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I. SUMMARY OF RESEARCH ACCOMPLISHMENTS

This report summarizes the research activites carried out at the Insti-
tute for Physical Science and Technology, University of Maryland, under the
auspices of the Office of Naval Research Grant N0OOO14-82-K-0208 from March 1,
1982 to March 31, 1984. We are pleased to report that significant progress
has continued in the study of the acceleration of ‘electrons and ions by wave-
particle interactions, Several theoretical and numerical investigations of
these acceleration processes with applications to space physics and laboratory
plasmas have been conducted. Copies of the six completed papers are attached.
The ONR grant was acknowledged appropriately., Several other manuscripts are
presently in preparation. Also included for your information are eleven
abstracts of talks presented at scientific meetings. Dr. Gaffey chaired two
sessions at the Spring 1984 Meeting of the American Geophysical Union.

l. Overview

The research program is devoted to analyzing the processes respon-
sible for the acceleration of ions and electrons in plasmas, to studying
instabilities resulting from energetic ion beams streaming across a magnetic
field, or other non-equilibrium features, such as temperature anisotropy or a
loss-cone distribution function, and to calculating the spontaneous emission
of radiation at the fundamental and harmonics of the cyclotron frequency.

The program is divided into six closely related projects, The
first and second parts deal with electromagnetic and electrostatic instabili-—
ties resulting from an energetic ion beam streaming across the magnetic field
and electron temperature anisotropy in the earth”s bow shock and in magnetic
mirrors. The third part treats the acceleration of electrons by plasma turbu-—
lence and an electric field parallel to the magnetic field. The fourth part

considers the electron-cyclotron maser instability in a high temperature



plasma with a loss—cone distribution function. In the fifth part, the spec-—
tral emissivity of spontaneous synchrotron radiation at the fundamental and
harmonics of the cyclotron frequency is calculated using the complete relativ-—
istic resonance condition. In the sixth part, the stochastic acceleration of
ions by a large amplitude ion cyclotron wave is discussed.

The problems discussed above are all interrelated. For example,
the kinetic cross-field streaming instability considered in sections 2 and 3
can generate the plasma turbulence which results in the electron acceleration
considered in section 4. Moreover, the acceleration of the electrons along
the magnetic field can result in a loss—cone distribution function, which can
be unstable to the electron cyclotron maser instability discussed in sec-
tion 5. The expression for the spontaneous cyclotron emissivity obtained in
section 6 has been used to calculate the radiation spectrum from energetic
trapped electrons with a loss-cone distribution function. Finally, the
electron current along the magnetic field discussed in section 4 can excite
the ion cyclotron waves which produce the stochastic ion acceleration consid-—
ered in section 7.

We now briefly describe the key results and major accomplishments
achieved thus far in our research program. A detailed report on each problem
is given in Chapter III.

2 Effect of Electron Thermal Anisotropy on the Kinetic Cross-Field

Streaming Instability

We have investigated both numerically and analytically the kinetic
cross—field streaming instability, which is excited by a relative electron-ion

cross—field drift and enhanced by an electron temperature anisotropy Tg, >

1

Teu' This investigation is motivated by the research on collisionless shock

waves and applied to the earth”s bow shocki*2 The unstable waves have been



shown to be obliquely propagating thstlers, and the instability is not sup-
pressed by electromagnetic effects when the drift velocity Vo exceeds the
Alfven velocity vy and the plasma parameter 8 is of order unity. The effect
of increasing VO/VA_ is to shift the direction of propagation more nearly
parallel to the magnetic field. The effect of increasing the electron temper-
ature ratio TeL/Teu is to increase the growth rate and to shift the direction
of propagation more nearly perpendicular to the magnetic field., The mode has
mixed electrostatic and electromagnetic polarization, However, for 8 ~ 1 and
for nearly perpendicular propagation, the mode is predominantly electrostaticy
whereas, for more oblique propagation, the electromagnetic and electrostatic

components are nearly equal. Finally, for small B, the mode becomes the well-

known modified two-stream instability3

In summary, we have studied the plasma instability resulting from a

cross-field drift and an electron temperature anisotropy, Tel/Teu > 1. We

find that both effects significantly affect the instability. 1In particular,
the present study has led to the following major conclusions:
(1) A relative electron—ion cross—field drift can cause insta-—

bility, even if Volvy > 1.

(2) An electron temperature anisotropy Tel/Ten > 1 significantly

enhances the peak growth rate.

(3 The unstable waves have both electrostatic and electromag-

netic components in general. For B - | and nearly parallel propagation, the

electrostatic and electromagnetic components are comparable and the polariza-

tion is mixed.

(4)  The instability is highly kinetic for high B -~ 1. From

numerical solutions of the dispersion equation, we find that



<1 and 0
v - kv, -

el i
over the entire range of angles of propagation. Moreover, electromagnetic
effects, high-order electron cyclotron harmonics, and ion terms all affect the
dispersion equation significantly and, therefore, it is difficult to treat the
dispersion equation accurately by analytic techniques.

34 Instabilities Excited by an Energetic Ion Beam and Electron Temper-

ature Anisotropy in Tandem Mirrors

Tandem Mirrors are magnetic confinement devices in which the ions
in the central (solenoidal) cell are prevented from leaking out the end by
means of an electrostatic potential maintained by a denser plasma in mirror-
end cells, The basic concept has been successfully verified in the Tandem
Mirror Experment (TMX)% In order to generate the barrier, the density in this
region is reduced by pumping out some of the ions. This is achieved by injec—-
ting neutral beams at oblique angles to create "sloshing ion distributions,"
which have a density minimum at the center of the barrier. Furthermore, a hot
electron population is also created in the barrier by means of ECRH to reduce
the power transfer between the plug and central-cell electrons. The thermal
barrier concept is presently being tested in the upgraded TMX-U experiment?

While the inclusion of such complexity into the end cell of the
Tandem Mirror may improve the overall confinement significantly, it is implic-
itly assumed that such configurations can be stably maintained. However, the
introduction of (neutral) ion beams and hot anisotropic electrons in the bar-
rier region suggests a variety of possible microinstabilities., Injection of
neutral beams to form the sloshing ion distribution allows the possibility of
various streaming instabilities?’7 The formation of hot anisotropic electrons
may also give rise to unstable modes, such as the whistlers_ll and the elec-

tron cyclotron maser instabilitiesl2™21
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In a recent paper, we have investigated such a combination of ions
drifting across a magnetic field in which the background electron temperature
was anisotropic in the environment of the earth”s bow shockg2 In that situa-
tion, the ion streaming results from ion reflection at supercritical shocks
and the electron anisotropy arises from adiabatic compression at the shock
surface? We have found that the well-known (low-beta) modified two-stream
instability23 is modified by finite-beta effects! and further enhanced by the

temperature anisotropyg2

Using the same basic model (local linear theory, homogeneous
plasma, unmagnetized ions, etc.), we extend the theory of cross—field iom
streaming instabilities to the parameter regime of the end cells of the
upgraded Tandem Mirror Experiment with neutral beam injection., The cross—
field ion drift as well as the electron thermal anisotropy Tel > Tay provides
the free—energy which drives various instabilities. Three instabilities, a
nearly perpendicular propagating modified two-stream instability, an obliquely
propagating ilon-ion streaming instability, and an obliquely propagating elec-
tromagnetic lower-hybrid instability, have been identified. The first two
waves are electrostatic and have the largest growth rate. For the actual
operation conditions of the Tandem Mirror Experiment, it is found that the
ion-ion streaming instability has the largest growth rate. When more ener-
getic neutral beams become available, the modified two-stream instability may

play the dominant role in the stability of these devices.

4, Acceleration of Electrons by Plasma Turbulence and a2 Quasistatic

Parallel Electric Field

Recently, some laboratory experiments have demonstrated that the

combined effect of a parallel electric field and plasma turbulence is effec-—

tive in producing energetic electrons?4 This phenomenon has been observed in



a tokamak, and we expect that the physical mechanism should be operative in
the auroral region also. It is based on this notion that we were motivated to
proceed with the present study.

The acceleration of electrons along the magnetic field by 1large
amplitude plasma turbulence and a quasistatic parallel electric field has been
investigated. The plasma amplifies perturbations excited by a cross—field
current due to a relative electron~ion drift. The fluctuating electric field
1s primarily electrostatic and propagates nearly perpendicularly to the mag-
netic field. The instability is assumed to saturate rapidly. The time evolu-
tion of the velocity and energy of an individual test electron is calculated
from the moment equations. A Green”s function is constructed for the quasi-
linear diffusion equation, with a power law spectral energy densityg5 The
time evolutlon of an initial Maxwellian distribution is given; and the average
electron velocity, energy, and velocity spread are obtained for various cases
by taking moments of the distribution function. We have found that the com-
bined effect of a parallel electric field and electrostatic plasma turbulence
is especlally effective in producing energetic electrons. In particular, the
present study has led to the following major conclusions:

(1) A larger electric field produces greater acceleration; how-
ever, acceleration by an electric field alone does mnot increase the velocity
spread of the electron distribution function.

(2) A larger spectral index, i.e., a narrower spectrum of waves,
produces greater turbulent acceleration. Turbulent acceleration increases
both the velocity spread and the average energy of the electron distribution
function.

(3) The turbulent acceleration mechanism is more effective at

higher altitudes, whereas the electric field acceleration is independent of

altitude.



(4) For some values of the parameters which are typical of the
auroral zones the turbulent acceleration and the electric field acceleration
are comparable,

(5) When both acceleration mechanisms are operable the accelera-
tion is greater than when only one acceleration mechanism is operable,

Although the results have been applied to the auroral regions, they
also have important implications for laboratory experiments as well, for
example, radio frequency current drive in tokamaks‘?‘4

5. Electron-Cyclotron Maser Instability in Hot Electron Mirror

Machines

It has now been firmly established that energetic electrons with a
loss-cone distribution function are unstable to the electron-cyclotron maser
instability. The basic physical mechanism of the instability is a resonant
wave-particle interaction via a Doppler-shifted cyclotron resonance pro-
cess}2—18 The relativistic resonance condition has been shown to represent an
ellipse in velocity-space, which is qualitatively different from the usual
nonrelativistic resonance condition, which represents a line in velocity-
space. If the portion of the distribution function covered by the resonant
ellipse has a positive derivative, then the electron—-cyclotron maser insta-
bility will develop. This is a sufficient condition for instability., The
free—energy which drives the instability is the velocity-space anisotropy of
the distribution function. The result of the instability is the transfer of
energy from the energetic electrons to the electromagnetic waves via a rela-
tivistic Doppler-shifted cyclotron resonance process.,

This instability has received considerable attention in the past
few years by the space physics community as a possible source mechanism of the

auroral kilometric r:adiation%z—18 More recently, it has been suggested that



this instability may also occur in some laboratory experiments, such as the
Tandem Mirror Machine and the EBT device. 1In a recent paper by Lau and Chu}9
a special case of the cyclotron maser instability associated with a loss—cone
distribution function is discussed for hot electron mirror experiments, Thelr
analysis is restricted to the case that the radiation propagates parallel to
the applied magnetic fileld B, (kl = 0) and, moreover, emphasis is placed on
the limit k" > 0. Actually, before Ref. 19 was published, the theory of such
an instability had been extensively developed by numerous authorslz_ls’zo’26
(mostly in the space physics community), although the research has been moti-
vated by the investigation of the auroral kilometric radiation.

In view of the fact that strong bursts of cyclotron radiation have
been observed in hot electron mirror machines?’27 it 1s important and inter-
esting to study the cyclotron maser instability for such experiments more
fully.

We have generalized the work of Lau and Chu to treat the case of a
plasma consisting of a background of low—energy electrons as well as a popula—-
tion of suprathermal electrons, and our analysis is carried out for arbitrary
direction of propagation. The major conclusions of our preliminary study are:

(@D) The cyclotron maser instability can occur at all angles of
propagation over a wide range of parameters,

(2) In general, the instability at large 6 (i.e., 6 ~ 90°%) is
more serious than that at 6 = 0°.

(3) The peak of the growth rate maximized over k increases with
the temperature T and, for large T, occurs at a finite k rather than k = 0

(4) The range of wunstable values of me/Qe broadens as T

increases,



(5) The instability can be supressed by the ﬁresence of a suffi-
clently large population of cold electroms if T is not too high.

In passing, we remark that, besides the maser instability, a
whistler instability may also occur in the mirror experiments as pointed out
by Gladd}l Experimentally, it should not be difficult to distinguish the
maser instability from the whistler instability, even if both should be opera-
tive, because the extraordinary mode can be unstable at all angles of propaga-
tion, whereas the whistler mode is most unstable for parallel or nearly paral-
lel propagatiom.

Finally, we hope that more observations will be carried out in the
near future so that a comparison between experimental results and theoretical
predictions may become possible.

6. Calculation of Spontaneous Cyclotron Emissivity Using the Complete

Relativistic Resonance Condition

General expression for the emissivity of cyclotron radiation from
high—temperature plasmas including collective effects have been derived and
discussed in two recent articles by Freund and wu?® and by Audenaerde?? (rele-~
vant bibliographies concerning earlier publications are cited in these arti-
cles). Although sufficient generality has been retained in these results,
practical evaluations of these expresions are, however, difficult. As a
result, emissivity has been discussed in two distinct regimes: (1) N cos 6 >>
v/c and (2) N cos 8 << V/c, where N is the index refraction of the radiation,
9 is the angle between the wavevector and the ambient magnetic field, v
denotes a characteristic velocity of the electrons, and c¢ is the speed of
light. 1In the first regime, the Doppler effect prevails over the relativistic
effect in the wave-particle resonance condition and vice versa for the second

regime, It is evident that when the refractive index is close to unity the



later regime only occurs in the very small range of 6 (i.e., 8 = 90°) for
weakly relativistic electron energies (< 10 keV). Obviously the aforemen-
tioned approximations become invalid in the intermediate regime where
N cos 8 = ¥/c. The range of 6 which defines the intermediate regime increases
with electron energy, and results in a serious limitation of the previous
calculations?28,29

Spurred by efforts to explain the auroral kilometric radiation?O
considerable progress has been made in treating the general resonance condi-
tion, and in obtaining general expressions for the growth rates of the escape
modes (ordinary and extraordinary) in the presence of a population of supra-
thermal electrons with a loss—cone distribution function%2-18’31’32 The suc-
cess of these efforts provides the motivation for the present work in which we

extend the previOusz8’29

work on the emissivity to treat arbitrary angles of
propagation with no approximation imposed on the resonance condition. In this
work we specifically consider the emissions of the escape modes due to ener-
getic electrons with a loss~cone distribution. The applications of the
results of our calculation to the study of both the auroral kilometric radia-
tion and to magnetic mirror machine experiments, however, will be presented in
separate articles.

In summary, the spontaneous cyclotron emissivity has been calcu-
lated using the complete relativistic resonance condition., Unlike prior cal-
culations of synchrotron radiationgs’29 the result is valid over the entire
angular range of propagation without regard to the bulk energy of the electron
population. We are specifically interested in the evaluation of the radiation
spectrum from an energetic population of trapped electrons having a loss—-cone

distribution in a low-density plasma. The particular feature of such a plasma

(i.e., Wy < Qe) is that a relatively high radiation intensity is found in the

10



X-mode at frequencies just above cutoff due to the fundamental gyroresonance
which, since this 1is an escape mode, can readily propagate out of the
plasma. While cyclotron damping due to the backgroun plasma can be expected
to be negligible for sufficiently low-bulk temperatures of background plasma,
amplification of the radiation can occur due to the anisotropic nature of the
suprathermal electron distribution. The detailed . nature of this instability

has been amply discussed in the 1literature dealing with auroral kilometric

rationl2-18

Finally, 1t should be observed that, while the overall level of
spontaneous s&nchrotron radiation is greatest for the X-mode above cutoff, the
detailed angular spectrum is more complex. In particular, the X-mode radia-
tion intensity at the higher gyroharmonics actually exceeds that near the

fundamental ( w > Qe y WD Weny ) for angles of propagation nearly perpendicu-—

lar to the ambient magnetic field.

7. Preferential Stochastic Acceleration of Heavy Ions by a Coherent

Electrostatic Hydrogen Cyclotron Wave

In a hydrogen dominated multi-ion plasma, the minority ion species
with large mass to charge ratios are preferentially accelerated by a coherent
electrostatic hydrogen cyclotron wave propagating nearly perpendicularly to
the magnetic field., The equations of motion have been studied analytically
and numerically using an appropriate Hamiltonian formalism. Surfaces of sec-
tions have been plotted numerically to visualize the solutions and to make
comparisons between the numerical results and the analytical predictions.
Stochasticity has been found to onset rather abruptly when the wave amplitude
exceeded a critical threshold. The stochastic region has an upper bound as
well as a lower bound on the ion kinetic energy. The maximum ion kinetic

energy 1s proportional to the ion mass to the 5/3 power. The agreement

11



between the theoretically predicted values and the numerically calculated

values is quite good in most cases, In general, the numerical Voin is
slightly less than the theoretical value, and the numerical Vnax IS slightly
larger than the theoretical value. The effect of increasing the wave

amplitude 1s to decrease Vpin @nd to increase v,

- max® Chus broadening the sto-

chastic region. A diffusion equation which describes the stochastic accelera-
tion of the lons has been derived and the resulting ion distribution function
has been determined. The importance of this process to the acceleration of 0%
ions in magnetosphere, as observed by satellites, has been discussed. We
expect similar behavior .during stochastic acceleration by other types of
waves., Hence, these results may have important implications for radio fre-
quency heating experiments in tokamaks and other devices,

133

In a recent paper, Singh et make a comparison between the sto-
chastic acceleration of ionospheric ions by electrostatic hydrogen cyclotron
waves observed in their numerical simulations and the predicted acceleration

of these ions based on the theory of stochastic acceleration by Papadopoulos

et al%4 The assertion made by Singh jei} 1%? that the heating of the helium

lons observed in their simulations is appreciably larger than the heating pre-
dicted by the theory of stochastic acceleration by Papadopoulos Eﬁhél}? is the
result of an algebraic error. In fact, upon correcting the error, we find
agreement beween the values of the minimum and maximum velocities of the sto-
chastic region calculated from the theory of Karney35 and Papadopoulos EEL_}}4
agree quite well with the numerical simulations of Singh 55_31}3 and Gaffey36

in most cases.
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Calculation of the spontaneous cyclotron emissivity using the complete =~
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An expression for the spectral emissivity of spontaneous synchrotron radiation for a plasma
which consists of both thermal and suprathermal electron components is derived using the
complete relativistic cyclotron resonance condition. The expression is valid over all angles of
propagation. The result is applied to the study of the emission of radiation from an energetic
population of electrons with a loss-cone distribution in a relatively low-density plasma i.e., the
electron plasma frequency is less than the cyclotron frequency).

PACS numbers: 52.25.Ps, 52.60. + h

I.INTRODUCTION

General expressions for the emissivity of cyclotron ra-.

diation from high-temperature plasmas including collective

effects are derived and discussed in two recent articles by"

Freund and Wu' and Audenaerde” (relevant bibliographies
concerning earlier publications are cited in these articles).
Although sufficient generality has been retained in these re-
sults, practical evaluations of these expressions are difficult.
As a result, the emissivity has been discussed in two distinct
regimes: (1).V cos 8%0/c and (2) V cos 8<5/¢c, where Nis the
index refraction of the radiation, 6 is the angle between the
wave vector and the ambient magnetic field, 7 denotes a
characteristic velocity of the electrons, and c is the speed of
light. In the first regime, the Doppler effect prevails over the
relativistic effect in the wave-particle resonance condition
and vice versa for the second regime. It is evident that when
the refractive index is close to unity the latter regime only
occurs in a very small range of 6 (i.e., =90 for weakly
relativistic electron energies { < 10keV). Obviously the afore-
mentioned approximations become invalid in the intermedi-
ate region where V cos §~7/c. The range of 6 which defines
the intermediate regime increases with electron energy and
results in serious drawback of the calculations presented in
Refs. 1 and 2.

Spurred by efforts to explain the auroral kilometric ra-
diation,” considerable progress has been made in treating the
general resonance condition and in obtaining general expres-
sions for the growth rates of the escape modes ordinary and

extraordinary) in the presence of a population of supra- -

thermal electrons with a loss-cone type of distribution func-
tion.*'* The success of these efforts provides the motivation
for the present work in which we extend the previous'* work
on the emissivity to treat arbitrary angles of propagation
with no approximation imposed on the resonance condition.

In this paper we specifically consider the emissions of the

escape modes due to energetic electrons with a loss-cone dis-
tribution. The applications of the results of our calculation

are to the study of both the auroral kilometric radiation and .

to magnetic mirror machine experiments. In the case of the
auroral kilometric radiation (AKR), the most commonly ac-
cepted theory involves the induced emission of extraordin-

ary mode radiation due to the presence of a suprathermal
- H ' l

1

electron component with a loss-cone distribution function.
Indeed, observations of energetic electron distributions in -
the auroral regions confirm the existence of such energetic
populations. '’ However, while growth rates for such an in-
stability have been calculated, the basic level of spontaneous
radiation which determines the initial condition has not been
discussed. The present work addresses the issue of the spon-
taneous emissivity at both the fundamental and higher har-
monics. The topic is highly relevant to the question of why
the observed second harmonic AKR is often more effective
than the theory predicts, since the growth rate is one order of
magnitude smaller than that for the fundamental AKR. We
will show later that for nearly perpendicular propagation the
spontaneous emissions of the X mode at the second harmon-
ic is much stronger than that at the fundamental. This find-
ing may explain the question mentioned earlier.

In addition to the theory of AKR, the discussion of the
spontaneous emission presented in this paper is also relevant
to the magnetic mirror machine experiments for controlled
fusion research. In particular, in the planned MFTF-B ex-
periment at the Lawrence Livermore National Laboratory it
is anticipated that the suprathermal electron energies will be
of the order of 100 keV. In each of these cases, the relativistic
effects on the electron cyclotron resonance condition is im-
portant and will be included in the present analysis in a self-
consistent manner. Finally, we note that the relativistic ef-
fects on the resonance condition have recently been shown to
be important to the application of electron cyclotron current
drive in tokamaks even for weakly relativistic electron ener-
gies. ™

The organization of the paper is as follows. The general
formulation of the emissivity is given in Sec. I1, along with a
discussion of the complete resonance condition. The emissi-
vity is evaluated numerically in Sec. I1I for the specific case
of a loss-cone distribution using the fully general resonance
condition. A summary and discussion are given in Sec. IV.

! ! g
Il. GENERAL CONSIDERATIONS

The physical configuration under consideration is that
of a uniformly magnetized plasma (B, = Byé,) which con-
sists of a thermal background as well as a population of
suprathermal electrons. Since the suprathermal electrons
are assumed to have a much lower density than the thermal

*'Permanent address: Science Applications, Inc., McLean, Virginia 22102. _|_ species, the dielectric properties of the plasma are deter-
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mined primarily by the thermal background, and the supra-
thermal electrons may be considered to act solely as a source |
of emission for the normal modes of the plasma. Within the
context of this model, the emissivity 7 (defined as the power |
radiated per unit volume per unit frequency and per unit
solid angle subtended by the wave vector k) can be expressed |
in the form
7. (w6)= 21’—“)—N4_ R f d>ufF,(u)
B 27 ¢ 2p

(Vo Jalbo)+ B dulb )]

m= - x

Xbélw —mf,/y — kv, (n -

where (w,k) are the frequency and wave vector of the radi- \
ation, k, =k-¢&,, § =cos™"' (k,/k), k, — Kk, n, denotes the !
suprathermal electron density, u= p/m = yvis the momen-
tum per unit mass, y=(1 + «*/c*)'? = (1 — v¥/c*)~"?*is the
relativistic factor, F, is the suprathermal electron distribu-
tion, £2,=(eB,/m,c] is the electron cyclotron frequency, v,
and v, are the components of the velocity in directions per-
pendicular and parailel to B,, 3, =v,,/c,and J,, and J |,
are the regular Bessel function of the first kind of order m
and its derivative, respectively. In addition,

[(1—a’l=N_ B cosf)—N2 sin* 4 ]

V. _ =2 N - T
- 12, N, sinf(sin* 8 F p) :
2) ¢

_ mN _ [ sind (3) f

= l=-y_5 cos 6) i
pi=sin* 8 + 40 /2 )1 = a*)F cos? 6, (4)

where °=0:/0", w, is the background electron plasma fre- |
quency, .V = ck /w is the refractive index, and the subscript
+ refers to the ordinary and extraordinary modes, respec- |
tively. The indices of refraction for these wave modes are
given by the Appleton~Hartree dispersion relation'*

VL === a2l - &) - Bsin’ 0 F p)),
(5)
where 8°=02/0’. \

The resonance condition described by the delta func-
tion in Eq. (1) may be expressed in the form !

ui/ay +(u, —4,)/b% =1, 6 -
where !
:1: mil, v c?s 7 . 7 I
¢ w 1 —N-cos* 8 ‘
a, ! mAEER A !
?:l—zV:COSZG( w* Y cost6 = 1)’ (&)
and |
b =a’ /(1 — N?cos? §). 9) |

In the regime applicable to the escape modes (V ? cos® 8 « 1 .
the reality of the solutions requires that i

m2/0*>1—Nicos? 4, (10)

and the resonance condition describes an ellipse in (u,,u,) !

space, centered at (0,4,, ), with extrema at (a,,,%,, ) and (0%, _L. nancecurves.

_ TELLTEVE,

" b,). Thisisillustrated schematically in Fig. 1(a). Observe —

thatin this case a;, and 5 2, are both positive. We restrict our
consideration to that section of the ellipse for which u, >0,
From the resonance condition we find that resonance occurs
foru, = u, , where :

e .. =
—;-:(N'COS'Q—I)—%
¢ o
N | N
+2m e'1‘v’cos¢9-u—'—i-m — 1. (11)
@ (o w~

However, the range of u; over which this is valid is not infi-
nite and must be restricted to within the u, extrema of the
ellipse. The resulting integral over uy, therefore, is defined
by the range u!”'<u, <u';’, where

u =i, +b,,. (12)

In the opposite regime, in which N ? cos®* > 1, Eq. (6)
may be rewritten in the form

(wy =@, )/b% —ui/lad] =1, (13)
where we observe that a7, <0 and 42, > 0. This case is sche-
matically illustrated in Fig. 1(b}in which it is evident that the
resonance curve is a hyperbola with u, intercepts at i,

+ b.,. Hence, resonance is possible only for Uy i, — b,
and u, >u,, +b,,.

The normal modes described by the Appleton-Hartree
dispersion equation are shown schematically in Fig. 2 for
0 < 8<7/2. The ordinary mode (i.e., ¥ = N2 ) exhibits a
cutoff at w = w, and a resonance at w = oy, (6), where
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FIG. 2. Schematic illustration of the magneto-ionic wave modes. i

w;, (0)=} (@] + 123)

A 3 2

x[l—(l—‘;—f‘"!)—’,,cos:e) } (14) .
(@; + 027 '

is a resonance frequency for which w,, (6 )~w, cos  when
©. <42, and w, (8)=£, cos § when w,>£2,. It should be !
remarked that this expression becomes invalid in the limit as |

0 — 7/2since @, (@) — 0 and ion contributions become im-
portant. The branch above the cutoff frequency is the escape |
mode L.V * < 1)and is usually referred to as the O mode, which !

below the resonance the mode is called the electron whistler
{EW) branch. Similar results apply to the extraordinary
mode (i.e., .V* = .V} which displays a resonance at I

0 (0)=} (0} + 23 i

2[22 . 72
x[1+(1—4—f";’—,¢cos-e) ] (15)
(@ + 277

and a cutoff at N
w‘o=§f2?{l+[l+4(a)§/ﬂ;‘]'/:}. (16) i
The branch below the resonance is called either the Z mode
or the slow extraordinary mode. The escape mode is above
the cutoff and is termed either the fast extraordinary mode |
or simply the X mode. We shall confine our attention in this
work to the escape modes for which N2 cos® 8 < 1 and the
resonance curve is an ellipse. However, it should be noted '
that while V' * > | over much of the Z and EW modes, it is still
possible to describe the resonance curve as an ellipse at suffi-
ciently large angles of propagation. l
The conditions under which the complete relativistic
form of the resonance condition must be employed involve a
complex relationship between the wave frequency and angle |
of propagation and the bulk energy of the electrons. In gen-
eral, the relativistic corrections become important whenever
either : Il
Ncos 85 (v)/2e, {17)
or |
()22 [V = m2, /).

0002 TELLTALE

From these inequalities [(17) and {18}] it is evident that
relativistic corrections to the resonance condition become
important whenever (1) the wave propagation direction is

nearly normal to the ambient magnetic field, (2) the index of .

refraction of the wave is much less than unity {i.e., near cut-
off), or (3) the wave frequency is near the cyclotron harmon-
ic.

Finally, it should be remarked that, while we are pn-
marily concerned with the spontaneous radiation in this pa-
per, the relativistic effects on the resonance condition also
apply to the study of the growth or damping of the coherent
emissions.

Utilizing the resonance condition (11}, we obtain the
following expression for the emissivity of a gyrotropic distri-
bution F; (uy,u,),.

M, (@0)=enweN , E;;_n'ﬁ S j ) du, F,

x(“ll’”m) [;’m Vt Jm(bt ) + (U,,,/C)J,'"(b: )]:

XH(mM R /w* + N, cos* 6 — 1), (19)

where the relativistic factor 7, =(mf, /o) + (uy /)N _
cos 8, H is the Heaviside function, and b_ =mN_
Sin 0 (u,/v,c)(1—=N_ B cosf)~".

lll. NUMERICAL ANALYSIS

Because of the complexity of this expression for the
emissivity, there is no recourse at this stage but to turn to
numerical integration for specific choices of the supra-
thermal electron distribution function. We choose a loss-
cone type of distribution,

Filuy,u,) = (ra?)~ Y= %}-”2(“1/5’1)2
i !

Xexp( — uj/a})exp( — u?/al), 20)

where a, | describes the parallel and perpendicular momen-

tum spreads, respectively. Such a distribution function

: might be used to model the hot electrons in the end cells of a

tandem mirror machine or a population of energetic elec-
trons trapped in a dipole-like magnetic field. such as might
be found at relatively low amplitudes in planetary magnetic
fields or the solar corcna.

Equations (19) and (20) have been evaluated numerical-
ly for the escape modes in a low-density plasma (v, <12,),
and the results are shown in Figs. 3-5 for the choice of pa-
rameters such that w, =0.1 2,, and a,/c = a,/c=0.14
(corresponding to thermal energies of 5 keV). Nota that for
this choice of parameters the X-mode cutoff frequency oc-
cursatw ,=<1.01 £2,, and the stop band between ©,,(60)and
the cutoff frequency is narrow. Significant levels of sponta-
neous emission are possible, therefore, because of the funda-
mental X-mode gyroresonance fi.e., m = 1} at frequencies
@ > . Such an interaction (at frequencies w >42,), how-
ever, occurs by means of the contribution of Doppler shift to
the gyroresonance and consequently vanishes when
k-B, =0 (i.e,, 9 =90"). A spectrum is shown in Fig. 3 in
which we plot 7/(n,2,) vs /02, at 8 = 60° (where 7 is in
units of erg-sr~'-cm ™), and the solid (dashed) line repre-

(18) _!_ sents the X(O) mode. Evidently the X-mode emission near

AUT Freund et al,

0002 :
[



l
|
|
1
|

O

n/An, R, xi10*
(9] O
a

O
T

C2

n/{ng ﬂ.)nll')’Z

m

i | i
20 2.4 2.8 32
w/Q,
FIG. 3. Spontancous syachrotron spectra for the O and X modes at 8 = 60,

w /2 =01 and a /c=a_/c =0.14. The solid (dashed) line represents
the XtO1 mode.

the fundamental gyroharmonic is peaked at w ~ 1.01642,. In
addition. the peak decreases in intensity by about an order of
magnitude and broadens in width (as measured by the full-
width-half-maximum) at successively higher harmonics.
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FIG. 4. Angular variations in peak radiation intensity of the O and X modes
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FIG. 5. Angular variations in the frequency corresponding to the peak
emissivity of the O and X modes. The solid (dashed, line corresponds to the
XiO) mode.

Similar results are found for the O mode which, at each har-
monic, is found to peak at approximately 65% of the X-
mode maximum at this angle. It should also be observed that
we have not shown the entire O-mode peak near the funda-
mental gyroresonance. The reason for this is that as waves
with frequencies below the local cyclotron frequency propa-
gate out of the plasma (i.e., through regions of decreasing
magnetic field), they will encounter a layer in which the wave
frequency is sufficiently close to the local gyrofrequency that
strong cyclotron damping due to the thermal electrons will
occur. As a consequence, the observed radiation spectrum at
these frequencies will bear little resemblance to the sponta-
neous emissivity. The X-mode radiation near the fundamen-
! tal {w X ), as well as both X-mode and O-mode radiation,
* willin the course of propagation out of the plasma encounter
only higher harmonic cyclotron resonance layers for which
the cyclotron resonant damping is relatively weak. Finally, it
is implicitly assumed that the temperature of the back-
ground electrons is sufficiently low that they do not partici-
pate in the X-mode resonance above the cutoff, and cylotron
damping of these waves is negligible. This is true, for exam-
ple, for thermal energies less than about 100 eV.

The variation in the peak of the emissivity versus angle
of propagation is shown in Fig. 4 for the X mode at the first
three harmonics and for the O mode at the second and third
harmonics. The frequency at which the peak occurs is shown
in Fig. 5 where the solid (dashed) line refers to the X(O})
mode. It is evident from the figures that the fundamental X
mode emission occurs over an extremely broad angular
range (8 = 70°) with a small peak at #~57°, and that the emis-
sion frequency varies little with angle. In contrast, there is a
very strong angular dependence in the emission of both the
i~ X and O modes at the higher harmonics. In particular, the
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~ X-mode emissivity is maximum for perpendicular propaga-

tion while the O mode peaks for propagation at oblique an-
gles (9~~68" for the parameters considered).

IV. CONCLUSIONS

In this work the spontaneous cyclotron emissivity has
been calculated using the complete relativistic resonance
condttion. Unlike prior calculations of synchrotron radi-
ation," the result is valid over the entire angular range of
propagation without regard to the bulk energy of the elec-

tron population. We are specifically interested in the evalua-

tion of the radiation spectrum from an energetic population
of trapped electrons (i.e., having a loss-cone distribution} in a
low-density plasma, because the study is motivated by the
research of the auroral kilometric radiation and possible ap-
plications to the mirror machine experiments. The particu-

lar feature of such a plasma (i.e., @, <£2,) is that a relatively

high radiation intensity is found in the X mode at frequen-
cies just above cutoff due to the fundamental gyroresonance
which, since this is an escape mode, can readily propagate
out of the plasma. While cyclotron damping due to the back-
ground plasma can be expected to be negligible for sufficient-
ly low bulk temperatures of the background plasma, amplifi-
cation of the radiation can occur due to the anisotropic
nature of the suprathermal electron distribution. The de-
tailed nature of this instability has been amply discussed in
the literature dealing with the auroral kilometric radi-
ation.*'" Detailed discussion of the present resuits and their
application to AKR will be elaborated in a forthcoming arti-
cle.

Finally. it should be observed that while the overal] lev-
el of spontaneous synchrotron radiation is greatest for the X
mode above cutoff the detailed angular spectrum is more

FOOTNOTE
LINE LIMIT

complex. In particular. the X-mode radiation intensity at the
higher gyroharmonics actually exceeds that near the funda-
mental (@R 2., © Sw) for angles of propagation near the
perpendicular to the ambient magnetic field.
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ELECTRON-CYCLOTRON MASER INSTABILITY
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C. S. Wu and J. D, Gaffey, Jr.
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ABSTRACT

The electron—cyclotron maser instability for energetic electrons with a
loss-cone distribution function is studied for hot electron mirror experi-
ments. The instability can occur at all angles of propagation for a wide
range of parameters. The growth rate is significantly reduced by the presence
of a population of cold electrons, and the instability can be suppressed if

the density of the cold electrons is sufficiently large and the temperature of

the energetic electrons is not too high.



In a recent paper by Lau and Chu} a special case of the cyclotron maser
instability associated with a loss~cone distribution function is discussed for
hot electron mirror experiments, Their analysis is restricted to the case
that the radiation propagates parallel to the applied magnetic field %O (kl =
0) and moreover emphasis is placed on the 1limit k" + 0. Actually, before
Ref. 1 was published, the theory of such an instability had been extensively
2-9

developed by numerous authors (mostly in the space physics community),

although the research has been motivated by the investigation of the auroral
kilometric radiation. (Early publications which discussed the physics of the
maser instability have been cited in Ref. 1 and are not repeated here.)

In view of the fact that strong bursts of cyclotron radiation have been
observed in hot electron mirror machines}o’ll it is pertinent and interesting
to study the cyclotron maser instability for such experiments more fully than
was done in Ref. 1.

In the following, we report the results of our investigation. We have
carried out a fairly general analysis in which not only radiation with kl £ 0
and kn ¥+ 0 1is considered, bhut also a population of cold electrons 1is
included. The purpose of Including the latter effect is to examine the possi-

bility of whether the instability can be stabilized by these electrons.

To proceed with the discussion, we consider an unperturbed distribution

of the form12

n u2 2
Fo Gy = (5 )% exo ( -5, (1)
™ a”(g!) a a

where u is the electron momentum per unit mass; a denotes the thermal spread;



uy is the component of u perpendicular to the applied magnetic field EO; 2 1is
an index which measures the steepness of the loss=—cone feature; and 04 is the

density of the energetic electrons. The dispersion equation may be written as

det | Dyy (k) | =0, (2)
where
2,2 cZkikJ .
Dij Oﬁ,w) ) ( l B wz ) aij * mz z QlJ (k’w)
S

and the superscript s on Qij denotes the particle species. In the present
discussion, ions are ignored. We shall consider that, in general, there
exists a population of cold electrons in addition to the main component which
has a thermdl energy of several tems of keV. Since we are interested in waves
with refractive indices N < 1 and frequency w close to the electron cyclotron

frequency Qe, in calculating ng for the emergetic electrons) we may ignore

terms associated with high harmonic numbers (i.e., |n| > 1)? and thus cbtain

G, = QG; (a=1) +n;

ij ij 1]
where
e Ha w: c2 2 - \1j h2
Qij (n=1) = - 1 n—.—-z—-—z exp (— h ) f dzt ] z+3/2 exp [ izt + T ] (3)
t w o« o (1-1i71)
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For the cold electronms, ng may simply be written as
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In Eqs. (3), (5), and (6), wi = 4wnte2/m; n. is the total electron
density; and n, is the density of the cold electrons. Eq. (2) has been solved
numerically and the results are presented in Figs. 1-5. The real part of the
frequency is close to the electron cyclotron frequency in most cases and the
graphs of the real frequency are very similar to those in Ref. 1. Henceforth,

we discuss only the imaginary part of the frequency. The growth rate



normalized by the cyclotron frequency is plotted in Fig. 1 as a function of
the normalized wavenumber kc/SZe for T (= ma2/2) = 50 keV, me/Qe = 0.5, n, =0,
and £ = 1. Four values of 6, 02, 30°, 60°, and 90°, have been considered. We
note that, although the maximum growth rate occurs at the cutoff, k = 0, din
this case, the range of wavenumbers over which the growth rate {s large
increases as the angle of propagation & increases and for perpendicular
propagation the growth rate is nearly constant for 0 < k < 0.6 Qe/c.

In Fig. 2, the normalized growth rate is again plotted as a function of
the wavenumber for we/Qe = 0.5, n, = 0; 2 =1; T = 30, 50, 100 keV; and, for
perpendicular propagation, 6 = 90°., It is seen that the growth rate and the
range of unstable wavenumbers increase as the temperature increases. More-
over, for T = 100 keV, the growth rate peaks at k = 0.63 Qe/c, which {is a
significant fraction of the free-space wavenumber.

In Fig. 3, the growth rate w maximized over the wavenumber is

i,max

plotted versus 6 for four values of me/Qe, 0.1, 0,3, 0.5, and 0.7, It is seen

that as w_/Q increases, w; becomes progressively more independent of 6.
e'e i,max

The maximized growth rate 9 max is also plotted versus me/Qe in Fig. for

three different energies, T = 30 keV, 50 keV, and 100 keV. For each energy,

two indices, £ = 1 and & = 2, are studied for the case 8 = 90°, We see that

the peak of wi,max increases with increasing energy and with increasing loss-
cone index and, furthermore, it shifts to a higher value of we/Qe.

In Fig. 5 we plot the growth rate w, as a function of k for three values
of n,/n., 0, 0.1, and 0.3. 1In this case we take T = 50 keV, me/Qe = 0.5,
2 =1, and 6 = 0°  The case n, = 0 was studied by Lau and Chul We notice

that as n./n, increases the instability diminishes gradually. For n_ /n, > 0.3

the unstable waves are practically suppressed. However, this conclusion is



only valid for the case 6 = U Unstable waves can still occur at other
angles as shown in Fig., 6, in which the case 6 = 90° is investigated.

In Fig. 6(a) we consider T = 50 keV, we/Qe = 0.5, and 2 = 1, It is seen
that the maximum growth rate occurs at a certain finite wavenumber k rather
than at k = 0. Even when nc/nt = 0.5, the instability i{s not completely sup-
pressed. The importance of finite wavenumber k 1is enhanced when the electron
energy T 1s 1increased. This fact can be seen in Fig. 6(b) in which T =
100 keV is considered. In this case, even for m = 0, the maximum growth
rate W¢ max does not occur at k = 0., Moreover, for each value of nc/nt, the
maximum growth rate is higher than that for the case T = 50 keV.

In summary, the major conclusions of our preliminary study are: (1) the
cyclotron maser instability can occur at all angles of propagation over a wide
range of parameters; (2) in general, the {nstability at large 6 (i.e., 6 ~
90°) is more serious than that at 8 = 0°; (3) the peak of the growth rate
maximized over k increases with the temperature T and, for large T, occurs at
a finite k rather than k = 0; (4) the range of unstable values of we/Qe
broadens as T increases; and (5) the instability can be suppressed by the
presence of a sufficiently large population of cold electrons if T is not too
high.

Readers should be cautioned that the above conclusions are for the
extraordinary mode only. Generally, the growth rate for the ordinary mode
radiation 1s much smaller. Wevertheless, the ordinary mode cannot be stabi-
lized easily by the presence of a small population of cold electrons. This
and some other relevant results will be discussed more fully in a subsequent
article.

In passing, we remark that, besides the maser instability, a whistler

Instability may also occur in the mirror experiments as pointed out by



Gladd}3 Experimentally, it should not be difficult to distinguish the maser

instability from the whistler instability, even {f both should be operative,
because the extraordinary mode can be unstable at all angles of propagation,
whereas the whistler mode is most unstable for parallel or nearly parallel
propagation.

Finally, we hope that more observations will be carried out in the near
future so that comparison between experimental results and theoretical predic—

tions may become possible.
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FIGURE CAPTIONS

Normalized growth rate wi/ﬂe as a function of the normalized wave-
number kc/Qe for T = 50 keV, me/s'ze = 0.5, 2 =1, n, =0, and 8 =
0°, 30°, 60°, 90°,

Normalized growth rate mi/Qe as a function of the normalized wave-
numbe kc/Qe for we/ﬁe = 0.5, 2 =1, 8§ = 90° n

. =0, and T = 30,

50, 100 keV,

Normalized growth rate wi,max/ﬁe maximized over wavenumber as a
function of the propagation angle § for T = 50 keV, ¢ = 2, n, =0,
and me/ﬂe = 0.1, 0,3, 0.5, 0.7.

Maximum growth rate w.

l,max/ne as a function of the plasma density

parameter we/Qe for 8 = 90°; 2 = 1, 2; and three values of the
energetic electron temperature: (a) T =30 keV, (B) T = 50 keV,
and (c) T = lOO.keV.

Growth rate (ui/Qe as a function of the wavenumber kc/Qe for T =
50 keV, we/Qe =0,5, 2 =1, 8 =09, an& three values of the cold to
total electron density ratio nc/nt =0, 0.1, 0.3,

Growth rate wi/&'ze as a function of the wavenumber kc/Qe for we/Qe =
0.5; & = 1; 8 =90°; nc/nt =0, 0.1, 0.3, 0.5; and two values of the

termperature: (a) T = 50 keV and (b) T = 100 keV.
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ABSTRACT

The theory of cross—field ion streaming instabilities is applied to the
parameter regime of the end cells of the upgraded Tandem Mirror Experiment
with neutral beam injection. The cross—field ion drift as well as the elec-
tron thermal anisotropy ’I‘e_L > Te" provides the frge-energy which drives vari-
ous instabilities. Three instabilities, a nearly perpendicular propagating
modified two-stream instability, an obliquely propagating ion~ion streaming
instability, and an obliquely propagating electromagnetic lower—hybrid insta-
bility, have been identified. The first two waves are electrostatic and have
the largest growth rate. For the actual operation conditions of the Tandem
Mirror machines, it is found that the fon~ion streaming instability has the
largest growth rate. When more energetic neutral beams become available, the

two-stream instability may play the dominant role in the stability of these

devices.



I, INTRODUCTION

Tandem Mirrors are magnetic confinement devices in which the iomns in a
central (solenoidal) cell are prevented from leaking out the end by means of
an electrostatic potential maintained by a denser plasma in mirror end
cells}’2 The bhasic concept has been successfglly verified in the Tandem
Mirror Experiment (TMX)? However, it was also apparent from the initial work
that the simple Tandem Mirror could not be easily scaled to a reactor—size
device, because of the severe technological demands of producing and main-
taining the dense mirror plasma. Alternative solutions were thereby investi-
gated, leading to the development of the concept of a thermal barrier?’5’6
The thermal barrier is located between the central cell and the plug and
aliows the electrons in these two regions to be maintained at different tem-
peratures, thus producing the confining potential with a smaller plug dens—
ity. In order to generate the barrier, the density in this region 1s reduced
by pumping out some of the ionsé This 1s achieved by injecting neutral beams
at oblique angles to create "sloshing ion distributions," which have a density
minimum at the center of the barrier. Futhermore, a hot electron population
is also created in the barrier by means of ECRH to reduce the power transfer
between the plug and central cell electrons; the hot electrons also act as an

6

MHD anchor?’ The thermal barrier concept is presently being tested in the

upgraded TMX-U experiment7 and has been incorporated into various reactor
designs§’9

While the inclusion of such complexity into the end cell of the Tandem
Mirror may improve the overall confinement significantly, it {is implicitly
assumed that such coanfigurations can be stably maintained. However, the

introduction of (meutral) ion beams and hot anisotropic electrons in the bar-

rier region suggests a variety of possible microinstabilities? Injection of

=7



neutral beams to form the sloshing ion distribution allows the possibility of
various streaming instabilities}o’11 The formation of hot anisotropic elec-
trons will also give rise to unstable modes, such as the x\rhist:].erlz-15 and the
electron cyclotron maser instabilities}6-20 Instabilities resulting from a
combination of these two effects are also possible, hut as yet have not heen
examined. In a recent paper, we have investigated such a combination of {ons
drifting across a magnetic field in which the background electron temperature
was anisotropic in the environment of the earth’s bow shock?1 In that situa-

tion the {on streaming results from ion reflection at supercritical shocks and

the electron anisotropy arises from adiabatic compression at the shock sur—

face?2 We have found that the well-known (low-beta) modified two-stream
instability23 is modified by finite beta effects24 and further enhanced by the

21

temperature anisotropys In another paper the nonlinear development of the

instability in a finite beta plasma with isotropic electrons has been stud-
ted??

Using the same basic model (local 1inear theory, homogeneous plasma,
unmagnetized ions, etc.), we extend the calculations in this paper to the
parameter regime of the Tandem Mirror. We find that three instabilities can
occur: an oblique ion—ion mode which has the largest growth rate whenever the
ratio of the drift to the thermal background ion velocities 1s not too large
(typically, when Vo/vio < 4); a modified two-stream mode which has the largest
growth rate when Vo/vio > 4 and is most unstable for wave propagation nearly
perpendicular to the magnetic field ﬁ; and an electromagnetic lower=-hybrid,
instability with a peak growth rate for wave propagation between 60° and 75°
relative to 8. The first two modes are electrostatic and their real fre-
quencies are insensitive to the electron thermal anisotropy. The modified

two-stream mode and the electromagnetic lower—hybrid mode are the low=beta



e

limits of the kinetic cross—field streaming modes with electron temperature

121

anisotropy discussed by Tsai et

The plan of this paper is as follows. In Section II the basic model and
assumptions are reviewed and the dispersion tensor elements are given. Numer-
ical solutions over a range of parameters relevant to Tandem Mirrors are shown

in Section III., 1In Section IV the results are discussed, and the summary and

conclusions are given in Section V.



II., BASIC CONSIDERATIONS

A, Physical Model and Assumptions

The main purpose of this work {s to apply and to extend the theory
of cross—field i{on streaming instabilities with electron thermal aniso-
tropy?1’24 to the Tandem Mirror Machines. In previous studies, the relative
electron-ion cross-=field drift was the result of i{ons reflected by a high Mach
number quasiperpendicular shock waveg2 The stability analysis was done in a
plane where {inhomogeneities could be neglected and only one species of {ons
was included in the theory. Although the source of the cross—-field ion-drift
and the plasma parameters in the present work are different from those in
previous papers, the same physical wmodel and assumptions are adequate for
describing both problems. In the following, we discuss the physical model and
assumptions for the problem under consideration.

The drifting current in the mirror devices comes from the injection
of a neutral beam into the plasma. Under the present operation conditions,
the Mach number is low and an ion-ion instability may play an important
role. Thus, we have to include both iomn species 1in our theory. In the back-
ground plasma frame we have electrons and ions at rest with respect to drift-
ing ions of the beam. We introduce a coordinate system in such a way that the
z direction 1is parallel to the ambient magnetic field ﬁo’ and the beam
injection velocity ﬁo and the wave vector k lie in the x-z plane. We use a
linear local dispersion relation for a homogeneous plasma. The effect of
electron temperature anisotropy i{s again taken into account, because in mag-
netic mirrors the electrons are preferentially heated perpendicularly to B .
We assume that the unstable waves have frequencies much higher than

the ion gyrofrequency, so that the two ion species may be treated as unmagne-

tized. We take the electrons to be magnetized and include electron thermal

-5-



anisotropy with Tei > Teu in the theory, where the perpendicular and parallel
directions are relative to the magnetic field. We will return to these
assumptions in Section IV,

B. Dispersion Tensor

We consider an infinite, homogeneous, collisionless plasma,
immersed in a uniform static magnetic field §o,‘consisting of three compo=-
nents: Maxwellian electrons at rest with temperatures Tel and Teﬂ relative to
go and density ngs Maxwellian ions at rest with temperature Tio and density
ng s and a Maxwellian {on beam, with a temperature Tis’ density n;qs Streaming

with velocity 60 at an angle o with respect to the magnetic field. Hereafter,

kz v2
_ L1 "i(o,s)
Hi(o,s) © 2 >> 1,

4

Qi<< w << Qe; where Qi and Vi(o,s) are, respectively, the 1ion cyclotron

we consider waves with the following properties:

frequency and ion thermal velocity (background, beam). The component of the
wavevector K perpendicular to §o is denoted by k_L = k sin 8, In such a

plasma, the ions are effectively unmagnetized. Moreover, because the ions are

massive, we can neglect their contributions to the electromagnetic perturba-

tions.
In the following, we write the elements of the dispersion tensor21
as,
ol o T, -
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w el el
n=-w
imz Tl - ® ,
D = <] =, o) = -
o ;T TIT Loa[I ) -1 )] z 2(z_)
e o
-6—



2 “Z gt o, I %
D =1-N"+—=(( =—-1) + == ¢ "y — I (u)
vy w2 (( Te" ) Teﬂ uz n
n=-»
+2[I ) -1 W] }zz2:))
n n n n
(1)
2 wi Ky Ty
D, =D = N'sinfcosd + — [ - o ( 7 -1 )
e L w [ el
2, ., - ¥ )
+ —— ¥ ) ol (u)z z Z(z ) ] + ¢ ’sinbcoss
k v n nn n
L el N
n==<0
12(.02 Qe -u ’ _
Dyz = - DZy e T ) [In(u) - In(u)} znznZ(zn)
w L el
n=—o
2, 2 “2 ki Ol
D,, =l -N¥sine +—= [ = (=—-1)
w k" el
+ 222 + 2o7H z I (U)E-ZZZ(Z ) ] + e(l)cosze;
o n an “n
n=-»
where
(1) 2m§o Zmis
e r e L e ) e (g 20 ] @
5 Vio & Vis

In is a modified Bessel function of order n, Z is the plasma dispersion func-—
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C. Plasma Parameters

Our study is applied to the end cells of the Tandem Mirror
device. The parameters chosen are intended to reproduce the current and

future operation conditions {n the TMX-U machine and are the following?

Magnetic Fileld: B, = 5 kG
Electrons: Tei = 50-85 keV
Te" = 17 keV
ng = 5,5 x 1012 ¢p3
2, = 8.8 x 1010 rad/sec
w, = 1.3 x 101! rad/sec
Bo . = 0.45-0.75
Bal = 0,15
Background Ions: Tio = 1,1 keV
n o = 2,7 x 1012 op3
2, = 4,8 x10’ rad/sec
@ = 2.2 x 109 rad/sec
Bio = 0,005
5



Sloshing Ions:

is

is

= 0,7 keV

1

[}

Yomgg v2 = 10-30 keV
2.7 x 1012 73

4,8 x 107 rad/sec

2.2 x 107 rad/sec

0.003



IITI. NUMERICAL RESULTS

The numerical analysis of the unstable waves propagating in the plasma
described in the previous section are shown in Figs. 1 through l4. 1In these
curves, the growth rate 1is maximized over wavenumber and the real (mr) and
imaginary (y) parts of the frequency are normalized to the frequency w =

LH
« 2 )l/2
e i

« The numerical solutions were obtained’from the complete dispersion
equation (1), including harmonics up to n = * 20. To facilitate our discus-
sion, we classify the waves in two modes, called mode I and mode II. In the
following we describe the main characteristics of each mode separately,

For mode I, the assumption of magnetized electrons and unmagnetized ions
is satisfied. For this mode, the values of ck/me are of order unity. We find
that in the region of maximum growth rate, 1 < ck/we £ 2 for the whole set of

solutions. The maximum of the peak growth rate 1s situated between 58° and

72° relative to the magnetic field direction. In Fig. 1 we have plotted

mr/wLH and Y/wLH as a function of the angle of propagation 8, for Tel/TeH

= = = = o =
5 and &, Tis/Tio = 0,6, TeH/Tio 15, Vo/vio 3, a 459, and nio/ne

nis/ne = 0.5. The curves show that the growth rate and the real part of the
frequency decrease very rapidly with decreasing anisotropy and that the angle
at which the peak of the maximum growth occurs increases as Tei/Te

decreases. The dependence of the real and imaginary parts of the frequency on

the drift velocity is shown in Figs. 2 and 3. In these curves Tei/Ten = 5,

ny/ng = nyg/ng = 0.5, a = 459, and Te"/Tio = 15, TFigure 2 shows wr/mLH and
Y/wLH versus B for Vo/vio = 3, 4, and 5. Increasing the drift velocity,
increases vy and w. and also the angle at which the peak of the growth rate
occurs. In Fig. 3 the variation with drift velocity of the normalized growth

rate, maximized over wavenumber and wave propagation direction and the corres-—

ponding real part of the frequency are shown. The maximum value of Y/wLH

-10-



occurs for V /vy =7 and 8 = 64°, For Vo/vi, = 10, we find 6 = 62° for the
angle of propagation of the most unstabhle wave. In Fig. 4 we analyze the

instability as a function of the beam injection direction. For these curves,

T /T

o o -
el =i 5, Vo/vio = 4, and we vary the angle a from 45° to 90°. The remain

el
ing parameters are the same as {in Fig. 2. The growth rate peaks at a = 62°
and it does not change significantly when a increases up to 759. However,
when @ > 75° the growth rate decreases more noticeably. At o = 90°, Y/wLH is
nearly 95% of the value at « = 75°, The way the instability is affected by
the variation of the densities of the background and beam ions is shown 1in
Fig. 5, where the real and imaginary parts of the wave frequency are plotted
as a function of nis/ne for the values of wavenumber and propagation angle
which maximize v, The paramenters are the same as in Fig. 2, except for
Vo/Vio = 4 and for the values of ion densities, which now vary from nis/ne =
0.25 up to 0.60. The background ion density can be calculated for each curve
from the condition of the quasineutrality nj,/ng = 1 = n; /n,.  As the ion
beam density increases, the growth rate increases and the real frequency
decreases. We also find that the angle at which the growth rate peaks
decreases with increasing 0, /n,. In Fig. 6 the real frequency wr(k) corres—
ponding to the maximum growth rate {is plotted as a function of the wavenum-
ber k. Electromagnetic effects are important because ck/we <2, 1In Fig. 7 we
show the real part of the a;guments of the plasma dispersion functioms for the
electrons (z0 = wr/k"ve“), background ions (;io = wr/kvio), and ion beam
(Icis' = Imr = ﬁi'vol/kvis). For smaller values of the drift velocity and

large angles of propagation the instability is highly kinetic, since %16 and

Icisl are approximately unity,

For mode II, the assumption of unmagnetized ions 1s again valid. How-~

ever, the numerical results show that HiorMyg >> Ho > l. So the electrons are
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now only weakly magnetized compared with the ions species. This mode exhibits
two peaks for the growth rate maximized over wavenumber. One is located
nearly perpendicular to the magnetic field (8 = 89,.5°) and nearly disappears
for Vo/vio < 4. The second peak is situated at an angle between 52° and 70°,
approximately, and has a larger peak growth rate than the nearly perpendicular
peak when Vo/vio < 4, 1In Fig. 8 the normalized imaginary and real parts of

the frequency are given as a function of the wave propagation direction for

T /T

ol = 5, 4, and 3. The other parameters are the same as in Fig. l. The

el
growth rate peaks at 8 = 52° and increases as the anisotropy increases. The
real part of the frequency 1s very insensitive to the ratio TeL/Tell' In
Figs. 9 and 10 we repeat for mode II the study done in Figs. 2 and 3 for
mode I, taking Tei/Tell = 4. The peak at 8 = 89,5° decreases very rapidly with
decreasing Vo/Vio‘ The second peak moves toward the perpendicular direction
to the magnetic field as the drift velocity increases. In Fig., 10 both peaks
are analyzed as a function of Vo/vio' The peak at 6 = 89,5° (curve A) is
maximized at V /vy = 6.8 and the less oblique peak (curve B) at Vo/vig =
4,5, When Vo/vio = 4.85, both peaks have the same amplitude. Above this
value of drift velocity, the nearly perpendicular wave has the larger growth
rate and below , the less oblique peak has the larger one. In Fig. 11 the
dependence of the unstable waves on the beam direction 1is studied, taking
Vo/Vi, = 3 with the reamining parameters the same as in Fig. 4. The less
oblique peak (curve B) is maximized when 70° < a < 75°, The growth rate of
the perpendicular peak (curve A) increases with increasing beam injection
angle., We also find the the angle 8 of the maximum growth rate moves toward
the direction of the injected beam. The suggestion of an ion-ion interaction

as the Instability mechanism for the unstable wave with a maximum growth peak

less perpendicular to ﬁo is shown in Fig. 12, where the real frequency and
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growth rate maximized over wavenumber and propagation angle 6 are given as a
function of nis/ne’ for Tel/TeH = 4, Vo/vio = 3, and a = 45°, The maximum
growth rate occurs for equal background and ion beam densities. We also find
that the angle at which the growth rate peaks is insensitive to the variation
of nis/“e' In Fig. 13 the same analysis done in Fig. 6 for mode I has been
made for mode II, We can see that the electromagnetic corrections can be
neglected in mode II since ck/we >> 1. Finally, in Fig. l4 we plot the real
part of the arguments of the plasma dispersion function for the three plasma

components. The perpendicular mode is kinetic in nature, since wr/k"v 1

ell ~
when 8 = 89,5°,

Summarizing, we have observed three kinds of instabilities. The first,
described as mode I, {s an oblique wave which has a relatively small growth
rate compared to the other two. It is an electromagnetic wave with fre-
quency < Wy and is the low 8 limit of the smaller growth rate peaks in
Figs. 2 and 3 of Tsail gg_&i}l for 8 = 1. It is instructive to emphasize that
this mode 1s distinct from the kinetic cross-field streaming instability
(KCFSI), becoming stable when Tel = Teﬂ and remaining electromagnetic even
when B 1{s smalli. The basic sources of free energy arise from the electron
temperature anisotropy and ion beam streaming energy. In mode II, there is a
nearly perpendicular wave which, as will be shown in the next section, is a
modified two-stream instability. As discussed by Wu gg_gl}f this mode is the
low 8 1imit of the KCFSI and corresponds to the nearly perpendicular growth
rate peaks in Figs. 2 and 3 of Tsai fﬂ;f&}l The third wave, described in
mode II, is also an oblique wave and has the largest growth rate for the
actual operating conditions of the Tandem Mirror Machines. It is an ion-ion

streaming wave. Both waves in Mode II are electrostatic. In Section IV, we

present a discussion of these waves.
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IV, DISCUSSION

Numerical solution of the complete dispersion equation (1) for the
parameters of the end cells of the upgraded Tandem Mirror Experiment with neu-
tral beam injection have been presented in the previous section. Three kinds
of unstable waves have been identified. One is electromagnetic and two are
electrostatic. In order to give a better interpretation of these waves we
will next present an analytical analysis of each mode, using appropriate
approximations to the dispersion equation, based on the results of the previ-

ous section.

We start with mode I. For convenience we normalize the frequency to the

2
usual whistler frequency w=ec kzﬁecose/mz. Because the

electrons are
strongly magnetized, we retain only the terms associated with harmonics n =
0, £ 1 in (1), Introducing the index of refraction N = ck/w, using the small
argument expansion of the Bessel functions and the large argument expansion of

the electron plasma dispersion function for n = + 1, the elements of the dis-

persion matrix Dij can be written approximately as

2
2 22 2w
2 w_ck 1 2 w o (1) . 2
= N9~ + 2 -= = 2oy i
DXX {-cos“e 7 5 cos 6 > (Bel Be")cus 6 + ig + 7 5 53¢ 'sin 8}
w_oow c k
o e
2 k) T T
2 w ¢k 2 el el 2 1 2
=N“{-14 £ + == = - = -
DYY { : w2 wz sos 9 BeJ“[\Tell 1)+ i ZOZ(ZO)]Sin g 2<8el Beu)cos 6+ig}
e el
2
2 A 2 w
2 2 2 w 1 2 2. w 0 (1) 2
D =N“{- + S 2 7 - (8 - { =
2z {-s1n“9 e 2[1+zo7(zo)] Z(Bei B y)sin"0+ig tane+ 5 57 € cos 8}
el w w ck
o o
(3)
D ==D =-1N2(—‘”cose+if)
Xy yx w
0
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2

2w
2 1 w o (1)
= = P - ~ - +_
sz sz N { sinfcosf+ Z(Bel Be")sinegose ig tand wz czkz € " ’'sinfcos8 }
o
2 w Tei
Do =D, =~ W[ —==1[1+2z 2(z )] sinB + if tans } ;
yz zy W, Te" o 0
where e (1) is given in Eq. (2),
ﬂlé(wd 1 Q T 1
Fe———t 2, e by,
28 /zw ok ell el
el
TTl/2“)‘”e el Qe Te_L
- — (72 o, ~2(2L-1) o} (4)
28 /2w ek ell el
ell
2
(@ - 2) (w +a)?
Qi = exp 75 ] t exp |- ) } .
k" v k, v
el el

For w . > |y|, the real and imaginary parts of the frequency can be cal-

culated by the standard approach,

Re D (i,wr) = 0

(5)
Im D (E,wr)
y = -

Jw

2 Re D (ﬁ,wr)
r

where D denotes the determinant of Dij'

For the real part of the frequency, we can neglect the term (wz/wi)x
2,2,2 2.0 2 2 B

(ck /we) cos 8 in D, and Dyy’ because W << w_ and ck/we £ 2. Using this,

we obtain an equation similar to Tsai EE_EEE} equation (B6),
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I
r B
— =2 (6)
2R
where
2 2
T T k™ v q
A= 141+ 2 sinze-sin46(Tel -l)2+3sin26c0526(TE£-— 1)] ————§l Re ¢ (1)
Beﬂ el ell 2w
e
8 8.4 T T - 8 8
B=(1+ 52 - 1y ;"(Tei -l)zsin26+[l-8el(ﬁ ~1)sin’o+{—SL - L) cose]
e e
(7)
2 2
x(1+—Slge )y,
Zme

Equation (6) reduces to the wusual whistler dispersion equation when

=T and 8 = 09,

Tel ol The waves we are discussing satisfy neither of these

conditions and the numerical solution gives wr/wo < 1073 a¢ the peak growth
rate. The expressions for the growth rate are very similar to those given in
Ref. (21). The significant differences are that in the present case, B << 1,
two ion species have been considered and vo typically makes an angle a = 45°

relative to ﬁ, whereas in the case treated in Ref. (21), B ~ 1, only one

species of ions is considered, and a = 90°.

Next, we analyze Mode II. Since these are low frequency waves and the

normalized wavenumber ck/we is large compared to unity, we treat them in the

electrostatic approximation. Neglecting electromagnetic corrections, the dis-

persion relation becomes

2
kl 2 klk" k?
D, kil St OB D o =10, ()
k k k

Substituting (1) into (8), we obtain
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2 +o
> (1) . e u -
Dkyw) =1l+e ™ +—={1l+e'e ] I wlz 2 ()}, (9)
k™ v
el n=-<

This expression can be simplified by using the large argument expansion
of the plasma dispersion function for the electron cyclotron harmonics with
n # 0 and the large argument expansion of the Bessel function I,+ The use of
these expansions 1is justified by the numerical soiutions. For instance, from

the previous section it is possible to show that typically Hg = 10, while

2
ui(s,o) > 10“, Hence,
2 2 2 2
2w 2 w 0 w w
8 e 2 io is
D (k,w) = 1 + o2 - _CO8 252 (z ) - - , (10)
’ k2 2 wz o o m2 @ E.vo)Z

1
Vel (2r ue)/2

where the prime denotes the derivative of Z with respect to the argument.

For the obliquely propagating waves, z, is small, as shown in Fig. 14

and the dispersion relation (10) can he approximated by

2 2 2
> 2me wio wis
D (k,w) =~ 1 + T 5 N > . (11)
k™ v w (w = kU )
el 0

This is essentially the dispersion equation for the ion-ion streaming insta-

bility.lz_m’22 The solution of Eq. (1l1) {s independent of the electron mass

and the parallel electron temperature. The dependence on the perpendicular
electron temperature is weak because the second term in (l1l) is smali. Fur-

thermore, the only angular dependence 1is on the absolute value of the differ-

ence between 6 and a, rather than on 6 and o separately.
It can be shown that the largest value of the growth rate occurs for

Wi = Wi F wys t.e., for O3y = Bjg = n./2 in agreement with Fig, 12. For
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this case, eq. (ll) is easily solved and gives unstable waves 1f | E-VO | <

1
23/2wi. The maximum growth rate occurs for | §‘§o | =3 2 tui, in which case

w=u, (3 2oy 1y,

For the nearly perpendicular propagating mode, 8 < 90° and z, becomes
nearly unity, as can be seen in Fig. l4. 1In this case the dispersion equa-
tion (10) becomes similar to the dispersion equation for the modified two-

22,24

stream mode in the electrostatic limit. It {s again independent of the

parallel electron temperature and depends only weakly on the perpendicular
electron temperature. However, a significant difference 1is that there 1s a
dependence on the electron mass in this case.

We emphasize that this modified two-stream mode can occur only in a very
limited range of angles 6 < 90°, As 8 decreases, the parallel component of
the wavevector {increases and z, becomes smaller than unity, as shown in

Fig. 14, The applicable dispersion equation then becomes (11), which gives

the ion-ion streaming mode. On the other hand, if 6 = Gc, where

Y.
2 2
-1 { nio Eg (2 l'le)

m

e My 22 z (z )
0 )

) (12)

the electron—~ion beam interaction is comparable to the ion-ion interaction and
the mode becomes a modified two-stream mode.

Figure 10 can now be easily interpreted. The nearly perpendicular mode
(which has z, = 1) 1s more strongly electron Landau damped than the oblique
mode (which has z, << 1), while the difference in the background ion Landau
damping on either of the modes is not so pronunciated for a given value of
Vo/vio' On the other hand, the electron Landau damping is rather insensitive

to Vo/vio’ in contrast to what occurs for the background ion damping and ion
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beam growth rate, as can be inferred from Fig. 14, Therefore, for plasma
parameters such that at smaller values of VO/Vio the electron Landau damping
(Ye) 1s larger than the background ion damping (Yio)’ we expect that at a
sufficient large value of the drift velocity, Yio > Yot In this way, the
nearly perpendicular mode, which is governed by an electron-ion beam inter-
action and has the damping mechanism provided essentlally by the electrons,

will have the greater growth rate when Vo/vio is sufficiently large.
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V. SUMMARY AND CONCLUSIONS

In this paper, we have studied analytically and numerically three insta-
bilities associated with the injection of a neutral beam into the end cells of
the Tandem Mirror Machine. These unstable waves, which are excited by the
relative electron~ion cross~field drift and by the electron temperature aniso-
tropy, may also occur in the perpendicular bow shock. However, since the two
problems deal with different situatioms, a particular unstable wave may have
distinct relative importance and the growth rate may be maximized for differ-—
ent values of the parameters appropriate to the space and laboratory plasmas,
even though they result from the same source of free energy. Also, in the
present work, more parameters are free to vary, for example, the beam
injection angle a, which provide more ways to optimize a particular insta-
bility.

For propagation oblique to the magnetic field ﬁ, we find twe unstable
waves. One has been identified as an electromagnetic lower—~hybrid instability

(EMLHI) and the second, as an electrostatic ion-ion streaming instability

(IISI).

It i{s found that the EMLHI has the following properties:
(1) The growth rate Y is maximized for 60° < 8§ < 750,
(2) vy and W, increase with increasing Tel/TeH' The mode becomes stable

when the electron temperature anisotropy is reduced, {i.e., Tel = Te"'

(3) Yy is nearly constant with respect to the angle of beam injection

for 459 < a < 75° and decreases more rapidly for larger values of a.

(4) ¥ increases and w_ decreases with increasing Ny (density of beam

ions).

~20~



(5) The instability is highly kinetic for smaller drift velocities and

large angles of propagation.

The IIST has the characteristics that:
(1) The growth rate y is maximized for 50° < 8 < 70°,
(2) The growth rate is the largest compared to the other two modes,
when Vo/vio < 4,
(3) Y exhibits a peak for 70° < a < 75°,

(4) vy is maximized for Nyg = Dj,e

For propagation mnearly perpendicular to ﬁ, we find an electrostatic
modified two-stream mode (MTSI) with the properties that:
(1) The growth rate y is maximized for 9 = 89,59,
(2) v increases, but W, remains nearly constant, as Tel/TeH increases.

(3) The growth rate is the largest compared to the other to modes when

Vo/vio > 4.

(4) Y increases with increasing Vo/vige

(5) The mode is kinetic in nature because wr/kuv 1 when 6 = 89,59,

el

The parameters have been chosen to describe typical operation conditions
of the TMX-U device. Since presently Vo/vio < 4, we expect the ion-ion
streaming mode to play the dominant role in the stability of the Tandem Mirror
Machines. However, new experiments are likely to have larger values of the

ratio Vo/vio’ and we expect that the nearly perpendicular two-stream mode may

have the largest growth rate in the future experiments.,
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FIGURE CAPTIONS

Mode I growth rate (dashed curve) maximized over wavenumber and
real part of the frequency (solid curve) as a function of propaga-

tion angle 8 for two values of electron temperature anisotropy

T /T

= . = . - . = (] =
et/ Tar 4,5; Vo/vio 3 Te"/Tio 15; o 459, Tis/Tio 0.6,

and Ny, = nyg = 0.5 Ng.

Mode I growth rate (dashed curve) maximized over wavenumber and
real part of the frequency (solid curve) as a function of propaga-
tion angle 8 for several values of the relative electron-ion beam
drift velocity normalized to the background iom thermal velocity
Vo/vio = 3,4,5; TeL/TeH = 53 Ny, = oy = 050, a= 459,

Tys/Tyo = 0.6, and T_, /Ty = IS,

Mode I growth rate (dashed curve) maximized over wavenumber and
propagation angle 6 and the corresponding real frequency (solid
curve) versus relative electron-ion beam drift velocity Vo/vio'

The remaining parameters are the same as in Fig. 2,

Mode I growth rate (dashed curve) maximized over wavenumber and
propagation angle 8 and the corresponding real frequency (solid

curve) versus beam injection angle a for Volvie = &, TeL/T =5,

el

ny, = n4g = 0.5 n,, and Ten/Tio = 15,

Mode I growth rate (dashed curve) maximized over wavenumber and

propagation angle 6 and the corresponding real frequency (solid
curve) as a function of the fon beam density nyg/n, for Volvig =

= = =3 o
by To /Tey = 55 Toy/Tyo = 15, and a = 459,
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Figure 6. Mode I real part of the frequency versus wavenumber ck/we cor=~

igure 7.

Figure 8.

Figure 9.

Figure 10,

Figure 11,

responding to maximum growth rate for Vo/vio = 3,5; Tei/TeH =

5 (dashed curve), 4 (solid curve);

Ny = nyg = 0.5 ng; and

Teu/Tio = 15,

Mode I values of | w = i.vo I/kvis, w./kvy , and wr/k"ve" cor=
responding to maximum growth versus angle of propagation 8 for

= J = 3 = = M = o.
VO/Vio 3,5; Tel/TeH 515 ng, ;g 0.5 ng o 459; and

Te"/Tio = 15,

Mode II growth rate (dashed curve) maximized over wavenumber and
the real frequency (solid curve) as a function of propagation
angle 9 for Tel/TeH = 3,4,5;5 Vo/v;, = 3, Toy/Tio = 155 ngy = nyg =

0.5 ng; and o = 450,

Mode II growth rate (dashed curve) maximized over wavenumber and

the real frequency (solid curve) as a function of propagation

angle & for V /v; = 3,4,5; Tei/Te = 4; Teu/Tio = 15

1 3 Dyy T 0yg =

0.5 n,; and a = 459,

Mode II nearly perpendicular (4) and oblique (3) growth rates
(dashed curves) maximized over propagation angle 8 and wavenumber
and the real part of the frequency (solid curves) versus drift
velocity V /v, for Tel/Te = 4, Ty /Tio = 15, ny, = ny. = 0.5

| e’

and o = 459,

Mode II nearly perpendicular (A) and oblique (B) growth rates
(dashed curves) maximized over wavenumber and propagation angle 6
and the corresponding real frequency (solid curves) versus beam
injection angle o for Vo/vio =183, Tei/TeH = 5, Te"/Ti0 = 15, and

N4o = ngg = 0.5 ng.
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igure 12.

Figure 13,

Figure 14,

Mode II maximum oblique growth rate (dashed curve) and real
frequency (solid curve) as a function of i{ion beanm density nis/ne

o = = A o]
for Vo/vie = 3, T, /Ty, =4, T, /Ty = 15, and a = 45°.

Mode II real part of the frequency versus wavenumber ck/we for
several values of the drift velocity Vo /vio = 3,4,5; TeL/TeH =
4 (dashed curve), 5 (solid curve); Te"/Tio = 15; n, = nyg

0.5 ng; and a = 459,

Mode II values of | w. = E-ﬁo I/kvis, wr/kvio’ and mr/k"ve" cor-—
responding to maximum growth rate versus angle of propagation 8

= . = = = 45O
for Vo/vio = 4,5; Tel/Teﬂ = 4 Teu/Tio = 15; and a = 45°,
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ABSTRACT

The investigation of the kinetic cross-field streaming
instability, which is motivated by the research of collision-
less shock waves and studied by Wu et al. (1983), is discussed
more fully in the present work. Since in the ramp region of a
quasiperpendicular shock electrons can be preferentially heated
in the direction transverse to the ambient magnetic field, the
inclusion of the effect of the thermal anisotropy on the insta-
bility associated with a shock is both desirable and necessary.
The present study has found that Te

> Te can significantly

1

enhance the peak growth rate of the cross-field streaming insta-
bility when the electron beta is sufficiently high. Furthermore,
the present analysis also improves the analytical and numerical

solutions obtained from the earlier theory by Wu et al. (1983).

-



I. INTRODUCTION

In a previous article (Wu et al., 1983) it has been reported that
the relative electron-ion cross-field drift in a perpendicular shock
wave can result in a kinetic instability which has the following essen-

tial features: (1) the characteristic real frequency of the unstable waves

is of the order of the lower-hybrid frequency, (2) the unstable waves are basic-

ally whistlers and have mixed electrostztic and electromagnetic polarization,
(3) the instability is highly kinetic, and (4) unlike the usual modified
two-stream instability (McBride éE.EL" 1972; McBride and Ott, 1972)

this instability is not suppressed by electromagnetic effects when the

relative electron-ion drift exceeds the Alfven speed of the plasma. Sinee

e
*

the free energy which drives the instability is associated with the
relative cross-field drift, the unstable whistlers must inherently have
oblique or nearly perpendicular propagation. It is anticipated that the
growth rate should diminish for waves with wave vectors nearly parallel

to the ambient magnetic field B0 . The fact that whistlers can be am-

plified by streaming ions was first pointed out by Ross (1970).

The instability theory is motivated by the research of collisionless

shock waves. The basic physical situation is described and discussed in

a review art%cle by Wu et al. (1984), In view of the fact that in a

shock front electrons can be heated preferentially in the direction

transverse to the ambient magnetic field, it is anticipated that in

this region the perpendicular electron temperature, T , » may exceed
e~

the parallel electron temperature, Te" s as evidenced by in situ space-

craft observations (Scudder et al., 1983). Consequently such a thermal

anisotropy can provide an additional source of free energy. The per-

tinent question is how does the anisotropy affect the cross-field streaming

instability. With this in mind we feel that the preceding analysis by



Wu et al. (1983). needs to be generalized to include the effect of
Te; > Te" so that the stability theory can be improved.

In passing we remark that in the preceding work by Wu et al. (1983)
we have imposed an approximation. That is, in the dispersion equation
we have only retained electron terms associated with n = 0 (where n
is the cyclotron harmonic number). The justification is that we are
only interested in waves with frequencies w << Qe and with wavelengths
such that kivgllﬁi << 1 . However, numerical solutions of the disper-
sion equation show that the unstable waves can have wave—numbers k;f we/c g
This implies that for the case Be V1 we have k_,_veJ_/Qe <1, which
is inconsistent with the postulate. As a result, it appears that in order
to improve the numerical solutionswe need to consider terms associated .
with n # 0 . This task is carried out in the present paper in addition
to the investigation of the effect of the thermal anisotropy on the in-
stability.

The organization of the paper is described as follows: In Sec. II

the basic considerations are introduced. In this section the physical

model and assumptions are described, the dispersion tensor is discussed and

the plasma parameters for the problem of interest are listed. In Sec.
III a numerical analysis of the complete dispersion equation in presented
and the treatment of the kinetic cross-field streaming instability of

Wu et al. (1983) 1is generalized to include the effects of electron tem-
perature anisotropy. The discussion is given in Sec. IV. Finally, the
summary and conclusions are provided in Sec. V. An alternative form of
the dispersion tensor is derived in Appendix A and approximate analytical

expressions are obtained in Appendix B.



ITI. BASIC CONSIDERATIONS

a. Physical Model and Assumptions

In the present study the physical model under consideration is the
same as that described by Wu et al. (1983, 1984). In addition to the
cross—-field ion drift, the electron thermal anisotropy is included
in the discussion of this paper. It may be helpful to comment on
the assumptions and to describe the model briefly so that the sub-

sequent discussion is self-contained. We consider a one dimensional

perpendicular shock. To facilitate our discussion we introduce the fol-

lowing coordinate system. We choose the z axis to be parallel to the am-éﬁ

bient magnetic field _EO - All macroscopic quantities vary in the x direc-
tion normal to the shock. It is anticipated that a cross-field cur-

rent can occur in the shock front region because of two principal

causes: first, the presence of the electrostatic potential barrier and

the diamagnetic effects on the electrons; and, second, the reflection

of a small population of ions. In general, the relative drift between
electrons and ions can occur in both the x and y directions. The rela-
tive drift in the y direction may be attributed to both effects just
mentioned, whereas the relative drift in the X direction is only caused

by the transmitted and reflected ions. The important point is that

there exists a cross-field current in the y direction, but the plasma
remains current free in the x direction within the context of the pres-~

ent model, as shown in Fig. 1 of Wu et al. (1983). Thus, in principle,
the plasma density inhomogeneity may be significant for the stability
of waves propagating in the y-z plane (Wu et al., 1984; Zhou et al.,
1983). 1In the subsequent discussion, the effects of plasma inhomogene-

ity are neglected. Obviously for waves propagating in the x-z plane,



this assumption is generally justified (Wu.gg_gl., 1983; 1984), More-

over, if the 50 X EO drift prevails over the diamagnetic drift, the

gradient of density and temperature may be of secondary importance in

the stability analysis, even for waves propagating in the y-z plane.

We postulate that the unstable waves have frequencies and growth rates

much higher than the ion gyrofrequency so that ions may be treated as un-

magnetized. This assumption will be checked a posteriori. 1In the elec-

tron frame the reflected ions and the transmitted ions have opposite drift-

velocities (Leroy et al., 1981; 1982). Thus, it is expected that there

may exist two types of unstable waves; one is excited by the reflected

ions and the other by the transmitted ions. Hence, without loss of gene-

rality, we only need to consider one ion species in the stability analysi§§

because only one ion species can be in resonance with the wave, since

the transmitted and reflected ions have oppositely directed drift relo-

cation in the electron frame. Of course, this leaves out an ion-ion

instability, which may not occur in a high Mach aumber shock wave any-

way (Wu_gg_gi., 1984),

b. Comments on High Beta Effects

Whistlers with oblique propagation have been discussed in the litera-
ture. However, in most discussions it is implicitly assumed that the
electron beta of the plasma is very low (i.e. Be << 1) Because the
subtlety of this point may not be appreciated at first, an explanation
appears to be not only instructive but also rather desirable.

It is usually argued that to study whistlers with obliquie propagation,
one may approximate and simplify the dispersion tensor by neglecting the
[Readers

electric field perturbation along the magnetic field, GEZ

are referred to the discussion given on pages 97 and 103 of the review

article by Mikhailovskii (1975)]1. The point is that for whistlers the



dielectric tensor element Ezz , Which is of order wi /wz, where
wi = 4ﬂne2/me , 1s large in comparison with the other elements of the
dispersion tensor, which are of order k2c2/w2 . This is so for whistlers

because the condition

w2 S k2c2
e
is satisfied. However, it should be pointed out that Ezz N O(wi /wz) is
true only when w/k" > v, s where Ve is the electron thermal speed and
ky denotes the component of wave vector k parallel to the ambient

magnetic field. Considering the usual whistler dispersion relation

c2k2 X
w = wz Qe cos § , (R
e

where Qe =|eB0/mec| is the electron cyclotron frequency and cos 6 =

kB /kB0 , we find

(2)

For B8 =1, the parallel phase velocity w/k“ is apparently smaller than

e
the thermal speed Ve + In this case the aforementioned argument becomes
invalid because Ezz is no longer of O(wi /wz) . In fact, one can
readily show that in this case
2w2
=1 __pe
€22 T 2222 (3)
kyA kv
e e

where Ae is the electron Debye length. From Eqs. (1) and (3) we find
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2z 22 ° 27 "B (4)

~ . 2.2, 2
This result implies that if Be s I8, €,, 1s also of 0(ck™/w%)
Evidently the approximation of neglecting SEZ is unjustified and the

complete 3 x 3 dispersion matrix must be considered for a high-beta
¢

plasma. This is the task which we carry out in the present investigation.

c. Dispersion Tensgor Dij for an Anisotropic Plasma

To proceed with our discussion we first obtain the expressions for

the dispersion tensor elements. In doing so we choose to work in the
electron frame of reference, in which the ions are considered to have a

cross-field drift VO . For convenience we assume k-VO = kLV0 s whereAE

[ d
.

the wavevector k lies in the x-2z plane. Because ions are massive their

contributions to the electromagnetic perturbations are neglected. More-

over, as mentioned earlier, they are treated as unmagnetized. In the follow -

ing, the ions and electrons are described by the model distribution functions

2
= ! e - Zﬂ - ff_:xgl_ - o Vd) s (5)
i~ 3723 °¥P 2 2 2
' v v v, v
i i i i
n r v2 v2
e 372 2 Pl_ 2 ol
™ v v v v
ell et ejl el
where Vs ve“ and v,, are the ion and the parallel and perpendicular

-«

electron thermal velocities, v? = 2Tj/mj and V4 Tepresents the E x B

and diagmagnetic drifts. Waves propagating in the x-z plane are not

affected by vy



.

The expression for the dispersion tensor Dij of interest for the
present case can be found in the literature (Stix, 1962; Tsai et al.,
1981) and are evaluated in Appendix A for the distribution functions

(5) and (6).

Hereafter, we shall restrict our discussion to waves which have the

following properties:

2 2
kv
et
292 < 1 and Qi << g << Qe (N
e
w=*
e
v | > 1 (8)
] eyl
W K
< 1 9
k“Ve” ( )
and
2
2.2 w
2 ¢k ( e ) ;
NT = VOl —=—]) . 10y
w2 w@e’ N

Based on these assumptions we can estimate the order of magnitude of

various terms in the dispersion equation. We shall return to this point in

Appendix B.

d. Basic Plasma Parameters

Since the present study is mainly motivated by the research of the
earth's bow shock, the physical parameters under consideration should
be compatible with those of the solar wind, particularly at the bow

shock region. Thus, we shall consider:
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B, =8, =1

SE— = 150

Qe

By = 7 ¥
T

'—A
n
"l
1]
(5]
n
N

el

SVA £ V0 £ 20vA (vA is the Alfven speed)

n, = 10 cm_3 (ne is the electron density)

The magnitude of the cross-field drift V0 depends upon its nature and

direction. The range given here is based on recent in situ observations T

by spacecraft (Paschmann et al., 1982) and computer simulation (Leroy et al.

1981 and 1982). Discussion along this line ig also presented in Wu et al,

(1984).
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IIT. NUMERICAL ANALYSIS OF THE COMPLETE DISPERSION EQUATION

In this section we present a numerical treatment of the

complete dispersion equation, which is given in Appendix A. 1In

Fig. 1 the growth rate, maximized over wavenumber, and the real part of

the frequency are plotted as a function of the angle of propagation 6 for
several values of the ion drift velocity. Tﬁese curves have general
features which are similar to those obtained by Wu et al. (1983) for

the same values of the parameters -, Be = Bi =1 , TeL/Tel==l , and

we/Qe = 150. It is seen that increasing the ion drift velocity to several
times the Alfven velocity does not suppress the instability, but rather
shifts the direction of propagation more nearly parallel to the magnetic
field. This result may be attributed to retaining the electromagnetic B
terms in the dispersion equation. A significant difference between Fig.

1 and Figs. 2 and 3 of Wu et al. (1983) is that the peak growth rate in
Fig. 1 in this paper is a sliowly decreasing function of the drift velo-
city for Vo/vA > 7.5 whereas in the figures of Wu et al. it is an in-
creasing function of Vo/vA up to Vo/vA = 20. This discrepancy occurs
because in the present calculation we have retained the sum of electron

cyclotron harmonic terms with n # 0 . In general, we find that the terms
associated with the cyclotron harmonics n = + 1 in the dispersion

equation must be retained. These terms give rise to a significant modi-

fication of the growth rate, as shown. Moreover, terms with |a| > 2
result in a correcticn of order 20 %.

The combined effects of electron temperature anisotropy and ion
drift are illustrated in Fig. 2. This plot is the same as Fig. 1, except
that the electron temperature ratio TeL/Ten = 1.5 in this case. It is

seen that the electron temperature anisotropy reduces the real frequency.
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However, the temperature anisotropy significantly increases the peak
growth rate and shifts the corresponding direction of propagation to
slightly larger angles. These effects are illustrated more clearly
in Fig. 3. Here the growth rate is plotted as a function of 6 for
VO/vA = 10 and TeL/Teu = 1.0, 1.5 and 2.0. Decreasing B at constant
VO/Vi greatly increases the growth rate (Wu et al., 1983); however,
increasing the temperature ratio TeL/Teﬂ ‘results in only a very small
increase in the growth rate when £ << 1 ,

In Fig. 4 the growth rate and real frequency are plotted as fun-
ctions of the ion drift velocity for the same parameters as in Figs.
1 and 23Both the growth rate and the real frequency increase rapidly with
increasing drift velocity, reach a peak, and then decrease rather slowly
after the peak. It is particularly important to note that the peak :
value of the growth rate occurs for VO/VA x~ 7.5. Increasing the tem-

perature ratio T /T
er e

/v

increases the growth rate for all values of V

il o' 'aA’

but increasing the temperafure ratio does not change the value VO/VA:S 7.5
where the peak growth rate occurs. It is also seen that the assumptions
w. >y > Qi are satisfied.

The real frequency wr(k) corresponding to the maximum growth
rate is plotted as a function of the wavevector k in Fig. 5. It is
seen that the assumption ck/we << 1 1is not satisfied in many cases and
the terms of order C2k2/w§ must be retained in the dispersion equationm,
as discussed in Wu et al. (1983) and Appendix B.

The arguments of the plasma dispersion function zy = wr/kWWeu
and lCiI = I(wr - kLVO)/kvi[ corresponding to maximum growth rate are

plotted in Fig. 6 as a function of the angle of propagation. The fol-

lowing two conditioms,
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w lw_=k,v_|
r r 10
<1 and —~_
k“Ve“ = kvi = 1

are satisfied over the entire range of 6 . This is a further indi-

cation of the kinetic nature of the instability studied in this paper

For the maximum growth rate

W o _-k,v_|
——— ~ 0.5 and ; iy O
I et Vi

and the assumption (9), wr/knve“< 1 is only marginally satisfied. Be-

cause of the highly kinetic nature of the instability and the -

. 2,2 .
importance of the terms c¢“k /wi » 1t 1is not possible to treat

this instability accurately in a simple way. However, the discussion

5050

in Sec. IV helps to illustrate the physics of this instability.

Another important characteristic of the instability is that it has
mixed polarization, with electromagnetic as well as electrostatic com-
ponents. The ratio of electromagnetic to electrostatic electric field
energy density is plotted in Fig. 7 as a function of 6 for VO/VA = 5,10,

15,20 and Te'/Te“ = 1.0 and 1.5. For smaller values of Vo/v the

A b
mode propagates more nearly perpendicular to the magnetic field, and the
polarization is predominantly electrostatic. For larger values of Vo/vA

the mode propagates more obliquely, and the electromagnetic component of
the electric field becomes comparable to the electrostatic component. The
ratio of the electromagnetic to electrostatic field energy density in-
creases with increasing drift velocity. Increasing the temperature

. . 2 2 .
ratio T /T increases |SE_ |“/|8E__|° slightly. Although the

er’ el em es

ratio of electromagnetic to electrostatic electric field energy density

is less than one in all cases, the ratio of fluctuating magnetic field

energy density to electrostatic electric field energy density can be
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very large, since

EWE 12
em

i2

i 22 ]GEem
S

oz, 12 ol

from Ampere's law and c2k2/|w|2 is very large because the phase

velocity of the waves is small (Lemons and Gary 1977).

-
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IV. DISCUSSION

The numerical analysis in the previous section shows that an elec-
tron temperature anistoropy Tel > TeH results in a substantial increase
of the peak growth rate and a decrease of the real frequency for large
angles of propagation. However, the fundamental nature of the unstable
waves is essentially the same as in the isotropic case; that is, they
are basically obliquely propagating whistle;s. This suggests that the
graphs in Sec. III may be qualitatively interpreted using the theory for
the isotropic case.

Before proceeding, a significant point should be also mentioned.
That is, the ion dynamics influence the wave dispersion even when the ;
relative electron-ion cross-field drift is small and negligible. This
can occur in the case of the solar wind, for which the ion plasma fre-
quency 1s comparable to the electron cyclotron frequency. In the fol-
lowing we write the dispersion equation, including the ion dynamics (Wu

et al. 1983), as

m2
MEN & , (11)
2 . 2
w A - sin™8
0
where
A=8 /ReZ'(CO) - B /2
i i e ?
0 Y ~ kY
Ci = B 1/2 s
kvA Bi
2,2
wo = £ ; 2 cosb
w
e
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* Since the curves in the previous section were calculated for the

maximum growth rate, we use the ion resomant condition wr = k,V to obtain

0

sin 6 , (12)

which is an increasing function of the wavegumber, of the drift velocity
and of the angle of propagation. This equation describes how the real
frequency changes as a function of (VO/VA)sin 8 , for the value of k
that maximizes the growth rate. 1If we now substitute the resonant con-
dition into Eq. (11), neglecting the effect of the ions for simplicity,

we obtain

v m. % &
— sin 8 = (—) L-‘f)— cos 8 . (13)

The set of equations (12) and (13) are convenient to describe the
nature of Figs. 1 to 6. From Eq. (13) we infer that (VO/VA)sin S and
VO/vA > for the value of k that maximizes the growth rate, are both
decreasing functions of the propagation angle. Therefore, the real
frequéncy is an increasing function of the drift velocity. In Fig. 5,
the larger the ratio VO/VA » the bigger the value of the frequency.
Since wr/wLH increases linearly with k , as shown in Eq. (12), our
qualitative estimate is in good agreement with Fig. 5, as well as with
Fig. 4 when Vo/vA is not too large. Furthermore, from Eq. (13) we
also deduce that, at sufficiently small propagation angles, the drift
velocity assumes large values and the increase of the parameter Vo/vA
dominates the increase of (VO/VA)sin 8 as we decrease the angle of

propagation. Therefore, when the drift velocity is large, a small

decrease in 6 can produce a significant variation in VO/VA » without



17

changing the value of (VO/VA)sin 6 . In this way, the flat region of
the real frequency for large values of the drift velocity shown in Fig.
4 can also be qualitatively described.

In Figs. 1, 2 and 3, the real frequency is plotted as a function
of the propagation angle, for several values of the drift velocity. Since
each point on these curves has a different value of k , which approxi-
mately satisfies Eq. (12), it is conveniené to combine Eqs.(12) and (13)

to eliminate k . This gives
e Yo

- @) —sinbtanb, (14)
YA

which increases very rapidly with angle at a fixed VO/vA » as shown

in Figs. 1, 2 and 3, and increases with Vo/vA at fixed angle, as shown
in Figs. 1 and 2.
In Fig. 6 it is seen that Iwr - k,V |/kvi is of order

unity, even though wr/kvi and VO/ are large. This shows that the

v
i
ion resonant condition is nearly satisfied in all cases ywhich justifies

the use of Eq. (12) in this discussion. The quantity wr/kuv is also

elt
of order unity when the drift velocity or the propagation angle is large.
The results Iwr - kLVol/kVi >1 and wr/k“ve“ <1 clearly indicate
the kinetic nature of the cross-field streaming instability. Similar
results were obtained in the previous study of Wu et al. (1983). Based
on the arguments presented at the beginning of this section, we could have
anticipated that the inclusion of the electron thermal anisotropy results
only in minor modifications of the curves, as shown in Fig. 6.

Although it is difficult to obtain quantitatively accurate expres-

sions for the growth rates because they are sensitive to small changes

of the variables, the qualitative shape of the graphs of the growth
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rates can be understood easily. For very small angles, the mode is

stable because the nearly parallel propagating wave is unable to inter-
act efficiently with the perpendicular ion drift. As the angle increases,
the ion growth initially increases faster than the electron damping and
an instability develops. Eventually, the growth rate curve turns over

and decreases with increasing angle when the electron damping increases
faster than the ion growth. Finally, the mode becomes stable at an

angle less than 90°. These effects are shown clearly in Fig. 1, 2 and 3.
Furthermore, because the qualitative analysis for the maximum growth rate

has demonstrated that the ratio Vo/v is a decreasing function of 6,

A
we expect the peak growth rate to move toward the region of increasing
propagation angle, as the drift velocity decreases, in agreement with

Figs. 1 and 2. S

3

In Fig. 4 the growth rates increase initially with the drift velocity
because the free energy which feeds the instability is proportional to
L mivg . The growth rates reach a maximum at Vo/vA = 7.5, and then de-
crease Wwith increasing drift velocity because the angle at which the
growth rate peaks decreases, which increases k“ and the electron Landau
damping.

In short, this discussion qualitatively explains the essential
features of the numerical analysis of the kinetic cross-field streaming
instability presented in Sec. III. The most important results are that

the unstable waves have been identified as whistlers, and that the growth

rate is largest for oblique angles of propagation.



V. ©SUMMARY AND CONCLUSIONS

We have investigated both analytically and numerically the
kinetic instability produced by a relative electron-ion cross-field

drift and an electron temperature anisotropy T /T >1

er’ “en - The

unstable waves have been shown to be whistlers as discussed in Sec. IV.
The instability is not suppressed by electrémagnetic effecis when VO/VA >1
and B Vv 1 . This agrees with the results of Lemons and Gary (1977). As
can be seen in the numerical results in Sec. III,the effect of increasing
Vo/vA is to shift the direction of propagation more nearly parallel to
the magnetic field. The effect of increasing the electron temperature
ratio TeL/Te“ is to increase the growth rate and to shift the directio?
of propagation more nearly perpendicular to the magnetic field. The modé
has mixed electrostatic and electromagnetic polarization. However, for
BV 1 and for nearly perpendicular propagation the mode is predominantly
electrostatic, whereas for more oblique propagation, the electromagnetic
and electrostatic components are nearly equal. Finally for B small,

the mode becomes the well known modified two-stream instability (Wu et al.
1983).

In summary we have studied the plasma instability resulting from a

cross-field ion drift and an electron temperature anisotropy, Tev/Teu> 1

We find that both effects significantly affect the instability. 1In parti-

cular, the present study has led to the following major conclusions:

i. A relative electron-ion cross-field drift can cause instability,

even if VO/VA > 1 .

2. An electron temperature anisotropy TeL/Teu > 1 significantly en-
hances the peak growth rate.
3. The unstable waves have both electrostatic and electromagnetic com-

ponents in general. For B8 "NV 1 and nearly parallel propagation,



the electrostatic and electromagnetic components are comparable and the

polarization is mixed.

4, The instability is highly kinetic for high 8" 1 . From numerical

solutions of the dispersion equation we find that

w lwr - kLvo|

v = kv, 3 1
il i,

ky

over the entire range of angles of propagation. In addition, electro-
magnetic effects, high order electron cyclotron harmonics, and ion
terms all affect the dispersion equation significantly and therefore it

is difficult to treat the dispersion equation accurately by analytic

techniques.

Since the instability is driven by an ion - wave resonance, the

ryce

growth rate is proportional to the number density of the resonant ionms.
Thus, if one wants to apply the results to the instability associated
with the reflected ions, he must bear in mind that the growth rate
should be reduced by a factor nr/no. If nr/n0 s 0.2, such an approxi-~
mate estimate should be sufficient. Correspondingly, for transmitted
ions the growth is modified by a factor nt/no which is of order unity.
However, in other situations, the real frequency as well as the growth
rate may be significantly modified by the densities of the two ion

species (Gaffey, da Jornada, Winske, and Wu, 1984).

In addition to the obliquely propagating kinetic cross-field streaming
instability, there is also a quasi-parallel propagating whistler instabil-

ity which can be excited by an electron temperature anisotropy Te'/Teu > 1

(Kennel and Petschek, 1966; Sharer and Trivelpiece, 1967; Mikhailovskii,

1975). The maximum growth rate occurs for exactly parallel propagation, and

20
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the growth rate decreases very rapidly as the angle of propagation in-
creases. This mode is insensitive to ion streaming, and it does not

couple to the cross-field streaming instability. The application of

the parallel whistler to the earth's shock is discussed in a recent article

(Wu et al., 1984),
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APPENDIX A

In this appendix we derive an alternative form of the dispersion
tensor, including the ion terms and the electron temperature anisotropy,
in a representation based on the electrostatic and electromagnetic poten-
tials 6¢,6é , rather than the electric field 6§ . We do this for two
reasons; first, to make contact with and genefalize our previous analysis
of the kinetic cross-field streaming instability (Wu et al., 1983), which
is based on an earlier paper (Hsia gé_gl., 1979), and second, for the

greater algebraic simplicity inherent in the J&¢,SA representation.

This point will be discussed further b=low.

Since &E = - ikd$ + i(w/c)SA and k*SA = 0 (Coulomb gauge), we can
write 5
kL k“
SEX = E— 0 = E N6¢ \
SE S 0 1 0 8A , (A1)
c Y
SE Al 0 1 SA
z k z

where we have taken k = (kL,O,k“) and N = ck/w . In the following we
define the dispersion matrix IIDijll in the JE and 6¢,8A represen-

tations such that Maxwell's equations become

/D D D SE
X% Xy Xz
D D D SE -0
yx vy vz
DZX DZY DZZ 6EZ
and ' s (A2)
D11 Dy Dyy \ ¢
' SA =
Dy Dyp Dy / y 0
SA
D33 D3y Dy z
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One can readily show from (Al) and (A2) that

2 2
k, ZkLk“ ky
D.. =—0D + D +—D
11 k2 XX k2 k2 2z
k, k“
D12 = D21 S (E_ ny Tk Dyz)
5 Y (ki)
D13 = ;5 D31 7 ET [ 2 (Dxx-Dzz) k2 sz]
" L
(A3)
D22 = Dyy
2 k k
- . K koo :
P23 =7 2032 7% (LA =tk g)
" 1
kﬁ 2K,k K
D33 " —E'D x 2 L z K W, Dzz
ke * k° %7 ok

-y

The expressions for Dij(i’j = X,¥,z) in the &E representation can

be written in terms of the dielectric tensor Eij such that
9 kikj
Dij =N (?‘ - 613) + Eij (1‘5.,(1)) . (AG)

The electron contribution to €ij may be found in the literature. For
the bi-Maxwellian distribution funection given in Eq. (5) with Tel # Ten
eii) has been derived by Stix (1962) and recently by Tsai et al. (1981),
including relativistic effects. Making use of the approximations that the

ions may be treated as unmagnetized and neglecting the electromagnetic ion

terms one finds

2

w 18 T - @
L2 2 e el eL e 2 - (1) . 2
DXX—l—N cos B + —7{( T——-—l)+'f——-—ﬁ— z n In(u)znZ(zn)]+€ sin" 8
w efl el n=-o
. 2
iw” T oo
D === = .._e i-'- e_u z =
xy yx 2T, = n[In(u)—Ié(u)]znZ(zn)
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Dyy=1‘ N+ —2((,3—‘-1) ts—e Hu ) {-— I Wm+2(1_ -1’ (u)]}z Z(z ))
w et elf n=-xo u

2 wz k, Te' ZQe _ § - (1)
D = =N"sinfcosb+ ~—=[- -—(—~-1)+ e i _ nl (Wz z Z(z )]+e 1) sinBcosh
Xz 2X b Tey klve" n=-o n nn n

D =D, == —= =M ] (I -1’1z 2 2(2) - (83)
w L7y n=-—c ,

T -3}
2 er 2 -u - 2 (i 2
Dz =1-N"sin 6+ — (ﬁ?_-_l) +2z0+2e Z In(u)znznz(zn)]+€ cos B

w k“ el n=-—w

2w%

. 1
kv,

(1)

™

In is a modified Bessel function, Z is the plasma dispersion functiom,

and the following definitions have been introduced:

e.B 2T,
2 4ﬂqe w Fos j 0 i v2 _ j .
3 m, k| m,c m,
-J J J
Teu i
k%vz (w-nQ ) g (15 7 0] (w-k,V.)
N el r e = e and 7. = +°0
S 2 % kv > 2 kyv ? i kv,
ZQe el Yen i

Substituting (A5) into (A3) yields

2 .2 2w2
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Obviously in the &¢,8A representation, the dispersion equation

reduces to Dll = 0 if electromagnetic effects are ignored. 1In other words,

the advantage of writing the dispersion equation in terms of PufD22°"'
(in the J¢,8A representation) is that it greatly facilitates the dis-

cussion of electromagnetic effects because it simplifies the separation 5

of the electrostatic and electromagnetic perturbations.
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APPENDIX B

In this appendix we present an approximate analytical treatment

of the kinetic cross-field streaming instability.

To facilitate our discussion we introduce a quantity W which is

the usual whistler frequency for B 5 << 1, without including the ion

dynamics. That is,

0 5 Qe cos 6 , (BL)

Obviously, it is convenignt'“to normalize the frequency w to S

0° S
It not only provides a direct comparison, but also results in consider-

able algebraic simplification, as will be seen later. 1In the following

we list the expressions for the elements of the dispersion matrix Di‘

in which the index of refraction N( = ck/w) and the propagation angle

8f = cos_l(k'Bo/kBO)] are introduced. If we retain only the terms of order

unity, it is found that

%" 22 2

o2l _enclay W ck 2, 1 o 2 S 2w .2 2
DXX—N {-cos“6+ 5~ oS 3] Z(BEL Be“)cos 6+1g1+ Bi ;§[l+ciZ(§i)]31n Bcos 9}
0

(.L)O Ll.)e

2 w2 c2k2 2 Tel Tev . 2. 1 2
Dyy=N {-1+ —5 —5— cos e+6ei[(T -1) + % 202(20)181n Q—E{Bel—se")cos 6+ig,}
wo we el el
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b ax2(-sinor 2 14z 20z )1~ Lo -8 )sinZ6+ig, tan 0428 (142 2(2. ) Jcos e}
22 B 7t TEgAtg) Im 3By "By )sin B+ig tan FL1TL 45 ) lcos
el w B.w
0 i~0
D =-D =—iN2(Q— cos B+ if,) (B2)
Xy yX wo 1
2 1 2u” 3
sz=sz=N {81n6cose+~§ (BeL-Be")51n6cose—1g2tan8+ ; wz [l+CiZ(ci)]31n6cos 9}
i 0
2:w Tev
Dyz=—Dzy=—1N {65-T——[l+zoz(z0)]51n9+1f2tan6}
el
where
1
nfwwe Te' Qe Te' (B3)
£, = —y iGE=-D+1e_ -7 G- e}
J 287 w_ck e ell
ey O
1
Trzuxue T,, Qe ey 2
8j = T {[j(T S 1)+l]®+ e (T—_- = 1)®_} '
ZBe"mock ell ell
(w-2,)* ()
9, = expl~ ——5——1] + exp[- ———] ,
+ k2 2 - k2V2
Vel Well

and the index j = 1,2,3. 1In these expressions we have defined:

T =m VZ'/Z )

2
er e et Ten_mevell/2 ’ ZO—w/k"V

_ - 2
e Ci_(w-klvo)/kvi ,Ti—mivi/Z

and Z(n) 1is the usual plasma dispersion function.

Equation (B2) is obtained from Eq. (AS) by assuming LtEkivi_/ZQi << 1

and keeping only the terms associated with n = 0 and + 1 . However, we should

bear in mind that since

kv B 2
U o= ;l =g < g i (B4)
29 w
e e

the postulate becomes unjustified when Be' o ck/we and sin6 are all



of order unity. Moreover, in Eq. (B2) we have also made use of the

assumption
w << Qo
e

We remind the reader that Eq. (B2) was deri&ed for Be% 0(1). For
the case Be << 1, the term (2N2w2/8e“w§)[l + zOZ(zo)] in DZz
becomes large compared to the other elements. As a result, the dis-
persion equation may be reduced to a 2 x 2 determinant (Mikhailowskii,
1975). 1In short, the discussion in Sec. IIb shows that for Be vl
we must treat the 3 x 3 determinant in order to derive the appropriate

dispersion equation. This is the principal task of this Appendix.

3

In the following we write W = w_ + iy and postulate that

wr >> Y . Furthermore, since we assume & << Qe and

2,2 2
i (85)
W Q
e e
222

as usual, the term w ¢’k /w2w2 which appears in D and D may be
Oe XX yy

considered to be negligible. Such an approximation is commonly made

in the literature when the dispersion equation for whistlers is dis-

cussed (Mikhailovskii, 1975). Making this approximation, we find by

setting the real part of the determinant of Dij to zero that

(B6)

£ | €
O N N
I
> |t

where

29
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A= 1+[1+ —3—sinze-sinae<33£_1)24.3 1n%6cos28 Tes 1 Te 0 0
) T sin"Bcos 8 (==~ )]ir—{l+CiReZ(;i)]
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eL eu T, Bay
B=(1l+ —=- ){ (-——-—l) sin 8+[1 B, (-____1) SR 6+( - e“)cos 6] x
Tes

el

T
X (L+ 0 (1 + cORez<c°>1>}
i

and

O

(g = kyVo) /v,

From this expression it can be shown that increasing the electron

temperature anisotropy Tel > Ten decreases the real frequency when the

angle of propagation is large. This effect may be seen by comparing

Fig. 1 to Fig. 2 and is also shown in Fig. 3.

For the case of isotropic electroms, Eq. (B6) may be simplified,

g

251n26[1 + chez(cg)]

2
T
I.1- ) (B7)
wg B, + (8_+2s1n’0)[1 + CgReZ(Cg)]

The ion dynamics influence the wave dispersion even when the relative
electron-ion cross-field drift is small. The effect of the ions is

is greater when the angle is larger.

Next, the imaginary part of w is calculated by the standard approach.

_ _ _ImD
Y = -~ 3ReD
' ow
However, at this pohtt%iremark is necessary. As mentioned earlier,
2222,2 2 X
in deriving Eq. (B6) we have neglected the term N“c“k‘w /' in DXx and
D__. However, we have found that this approximation should be avoided

Yy

in deriving the imaginary part of D, the determinant of Dij’ because a care-

ful study has shown that these terms can qualitatively modify the growth rate

at sufficiently large 6. The reason is explained above and in Wu et al. (1983).

In the following we write

=Yy k& Ye + Yee (8)



where 1\ denotes the ion contribution to the growth rate, Yo is
the electron Landau damping decrement, and Yce is the part of the

growth rate due to the cyclotron rescnance. We find the ion term for

2 2
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and the electron Landau term for Te' = Te" .
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(B10)

Taking f1 = f2 and 8 = 8y = g4 for the case TeL = Teu and suppres-

sing the index j , the electron cyclotron resonance term is

PE T Be %2 o T 2
=- —{[1+z ReZ(z ) 1[1+ == ——sin“ 6+ ——{1+Z .ReZ(Z.) }sin 8] +
0 0 0 2 2 T, i i
AcosB T we i

ce

T

e g g 2 . 2
+ —[1+Z_ReZ(Z.) ] cos B}- {[1+cos“6-B z.ReZ(z.)sin 8] x
Tl 1 1 ACOSZQ e”0 0

31
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The expression for wr is given in Eq. (B6) and the function Alk,w,9)
for T =T is defined as
el efl
2 2
no.1B% 1 gmep _ 20A LordA 3B _
T2 .6 2 2, ow 2 2 dw 3w
N~ w” cos“8 r w w T
T 0 0
2
2mr 2 2 Te wr 2 2 Te ) :
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It is easy to see that one of the reasons the electron temperature ani-
sotropy substantially increases the growth rate Y is because the functions

fj and gj given in Eq. (B3) are much greater for Te' > Teﬂ than for

Te' Teﬂ - This conclusion is in agreement with the numerical solutions

of the complete dispersion equation, which are shown in Figs. 1, 2, and 3.



Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

FIGURE CAPTIONS

Growth rate (dashed curve) maximized over wavenumber and .real

part of the frequency (solid curve) as a function of propagation
angle O for several values of the relative electron-ion drift
velocity VO/VA = 5,10,15,20, TeL/Teu =1.0, Be = Bi =1,

B . %
we/Qe = 150. The lower-hybrid frequency Wy = (Qeﬁi) .

Growth rate (dashed curve) maximized over wavenumber and real
part of the frequency(solid curve) as a function of pro-
pagation angle 6 for several values of the relative electron-

ion drift velocity Vo/vA = 5,10,20, TeL/Teu =1.5, 8 =8, =1,

el| i

and we/Qi = 150.

Maximum growth rate (dashed curve) and real part of the fre-
quency (solid curve) versus propagation angle for several

values of the electron temperature anisotropy Te'/Teu =1, 1.5,

2 and the parameters =R = = v =
B B, = 1.0, we/sze 150, aad vo/vA 10

Maximum growth rate (dashed curve) and real part of the frequency

(solid curve) versus relative electron~-ion drift velocity VO/VA

for TeL/Ten =1.,0 and 1.5, Beu o= Bi =1, and we/Qe = 150.

Real part of the frequency versus wavenumber ck/wg cor-

responding to maximum erowth for several values of V./v, ,
8 0/Va

Tel/Te“ = 1 (solid curve), TeL/Ten = 1.5 (dashed curve)’

Be" = Bi =1, and we/Qe = 150.
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Figure 6.

Figure 7.

34

Values of Iwr - k_,_VO[/kVi and wr/k"ve corresponding to

"

maximum growth versus angle of propagation 6 for several
1

values of VO/vA , TeL/Te = 1 (solid curve), Tel/Te" = 1.5

(dashed curve), BeU = Bi =1, and we/Qe = 150.

Ratio of electromagnetic to electfostatic electric field
energy density lGEemleiﬁEeslz for the most unstable mode
versus angle of propagation 6 for various values of VO/vA 0
Te'/Te“ =1 (solid curve), TeL/Teu = 1.5 (dashed curve),

Be“ = Bi =1, and we/Qe = 150.
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ABSTRACT

The acceleration of electrons along the auroral magnetic field by
large amplitude lower-~hybrid turbulence and a quasistatic parallel
electric field is discussed. Perturbations are excited by a cross-field
current due to a relative electron-ion drift. The fluctuating electric
field is primarily electrostatic and propagates nearly perpendicularty
to the auroral magnetic field. It is assumed that the instability
saturates rapidly. The time evolution of the energy of an individual
test electron is calculated. The quasilinear diffusion equation, with
a power law spectral energy density, is solved using a Green's function
method. The time evolution of an initial Maxwellian distribution is
given, and the average electron energy is obtained for various cases.
It is found that turbulent acceleration and electric field acceleration

are comparable in some cases.



I. INTRODUCTION

One of the most important problems in auroral physics is the acce-
leration of auroral electroms to high energies. Experimental measurements
of the energy spectra of the precipitating auroral electrons have been
made by the ISIS-1 and S3-3 satellites which have orbits passing through
the auroral region at 2000 and 8000 km, respectively. These data suggest
that electrons from the plasma sheet are injected into the auroral region
with energies of order 1 keV and are subsequently accelerated to energies
of order 10 keV before precipitating. The results from the S3-3 satel-
lite indicate that the energization of auroral electrons along the auroral
magnetic field lines seems to occur at altitudes between 4000 km and 8000
km (Sharp et al., 1980). Furthermore, the presence of precipitating elecf
trons with energies in excess of 10 keV at low altitudes in the auroral
zones during disturbed times has been known long before the $3-3 measure-
ments.

Recent electric field measurements by the S3-3 satellite indicate
the presence of a quasistatic electric field parallel to the auroral mag-
netic field (Mozer et al., 1977, 1979, 1980; Torbert and Mozer, 1978; Cladis
et al., 1979; Sharp et al., 1979; Mizera et al., 1980). Such an electric
field may provide the field aligned acceleration process required to explain
the observations of energetic precipitating auroral electrons. Although
the origin of the parallel electric field is still not completely under-
stood, theoretical discussions have given by several authors (Chiu and
Schulz , 1978; Kan et al., 1979; Shawhan et al., 1979).

In addition, wave measurements by the instruments onboard the Hawkeye
and IMP6 satellites have observed that electrostatic plasma turbulence

is generated in the region where the quasistatic parallel electric fields



occur (Gurnett and Frank, 1972; 1977). Observations by the S$3-3 satel-
lite also confirm the existence of ion cyclotron and lower-hybrid waves

in this same region (Kintner et al., 1978; 1979; Temerin, 1978, 1979; Mozer
et al., 1979, 1980; Temerin et al., 1979). The lower-hybrid waves are ge-
nerally broad band and the wave intensity is relatively high.

In the literature, several schools of thought have been proposed to
explain the acceleration of auroral electrons. A brief summary of these
models is given below.

(1) The acceleration may result from the presence of a parallel electric
field (Hoffman and Evans, 1968; Gurnett, 1972; paschmann et al., 1972;
Whalen and McDiarmid, 1972; Hall and Bryant, 1974; Kaufmann et al., 1976;
Bryant et al., 1978; Whalen and Daly, 1979; Fridman and Lemair, 1980).
(2) The acceleration may be associated with electrostatic shock waves
(Swift, 1970; Kan, 1975; Hudson and Mozer, 1978).

(3) The acceleration may result from electrostatic plasma waves (Gary

et al., 1968; Laval and Pellat, 1970; Swift, 1970).

The fundamental question is what is the principal mechanism re-
sponsible for the acceleration of auroral electrons. Most of the dicus—
sions described above are qualitative and emphasize only the basic physical
concepts. No detailed analysis of the characteristic time scale of a
specific acceleration process has been performed.

The purpose of the present paper is to give a detailed discussion of
the acceleration of auroral electrons due to the presence of both a
quasistatic parallel electric field and enhanced electrostatic plasma
turbulence. We are primarily interested in the time scale which cha-
racterizes the rate of change of the electron energy in the aforementioned
situation. The following discussion is primarily based on an individual

test particle approach, although a kinetic-theoretical analysis is also



considered. It is found that the results are qualitatively the same.

The rest of the paper is organized as follows: In section -I, the
basic assumptions and the physical model are described and the mathe-
matical problem is formulated. In section III, the electron velocity and
kinetic energy are calculated for an individual test particle. A Green's
function technique is used in section IV to obtain the electron velocity
and kinetic energy, and the time evolution of'an initial Maxwellian dis-
tribution is given. Finally, the discussion and conclusions are given
in section V. The Green's functions used in section IVC are derived in

the Appendix.



II. GENERAL CONSIDERATIONS AND THE PHYSICAL MODEL

A. The Quasistatic Parallel Electric Field

The measurements by the S3-3 satellite at altitudes of approximately
one earth radius indicate that occasionally the maximum value of the pa-
rallel electric field can be as large as 200 mV/m to 400 mV/m (Mozer
et al., 1977). The average value of the parallel electric field is
typically less than 10 mV/m (Temerin et al.,1982). However, the subject
remains controversial.

A number of authors have used the S$3-3 measurements of the electron
energy spectrum and pitch angle distribution to estimate the potential
difference along the auroral magnetic field lines (Sharp et al., 1979;
Cladis et al., 1979). It is found from the plasma data that the signa-
ture of an electrostatic potential drop exists over a broad altitude
range, from approximately 4000 km to 8000 km. The peak value of the
total potential difference is estimated to be between 4 kilovolts and
5 kilovolts.

B. The Quasilinear Diffusion Equation

The electric field and plasma turbulence measurements outlined
above suggest that in the acceleration regiom, the electrons are energ-
gized under the combined influence of both a quasistatic parallel elec-
tric field and large amplitude electrostatic plasma turbulence. A
theoretical study of the collective instability mechanism of electron
acceleration is essential not only for the understanding of the ano-
malous energization of auroral electrons, but is also important in the
context of fundamental plasma physics. The statistical acceleration
of electrons and ions in turbulent plasmas has been discussed by many

authors and comprehensive reviews have been given in the literature



(Tsytovich 1966, 1977). Recently the linear and nonlinear evolution

of plasma instabilities driven by cross-field currents and the resulting
anomalous heating of electrons and ions have been studied analytically
and numerically (Davidson and Krall, 1977). These works show that sta-
tistical acceleration processes can play an important role in space
plasmas and laboratory plasmas.

The physical situation which is treated in this paper may be de-
scribed briefly as follows. We consider a plasma that can support an
instability that amplifies perturbations excited by a cross-field current,
due to a relative electron-ion drift. Among the instabilities driven by
a cross-field current, the modified two-stream instability and the lower-
hybrid-drift instability are the most important. A rather complete de-
scription of the literature of cross-field instabilities is contained
in a recent paper (Hsia, et al., 1979), which gives a unified theory
of the lower-hybrid-drift and modified two-stream instabilities. These
modes with frequencies in the range of the lower-hybrid frequency can
interact simultaneously with both the electrons and the ions, and thus
can transfer energy from the ions to the electrons. The fluctuating
electric field of the lower-hybrid waves is primarily electrostatic and
propagates nearly perpendicularly to the auroral magnetic field. It is
assumed that the instability saturates rapidly. In this paper we are
not concerned with the details of the saturation mechanism but rather with
the acceleration of the electrons by plasma turbulence that has already
reached the saturation level. Recently, some laboratory experiments
have demonstrated that the combined effects of a parallel electric
field and plasma turbulence is particularly effective in producing
energetic electrons (Yamamoto et al., 1980). This phenomenon has been

observed in a tokamak, and we expect that the physical mechanism should



be operative in the auroral region also. It is based on this notion
that we are motivated to proceed with the present study. The approach
consists of two parts; one is the study of a test particle problem, and
the other is the investigation of the time evolution of the distribution
function. The latter is based on a quasilinear kinetic equation.

Our discussion starts with the gquasilinear kinetic equation for a
magnetized plasma (Davidson, 1972; Kennel and- Engelmann, 1966), including
the quasistatic parallel electric field. Since the plasma turbulence has
a characteristic frequency, w RﬁwLH << Qe » and since we only consider
long wavelengths, k, i < Qe (veth is the electron thermal velocity),
the most important diffusion process is associated with the n = 0 term.

In this case, the quasilinear equation reduces to

BFe ‘el BFe 3 3Fe
0t m Ey v ov D"(v“) ov ? (1)
e it i i
where
2
2 2 k
_8nm'e 3 b
D"(V”) = mz J d"k Ei{* kz 5((1) - k"V”) . (2)
e

In Eqs. (1) and (2) Fe is the electron distribution function, and the
- > 2 > . ,
spectral emnergy density e = <|EE| >/8m , where Ez is the fluctuating
field.
To facilitate our discussion we adopt a coordinate system in which
the z axis 1is parallel to the ambiént magnetic field and the turbulence
is excited by a cross-field drift vy parallel to the y axis. TFor a

given unstable mode, the frequency w and the wavevector k are related by

> >
w=kev, =k v, . (3)



We further assume spectral emergy density has the form

er = vk)olkp) (4)

where ¢(k”) is the power-law spectrum discussed recently by Wu, Gaffey

and Liberman (1981),

a-1 km o
(b(k") = R ’E— for lk"l > km (5)
m <l
<
0 for |k”| km
The spectral index a 1is considered to be a parameter, apg ¢ is nor-

o)

malized such that f dk ¢ (k) =1, for o >1 . The saturation wave
=00

energy
W= d3k £> = dzk, w<k,) (6)
s k = =

is discussed in Section IIC. 1In the following we further assume that

ow 2 2 2
5k; << vy and ky >> k.x » kg

The diffusion coefficient (2) can be simplified using Eqs.(4), (5)

and 6).
f a -3
Du(vy) =D — , (7)
the
where
2 = 2 a-1
w- W k v
d
D = m(a-1) —B=5 ( = ;he> (8)
wnemevthe



) 2, % L e
The electron plasma frequency wpe = (4ﬂnee /me) and Ve (2Te/me)

is the electron thermal velocity.

It is convenient to introduce the dimensionless parameter,

lel8vine

e (9

Ma

and the dimensionless variables,
M
w=— (10)
Vthe

t
t = % f dt'D(t") 5 (11)

Vehe 0

If vy and ﬁs can be taken to be approximately time-independent, Eq.

(11) simplifies to

o R (11a)
v

In terms of these variables, the diffusion equation (1) can be written as

iF_e = ah ,ula-3 __aFe + E _a.Fe (12)
9T du ou du :



10

C. The Physical Model of the Acceleration Region

Since the present study is primarily motivated by the observations
of precipitating energetib auroral electrons, we now discuss the model of
the acceleration region, which was mentioned previously in Section IIB.
In this region, where the quasi-static parallel electric fields occur,
the Hawkeye and IMP 6 satellites have measured large amplitude electro-
static plasma turbulence at the lower-hybrid and ion cyclotron frequencies
(Gurnett and Frank, 1972, 1977). We expect that the turbulence at the
lower-hybrid frequency is a manifestation of the lower-hybrid-drift in-
stability, which is excited by a cross-field current due to a relative
electron-ion drift (Hsia et al., 1979; and references therein). The
sources of free energy available in the acceleration region to drive the
lower-hybrid-drift instability are the E x B drift and the plasma density
inhomogeneity. In this region there is a rather strong electric field
perpendicular to the ambient magnetic field, E, ™ 400 mV/m. This large
perpendicular electric field can generate quite a large relative cross-
field drift between the electrons and the ions. In the large electric
field region, the low energy particles are expelled and there is a strong
density gradient at the boundary of this region. These ideas are sup-
ported by the observations of Whalen and Daley (1979) that the most in-

tense energetic electron precipitation occurs at the edge of the auroral
arcs. The lower-hybrid waves, which are generated at the edge can pro-
pagate into the center of the regions, and thus the waves are able to ac-

celerate electrons in regions of large spatial extent.

The cross-field electron drift Qelocity is
E,

c— = e __—e ——
Voe = VE g “De €3 meQe ox fn Oe s 4y



and the cross-field ion drift velocity is

T
N _ i 3in
Yoi T VDi T M., 3% 4 (14)
! ii
h is the E x B drift veloci d h
where vE is the X rift velocity, vDe an VDi are the
electron and ion diamagnetic drift velocities, Te and Ti are

the electron and ion temperatures in the acceleration region znd the
electron and ion cyclotron frequencies are Qe = [e[BO/mec and Qi = IelBO
/Mic . The ions are not able to E x B drift because the ion gyroradius is
comparable to the length scale of the acceleration region, i. e,

r, = v /2, =L = (3% n/dx)"" .

i Di i n

Recent research results indicate that ion diamagnetic drift energy provides
the free energy reservoir which drives the lower-hybrid-drift instability
(Hsia et al., 1979). The saturation electrostatic turbulent energy den-
sity, given in Eq. (8), may be expressed as,

— 2
=3 1 1
W =yvyGaomv + % n.M.VD.) ~ MVps s (15)

where 7Y 1is the energy conversion efficiency coefficient.

11



III. TEST PARTICLE PROBLEM

The time evolution of the velocity and of the energy may be obtained
by taking moments of the diffusion equation (12) and integrating by parts.

For a test particle we take the distribution function to be

Fe(u,t) = 6fu - u(7)] » (16)
and obtain

dups (a-3)|u|a_4sgn u-E . an

dt
and

de _ o-3

= = 2(a-2) |u - 2Eu . (18)
In Eq. (18) the dimensionless energy € = u2 . This expression is similar

to a criterion for statistical acceleration that has been used frequently

12

(Melrose 1968, 1969) but includes the effect of the parallel electric field.

We caution the reader that some care must be taken when using the expres-
sions (17) and (18). As was pointed out in a recent paper (Wu, Gaffey and
Liberman, 1981), these equations are valid only when the terms that were
integrated by parts are well behaved functions that are integrable over
the entire range. For the problem considered in this paper, Q >2 is
required.

In the following subsections we give solutions to Egs. (17) and

(18) for various cases so that a comparison may be made.

A. Electric Field Only

Under the influence of the electric field alone, without diffusion,

the velocity is

u(t) = - ET + u(0) , (19)



where the initial velocity at time T = 0 is u(0), and the energy is

e(T) = EZTZ - 2u(0)ET + €(0) , (20)

2
where the initial emergy at time T =0 is €(0) = u (0)
B. o = 3 case

The velocity is

u(T) = - ET + u(0) . 2D

If the electric field is zero, the energy is

e(t) = 2t + €(0) , for E=0 . (22)

If the electric field is nonzero, Eq. (18) may be integrated to obtain

VE(T) = - ET senu- Sg“’”zn(E”E(T’;Sg“ “’l) + VE(®), for E£ 0, (23)
Eve(0) sgn u-1

where sgnu is the sign of the velocity. For E small, the logarithm
may be expanded, and to second order Eq. (22) is recovered. For E large,

the logarithm term is small, and we iterate to obtain

e(T) ~ET + 2T in ( £l ) , (23a)
ve(0)
where sgn u = - 1 has been used.
C. a =4 case
The velocity is
u(t) = - (E-sgn u )T + u(0) , (24a)

and the energy is

13
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€(t)=(2-E sgn u )ZT2 + 2/e(0) (2-E sgn u) T + £(0) . (25a)

For E > 1, all particles are eventually accelerated to negative velo-

cities,

u(T) = - (E+1)T + u(0) , (24b)
and the energy becomes
() = (2+2)%1% + 2/E00) (B+2) T + £(0) . (25b)

D. Averaged moments

For many purposes it is useful to have the moments averaged over
the distribution of initial values, which we take to be a Maxwellian.

We define the average value of a quantity A to be

" 2
fAe—u D aucoy . (26)

For the case with only the electric field, the average velocity is
<u(t)> = - ET . (27)

The average energy is

<e(1)> = E2T2 +% (28)
The mean velocity squared is
<(Au)2> = <u2> = <u>2 = % . (29)
For the case o = 3, the average velocity is
<u(t)> = - ET 3 (30)



-

If the electric is zero, the average energy from Eq. (22) is
1
e(D)>=2T+5 (31)

and the mean velocity squared is

<w?> =2+l ” (32)
If the electric field is large, the average energy from Eq. (23a) is
<g(1)> = EZTZ + 2Tn(ET) + (2812 + ) s (33
where Euler's constant c¢ is defined as

lim 7 1
=me () =-2fnmn) =0.577... (34)
n=1

(p]
ni

(Gradsteyn and Ryzhik, 1965). The mean velocity squared is
<(Muw)?> = 2t4n(ET) + T(2%2 + ) . (35)
For the case g= 4 , for E <1 , the average velocity is
<u(t)> = - ET , (36a)

the average energy from Eq. (25a) is

<g(T)> = (E2+4)T + é—-r + %— R (37a)
/T
and the mean velocity squared is
<(Au)2> = 412 + o8 T +%— . (38a)
/T

For E > 1, the average velocity is

<u(T)> = - (E+l)T , (36b)



the average energy from Eq. (25b) is

ce(r)> = (B+2)27% + 2 (E+2)r + &

v 2

and the mean velocity squared is

<(bw)?s = (2E+3)T2 + Z(E42)T + %
m

(37b)

(38b)



Iv. KINETIC THEORY

In this section we obtain solutions to the diffusion equation
(12) for the electron Green's function and distribution function, and for
moments of the Green's function and distribution function. Before pro-
ceeding we mention three points,

First, in order to conserve particle number density the functions

oF

]ula.3 SEE and F_ must be continuous (39)

and vanish at the endpoints. This can be seen by integrating the
diffusion equation (12) over the range of velocity.

Second, the wave-particle resonance, kyv, = w , 1is not expected
to be satisfied for very small velocities because lower-hybrid waves
usually have ky < k(me/Mi)%, However, since the diffusion coefficient
’

is proportional to the spectral energy density e which varies as kia

the resonant electrons with small paraliel velocities will diffuse very

little.

Third, in Section III it was pointed out that the spectral index
@ must be > 2 . Furthermore, « must be < 5 so that the diffusion
process does not 'runaway' to infinite velocities. In the following
we shall find solutions for o = 3 and 4 so that a comparison can be
made.

We solve the diffusion equation (12) by using the method of Laplace

transforms. The Laplace transform of (12) is

17
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3 -3 3f of _ .
TR ATl il S S (40)
(41)
where the initial value fo(u) = Fe (u,0). We first construct a

Green's function g(u,u’':s) which statisfies

%G ]u[a—3 %%—+ E %% - sg = - §(u~u') . (42)

Then G(u,u';T) , the inverse Laplace transform of g(u,u’;s),

is calculated, and the time evolution of the distribution function is

given by

F(u,T) = f du' G(u,u';)E,(u") . (43)

The Green's function G(u,u';T) is somewhat analogous to the test particle

distribution (16), and the velocity and energy moments of G(u,u';T)

are calculated and compared to the velocity and energy moments calculated

for the test particle problem in section III.

In the next subsections we carry out the solution procedure for

various cases, as we did in section ITI, so that a comparison may be made.

A Electric Field Only

Under the influence of the electric field alone, without diffusion,



the Vlasov equation is

BFe aFe
7w " EPF 70

which is satified by any function Fe(u,r) = Fe(u + ET). The Green's

function is
G(u,u";T) = §(u-u' + ET)

For an initial Maxwellian,

1 —u2
Fe(u,O) == 5
T
the distribution function is
1 —(u+ET)2
Fe(u,T) = — g
VT

The velocity moment of the Green's function (45) is
u(T) = - ET + u'

and the energy moment of Eq. (45) is

e(T) = E2T2 ~ 2u'ET + ' .

The velocity moment of the distribution function (47) is

<u(ty> = - ET
the energy moment of (47) is

<g(T)> = E2T2 +-%

2

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)
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and the mean velocity squared is

<(hu)?> = (52)

NI

B. Solution for the case ¢ = 3

For the case of the spectral index ¢ = 3, the diffusion equation

(42) is particularly simple,

2

22,528 _g5am-s(uu . (53)
3u2 du

The solutions of the associated homgeneous differential equation are

g,(u) = e ~ ) (54)
where

. (55)

Ye = ]

We note that y < 0 < Yy for E>0
Because g (u + - ©) =0 and g+(u +®) =0, we look for a solution

to Eq. (53) of the form,

‘(Y_u+y+u')

-(Y, uty u')
U(a'-u) + ae H I

U(u-u')

g(u,u’;s) =Ae

(56)

where A is a function of u' and s » U 1is a Heaviside step function,

and we have required that g be continuous at v = u'

The coefficient A 1is determined by substituting Eq. (56) into

Eq. (53). The desired solution has

[ R

20
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and thus,
1 “4E(u-u') —/s-F%EZIu-u'I
g(u,u';s) = ————— ¢ e s (58)
2¥/s + %EZ
The inverse Laplace transform is well known (Abramowitz and Stegun

1964, Erdelyi 1954). Thus,

(59)

1 “—(u—u'+ET)2/4T
e

G(u,u',T) =
2V/TT

The distribution function is obtained from Eq. (43), using the Green's

function (59) and the initial condition (46).

Fe(u’T) = —l.__ e ‘(U+ET)}(4T+1) (60)
V{GT+)T
If the electric field is zero, then the Green's function is
L -(umuh)?ar
G(u,u'; 1) = e —\uTu s (59a)

2Vt

which is the well known solution to the heat equation (Morse and Feshbach,

1953), and the distribution function is

2
Fo(u,7) = ——=—— w4 (60a)
€ v {4T+1)

which was given by Wu, Gaffey and Liberman (1981).Note that the results in

this paper differ by a normalization factor from those of Wu, Gaffey and

Liberman.

The velocity moment of the Green's function (59) is
u(t) = = ET + u’ s (61)

and the energy moment of Eq. (59) is



e(T) = Ez‘rz + 2(1~-u'E)T + €'. (62)
The velocity moment of the distribution function (60) ig
<u(t)> = -~ ET , (63)
the energy moment of Eq. (60) is
(D> = ET% 4+ o1 - (64)
and the mean velocity squared is
<(hu)?> = 21 +% . (65)
C. Solution for the case o = 4
For the case of the spectral index o = 4 , the diffusion equation
(42) is
3 .38, gR8 . .
B lul 3u+E8u sg = - §(u-u') . (66)
Changing variables to 2 = 2/[u] yields,
Bzg (1+2E) og
+ — t __ 1 o 67)
822 it z  Jz 58T T §(z=z")

. > 5 q
where the + signs are for u 2 0 . Without loss of generality we

have taken E >0 .

C.1 Solution for u >0

The Green's function for u > 0 is derived in Appendix A.l. From Eq.
(A5)
1 u, B2 T 25T

c+<u,u’;r>=—2?<§—> e Rt B (68)



This expression is rather complicated. In many situations, the long time
asymptotic behavior is of more interest. Using the small argument ex-

pansion of the Bessel function,

E _ {utu')

! 69)
G, (u,u';1) = L e T . (69
P 2F(1+E)T(1+E)

The distribution function is obtained from Eq. (43), using Eqs. (69)

and (46). Using the small argument expansion of the parabolic cylinder

function and the duplication formula for the gamma function (Abramowitz

_1
and Stegun 1964), T(14E) = T szp(lgﬁar(Zgga , we find

&
T
e

I,(2 ; E)(ZT)(1+E) B (70)

F+(u,T) =

We note that Eq. (70) satisfies (12) exactly for a = 4 .

C.2. Solution for u < 0

The Green's function for u < 0 is derived in Appendix A.2.

From Eqs. (Al3) and (Al5)

E
= (|ul+lu'l)
1 iu o T 1 (%[lﬂlls +
G_(u,u";7T) = 577 E° T
T _ (lEL_+Ji£l9
R |2 dA o TA A . (71)
* T(E)T(1+4E) (I+E)

o (=M1
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The long-time .asymptotic behavior, for T > 2/Jua'] ,

is found by using the small argument expansion of the Bessel function in

the first term.

| IE _ (ul+ju'])
G (u,u',T) = = e T +
- 2T (14E) ¢ B
LA o - e lel
2T (E)T (1+E) (I+5)° 0 (72)

5 D=0

The distribution function is obtained from Eq. (43) using Eqs.

(72) and (46). i
| |E - Z—E' 1
F (u,7) = L e U &' erfc = +
- or (145) T B 26
. T _lel =
lul J ) o TA 8 Ly, 73)
BB @) ) (aa-n ] ) ~(HE)

where erfc is a complementary error function and D—(l+E) is a parabolic

cylinder function.

For T > % , the first term can be expanded to give

_lul

Jul® T
F (u,7) = e +
B or (1+E) 7 TE)
u
3 T = . JE%XL ei;%D > . e
mEBIE | -] ~(1+m)

0

We note that Eq. (74) satisfies Eq. (12) exactly for o = 4 .

If the electric field is zero, then the Green's function is

(lu|+{a'])

R T 2. ;
G(u,u';T) 5 e IO = V[uu [) . (75)
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The long-time asymptotic behavior is found by taking the small argument
expansion of the Bessel function,
d (Jul+ju'|)
1 T
. 76
Glu,usT) s 5= e . (76)
The long-time asymptotic form for the distribution function is
F_ 1 - el an
(u,1) = 37 T c
These results were obtained recently by Wu, Gaffey and Liberman (1981).
Note that the functions in this paper differ by a normalization factor
from those in the previous paper.
The velocity moment of the exact Green's functions (71) and (68) is
\
u(t) = - % t{ (E+1)+ '“—TL (?J(’g [T(E, J—l-) -J—l—l"fE 1, J——I-)] -
E
o1 Ju o Jutl 78)
and the energy moment is
2
1 1 1
e(r) = 0 {3 (B+2) (B+1) + (E+2) '] fu” @) EH) pep Ju'ly _
T 2T2 2T (E) T
(79)

—ZJ——LF(El—l—-]-)*'—I‘(EZ u 'J)]+ 1 le) <D(E2E+l—-l——l-)}

T(E+1) "

where ['(a) is the gamma function, [I(a,x) is the incomplete gamma func-
tion and &(a,b;x) is the confluent hypergeometric function (Abramowitz
and Stegun, 1964; Gradsteyn and Ryzhik, 1965). The first several terms

of the long-time expansions of Egs. (78) and (79) are
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w(®) == TLED) - gy S lil, for E>1, (78a)

and

2 2
u 07 2(E42) [u'| | _(E742) u! (792)
e(1) ~ T [(E+2) (E+1) - E1 1T T EDED > +...],for E > 2,

where E > 1 has been assumed in Eq. (78a) and E > 2 in Eq. (79a)
to neglect terms of order (lu'l/‘r)E .
The dominant terms of the velocity and energy moments of the approxi-

mate Green's functions (72) and (69) are

u(T) = - (E+1)1 (78b)

and e(T) = (E42) (E+1)12 | (79b)

which agree with the expansions (78a) and (79a) to leading order.
The first few terms of the velocity, energy and mean velocity squared
moments of the exact distribution functions obtained by averaging Egs.

(78a) and (79a) over an initial Maxwellian distribution are

1

<u(t)> = - (E+)T + —— + ... , for E > 1 (80)

VT (E-1)
2

2 2(E+2)T (E7+2)

<g(1)> = (E+2) (E+L)Tt~ - + +ovns for E > 2, (8L)

T(E-1) 2(E-2) (E-1)
and <(Au)®> = (E+1)T2 - —2T 4 E%+2 -— L i forE 2. (82)

mE-1)  2E2ED g g2

The dominant terms of the velocity, energy and mean velocity squared

moments of time asymptotic distribution functions (74) and (70) are

<u(T)> = - (E+L)T , (80a)



<g(t)> = (E+2)(E+1)T2 0

g <(hw)®> = (E+DTE

which agree with Egs. (80), (81) and (82) to leading order.
If the electric field is zero, the moments (78) and (79) .may be

easily evaluated to obtain
u(t) = (1t + Iu'l)sgn u , for E=20,

and €(T)=2T2 + 4lu'lt + u'? R for E=0 .

The moments averaged over a Maxwellian are

<u(T)> = 0 , for E=0

e (D> = 272 + & +% b o,
v

<(Au)2> = 2rz+i-+%- , for E =0
/T
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(81a)

(82a)

(78c)

(79¢c)

(80b)

(81b)

(82b)



V. DISCUSSION AND SUMMARY

A summary of the results of the test particle moments calculated in
Section III is given in Table 1. A summary of the kinetic theory moments
calculated in Section IV is given in Table 2. The averaged test particle
moments are given in Table 3 and the averaged kinetic theory moments
are given in Table 4.

We remark that the energy €(T) varies linearly with time for a dif-
fusion process, whereas €(T) varies quadratically with time for an ac-
celeration process.

When the electric field is zero, under the influence of quasilinear
effects alone, for the case a= 3 , the energy €(t) Vv T , which is
characteristic of a diffusion process, and for o =4 , (1)~ 12 because
the quasilinear kinetic equation (12) contains an acceleration term as well
as a diffusion term for this case. Thus, the larger the spectral index
o (the narrower the spectrum) the more effective the energization process.
We further note that in the absence of an electric field, the quasilinear
effects increase the electron energy symmetrically for electrons with po-
sitive and negative velocities, since in this case Eq. (12) depends only
on the absolute value of the velocity. This results is in agreement with
satellite observations of Sharp, Shelley, Johnson and Ghielmetti (1980).

When the electric field is large, E > 1 , the long time asymptotic
velocity u(T) ® - ET and the energy (1) = E2T2 in all cases. This is
characteristic of an acceleration process. For o = 3 , the fact that the

test particle moments and the kinetic theory moments are approximately

comparable if 2n(ET) © 0(1) may be attributed to the diffusion being

constant, independent of the velocity. For o = 4 , the more rapid

increase with time of the test particle moments compared to the kinetic
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theory moments may be attributed to the fact that the test particle dis-
tribution function (16) was assumed to remain a delta function whereas
the Green's function spreads with time. The Green's functions for a = 3
and 4 both have denominators in the expomentials that vary linearly with

time, which gives the velocity spread which increases with time. However, for

the case of electfic field acceleration alone, the Green's function
G(u,u';T) = 8§(u - u' + ET) , because the diffusion has been neglected.

An important difference between the varibus cases is the spread in
velocity. For electric field acceleration only, the mean velocity squared
<(Au)2> =1 |, which is the thermal spread of the initial Maxwellian. For
a =3, <(Au)2> "~ T , which is characteristic of diffusion with a constant

diffusion coefficient. For o = 4 , <(Au)2> N TZ

» which is character-
istic of an acceleration process.
Another feature 1is that in all cases the leading term of the long
time asymptotic moments is independent of the initial distribution. This
may be attributed to the nature of the diffusion and acceleration processes.
The observations of precipitating energetic auroral electrons by
rockets at low altitudes (Kaufmann et al., 1976; Lundin, 1976; Bryant et al.,
1978) and by satellites at higher altitudes (Whalen and Daly, 1979; Sharp
et al., 1980) have several features that cannot be accounted for simply
by the model of laminar acceleration by a quasistatic parallel electric field
alone. As discussed in Section IIA, the peak value of the potential dif-
ference along the auroral magnetic field lines is estimated to be about
4 or 5 kV, and therefore can provide only about one half of the observed
energy,> 10 keV,of the precipitating electrons. The additional energy
must be the result of some other energization process, such as turbulent
acceleration by electrostatic plasma waves. If the electrons fall through

a potential difference ¢ , the resulting energy gain will be ed ,» but

the velocity spread will remain the same as that before the acceleration.
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Also, in this case the electron disrtibution function will fall off rather
abruptly with increasing energy above e¢ , whereas the observed electron
distribution functions tend to be rather broad and fall off more slowly.
Our model, which includes the combined effects of velocity diffusion and
electric field acceleration agrees better with the observed electron dis-

tribution functions.
Because the electron acceleration occurs near the open auroral magnetic
field lines, we assume a dipole magnetic field B = Bo(l + h/RE)3 , where

B0 is the magnetic field strength at the earth, h is the altitude above

the earth, and RE is the radius of the earth, to calculate the electron and
ion cyclotron frequencies as a function of altitude. The numerical values

are listed in Table 5. The values for the electron number demnsity used to
calculate the plasma frequencies, are also given in Table 5. The values taken

for the physical quantities are B, = 0.40 Gauss, Te = 1 keV and Ti = 200

0

~ 1.88.109 cm/sec and v,.~ L v

eV, which give v ai

6.
th ;= 9.79.10° cm/sec.

As an example, we take the intermediate altitude h = 5000 km,

1 oV/m and 5 wV/m, E, = 400 mV/m, v 10°° , w/k_v,

[£3]
]

e VO,

1 keV and Ti = 200 eV. 1In Figure 1, we plot the electron energy as a

i
I

function of time from Eq. (20) for acceleration by the parallel electric
field alone, for Ey =1 mV/m and 5 mV/m and an initial energy of 1
keV. The larger electric field, of course, gives rise to a greater acce-
leration. 1In Figure 2, the electron energy is plotted as a function of
time for acceleration by the plasma turbulence alone from Eq. (22) for

@ =3 and from Eq. (25a) for o = 4 for an initial enmergy of 1 keV.

The larger the spectral index o (the narrower the spectrum) the greater
is the turbulent acceleration of the electrons. Comparing Figures 1 and 2,
we find that the electric field acceleration for Ej = 1 mV/m and the

turbulent acceleration for o = 4 are very nearly comparable at an alti-
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tude of 5000 km. At higher altitudes the turbulent acceleration is greater,
whereas the electric field acceleration is independent of altitude. In
Figure 3, the electron energy is plotted as a function of time for
acceleration under the combined influence of plasma turbulence and a
parallel electric field of 1 mV/v and 5 mV/m using Eq. (23) for a = 3
and Eq. (25a) for o = 4 for an initial enefgy of 1 keV. As in Figure

2, the acceleration is greater for thelarger value of o . Also, the
difference between o =4 and o = 3 is more pronounced for the smaller
value of the electric field. Of course, when both acceleration mechanisms
are operable, the acceleration is greater than when only one acceleration
mechanism is operable.

In this paper we have investigated the acceleration of auroral
electron by parallel electric fields and electrostatic plasma turbulence
near the lower-hybrid frequency. We find that the combined effects
of a parallel electric field and electrostatic plasma turbulence is

especially effective in producing energetic electrons. In particular,

the present study has led to the following major conclusions;

1. A larger electric field produces greater acceleration; however,
acceleration by an electric field alone does not increase the velocity
spread of the electron distribution function.

Ao A larger spectral index, i.e. a narrower spectrum of waves, pro-
duces greater turbulent acceleration. Turbulent acceleration increases
both the velocity spread and the average energy of the electron distri-
bution function.

3. The turbulent acceleration mechanism is more effective at higher
altitudes, whereas the electric field acceleration is independent of

altitude.
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4, For some values of the parameters which are typical of the auroral

zones the turbulent acceleration and the electric field acceleration

are comparable.

3. When both acceleration mechanisms are operable the acceleration is

greater than when only one acceleration mechanism is operable.
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APPENDIX

In this appendix we derive the Green's function used in Section IVC.

A.1. Derivation of the Green's Function for u > 0

The homogeneous differential equation associated with Eq. (67) for

u>0 is

Sae . (1+2E) %8,

2 z 9z " 58, =0. (A1)

The solutions are

g (z) = 2 E IiE(zVE) and z—EKE(zV§§ (42)

s

where I+E and KE are modified Bessel functions. Only z-EKE(z/E) is

bounded as z + © and only z-_E IE(z/E) is bounded as =z + 0 . Further-
more,
%, 1 O,
IU] —ETE! =3z 32 = at u=0 and ®, so that Eq. (39) is
satisfied.

We look for a solution of the inhomogeneous differential equation

(67) of the form
g, (z,z";8) = C+(zz')_E[KE(z'/EBIE(ZVEBU(Z'_z)-+1E(z'/§)KE(z¢§)U(Z_Zv)]' (A3)

where the coefficient C( is a function of z' U

+ 0 is a Heaviside step

function, and we have required that g, be continuous at z = gz'

The coefficient C+ is determined by substituting Eq. (A3) into Eq.

(67). The particular solution of Eq.(70), with C+ = Z'ZE , 1is
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, E
g, (z,2"38) = &) [Kp(z'V8) I (2V/8)U(2"-2)+I (2" V/5)K (2/5)U(2-2") ] . (a4)

The inverse Laplace transform of 8, is (Erdelyi 1954)

1 ' ‘(EEiZ:EQ )
G (z,2";7) = =—(%~ 4t
+1422 05 ) e
2tz ‘ IE(%) | (A5)

Returning to the original velocity variable u = %22 » gives Eq. (68).

™
A.2 Derivation of the Green's Function for u < 0

The homogeneous equation associated with Eq. (67) for u < 0 is

02 og
3 2 z 9z -
z
The solutions are
g (2) = 251, (z/a E
- iR Z S) and z KE(Z}/S—) . (A7)

Only zE KE(z/§3 is bounded as z -+ © . Both zEI+E(z¢§) are well be-

haved as z - 0. Furthermore,

38_ Sg_
u

=L o=
'“'a] l R oy 0 at z =0 and » » 80 that Eq. (39) is satisfied.

We look for a solution of the inhomogeneous equation (67) of the form

g_(z,z";s) = (zz')E{[B_IE(z'/E) + C_I_E(z'¢§3]KE(z/E)U(z—z')

+ Kg(2'/8) [B_ I (2/5) + C_I o(z/8)1u(z"-2z)} . (A8)
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We will need two conditions to determine the two coefficients B and

C_ . Continuity at z = z' has been imposed.

oI lim 1i
Requiring that 250 &_ (z,2";8) = zig g, (z,2";8) gives

_TQ-g) s F (A9
T P - %

The coefficient B_ is determined by substituting Eq. (A8) into Eq. (67),

v=2E _ I'(1-E)
B =1z - T(1E) (4) . (A10)

With the coefficients given in Eqs. (A10) and (A9), the Green's function

(A8) becomes

2
g_(z,2"59) = &) ‘i L(2VE) + LAE) (52" E

T(I+E) ( [I_E(z'VE)-IE(Z'VE)]}KE(ZVE)U(z—z')

E 2
* ED GG R 16 + [AD s

F(1+E) I_E(Z@-)-IE(Z/S—)]}U(Z'—Z).

(A1)
Expressing I—E - IE in terms of KE and using the reflection formula
for the gamma function (Abramowitz and Stegun 1964), T'(1-E) = w/T'(E)sin 7E ,

we separate the inhomogeneous and homogeneous terms in Eq. (All).

g (z,z';s) = (——0 [I (z'VF)KE(zvﬁ)U(z z’)+KE(z'/_)I (zVs)U(z' -z)] +
(A12)
4 2 szz'
"TErwm C g X Kg (=" /8)Kg (2/3)
The inverse Laplace transform of the first term gl_(z,z';s) is
28 B
' E _(z +z )
Gz = - Eny e T L@z (a13)

E*271
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The inverse Laplace transform of the second term gz_(z,z‘;s) is

obtained from the formula (Erdelyi 1954)

t

a
-1, 8,2 _ 1 b (A14)
L E(a) KE(Z/a—S)] = :—Z_(]TE)- e
T
Using the convolution formula, we find
2 2
2E L 2 z!
G, (z,2'3T) = 1 zz' f dx ==+ <=1, (A15)
2- ) = T ) | ey B
0 [A(T-2)]
Returning to the original velocity wvariable |u[ = %zz » gives Eq. (71)



u(T)
e(1)

u(T)

e(1)

u(T)
e(T)

u(T)
(1)

u(t)
e(1)

TABLE 1

Test particle moments for various cases

= - ET = u(0)

= EZTZ - 2u(0)ET + =(0)

= u(0)

= 2T + £(0)

= T sgn u(t) + u(0)

= 41% + 41/E00) + £(0)

= - ET + u(0)
] EZTZ + 27 in( B )
ve(0)

= - (E+1)T + u(0)

= (E+2)%7% + 2/E0) (E+2) T + £(0)

electric field only

a =3

diffusion only

o =4

diffusion only

a=3,E>1

diffusion and electric field

a=4 ,E>1

diffusion and electric field



Table 2

Kinetic theory moments for various cases

u(T) = - ET + u' electric field only

e(1) = E2T2 - 2u'ET + ¢

u(t) = u’ o =3

e(t) = 21 + ¢’ diffusion only

u(t) = (Tt + {u']) sgnu a =4,

e(t) = 212 + 4lut|T + €' diffusion only

u(t) = - ET + u' a =3

e(T) = E2T2 - 2('E-DT + ¢! diffusion and electric field
u(Tt) & - (E+L) 7T oa =4, E > 2

e(1) 2$(E+2)(E+1)T2 diffusion and electric field



TABLE 3

Averaged test particle moments for various cases

<u(t)> = - ET

_ 2.2 1 . .
<g(T)>= E"1" + 5 electric field only
<(Au)2> = %—
<u(T)> =0 o =3
<g{t)> = 27T +% diffusion only

<u(t)> =0
<e(r)>=412+4—r+% o =4 _
v
<(Au)2> = 412 + -4—1 +% diffusion only
Ve
<u(T)> = - ET a=3,E>1
<e(T)> o~ E2T2 + 2T 4n(ET) diffusion and electric field

<(Au) LS 2T n(ET)

<u(t)> = - (E+L)T a=4 , E> 1

<g(T)> = (E+?_)2’l'2 + 2 (E+2)T +% diffusion and electric field
T

<(hu)?s = E+3)TE + 2 (me2)T + 2
/T



TABLE 4

Averaged kinetic theory moments for various cases

<u(T)> = - ET
2.2 1 5 q
<g(1)> = E"1t" + 5 electric field only
<(a)®> =1
2
<u(t)> =0 a =3
<e(1)> = 21 +% diffusion only

<u(t)> =0 a =4
2 4 1 3 .
e(T)> = 21"+ — 1T + = diffusion only
2
s
<(Au)2>= 2T +4—‘l‘ +%
/T
<u(T)> = - ET a =3
22 1
<€(m)> = E'T + 2t + 2 diffusion and electric field

<(Mu)?> = 27 +%

<u(T)> & - (E+1)1T a=4 ,E>2
<g(T)> = (E+2) (E+l)‘r2 diffusion and electric field

<(Au) 2>'.:: (E+l)'1'2



h{in km)

B(in G)

bmAH: rad/sec)
SHAwn rad/sec)
n(in em™)
EvaM: rad/sec)

EvHAH= rad/sec)

.

2000

0.2595

b.mw.HOm

N.bc.Hou
80

5.04.10

1.18.10

5

4

TABLE 5

Plasma parameters in the acceleration region

3000

0.1837

6

3.23.10

1.76.10

50

3.49.10

9.33.10

5

4000 5000
0.1347  0.1016
2.37.10% 1.79.10°
1.29.10°  9.73.10°
30 15
3.09.10°  2.18.10°
7.23.10°  s5.11.10°

6000

0.0783

1.38.10

7.50.10
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4.17.10

7000
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8000
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1.26.10°
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FIGURE CAPTIONS

Figure 1 Electron energy (in keV) as a function of time (in sec)

Figure 2

Figure 3

from Eq. (20) for acceleration by a parallel electric

field only, for Ey = 1 mV/m and 5 mV/m.

Electron energy (in keV) as a function of time (in sec)
from Eq. (22) for a = 3 (dash dot curve) and Eq. (25a)
for o = 4 (solid curve) for acceleration by plasma tur-

bulence only.

Electron energy (in keV) as a function of time (in sec)
from Eq. (23) for o = 3 (dash dot curve) and Eq. (25a)
for o =4 (solid curve) for acceleration by plasma tur-
bulence and a parallel electric field, for Ey =1 nV/m

and 5 mV/m.
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Comments on "Energization of Ionospheric Ions by Electrostatic Hydrogen

Cyclotron Waves" by N. Singh, R.W. Schunk and J.J. Sojka, Geophvs. Res.

Lett.;Sl;1249 (1981).

J.D. Gaffey, Jr.
Institute for Physical Science and Technology
University of Maryland
College Park, Maryland

20742

In a recent paper, Singh et al.(1981) make a comparison between
the stochastic acceleration of ionospheric ions by electrostatic hydro-
gen cyclotron waves observed in their numerical simulations and the
predicted acceleration of these ions based on the theory of stochastic
acceleration (Papadopoulos et al., 1980). The assertion, made by Singh

et _al, that the heating of the helium ions observed in their simulations

1s appreciably larger than the heating predicted by the theory of stochastic -

acceleration (Papadopoulos et al.) is the result of an algebraic error.
In fact, upon correcting the error, we find the agreement between the

simulations and the theory to be quite good.

The error occurs in the second line of Eq. (5) of Singh et al., where

the dimensionless wave amplitude « is defined as

i

2 .
qui¢o

MiQ

(679 &

1 > (la)

[P

where k, is the perpendicular wavenumber, 9y and Mi are the ion
charge and mass, the cyclotron frequency Qi = qu/Mic » and Qo is the
amplitude of the electrostatic potential of the wave. In terms of

the dimensionless parameters of the background hydrogen plasma,
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where the Larmor radius r, aHfQH and the thermal velocity a, =
CZTH/MH)% . Equation (1b) is given in Papadopoulos et al. on the line
below their Eqs. (3) and (9). In proceeding from Eq. (la) to Eq. (1b)
Singh et al. omitted the factor 1/2, and thus obtained a value of oy
a factor of 2 too large.

The values of the dimensionless parameters of the background hydrogen
plasma given by Papadopoulos et al. on the line below their Eq. (8) and
by Singh et al. in their Eq. (3) are

w

g =12 , kr =173, —2 = 0.4 . (2)

&y = H

Substituting the numerical values of Eq. (2) into Eq. (1b) gives

D

o, @ 0.6 =

00
i 0. "2 Y1 (3)
1

where the frequency ratio vy E w/Qi . The numerical values of aif3 vy
used by Singh et al. in their numerical simulations is a consequence

of omitting the factor of 1/2 in Eq. (1b) and Eq. (3), and therefore

is twice the value of the wave amplitude o, used by Papadopoulos et al.
for the same values of the parameters given in Eq. (2).

The maximum velocity achieved hy stochastic acceleration, given

by Singh et al. in Eq. (6) and by Papadopoulos et al. Eq. (7) {is

i
v-Lmax,i (ﬂ

which in terms of the dimensionless background plasma quantities becomes

/3 Qi

2
(Aaivi) E: : (4a)
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The minimum velgcity of the stochastic region, given by Singh et al.

Eq. (8) and by Papadopoulos et al. Eq. (6) is

¢ o >
v_',min’i = -: ( \)i ' (sa)

—
\

!
h~d

~|E

which in terms of the dimensionless background plasma quantities becomes

1, 1
2

al\ /M,T
i i'H
-V‘>(%Fi> a; - R

1

= vH 1
Vimin,i ~ k,r

In Table 1, we have calculated the minimum and maximum velocities of
the stochastic region from Eqs. (4b) and (5b) for the parameters of the
simulations of Singkgg_gl., shown in their E;gures la, 1b, 2, and 4,
and also for the parameters of the simulations of Gaffey (1981) and
Gaffey and Mulbrandon (1982),

The correct numerical values of V,imax. i calculated from Eq. (4b)
o= ’
2/3

are a factor of 2 & 1.6 larger than Singh et al. have in their Figures
la, 1b, 2, and 4 because of the error they made in calculating a, .
The correct numerical values of Ve, calculated from Eq; (5b)
are a factor of 2;5 X 1.4 larger than Singh et al. have in. their Figures
la and 1b. Singh et al.did not calculate V;min,i for their Figures 2 and 4.
In Table 1, we have also summarized the results of the numerical
simulations of Singh et al. and the numerical simulations of Gaffey (1981)
and Gaffey and Mulbrandon (1982) for singly charged ions.
The agreement between the theoretically predicted values and the nu-

merically calculated values is quite good in most cases. In general, it

is seen that the numerically calculated Vimax.i 1S slightly less than the
I »

iy



theoretically predicted value, and the numerically calculated v, i
-ma‘x’
is slightly larger than the theoretically predicted value.

By comparing the values of v and v for o, R1/2 vy

tmin,i imax,i i

with those for ai':S‘v , 1t 1is seen that the effect of increasing a

i i

is to decrease v and to increase v thus broadening the

tmin, i tmax,i ’

stochastic region.

We note that the maximum and minimum velocities given by Eqs. (4a)
and (5a) depend only on the ion charge and mass, but not on the ion tem-
perature. This 1is to be expected because they were derived from the equa-
tions of motion of an individual test particle. Changing the ion tem~
perature, changes the width of the initial Maxwellian distribution, which
changes the number of particles able to participate in the stochastic ac-
celeration process, but not the maximum and minimum velocities of the
stochastic region.

The theoretical minimum velocities for the 0+ ions agree very
well with the lower boundaries of the energized regions in Figures la and
1b of Singh et al. The theoretical maximum velocities for the O+ ions
are about a factor of two greater than the largest velocities in Figures
la and 1b of Singh et al. This may be due to the fact that Vlmax,0+
is large and Singh et al. have shown plots after only 160 0+ cyclotron
periods. In the simulations of Gaffey (198l) and Gaffey and Mulbrandon
(1982) the ot ions with a0+ = 10, continued to gain energy for a very long time

and eventually exceeded the theoretical maximum velocity given in Table 1

and exceeded the largest velocities shown in Figures la and 1b of Singh

et al, for o .= 18.5. The surface of section plots of perpendicular
0

velocity versus gyrophase for the 0+ ions contain a large number of

islands of various orders which slow down the stochastic diffusion pro-

cess. This is another reason why the 0+ ions require a very long time



to reach the maximum velocity.

For the He+ ions, the theoretical minimum velocity agrees very well
with the lower boundary of the energized region in Figure 2 of Singh et al.
The theoretical maximum velocity 1s about 25% greater than the largest
velocities in Figure 2 of Singh et al. Again, this may be because
v 2 is large and Singh et al. have plotted the distribution fun-

imax,He

ction after only 300 He+ cyclotron periods. In the simulations of Gaffey

(1981) and Gaffey and Mulbrandon (1982) the He+ ions with a L 2.4
He

required a long time to gain energy and eventually exceeded slightly the

theoretical maximum velocity for o o= 2.4,
He

For the Hé++ ions, the theoretical minimum and maximum velocities
agree quite well with the distribution function in Figure 4 of Singh
et al. Only a few ions have exceeded the theoretical maximum velocity.

In conclusion, we emphasize that the values of the minimum and maximum
velocities of the stochastic region calculated from the theory of Karney
(1978) and Papadopoulos et al. (1980) agree quite well with the numerical
simulations of Singh et al., Gaffey, and Gaffey and Mulbrandon in most
cases. The assertion made by Singh et al. that an appreciable number of
helium ions are heated to velocities greatly exceeding the theoretical
maximum velocity is the result of an algebraic error. Upon correcting the
error we find that in all cases almost all of the energized ions are in the

stochastic region between the minimum and maximum velocities predicted

by the theory of stochastic acceleration.
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TABLE 1

Theoretical and numerical minimum and maximum velocities of the stochastic region in units of the ion thermal velocity

theoretical numerical
ion species oy vy ;i -\-,—"%13-’—1- Vlm:}f’i vl:in’i vi:ax’i Reference

H 1 i 1 1
o 18.5 19.2 1 2.2 16.1 1.9 8.3 Singh et al. Fig. la
of 10 19.2 1 2.3 10.4 1.7 14.4 Gaffey
o* 18.5 19.2 10 0.69 5.1 0.4 3.0 Singh et al. Fig. 1b
o* 10 19.2 10 0.73 3.3 0.5 4.5 Caffey
Het 4.62 4.8 0.1 2.5 16.1 1.9 13.0 Singh et al. Fig. 2
He' 2.4 4.8 0.1 2.9 10.4 g1 11.8 Gaffey
et 2.31 2.4 0.1 1.6 12.7 0.8 14.8 - Singh et al. Fig. 4
He't 1.2 2.4 0.1 2.4 8.0 n - Catfey
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STATISTICAL ACCELERATION OF ELECTRONS BY LOWER-
HYBRID TURBULENCE IN THE PRESENCE OF A PARALLEL
ELECTRIC FIELD*

J.D. Gaffey,Jr., Z.X. Liu and C.S. Wu (Insti-

tute for Physical Science and Technology,
University of Maryland, College Park, Md.
20742)

The statistical acceleration of electrons
along ambient magnetic field by large ampli-
tude lower-hybrid turbulence in the presence of
a parallel electric field is discussed. Per-
turbations driven by a cross-field current and
propagating nearly perpendicular to the applied
magnetic field are considered. It is assumed
that the instability saturates rapidly and that
the fluctuating electric field is predominantly
electrostatic. If the turbulence is character-
ized by a spectrum of small parallel wavenum-
bers, such that the parallel phase velocity of
the waves is greater than the electron thermal
velocity, then the turbulence can only accele-
rate electrons moving with large velocities
along the magnetic field. The quasilinear dif-
fusion equation is solved using a Green's fun-
ction technique, assuming a power law spectral
energy density. The time evolution of an ini-
tial Maxwellian distribution is given and the
time rate of change of the average electron ve-
locity and energy are calculated for various
cases. The acceleration process is also dis-
cussed in terms of a test particle problem.
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Acceleration of Auroral Electrons by Lower-
Hybrid Turbulence and a Quasistatic Parallel Elec-
tric Field.* J.D. GAFFEY, JR., Z.X. LIU** and S.C.
GUO**#, Univ. of Maryland.--The acceleration of elec-
trons along the auroral magnetic field by large am-
plitude lower-hybrid turbulence and a quasistatic
parallel electric field is discussed. Perturbations
are excited by a cross-field current, due to a rela-
tive electron-ion drift. The fluctuating electric
field is primarily electrostatic and propagates near-—
ly perpendicularly to the auroral magnetic field. It
is assumed that the instability saturates rapidly.
The time evolution of the energy of an individual
test electron is calculated. The quasilinear dif-
fusion equation, with a power law spectral energy
density, is solved using a Green's function method.
The time evolution of an initial Maxwellian distri-
bution is given, and the average electron energy is
obtained for various cases. It is found that tur-
bulent acceleration and electric field acceleration
are comparable in some cases.
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dicular Bow Shock*
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Physical Science and Technology, University of Mary-
!lar;d, College Park, MD 20742)

WINSKE (Los Alamos National Lab., Los Alamos, NM
87544)

The theory of cross-field ion streaming instabilities
is generalized to treat two ion species, transmitted
d reflected, and applied to the parameter regime of a
gh Mach number quasiperpendicular shock wave. Elec-
tron temperature anisotropy is also included in the
alysis because the electrons are perferentially heat-
i in the direction transverse to the ambient magnetic
Tdeld by adiabatic compression at the shock surface.
Analytical and numerical results for the linear growth
lte are presented. Three waves are discussed: a
rarly perpendicular propagating modified two-stream
like mode, an obliquely propagating ion-ion streaming
ppde, and an obliquely propagating kinetic cross-field
‘reaming mode. The first two modes are predominately
electrostatic, whereas the third mode is a whistler
wave with mixed electromagnetic and electrostatic polar-
ation. The free energy which drives the instabili-
es is provided by the cross-field ion drift and the
electron temperature anisotropy, Tel > Te".
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nstabilities at the Bow Shock I: Kinetic Cross-Field

l Streaming Instability*

™. TANAKA, J. D. GAFFEY, .JR., D. WINSKE, C. S. WIl,
Y. M. ZHOU, S. T. TSAL AND K, PAPADOPOULOS
I(University of Maryland, College Park, MD 20742)

The kinetic cross~field streaming Instability is the
gh beta gencrallzarion of the modified-two-stream
Iistabillty. It propagates at oblique angles (8 <<
90°) to the magnetic field and {s not stahilized by
lectromagnetic effects when the drift speed exceeds
iﬂe Alfven speed. 1Tt is thown that the mode in fact
t3 an obliquely propagating whistler.
simulations of the instabllity are presented and
wpared with detailed linear, quasilinear and
nlinear theory. The results are applied to the
earth’s bow shock--the instability {s expected to
ccur 1n the foot reglon of the quasi-perpendicular
ock~-to explain electron and ion heating and the
observed low frequeny (< 100 Hz) electromagnetlc
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nstabllities at the Bow Shock 11[: Cross-Field
streaming Instability with Temperature Anisotropy*

. T. TSAT, M, TANAKA, C. S. WU AND J. D. GAFFEY, JR
(Unlversity of Maryland, College Park, MD 20742)

The fact that whistlers with oblique propagation can
e amplified by a cross-field fon stream impltes that
®lectron Landau damping {s unable to stabilize growth
due to the {ion drift. On the other hand it is also
l:ll known that electron thermal anisotropy Tl > T"
n result 1n vhistler instability with k, =70,
It is natural to questlon what happens 1if both the ion
rift and electron thermal anisotropy are included i{n
'\e analysis. The present study finds the thermal
inisotropy enhances the peak growth rate
slgnificantly. Since in a perpendicular shock
lectrons can be heated preferentially In the
rangverse directlon, the incluslon of the effect of
temperature anisolropy {s not anly reallistic but

.ec essary.

*Supported by NASA Solar Terrestrial Theory Program

.and ONR.

1.

2o

3.

Fall Meceting

Wu 20084

C.S. Wu

IPST

Univ. of Maryland

College Pk, MD 20747

301-454-4399

SM

None

P

0%

a. Astronomy Program
Univ, of Marylind

College Pk, MD
20742



2P2Y

A CROSS-FIELD STREAMING IRSTABILITY

WITH ELECTRON TEMPERATURE ANISOTROPY IN TANDEM MTIRRORS*

J.D. Gaffey, Jr., M. Tannka, S.T. Tsai

Tnst itute for Physical Scicence and Technology
liniversity of Maryvland

College Park, Maryland 20742

The kinetic cross-field streaming instability, which is the high
beta generalization of the modified-two--stream instability, has been
studied in detail, including the ceffect of an electron temperature ani-
sotropy T, 2 Tne . The mode propagates at oblique angles, much less than
90°, to the magnetic field, and it is not stabilized by electromagnetic
cffects when the drift velocity exceeds the A]fvg% velocity. Imn fact, it
has been shown that this mode is an obliquely propagat ing whistler wave.
The fact that obliquely propagating whistler waves can be amplified by
cross-field jon streaming implies that the electron Landau damping is
uniable to stabilize the growth due to the don drift. Because mirror
wachines are often heated by cenergetic neutral beams injected perpendicular
to the magnetic field, it is natural to investigate what happens when
both the ion drift and the electron tewperature anisotropy are included in
the analysis. Since the electrons can be preferentially heated in the
transverse dirtection in a mirior wachine, the inclusion of the effect of
the termperature anisotropy is not only realistic but also necessary. The
present study has found that the tenperature anisotropy significantly en-
Lances the peak gaowth rate. The resnlts have been applied to ;hc ¢nd
cells of the Tandem Mivior device.,
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Ef fect of Electron Thurmul_Anjsotropy on the Kinetic
Cross-Field Tnstability in the Bow Shock* o

J.D. GAFFEY, JR., MOTOHIKO TANAKA, C.S. WU AND E.H.
DA JORDANA#*#* (all at Institute for Physical Sci-

ence and Technology, Univ. of Md., College Park,
Md. 20742)

The investigation of the kinetic cross-field stream-
ing instability (Wu et al., (1983), which is motivated
by the rescarch of collisionless shock waves and ap-
plied to the earth's bow ‘shock, is discussed more fully
in the present paper. Since in the quasiperpendicular
bow shock electrons are preferentially heated in the
direction transverse to the ambient magnetic field,
the inclusion of the effect of the temperature aniso-
Ltropy is both desirable and necessary. The present
study has found that Tes > Tg,, significantly en-
hances the pecak growth rate of the cross-field stream-
ing instability when the electron beta is of order
unity. Furthermore, the present analysis also im-
proves the analytical and numerical solutions of the
dispersion equation obtained by Wu et al. (1983).
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emission of radiation at cyclotron harmonics by elec-
trons with a loss-cone or hollow beam distribution
function is investigated. The characteristic energies
of these electrons are assumed to be from several keV
to several tens keV. In addition to these energetic
electrons there also exists a component of low-energy
background electrons which has a higher density. The
present investigation is motivated by the research on
the auroral kilometric radiation and cyclotron emis-~
sions in mirror machines. The emissivity is calcula-
ted based on an approach similar to that discussed in
a previous paper by Freund and Wu} in which the
general expression for the emissivity is derived and
the relativistic effect on the cyclotron resonance is
included in the calculation.

*Supported by NASA and ONR

**Permanent address: Science Applications, Inc.
McLean, VA 22102

1.H. P. Freund and C. S. Wu., Phys. Fluids 20, 1697
(1977) T

(B Prefer Poster Session Submitted by:
(0 Prefer Oral Session IR
[(J No Preference (signature of APS member)
[ special Requests for placement

of this abstract: € ESE R :

(same name typewritten)

[0 Special Facilities Requested IPST,

(e.g., movie projector) Univ. of Md., College Pk., Md.

(address)

This form, or a reasonable facsimile, plus Twe Xerox Coptes must be received
NO LATER THAN Noon, Friday, July 15, 1983, at the following address:

Division of Plasma Physics Annual Meeting
c/o Ms. Barbara Sarfaty

Princeton Plasma Physics Laboratory
P. 0. Box 451

Princeton, New Jersey 08544



Abgtract Submitted
For the Twenty-fifth Annual Meeting
Division of Plasma Physics
November 7 to 11, 1983

Category Number and Subject 2.2.5 Microinstabilities

Theory D Experiment

Effect of Electron Temperature Anisotrophy on
the Kinetic Cross-Field Streaming Instability in
Tandem Mirrors* J. D. GAFFEY, JR., E. H. DA JORNADA,*
M. TANAKA, D. WINSKE, and C. S. WU, I.P.S.T., Univ. of
Md. -~ The theory of the kinetic cross-field streaming
instability} which is the high beta generalization of
the modified-two-stream instability, is extended to
include the effects of electron temperature anisotropy
since the electrons in magnetic mirrors are preferenti-
ally heated perpendicular to the magnetic field.
Because supplemental heating in mirror machines is
often supplied by neutral beams injected across the
magnetic field, the ion drift as well as the electron
thermal anisotropy 1is included in the analysis.
Furthermore, the present study also improves the ana-
lytical and numerical solutions obtained previously by
Wu, EE.EL’I The results are applied to the end cells
of the Tandem Mirror device. The unstable mode is
identified as a whister wave propagating obliquely to
the magnetic field. The peak growth rate is signifi-
cantly enhanced by the electron temperature anisotropy
Te, > Te,, when the electron beta is sufficiently high.
*Supported by CNPq, NASA and ONR
+Permanent address: Instituto de Fisica, Univerisidade

Federal do Rio Grande do Sul, Porto Alegre, Brasil
1. C. S. Wu et al., Phys. Fluids 26, 1259 (1983).

(3 Prefer Poster Session Submitted by:
. o L4 L

(O Prefer Oral Session Q/ D /«4«/}/ Vi Prass
[J No Preference C{signature of APS member)
(] special Requests for placement John D. Caffey, Jr.

of this abstract:

(same name typewritten)

(] Special Facilities Requested IPST,

(e.g.’ movie projector) Univ. of Md., COllege Pk., Md.

(address)

This form, or a reasonable facsimile, plus Two Xerox Copies must be received
NO LATER THAN Noon, Friday, July 15, 1983, at the following address:

Division of Plasma Physics Annual Meeting
c/o Ms. Barbara Sarfaty

Princeton Plasma Physics Laboratory
P. 0. Box 451
Princeton, New Jersey (8544




— Sy SEG fos SER A, Sne SER SES GNS DOE SEE SO0 ARG BOG O BON SBA BN

ELECTRON-CYCLOTRON MASER INSTABILITY
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H. K. Wong**

Laboratory for Extraterrestrial Physics
NASA-Goddard Space Flight Center
Greenbelt, Maryland 20771

J. D. Gaffey, Jr, and C. S. Wu
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The electron-cyclotron maser instability for energetic electrons
with a loss~cone distribution.function is studied for magnetic mirror
machines. The instability can occur at all angles of propagation for
a wide range of parameters. The growth rate is significantly reduced
by the presence of a population of cold electrons, and the instability
can be suppressed if the density of the cold electrons is sufficiently

large and the temperature of the energetic electrons is not too high.
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