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DYNAMICS OF ANGULAR MOVEMENTS OF A
SOLID SUPPORTING A ROTATING ROTOR
WITH CONSIDERATION OF ENERGY
DISSIPATION

V. A. Grobov, I. I. Kantemir

This article analyzes the motion of a system consisting of an axi-
symmetric solid B with mass M, rotor-B' with mass M', and two passive
dampers b and b', each of which consists of a spring and mass placed
into a tube filled with a viscous fluid. The schematic of the system
is shown in the figure. Body B is used as the principal body, i.e.,

a body relative to which the movement of all the components of the sys-
tem is being analyzed. X,, X5, X3 is the coordinate system coupled with
body B, the origin of which is at the center of masses of body B and

one of its axes - X3 - is oriented along the symmetry axis of the body.
Consequently, axes Xl, x2, and X3 are the principal central axes of
inertia of body B. The origin of the XiXéXé system coupled with rotor
B' is at the center of masses B"; axis X§ coincides with axis X3. The
distance between B*' and B* equals [/, while ¢ is the angle between axis
Xi and the line, which is parallel to axis X; and passes through point
B*'.

The damping mechanism consists of mass m, which moves in the tube
filled with viscous fluid. We designate the coefficients of the spring's
rigidity and viscous damping of the fluid by k and ¢. The tube is at-
tached to body B in parallel to axis X3 in such a way that the spring
is not stretched when particle m is at axis X; at distance a from point
B*. The displacement of the particle relative to axis X; is determined
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by value z. Three additional particles, the mass of each of which is
equal to the total mass of damper mp, are coupled rigidly with body B
in such a way that as to have the system (body, damper, and three par-
ticles) symmetrical relative to axis X3 when the spring is not stretch-
ed. A similar damper is attached also to rotor B' [4].

T elx Fig. 1.

Let the ®, @, w, be the angular velocities of rotation of body B
around axes X), X2, and X3 in an inertial frame of reference. We as-
sume that the angular rotation speed of the rotor around axis X3 equals
wy 4+ 6, where o=const.

To .formulate the equations of motion, first we will work out the
expressions for the kinetic and potential energy of the system.

The kinetic energy of the system equals

T = 5 (A~ M — 2MIvl + my® + mi2? 4 22'mi) (o + ) +
+ Cw} + 27300, + J30 4 m, (2* — 200,052 — 200y2) + (1)
+ my12” — 20’2 (0, + 6) (0, Cos ¥ + @y Sin §) + 20'2'w, sin p —
—2a'? @, cos ] — M),
where
A=l + 1 + 2ma® + 2mpa” + (M + 4my) (1 — V)2,
C = I,+ I+ 4m,a* + 4ma”®,
Js = I3 + 4mpa”,
Ve (M +4Am)(M + M + 4m, + 4my),
M =M+ dmy+ M +4m,, (2

P=a P"-;%- t=p2+p7,

Ad &




Il’ I3 and Ii, Ié are the principal enertia moments of body B and rotor
B', respectively.
The potential energy of the system has the form

M= (k24 k22), (3)

Taking into account expressions (1) and (3), we write the equations
of motion in the Lagrange form:

Aw, — (A — Chooga, + J300, + 2Mt0, + Mo2? (o, — w0;) +
+ my {— 2@ + 1) [2(0, — 0305) + 200,] + 2[— 2o, + 270, +
+ 2@y — @y0y) — @ (W + @]} + My [ 2 — L) [ (@, — wg5) +
+2'0,) + 2’ [— 20, + 20, + 2' (@ — wy0y) —
—a' cos (@ + w0))] + @'sin {2+ 2’ [0 + o — f]}] =0,  (4a)
Awy — (€ — A) 0,0, — J30w, + 2M Lty + ML (0 + 0,05) +
+my {(—2Q + W)z (@ + 0,0,) + 20)] + 2] — 24w, + 220, +
+ 2(i + 0,0 —alz + 2@} — D)) +my [—2¢ — 1) 12 (& + w,05) +
+Z'0y) + 2 [— 20, + 270, + 2 (@ + 0,05)] —
—a'cosp{Z' + 2 [(05 4 OF —wf]) —a'2' sin§ (@, —wyw,)] =0, (46)
Coy —mya [220, + 2(0, — 0y0y)] — mya’ 5in § [27' 0y + 2* (05 + ©y05)] —
— mya’ cOs 127w, + 2’ 0 — ) =0, (48)
'n.(l —P)z—myp?’ -—M(U.*m»‘—m(ﬂ. + 03)[2(1 — p) —
—L—PZl 4tz 4 k=0, (Sa)
—wz+m(l— P)Z + mya’ (sin ¥ |w; + 0, (@, + 20)} —
— 08 $ [y — o,(o.+2o)l}—-nu(m.+oz)lz(l —P)+4L—p2)+

+CZ A2 =0, (56)
Here we use the designations
1(M 4+ emy) 1M’ + o)
h= - ’."-—ﬂ;——. (6)
We introduce the following quantity:
A= E=B0tlp (7)

which represents an angular velocity of free precession of a system of
bodies. Then equations (4a)—(ldc) can be written as

O + Awy = pF (0, 0, 0y, @, 0, 2, 2,7, 7. 7),
0 — Ay = pFy (0, 0y, 0y, 0, 0. 2,1, 7, 7, 1),
o = uFy (0, @y, 0y, 0y, @y, 2,2, 7, 7),

(8)

where p is a small parameter:

A emaa
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myp
b=z (9)

and Fl, F2, F3 - nonlinear functions in the form

Fym —5 120y (2 (0 — ;) + 2w,) — 2220, — 2 (10, — gy +
+ az (@, + 0y0,)) —-5-{2l;lz’(w;—w:w.)+'z'w;)l+22‘?ﬂ.+
+ 27 (0 —~ 0y0,) — a7 cOs Y (@ + @y0y) + @’ sin Y (¥ + 7 (a0 + o) — &P},
Fy= —75 (20200 + 0y09) + 20] — 2220y — 2* (0, + 0,00 +
+ali + 2(—0Dl) ——5 (24 12 @y + 0,09 + Yol + 2770y +
+ 2% 0y + 0@,) — @ cOS § 2 + 7 (@ + 0 — @) — 0’7’ sin ¢ (0, — wey)],
Fym c—:r[Tf”,;,-(zén-.+zéo+(?é'w.+ Zogsin + (270, + ey cos pl.

(10)

(Here m,mm u mymm’)

After introducing the designations
’ 3
W= g =k =2 o=, (11)
=% ar=d O =odtel=po
we wWrite equations (5a) and (5b) in the form
24 22+ iz = pF (@, 2,7, 2) + a (0 — 0,)),
7 + 27 + v mpFy(@,2,7,2) + @ {cosp [o,—ay (0y 4 20)] —  (12)
—sin P + wg (@ + 20)1},
where

Fomsz 457 +Or(z—1),

v , (13)
Fomg@42)+Pr@ + l‘

Thus, as a result of transformations, system (4a)—(S5b) is reduced
to the system of equations (8) and (12). Resonance cases are possible
in this system, when one of the intrinsic frequencies of the system
coincides with the frequency of precession. Let us consider some of
them, relying on the results of an analysis conducted on the frequency
spectrum, which are given in work [4], where it is shown that the fol-
lowing resonance relations are possible in the system:

Thus, for example, if the following relation is fulfilled between
the parameters:
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then there is resonance of the type A=og.

Let us stop to consider one of these cases. Let us assume that

A =o0+pA. Then system (8) can be written as .

@ + 00, = p (F, — Aay),

& — 0w, = p(F, + Aw,), (14)

6'!":-
Considering the case of fast rotation of a body around the symmetry
axis X3, i.e., assuming that e, e e, it is possible to consider o, o
and ey, to be the value of the order of smallness p.

In order to solve the system of equations (1l4) and (12), which de-
scribe the motion of this system, we will use the method of perturba-
tions [1-3]. For this, we will first examine an unperturbed system
(when p=0)

©, + 0w, = 0,
®, — 08, =0, : (15)
thy = 0
The solution of (15) is found in the form
@, = @cos 9,

@, = ®sinb, (16)
@, =,

where 0 s=otf + 9.

Using the solutions of (16) as the generating ones, we transform
(14) in accordance with the ideas of N. N. Bogolyubov's method of per-
turbations [1, 2] to the new variables @® and &:

—:; = p (F,cos @ 4 F,sin 6),

S ~F,

When u=0, taking into account (16), system (12) is written as

2 4+ 28,2 + viz = ®a (0 — Q) cos B,
. . (18)
) 4 b2 4 %2 = —®a’ (o + Q) cos S

We introduce the following new variables into (18):

e s . . TR L



Ty, 2 ™,
(L0 + Byy) = Ga(o — Q) o, (19)
(G + ) ~ — 00’ (0 + Dyeoe 8,
where
“‘*’Jﬁo g-';—h;.
The solution for (19) we seek in the form
t:-ﬁzcmﬂ.-{-li,e"‘em(e—ﬁ,), (20)
= AreosQd, + Hye™ cos,
where
Q=bl+e Q=bttes A =AM A=A
SC = R
H's_____Oa‘(:;-%-Q).
- Let us examine the perturbed system
e"“(%”{-+bfyx)=nl’.+@a(o—w.)cos9. (21)

¢"‘"(—%’-‘- +b§y.) = pF, — D’ (6 + w,) cos .

-In this case we note that . @, 8§, 0, and Hy and H2 will be variable in

perturbed motion. It is also easy to see that

G- G -p G =Ry

where
Q = -i‘l;l—"ﬁ"— (F, cos8 + F,sin0),
Q=—-2LC+ (£ 050 4 F,sin8),

)

2
R= F!cac—FlslnG_'_ A.

The solution for (21) we seek in form (20), where A, A, ¢, and @, satisfy

the following system:

dA
—‘l—‘ =“(Q‘CWQ‘+-%‘- SinQ‘)e.l'o
L3 -p—:-:—(-lb:—cosQ,—Q,sinQ,)c'l' =1 2. (22)

Here we use the designations

1 = H,Rsin(0 —B,) — Q, cos(d —By),
X, = Fy + [h, cos (8 —B,) — o sin (0 —B,)) Q, — H, [hysin(6 —B,) +
+ocos(®—BIR,




¥ = HyRsin8 — Q,cos 8,

2
Let us now deal with the variables z and z', taking into account
that " )
A=A = (S0 A

Then the solution for system (12) is written as
2w A, cosQ, 4 H,cos (0 —B,), (24)
7 = AycosQ, + Hycos 8,

where y
—‘7“1— = —A.'hg +|l(—b'-San‘ + % COSQ‘),
ra

-%(.’E‘Lcmﬂi—t‘sinﬂ,) (i=1,2. (25)

Equations (17) and (25) are reduced to the standard form. We will
make use of the averaging principle for their solution [2, 3]. After
averaging the right sides of equations (17) and (25), remaining will be
the terms containing only the variables from the slow arguments. The
equations of the first approximation relative to the variables @, 5§, w,,
A, 9., Ay and ¢, have the following fo}'m:

a0 D | ma® iy — . .
D . beto -(:”4.‘.” sinp, + ot sm%]'

A - a
TR S Ly B
@, = Q = const, (26)
A @ (w; — 0) (0 — .
LR T s LY

@ —o) (B —ehme :

-"%- -—Ap—p AC@Lh oo (0, + 0)sing),

a'v;
L -—»{31:—2,:—%"—'*- lh.(w.+o)sin6—-b§cossl+—";i} + g

where.

q} - V(;l’ — 0’)’ -+ M?O".

— .
Taking into account that A=£—£’—:—E and A=o¢=pA, we find
c—1J; ,
Gtom——ro—p ™
a4 (27) - ﬂ




Substituting (27) in the first equation of (26), with an accuracy
to within the value of the order of p2, we have

) €~/ @A—-C—J)msd -
G =~ w:’}j iy smb,+(c—v;"'—sin25]. (28)

After integrating (28), we obtain

© = 0,exp l—" c—ne [ ea—c—sypms

T i {—1
-J
+ sin 284¢ | .
S ]
We make an estimate in (19):
. €—ye} [ asC—sipnasms, (C—J;)']‘
® <Ce 2(A—Jyp wetd %__ . (30)
We note that
A—U1;>0, C—J13>0, sinp, = 20

0
Vi —o% + a0 >

It is obvious that in order for @ () -0, it is sufficient that the fol-
lowing condition is satisfied:
aA—C:{:?:ga’snb, - (C—véla)' ] (31)
Since (@QA—C—Jp—(C—J)=4(A—C)(A—1J), the following relation is
satisfied when A > C:
. QA—C—=I)>(C—J)
Moreover, if

2ma*h,0% > m'a”* (v} — 0% + 44}
then condition (31) will be satisfied.

Thus, condition (31) is a sufficient condition for the amplitude of
the transverse angular motions to attenuate, i.e., to have "true" rota-
tional motion around the X3 axis. Weaker sufficient conditions are ob-
tained in the form

A>C, (32)
2ma*h oM > m'a’? (v} — 0% + 4hiot).
For the case A =0, the angular speed of rotation around the X3 axis is
constant and equals @ As can be seen from equations (26), in the case
where B > &}, the oscillatory motions of the mass at the first damper
will be attenuating ones. 1If
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then the oscillatory motions will not be attenuating ones. The vibra-
tional motions of the mass at the second damper will be attenuating
ones.

When A=+, the value of @, is not constant but is a certain func-
tion of time. 1In this case the solution of the problem gets more com-
plicated. Due to the cumbersomeness of the expressions for this case,
the equations of the first approximation are not presented.

The averaging method makes it possible to reduce the analysis of
angular motions of the body supporting the rotor and damping devices
to relatively simple equations (26) for the slowly changing amplitudes
and phases, the solution of which can be easily obtained with the aid
of electronic modeling devices or digital computers and, in certain
cases, by direct integration. The analysis of motion makes it possible
to point out its following special features.

The movement of the supporting body relative to the center of masses
will be close to the Euler-Poinsot motion, at which the angle of nuta-
tion, speed of proper rotation, and the amplitude values of the trans-
verse components of angular velocities of the supporting body change
slowly with time. The energy of oscillations of elastically suspended
masses, excited by the revolution of the supporting body and rotor with
a proper selection of the magnitude of masses and parameters of the sus-
pension devices, can be used for damping nutation oscillations of the
system.
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