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THE TROPOSPHERIC REFRACTION OF RADIO WAVES.

G. I. Makarov, N. P, Tikhomirov.

Introduction.

This work is the continuation of our inves®igations [1, 2],
which concerned direct and reverse/inverse protlems of diffraction on
the impedance sphere of & large radius. It is dedicated to the
use/application of developed ones in [1, 2] methods for the solution
of these problems taking into account the heterogeneous in the
height/altitude atmosphere. For the investigaéian the exponential
profile/airfoil, which is a most precise anslytical approximation of
the regular component of tne atmospheric heterogeneity of the Earth
[3, 5], is selected. A guestion about the role of tropospheric
refraction wes examined by many authors, in this case were studied
different profiles/airfoils: bilinear [6], parabolic [7], exponential
(8] and the profiles/airfoils of more general view, of which was

equired only sufficient "smoothness" [5-11].

The basic content of the mentioned works, with the exception of
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[7], is confirmation of the validity of the conrept of eguivalent
radius [9]. The conclusion of the author [7] the fact that for the
parakolic profile/airfoil the concept of an equivalent radius is

v-org, erroneous, as this was noted in [14].

The most general/most common/most total analytical results, which
relate to the consideration of tropospheric refraction, are contained
ir {11]. The author examined arbitrary smooth profile/airfoil, but
were obtained for the eigenvalues hard-to-visualize expressions, the
region of applicability of which was limited by high frequencies. A
question about the role ol tropospheric refraciion at the low
frequencies up to now remained uninvestigated.-Furthermore, both at

iow and high frequencies it is important to have simple and

r e
a

s

sufficiently exact expressions for the eigenvalues. This would make

’
.'. 'l

it possible to come to light/detect/expose the possibility of the

s

analytical solution of inverse problem. The study of these problems

YO

composes the content of this work.

§1. Formulation of the problem.

We will be interested in the distilant field of verticzl ciectric

dipole o, the impedance sphere of a large radius. Sphere we assume by
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the surrounded inhomogeneous medium with tne dielectric constant e,
wiich depends only on the radius: e=e¢(r). Subsequently we will
consider that the dependence e(r) corresponds to the exponential
profile/airfoil of atmospheric heterogeneity. Before extracting the
formal solution of problem, which it is possible.to construct, for
example, by the method of normal waves, let us agree about the
designations: spherical coordinates (r, ¢, ¢) is derived so that the
surface of sphere coincides with the coordinate surface.of r=a, angile
¥ is counted off from the polar axis, carried out through the
radiating dipole (r=b, 6=0). Emitter is characterized by the current
of amplitude I, which changes in the time according to harmonic law
e~ and by effective height /'« Let us extract now expression for the

vertical component of electric field:L,in the form of the series/row

£z

¢cf the normal waves
E lm““,«hz l "'ﬂ Y‘(V'+‘)(2‘4"Fl)
T4 V em (D) Cm () Rbr' amed i’i‘.
sV a or e
ov | TR, vy
R, (MR, (r) P, [cos(z—10)
N . .-:'..._-.--—’——-————. (l)
SR W T

*»

Here e,(r)"-

ei’)-—-relative dielectric constant of the atmosphere;
€,=8.85+107*? F/m, u,=4w+10"" E/m; k,=w/e,u, - wave number in the
vacvum, P l0s=—=0— pegendre's function: R.,(r)— eigenfunctions; ¥ —

the eigenvalues of radial operatorl, which corresponds to the

boundary-value problem

L, — (o, *_ iR, (r)=0, (2)




-y w - = : - - - T WTE TETY L TN T dT e T e T ™ M T AT e T e Tt T LW
oy *.. “"‘vw 'V'""‘ {.—«- ~ x—s‘ ‘s'.‘\ﬁ :";' RER AR LY T SRS TSN ST RPN N .
e ",_;:!_{. 'E '("‘z' J { K e

DOC = 84055300 PAGE 5
dR, -
1) 7l =—iki R (a), 2) R (r)€L*|a, =) when IM2a2> ) yhere .
8 = V3 i de . given surface impedance of sphere; ®»(¢)—
Og ._—_Bm(ll) ,‘1—'.2_‘(:,-,._,—(.:; .-li;—.r—n LT

relative dielectric con...ant on its surface.

Differertial exvression L. takes the form

(4 1
L= k. e () — e :
1 + ) ) m( )dl'l (f) ] (\3)
Con: "\ »ring it carried out of the condlbion
IV‘E:"\‘ H lvs'(x—‘e‘:>]' [va 7’—0)>]‘
let us lea. (1) to =i standard form
é; fwpgf - s I '
-~ . opad Iy D] 7 . .
::: Ey=- = V rkal 1/ s € L A-fB)f () e’ H
] s 0

Are here intrciuced the following designations:

excitation coefficient s-+h4 of the normal wave

s D@ D)
l\x = dF,— ’
S [ 3 J:::z

the high-altitude factors

t

R o VTGt
:::_ fr\ ) - ; ‘m(’” pr R, (,,)
‘:': f (r) = )/lm {a)  a® R, (r)
o tm(r) T R-J")

A
LA
H

gt

The important characteristics of normal waves is their phase

DO
ol
Lt h

- (5) . (s
speed Y along the surface of sphere and attenuation factor 2

1@

.‘ : l'. o

P
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For tne s-th mode we have

R I 7
iy = [-“. ,
Al

(5)
) — lm oy
= (®)

It is known that the solution of transcendental equation
relative to the marks of addition . domposes basic difficulty during

further investigation of the series/row of normal waves (4) In the

e
"

esent work it is analogous how this was done in [1], we will
attempt to obtain simple analytical dependences , on impedance
frequencies w and the parameters of the heterogeneity of the .
atmosphere. In contrast to [1] we will be interested only in the

first approximation of the Galerkin method.

Page 118.

This method :s applicable upon consideration of inhomogeneous medium,
since under the impedance conditions on the surface of sphere the
cpectrum of operator L. is discrete/digital. It is assumed that the
spectrum of simple. For the realization of the Galerkin method more
conveniently to switch over from I to integral operator which proves
to be limited. Before carrying out this transition, let us rewrite

(2), conditions 1) 2) in the new dimensionless variable

x =h(r—a).

————

£
o
©
~
[§1]
a3
iy
]
=
-
[1)
3
o]
oo
(o}
w

a0 =¢,(x)! _, -- dielectric constant on the

surface of the sphere:

e N T N N e YA T A -_j
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P o .

ONCICIVCIN) ek, o
S

o2 <y (X) ‘; 411_ ) _1__ )
. 'm-‘ o Vel Vo (o -
- "‘(“ -4 I) i 1 i
:. K ) (ktl‘):':m- ¢ \-)] R»\\ (\) = O. (7)

dR,
s

T

= -m,R (1), 2' when Imk>0 R (X)ELT[0, ).

re0

Here i‘— modified impedance, which depends, as is evident, from
the value of the gradient of function¢s(¥) yon the surface of sphere,

equal to

=1 0, e L
"‘-’ —1 T (())'Ig - Qim “)) LA v 0 ' (8) '

§2. Transition from operator L. to the integral equation.

Analogous to [1] we consider the relationship/ratio

I3 )
(I +.k_2_)- 1 ku

satisfied for all x. For the case of homogeneous medium the use of

.
s el

]
s e Ta e
2 22

£

tuis relationship/ratio in (7) corresponds to transition from the

.

&5 cvlindrical functions to their asymptotic representations through the
E& Airy's functions. The possibility of this transition for the

" .

ﬁ“ examined/considered case ka>>1 is proved in the work of V. A. Fok

N‘;“."

%ﬁ [12]. Introducing certain initial approximation/approach v’ to

?i unknown eigenvalue V:sand taking into account (9), let us write

»

» ./. .'-
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equation (7) in the form

IR, (x) + LR, (=0, (10)
where
o1 5 z;" ) ] ’( /-! l) 2r
Foob Vb S — —(l 5‘7) L
L tmtQ > ‘;n (0) r—— i? !
L T T T Ve () “TH'
‘ -,f(-,(+|)-—"c("\ 1 2¢
, - (1 — .k-‘;) : (12)
Page 120.

To differential expression (11) is related the linear part of
. () o L[ :
function Zﬁé,.moreover before r%;;f is set symbol OEE{O.Symbol § is
introduced with that target in order not to write two different
€ ()

equations for the cases, when to L, one should carry :fﬁﬁ-x and when

this to make inexpediently. For the reduction of recording (11) (12)

it is convenient t2 introduce the designations j
g = nls kD) oy Al e , b
' tkay: \ka)?
s (W, O )‘5' 1
Qs == Ta J-————-—em‘“) ' ’
nzf—, o= (1— 8, =il 5 a
and the new variable .
2 .
y=(a}) x4, (13 .
. . f
After this we turn operator L,, by which we understand the operator, 3
(
. * 3 - L 3 r
formed by differential expression (11) and boundary conditions 1)x, >
[
. o . ’
2)*x, and we obtain the integral equation ’
N
Rutw4—qm[ARquFCR3UH-FBRxU%=0- (14 :
N
;
Y
!
!_i
~s‘-‘:\k.:i::£;f._1kxu"_in_;':}:}- :'-::'m";_ ey Vy:. ')'\ :‘::\.'::L:i_:‘::: .. *.A-;: :'; e \_;:': oo :: :\'j\'.\'_\ . _\‘_\‘.'..\- AL LN
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Through A, C and B the integral operators

AR, (9= [ K(y. HR. (), (15

b CR, (= — = ()| Ky Dt —1) R, (Ot (16)
- -‘\.. l.

BR, (vy=al [ Ky, 0)-®(t)-R. ()L, (7
J

are designated. Furthermore, the nucleus

Ky, t)i‘:{lfl(y)';;l(f)' Ye<t- oy (18)

a(y)u, (), v< A,

4y ()= 7 [ 4, (y) = ux (9)], (19)
__"Hn)+dem‘

g === N - ’ (2())
1y ) - @Ry ()

u, and u, - two linearly independent solutions of the equation

'4
Z_T‘;+yu—_—o, @1)

moreover 4 (M EL* i |, and u,(y)=-u,(y).

Page 121,

Function F(t), entering in (17), is determined by the equality

s &m0

" e, () '
] ——= 2 1

m—— 2 £) == ———= 22
SVl s (22)

W=l

N
m () G = —

Instead of the duct/contour of integration !s (Fig. 1) let us

a1

introduce the eguivalent to it lii(Fig. 2), on which function u,(t)

N
* N
RN
"
LI
.
LN
.t
-
w,
.
W
S

WM
.‘

(]
.

e et e P e St e " T T T e T e L Tt
SRR RISt
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with t@= exponentially vanishes, providing the limitedness of
operators A, C and B and, conseqguently, also the applicability of the

Galerkin method for find.ng the eigenvalues %% of equation (14).
§3. General/commnon/total expressions for the eigenvalues.

Without defining concretely thus far the form of the function
em(¥).we will obtain general/common/total expressions for eigenvalues

v. in the first approximation. We search for “+in the form

’f
v=ka (1 + 2—) (23)
and in the same form we assign the initial approximations/approaches

¢/
= ku (1 +;) . (29

Subordinating 7’ to condition 2> > 1.we will have
<

alr, =t/ —tf., 25)
sl v s

Setting for itself as a goal to obtain sufficiently precise and

simple analytical dependences t, on the parameters of the problem, let

us examine only two limiting cases - (I)-, when '9I<! and (11)-, when

q, >l

« B
VI B
Jetelale s ey
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. St . < L S T T s Sttt e . B - . R
> BENTAST WA W RIS VRS SPUNSCI IR Py SR AR R Ot T Warvl YW W




R O A N S A S A e A I e e A A e e I I A A N

i DOC = 84095300 PAGE 11

mt

.‘ fImt T

. 73

) T o Ee_t Ret

N3
154 Ts Ts
o Fig. 1. Fig. 2.
oo
Le2s Page 122.
{
1
RS
AN Without repeating those given in [1] reasonings relative *> the
NN selection of initial approximations/approaches ¢! (j=0) for the case
e (I), j== for the case (II), let us recall their definition:

(—£)=0, (26)

g (s=0,1,2 ...)

(2 0 (— £)=0. (27)

5;}: As the cooriinate element/cell z, we select function u'(y), which

N satisfies -ondition (26) in the case (I) or (27) - in (II). Then in

the first approximation, for the eigenvalues we obtain

o ¢ g A ) 4 (Buy W)
-, $ 5

N (Auy. 2) +(Cay, @) (28)
N Let us turn to formulas (18)-(20), that determines nucleus K(y, t).

- :i ) It is not difficult to note that o is the high parameter both in the

first and in the second case. Actually/really, when |1 we have

\..:‘. g — 2 2 .L (2())
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moreover the factor before i? the order of one for several firsts /i

With 1¢°| > .

llg(—" ~
3 T e————— 9

- u, ( - l':‘_‘)_ A (30)

A}

~

conseguently, and in this case |o|>>1, since the factor before ¢’ the

order of one. Taking into account this, K(y, t) is simplifieqd,

disregarding in it the members of order 1/¢0 in commarison with one.

We will obtain
KO8 =2t (3).u, () with all {€T% (31

Then formula (28) can be written thus:

. N 1 .
t'—ffzﬁ(l4—7f"\)(1 4 f,‘\—) . (32)
Here
a, = | dl(tydt =~ [y al) + i), (33)
r 2 7 2 n'e
cE—g (@[ = ar= 2w 2o, G
r A2

(39)

From the designations

o ST i
- B] . ‘4( ‘-V_-*_._I_)_ .,i = ka { | .t_“
e (ha)? vt VT2

N . -t~
et e v M s 8N L I Y

I SRR LR TR LI RN - et
NS I e AR TR U VN N
DR

> et . - A e ettt
AL At et e el At atat et atatatais Lol vuny
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introducea earlier it is evident that under condition a?°>1, which is

8~

considered carried out,

Fh
O
a1

"Taking into account this, expression

23
€

let us write in the form
a3 = (’i-;-?\)z“ , (36)
a

Qy 75— —

145 m @ equivalent radius, which is equal to a radius
sm(0) T ,
of sphere a for the homogeneous medium, when ,(0)=0. In this case

ka 273
ay=a, = (%)

formulas (32)-(34), we see that

L= (2) e (37)

a

where

.Relatively % we also assume that % 1. After returning to

Second term in (37) is negligibly small in comparison with one for
several first numbers s by force % > I, therefore subsequently we will
assume that

4 =1, . (38)
Formula (32) taking into account (29) (30) and (38) is converted to

the form for (I) case

D b,
to—t0 =1 ' oot

(39)

i :
<

~ l h.‘
f‘——f\’-"._—)'" e
q

(40)

RETY
TJ A

During the conclusion/output of these relationships/ratios it is
taken into consideration also that factors x, and e.which appear
before first terms in (39) and (40), are in effect equal to one [1].

It is obvious, first term in (39) (40) corresponds to the equivalent

L4
N

"uniform” problem, in which instead of radius a and impedance

figure equivalent radius ¢, and mcdified impedance %:
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Component/term/addend g? in (39) (40), generally speaking, appears as
a result of a difference in profile/airfoil ¢»(¥Y) from the linear;
however, it is not equal to zero even for the linear profile/airfoil.
The estimation of this component/term/addend with linear function
*tm(X) is conducted in the following paragraph. At conclus.on of this
paragraph let us note that if we are interested in the wider range of
chance in parameter ¢ then instead of first term in (39) (40) it is
possible to substitute the appropriate expressions from [2], obtained
in the second approximation/approach of the method of moments/torques

for the homogeneous medium. For this should be used formulas (8) and

(9) from (2), having preliminarily replaced in them g by ¢
Page 124.
§4, Linear profile/airioil.

For the linear profile/airfoil the proof of the concept of an
equivalient radius usually is conducted at the level of differential

equation (7). In this case the assumption about the possibility to

disregard/neglect the so-called derivative of Schwarz VEIUﬂii;gffga
Substantially is utilized.It is considered also that upon transfer
from the problem with the unhomogeneous atmosphere to the the
equivalent to "uniform” the impedance of sphere does not change. In

actuality in the equivalent "uniform" problem must figure the
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modified impedance, which can cunsiderably differ from & by very low

T
&
.
DA
. “
Sl

frequencies. It is of interest to rate/estimate the effect of the

Lt
.
.

l"

W

.

named factors on eigenvalues {. Since for both cases (I) and (1I) in

2B guestion in the distant zone the field is determined by one normal
éﬁi wave, to wnich eigenvalue t, corresponds, we will obtain analytical
32; expressions only for this eigenvalue. For the same reason and Zor the
{s

;5} exponential profile/airfoil we will be interested only in zero

iﬁf . eigenvalue. Considering that

—
o

e (X) =2, (0) + 2 (0) X,
entire function ea(r) is related to operator L, (11), for which we

assume/set 8=1. In this case we have

a

ay, = .
=TT 0 (42)
€m (V) =z

For future reference it is convenient to introduce parameter j,
according to the formula

::" (1))

Sm () )

Ty = — (a2)". (43)

e

We will consider it its small in comparison with one: lpl<«l Under the

e:

;;; conditions, characteristic for the earth's atmosphere, this

SRS

- s parameter, for example, has a value W=00063 at the frequency f=5 kHz

P

O and with an increase in the frequency decreases, vanishing with fo=.

. Let us examine now coefficient of b,, which determines second term in

o (39) (40) with s=0

gfj elrd

1 H ’ 2

L9 by= | ®(t)ui()dt (44)

r\.:v. T

N
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Here
3 ., 1
‘D(t) = K3 h I = as = yi}? (45)

Let us recall that Ta=—fi(/=0, «). To express integral (44) through
the known functions is impossible, but it is possible to calculate
approximately it. For this we will use smallness W and fact that the
basic contribution to the integrel gives region smali t. This follows
from the character of the behavior of function u,(t), qualitatively
depicted in Fig. 3, where A - certain complex coefficient
Decomposing/expanding F(t) in the series/row according to degrees M
it is not difficult to obtain correction to e;genvalue t, due to

Schwarz's derivative. We will be restricted to the dominant

relatively W term

L o LE ) (46)

[
Let us turn now to the expression for ¢ Taking into account (8) and
(43), let us write it in the form

~ 1
(]?=qa+-_z 7;91 (47) .
where )

kay

¢ 2) Vs,T«T)a,z (48)
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As is evident, ¢’ in the accuracy corresponds to the concept of an
equivalent radius, since it is obtained from q for the homogeneous
medium, replacement of radius a on ¢. Component/term/addend -%—m in
(47) is correction to the concept of an equivalent radius because in
the presence of inhomogeneous medium instead of impedance @eéppears

modified impedance O«
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Fig. 3.
Page 126.

It is clear that this component/term/addend can prove to be essential
only in small ones 4% We will obtain the resultant expressions ifor

t,, after substituting (46) (47) in (39) (40) with s=0

o 3, ,
M) ty— = Lot oy -2 0 (n)], (19)
N 2,
‘ (W) ty— & > lo == 22 [14-0 (). (50)
-\.
2 Thus, even with the linear profile/airfoil the concept of an

Il l' s
Pl A}

equivalent radius can be considered justified only in such a case,

L 23

when in (49) (50) the terms, which contain parameter m. are

sufficiently small. Let us rate/estimate their effect on the phase

%y

SOOBT LAAATINIR

T
’

speed and attenuation of zero normal wave. for this let us examine
the linear profile/airfoil, characteristic for the lower layers of o

the earth's atmosphere

e (X)==14+1— .]Ii o1y
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with a=6.4+10"*, H=7.4 km.

Latter/last component/term/addend in (49) (50), that appears due
to Schwarz's derivative, obviously, does not affect fading; it it is
possible not to consider, also, during the calculation of phase
speed, since it the second order of smallness in comparison with the
contribution due to the modified impedance. For the certainty we

(0)

N . (" (XK} )
assume/set % ==0. Table 1 gives values - and ofd/k, without the

¢

account and taking into account second term in (49) for several

frequencies.
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Fable 1. .
(4 vlt ) /5
f- K2y i ‘ e a / 0
a i 0 d 0
05 04302 ’ 0.068 | 2.0 2,261
5.0 02595 0anRY 4.042 1997
50 0,1499 ] 018 | 10,647 10,640

Note: a) without the account; b) taking into account second term

in (49) for several frequencies.

Key: (1). kHz. (2). s.

§5. Exponential profile/airfoil.

For the exponential profile/airfoil we will examine the cases of
hicn and low freguencies separately. The reason for this separation
consists in the fact that eigenvalues ‘. for these cases substantially

differ from each other. It proves to be, and this it was possible to

'.n

“
«
-
“e
-

assume, on the basis of the physical considerations that at the high

1) 3
AL

frequencies the eigenvalues for the exponential profile/airfoil were

NG

close to the appropriate eigenvalues for the linear profile/airfoil,
and on the low frequencies they were located near the eigenvalues of

problem with the homogeneous medium.

Page 127.
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Therefore it is necessary to introduce different initial
approximations/approaches v for the high and low frequencies in order
already in the first approximation, of the Galerkin method to obtain
sufficiently precise formulas for unknown eigenvalues v.As already
mentioned in the preceding/previous paragrapn, we will be restricted
to the investigation of zero eigenvalue v,, moreover let us
disregard/negiect Schwarz's derivative. Based on the example of
linear profile/airfoil it was shown that its contribution to the
eigznvalue of second order of smallness in comparison with the

contribution of the modified impedance.

High frequencies. For the high frequencies the linear part of

function . (¥). given by the formula

e (X)=1f-zie 5T, (52)
it is carried to operator L,(11), assuming/setting 8=1. Coefficient

b, in this case determines correction to eigenvalue t, due to a
difference in the exponential profile/airfoil from the linear and

takes the form

~ olrd
[70 =7 ’!’--’!- \ le—"’“ —1 + Pa m It{i! (t) dt/ (55)

[N LR o

N

where
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Equivalent radius G. is determined by formula (42). We will consider

e

high those frequencies, with which is fulfilled the inequality

sy
o0

1.

v -v‘

In order to represent the real values of parameter ™ let us note that
under the conditions of the earth's atmosphere, when a=6.4-10"*,

H=7.4 km, we have p, 006 at frequency £=10 MHz. With an increase in

frequency p, it decreases, vanishing with f-=. Three times integrating
in parts first term in (53) and utilizing smallness of parameter Vit
is not difficult to obtain the approximation

by == ~ "3.’1' "HIL{ Y2137 [7("Lf (o) + ‘13";2 (%)) + T‘T)' u“TO)} X

K-+ o @) (54)

For conclusion/output {(£4)} recursion relations (N8)-(H10) of work 1]
were used, and it is taken into consideration, that u,(y,)-u’',(y,)=0
in view of the selection of initial approximation/approach. It is
obvious, with w2 coefficient b,+0, therefore, with w-= disappears
the d.fference between the exponential and linear profile/airfoil.
This bears out the fact that only the lower layers of the atmosphere,
where the profile/azirfoil is close to the linear, rlay main role in

shaping of the distant field of high frequency-.
Page 128.

Substituting (54) in (39) (40) and taking into account (47) (33), we

come to the final formulas for eigenvalue t, in the case of the high
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frequencies
i(,ﬂ)-‘i 2
’ 1 a  a, 3.5V Ty .
(l) to — tgz _:]?)— "- 5727‘9-‘_ | + 1 2;[ 4 l:: 1‘9[1 +0(("9)]| (‘)5)

aq

(an ty—ty = ":T -+ ri*; 5T -3-15(!(7)’119 [140()].  (55)

Table 2 gives formulas (55) obtained with the use of the value of
phase speed and attenuation of zero normal wave when &;=0 for the

linear and exponential profiles/airfoils.

Low frequencies. Assuming that at the low frequencies the role
of the atmospheric heterogeneity of exponential profile/airfoil is
not sos/snrh essential as on the high ones, we will search for
eigenvalues in the vicinity of the eigenvalues of problem with the
homogeneous medium, in which £=k°. For this of the function r.{¥) to
operator L, (11) one is carried, assuming/setging 6=0, and by k

everywhere we understand k,. Then coefficient b,, which determines

the effect of troposgheric refraction, is written as follows:

o olx
bo=ar, [ e dt. (57)

n

Here

T

Low we will call those frequencies, with which is fulfilled the

S

'

2 e
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inequality
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For the earth's atmosphere at the frequency f=5 kHz we have u=8.94.
With the decrease of frequency the parameter u increases. Three times
integrating in parts (57) and considering as that carried out
relationship/ratio (58), easily we come to the approximation
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Fable 2.
( o | ki
f, Mau ¢
a | 6 | a 6
20 0.021602 0021741 78,414 78,95
50 <0,016008 0.016064 106.47 106.84

Note: a) for the linear profile/airfoil; b) for the exponential

profile/airfoil.
Key: (1). MHz. (2). s.

Page 129.

It is obvious, with the decrease of the frequency, when u-=e,

coefficient b,~»0, and heterogeneity of the atmosphere in this case

becomes apparent only through the modified impedance. After

substitution (59) in (39) (40) we obtain the approximation analytical

-
.

r

oY

formulas for t,, valid at the low frequencies

1

L, 3, i1
LA DA
r

Py
" 2,

() to— 85 = -tz [ b0 (4] (61)

“%0

l\
gy

108 a1 A\
OO NS
PREALAR N

At
.

During writing (60) it is taken into consideration, that in this case

’, 1.5,
I

&==q4-%-m since a,=a, In formulas (60) (61) term o(1l/u) iz small in
comparison with one not only because u>>1, but also due to the

-r

character of the behavior of integrand in the rejected integral. This
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provides applicability (60) (61) in the wider frequency region, when

u>1.

§6. Solution of inverse problem.

In our work [2] inverse problem for the impedance sphere, which
is located in the homogeneous medium, weas solved by amplitude method.
The use/application of this method for solving the inverse problem

taking into account the atmospheric heterogeneity of exponential

profile/airfoil composes the content of present paragraph. We
consider source and receiver as those arranged/located on the surface
of sphere and as in [2], we will solve problem under the assumption

of single-modality of the propagation, when

""V"Ih / T it ptkad A o,
1 Tkall .k_lFO-e el o¢ i (62)

Here x - given distance from the source to observation point
ka1 s a YV kat?
< Fee=(m) (F)0 3

Taking the ratio of amplitudes |E£,(x;)| and |£,(x))]. measured at
frequencies ¢ at two diverse points x, and x,, we will obtain system
of equations for the determination of the electrical parameters,
which determine impedance, and the parameters of the heterogeneity of

the atmosphere
(st lpa ol =ao) (k=120 ML (68
19;
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where

E, (xp)

] <ininy
£ (%)

—eree—— |11 ————
(ka )' 3(0 0,) sinf,
-5 1Y

) (65)
and p,— unknown parameters, whose number is equal to N.

Page 130.

With known analytical expressions Afp. o] the solution of system (64)
will not compose labor/work and can be obtained, for example, by
Newton- Kantorovich method [13]. The necessary expressions for t, are
obtained in the preceding/previous paragraph in two limiting cases
(I) and (II) both on the high ones and at the low frequencies. If
necessary it is possible to utilize also formulas (8) (9) work [2],

as already mentioned earlier.

Here we will pause it the case, when system (64) admits
analytical solution relative to parameters a and H. let us examine
the frequency band, bounded above by conditionu>»1l, and from below by
the frequencies, at which still it is possible to assume/set ;”kq, [Je)

that

P 2 g2 66
to o= I:" +aa‘2_’ P"] } .‘,[::)' (”)

In the lower part of this range with u>>1 the effect of tropospheric

refraction is negligibly small; therefore in this part of the
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spectrum it is possible to determine the impedance of sphere .
counting the medium of uniform. This problem is solved in [2];
therefore we will consider impedance as the function of frequency
known. However, for determining a and H we will use the higher
frequencies of the range in question, when the effect of tropospheric
refraction is noticeable. Taking into account (66) from (64) we
obtain system of two equations relatively a and H

“ﬁAﬁ%ﬁ5=9Wﬂ (i=1, 2). (67)

Function ¢(») is determined by the equality

| 4] 0, 9
P = —omey (Pa ) +m (B H)) M
_l‘-n 1 koa (113
and it is considered known. Parameter‘HmFEﬁ;-=7g(—7ﬂ . The solution

of system (67) is located elementarily, and we immediately extract it

{.?l_ - lz_}m
T P2 T

H=- (7 _ul (69)
2!/7 i _ﬂ us
B %
2H -3
am M, (70
Hy,

For the reduction of recording the designations
1) =1, ¢@)=¢. (7h
are here introduced. In formula (70) the selection of mark i,

naturally, does not play role.
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Page 141. -

REFINEMENT OF BOOKER'S EQUATION FOR CYLINDRICAL LAYERED INHOMOGENEOUS

ANISOTROPIC MEDIA.

V. M. Vyatkin.

The known equation of Booker [1] is obtained for the case of
plane-layered anisotropic medium. But the real ionospb2re possesses
final curvature and terrestrial magnetic field is heterogeneous.
Therefore it is of interest to refine Booker's equatioi taking into
account these two effects. We selected the cylindrical mcdel of the
ionosphere, which makes it possible in the first approximation, to

consider the curvature of the real ionosphere.

Let us introduce cylindrical coordinate system (p, ¢, z) and we
will consider the ionosphere as layered inhomogeneous on p the
anisotropic medium, which occupies the region of space with p>>b. We

consider supsequently earth's magnetic field heterogeneous, which

.|ll z
l.'l'l I

s
)

depend only on p (heterogeneity of field in the directions, the

tangents to the earth's surface, as are shown calculations, can be
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The general/common/total equation -
roi rot E— k- E=0, (1)
where k,=w/e.,u, - the wave number of vacuum, is initial in the study
of the problem about the propagation of electromagnetic waves in the

anisotropic media, :»— tensor of the relative complex dielectric

PR I UL R

constant of medium,

]

The solution of equation (1) we will search for in the form of :

series/row according to the reverse/inverse degrees of k,. -

J

Substituting this series/row in equation (1) and equalizing the .

e coefficients, which stand in the equal degrees of k,, we obtain the g
chain/network of the engaged equations, the first of which takes the p

4

form ) .

(VU [TT.E” 2 E® =0. @) :

;

It is not difficult to show that in the case of cylindrical -

p layered inhomogeneous (on p) anisotropic medium interesting us the 2
? vector A¥ has components ;
< oy” L ‘-
N vw=ﬁ%ﬁngQL ) o
o S ;
; .:'
; where C,=cos ¥, anéd C,=cos a, and a« has the sense of the angle ;
.' ,..:
" between the direction of wave and z axis; 7, can be considered as the -
3 angle, formed by zonal harmonic [2] (by spiral wave) of order » with -
3 the direction, by tangent to the cylinder of radius k,p,(cos ﬁ
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vo=v/Kopo); po — coordinate of the point of the position of the
source, which we will assume/set by that arranged/located lower than

the boundary of ionosphere (p,<b).
Page 142,

For value 3¥/dp=q(p) from the condition for existence of the
nontrivial solution of equation (2) the equation, which is the analog
of Booker's equation [1] in the cylindrical case

F(g) =aq* +pg® + 19>+ 89 4 ¢ =0, h

is obtained.

Let us note that equation (4) is obtained from "Cartesian"
biquadraticof Booker [1] by replacement of C, by (p./p)C,, which
follows from comparison (3) with the expression for components vV in
the flat/plane case. Therefore expressions for the coefficients a, B,
v, 8§, ¢ of equation (4) take the same form, as in flat/plane case [1]

with replacement of C, by (p./p)C,.

If we in the formulas for the coefficients of equation (4)
assume ﬁlﬁ%h:é =~ l—mw, where n=§/a (a - radius of the earth)?!, and to
consider that terrestrial magnetic field in the first approximation,
it carries dipole character, so that at the height/altitude § above

the earth's surface
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where n=%§/a; //{" — field on the earth's surface, then expression for
the coefficients o, B, v, 8§, € with an accuracy to the values of

order n they will take the form

am= U(U?— V2= X(Ur— BBY D 4- 69V i (U —1X), (6)
B=2XIV2 (C,m 4 C,n) — 7(7C m 4 6Cyn)), (7)
1=—82[2U(U -- X) —2UY} + XIVi] 4-2XU(U — X)+
+ XVi[=14(Cim -t Con)*] —
= 2C [2UNU — X)—2UYE + XIVE — 6482V 5 (2U — X13) —
— 20X Y2 (Cym (Cym—g Cyt) 43 |1 - (Cym + Can)?l}, ~ (8)
3= — 2XIV2 (ST + 21C) (C,m + Can) — 4S2(TC,m +-6C,n)),  (9)
e= (U~ X) [US*+ 44C,S?) — 2XU ($24- 2¢C) + X:| +
+ $HXY L {1 —(Cym+ Can) 4 29Cim (Cym + Cyn) —
— 60l = (Cym +Con))) — UY 5 (S?+ 29CF — 6753)} -+
+20CIYE (X [t —(Cym - Con)?] — US?), (10)
where .

St=1—ch C=cl4+ch S=1-c Vi=(2)

2
@iia

v — the value of gyrofrequency on the earth's surface X=—(5 . "n—

' . Yype . . .
plasma frequency; ('=l+4i—- —. %w— effective collision frequency; 17,
m, n - direction cosines of vector with the axes of coordinates p, o,

Zv

FOOTNOTE !. Let us note that in work [3] the coefficient 7, which
considers the final curvature of the ionosphere, derived from the

geometric examination, is obtained erroneously (2%/a instead of §/a).
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ENDFOOTNOTE.

Page 143.

From the examination of equation (4) it is possible to obtain
the information abou’. the bias/displacement of the roots of Booker's
equation [i], caused by the presence of curvature in the ionosphere
and by the heterogeneity of terrestrial magnetic field. Any simple
analytical expressions for this it is impossible to obtain, but
qualitatively it is possible to say that the values of the roots of
equation (4) decrease in comparison with the flat/plane case, but the
effect of the final curvature of ionosphere and magnetic bump of the

earth.’ground on the height/altitude noticeably is manifested in the

region, where approximation/approach WKB becomes inapplicable.

In conclusion I express deep gratitude to the docent of the
department of radiophysics of LGU V. V. Novikov for the granting of

theme and direct management/manual with the execution of this work.
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