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ABSTRACT

An error ellipse plotting routine was developed to
provide real-time indication of Kalman filter performance.
The study included an evaluation of the Hewlett-Packard HP-86
computer system's capability for providing real-time
tracking information and an evaluation of the computer's
possible use on the three-dimensional underwater tracking
range at the Naval Underwater Weapons Engineering Station,
Keyport, Washington. A series of tracking runs were used
to demonstrate both linear and extended Kalman filtering.
Information obtained from the error ellipses was used to
modify filter parameters for improved filter performance.

It was found that the error ellipse was useful as a tool

for indicating filter performance and for making decisions
regarding filter parameter modification. The HP-86 provided
accurate, reliable results and it could be used for on-1line
graphics. However, the computing speed fo the HP-86 computer
as used in this study was too slow for on-line processing

of the three-dimensional tracking problem.
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I. INTRODUCTION - 5

The Kalman filter's importance as an estimator and

predictor is well documented. Providing real-time informa-

tion concerning filter performance so that on-line adjust-
ments to filter parameters can be made continues to be an
area of high interest. This study investigates the
usefulness of the error ellipse as a tool for providing a
real-time indication of filter performance.

Part of the investigation involves an evaluation of the
Hewlett-Packard HP-86 computer system's capacity to operate
in a real time tracking environment, and its capabilities for
providing information concerning filter performance. The
rationale behind this investigation is based on the require-
ment for the Naval Underwater Weapons Engineering Station,
Keyport, Washington, to accurately acoustically track
torpedoes on a three-dimensional underwater tracking range.

A knowledge of the range operation is not within the scope
of this study. It is sufficient to know that presently

the range receives four time measurements every 1l.31 seconds,
and these measurements are nonlinear functions of the
torpedo position. )

To gain a better understanding of the error ellipse, a

bL-state tracking scenario was chosen for this study.
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Initially, the linear tracking problem is discussed,
followed by an investigation of the nonlinear proviem. Ji
primary interest are on-line methods to improve filter
performance using information provided by the error ellipse

for filter parameter modification.
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II. KALMAN FTILTER THECRY

A. LINEAR MATHEMATICAL MODEL
l. The Plant

for this model the state and measurement equations
for the plant are linear. Hence the discrete form is used.
The assumed plant model is described by a linear, vector

difference equation:

x(k+1l) = ¢x(k) + Aul(k) + rw(k) (State Equation) (2-1)

and a linear, vector measurement equation:

z2(k) = ex(k) + v(k) (2-2)
where:
x(k) is an n-dimensional column vector, denoting the

state of the plant at "time" k.

u(k) is the deterministic control input, an m-vector,
at time k.

w(k) is a p~-dimensional vector representing any random
forcing inputs at time k.

z (k) is a g~dimensional vector representing measure-
ments made at time k.

vik) is a g~dimensional vector representing random
measurement made at time k.

$, 4, T, and ¢ are assumed constant ccefficient matrices of

dimension nxn, nxm, nxp, and gxn respectively.

9
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2. Noise Processes

In order to place probabilistic structure on the
noise processes v(k) and w(k) the following assumpticns ave
made:

(a) v(k) and w(k) are individually white processes,

that is, for any k and 1, with k # 1, v(k) and
v(1l) are independent random variables, and w(k)
and w(1l) are independent random variables.

(b) v(k) and w(k) are individually zero mean,

Gaussian processes with known covariances.

(c) v(k) and w(k) are independent processes.

Thus for the measurement noise:

MEAN : E[v(k)] = 0 (k=0,1,2,3,...) (2-3)

COVARIANCE:  E[v(k)v (1)] E(v(k)TEL¥T (1)]

= 0 k #1
2 R k=1
= Ry =
or ElyC)v’ (1)1 = o5,y (k,120,1,2,...) (2-4)
wnere dkl is the Kronecker delta function defined as:
=3, k #1
§ {
KL, k=1

10
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Likewise for the random forcing input:

Slu(x)] = 2 (%=0,1,2,3,...) (2-3)

e

E[E(k)ET ()] k,1=0,1,2,3,...) (2-86)

S %1

R, and R, are nonnegative definite symmetric for all

k
k. Also since v(k) and w(k) are zero mean and independent

then:

Elv(ow’ (D1 = 0 (2-7)

For the purposes of this study, unless otherwise

specified Q, and R, are considered to be xnown and constant,

=k k
although both may be time varying.

3. Initial State Description

For the initial state of the difference equation (2-1)
it is unlikely that X will be available. Hence, it is
assunied that X, is a Gaussian random variable of known mean

X and known covariance P , i.,e.,
) -0
Z(x(2) = X

— - _.T )
E{[(Eo - &o)][(go - 50)] } o= Eo

11
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This cheice for the initial state has the advantass
of causing the subsaguent estimation scheme tc be unbiased
for all t. [Ref, 1] Further it is assumed that the initial

state and the measurement noise are uncorrelated:

Elx(OvE (01 = ElvGOxT(0)] = 0 (k=0,1,2,3,...)

Also the initial state and the random forcing input are

uncorrelated:
T T
E[x(0)w™ (k)] = E[w()x  (0)1 = 0 (k=0,1,2,3,...)

B. DISCRETE-TIME ESTIMATION

1. The Estimator Equations

The estimation problem involves generating an
optimal estimate for x(j) for the system described by the
difference equation (2-1) from the noisy measurements
2(0),2(1),...,2(j). This estimate will be dencted by
g(j/j), which means the estimate of x at time j given
measurements at times up to and including time j. The
estimate must be optinal in the sense that the expected
value of the sum of the squares of the error in the estimate

is a minimum, i.e.:

EC0(x(k/K) - x0T [X(k/K) - x()1} = minimum

12




The estimator is characterized by the linear relationship:

A~

x(x/K) = x(k/k=1) + SUO[z(k) - ex(k/k=1)1 (k=0,1,7,..)

(2-8)

where

“~

x(k/k) is the optimal (minimum variance) estimate of
x(k) given observations at times up to and
including k.

x(k/k=-1) is the optimal one-step prediction of x(k)
given observations at times up to and
including k-1.

G(k) is the optimal estimation gain matrix which
will minimize the variance of estimation
error,

For the initial estimate x(0/0), the estimator
equation (2-8) is initialized with x(0/-1), which is not a

random variable. If x(0/-1) is selected such that:

x(0/-1) = E[x(D)] = x_
it can be shown that this choice of x(0/-1) makes the
estimator unbiased for all k. [Ref. 1] The estimators best
available information concerning x(k-1) is the estimate
¥(k=1/k-1), therefore it is reasonable to assume that

X(k/k-1) = ox(k-1/k-1) + Au(k-1) (2-9)

is the best prediction.

13




In summary, equations (2-8) and (2-9) are the estimator

i

E equations, with x(0/-1) as the initial conditicn.

X
=0
=

2. Gain and Covariance ELguations

Without going into detailed derivations, tne optimal

estimator gains, G(k), used in the estimator equation (2-38),

are those which satisfy:

G(k) = P(k/k=1)C [CP(k/k-1)CT + RI™Y (2-10)
P(k/K) = [I = G(k)ICIP(k/k-1) (2-11)
P(k+1/k) = $P(k/K)¢T + Q (2-12)

with the initial conditions:

ne-

]T

P(0/-1) }

P, = E{[x(0) - X 1[x(0) - %

where

P(k/k) = E{[x(x/K) - x()I[x(k/k) - x(k)1T)

is the covariance of estimation error matrix.




m
<«

v

P(k/k-1) = E{[x(k/k-1) = x(k)I[x(k/k-1) = x(k)]

is the covariance of one-step predicticn error matrix.

T

Q = E[ZOO «w)+w’ (0T ()]

is the state excitation matrix.

P(k/k) and P(k/k-1) are symmetric, positive definite matrices.

Several observations can be made concerning the linear
Kalman gain (2-10), covariance (2-11, 2-12) and estimator
(2-8) equations.

(a) The estimator gains, G(k), do not depend on the
measurement data and hence can be precomputed, stored, and
used as the processing measurements become available.

(b) Although not obvious from the equation, the
time-varying gain, G(k), depends in time as:

G(K) = 7 [Ref. 2] (2-13)
= k + 1)
Thus the effect is to weight the correction term,
(z(k) - cx(k/k-1)], in the estimator equation (2-8) less
heavily as time progresses. The advantage of a greater
initial weight allows for possibly large differences
between z(k) and x(k/k-1) during the initial observations,

and a large gain will result in a significant change in the

(=]
o

wta

w;



next estimate. This advantage is also borne out in thet
there is less confidence in the quality of the estimates

during the early observations compared with the quality

after numerous observations. Hence the later an observation,

the less drastic an estimate will be altered or affected by
an isolated observation discrepancy.

(¢) 1In general, the variance of estimation error
decreases in a manner analogous to the gain schedule (2-13),
i,e., it decreases as k grown larger, reflecting greater
confidence in the estimate as the number of observations
increases. Selection of the proper initial condition, 20’
is important when studying the effect of measurement errors
on the behavior of the estimate. So Eo should be assigned
pessimistic values which would correspond to a lack of
information about the initial state. In cases when the
initial state is completely unknown, then P >=I. [(Ref. 31]

(d) The Q matrix serves to compensate for model

errors and prevents the covariance matrix from becoming too

small or optimistic. A small covariance matrix would result

in a small filter gain, and subsequent observations are

essentially ignored, which could result in filter divergence.

The Q matrix prevents G(k) from approaching zero by adding
uncertainty to the system which is reflected in a

degradation of certainty (increase in P(k+1l/k)).

16
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C. NONLINEAR ESTIMATION - EXTENDED KALMAN FILTER

In many practical applications, the state equations
and/or measurement equations are nonlinear. Beforzs *he
Kalman filter equations can be used, the problem must be
linearized and the Kalman filter equations are applied with

some modification.

1. Nonlinear Model

Consider a nonlinear discrete system of state and

observation equations given by:
x(k+1) = f£(x(k), ulk),k) + w(k) (2-14)

and

z(k) = h(x(k), k) + v(k) (2-1%)
In these equations f and h are nonlinear functions

of the state variable x, w(k) is the plant excitation noise,

and v(k) is the measurement noise. The plant noise and

measurement noise are assumed to be uncorrelated, zero-mean,

and white. The same equations (2-3 thru 2-7) apply as for

the linear model.

2. Extended Kalman Filter Equations

In order to apply the linear filter equations,
equations (2-14) and (2-15) are expanded about the best

estimate of the state at that time and only the first-order

terms are kept.
17
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That is, defining A(k) as:

3f | .
é(k) = I l (§(k/k), 3(k), K)
and
3h -
H(k) = % (x(k/k=1))
— g_ —

As can be seen from the above equations, the filter
estimates, é(k/k) and g(k/k-l) are used as the "best"
estimates about which the linearization is performed. The
matrices A(k) and H(k) must be used to generate G(k) so it
is available to process z(k) when it is obtained. The

modified extended Kalman filter equations are then:

Gain Equation:

8(k) = P(k/k-1)H' GOTH(k) + P(k/k-1) « HL (k) + RI™T

(2-16)

Filter Update Equation:

x(k/k) = x(k/k=1) + GUO[z(k) = h(x(k/k=1))] (2-17)

18
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Prediction Equation:

x(k+1/k) = £(x(k/K), u(k), k) (2-18)
Covariance of Estimation Error Equations:

P(k/k=-1) = A(k-1)P(k-1/k-1)AT (k-1) + Q(k-1) (2-19)

P(k/k) = [I - GUOH(K)IP(k/k-1) (2-20)

For the initial estimate x(0/0), equation (2-17) is

initialized with x(0/-1) with
x(0/-1) = E[x(0)] = ¥
= = o

%(0/-1) is also used to initially evaluate H(k).

As in the linear case:

N, |

P(0/-1) = P = E[(Eo - 50)][(50 -

s

13
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III. ERROR ELLIPSOIDS

A. THEORY

Since the estimate é(k/k) is unbiased in the Kalman
filter equations, the P(k/k) matrix represents the covariance
of the error in the estimate. If the estimate were biased,
P(k/k) would represent the second-moment matrix rather than
the covariance matrix. Hence, P(k/k) provides significant
information about the accuracy of the estimate. If the
physical model is accurately described by the state and
measurement equations (2-1, 2-2), then P(k/k) can be used
to describe the manner in which the estimate converges
(or diverges) to the true state. Examination of the P(k/k)
matrix directly, element by element, is not a realistic
approach, since the matrix contains n2 elements, where n is
the number of state variables. To simplify the situation
the concept of the error ellipsoid is used. [Ref. 4]

As discussed earlier, the assumptions are made that the
initial state of the plant Xg is Gaussian, as are the random
processes v(k) and w(k). Using these assumptions it follows
that x(k) and %(k/k) are also Gaussian since they are linear
combinations of Gaussian variables and deterministic
quantities. Using the same rationale, the estimation error,

defined as:

(28]
(]

oA

..

A




e(k/k) & R(k/K) = x(Kk)

is also Gaussian. Using the fact that the mean of the

estimation error is 0, the probability density function for

e(k/k) is:

Pe[g(k/k)] = [(2")n/2l£(k/k)l 1/2]-1

expl-1/2¢" (k/K0P™H(k/K)e(k/K)] (3-1)

The density function, p_[e(k/k)] will have a constant
e—

value whenever the exponent has a constant value. That is:

T

-1/2e" (xk/x0p7t

(k/k)e(k/k) = ¢

or

eT (k/KP Hk/K)e(k/k) = o (3-2)

where ¢ is an arbitrary constant.

As demonstrated by Sorenson [Ref. 1] and Kirk [Ref. 2],
it can be shown that the locus of points e(k/k) which
satisfy equation (3-2) are hyperellipsoids. For the
two-dimensional case which is of concern, equation (3-2)
describes an ellipse. This can be seen by fixing time and

rewriting (3-2) as:
21
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where

1

W = B- (k/k) (a 2 x 2 symmetric matrix)

Expanding the left side of (3-3) gives:

2 2 2

Wi1®1 T W1gWo1®18p Y Woppey T C

which because of symmetry gives:

Since wll>0’ w22>0, and Wi w22>w§2, equation (3-4)
describes an ellipse, in which the principal axes do not
coincide with the coordinate axes. The ellipse is rewritten
in terms of y(l) and y(2) as the coordinate axis, and it can
be shown that y(1l) and y(2) are the eigenvectors of w with

A, and \, defined as the corresponding eigenvalues. [Ref. 2]

1 2
(See Figure 3-1)., The equation for the ellipse can be
rewritten in terms of a coordinate system having unit vectors
in the directions of y(l) and y(2) as the basis vectors.

The ellipse equation becomes:

2 2 _ .2
ALyt a,yT(2) = e (3-5)

v ——




Y(2) /

Figure 3-1 Error Ellipse

Remembering that w = P-l(k/k), it can be shown that the

corresponding eigenvectors and eigenvalues for g-l=g(k/k)

are y(1), y(2), a5 and P where o %— and o,
"1
Equation (3-5) can be rewritten:

2 2
v (L) . ¥ (2) 2
= c

Ctl 0.2

23
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For the purposes of this studyv, the term error ellipsoii

refers to the specific case when ¢ = 1, S0 equatison /7-52
becomes:
2 2
vy (1) vy (2)
—_—— —_— = 1
a [+
1 2

In terms of the Cartesian coordinates x', y', which use ey

and e, as basis vectors:

x! Xcosf® + ysinsg

-xsiné + ycos®

tt

yl

where 8 1s the angle of rotation of the axes and can be

computed from:

-1 2cov(exe )
8 = 1/2 tan [ z ] [Ref. 5]
var(ex) - var(ey)

For a given value of ¢ it is possible to integrate the
probability density over the surface cf the error ellipse to
obtain the probability that a particular sample point will
lie within the ellipsoid. Ffor this study, n = 2, ¢ = 1,
and the probability the error is inside the ellipse is 0.39u,

In summary, the error 2llipsoid can be used to

characterize the concentraticn of the estimate about the

2u

e F= -
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true value of the state. A decrease in the magnitude of an

axils cf the e2llipse is an indicaticn that the error in the
esstimate 1is decreasing in tha+* direction.

One important item that needs to be pointed out is that
often the components of the state vector represent entirely
different types of variables, for example the components
might represent range, velocity, and depth. Since the two-
dimensional ellipses are determined by using two components
oI the state vector, it is reasonable to examine submatrices
relating state variables of the same character. Doing so
will preclude most scaling difficulties when plotting the

ellipses, and provide more meaningful insight in *to the

resulits.

B. ERROR ELLIPSOIDS AND FILTER DIVERGENCE

Thus far the discussion has centered around using
submatrices of the P(k/k) covariance of estimation error
matrix as the input for the error ellipse to indicate
filter performance. As proposed by Heffes [Ref, 6] and
Nishimura [Ref. 7], P(k/k) can be considered as a "design"
covariance matrix Ed, using the assumption that the only
errors are in gk’ Sk’ and go with the following inegqualities

holding for all k:

A7)
[«
o}
Y]
b

(3-7)

}O
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with the subscript "4" indicating designed and "a" indicating

actual. EZguation (3-7) implies more input noiss, mors

f

measurement noise, and mcre initial state uncertainty in the
design than actually exists. This conservative filter design

results in a somewhat pessimistic design error covariance

2d(k/k . The actual error covariance ga(k/k) resulting
from using a filter designed with _d, gd, and Py is related

to the design error covariance in the following manner:
d a
P (k/k) > P (k/Kk)

This result is particularly useful when one simply does
not know accurately the noise covariance of the input or
output, but an upper bound is known. Designing assuming
the noise covariance is at its upper bound will result in
Eé(k/k) being upper bocunded by Ed(k/k). In some sense a
worst case design results. Filter divergence exists when
the design error covariance Ed(k/k) remains bounded while

. . a .
the error performance matrix P (k/k) becomes very large

. d . . ,
relative to P (k/k) or is, in fact, unbounded.




A, PROBLEM DESIGN

The purpose of the tracking problem is to study the use
of error ellipsoids as real-time indicators of filter
performance. In order to keep the design model realistic
albeit reasonably simplified for ease of study, a
two-dimensional tracking problem using several different
tracks has been selected.

1. Linear Tracking

All tracks are based con an x-y coordinate system
with the target moving in the x or y direction relative to
the sensor located at the origin. Thus for aircraft '
tracking, altitude is considered constant, as is depth for

torpedo tracking.

Defining the state variables as:

X, =X x-coordinate of the target location.

X, = X velocity of target (vx) in x-direction.

X3 =¥ y-coordinate of the target location.

X, *© § velocity of target (vy) in yv-directicn.
2'?




X = (u-1)

The following are the state equaticns:

xl(t) = xz(t)
>'<2<t> = wy (1)
(4-2)
x3(t) = xu(t)
xu(t) = wz(t)

where wl(t) and wz(t) are assumed to be uncorrelated,
random processes that account for unknown target accelerations
and nonlinear target motions. Writing the discrete form of

the state equations gives:
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xl(k+l) = xl(k) + T o xz(k) + 5 'wl(k)
x2(k+l) = xz(k) + T - wl(k)
(4~3)
T2
x3(k+l) = xz(k) + T ° xu(k) + 5 wz(k)
xu(k+l) z xu(k) + T - wz(k)
or
x(k+1) = ox(k) + Tw(k) (4~4)

With T, the sampling period equal to 1 second, the matrices

¢ and I are:

1 1 0 0 .5 0
0o 1 0 o 1 0

$ = r = (4-5)
0 0 1 1 0 5
g 0 0 1 0 1

It is assumed that the sensor gives noisy, but
uncorrelated measurements of x and y. Hence the discrete

measurement equations are:
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z2 (k) = x,(x) + v, (k)
1 1 1
(4-8)
zz(k) z XB(k) + v2(k)
witn vl(k) and vz(k) uncorrelated random noise.
Thus for the measurement equation:
z(k) = cx(k) + v(k) (4-7)

the matrix c is:

For the initial run and unless otherwise noted the

following values for the Gaussian random processes will be

used:

Elv(k)] = 0 for all k
~20x10° 0 -
- T,, 2 <
E(v(kK)v (k)] = m° = R for all k

0 2OxlO3_
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|
s, = [ m = tne standard deviation of
- 4
{ 150 l measurement noise.

E[E(k)y?(k)] = (m/secz)2 = cov w for all k

g 100

= m/sec2 = the standard deviations of the

10 random forcing input.

The covariance of estimation error matrix 1s initialized:

10 0 0 0
0 102 0 0
2 _=P(0/-1) = )
0 9 igd 0
_0 0 0 102_
31




Since the filter is to be unbiased, the initializatrion:

x(0/-1) = = Initial condition of the problem.

x
<o

2. lMonlinear Tracking

The state =2quations ars the same a:z fcor the linear
tracking problem. The measurement equation is considered
as a noisy range measurement by the tracking sensor and is

characterized as:

2(k) = [xi(k) + x§<k>11’2 N (4-8)

Thus z(k) is a nonlinear function of the states. Using

equation (2-14) and with T = 1 second:

xl(k) + xz(k)

x2(k)
flx(k), ulk), k) =
x4, (k) + % (X)

xu(k)
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Taking partial derivatives cf £ with respect tc X fiv=- :

1 1 0 07
of s 1 g 0 i

AGO =52 0 IO
(x(k/K)y u(k), k) 5 3 0 a_g

using equation (2-15):
h(x(k), k) = [x G0 + x200 12

and taking the partial derivative with respect to x gives:

3h xl(k) , 0,
H(k) = — =
9 xi(k)+x§(k)]l/2
(x(k/k=1)) -
xs(k) , O |

[xg(k)+x§(k)]177

x (k/k=1)
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Using the above results with the same vali25 “Zr Ta=
&

w
=

v stated for the Lirnezr

viou

[

random noise

‘g

rccesses as pr
case, the extended Kalman filter equations c¢an ncw -2 anrllied
b he § Bl

to the nonlinear tracking problem.

B. COMPUTER SIMULATION

1. Computer Hardware/Software

a. Hardware

All computer simulations were run on the Hewlett-
Packard HP-86 personal computer. This particular model was
chosen to evaluate its capabilities in determining its
usefulness in actual torpedo tracking at the underwater
tracking range at Naval Underwater Weapons Engineering
Station, Keyport, Washington. The EP-86 system used included
keyboard, 89 inch CRT monitor connected through an integrated
monitor interface, and two HP Flexible Disc Drives connected
tnrough an integrated disc interface. Plotting was done on
a HP-7225B Plotter and printing on a HP-2631G Printer. These
peripherals were interfaced using a HP-IB Interface module.
Because the system uses interfaée select codes, the HP-IB
factory preset code was set at 7, which is the select code
for the printer/disc interface. This code however did not
work when interfacing with the external plotter and printer,
since duplicate select codes are not allowed. So the
internally set select code of the HP-IB was set to 8 for

proper system operation.

3u
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b. Software

The HP-86 has 6JR built-in, useable bytes of
computer memory, expandable to 572K using either 32X, 54K, '
or 128K Memory Modules. A HP-86 plug-in ROM was raguired
to operate the external plotter. Also a Matrix RCM was used
t2 reduce program length and computer run tinme,

All programs were written in BASIC programming
language using REAL (full) precision, which provides 15 digit
precision. Appendix B provides an explanation of the program
options and Appendix C contains the program listings used for
this study.

2. Track Generation

To evaluate the real-time use of the error ellipse as
an indicator of filter performance, Monte Carlo simulation
runs were made. Four tracks were generated by separate
programs and one second incremental values of x, vy, Vs and
vy were stored in data files. Appendix I contains an
explanation of the generation of tracks three and four.

3, Noise Generation

In order to simulate the random ncise processes, the
computer's random number generator was used and the generated
numbers scaled accordingly. For each track and each
different value of noise sigma, a different generator "seed
number” was used. These noise values produced were added to
the applicable true track values to simulate a sensor

e. For all

Gy

measurement corrupted by independent Zaussian nol

w
i




cases where filter parameters were varied for a particular

track und2r a specifiic nolisz condition, one noisy tracs was
generated, stored, and wssd throughout that particular

simulation. This was done for ease of filter performance

comparison.

4. Gating Scheme

In order to preclude catastrcphic filter failure due
t0 excessive measurement noise, a bound was established for
the maximum acceptable limits of measurement noise. A
three-sigma gate was designed using the covariance of the
measurement noise, R, and the predicted covariance of error
matrix P(k/k-1). The gate is defined as:

1/2

Gate(k) = 3(p. (k/k~1) + R..)

limax ii
This gate is the maximum error allowable for the measurement
at time k. If the absolute difference between the actual
measurement received and the predicted measurement is
greater than the three-sigma gate, then that particular
measurement data is rejected as unacceptable. When this
occurs, the filter gain, G(k), is set to zero, resulting in
that measurement being ignored and the prediction of the

states set equal *to the estimate, thatr is:

®(k/x) = x(k/k+1)
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5. Collection of Statistics
In order to study eror e€llipses as an indicztiy oI
filter performance, statistics were calculated, on lin=

after each measurement during the Monte Carlo run.

The

ofh 4

statistics computed were relative error (in some cases the

| error was normalized), error mean, error
covariance for the positional variables.

equations apply:

Relative Error e(k/k)

(filter error residual)

X
Error Mean = e(k/k) - 1/k t e(3/3)
j=1
] K
Error Variance = Var[ei(k/k)] = 1/x =2
3=1
i
Var(e. (k/k)]
X1
, Positional
Error -
Covariance
Matrix
k
1/k ¢ [ex(j/j)][ex (373571
| j=1 *1 3
-[e. (k/k)+e. (k/k)}
X X
1 3
S,

37

e

x(k) = x(k/K)

variance, and error

The following

. - 4, 2
[ei(j/])]—[ei(m/k)]

1325 X5y X3, X

4
. —
K 3 . . 3
1/k z [ex (j/])]ﬂeX (37351
j=1 1 3
-EEX (k/k)ee (/X))
1 %3
Var{e (k/k)]
X
3
!




V. TARGET TRACKING

AND ERRQR ZLLIPSE ANALY

A, LINEAR TRACKING

Track 1 depicts a target approaching at a constant

Jde

velccity of 223.6 feet per

5.1 indicates the true track
along the track indicate the time in seconds.

was tracked in a measurement

random forcing noise 9, -

1.

sacond.

neise, o.,

The solid line of Figure

of the target and the numbers
The target

= 150, with the

~

R was set for 20,000. The

dots indicate the filtered track using the linear Xalman

filter equations. Figures 5.2 and 5.3 are the filter error

ellipses for this run, computed at increments of

As can be seen the ellipse size decreases with i

time indicating filter convergence,

surface areas shown on the figures confirm this.

The computed

10 seconds.

shows the filtered track for the case where ¢ has been
-

increased to 300 and all other parameters remain the same.

The error ellipses of Figure 5.5 computed for lJ0-sacond

increments show increasing
Figure 5.6 shows the error
but this time the =llipses

window" of 10. By this is

area indicating filter divergence.

ellipses for the same

were computed using a

meant

derived from statistics computed

measurements. All previous data

o
(49)

"statistics

that the ellipses were

for the last 130

e

5 disregarded.

data

Usinz this

—
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method, the ellipses of Figure 5.6 show filter converzencze

= : - - — ~ = L s - ~ - 1. FEE o N
from lteraticns 15 tc 25, The filtered track of Tigur
5.4 confirms this., TFigure 5.7 shows the resulis Zor0 the

same track parameters, except in this case a statistics
window of 5 was used. The window 5 ellipse area at time

25 (5173 =g £t) is much less than the area of either the
run with the statistic window of 10 (11,540 sq ft) or the
run with no window at all (85,500 sq ft). This is expected
since the filter is essentially "locked on" at time 20,

and the window 5 ellipse at time 25 disregarde all data
previous to time 23. Figure 5.8 shows the error ellipses
for the same track but the measurement ncise was increased
to c, © 400, while R was kept at 20,000. The error ellipses
indicate filter divergsnce, and indeed the filtered track
headed off in the wrong direction.

Track 2 depicts a target approaching at a constant speed

of 530 feet per second in the -y direction. Fizure 5.9
depicts the solid line track and the Jdots indicate the linear
filtered track with o = 1533, ¢ = 1 and R = 20,000. igure

— —tJ i

5.10 and 5.11 are the error

I't4)

ilipses for the run. NoO

statistics window was used. JTther *han the fact that the

wn

. N N

ellipse area is decreasinz, =Zhe shape of the 2llipse provides

little additional infcrmatizn. TFigure 3,12 and 5.13 show the
ellipses for the ncrmallizsi errcr., Wwith the same measurement

noise sigma for both the x=--osiztion and y-co3ition measurements,

the normalized errcr ellips='s s3hare and orientation reflect




the target track proximity to either axis
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the ellipse major axis indicates a largzs normalizes errsr in
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maintains a constant x-position of 500 feet, while the
y-position is initially 29,300 feet. However, near time 40
as the target approaches the w-axis, the normalizeld v error
increases and becomes so large at the x-axis crossing that
the normalized x error becomes insignificant in comparison.
This can be seen in Figure 5.13 for the ellipses at time

45 and 55 compared with the ellipse at time 35. The
normalized error ellipse is an excellent indicator of
target proximity to an axis, but the rapid shifts in ellipse
surrface area make it difficult to determine filter
convergence.

Track 3 depicts a target approaching on a parabolic
track at a speed of 200 feet per second. TFigure 5.14 is the
true track, with a linearly filtered track indicated by the
dots. For this run gv=150, gw:l“’ and R=20,000. Figure 5.15
are the error ellipse plots for times 40, 50, and 60, the
period of the highest rate of change in x- and y-velocity.
The ellipse areas increase with time indicating divergance.
Figure 5.16 and 5.17 are the ellipse plots using a l0-data
point and a 5-data point statistics window respectively.

In both cases the ellipse areas for time 50 are less than

time 50 indicating the filiter has tracked arocund the curve.

4
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Using error ellioses basa2d on a statistics window in thi
tracking situation provides a better indicator of Ffilrter
performance.

For the second run of track 3, g, was increased to 300
and all other parameters remained the same. TFigure 5.18
shows the resulting filtered track, which obviously didn't
track around the curve. With the large amount of measurement
noise and considering that the maximum random forcing input,
i.e. the maximum acceleration in the x- and y-direction,
occurs between times %40 and 60, it 1s a logical place to lose
track. Another factor to be considered is the decrease in
gain as k increases. By time 40 the gains have little
influence. So a system was incorporated in the program to
"reinitialize" the filter by setting the gains to G(0), if
certain conditions were met. After several trial and error
runs, it was determined that if a statistics window of 10
were used, and the gains reinitialized if the error ellipse
area increased consecutively a certain number of times,
that the filtered track would follow around the curve,
Figure 5.19 is the filtered track using a statistics window
of 10 and reinitializing the filter if the error ellipse area
increased consecutively during five l-second increments.
The error ellipses for that run are shown in Figures 5.20
and 5.21. As indicated on the figures, the filter was
reinitialized four times and the ellipse areas for the

1l0-second increments increased, until reinitializing the

bl
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filter at time 52 locked the filter in. Consequently the
error ellipse aveas for *time 20 and 70 decreaced, indicating
convergence.

In the final run, the filter was reinitialized after 10
consecutive l-second error ellipse increases, with all other

iltered

'la
[

parameters remalning tie same. igure 5.22 is *ths
track; Figures 5.22 and 5.24% are the error ellipse plots

for this run. As indicated on Figure 5.24 the filter was
reinitialized only once at time 57. A comparison of ellipse
areas for the last two runs shows that, with the exception
of time 70, the areas were larger in the first run when the
filter was reinitialized 4 times. This is expected since
reinitializing results in larger gains producing more widely
vary estimates, and hence greater error variance. At time
73 the arror ellipse area of the first run is less since in
*he 7irst run the last filter reinitialization occurred at
time 52 versus time 57 in the second run. The first
filtered =rack had more time to settle out by time 70,

resulting in less errcr.

B. NCILINEAR TRACKING

Track 4 depicts a target moving at a constant velocity
of 50 feet per second (30 kts) in the x-direction for 15
seconds, at which time the target turns and travels in the

-y-direction. (3ee Figure 5,25) Using the extended Kalman

filter with °v=30 and R=900, a series of tracking runs were




of these runs did the filter successfilly track the +tarces
around the turn. Figure 5.25 shows the results for Ths case
when COVW=150. In this instance the filter lost tracx as the
target came out of the turn. Trying to track through a turn
using a constant COVW (and hence, a constant Q) did not work.
So a scheme was devised to vary COVW dependent on information
derived from the error ellipse. After several trial runs for
this particular track, it was determined that if the error
ellipse area increased consecutively for 7 iterations of

k, COVW would be doubled, and if the ellipse area decreased
consecutively for 5 iterations of k, COVW would be halved.
Initially the the trial runs were made without a statistics
window, and the filter did not track successfully. Without
the statistics window, the old data weighted down the statis-
tics, and the error ellipses were not indicative of what was
currently happening. So it was decided to use a statistics
windeow. Windows of 5, 10, and 15 were tried. Window 5
proved to be too responsive and window 15 not responsive
enough. So a statistics window of 10 was chosen for the
tracking run. With BO=102, 5v=30’ R=900, and COVW initially
set at 20, the tracking run was made. Figure 5.27 depicts
the filtered track output, and Figures 5.28-5.30 are the
l0-second incremental error ellipses for the run. As

can be seen, the filter did track around the curve. Figure
5.29 shows the ellipse areas are becoming less between times

55 and 65, Also indicated below the plots are the values of
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COVW for the k time the plot was computed. During thi
particular run COVW Qaried from an initial value of 2J up
to 160, and then decreased to 40 by the end of the run.

Using the same filter parameters as above except g, was
increased to 200, and R to 40,000, another run was macde. The
filter did not track at all. During this run COVW varied
from an initial value of 20 up to 40 and decreased to 5 by
the end of the run. Obviously, the criteria for increasing
and decreasing COVW was not effective. More trial runs were
necessary to determine the optimum consecutive increases
or decreases of the ellipse areas before adjusting COVW
accordingly.

A second approach to the nonlinear tracking problem, one
that was used earlier for the linear case, is to reinitialize
the filter 1f certain conditions are met. Again, using
trail and error runs with and without statistics windows,
it was determined that using a statistics window of 10 gave
the best results. Using initial conditions of COVW=150,
§O=102, gv=30, and R=900, several runs were made, reinitializ-
ing the filter if the error ellipse area increased consecu-
tively for a certain number of iterations of k. Of the runs
attempted, the best results were obtained when the filter was
reinitialized if the area increased for 5 consecutive
iterations of k. Figure 5.31 i1s the filtered track for this

run, and Figures5.32-5.34% are the error ellipse plots.,

Indicated below the plots are the times, k, when the filter

4l




was reinitialized. For this particular run the filtsr wes
reinitialized 5 times. It should be noted that when

C es e . . - . ) v
reinitializing the filter, F(k/k-1) was reset to 1i" x Zo'

3 Eo was not large enough to be effective in getting the

filter back on track. The initial value of lO2 was used for

Eo to reflect the high confidence in the initial state

conditions. Other values of Eo did not work as well.

h Using the same parameters as above except the filter was
reinitialized after 7 consecutive error ellipse area

increases, another run was made with the resulting track

depicted in Figure 5.35. A comparison with Figure 5.31
reveals that using 7 area increases as the criterion for
filter reinitialization resulted in poorer filter performance,
as can be shown from the error ellipses.

The final nonlinear filter tracking runs attempted
involved simultaneously varying COVW and filter reinitializa-
tion. The results were disastrous, and highly unpredictable.
It was an interesting experiment in futility, and no

meaningful results could be obtained.
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Figure 5.1 Solid Line Track 1, Vel 223.6 ft/secj; Dots
Indicate Filtered Track, gv=150, ngl’ R=20,000
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Figure 5.4
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A. ERROR ELLIPSE
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Relnitialize Linear- Uz2 ingre 11
Tilltar- Saw T inlizateor =T
Increasinsz Ixtanaed-52T Jecislion- d=
Zllipse Area P(xt+il/Ki= reinitlalize Illte:
Lot VYALLWIDLE Latar LT
I and ©(k+1/x) have settl cuT.
More effzctive when usad in
conjunction with statistics window.
EZrror cxtended This oI wvarying COVY
Ellinza based = lipge ar=3 ir-
Expansion/ arease crease 1s particularly
Compressicn useful in a3 tracking environment
to vary COVW containing large variations in the
(Adaptive Q) random forcing input. The proce-
iure is more =ffective when used

in conjunction with a statistics
window. Using this technique
with filter reinitialization was
unsuccessful.

3. COMPUTER PERFORMANCE
The HP-86 proved tc be an extremely reliable computer
with no downtime experienced during the 5 month period of

speration. Full(Real) precision was used throughout the

q

udy providing 15 digit precision, which was more than

adequate., The use of the Matrix RCM reduced program length

> 30% and Increased computing speed by a factor 2f about o

nough no* used 1n this study, a Statistics ROM would have

andoubtedly further increased computing speed. For any

= P e e s - ~ I 3 A As 3 p -
further study using the HP-26, it is recommendel that a




computing time also included all statistics computations.

With an incoming data rate of 1 set of measurement lata er
second, this computing speed 1s not sufficient for on-line .
processing., As previously mentioned, the Naval Underwater
Tracking Range receives a series of 4 measurement times
sequentially every 1.31 seconds. The range's three- .
dimensional tracking problem will necessarily involve more
than the Y4 state variables used in this study. Hence
greater matrix dimensions resulting in longer computing »
times can be expected.

The HP-86 CRT graphics were used extensively to provide
error ellipse plots during the tracking runs. Using a "no ®
frills" approach to plotting, i.e. plotting without x-y
axis or labelling, it tock approximately 2.5 seconds per
ellipse plct. The ellipse plotting routine used involved »
sines and cosines, plotted point by point in 30 degree
increments for a total of 360 degrees. This method was
somewhat slow. Had there been available a graphics program »
that would sketch in the ellipse around the intersected
major and minor axis, the graphics presentation coulld have
been speeded up. But since ellipse plotting for every 3 to L
5 increments of <time provided sufficient "real-time”
information, the *time of 2.5 seconds per plot was tolarable.

Summarizing, the HP-36 could te used <o compute ®
statistics and provide graphics in th=2 real-time undsrwater
tracking environment, 17 “he graphics wers reguired noct more

]
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b

oftren than 3 to 5 seconds. However, before the HP-85 ca
concidered feasible for r2al-time Kalman filtar
more investigation Iz neele2d In
computer processing time such as parallel processing,

additional use of manufacturer-provided ROMs and machine

language programming.
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1. TRACK THREE

Target movement is in the x-y plane with the tracking
sensor located at the origin of the cartesian axes. The
target follows a parabolic track (see Figure A-1) at a

constant speed of 200 feet per second.

Figure A-1 Track 3




The parabolic equation is:

(2%

(x-h)

R
it
=

Le]

where p = 1000 and h = 1000, resulting in:

v% = 4000(x-1000)

Initial target location is (x,y) = (8000, 5291.5). Target

x-~direction velocity is given by:

V. =V cos(Angle) (A-1)

and target y-direction velocity is:

v = v sin(Angle) (A=2)

M

where the Angle is obtained from:

e - can-lcby
Angle = tan (Ax)

and v is obtained from:

v = (v2 + v?)1/2
% 7




v
a

where the argument of the inverse tangent is *the slope &f 2
small increment (less than 1 second) at each successive dazta
point. Using a sampling period of one seccond, the Jdata

peints (x,y) can be obtained from:

®x(k+1)

z(k) + Vx(k)

y(k+1l)

k) + (k)
y (k) vy

Table A-1 gives the numerical values for the four states.

2. TRACK FOUR

Target movement simulates a 30-knot torpedo (velocity 50
feet per second) at a constant depth. The target's initial
position is (x,y) = (3250, 5000), and it is moving in the Vo
direction with vy=0. (See Figure A-2.) The target remains
on a straight course for 15 seconds, and then executes a 90
degree turn and travels in the -y direction at vy= ~50 ft/sec.
The trajectory of the target turn is described by a 90 degree
arc of a circle of radius, R = 1000, with the circle centered

at (x,y) = (4000, 4000). The 90 deg arc will be traversed

in:

21R/4v sec. = 10n sec.(where v = 50 ft/sec)
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So each second:

%5:“ = ,05 radians will be traversed

Using the trigonometric identity:

sin2(A) + cosz(A) = 1
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And the equation for a circle:

It follows

x (k)

y{k)

where the
seconds.
Vx(k)
v (k)
y

using the
The track

A-2.

that the arc of Figure A-2 is described by:

4000 + 1000sin(.05k)
4000 + 1000cos(.05k)

angle argument is in radians and k=0,1,2,...31

The velocities v and vy can be obtained from:

= 50cos(.05k)

= =50sin(.05k)

same angle argument.

values for the track arc are contained in Table
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4939.€¢
4951.,45
4961.76
4373.¢C
43978.78
4985.u3
4990.¢€3
4994 .,¢¢
4997.¢%0
4999.87
4999.68

A-2 (CONT.J)
X-VEL Y
30.06 4203.67
29.08 4163, 37
28.06 4122. 34
27.02 4030.60
25.9°5 4038, 20
24.88 3995, 14
23.79 3951, ke
22.68 3907. 19
21.56 3862. 35
20.42 3815. 97
19. 28 3771.0C5§
18.12 3724.72
16.95 3677. €9
15.77 3630.64
14.5¢€ 3583.C0
13.37 3535, 00
12. 17 34386. €6
10.95 3438.01
3.73 3389. 10
8.50 333¢.93
7. 26 3290. %6
6.03 3241.01
4.7¢ 3191, 30
3.54 3141, 47
.29 3091. 56
1.0u 3041, 59
-. 21 2991, 59

uwr
At

Y-VEL

~39.93
~-40.567
-41.39
~42.07
~42.74
~43.37
-43,98
-44,56
-45.11
-45,04
-46.13
-46.60
-47.04
-47.45
-47.83
-48.18
-48.50
-48.79
-49.0u4
-49.27
49,47
-49.54
-49.77
-49.37
-49.95
-49.99
-50.00
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COMPUTER PROGRAM IZXPLANATION

=h

ilter sainsz, 3SAIL{(%,2),

The LINKAL program computes the

J4

for the 4-state system and stores the gains in "LINGAIM
.STORAG". The theoretical covariance of error matrix, T (4,4),
is also computed and stored in "LINCOV.STORAG". Several
different sets of gain and covariance values were computed

and stored for various values of measurement noise, RMAT(2,2),

and random forcing ncise, COVW(2,2).

ain

he LINEST progran retrieves the appropriate

ag

scnedule from storage and computes the optimal estimate,
XHAT(4,1), and the optimal one-step prediction, XKHK1IK(:,1).
The following capabilities are contained in the LIJEST progranm:

a. Gating Schene

If the absolute differance (DIFT) between the ocne-step

orediction, XHX1<{ and the ncisy track value, ZMAT, 1s greatar

“han th2 three-s: zat=, then tha 3AIN matrix I1s disregaried
and XKHAT is set =gual to XHK1X, -
>. Track lNcise
[ Zv setting GO0ITRAX = 1, the randeom number g2nerator,
L ZiD, and the rezuliting simulated ncise produced, VI oani V2,
L4
ik

o




e — e

€
are bvpassed and thes track values zorrupted with nolss, IUIAT,
~ -~ - = N -~ = P te ~\ T A QT A Y1 - = T —— -
t are retrisved from data Zile DITRAKVSTCPASY, D U0IT-A =1,
- - L - B 2] ~ " Y e
Then the random number generator s ''resseded" Il:r 2ac:

c. Statistics Window

When WINDOW 1s set to 0, the filter state statistics
are computed after eacn Monte Carlo run. The error nean,
variance and position covariance are computed. II WINDOW

is set to an integer, I, such that max x>I»>0, the statistic

+

will be computed based on the data compiled during the las
I iterations of the simulation. 5, for example, WINDOW=z10,
the computatidn of statistics will be based on the Zaza
obtained during the last ten iterations of k, and all
previous data is disregarded.

d. Error ormalization

By setting NORM = 1, the error (ERR), which I
defined as the difference betwesn the true *rackx valu=2 (TRAK

stimate (XHAT), is normalized., For all other valuss

b
jo]
Q.
ot
o
(0]
(0]

=Y
[N

of HORM the relative error is used in computin

U

statisticzs.

2, 2RPeinitializing Zains
The program has the opotlon 5§ reilnitializing tTne ziains
i to 3(2). This can be done by s2tting HIZE to z2n intezaw T,
sucnh that max «<>1.J. I7 the suriace area I The 2_..7°
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increases I consecutive times, indicating filter divergence,
the gains are reinitialized to G(0). If reinitializing
gains 1is not desired as an opticn, then HIGH is set o some

arbitrary large number greater than max k.

3. EXTKF

The EXTKF program computes the optimal estimate, XHAT,
and the optimal one-step prediction, XHK1K, for the Lb-state
nonlinear tracking problem. The EXTKF program has the
options: gating scheme, track noise, statistics window,
and error normalization as described for the LINEST program.
EXTKF has the following additional options:

a. Reinitializing the Filter

The program has the option of reinitializing the
covariance of orne-step prediction error matrix, PX1lK, by
setting it to 1onxgo, where n is zero or some small integer.
If HIGH is set to an integer I, such that max k>I>0, and the
surface area of the ellipse increases I consecutive times,
then the PK1K matrix will be reset to lOnxgo.

b. Adaptive Q

EXTKF has the option of automatically increasing or
decreasing the state excitation matrix, Q, under certain
conditions by changing the value of the covariance of
excitation noise, COVW, INCREASE and DECREASE are set to
integers I and J respectively, such that max k>I,J>0. 1If

the surface area of the error ellipse increases I

96




. N © Raiancthan 2 —y— e e e e

consecutive times, COVW is doubled or increased by some
factor. Conversely, if the surface area of the error ellipse
decreases J consecutive times, COVW is halved or decreased

by some factor. If COVW is changed, increased for example,
the value of COVW can be changed again later in the run,

if the criteria for either increasing or decreasing is met. -

If the adaptive Q is not desired then INCREASE and DECREASE

are set to some large number greater than k.

| — S : BRAREE It

97




APPENDIX C
PROGRAM LISTING
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