective alastic constants”.

One other conclusion from this line of reasoning is that
even if the oscillations in “d4* vs. uu"’)” plots {rom twe
sanples of the same aaterial look alike, unless the shapes of
any precipitateas that aight be present and the distribution of
srystallographic directions in the constitutive grains of the
matriz along surface directions ace the sanme tet.both specimens,
and in both cases the oscillations are due to the same effect,
they may not have the same "x-ray elastic constants”. Ia faet
such effective alastic oonstants may be different along

difterent surface directions of a given specimen.

It aust de emphasised that, even though it is possible to
measure the aeffective elastic constants of a texztured material
tocwrately along any dirsction in the specimen surface using
z-7ay mnethods, these constantis may not be used to determine the
tesidual stfcss state by z-rays. This is due to the fact that
when “d" vs. slé‘ﬁb is oscillatory the stress/strain state is
inhomegeneousi? and an average valve for am inhomogeneous
distridution (whesze the distridution function is not known), is
of dudious utility. Rather, ene may utilise the 3-tay elastic
sonstant measurements for such materials to determine the effect
of shape/ozientation distributions en the elastiec propecties of

s given material.
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. PEN
- 1) Conventional nethods of “g-zay elastio constant” }ju
. determination measure the total slastic response of the material oy

wnder analysis whether the “d" vs. siihwy plots obtained froa

RS

o this material are linear or oscillatory. For both of these
sases the plot of applied load
vs. linear-least-squares-regression-parameter will be linear as
long as the test is carried out within the olastgc tange.

Q_ 2) *X-ray elastic oconstants® obtained from oscillatory ~d*
iy ‘s, s!gvy plots, where the oscillations are due to the reaction
stresses (caused by an applied stress) ocontain configurational
parameters in addition to Young's modulus and Poisson's ratio
and are not, in a striot sense, “alastic" constants. A Dbetter
same for such constants may bde 'effective elastic constants'.

3) The configurational parameters esontributing te these

A
Y

- ef fective elastic constants may be due to shape and/or

Dt}

s

erystallographic direction distributions of the oconstitutive

l‘ l‘

N grains ia the material.

» € It during plastic deformation the distribution of aiﬁ
k srystallographio directions in individoal grains, or the shape Eij
:; of any precipitateas along surfaoce direotions ohanges, such :;:
:i change may reflect in the configurational parameters and cause ?;é?
.S an apparent change of (z-ray) “"elastic constants™ with plastic ;ﬂ:
- deformation. -;:
zz $) 1{, on the other hand, in a given sanmple plastio deformatjon iﬁf
:k enly echanges the residual stress distridbution, but does not ;i:
;i sffeot the distribution of crystallographic orientations oerc E??
L e
'; ptecipitats shapes along surface directions, there will be ne ;3;
'1 DN
- T
: V@ 53
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shange in “z-r3y olastic constants™ with plastis deformation.

4) The aveszage intezaction paramsters ecan 3aet be evalvated
easily from first pzinciples since, in erder to calculate the
interaction among non-randos composite elements, the boundary
valuse probliems of elasticity aust fiszst be solved . The z-ray
average of the fields calculated Dy these solutions must thea be

calculated using a3 formula similar to (8).
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FICURE CAPTIONS

Pigere §: Crains with various ocrystallographic orientations
along a sample cgoordinate §, . The strains foraing in each
grain in response to 3 uniform applied stress at the Dboundary

]
(3; ) will be different due te MHooke's law.

Figere 2: Definition of the specimen '§5 and laboratory

Ei coozdinate systems.

Lan e s
L2

figure I: “d* vs. sti“f’ plots at various loads from

>
.

v
»

slpha-brass (a), beta-brass (D), 1008 stael (o), 1075 steel ¢d).

The specimens were loaded in-situ on the diffraoctometer. For a

g
.
v

O
P

description of the apparatus ses reference 7.

figure 4: Variation of regression parameter /ﬂ (detezmnined f{ro»

{iguras 3 a,b,e, &) vs. applied load
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:{ Table 1: Bull elastic constants (lev)/E (Hpi') calcoculated from single crystal

; elastic compliances in various limits and obtained from figuses
3 3 a,b,e.4.
~
o
" Table 1
Caleulation Alpha-Brasss Beta-Brasst 1008 Steelts 1075 Steelsse
Limitt (2200 (21%) (211) (211)

. 'OXGT’ 9.97.10-¢ ) 9.43.10-4¢ 5.63.10-¢ $.63.10-¢
; ntuss' 1.20.30-¢ 1.75.10-¢ S.84.10-¢4 §.84.10-4
f IRONEI' 1.07.30-¢ 1.14.10-4 $.73.10-4¢ $.71.10-4

EXPERIMENTAL« ?.90.10~¢ 4.494.10-¢ T 6.19.10-¢ 6.84,.30-¢
-
s
. s Exaperimental data obtainad from respective phasaes of a 40-40 Cu-Zn specimen,
Ei sachined from cold-rolled sheet. This configuration magzimises the interaction
e coefticients K(V).
- %%  Speocimen machined from as-received cold-rolled plate.
-
-~ t8t Specimen solution-treated @ 7‘0‘C for 2 hrs. to facilitate carbide precipitation,
2
.f then grit-bdlasted to randomise the surfsce and annealed at 450 C tor 45
- minutes.
g ¢ The total (statistical plus geometrio) srror associated with each value is
<
d less than §5%. The equations used in error calculations are f(rom

tefereance 7. '¢};
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