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ABSTRACT

A direct design method for solving the proklea of
robustness to cross-ccupling perturbations in maltivariable
control systems is presented. The method wuses numerical
optimization procedures to manipulate the system feedkack ®
gains as direct design variables. The manipulation is accca-
rlished in a manner that produces desired performance by
role fplacement and rotustness by modification of the minimunm
sinqular values of tte system return difference matrix. b

Channels affected by cross-coupling perturbation may be '
recognized by the character of their transfer function flot.

The &=mechanism used Lty the pole placement and robustness o
routipe in obtaiping a robust design 1is evideat from the
gain changes associated with the transfer function diagranm
and the zero shifts shown c¢n pole-zero plots. The pole ‘:f }

. placement and robustness routine uses gain equalization and
zero assignment to modify the <characteristics of the system
in the areas of 1low singular values, producing a robust
design.

A mcdification of the tole placement and robustness
routine that may Le applied to the design of —rcbust
observers is also presented. Using feedback and filter gains
as direct design variables a practical desigr procedure for
robustness recovery in observer based systems is obtained.
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I. IBIBODUCTION

With the rising interest in multivariable coatrol thecry
brought on by 4increasingly complex systems the need has
arisen to develop design methods that will allow the
designer tc specify system performance while at the same
time ensuring relatively high stability margins or rotust-
ness. In the single-input single-output (SISO case the
designer has had the tools to do these tradeofis in the form
of Nyguist, Bode and root 1locus plots. 1In the multi-input
multi-output (MIMO) case the <classical methods are 1ot
totally arpropriate.

With the increased interest in MIMO systens numerous
methcds of design have heen employed to oktain suitable
system perfcrmance and robustness with varying degrees of
success. One primary method of design is to keep the flant
as decoupled as possiltle throughout the design so that each
individual element wmay be <controlled - independently and
designed essentially as a single loop system. Rosenbrock
[Bef. 1] has developed a procedure where the ©wmultiloop
systers is modified into a system that has diagonal
elements that are much larger taan any off-diagonal
€elements. This diagcnally dominant system is then in a fora
where convertional Nyquist type technigjues can be employed
in the apalysis. A third common MIMO design method is that
cf the 1linear Quadratic (L¢) method. This method uses a
guadratic cost functional and optimization principles to
allow the designer tc design for various perfcrmance levels
ty adjusting the matrix weighting terms used in the cost
function. The majecr difficulty with all of the above
methods is that they are not necessarily robust. This is
especially true for cross-coupling terms between loogs.
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The primary achievement of this thesis has Leen the
incorgporaticn of tke time domain pole placement design
procedure with a method of using return difference matrix
singular values to improve the robustness of the design. The
technigue, which utilizes a modern optimization routine, can
significantly assist the designer in obtaining robustness in
the face of cross-coupling perturbations. It has also been
shown that the cross-coupling perturbation problem can be
detected bty using classical open-loop : >le diagrams as well
as modern control analysis. The pole placement and robust-
ness design routine developed for this thesis his been used
cn several problems discussed in recent literature. In these
studies the pole placement and robustness desiga code has
proven capable of @meeting the desired goals <¢f pole
placenment and robustness and also brought to light scme
interesting aspects of the cross-coupling perturbation
Froblem. A slightly modified pole placement and roktustness
routine has proven effective in the design of robust
cbservers.

The remainder of the thesis will present background
material on SISO systems in Chapter Two and on MIMO systems
in Chapter Three. Optimization will be discussed in Chapter
Four alcng with a discussion of the Automated Design
Synthesis (ADS) program used as the optimizer routine for
the pcle placement and robustness design procedure develofed
in this thesis. The thesis methcdology will be discussed and
outlined in Chapter Five. This will be followed by chafters
discussing results ficm selected problems. Conclusions will
ke presented in the final chapter.
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1I. SINGLE-INPUT SINGLE-OUTPUT SYSTEMS

The purpose of this thesis research has been to develop
a method of obtaining a robust multivariable control systenm
design. A brief review of the concept of robustness and
stability in the framework of a conventional SISO system
will be done before pursuing the «concepts in a more
complicated fashion in the following chapters. A simple
interrretation of rolkustness is the ability of the system to
tolerate design perturbations. These perturbations could be
in the form of actuator failures, plant parameter uncer-
tainty, unmodeled dynamics or nonlinear terms, or ary one of
many other perturbations to the nominal design of the
systen.

Tbe primary reascn for £feedback systems-is the control
cf uncertainty withip the systen. By appropriate use of
feedback, rroperties that would lead to an unstable systen i
may ke controlled. When stability and —robustness asgects
are considered for a SISO system, frequency domain design
concepts, using eitber Nyquist or Bode plots, are normally .
used. Robustness in SISO systems is formulated naturally by —
the ccncept of gain and phase margins, both of which are '
readily available on the Nygquist or Bode diagraa.

In figure 2.1 a nominal feedback system can be seen with
a perturkation element O (s) placed in series with the
nominal system. When o =1 the system is nominal and stable.
To deternmine be positive phase margin of the system the
value of o (s)=(jw) = e’? will be changed 5y varyingy
until the system just becomes unstable. This value of ¢ will

then ke the system phase margin. The negative phase margin e
can ke ccomputed in the same way. To find the gain margin the RN
pagnitude value of o is increased until the system just

14
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>(4‘,_> o(S) -~ g(s) >

2 AN

ﬁ. Figure 2.1 Basic Gain and Phase Margin Determination ¥odel. i
L

becomes unstable. This is the upward gain margin. A similar

lover margin is also defired.

. These gain and thase margins may not be adszquate meas- fﬁn
Ei ures ¢f robustness [Ref. 2] because they do not account for

\ simultaneous variation in both gain and phase. Therefore,
) while large individual gain or phase changes may not desta-

‘i bilize the systean, small simultaneous changes in gain and o
phase may destabilize the system. This is not a major diffi-

culty in classical SISO techniques because the effect can be

easily detected.

Gain and phase wmargin can be defined in terms of the
cpen-lcof freguency domain G[plots in either the Bode or AN
Nyquist fornmat. Figure 2.2 depicts a classical Bode plot .Qﬁ
showing gain and phase margin determination from the Eplot. '
The Nyquist plot may also be used to obtain this informa-
tion. Nyquist criterion states that if th2 cpen-loop
transfer function G(s)H(s) has n poles in the right half
Flane and tlke limit cf G(s) H(s)=constant as s-»«0 then for a

15
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Phase ~ deg Amplitude~ db

Pigure 2.2 Classical Bode Plot. -

stable system the locus of G(s)H(s) will encircle the -1+3j0 -
Foint n times in the counterclockwise direction as s varies :
along the Nyquist ccntour. If there are no poles in the
right half s plane then the locus will not encircle the -1 + -
jO point. The diagram in figure 2.3 illustrates a nominally -
stable system. The gain and phase margin may be determined
directly from the diagram.

Any change in the loop transfer function, provided the
crder of G(s)H(s) does not change, that changes the pumkter
of times the locus of G(s)H (s) encircles the (-1,0) point in
the Nygquist plot causes the system to become unstable. This
leads to the conclusion that the nminimum distance of the

16
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Figure 2.3 Nyquist Plot of Stable Systea. R
- <

locus of G(s)H(s) to the (-1,0) point is a measure of the

system stability. This distance concept cirries over A
directly to the MIMC system as will be shown in the next -
chapter. Examples ¢f a mnmultiplicative perturbaticn and an
additive perturbation illustrate this idea. Figure 2.4 is an
additively rerturbed systen. Figure 2.5 shows the Nyquist
plot for this systenm. Assuming that the plant is itself
stable and the perturktations are also stable the diagram may
then ke used to determine how near the system is to insta- o
bility for the given perturbation. fﬂﬁ”
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Figure 2.4 Additively Perturbed Systea.

Since the systenm is stable the (-1,0) point is encircled LA -4

the correct number of times by the nominal flant. If the .

locus of g(jw) in the diagram is warped until it passes NS

teyond tke (-1,0) point tken clearly the number >f encircle- o

ments of this point will change and the system will beccme ’ 1

unstable, assuming the order of the plant is not changed by o, 1

_ the perturbation. To keep the locus of points from moving L
E‘ beyond the (-1,0) point equation 2.1 must hold. 1
’ ]

<-. "‘1
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- Figure 2.5 Additive Nyguist Plot.

LAG(TW) I 1 + g(jw)l (2.1) - T

ae o

This condition is illustrated in figure 2.6. Tha right-hand
side of equation 2.1 is just the magnitude of the return
difference transfer functicn of the noainal systen. The
sultiplicative case is depicted in f{igure 2.7 with its asso- e
ciated Nyquist plot in figure 2.8. The requirement for kfﬁﬂ
stability is similar to the additive case and nmay ke stated .
in equation 2.2

’

FAg(Je) ] <t 1+ (g(Je)~1) | (2.2) i#%
]
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The atove arguments will be applied again in Chapter 3 to R
develcp multivariable stability and robustness properties. DRI
The linear quadratic design has been the primary method R
employed in modern ccntrol design practice. In this method ¢ 1
an ortipal state feedlkack control law is develop2d to find a L 3
set of feedback gains that optimizes a chosen performance R

index. 7The performance index for the steady-state <case is 2
given in equation 2.3 ?ﬂ.ﬂf
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Pigure 2.7 Multiplicative Systen.

A
PI = f(;'g x + u'R u)dt (2.3)

i vhere the x'x term and the u'uy term form gquadratics. The Q
and R matrices are chosen by the designer to provide the
test conmfrosise between the minimum error of the system and
the ainimum energy needed to control the systenm. The LQ

y metnhod is lased on the use of closed-loop state variable
feedkack fcr the control of the system. 1In the MIMO problem
IQ methods have been used extensively because of their guar-
anteed stability wmargins with diagonal weighting matrices.

d For diagonal weighting matrices the LQ =method yields a

) guaranteed phase margin of 60 degrees and -6 db to infinite

5i gain zargin.

.
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Figure 2.8 Nygquist Plot for Multiplicative Systen.
For SISO 1linear gquadratic optimal regulitors these
stability margins «can be developed from ineguality 2.4

[Ref. 3]

|1 ¢ £'(JI - a)=1ky2 1 (2.4)
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Writing the Kalman egquation as 2.5

] 11 ¢ £r(sI-a)=1b|2 = 1 + (1/‘,“ Gu(s)12 (2.5) -
cne has further
] I 1+ GIs)E(S)IZ = 1+ (1/5)1G(s)1? (2.6) T
and for all s=j e and 02 w < oo the function (VF)G" (s) |is ' T
greater than zero, therefore the Kalman inequality is shown )
- to be 2.7. )
1 1+ G(s)H(S)| > 1 (2.7) - ]
-1
) 4
' RS+ ~ UG Y(S) T
_’Q X G(S) -+ i
L
i -
> 1
.
H.(S) ¢— S
eq
' %
Figure 2.9 Typical Egquivalent Feedback Systes. L
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The graphical interpretation of this result is that the
polar plot cf G(s)H(s) wust remain outside the unit circle

centered at the =1 + jO point for all frequencies. Figure ° )
R

°
UNIT GIRCLE > |

e

e
y
.
L ahaliabhbabal
®
. >4
. 4

Figure 2. 10 Polar Plot of an Optimal Systen.

2.10 shoss such a polar plot. Since the optimal regulator ° 1
with the loop broken at the input to the plant (denoted by s 'ﬁ
the x in figure 2.9 ) does not penetrate the unit disk about SN -
-1 + j0 this means that the single input regulator will have }f~'ﬁ

)
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a phase margin of at least 60 degrees and a gain 3argin
tolerance of fifty percent gain reduction aad infiaite
upward margin. Further discussion of this property may be
found in Anderson ard Moore [Ref. 4]. Wwith this lasic
review of the concepts of stability and robustness in the
classical SISO system complete, the next chapter will extend
some of these basic ccncepts to the MINMO system.
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Linecar guadratic design has performed relatively well in
aircraft control coacepts because of the ability tc fcrmu-

.
Abedad o 8o

late the system state equation and to quantify acceptakle

[ rerfcrmance indices for the system. 1Industrial applications
for L¢ theory have been less successful and have led British
A researchers to look into forms of decoupled design methods.
[ Cne of ttie primary methods used in wmultivariable design is ]
to make the system totally decoupled. This wmethod allows
each loop tc be designed as a separate entity by classical
means. Cne of the primary difficulties with this methcd is
@ the froklem of £finding a compensator which will totally
| decourle the system. The method also suffers <£froz the
effects cf cross-coupled perturbation teras. A method that
does not totaliy deccuple the system but makes the design

probles simplier by designing a compensator that only causes
the diagcnal terms of the traansfer matrix to be dominant

over all cff-diagonal teras has also Leen developed,
[Ref. 5]. Classical freguency domain techniques are t:zen
used to design each lcop of the system. The major difficulty ) *
with this and other single loop desigan technigues is their

failure to account for cross-coupling perturbation teras
that may interact betweer the loops. The individual loops
may te highly robust in these designs but the overall systen 1
robustness may be lcw because oI the loop interactiocn not
accounted for in the design. This is the precise area that
the singular value analysis has proven so beneficial ia

design . Singular value concepts may ke applied tc conven-

; tionally designed systems to assess their robustness. For

g instance, if a system is designed by LQ methods the Jdesigner _ .j
3 may then formulate the transfer function of the syster and Y
d

= 3
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assess tlke singular values of the return difference matrix
cf the system. If the minimum singular value is found to be
low at some critical frequencies the designer can tkien N
modify the ¢ and/or K matrices chosen in the LQ perforzaace
index and recalculate the design. In this iterative fashion
a robust design would be developed.

A generalization of the SISO Nyguist theory discussed in
the previous chapter has bLeen made for the MIMO protlenm.
This generalization leads directly to the sinjular value
concept. The generalization is expressed in the form of the
multivariable Nygquist theorem which requires that a closed
loor stalkle system have the same number of counterclockwise
encirclements of the crigin by the locus of the det (I+G (Jo))
as the nunker of open loop poles that are unstable. This
theoren is formally stated as;
let N[f (s) ] denote tle number of clockwise encirclements of
(-1,0) Ly the locus of f£(s) as s traverses the contour D
of figure 3.1 in a clockwise sense. The closed-loof systenm
will ke stakle if and only if for all R sufficiently large ®

NMf(s)] = -P

where
£(s) = =1 + det[ I+G(S) ] = Yo (S)/ Pru(s) -1 and SR
P = the number of closed right-half plane zeros of .1'
Yo, (5) .« ‘
The application cf the Nyguist theorem comes thrcugh the
fact that a multivariable system will not b2 rotust to

modelling errors if the return difference matrix, I+G, is °
nearly singular for zome freguency. IfI + G 1is nearly

-~

singular a small change in 3 may make I + G exactly

singular. This causes the det(l + G) to become zero and the

Nyguist encirclenent count to change indicating an unstatle j
systes. It is possiltle for very small changes in I+4G to : _
produce large changes in the determinant of I+G. The matrix ;if{{
1eg __\_Z-’- o
[ J
27
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Pigure 3.1  Nyquist D Coatour.

10/s+a 9.99/s+a]
10/s+a 10/s+a

has determinant 0.1/ (sta)2. If the element Pa is changed by
only cne percent to 9.9/s+a the determinant becomes
1.1/ (s+a)2 which is a significant <change in the determinant
value. 1Therefore, it is evident that det(I + G is nct an
accurate measure of how near the return difference is to
singularity. Researchers, in the field of «controls
[Ref. 6], [BRef. 7]}, [Ref. 8], [Ref. 9] have used singular
value analysis to deternine how near the return difference
matrix is tc singularity.

Since the number cf encirclements of the Nyquist diagraa
changes as f(s) passes through the =1 point or when det (I1+G)
is zero it is important to find how near the return differ-
ence matrix I+G is to being sinjular. This nearness to
singularity can be interpreted as closeness of the matrix G

28
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to the critical point, =-1. A gyuantity which can be used to

express the nearness to singularity of the matrix is the

minioum matrix singular value denoted by U . Given a matrix -
A the singular value ray be exfressed by eguation 3.1

U
G =min (N Q') (3.1)
A

vhere };(Qfé) is the eigenvalue of the complax ccnjugate
transpose of A times \A. A Dbasic MIMO lipear system is

{‘_' Figure 3.2 Basic Multi-input, Multi-output Systen.

: depicted in figure 3.2. An additive perturbation to the
. Flant is shown in figure 3.3. If the plant is stakle before
_& the perturbation is added to the system the Nyguist theorenm
vill te satisfied and the locus of GH will not encircle the
-1,0 critical point. When the perturbation is added tc the
f” system as long as the Nyquist 1locus is not forced to

29




..................................................
................................................

LA e A s e e e et L -t i S e AL AL UL I aa T

Figure 3.3 Additive Perturbation.

encircle the -1 point the system will remain stable. A
sufficient condition, recalling the SISO discussion in
chapter 2, for the perturbed Nyquist plot not to change
encirclements is that the norm of the perturbation A S
remaip less than the porm of the return difference matrix as
expressed in equation 3.2.

&G /1] (I+G) =) | (3.2)

« 20 This conditicn will guarantee that the lLocus of the
det (I+G) does not pass through the -1 point. 1If the 1, or
Euclidean norm is assumed for this condition the egquation

30
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3.2 may ke expressed in terms of singular values as egquation
3.3.

TLAQ)S (L + 6) (3-3)

This result states that as long as the maximim singular
value of the perturlatior matrix A G is below the miniaun
norm value cf the return difference matrix the system will
remain stable. The problem of gJuaranteeing roltustness
tecomes that of findirng the largest norm of the perturbation
quantity, tke largest singular value, for which the smallest
norm or singular value of the return difference matrix will
remaipn ncn singular.

The pultiplicative form for a system such as figure 3.4
gives the similar norr eguation in 3.4

FHAG(T) HIKIZLL (T + (G)=1) =2} (3.4)
¢~ 20. which may le expressed as;

S (AG) £ Q (I +6-1) (3.5)
Singular value dJecomposition software is readily availatle
to deteraine how near the &rmatrix £+§ or I+ (g)-l is ¢to
singularity.
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*
IV. QPTINIZATION o |
The [furpose of this chapter will be to briefly describe _i
several of the currently enrloyed optimization technigues -&
and the Autcmated Design Synthesis (ADS) program, [Ref. 10], ®
which enmfloys these techniques. In general, optimization
implies finding the "best" possible solution to a frotlenm. ]
In actuality the best solution <found by an >ptimization
technigue migh+ really only be a "better" solution to the e 4
problem. The purpose of ADS and other optimization routines ]
is to allow a rational search to be conducted to find the
kest possible design. The techniques of numerical optiaiza- ;
tion are used to logically vary the various parameters tbhat . :
affect tre design until a good solution is found. .
As an exanple of an unconstrained optimization prcblen E
consider the following problem developed in [Ref. 11]. The N
Eroblemr is to minimize the function L 1
F(x) =10x,4-20x,2x,+10x,24x,2-2x, +5 (4.1)
F(x) is often called the objective function, the cost func- ;w*fj
tion or the penalty function. Since there are no conditicns S
imposed on the design variables, x, and x,, and no addi- “.”_&
tional lizits imposed on the overall design, the froblem is o
considered to be one of unconstrained minimization. Figure ’ 1
4.1 represents this fproblem in the design space. From the i
figure it appears the optimum is near the point 1,1. 3
Calculus may be aprlied to determine the optimum exactly. . ]
Taking the derivatives )
® k

(7]
W
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Pigure 4.1 Design Space for Exaaple Problen.

DF(;)/Qx,=qu,3-“0:‘xl+2x,-2=0 (4.2)

OF (x)/Jx,=-20x,2 +20x,=0 (4.3)

and then sclving the set of equations it is found that x,
=1.0 and x, =1.0.

If design conditicns are imposed on the problem then the
optimization becomes one of constrained function minimiza-
tion. In other words, while the minimum of a function is
still sought, this minimum wmust exist within the limits

34
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imposed Ly the design conditions or constraints. The mirnimun
cf an unconstrained function will not necessarily Lte the
same minimum for a ccnstrained function.

As another example , also from [Ref. 11], a design is
sought which gives the minimum weight of a particular
colupn. This weight is expressed as:

W= oAb= Y Dh (4.4)

where /° is the unit weight of +the material and A the cross
sectional area. The stress in the column is given by:

O =p/A = P/X Dt (4.3)

without ¢oing into detail the design will be constrained by
the allowatle stress cn the structure. Other constraints ,
Euler buckling and shell buckling, are also of interest to
the designer of this column. The design problem is then
stated as:

pirimize W = s/t Tth {4.6)

for the comstraints

g(1) =6,0- 10 (4.7)
g(2) =C -1 0 (4.8)
g(3) = Opp =150 (4.9)

with L2 10e-06 aad t 210e-06.
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g(4) = t-Dps 0 (4. 10)

& + G4 Cs refer to the allowable design stress, Euler
buckling stress and the shell buckling stress respectively.

20, ;=0
l \
ug \ o
: ,E \ \ Note: The opumum 1
H A% \ \ demgn is not ungue. b
: \ \
d \ \
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i
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S e

Figure 4.2 Lesign Space for Column Problen.

Figure 4.2 is a design space diagram for this problen. it
is noted from the figure 4.2 that the optimum is not unigque
and can ke any value along the arc noted as optimum in the
figure.
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The general optimization problem is then written as:

minimize F(X) objective (4. 11)

sulject to gi(x)s 0 j=1,m ineguality constraint (4.12)

hx(g) = 0 k=1,1 equality constraint (4.13)

x'< x.% x? i=1,n side constraint (4. 14)

wvhere X = col (x1,x2,...,xn) is the design variable.

The methods used to solve this problem are usually
iterative. After the establishment of an initial set of
variakles the optimizer will update this ipitial value until
the cptimum values are found. Again ,borrowing £from
[Ref. 11], the iterative technique may be demonstrated by a
simple example. Figure 4.3 1is wused to illustrate this
proklem. Given the initial data set X9 the formula

It = x0 + x¥ 51 (4. 15)

can ke used to uggrade this estimate of X. The vector S is
the search direction for the iteration and the scalar gquan-
tity & is the distance of the 1nove in the § directicn.
Eeginning at X0 it is desired to reduce the objective func-
tion. TLke search for values of X that reduce the objective
function is made in the § direction which in this exaafple is
tae Ofpfosite of the gradient of the function at point XO.
The choice cf S could be artitrary as lonj as it reduces the
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Figure 4.3 Illustrative Example for Iteration.
value of the objective. If S is chosen to be opposite the S
gradient of the oLkjective then the search would ke a 1
steepest descent search. Once the direction is chosen then .;_‘j 4_{5?
the scalar must be found to minimize the objective alcng o
»
this direction vector without crossing a constraint '
boundary. The technique for finding o is to evaluate X, the
objective and the constraint functioms for values of « using )
computer code and numerical interpolation to estinate «. . 3
This & value then gives the minimua value for F(X) along o ;
this search vector. Ncw that o« for this direction is kncwn “
the new eyuation beccumes: DR
» ]
x2 = 31 + o*s2 (4. 16)
and now X! is used to start a new search in directicn g2 ;:::.{;;fi‘
and compute a new a*that continues to reduce the okjective » '
38 ‘_‘.:
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function. These one dimensicnal searches are continued until
no more reduction in the okjective can be found. At this
point po further design improvement is possible. ®
Crtimization techniques do not aiways 1lead to the abso- -
lute cptipuz when aprlied to problems of practical interest. o =
The reasons for this could be numerical ill-conditioning of '
the rroblem formulation or simply that there are multifle ™
solutions tc the proltlem. Because of these difficulties it
may be adviseable to choose several different starting
points for the optimizaticn process and use engineering
judgement as to the design most applicable to the prchblen ®
under arcalysis.
Considering the wuncoanstrained case first where the
desire is tc nminimize the function F(x), it is well known
that F(x) will have a minimum where the gradient of F(x) is e J
zero. That is:

I

grad (F (x))=0 ' (4.17)

\)

¢

4
N '
PSR SO UL U T

with the Y F(x) defined as:

grad (F(x))= (SF(X)/PX,,-cc0 JF(X) /Px,)" (4. 18)

A -

Figure 4.4 shows why this is a necessary condition but dces
not guarantee a gloltal minimun. The gradient of F(x) is
zero at all four points a,B,C,and D. dowever, only A and D
are minima. A would ke the global minimum for the function o

A

as defined here. D would ke only a relative wminimum. To
check that the zero gradient corresponds to a wminimum the
Hessian matrix,i.e the matrix of second partial derivatives,
can ke examined for pcsitive definiteness. A positive defi-

. PP
A s

nite Hessian ensures a relative minimum. The >nly way to
Frove a glokal minimum for the function is to show that the
Hessian matrix is positive definite Zor all design variables

pory

X. A test that is seldcm possitle to perform.

-
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Pigure 4.4

I1f the problem of minimization

the situaticn

search direction S which will
while not violating the constraint functionmns.
that will reduce the cbjective is

A

B

C D

»
X

Plot of Various Points With Zero Gradient.

is

abcve.

is a constrained problenm
different from that discussed
objective function gradient does not have
optimum. Figure 4.5 illustrates this case.
and assuming a start at point A

The

to be zero at the
Usingy figure 4.5
it is necessary to choose a

reduce the objective function

said to be useable.

is seen to be the bhalf plane sector below the
F(x) at pcint A. If a half plane to the right
tangent to the active constraint at point A

then the feasible sector is formed.

40
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conditions gives the useable, feasible sector where the
search direction S must be chosen. In mathematical noazencla-
ture the above argument may be stated as:

":’7 w—-—vv‘ﬁv g

useable direction grad(F(X))esSs 0 (4.19)

feasiltle direction grad( g;(x))e S= 0 for all j (4. 20)

L for which gj(x) = 0.

!“ Pcint B in figure 4.5 shows a point where the gradient
of the okjective and constraint point in exactly the opfpo-
site direction. At a point such as B the only search vector
! S that meets requiresments for wuseability and feasibility is
tangent to the constraint boundary and to a line of constant
g cbjective function. This condition is stated as:

grad(F(x))+ZXygrad(g; (2) )+, grad(h,(x))=0 (4.21) i

where A5 2 0 and Agem ~unrestricted.

With this brief rackground in optimization complete the
Automated Design Synthesis (ADS) program will be briefly
discussed. More detail on the ADS routine can be found in -
{Ref. 103, This code was developed as a follow=-cn tc the
successful CONMIN code [Ref. 12] developed by Vinderplaats.

It is designed as a black box optimizer which allows the
user tc chcose combinations of one dimensional search, opti-
mization aljorithm and optimization strategy. These will be
discussed later. For the user with specific requirements the
code may te tailored by parameter modification to nmeet
specific requirements. TFfor the work done in this thesis it
was assumed the user of the code has no detailed knowledge
ci  optigization and will want to use the code in the

41




b A .
[ ]
#X)=0 c
®
F(X) = constant
/
oo
"W
|/ Feasible sector ®
s X) s‘f S
Ussple =~ Y/
sector T
. s Usable feasibie sector
2
| A
, [ ]
3
: VF(X)
l.‘
Opumum 2 \
* veX) \ . »
y
i X »
b - .
! Figure 4.5 Constrained Optimization Example.
* simplest form. As such, the ADS calls made from the main ’»

3 program use only default parameters and first forward finite
difference gradients. Should analytical gradients be avail-
able the user could use them within the code if desired with DR
no difficulty. The calls made by the user to the ADS ’

routines specify several important aspects of the rrcblenm
solution. The user may call for an optimization strategy to

e used in the routire. This is not required and its use

42




e

depends on the problem. These strategies are discussed in
[Ref. 10]. Two strategies used most often in the analysis
done for this thesis have Leen segquential unconstrained

s~ hases

minizization using guadratic exterior penalty function and
the augmented Lagrapge multiplier (ALM) method. Others
available include seguential linear programming and sequen-
tial quadratic prograrming.

The tasic optimizer is also chosen by the user from two
unconstrained and three constrained optimization algcrithums.
The unccnstrained algorithams are Fletcher-Reeves conjugate
directions, Davidon-Fletcher-Fowell (DFP) variable metric
method and the Broydcr-Fletcher-Goldfarb-~Shanno (BFGS) vari-
able metric methcd. The method of feasible directions and

robust feasible directions are available for constrained
minimization.

.“*W'

The user has available several types of one dimensioral
searches using Golden Section or polynomial approximation
technigues. The ADS code has tailored these one dimensional
search algcrithss fecr the unconstrained and constrained

!

cases, allowing the user to make appropriate choices fcr the
type of problem to ke solved. Figure 4.6 shows the Lasic
crganizaticn of the ALS progranm.

Since it is not the purpose of this chapter to cover the
subject of optimizaticn in detail all the possible routines
in ADS will not be discussed. A few of the routines found to
work well for the wcrk completed in this thesis will be

I DAMMERINNRY - IR
|

triefly described, however. There are several nmethcds of
optimizirg functions ¢f one variaktle or one dimensional
searches. For instance a large number of points, n, could be
chosen and the functicn F(X) evaluated at each point. The
point corresponding tc the smallest value of F(x) could then
te considered the ofptimum value of the one dimensioral
search. This method is hit and miss and better methods of

ren A T ) Tviv Lo A s Jaak )
. LA B AR
. o v oL
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Figure 4.6 Organization of ADS Prograsas.

locating optimum points can be used. The methods used in ADS
are Golden Section ard polynomial interpolation.

Golden Section search methods are easy to program on the
digital computer and do not require continuous derivatives.
They tave a kncwn ccnvergence rate and are reliable for
poorly conditioned froblems. The major drawback of the
Golden Section routines is the 1large number of <function
evaluaticns require. The Golden Section algorithm is simply
illustrated through the use of figure 4.7 Assume that X0 and
1! are known to be ftounds on the curve's minimum value.
Also, the function values o0f F(x), FO9 and F! ,are evaluated
and known at these points. By pickiang two intermediate
points X2 and X3 where X2 < X3 and evaluating the fubction
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at these pcints a tcund on the minimum may be modified.

Since F2 for this figure is larger than F3 the point X2 ,
forms the new lowver bcund. The minimum is now between X2 and '
X1 ., If the function F4 at X* is determined and shown to be

larger than F3 then X* becomes the new upper bound on the

pininun. By repeating this procedure the bouands may be .
narrowed to any desired tolerance. The Golden Section rule ®
is aprlied to this problem to reduce the bounds in the

quickest possible time. By afppropriately picking the values

of X's at which each function evaluation is made an effi- e
cient algorithm that uses the ratio proportion of the Gclden ®
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Secticn,i.e. X2/Xt = 1.62803 is developed. By <clLoosing a
value 7 based on this Golden Section rule where T = 0.33197
estimates for intericr points X2 and X3 can be made as:

X2 (1 - 2)%0 +2x1 (4.22)

X3

X0+ (1 - T)x! (4.23)

As each new bound is found the process repeats until the
accepted level of convergence is reached.

The rolynomial interpolation method is accomplished by
first fittirg a polynomial curve to the points about where
the mirimum is desired and then finding the ninimum of the
Folyncaial function. For example if the function F(X) is
approximated by a guadratic as:

F = a_ +a X + a X2 (4.24)

o ! Z

. * .
Then the value of I, X + Where F' is zero can ke shcwn
to be :

X‘

= -a, /2a, (4. 25)
IZ a , is positive then F will be minimum. Other degrees of
Folyncmials may be used in similar fashion.

Now that the basic one dimensional search methods have
been reviewed the next step is to examine the Lkasic cpti-
mization routines. First, the unconstrained case will be
reviewed. The optimum x*is at the point where
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grad( F(X))= 0 (4.26)

Several zerc order methods exist for the purposa of finding o
the mirizum value. These include randoa searck, 2Powell's
3 method and Box's method. Since ADS does not use these

2 A g s o

methods they will not be discussed. ifﬁ,
Autcmated Design Synthesis makes use of first crder ]

methods which will ©ncw be discussed. The steepest descent
method is best known, but poor in performance. Just as the
1 name implies a search direction is chosen opposite the

E; gradient of the objective function. At iteration 0 ' 3
; So = - grad( F(19)) (4.27)
3 .

;“ Figure 4.8 shows this algorithm geometrically. Note that .
) L

the methcd simply stair steps its way down the "hill" to the
valley or minimum. ALS uses the Fletcher-Reeves modification
to steepest descent. In this routine a conjugate direction 1

is chesen to improve the speed of the search. ‘Figure 4.9

shows how this method tracks to the solution.

The variable metric methods listed earlier are usually
pore fpowWwerful than Fletcher -Reeves because they stcre infor-
mation that allows tlke algorithm to approximate the inverse

of the Hessian matrix or second derivative. For further
discussicn c¢f these methods see [Ref. 11)] or other similar
optimization texts. T

ALS employs two direct methods for constrainszd minimiza- -
tion. Cne method is that of feasible direction and the cther '
is the methcd of robrst feasible direction. Since these two

metocds were seldom employed vithin the work presented ina
this paper they will not be discussed. ‘s}

The methods chosen to handle the constrained minimiza-
tion prctlems formulated in this thesis are referred to as
Sequential Unconstrained Minimization Techrigues (SUMT).
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Figure 4.8 Steepest Descent Algorithm.

SUMT methods are methods which formulate the oEtjective
i function and the constraint functions into an augmented
i objective function and then solving the problem as if it ]
x were an unconstrained optimization task. ADS employs
interior and exterior pernalty function techniques as well as
an Augmented Lagrange Multiplier (ALM) technigue.
The exterior penalty fuanction method is incorporated by
foraing a penalty from the constraint equations. This
Fenalty is of the form :

1
P(x) =Z max(0,9;(x))2+E (hy(x))?2 (4. 28)
Jai K
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Figure 4.9 Fletcher-Reeves Conjugate Direction Algoritha. ]
From this equation it is obvious that P(x) is zero if all r“i;
the ccnstraints are satisfied. That is, if g; (x) = 0 and K ot 1
(xy =0, then all conditions of the penalty function are
satisfied. If an element of the penalty function is violated .
then the penalty increases as the square of the violated ]
constraint. A pseudc or augmented objective function is ¢ 1
formulated where : f,;fg
P(1r,)= F(x) *+ £p P (D) (4. 29) o
The ccnstant r, is a weighting factor for the penalty. It is &:ﬂ;?
adjusted with ADS as the optimization froceeds to allow the $j :
program to systematically converge to an optimum solution. ;’
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Cne disadvantage of this method is that if the optimizer is
stopped short of tie optimum the design will Lte in the
infeasikle region and rrokakly not useful.

Criginally developed as a method to solive ejuality
constrained problems the version of ALM in ADS has been
modified to work with both equality and inejuality
constraints. The statement is as follows:

mipimize F(X) (4.30)

sukject to hK(g) =0 k=1,1 (4. 21)
Next a lagrangian is created such that
. -
L(X,2) = F(X) +‘_Z/\g b (x) (4.32)

Then the equation is augmented with an exterior penalty
function such that

4
A(Ze DN oTp)= F(D) +ZOhe () * p(hg()?) (4. 33)

The rower of this method is that in theory precise
constraint matching is possible whereas in the exterior
penalty function methed it is not. The full details of the
methcd will not be ccvered here, however, the final form of
the ok-ective functicn will be included:

" |
AQ-Mrp>=F(3)+2<&‘%*r,-¢f)+zzl()fg(xa +r, (b, (x))% ) (4. 34)
Y 4] - we

where ¥ =max(gj(x), =-M/2rp ), and the update formulas for
the lagrange multipliers are:

S0

.............




P P
>y =M+ 2r (max(g;(x),~}j/25,)) 3=1,n (4. 35)

[ 1Y P _
Neom = At 25ph (X)) k=1,1 (4. 36)
With this trief review of optimization and the ADS progran
completed the next chapter will discuss the program develop-
ment for this thesis research.
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V. OPTIMIZATION DESIGN PROCEDURE

Tc accomplish tlke task of desijyaning a control systea
with acceptable tize domain performance and rolustness
characteristics in a straight forward manner a3 numerical
optimizatior technique was chosen as the method of implemen-
tation of the design alyorithm. Using numerical procedures
to adjust selected design variables, 1in this case the feed-
tack andsor filter gaims, a desired level of performance can
e achieved. This level of performance is actually a ccmlki-
nation cf time dcmain fperformance and robustness or
frequency dcmain perfcrmance. By establishing the criteria
for the system perfcrmance in terms of an optimization
cbjective and constraint functions a versatile procedure can
ke develcped to set the system feedback gains and affect an
accertable design 1in terms of performance and robustress.
The pc.e placement anpd robustness (POPLAR) design procedure
uses 'pcle placement to establish a designar selected
rerfcrmance level and then a minimum singular value level to
€stalklish the robustness.

The role placement portion of the procedure will be
discussed first. Tte pole placement technique was chosen
because it was relatively easy to implement through a rumer-
ical crtimization routine. By using this numerical procedure
it is also simple to incorporate robustness into> the froce-
dure along with the ferformance reguirements. A numerical
technijue similar to one posed in [Ref. 13] was chcsen for
the pcle placement algorithm. An unconstrained optimization
routine frca the IBM IMSL library was used for this progran.
The rcutine, a Newton method, uses ad justments to the output
feedrkack gains to reduce the size of an objective functicn.
This ckjective functicn was expressed as a function of the
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pole locaticn of the system and as the objective was reduced ;
the [foles were moved toward the desired locatiormns. To |
provide pore versatility in the pole placement algorithn a ) )
pethed that can use constraint functions as well as uncon- R
straired ogtimizrticn was chosen for this progranm. lke '
b designer may use eitler objective, constraint or a comtina- fr~?u
u tion cf functions to secure the desired pole locations. As E K
currently igplemented in the program the cost or objective
§ porticn ¢f the pole placement procedure is constructed as
] €quation 5.1

| 0BJ =f*:/ (MRo, = he; )2 + (Apy, Mg, )2 (5.1)
! where Ma = real €igenvalue
ﬁ M = imaginary eigenvalue 1
M, = desired eigenvalue location
M, = desired eigenvalue location
The constraint formulation is a function tiat must be

kept negative or the constraint is violated. It is written — o
as eguation 5.2

3 = V Oey =02 + Ogg-dp)2 - & (5.2) S

L 2

where r is a tolerance circle established as a functiocn of
pole placement positicn. Since the aim of the osptimizer is
to keep g negative any time the M function of the
constraint is greater than r the «constraint will beccne -
active, i.e. violated. The optimizer will then attempt to

move the constraint tc the inactive status by ad justing the

desigr farameters of the systen.

Consideration of implementation of the freguency dcmain »
cr rotustness porticr of the design procedure begins with _J,ﬁﬁ
tze ccncept of MIMO phase and gain margyins. Several useful L
theorens cn singular value analysis of multiloop systeas are S
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presented in [Ref. 8]. One of these theorems relates the

matrix singular value of the return difference functicna to a
rarameter, &, and further shows that as long as the naximum
sirgular value of the perturbation function (L-* - I
remains less than this &, the system remains stable. TLe
value of &« is then related to gain and phase margins of the
MIMO system. The relationship developed is given in egua-
tions 5.3 and 5.4:

gain margin = GM =1/ (1+X,) {(5.3)

phase margin = PM = tcos -! (1-ax2/2) (5.4)
provided that equaticn 5.5 holds.

G(I+6)2 o (5.5)
fcr scme oS 1
These phase and gair margins are guaranteed in every lcop
s.multaneously.
Universal gain and phase margin curves, [Ref. 14], rased
on the minimum singular values of the return difference

matrix are developed from equation 5.6.

(L‘“I)“‘axw/ (1= 1/kn) 2+ 2/k A (1-cOs¥a) (5.6)

for all n with k. > 0. These curves shown in figure 5.1
allow the designer tc pick a singular value that corresronds
to a specific gain and phase margin for a given systen. In
addition tc the wuniversal gain and phase plot [Ref. 15]
developes an optimizer solution for formulating a robust
contrcller using the CONMIN algorithm [Ref. 12].
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Pigure S.1 Universal Gain and Phase Singular Value Plot.

Since the universal curve in figure 5.1 provides a
convernient method of specifying gain and phase wmargins in
terms of singular values the robustness portion of the pole
placement and robustness design procedure uses the minioum
singular value level of the return difference matrix to
determine the robustness. The onminismum singular value level
is formulated as an objective or constraint function in
equation 5.7

J=§(max (0, (5 -G (Jo,p)) )2 (5.7)

The optimization procedure may be used to change feedback
gains until the minipum singular value is raised above this
desired design level. Although the same formu..:ion can be
used as a negative constraint function it has not Leen
implemented as such witkin this program. There are numerous
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ways the sinjular value formulation could be irmplemented
withip the frogram by changes of the code if design reguire-
ments forced such changes.

The pcle placement and robustness desigr prograz is
tased on the ADS code discussed in Chapter 4 to izplezent
the design variable selection procedures. The pole placement
and robustness program consists of two separate programs.
The first [program is used to provide designs for state or
output feedlack problems while the second program is used
for olserver or filter designs.

For the state or cutput feedback design program the user
must input the plant matrices 3,B,{ and initial starting
values fcr the feedback matrix F. The matrices correspond to
the fcllcwing linear differential system:

X =3x+ By (5-8)
y = Cx (5-9)
E = —zx_ (5.10)

A feed-fcrward matrix has not teen considered in the current
prograz. A feed forward matrix could be added t> the froce-
dure if regquired for specific design cases.

As the design prcgram is currently coded the user may
run output feedback or state feedback design Dby specifying
the C matrix as the diagonal(I) amatrix for state feedlack.
The fprcgram relies on initial starting values of the feed-
tack gains, F. As discussed in Chapter 4 there is no
guarantee tlrat the ofptimum found by the procedure each time
is the glotal  optimum or that the procedure will always
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converge to an accerptable solution. The ability tc select
acceptable starting values for the feedback gains will make
the rrocedure more efficient in operation. As currently
enployed, the prograr is used to obtain pole placeaent and
robustness for a given set of starting gains and a selected
optimization routine from the ADS program. If the optimizer
is nct alle to meet the desired design goals on this program
run two cptions are available. First, change to a different
optimization routine from the list of available ADS routirces
and rerun the problen. This was usually successful in
imprcving tke design. Second, the designer uses 13 new set of
starting values for the feedback gains and refpeats the
design procedure. Both options might be used on particalarly
difficult cases.

The fole placement and robustness design procedure has
consistently been able to find improved designs; however the
prograa does not always yield acéeptable designs. Certain
Froblems require changes in the optimizer routine and modi-
fication in the initial feedktack gain starting values in
order to obtain accegtable designs. Using the IBM 3033 time
share system the [rcle placement and robustnass routine
requires arout ten CPU seconds to vork a second order
rroblem and on the crder of 15 to 60 CPU seconds to rumn a
forth order problem. The actual amount of time varies with
optimizaticn regquirements and time share utilization.

The observer rctustness design program requires two
Fasses of the ADS prcgram. In the first pass the feedback
gaias, F, of the <controller are computed to oktain the
desired role locations. The second pass of the ADS routine
is used to adjust the observer gains to recover the system
robustness. The twc pass procedure was chosen because it
allows a smaller numter of design variables at each stage of
the cptimization and wmuch more efficient computer usage.
Figure 5.2 shows how the observer is implemented. This
diagram is algebraicly stated as;
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(5. 11)

wvhere x is the state, g is the estimator variabla, b3 is the
feedrack gain and K is the observer gain. The design cf the
feedback gains and the observer gaias are accomplished as
separate quantities in keeping with the separation grin-

] y X =A% +BU y
_ o
Y=C¥%
F
X A oA
X =AX + KY + BU E—

Figure 5.2 Observer Implementation.

ciple. In using tle pole placement and robustness design
procedure for the observer systen, initial valaes of the F
and K matrices aust Le input. The same or different opti-
mization techniques from ADS may be employed.

The routines contained in this thesis have been tased on
the ipput additive singular value level. The pole fplacement
arnd robustness design algorithm computes input additive,
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output additive, input multiplicative, and output multipli-
cative singular values. Any of these singular values can be
incorrorated into tle objective or <constraint formulaticns
tut have nct been for this version of tae progran.

In summary, the pole placeament and robustness design
procedure is a straight forward numerical optimization
procedure fcr the practical application modern MIMO systen
analysis. The new aspects of the procedure are the implemen-
tation of both pole rlacement and robustness criteria within
the saze design program. The versatility of the pole place-
ment and robustness design is obtained by incorporating a
state of the art crtimizer =routine ADS, with «currently
available singular value computation routines. Using the
cptimizer format fcr the pole placement and robustness
design gives the designer the ability to modify variables
directly that affect koth the time domain or performance of
the system and the frequency domain or robustness of the
system. The numerical optimization incorporated into the
pole rlacement and rcbustness design is flexible enough to
incorrorate the double pass design technigue using the sefa-
raticn of the feedback and filter gains to obtain robustness
recovery for observer tased ccntrollers.
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VI. INTRODUCIORY PROBLEN

The purrose of this introductory problem is to review
some results of modein multivariable robustness theory using
a sinple problem. This same simple system is then used as a
test proklem for the optimization technique develored for
this thesis. The prollem provides excellent insight into the
cross-coupling problem and demonstrates how effectively the
pole placement and 1cbustness design procedure can be in
dealing with the cross perturktation teras.

The prollem chosen for this introductory analysis cones
from [Ref. 9]. Figure 6.1 is a diagram of this ltasic
systen. In this protlem a simple plant is specified by the
following linear system:

21| = -1 ok + |1 b, | a1 (6.1)
x2 0 -1[(x2 0 1 a2
where
y' = x1 (6.2)
y2 = x2
A feedkack compensaticn of the form of equation 6.3 was
assumed.
] 1
ul]l = =-[x1]+ [uct (6.3)
Luz} x2 | [ucz]

Which gives a closed-loop system, equation 6.4

ri1 = | =2 q; x11 + _1 b, ucl (6.4)
X2 0-2| |x2 0 1 uc2

L
This system has eigenvalues at -2 ,-2 and is therefcre

statle. Using eguaticrn 6.5
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°
G= C(s1-3)"1R (6.5)
the transfer matrix may be written as equation 6. 6. ;‘
3
3 0 1/s5+1 ,
which gives the return difference matrix, equation 6.7. o
[
' I+G(s) = s+2/s¢1 L, /s+1 (6.7)
0 s+2/s+ 1
’ ’
r———=-- —_———— - | "
[ | : .
| .
uC‘ +y - | + f X' : -
{ ( + > ! ﬁ.‘yl =
F | ! ’
. ' 4
1 I P \
; ce t | I 2 !
! > f : - Yo
- ' /
I !
{ b e e e e o H -
1 o
: .
i '
b r
y =
. P
b
[ T A'.".'.A
* Figure 6.1 Basic HMulti-inpput Multi-output System. ’ ]
) The problem shows the inadeguacies of classical methods ;f -3
in establishing the robustness of the system. A brief review s
]
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cf the results will te presented. Using the return differ-
ence matrix (I+G), the determinant may be written as
egquation 6. 8.

det (I4G) -1=2s5+3/ (s+1)2 (6.8)

Therefore, the multivariable Nygquist diagram will be as

.

Im
I\

Figure 6.2 Multivariable Nyquist for 2s+3/(s+1)2,

shown in figure 6.2. The diagram does not encircle the
(-1,0) point and is indicative of a closed-loop stable
system. Considered as a SISO system one has a gain margin of
-1/3 to @& and a phase pmargin of +106 degrees. Under this
criteria one can conclude that this is a good design. This
will e shcwn later nct to ke the case.

Multi~input systezs are often designed a loop at a time.
Applying loop design to the system the transfer functicn for
either lcop taken sefparately becomes equation 6.9
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G=1/s+1 (6.9)

Figure 6.4 shows the Nyquist diagram of this protlem. Usinjg
this Nyguist diagrarm the system is indicated to Le stalkle
and bhave rphase and gain margins of GM=(~1,2) and
EM=(+180). This analysis does not show the true nature of
the robustness of the system. Since the factor b is pot a
rarameter in either of the Nyquist curves it plays no part
in the stability determination using these diagraams.

Using the <criteria of singular values discussed in
Chapter 3 a measure c¢f the rearness to instability for this
problem may be obtained by plotting the minimum singular
value of ({*9).5'- (For numerical calculations a value of
E,, = 50 is assuned). Figure 6.3 shows the plot of this
value vs. frequency. This gives a minimum singular value of
about -23 db or 0.071 which <corresponds to a gain margin of
about 0.93 to 1.08 and a phase margin of :4.1 degrees. These
rhase and gain margins are guite small and are evident in
the crcss-feed perturtation problenm.

A perturbed system as shown in figure 5.5 can be
produced which will lead to stability problems with very
small values of perturbation. The closed-loop systeam if
perturted by a small perturbation, 5/t,,, where Lk,, is a
large nunmker, will have as a characteristic egquation, e€qua-
tion €.1C

(sz-é)= S2 + Us +¢ (6. 10)

with the eigenvalues of s=-2: A/S. There 1s one positive
root in this solution and the system is unstable.

To determine the nature of the robustness of this system
the return difference matrix must be considered. If the
return difference matrix of the transfer function (I+4G (Jw))
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Figure 6.3 Binpimsum Singular Value Plot, Example Problea. -]
is nearly singular at some frequency &,, then the multivari- ' |
able syster will not te robust with regard to any modelling R
errors within the systen. This is because any small change J
in G (je) can then zake I+G(jw) singular and the det (I+G) 2 '
Lecomes z2ero, thus changing the encircliements of the Nyguist ® !
stability pcint and indicating a system instability. Using .1
equation 6.1 the pole placement and robustness design method
d :
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Figure 6.4 Nyquist Diagram of 1/s+l. : ,j
can te demonstrated . The first step is to establish a lLase~ k
line for the design. The state unity feedback model in this -]
simple proklem gives pole locations of -2 and -2. This set ,
of eigenvalues -2, -2 were chosen as the baseline for the f
system. Since a seccnd order system reyuires only two feed- o
tack gains to place the poles, the diagonal feedback gainms ~;':Q
A vere chosen for pole placement purposes. The pole placeaent » T
‘ and robustness design program was then wused to place the ‘
Foles and in the process obtained the gains required to do
this (1,1). A plot c¢f some of the singular value criteria 1
. )
. cbtained is shown in figure 6.6. Pole-zero plots of the ) }
]
1
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Pigure 6.5 Perturbed Systean.

closed- loor transfer functions of the closed-loop transfer
Batrix are shown in figure 6.7. In this case the pcles and
a zero are clustered about the -2 point and in the inpput two

to output one channel a zero is located at the -1 foint on
the pole-zero diagram. This point closely correspoands to the
rinisua singular value freguency. The only significant

cbservations are the ability of the pole placement and
robustness routine to place the poles and the relatively
Foor singular values indicative of low robustness.

Since tlere is a reyairement for two feedback parameters
to set the poles of a second order system there should le no
additicnal freedom in design to account for robustness.
Case two was a run tc demonstrate this fact. Again allowing
only two design variatles for the problem the pole placement
and robustness desigr program was run but with an obkjective
functicn formulated to adjust the singular value above a
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Lase level of 0.6. This level would ccrrespond, using the
universal gain margin chart, to a gaia margin of -4 db to 3
db ard a phase 1margin of t 35 degrees. With only the two
design variables to werk with the pole placement and roltust-
ness deéign program kas unable to place the poles and adjust

the singular value level to the regquired value. TLe roles
were placed at -2, -2 but the singular value minimum was
still cn the order of -23 db or 0.07. The pole-zerc plot
remained almost unchanged. It is <clear that additioral

degrees of freedom fcr the prole placement and rokustness
design frogram must Dbe opened if robustness is tc be
accounted fcr.

Case three was then run on the pole placerent and
robustpess program Ly adding on additional degree of
freedon. This case used the f gain as the additional
design variatle. A good choice as will be seen. Allowing
the cptimizer routine the extra freedom to adjust the addi-
tional feedrack gain term an excellent design was fcund.
The singular value @inimum Lecame 0.385 as shown in figure
6.3. Using the universal gain margin chart this corresyonds
to gain and phase pargins cf -6 db - 18 db and $52 degrees
Lespectively. This is a considerablie iaprovemsnt cver the
criginal design. The factor that changjed the design was the
upper diagonal feedlack tera which provides a cancelling
factcr for the <cross-coupling ternm b,z = 50, This can be
seen ty looking at tke system datrix ejuation 6.11.

i, =3 - B% (6.11)

where equation 6.12 gives A .

a, =|-1-£, -f,=b,2 £ (6. 12)
0 -1-£4,
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If the upper diagonal term of the matrix can bz driven to
zero the system will be decoupled into a diagonal systen.
To place the poles c¢f this system at ~2,-2 the diagornal
feedrack gains must ke one. The optimizer feedtack gainms
for this case were £, =1.00006, f£,,=0.99998 and, most impor-
tantly, f,, =~51.83401. Using these values in tha A matrix
A = =-2.00006 1.83501
0.0 -1.99998
The value in the upper right position in the system matrix
has lteen lowered considerably from the value of near 50 that
appears in this position in the low singular value cases.
lowering this system gain value decreases the cross-coufpling
perturcation effects cn the system. This can be more graphi-
cally demonstrated by figures 6.9 and 6.10. In figure 6.9
the transfer function shows a high gain of approximately 35
db and a tardwidth of 50 rad/sec. In figure 6.10 this gain
has reen reduced to 6.0 dt with a bandwidth of almcst 2
rad/sec. Two things are indicated by the figures, one, the
open-1lcor Bcde plot ¢of the traanasfer function of the cross-
coupled channel can be used to indicate the rdbustness
protlem as evidenced Ly the high gain and bandwiith relative
to the other feedback gains and, two, the mechanism used by
the [pole [fplacezent and robustness design procedure to
recover robustness is to reduce the relative gain and asso-
ciated tandwidth within the affected channel. Figures 6.11
and 6.12 which are for the input omne to output one channel
are approximately tke same as are the Bode plots for the
input twc to output two channel which are not shown. These
figures indicate that no problem exists ia the diagonal or
direct cocupling terms. The pole-zero diagram for optiniza-
tion run case three is included in figure 6.13. The only
significant change in this plot as compared to figure 6.7 is
the mcvement of the zero in the off diagonal pole-zero fiot.
The zerc is seen tc shift toc one of the pole 1lccaticns
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during tte cptimizaticn. This zero shift has the effect of
smoothing the frequency response curve in the vicinity of
the frequency of the minimum singular value providing a more o
unifcrm gain distribution around this point. Table 1 shows
comparison results fcr the feedback gains for saveral cases
of this tasic problen.
The logical extension of the problem to the jeneral case »
is to allow all four feedback gains to become design vari-

TABLE 1 »
Comparative Results Simple Problenm

Feedback Gains »
f11 £12 £31 £,,
f.. variable f..=0 [1.00006 | -51.83401 0.0 0.9998
12 21 _
f21 variable f,,=0 [0.25254 0.0 -0.01071( 1.52332 >
f£,, variable f£,,=-500 .99960 | -50.0 0.00025 | 0.99038
All f's variable 1.11936 | -60.4718 0.00280 | 0.75478
F

ables. The pole placement and robustness routine can tbhen
use full freedom in choosing all four of these feedback
gains to ccmpensate for any cross-coupling effects within !» 
the system. Based on the previous analysis the two diagormal -
gains would be expected to approach 1 while the upper off

LU U RO 4 Yo O i

diagonal gain moves tc -50 and the lower one moves to 0. The ,
flexibility of the ALS program was required for the fcur ’
design variable study. Several runs were made with various N
combinations of startiny parameters for the feedback gains
and optizizer routines before a good design for the case

e o -0 v Ty, W OFOV,R Y T

77

ool
et e A

PP VT U U

R abenc e

o
e ety

PE O S Y

P S0
LA L T SR P A

b Y W R Y o oy L) [N i Tl S W Y ST Sl PR AP e ala o W M A - S Y Sy . LAy ialalesa e s als s & =




ST a7 ' 5 877

incorgporating all fcur feedback gains as variable was
obtained. While this points out one of the limitaticrs of
optimization design routines the program was able to develop
an improved design over the laseline while employing four
design varialkles. 1In the design produced for this case the
singular value level was placed above 0.6 for a gain margin
of -4 dft to 9 db and phase margin of t+ 35 degrees. In this
formulation the optimizer was able to place the poles and
neet the design singular value 1level. The feedback gains
rroduced by the optisizer were:
1.11936 -60.4718
c.0028 0.75478

which are approaching the apalytic design gains. After
obtaining the feedback gains the OPTSYS program was used to
cbtain the necessary data to do a closed-loop pole-zerc map.
This rlot is shown in figure 6.14 These plots indicate a
similar pole-zero location to that found in the previous
three design varialtle problem. Again the gain in the
affected channel has teen reduced to compensate for the high
cross=-coupling perturtation within the systen.

The design studies presented to this point have beer
rased on breaking the system loop at the input as shown in
figure 6.15. Ip mnmultivariable theory the location of the
break in the 1loop changes the return difference for the
systen and the transfer function formulation. 1In the figure
number 1 depicts a system with an dinput loop break foint
while number 2 is an output 1loop break point for output
return difference determination. The return difference func-
tion for the point 1 is written as I+FG while the return
difference fcr point 2 is I+GF. The baseline system not only
has 1low singular values of the input return difference
watrix, the lowest being 0.0706, but also has low singular
values for the output return difference matrix of point 2 of
about the same order. To demonstrate the versatility of the
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Pigure 6.15 System Block Diagran.

pole fplacement and rcbustness routine a design was made in
which tle output singular values were specified instead of
the input values. Tte pole placement and robustness routine
produced a desigr with gains that provided a highly rocbust
system on the output side with gain and phase margin cf =6
db to and phase margin of $60 degrees. The design was not
robust on the input side. Thus, designing for robustness at
cne point in the system does not necessarily give rolustness
at all pcints within the systen.

Cne <£final case that should be discussed is that of
setting koth input and output robustness criteria at the
same tinme. Excellent results were obtained for this case.
The desigp routine f[placed the p[poles at ~1.97:.009j with
feedback gains of

0.85793 -45.91757

0.0042¢ 0.87137
The input singular values were raised to a level of 0.74984
or =~4.54db to 12 db gain margin and 43 degrees phase
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margin. The output values were raised to above 0.822 which
corresponds to -5 to 15 db gain margin and :49 degrees rhase
zargin.

TI¢ sumparize, it <can be stated that the rotustness
froblen for this system exists in the upper cross-courling
channel (input two,output one). The lack of robustness can
be discovered in two ways. The first method is to fplot the
open-loor Bcde plots c¢f each element of the transfer matrix
and lock for extremely high gains and bandwidths relative to
the cther transfer functions. The second method examines
the singular values of the return difference matrix for
magnitude. Low singular values correspond to 1low rotust-
ness. The pole rlacement and robustness design routine can
increase roltustness Ly modifying feedback gains tc reduce
the effect of cross-coupling within the system. Observing
the gain modification made by the pole placement and rolust-
ness rcutine the critical «channel within the system that
affects the robustness may be determined from the Bode
plots. The pole placement and robustness routine feedback
gain changes also cause zero shifts during the roltustness
LeCovVery. The gain on the open 1loop Bode plot for the
affected crcss~coupling channel is adjusted and the clcsed-
loop zeros, as seen cn the pole-zero diagram, are shifted.
This 2zerc shift is in a direction which will combine with
system pcles to smooth the fregquency response diagram in the
vicinity of the minigum singular value.
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VII. A HELICOPTER STABILITY PROZLEM

This chapter will deal with a more practical application

¢f the numerical optimization progranm. In this protler the ]

A

combined pole placement, robustness design proceiure will be
applied to the linear lateral dynamic channels of a CH-47

helicopter. The model is a highly coupled two-input two-
cutput system that has been studied for its basiz rolbustness
characteristics [Ref. 1613. The usual procedure for design
of highly ccupled systems is to obtain a diagonally dominant
closed-lcop system. This diagonal system will ba stakle but
not rchbust to cross-feed parameters. Sandell,et al, prcduced
three designs. Two c¢f these designs, while meeting tasic
performance criteria, had poor robustness. The third design
was a relatively gocd design. The numerical optimization
technique developed in the thesis was applied to tke two
poor designs and shown to provide substantial imprcvement in:
Lobustness.

The systems were designed to satisfy specifications to
step input response and stalkility margins as stated in mpili-

tary specificaticns. Specific design parameters for each of )
the three designs presented were not available. The desigms

were all ccnsidered to =meet the performance specification ‘ 1
criteria and =stability margin rejuirements. It was shown

that two of these designs were extremely sensitive tc model )
errors. The classic Nyquist technigues did not predict this
sensitivity. The singular value analysis did indicate sensi-

tivity probleas.

The model is that of a CH-473 helicopter lateral dyraric )
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systef in hover. The dynamic zodel of the system is
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k=2x+3Bau (7.1)
{

X =(V,PeT,y) (7.2)

= (5515() (7.3)
_ where -
L 2.27 -1.42 -0.15 31.99
| A= 0.0t -0.7 -0.07 O

0.04 -0.05 -0.5 0

: 0 1 0. M1 0
. b o’
r and where
: 0.12  0.95
r B = 0.04 =-8.37 )
g ~
b . -3“ 0002 ’ . T
; 0 0
: with full state available for feedback. Table 3 is a summary .
. cf parameters. The system is not open-loop stable. ffif
E Three ccntrol laws are formulated to satisfy the desired : j

perfcreance specifications. Equation 7.4 is the ‘lasic
contrcl law.

e 4= -E.x + b P (7.4) o
i i=1,2 or 3

where the following values of 7 and h were are:
F, = [-1.72 -23.5 70.6 595. ]

0.024 -2.71 0.368 -7.99

U
| P, = [ 0.198  154.0 13.3  142.0 s
$ -0.01 =-1.592 -0.189 -1.47 ]
] Py = 3 9 25.5 0 v
. . o -4 0 -27 .
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TABLE 2
CH-46 Helicopter Parameter Definitions

Variable Units Description
v ft/sec| Vehicle body y-axis earth relative velocity component
P rad/sec | Roll rate
r rad/sec | Yaw rate
¢ rad Roll attitude angle
65 in Yaw rate rotor deflection control
éc in Roll rate rotor deflection control

h, = [597.0

-7.99

142.0

'1.’47
he = 0
-27

The Yo is a step input command that must track. Pigure

e
~n
]

7.1 is a diagram of the control structure for the feedback
contrcl laws. Figure 7.2 1is a detailed layout of the
systen. All three cf the designs have negative real eigen-
values and frovide stable overdamped responses. All three of
the akove designs meet the desired design specifications.
The loop Bode rlots, [Ref. 16], indicatz all three
designs to have good Stability margins when considered a
loop at a time. Since these designs were all full state LQ
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designs with a diagonal control weighting matrix they shculd
posses at least -6 4t to infinite gain margin anl 60 degrees
of ihase margin. %hen the singular values of the three
designs are computed a robustness problem is indicated by
low singular values c¢f two of the designs. Figure 7.3 fpres-
ents singular value [flots of all three designs. This plot
shows that designs 1 and 2 both have very low nminimum
singular values for the return difference matrix. Design 1
goes as low as =20 db near 10 rad/sec in frejuency while
design 2 is down to -34 dr at frequencies up to 1000
rad/sec. Design 3 is a good design with singular values that
remain akove one thrcughout the frequency range of interest.
Using the upiversal gain and phase diagram as discussed in
Chapter 6 this egquates to a gain margin of about -6 db to
infinity and a phase margin of 60 degrees as expected.

The system stability in design 1 may be affected by
perturktaticns occurring in the actuators as shown in figure
7.4.  If the output axis coupling from Je spills into Jz in
the frequency range from 0.5 to 50.0 rad/sec with a magni-
tude cf 0.12 and a phase of 60 degrees then the system can
become unstable. This could be caused by nonlinear terms,
worn rarts, or syster saturatiea.

The second design as shown in figure 7.5 may have a
stability derivative variation between Jg and p. If this
derj vative varies frcm about 0.04 to -0.96 the system can
kecome unstable. The center of gravity location, trim of the
aircraft and rotcr coupling can all affect this lerivative.

The pole placement and robustness design technigue
developed for this tlesis research was applied to designs 1
and 2 tc oltain an improved robustness for these designs.
Pesign 1 will be considered first. In this design a
cross-feed perturbation through the actuator can prcduce
instability as indicated by the low singular values at lower
frequencies. To study this problem with the pole placement
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Figure

7.4 Lesign One Perturbation Inpat.
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ard rcbustness design method it is assumed that t he eigeLnva-

lues (pcle 1locations) of the system as develored 1in
[Ref. 16]. are the reguired poles for the perfcrrance
criteria. Once the pole locations are set, roktustness

criteria must be selected. Frod the universal gain and fhase
margin curve discussed earlier two choices of singular value
levels were made for this problem. The first singular value
level chcsen was 0.6. This ccrresponds to a gain margin of
-4.0 db to 8 db and a phase margin of about 35 degrees. The
second value chosen was 1.0. With corresponding gain margin
cf -€ dt toeo and a phase margin of 60 degrees which are
the characteristics of a L{ regulator design with diagonal
weighting matrices.

For singular value level 0.6 the pole placement and
robustness design routine places the poles as shown in takle
2 The slight differences in these pole locations appear to
have insignificant effect on the performance as saown in the
response curves of tle system. The feedback gain adjustment
moves the pinimum sinqular value from about 0.11 with very
poor rhase and gain margins to a level of 0.66. This is
above the desired values of gain and phase. The imprcvement
in rclkustness came from modifying the feedback gains in
channel J}. By greatly reducing the gains in channel ds the
cptimizer minimizes the influence of the cross-coupling frona
channel dc. In this way a much larger spill over of channel
J; may be tolerated through the actuator before the systenm
will keccue unstable.

The primary mechanism of robustness improvement in this
problem was a reduction in the gain levels of the affected
channel. The feedback gains presented in table 4 show the
paodification of these gains from those utilized 1in
[Ref. 16]. Ahile all the gains are modified thae f,q gain
undergoes a significantly larger change than the <cther
design 1 case 1 feedtack gains. Looking at tne cfpen-loop
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TABLE 3
Design One Pole Placement

Pole Desired Location Actual Location
1 -24.7977 -24.7893
2 -11.3635 -12.0083
3 ~-10.3288 -10.7752
4 - 2.1005 - 2.1181

transfer furctions c¢f this optimized problem and comparing
them with a non-optimized set of transfer functions for ék
to as shown in figure 7.6 and 7.7 show very 1little
change in the system gain, both are around 42.0 db, angd a
tandwidth of abcut 20 rad/sec. There is a significant
change in the phase diagram which is caused by the zero
location shift.

The transfer function for goe to de depicted a gain
increase of about 3 db for the optimized design while the
phase remained similar for both traasfer functions. In
transfer function é; to Jz some important aspects of the
froblem are observed. The Bode diagram of the open-loop
transfer function of Je to Jg clearly indicates the
cross-coupling problems and the pole placement and rotust-
ness design routine's aechanism of optimizing the systen
gains to increase robustness. The gain is reduced frcm 93
db tc atout 78 db and the bandwidth is reduced £from above
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100 rad/sec to about 30 rad/sec. The reduction of baadwidth
and gain in the loop be to éb yields an increased tcler-
ance to perturbation. The transfer function for Se to
S8 is shown in figures 7.8 and 7.9. In the transfer func-
tions for 58 to Sc¢ the bandwidth is slightly increased
from 0.6 to 0.8 rad/sec ard the gain actually increased from
9 dr to 14 db. The big change in the overall systen,
however, is in the transfer function from Se to Sa8 . This
is the channel that the destabilizing perturbation enters
and <ty greatly reducing the gain aad bandwidth in this
channel through a change imn feedback gain, the optinmizer
routine has brought the entire system jains to more Lkalanced
conditiors and recovered a highly robust design.

The gain changjes associated with the robustness imgrove-
ment cause the zeros of the various closed-loop pole-zero
diagram tc move. A comparison of the eigat pcle-zero
diagrams is shown in figures 7.10 to 7.13. The significaat
feature of these ©pcle-zero diagrams is the shift of the
zeros of the optimized design in a direction that attemgts
to egualize or balance the frequency response for freguen-
cies in the vicinity of the minimum singular values. The
pole-zero diagram of é% to v will be discussed as an exaagle
cf this effect. In 7.10 the nonoptimized zeros are located
about -2 ¢ 4.5j and -19.8. When the pole plicement and
robustness routine has completed the feedback gain mcdifica-
tion these zeros have shifted near =11 and =-6+3j. The
effect of these zerc shifts is to combine with the pcle
locations tc egualize the frequency response as depicted in
figures 7.14 apd 7.1%5. Zero shifts for the remainder of the
transfer furctiocns provide similar results in the cther
channels. By moving toward the frequencies associated with
the 1@inimum singular values the zeros hLave balanced the
overall frequency response of the system in =2ach channel.
While the channel gain modification is the primary mechanism
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with the
overall

for robustness recovery the zero shift associated
feedkack gain changes is directly related to the
freguency response of the systen.

In design 1 case 2 the
increased from 0.6 to 1.0.

minimum singular value level vas
The pole placement and rolkust- 3ffl

ness design procedure also gave a better design for case 2

TABLE 4
Helicopter Probles Feedback Gains

CESIGN GAIN VALUES [§11 12 f13 §1u]
21 T3z 133 T
One 1477726 2.15858  77.96629  -32.91595
Case 1 | -0.00567 -2.53686  0.39039 -15.04805
One - '
Case 2 | =-6.36249 -1.53746  72.85013  74.20387
0,00813 -2.60073  0.65395 -13.47128
Two ~0.96660 -4,54597 0.75436 11.96808
0.00916 -3.03069 -0.35331  -0.34991

table 4. The

Ly modifying the o
(figure S

change in the transfer functiocns for 5; to Sz
7.16 and 7.17)
and 7.9. The gain was reduced from above 90 db to abcut 75
db and the randwidth cut from above 100 rad/sec toc about 25
rad/sec. The added requirement of increased robustness did A
not result in a significant change in performance. S
(Ref. 16]. ]

feedback gains as shown in

is similar to the change seen in figures7.8
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Cesign two which is the design that is subject to param-
eter uncertainty in the d} to p channel was also studied
using the role placezent and robustness design routice. In
this design the singular values were very low until freguen-
cies atove 100 rad/sec were reached. To improve the design
it was assumed that the pole locations that corresponded to
[Ref. 16] were the reguired pole 1locations and that a
robustness singular value level of 0.6 would provide
adequate gain and phase margin for the design. The pole
placement and robustness routine adjusted the gains in this
problem until a minimum singular value of 0.6 was ottained.
During this adjustment the gains in channel 2% were consid-
eranly reduced to offset the <cross-coupling between the two
channels. Again, in this design as before the channel
cross-coupling between Jc and J’ shows a marked change
in bandwvidth and gair from above 130 to 35 rad/éec and about
78 4t tc 22 db respectively. Figures 7.18 and 7. 19 shcw the

transfer function plcts for this tern. Figure 7.20 shows
the singular value improve ment. In figure 7.21 the tinme
response 1is plotted. As can be seen in “the plot the

inprovement in robustness for this problem results in very
sluggish response and degraded perforaance.

To summarize for this problem, a given performance level
has been chosen in teras of pole locations. The level of
robustness has been set for a desired gain and phase margin
tased on the universal gain and phase margin curve. The pcle
placement and robustness routine has been able to improve
the robustness level by changing the <feedback gains that
affect the chamel Se cross=-coupling. This rolustness
recovery is affected Ly modification of the system feedback
gains in such a manner that cross coupling gains are reduced
so that small cross-ccupling perturbations do not drive the
system into instability. The open-loop transfer function
Flots have keen used to indicate how this mechanism operates
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and have keen shown tc be an alternative indicator of chan-
nels that may be affected by cross-feed perturbations. The
pole-zero diagrams of the closed-loop transfer functicns of
the transfer matrix further indicate that zero movement is
in a Jirection that equalizes the -+gain level of the
frequency response curves in the vicinity of the lowest
singular values providing a more balanced system resgonse.
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VIII. SIMPLE OBSERYVER

The pcle placement and robustness design procedure can
also be wused for rotustness recovery in observer design.

r u X=AX+BU

Y=C¥X

x>

)?=A£+KY+ BU S

Pigure 8.1 Simple Observer.

Given an observer as represented in figure 8.1 it has been
shown that the systes differential eguation may be wvritten
as eguation 8.1

=]A -BF|]x]|] ¢+ |B} ¢ (8.1)
(xc A,-Bt”i} [a]

A, = A - KC
vhere x is the state and x is the observer variaple, and the

O M

solution may be separated to independent solutions £for the
feedrtack gains and the observer gains. This separation
allows the use of the feedtack gains ¢to set the pole
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locations and then a second optimization run with set feed-
kack gains so that the observer gains wmay be coaputed to
adjust tte system rolustness level.The observer fole loca-
tion could also be placed using the observer gains, K. 1In
the currently implementation of the pole placement and
robustness design rcutine the observer poles are simfply
restricted to areas cf the left half plane.

In this chapter a simple stable observer systemr will be

analyzed tased on [Ref. 17 ). Given the system, eguation

8.2,
x={0 1| x +|0lu +|35¥F (8.2)
-3 -4 1 -61

1= (2 1] X +1
where E(y)=E(1)=0 and E(p(¢)y () )=E(1(e)7(c)) = 4(t-T) with
the feedtack law of eguation 8.3

u = -(5C 10)x + SO0r (8.3)

An analysis has been done: to ccmpare results of the numer-
ical optimization [procedure with results presented in
[Ref. 17:. The results for an optimal regulator design
using quadratic cost criteria as stated in equation 8.4 are
given in table 5

J = f(xTH7Hx+ u?) dt (8.4)

with 8= 446 (¢35 1)

Figure 8.2 shows a Nycuist plot of the full stats regulator,
the ortimal filter and a fast filter. The full state design
had pocles at s= -7.0%j 2.0 and feedback gains of 50 and 10.
The optimal filter as shown in takle 5 had poles of -7.0 t j ‘
2.0 wvith gain and phase margins of -6.75 db and t15 degrees. :gkfk
The optimum filter gains were 30 and -50. Using a faster L




Filter with
Poles at

-22+17.86j éf\

Optimal Filter

. Full State -_‘K\

Pigure 8.2 Nyquist Plot.

filter alsc gives pocr gain and phase margins. The gain
margins are on the crder of -.98 while the phase margin is
less than 10 degrees. The bandwidth also increased frem 12
to 40 rad/sec. A reccvery prccedure based on a modification
to the process noise matrix [Ref. 17] may be applied to the
groblen. This procedure can recover a large amount of the
robustness that was lcst with the observer addition. Figure
8.3 shows data oltained for several trials of the fictitious
noise rrocedure. The gain, phase mpargin and cther .’ﬂhﬁ
parameters mzay be found in table 5. :
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TABLE 5
Observer Parameter Data
1
. FILTER | GAIN PHASE £RROR STATE FILTER
POLES MARGIN MARGIN COVARIANZE COVARIANCE SAln
' a aeq £ (a-ie-hiT) TN
Optime) 1oz s ' u «18) 2 -613 30
. 406 Deston * o <163 m |- 200 . | &
fost Filter Adjust- 6280 -12200 130 -613 120
sent Procedure «22212.9} - .98 10
-12200 23800 | -613 8520 -"09
Fictitious Moise -4.3 0 =184 236 -613 2%.8
E Ad)ustment Preceduve -1.n 1
@ =100 . «13.1 -184 3Ny | -6 BRLIL -£0.2
?. 0 -2.9 o.s 3 113 <301 %8 -813 20.¢
s -2 ) -301 s {-613 1500 1.2
o ‘2 ) . . R
’ o 10’ «2.% e @ 204 385 288 §1) 11
-3 =388 ) | -8 1360 -1.9
% 1°'A 2.} - " % <50 | W -613 .9
-100 -870 170 | -61) 1200 8.6
POPLAR CASE I 1,00018 GM=-5.5 dB
-2,02742 PM=117 deg
POPLAR CASE II 18,22148 GM=-19 4B
32,59476 PM=58 deg

The singular values of the state feedback and optismal -
cbserver systems vere computed for comparison «¢ith results L]
produced wusing the [fcle placement and robustness design f
recovery procedure. Figure 8.4 indicates a loss in rclust- ;Q;A
ness represented by the observer singular valaes. lover A
singular values are less robust. For this single-ingut -
single-outfput observer the Nyquist diagram will be used to
define gain and rphase margins. Since a singular value of 1.0
is indicative of a linear quadratic level of gain and thase
sargin,i.e. GM=-6 db, and PN=t60 degrees, this was chosen

. s P
PP S PRI
BN . L,
Sk Ad Eah 2 B 4 ot b

A
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Figure 8.3 Nyguist Plot for Robustness Recovery.

; as the design level. The pole placement and rolkustness

routine was used to recover robustness while setting the
pole placement at the state feedback pole locations of
-7¢j2. The pinimum input singular value level was set at
» 1.0. The pole placement and robustness routine was als¢ set
to place the observer poles anywhere between ~100 and -2 R
that would provide robust design. The plant poles vwere =
placed at =-7.05 tj 1.82. [The feedback gains for this run
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vere 50 and 10.09. 7The optimizer output produced a filter
with a gairs of 1.00018 and -2.02742, The observer pcle
locations were -~-1.99 t+ j .001, very near the plant zero
location. A significant change was produced in singular
values. TFigure 8.5 shows all singular value curves plctted
together. The optimizer sclution for this problem is well
above the optimal filter curve at low frequency. Figure 8.6
shows the Nyquist plct of the optimizer developed design.
The system has a gain margin of -6 db and a phase margin of
117 degrees. The mcst significant differences between the
two designs being that the ocbserver poles are close to the
plant zero locations and the filter gains are much lower for
the crtimizer soluticn.

Using the OPTSYS program with the pole placement and
robustness routine ccmputed gains as the design parameters
the data for the observer filter was computed. The error
covariance matrix was found to be

306.5 -456.5

-456.5 7C0.1
These values compare favorably with the trends establisbed
in tatle S. The last comparison of the pole placement and
robustness design reccvery procedure was an analysis of the
time respcnse curves. Figure 8.7 shows the comparison rlot.
The design obtained using the pole placement and rotustness
routine did not degrade system performance.

Cne additional apalysis was conducted that set the
desired design paraameters slightly differently. 1In this run

the fcle placement arnd robustness routine was set to flace
the okserver poles between -10 and -100. The pole placement
and rotustness routine was unable to totally satisfy this

requirement. It violated one of the constraints and moved »

e . L
f S
AR R
A OIIP N VY S S

the larger cbserver role to ~2.25 which is near the optimum
pole locaticn and also the high g2 values of the fictitious
noise prccedure. The smaller pole was moved out to -70.8
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Pigure 8.6 Nyquist for Computed Robustness Recovery.

which corresponds to the same level of pole movement found
vhen g2 Leccmes large. The singular value levels were raised
significantly as shown in figure 8.5. The state and error
covariance gatrices were of the same order as the matrices
found in table 5. This design has a phase margin cf 58

degrees. The gain margin was about -19 db. Even though scne :
of the ccnstraint conditions on the design were unot met the ;nfﬁif
design demonstrates excellent robustness recovery .
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The pcle placement and robustness design routine has
rroduced a robust design for this observer based systen.
This design is oltained by using a numerical optimizaticn to
directly ganipulate the feedback and filter gaircs.
Modificaticn of the 1Q functional eguation as done in the
fictitious noise procedure is not reyuired. The pole [lace-
ment and robustness routine solution for this problenm has
lowver gains than those found wusing the fictit ious noise
adjustment. The routine provides a good, direct methodology
for selectirng the feedback and filter gains for a rcbust
cbserver design with excellent performance.
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#‘ IX. BOBUST OBSEEVER DESIGN

This chapter will be devoted to a short discussicn of
the rckustness recovery of a fourth order observer lLased

contrcller. The prollem is a helicopter problem, [Ref. 6].
In this case the helicopter model is that of the longitu-~
dinal ccptrcl locp of a CH-47. The nominal model is taken to
te the system of equations 9.1 and 9.2 for an aircraft speed
cf forty kncts.

. h
x =[-0.c2 0.005 2.4 -32. )x +fo.1s -.12)u (9.7
-0-14 0.““ -1.3 -30a ¢36 -8.6
Oo 01018 -106 1.2 035 0009
0. 0. 1. 0. 0. 0.
- J p
_ [
y=[c1o0o0 x (9.2)
;G 0 0 57.3 -

In this prcblem the controller is formulated as in figure
9.1 which 1leads to an open-lcop transfer function of the
fora of eguation 9.3

K ()G (s) =F(sI-A+BF+KC)=1 RKC(SI-A)=1B (9.3)

The rcle placement and robustness recovery procedure was
applied to this rroblen.

First, the standard full state feedback desigrn was
carried out using the Naval DPcstgraduate version of OPTISYS.
This design produced excellent singular value output for the
return difference as shown in figure 9.2. The lcwest
singular value being essentially 1, corresponding to a LQ
design with -6 db to e® gain pmargin and 60 degrees of fhase
margin. The time resgcnse of the system was good as shown in
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FPigure 9.1 Observer Based Controller.

figure 9.3, reaching steady-state in.about four seconds with
cnly a slight overshcct. Since the characteristics for this
system are acceptatle no further design iteraticn was
carried out. The full state feedback became the baseline
design. Assuming that full state feedback was not availalle
and only two measuresents could be produced an observer uas
developed to control the two measured outputs, vertical
velocity and pitch attitude. Using the measurement matrix of
equation 9.2, OPTSYS was used to develop an optimal cbserver
system for this rroblen. The singular values of the return
difference matrix and the time response were plotted for
compariscn to the full state design. These are shown in
figures 9.2 and 9.3 respectively. Note that the singular
value of the return difference matrix is as low as 0.16 at 4
rad/sec. This equates to a gain margin of -1 db to 1 4t and
less than 10 degrees phase wmargin. The time resfonse is
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Flotted in figure 9.3. The steady-state was reached for the
velocity after a slight overshoot in about four secoais.

As the final ster in the analysis the pole placement and
robustness routine was employed to recover robustness of the
observer tased systez. The [fole placement and rotustness
routine was first used to set the poles at approximately the
same location as the foles of the LQ regulator. These were
assumed to ke the desired pole locations. The pole placement
and robustness routine was then wused to vary the filter
gains, K, until the desired level of robustness was reached.
The desired singular value level chosen was 1.0 which ccrre-
sponds tc -6 db toe db gain wmargin and 60 degrees of phase
pargin. Figure 9.2 shows that the pole placement and rotust-
ness rprocedure failed to totally recover the rolustness
level to 1.0. The minimum singular value reacaed was only
C.936. 1This singular value eguates to a gain margin of -5.0
db to e and a fhase margin of 55 degrees. While this is
slightly less than thke design objective, it is far superior
to the coptimal observer design discussed in the [frevious
paragraphs. This recovery was made by makirg an optimiza-
tion run, finding the filter gains with near zero values and
freezing these values at zero. This reduced the number of
design variables the pole placement and robustness routine
vas required to manipulate in a second optimization run and
gave a higher robustness solution.

This analysis and the second order observer analysis
presented earlier «c¢learly indicate that it is possible to
use the pcle placement and robustness procedure and serara-~
tion fprinciple to develop a robustness recovery procedure.
The pocle placement and robustness routine provides rotust-
ness reccvery by direct modification of tae feedback and
filter gains. This rrocedure requires no modificaticn to LQ
cost functicnals or <cther rarameters as done in the ficti-
tious noise adjustment met hod commonly used for rotustness
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recovery. By providing direct gain adjustment the pole
placement and robustness procedure results in a fractical
design with relatively low observer gains and good fperfora-
ance. The procedure is simple and straight forward with the
‘only difficulty being a reguirement to sometinmes mcdify
jnitial starting values or optimizer codes to force the
soluticn toward the desired point.




[

B

X. CONCUSIONS

An effective method of roltustness multivariakle centrol
design utilizing a numerical optimization based algorithm
has reen developed. The pole placement and robustness design
routipe courled with the Automated Design Synthesis program
provides the designer an excellent tool with which tc attack
the rcbust design prcklen.

The pole placement and robustness design coutine bhas
demonstrated the capatility of providing designs that solve
the froblems caused ty cross-coupling perturbatiorns which
reduce rolkustness in multivariable systems. This design
improvement is accomplisned by modifying the system feedback
gains in such a manner that the gain in channels that are
affected ky cross-coupling perturbations is egualized with
other system gains to reduce this cross-coupling effect. The
gain changes are accompanied by zero shifts which also
influence the gain distribution and frequency 'response of
the systen.

Ferturbation proklems in multivariakle systems have been
shown to Le detectalle by singular value analysis and by
using the Bode magnitude diagram of the open-loop transfer
functicns of the system. In the open loop transfer function
large differentials in Bode gains and bandwidths are indica-
tive of problem areas for cross-coupling perturkations.
Robustness is obtained by the pole placement ard rokustness
design program by modifying those gains and bandwidths asso-
ciated with the cross-coupling perturbations thus reducing
the amount of energy coupled from the perturbation into
cther channels. An associated zero shift has been okserved
when these gain modifications take place. This zero shift is
in the direction of foles that are located in the vicinity
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cf the frequency of the minimum singular value and tends to
equalize the frequency response curve gains in this region.

The use of numerical optimization to recover rotustness
in okserver based designs was demonstrated. The pole fplace-
ment and robustness routine was applied to rprcllems
previocusly solved using the fictitious noise procedure for
robustness recovery. The direct manipulation of feedkack and
filter gains by the pole placeaent and robustness routine
provided a highly rolkust design with relatively 1lcw filter
gains. The problem o¢f <robustness recovery imn filter-
cbserver designs has been soived in a straight forward and
highly practical mannsr.
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