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\

N

1 7 The Spot of Arago is the bright diffraction spot in the center of

the shadow behind a circular obstacle. Because this pattern is the

result of diffraction at the edge of the obstacle, the spot contains
information about the incident beam. If the incident beam contains
aberrations, the shape and intensity of the diffraction pattern should
change. )

> For points on and near the optical axis, analytical solutions to
the Rayleigh-Sommerfeld diffraction integral are possible for a circu-
lar obscuration and an annular aperture illuminated by a plane wave of
uniform or gaussian intensity distribution and containing defocus
and/or spherical aberration. Computer studies of these cases show
excellent agreement with experiment. The amount of defocus and spher-
ical aberration can be deduced by intensity measurements and shift in
positions of on axis intensity extrema behind an annular aperture. An
empirical study of astigmatism revealed a predictable change in the
diffraction pattern allowing for the verification of the aberration to
within .05 wavelengths.

- The Spot of Arago is inherent in many optical systems due to the
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' geometry of components. The technique of aberration determination by

changes in the diffraction pattern should be useful in such systems. .
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Chapter 1
INTRODUCTION
Annular apertures are commonplace in optical systems. For exam-
ple, Cassegrain telescopes (reflecting) have a secondary mirror which

acts as a central obscuration in an otherwise circular field. A

circular stop deliberately placed on the objective of a refracting

A%

primary mirror

secondary
secondary mirror
mirror
Field

&

Figure 1.1

Cassegrain Mirror System and Cross-section of Field1

telescope can increase the depth of focus and the resolving power of

the system.2
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Statement of the Problem

Laser systems often have annular apertures as part of an optical

resonator configuration. The diagram below depicts an elliptical cut-

coupling mirror set-up that acts as the optical analog of an annular
aperture.
scraper
S N . .
mirrors 7 incident
beam N
\”, > —> >
A _— —_—
shadow @ shadow
—> g
~
\ el —> —>
S
analog
incident beam
Figure 1.2

Elliptical Scraper Mirror and Its Optical Analog

This last configuration appears in the design of many High Energy
Laser (HEL) resonators. It has created a particular nuisance for its '
developers. In the center of the shadow produced by this effective
annular aperture is a hot spot. (The frequencies of the HEL output
are in the infrared rangeJ The spot is a consequence of the con- !

structive interference of radiation diffracted from the outer and
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inner edges of the "aperture." This spot is related to the spot of
Arago -- the diffraction spot formed by light incident upon a circular
obstacle.” The intensity of the spot can he as high as four times the
intensity of the incident beam. This mak:s it an unwanted addition t»>
a designated "shadow" area. Left uncheck:z1 the spot can burn up vital
optical components or produce thermal deformations in components.
Designs must include provisions to diffract or reflect the aggravating
manifestation into an optical dump. The attitud: of the HEL workers
is reminiscent of Lady Macbeth's plea "Out, damned spot! out, I say!"4
It is frequently necessary to perform real-time HEL diagnostics
to test beam quality. This requires additional gratings, beam split-
ters, or other beam-sampling components which add to the overall
weight, size and complexity of the design. If the hot spot contains
information about beam quality, namely, i its shape and size is
characteristic of aberrations in the incident wave front, it could be

used as an integral part of the required diagnostic process. Such a

scheme would eliminate the need for a lot of hardware.
James E. Harvey and James L. Forgham have demonstrated that the )
shape of the spot in the shadow of a circular obstacle illuminated by ™
e

a plane wave does change with increased aberration (astigmatism).5

The feasibility of a diagnostic package using the spot as input ;‘
depends on the answers to the following questions: ]
4

-

\l

1. What types of aberrations produce measurable changes in the . -1
spot? g

2. How sensitive are changes in the spot to changes in amount of
aberration?

- - . Lo .
i - . S Tel e e et T
AN . e : AR . R T S Y - L% e e e

L R R
T VTR G, NPT L U U W Vi, WV, I W Gt WU WU W UY WP, P e e e




e, T ——reeen—y e gt S S N e gt —- e - SR A ks S A . Ava 4 A A Sl St T s

3. Given specific spot characteristics, can the aberrations
present be determined?

Thesis Content

This thesis will address itself to the solutions of the preceding
questions for the following Seidel aberrations: defocus, spherical
aberration, coma and astigmatism. First the remarkable history of the
spot of Arago will be traced from the eighteenth century to current
research. A detailed analysis for the unaberrated cases of the spots
produced by circular obscurations and annular apertures will serve as
standards against which to compare the aberrated cases. It turns out
that analytic solutions to the Rayleigh-Sommerfeld diffraction inte-
gral are possible for the rotationally symmetric aberrations (defocus,
spherical aberration) for certain restrictive, but physically impor-
tant cases. The non-rotationally symmetric aberrations (coma, astig-
matism) require numerical or empirical analysis. Where possible,
theory is tested against experimental results. Each aberration is
handled separately but various strategies to separate combinations of
aberrations are discussed. The main body of the thesis culminates in
a discussion of experimental and theoretical results, suggestions for

future research, and overall conclusions. Several appendices are

included which contain material of historical interest, lengthy deri-
vations and computer program listings. e

Potential applications exist for a variety of optical systems;
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however, the High Energy Laser was cited as a specific example of a
system which might benefit from a sensor package capable of performing
wavefront analysis upon the diffraction spot. This is because the
diffraction spot is an inherent part of the output of any annular HEL
beam and the use of a separate beam sampling component for diagnostic
purposes can degrade the beam quality. The possibility that this
diffraction pattern gives measurable and meaningful information is the

incentive for the research that follows.
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Chapter 2

HISTORICAL BACKGROUND

PO DA

The Wave Theory vs. the Corpuscular Theory of Light

One of the great ideological clashes in the history of physics is

the controversy between the corpuscular and wave theories of light.

The center of the conflict rested on the very nature of light. Advo- 1
cates of the corpuscular theory agreed with Sir Isaac Newton that ::
light was composed of minute particles. The wave theorists sided with
Rene Descartes, Robert Hooke and Christian Huyghens who felt light was
the result of waves undulating in a medium called the ether]

By the beginning of the nineteenth century the corpuscular theory

A

was firmly ensconced as the preferred theory. Peter Anton Pav pro-

4
. I:JJIA

poses the popularity of the particle theory originated in the philo-

4
.
>y

sophical battle between inductivism and deductivism:

'
"

What occupied scientists was not a battle of waves vs. corpuscles
.« « . nor blind allegiance to Newton's authority. Rather, it was
a basic and deeply felt difference of opinion as to how and where
scientific truth was to be found and whether the ultimate canons

P cLeem - .
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of scientific Jjustification were to be experimental or deductive. b'J

T

Newton's approach in his work Opticks was experimental and this had -]

1

great appeal for the scientists of the eighteenth century. The cor- 1
3 o

puscular theory was adopted almost by consequence.

To win over the scientific community the wave theorists needed to 9
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show experimentally the conclusive advantages of their theory. The
Tirst advance was made by Thomas Young. He conducted a series of
experiments exploring a variety of diffraction effects (including the
famous double slit experiment). Despite publication of his papers and
the delivery of a lecture and demonstration before the Royal Society
of London in 1801, Young's work won little immediate support for the
wave theory.4 However he did gain a very important convert -- the
Frenchman Dominique Francois Jean Arago.

In 1811 Arago studied the Newton's rings phenomena in calcite in
conjunction with his work on polarization. The failure of the corpus-
cular theory to explain many of his results encouraged him to consider
the wave theory. He began a correspondence with Young and was soon
convinced of the truth of Young's theory.5

The next advance in the cause of the wave theory came from Augus-
tin Jean Fresnel. He met briefly with Arago in 1815. Arago intro-
duced Fresnel to Young's treatises and persuaded him to come to Paris
in 1816 to begin his researches in diffraction. The timing of the
research was ripe, for in January 1817 a commission composed of Pierre
Simon Laplace, Jean-Baptiste Biot, Claude Louis Berthollet and Jacques
Alexandre César Charles chose diffraction as the subject for a prize
sponsored by the Academié des Sciencés.?

Fresnel entered his memoir on diffraction in the contest. In
July 1818 a panel of five was chosen to judge the entries. The panel
members were Laplace, Biot, Arago, Simedn Denis Poisson and Joseph
Louis Gay-Lussac. Laplace, Biot and Poisson were staunch adherents of

the particle theory of light while Arago advocated Fresnel's view.
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Gay-Lussac, a chemist, was impartial.7

In reviewing Fresnel's theory, Poisson saw that the simple geome-
try of light diffracted by an opaque circular disc suggested the
existence of a bright spot of light in the center of the disc's
shadow. This, he felt, was contrary to experience and thus Fresnel's
theory must be wrong.8

Arago tested Poisson's prediction in the laboratory. He affixed
a disc 2mm in diameter to a plate of glass and using sunlight observed
the spot in the center of the shadow.9 (Phis is an irony Pav should

appreciate -- Poisson attempted to discredit Fresnel's wave theory

based on deductive reasoning; Arago vindicated Fresnel through experi-

ment.) Since this time the phenomena has been known as either Pois-

®
son's spot or Arago's spot. (This paper adopts the terminology of A
crediting Arago, who trusted in the spot's existence.) Arago's dis- ';j
covery was powerful evidence in favor of the wave theory of light. ;EJ

®

Fresnel won the prize from the Academié and his entry became known as

10

A Al

his Crown Memoir.

Although the demonstration of the spot did much to usurp the

. . . .',
k) [ "

corpuscular theory, the controversy between waves and particles con-

tinued through the nineteenth century in a series of incarnations.

'@
s

LA

Earlier Observations of the Spot

Many sources mention that Arago was not the first to observe

the bright point of light. John William Strutt (Lord Rayleigh) and
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E. Verdet in his Lecons d'Optique Phisique note that Joseph Nicholas

Delisle, a French astronomer, discovered a bright spot in the center
of a circular shadow "in the earlier half of the 18th century,” a

discovery which subsequently "passed into oblivion."!!

John Strong,
Max Born and Emil Wolf credit Maraldi, another French astronomer, with
the finding. Born and Wolf say that Maraldi's observation occured "a
century earlier" than Arago's experiment and "had bee~ forgotteanz
Strong claims that Maraldi found the bright spot "over half a century
earlier."!?

Joseph Nicholas Delisle (1688-1768) was one of a family of famous
French scientists. One brother, Guillame, was a geographer and histor-
ian, another brother, Louis, was also an astronomer. Catherine the
Great invited Joseph and Louis to come to Russia in 1726 to run the
observatory at St. Petersburg. Louis died while in Russia and Joseph
Nicholas came back to Paris. Delisle became a member of the Academié
des Sciencd®s in 1714 and in 1724 was elected to the Royal Society of
London.14

As a member of the Academie des Sciences, Deslisle could have met
and worked with two Maraldis. Neither Born and Wolf's text nor
Strong's book mentions Maraldi's first name.

Jacques-Phillipe Maraldi (1665-1729) was the nephew of Dominique
Cassini -- the discoverer of the famous division in the rings of
Satura. Jacques~Phillipe also became an astronomer and Jjoined the
Academié des Sciencés in 1694.

Jean-Dominique Maraldi (1709-1788) was the nephew of Jacques-

Prillip Maraldi. He was inducted into the Academié des Sciencés in
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The vague references from Rayleigh, Verdet, Strong and Born and
Wolf do not allow one to pinpoint the date of the first observation,
the circumstances surrounding the discovery, who made it or even which
Maraldi was involved. Because Delisle and both Maraldis lived and
worked in Paris at overlapping times and belonged to the same scien-
tific organization it is possible that the "discovery" by the second
party was actually a verification of a phenomenon observed by the
first.

The sources also suggest the observations of Delisle and Maraldi
about the spot faded into the limbo of untimely scientific discov-
eries. That Poisson was unaware of these findings is evident from the
challenge he made against Fresnel's theory. Arago, however, did know
about the earlier sightings. On February 26, 1816 (two years before
he sat on the judging commission with Poisson) he presented to the
National Institute observations about diffraction and an early draft
of Fresnel's memoir. Here he mentions that besides Grimaldi, Maraldi
andi Delisle showed that light could penetrate the geometric shadow

16

behind an opaque body. This knowledge may have provided additional

impetus for Arago to verify Poisson's skeptical prediction.

Rings Around the Spot

The ease with which one could produce the spot made it an ideal

subj~2t for study by the new legions of wuve theorists. The following
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is a description of an experiment by Richard Potter to test the inten-

gsity of the spot.

I prepared . . . discs of brass of 1/10, 2/10, 3/10, 4/10 and
7/10 and with watch makers implements of 1/20 inch. The discs
were attached by thin films of cement to a plate of glass. The
sun's light was reflected horizontally through a window shutter
of a darkened room, and the sun's image, formed by a lens of 1/6
inch focal length was at 60 inches distance from the disc at the
same time the focus of the eyelens, by which the phenomena of
diffraction were examined, was at 60 inches distance on the other
side. When the whole was adjusted, on looking through an eyelens
of about 1 inch focal length, at the centre of the shadow cast by
the disc, there was seen a bright central spot, of a white color
slightly tinged with brown, surrounded by a greater or lesser
number of coloured rings, according to the size of the disc.17

The colors observed by Potter stem from the fact that light from the
sun is not monochromatic.

The concentric ring structure was given a mathematical foundation
by the British Astronomer Royal, George Biddell Airy. In a paper
entitled "On the Diffraction of an Annular Aperture,” Airy constructed
a table by which one could deduce the spacing of the ring structure
produced in three cases: monochromatic light falling on a circular

aperture, a circular obscuration or an annular aperture.18

Lommel's Work

The definitive study of diffraction by a circular obstacle and a
circular aperture was made by Emil Lommel in the 1880s. Lommel solved
the diffraction integral by using Bessel functions. He found the

intensity distribution of light in the shadow of a circular obstacle
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satisfies the expression:

M =C" +8° (11-1)

2
where M is the intensity and C and S are integrals whose solutions
contain the Lommel functions:

Born and Wolf list the Lommel functions as

UG, v = T DG @ (11-2)
=0

URCHEO IR MR CI PRI RN (11-3)
s=0

where u and v are dimensionless parameters based on the geometry of
the set-up and J,>, is the Bessel function of the first kind and n + '
2sth order.19 The Lommel functions have the disadvantage of being

slowly convergent.

Lommel performed the experiment to verify his theory. He used
sunlight and a prism to obtain fairly monochromatic light. With an

eyelens etched with a micrometer he measured the ring structure of

both the obstacle and the aperture and found it to be in excellent

agreement with theory;zo "

Experiments at the Turn of the Century

It is interesting that Lommel relied on the somewhat crude method '

of sunlight and prism to make a light beam with narrow band width.
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The nineteenth century saw major advances in the production of high
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intensity light sources. In 1825 Thomas Drummond invented lime-

21
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light. The carbon arc-light was developed by a number of people.

Frederick Holmes built a cumbersome working model in 1857. By the mid T4
1870s practical commercial arc-lamps were being sold.22

The widespread use of arc-lamps in laboratories at tie turn of
the century renewed interest in the spot of Arago. Using a spec-
trometer one could isolate an intense monochromatic signal from the E_N
carbon spectrum. This was important because photographs of the phe- . ]
nomenon were possible. T?

W. Arkadiew published a famous series of photographs in 1913. s
Using a variety of lens combinations he altered the virtual disfance
between object and image planes to observe the change in spot size.2?

In April 1914 two papers appeared which demonstrated that a
circular obstacle could be used in place of a lens to produce an
image. Alfred W. Porter noticed that "the bright spot is in reality ;-3

an image of the source of light."2% Porter used a set-up similar to

the one described by Mason E. Hufford and depicted below.

box
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d 73
; arc collimating opening suspended photographic

é lamp lens with sphere plate

[ transparency

i

,‘ Figure 2.1

b

Experimental Set-up to Demonstrate Imaging by a Disc
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Hufford reported that "each point in the aperture (opening to the box) ;]

produces a corresponding effect in the shadow. This suggests, there-

b

fore, that the aperture may be any sort of figure and in the shadow of

the disc or sphere there should be an inverted image of it."2%  Porter

-1

used a triangular opening to produce a three-sided image. Hufford,
with a bit more flair, made a monogram out of the letters I and U (he
was a professor at Indiana University) as one opening and a transpar-
ency of the profile of Woodrow Wilson as another. The resultant image
of the latter appears in Jenkins and White.26 ]

Hufford also made photographs of the ring structure in the shadow = 4
of a circular obstacle. Lommel had only measured the radii of a few
rings immediately surrounding the central spot. By exposing a photo-~
graphic plate for several hours Hufford got photographs showing a
large number of rings. These rings could be measured to check Lom-
mel's theory. There was excellent agreement with theory (less than 2% ;
difference in radius size for the outer rings).z'7

At a meeting of the Physical Society of London in 1925, A. O.
Rankine projected several images using a 7mm ball bearing. He noted g
that each point in the 1light source produces an image in the shadow. =
Since only one source point is on the optical axis, a circular obsta-~
cle creates some aberration.28 The aberrations can be understood by

noticing that points in the source off the optical axis do not enjoy

-

the special symmetry that the axial point does. A
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source obstacle sour.e obstacle

Figure 2.2 Figure 2.3

Disk Illuminated by
On-axis Source Point:
Equal Optical Path Distances

Disk Illuminated by
Off-axis Source Point:
Different Optical Path Distances

Optical path differences in Figure 2.3 lead to phase differences upon
diffraction. If one substitutes a spherical obstacle, the circuiar

cross section restores the symmetry for every source point.

source obstacle
Figure 2.4 E

t: Sphere Illuminated by Off-axis Source Points:
. Equal Optical Path Distances for Each Point ]
b g
q L
;' Dissimilarities in the intensities of the Arago spots for circular R
b 4
: obstacles and spherical obstacles was the subject of a 1926 paper by ’:
p 1
;‘ C. V. Raman and K. S. Krishnan. They mounted a sphere and a disc to a .A
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glass plate and measured the central spot intensities for both cases.
If the observation distance behind the obstacles was small, the circu-
lar obstacle produced a brighter central spot than the spherical
obstacle. Raman and Krishnan explained it this way. Rays diffracted
by the edge of a circular obstacle can reach the observation point

directly. For a spherical obstacle one must construct a cone tangent

—_— B —
!\
e A N
incident W |
light P { ,‘ | P
_— — vy
—_— —_— A

Circular obstacle Spherical obstacle

Figure 2.5

Diffraction Edge Sources for Rays Converging at Point P

to the back side of the sphere with the observation point as the apex.
"The disturbance incident on the surface of the sphere has to creep

round it, as it were, over the arc XY before the rays diffracted out

by the sphere can reach the point of observation, and must suffer a fH
very considerable dimunation in the process." As the distance from
the obstacle to P increases, the arc XY decreases in length and the =

difference in intensity between the spherical and circular obstacle

diffraction spots becomes smaller.29 ' j:
The promise of imaging by a disc or sphere was never fully real- iﬁ
ized. The ring structure associated with each image point led to ;u]
3

1

=
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smearing and poor image quality. With no forseeable practical appli- ! 3
.
cation, interest in the spot of Arago waned until the next major ii%
advance in production of monochromatic light. l;j
D .
.
=3
The Advent of the Laser o

®
1

A laser is a source of coherent, intense, monochromatic lignt.

It provides a simple means of observing the spot of Arago. A circular ' J
or spherical obstacle placed in an expanded beam from a laser creates ’.«
-
a bright spot and ring structure that in many cases is visible with 4
-1
the naked eye.30 :gi

The importance of the laser prompted innuvative uses for the !
spot. One area with great potential is the use of the spot in the s
detection of aberrations. Z;?
In an interdepartmental correspondence from Hughes Aircraft, !,:
R
Jd. A. Jenny showed a way to detect tilt in a wavefront. A plane wave T
propagating in the direction of an optical axis normal to a circular »f
-
obstacle will image a bright spot at every point on axis behind the !f:
obstacle. If the incident wave direction vector makes a small angle s
with the optical axis the spot is offset from the axis by a calculable T
E

distance. Thus a circular obstacle placed in a wavefront to be tested L

can be used to measure the amount of tilt present.31

Harvey and Forgham solved the Fresnel region Rayleigh-Sommerfeld

diffraction integral for a spherical obstacle with an incident plane ’_

[T iy

wave of uniform or gaussian distribution of intensity. The intensity
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pattern in the image plane has a J02 dependence, where J0 is the
zeroth order Bessel function. They also derived a formula for the
intensity on axis behind an annular aperture. Introducing known
amounts of aberration (astigmatism) in the incident wavefront they
demonstrated the shape and pattern cf the spot and ring structure
2

changes.3

This last experiment is the embarkation point for this thesis.
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Chapter 3

THEORY I: UNABERRATED CASES

Consider a monochromatic plane wave incident upon an aperture in
an otherwise opaque plane screen. The disturbance at a point P, be-
hind the screen is given by the Rayleigh-Sommerfeld diffraction inte-

gral:1

ikl
u(e.) = -1—1— ff ue,) S — cos (n, 1) r,dr,dg, (111-1)

plane

/

///

J

’//;::;::/plane

Diffraction by an Aperture in a Plane Screen
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;1 A is the wavelength of the incident wave. U(P;) is the disturbance .
F function in the plane of screen where: ol
Ny
: (e 2
UE,) = Ay, 0,) e W@ 80) 1 gy (111-2) J
1 1 1 1 1 |
1
g -
- A(r,, @1) = amplitude function i
;‘ W(r,, ©,) = aberration function K
p ' 4
T(r,, 0,) = aperture function = 1 if (r;, 0;) is in the aperture -
1
= 0 otherwise
b
| 4
;‘ n is a unit vector normal to the plane of the screen »
. “~
cos (n, 1) is the cosine obliquity factor )
1 is the vector from point P, to point P,
3 ~
\ »
: It is possible to obtain !l| in terms of the factors Ty Ty 01' 07 )
. and z, the normal distance from point P, to the screen plane.
> - * b
1 >, 4
- [ ]
T,
; s 5 4l ;
] ! 4/’//// J
Z
[ r )
. 1 /: Z I¢
3 ) ) -
<
- screen plane observation plane
" Figure 3.2
General Geometrical Layout
}
] As shown in the above diagram:
: ’
. ) R B
5 1 =z +r° (111-3) )
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But by the law of cosines:

2 2 2

r,” =r  +r,7 -2rmr,cos (@2 -90)) (I11-4)
12=224+r°+pr2 2rrcos (0 -0) (I111I-5)
1 2 12 2 1
]
Case 1: Circular Obstacle with Uniform Illumination >

The first case to consider is that of a circular obstacle in the
screen plane. The diameter of the obstacle is d. The optical axis ]

will be defined as the line normal to the obstacle and passing through

dnd _'A | -

the center of the obstacle, which is the origin of a cylindrical

coordinate system. ]
1 R '
yd fzﬁ < ‘
Wied) -._-1
]
’,
% Z |
P
Figure 3.3 ,.i
Geometrical Layout for Diffraction by a Circular Obstacle f;
-1
-4

-

s

If the incident plane wave is of uniform illumination (constant

amplitude A) and contains no aberrations then the disturbance function

U in the obstacle plane is given by:

it ]
[t}
1
o
~

(e, ©) = AT(r, v ) (1
1’ IS

;
o
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The aperture function T can be transferred to the limits of integra- * )
tion and the Rayleigh-Sommerfeld diffraction integral becomes: .
A z“elkl . ]
U(I‘zg ¢2, z) = RN f 1 cos (E’ Al') r dr 4¢ (I11-7) ?‘
1 a/2 0 1 1 1 L
) b
.
3
s p s o
Intensity on Axis ?
The cosine obliquity factor can be replaced by the term :i,- . It
is convenient to chang= the variable of integration to 1. J]
®
1 o
r, ‘(g
2
| H 2 P
|
o]
o
Figure 3.4 :
Determination of 1 for On-axis Points .
1
r 3
2 2 2 1
1"=2" +r = —= -
) dl 1 dr1 (111-8)
-
Thus the integral becomes: L—q
© 27 |
Az f f 1kl o
v, 0, 2z) =3 S5 d1ad n
v 22+d2/4 0 ®
2maz ® ikl 3
Y
=73 ' 1 dl (IT11-9) 3
2242 /! ..
=
)
®
h
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7' To evaluate this integral, integrate by parts: i"
? 1
P ikl B
£(1) =% g'(l) = e -
.1 __1 ikl _

h £f'(l) = - -1-2 g(1) ik © .
; N
2mAz 1 ikl ® "]
U0, 0, z) = = [—— e + p

i ikl \[—5—'3—7 »

ze4+d4/4

@ ikl
1l f 1 e d1l ]
oy 22wy ¥ (111-10)

. <
R 4
This second integral contains a =— term, otherwise it is identical to ]
the original integral. Unless one looks immediately behind the obsta- : y
»
cle (a distance on the order of a few wavelengths or less) then kl is ' ;
much greater than 1. Thus the second integral is negligibly small.
The expression for the disturbance at P, is: .
’ 3
2 Az ik VZ2+d2/l: -
U0, 0, z) = ——F——— e ]
k "z‘+d2/a p
_ ]
but since k = 2%

2442
U, 0, z) = A ’z _ o1k V zi+d?/s
‘/zé+d‘/& (IT1-11)

What does this expression mean physically? The factor A is the

amplitude for the incident plane wave. Z//VZ: + d:/4 is the cosine : ﬁ

obliquity factor for rays diffracted by the edge of the obstacle to
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. 2,..2
Pz' e1k v z"+d" /4 is the phase difference from the edge points to the

point Pz' This indicates only the rays diffracted from the edge of
the obstacle cause a disturbance on axis. Since the optical path
length is identical for each edge-diffracted ray converging at P, the
overall interference effect will be constructive.

The on-axis intensity distribution is given by the expression:

I(0, 0, z)

IU(O! o, Z)lz

22

= A2
= A STt (111-12)
Substituting the incident intensity I, = A? in the expression yields:

1
I(O’ 09 z) = dz ID
1 +— (111-13)

4z«
Thus the intensity on axis behind a circular obscuration is equal to
the incident intensity times the square of the cosine obliquity factor
for edge diffracted rays. For large values of z, d2/4z2 is much less
than 1 {the cosine obliquity factor in essence becomes 1) and the
intensity on axis is the same as if no obstacle were present.
Below is a graph of I(0, O, z) / I, as a function of z for a lcm

diameter obstacle.
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ON AXIS INTENSITY (NORMALIZED TO Io) BEHIND A 1 CM OBSTACLE
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DISTANCE BEHIND OBSTACLE (CM)

Graph 3.1

The intensity rapidly approaches its normalized value of 1. In fact

it has reached a value of .9 at a distance of one and one half times

the obstacle diameter behind the obstacle.2

1 i 1
1 + d2/(4x2.25d%) 1 + 1/9

1(0, 0, 1.5d) / Iq =

= .9 (III-14)

Lt Axis Intensity Function

To find the disturbance at a point P2 near the optical axis, but
off it, it is necessary to impose restrictions. The observation plane

.3 placed a distance z behind the obstacle plane such that:

d/2
z

<< 1 (III-—lS)

Looking only at points near the optical axis implies the restriction:

@
a . . - .
T

SR
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r

—2 III-
372 << 1 ( 16)

These two restrictions insure that the cosine obliquity factor is
approximately equal to 1.

With these restrictions it is possible to expand 1. By III-5

2
= + + - 2 -
1 z T r, r r,cos (@2 @1)

r
For the region where ;L << 1 then

2
r.r
1 2

2
132 45— 45— -—cos (B, - F) (111~17)

If 1 is multiplied by a large number (like k) then all the above

expansion terms must be kept, otherwise 1 is approximately equal to z.
The Rayleigh-Sommerfeld integral of interest is: . A
A o 27 eikl n
U(r,, 8,, 2) = 5 2 Js T~ cos (n, 1) r, dr dg, :
(111-7) , ‘
Inserting the cosine obliquity factor of 1 and the approximate expan- N
A
sions of 1 yields: i
.
r 2 ] 27 r 2 .._._:)
_ A ikz ik A ik —=2—
U(rz, ¢2, z) = 5V e e’ 2z e’ 22z -
d/2 0 }
r]rz D
-ik - ;

< e . cos (¢2 ﬂl) rldrldﬁ1
:
(I1I~-18) 9
- L °
To solve the integral over $, one can use the identity for the Bessel e
function:3 'iJ
K
®
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i I (x) = i eixcosa inud

s n 2n e @

g 0 (111-19)

When n = 0 and o = (¢2 - ¢1) then
b
ﬁ 5[ e _J<Eg:z)
0 z 0\ =z

r,r
172
1[2“ oik —— cos (8, - 0)
0

2m ! (111-20)
Substituting the above in III-18 gives:
2
I
21A  dikz ik ——
U(r,, 6,, 2) = Do e 2z
® . kr,r
ikr,? ( 1 2)
b Tr,e 1 3 dr
~/;/2 1 0 z 1 (IT11-21)

(Up to this point the treatment is identical to Lommel's formulation.
He proceeded to solve the integral by substituting in a Bessel func-

tion identity and integrating by parts to obtain a series of cascading

higher order Bessel functions.)

The integral to be evaluated is:

@ r 2 ::J
. 1 kr r o

/ elk 2z JO( ] 2) r dr |

d/2 4 1 1 R

1

Both the exponential term and the zero order Bessel function are ]
o

oscillatory of similar period. (The period of the Bessel function o]
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2r
:C approaches 27m.) The argument of the Bessel function is ——I:Z- tires the
L. 1
- argument of the exponential. When ;§-<< 1 the Bessel function will
- 1

3 oscillate much mcre slowly than the exponential term. One can divide
the interval [d/f. m] into subintervals sufficiently small that the
;if Bessel function term is essentially constant over the subinierval.

One can also imr:3e the restriction that for neighboring subintervals

the Bessel function terms are approximately equal. That is, if

kr.r,
7o < ; L) represents the Bessel term for the ith subinterval then:

krir2 3 kri+1r2
I\ TINT (111-22)

Since this term is taken as constant it can be pulled out of the

th

integral. The integral over the i subinterval is thus:

'_l
+
—
®
'.l
j
NIH
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o
2
—

.9
T r, _i
T z ]
1

- krlrz z ik - i+ ]

T\ ® ¢ 22 T !
i ]
2 2 4
Y, Y. .
kr.r ik( 1+l) ik 1 J
= 2_ 3 1 2) e 2z - e 2z 5
ik "0\ =z (111-23) ' 4
It is clear by 1II-22 that the upper integration limit for the ith ]
subinterval will negate the lower integration limit for the i = 1th Y
subinterval. This pairwise cancellation will continue over the ]
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subintervals and leave two unpaired terms corresponding to r, = a/2

and rl = o, Thus the original integral becomes:

D/2 2

r
1k 21 5 kr]r2 s .z kdr2 eik %_
e z Nz /5191 T T 3K Yo\ 22 z

d/2 (I11-24)

The final, radially symmetric form for the disturbance at P,

is:

2
2 kdr d
, . 2 .1
u(r,, z) = 27A e1kz elkr2 /22 _z J0< ) elk 52

irz ik 2z z

. . 2 L, .2 kdr
- A e1kz elkr2 /2z elkd /8z JO(___g)

22 (IT1I-25)
(Notice the disturbance function is independent of angle #_).
2
The intensity at P2 is:
) 2 s kdr2
= 1 =
Iry, 2) = [UC,, 2)[2 = 4232 \ (111-26)

Since JO(O) =1, it is readily apparent the intensity on axis

equals the incident intensity (A?), which is expected for the region

d
h — <L 1.
where 5

2

An intensity contour plot and related radial intensity profile

for a 3/16 inch diameter obstacle viewed 50cm away is given below.
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As is characteristic of an Airy pattern, the spot of Arago is
surrounded by a series of increasingly dimmer rings. (The reference
to the Airy pattern is intentional. Both the pattern and the spot are
images of a light source produced by a circular aperture and obstacle
respectively.) The ratios of the maximum intensities to the intensity
on axis as well as the positions of the maxima and minima can be
determined readily from a table of zeroes for JO and Jl.

Extrema occur when:
d 2. 2 kdr2 _
— A°J —=1=0

dr2 0 2z

kdr kdr
a2 kg (2}, 2) . g
2z o\ 2z 1 2z (111-27)

kdr) xdr2
Minima occur when J0 _~‘> = 0 and maxima when JO = = 0. The

o T
table below shows the radial distances (in terms of ig) and normalized ..
intensities (normalized to I(0, 0, Z)) for the first fourteen intensi- .‘
ty extrema based on the table of values for JO and J1 found in the CRC

Standard Math Tables, 13th student edition, pages 326-329.

“

: 1
e,

w
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Table 3.1

Extrema of Diffraction Ring Structure

Radial distance I(r /z) / 1(0,z) =
xd J 2 <kfr2> pxtremun type
2z 0 ez ¥
0 1.0 Maximum
2.405 0.0 Minimum
3.83%2 0.162 Maximum
5.502 0.0 Minimum
7.016 0.09 Maximum
8.654 0.0 Minimum
10.174 0.062 Maximum
11.792 0.0 Kinimum ]
13.324 0.048 Maximum R
14.931 0.0 Minimum .«#
16.47 0.039 Maximum .
18.071 0.0 ¥inimum ]
19.616 0.032 Maximum o
21.212 0.0 Minimum ’~”

La g L'ﬁ"'-' .

An examination of the factors k, rz, d and z in the argument of

the Bessel function prcvides insight into characteristics of the spot S
and its ring structure. The argument is: ° 4
-
9
kdr ndr {
2 _ 2
2z Az (111-28)
o

If the argument is set equal to a constant, then r. is proportional to

adle
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XA and z and inversely proportional to d. The larger r_, is for a given

2
argument the more "spread out" the ring pattern is in the observation
plane. The pattern will increase in size the longer the wavelength of
incident light, the farther along the optical axis the observation is
made or the smaller the diameter of the obstacle. Likewise the pat-
tern shrinks if one has a shorter wavelength light, moves closer to
the obstacle or uses a larger diameter obstruction.

For a given obstacle diameter and incident wavelength, the spot
of Arago (the central maximum) can be thought of as a slowly widening
sheath surrounding the optical axis for increasing distance z. This
concept has an intriguing consequence. If one observes the spot at a
sufficient distance, the diameter of the spot will be equal to or
greater than the diameter of the shadow. In short, the shadow will
disappear. If the preceding theory is valid in this range then this

will occur when:

kr.,d
2z

= 2.405 with r 3—3—

d2
z > .653 K_ (111-29)
For a 1cm diameter obstacle illuminated by He-Ne laser light of £3284

wavelength, then theory predicts shadow saturation when:
z > 103m (111-30)

One must view the above numbers with some caution. One restriction

2r
the theory was based on was — << 1. The theory may not be valid for

this large a value of r..
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The graphs below show the change in radial intensity distribution

—— ,.qﬁr‘ Y

for variations in 4, d and g. Unless specified, the wavelength is

taken to be 63281.
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Case 2: Circular Obstacle Illuminated with
Caussian Intensity Distribution

Up to this point the formulation has depended upon an incident

plane wave of uniform intensity. Light from a laser has a character-

istic gaussian distribution. Consider an incident plane wave with a

gaussian intensity distribution centered on the optical axis. Let the

gaussian distribution be of the form:

r2
- —

where d is the diameter of the obstacle
r is the radial distance off the optical axis

¢ is a characteristic constant.

Thus when r = % the gaussian factor becomes:
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The edge diffracted rays define the disturbance at points in the 1
shadow. One exvects a reproduction of the previous results multiplied ___‘
L

c
by the gaussian factor e L for the diffraction of a wave with a
gaussian distribution.

The Rayleigh-Sommerfeld integral is:

»
® 2n ‘
r 2 r 2
U(r ) =—A—e k22 eikz e © .
2* 2 ixz z 42
a/2 0 -
[ ]
rlz rlrz _
x elk T e ik cos (f_ - ¢1) r dr dé “l
111 D
»
2 @D
be l_k _c 2
21a ik 5>~ ke [2: }2] 2 kryr
= — 2z e J r dr
iz 0 1 1
d/2 .
®
(111-31) T

The evaluation of the integral follows the method presented in the

preceding section with the result for the disturbance function: »_
r,? K ; i
2 < e . k r, .
U(r,, z) = - i;: 2d ek 3 e o7 kg Je< 5 ) ]
ikd?-2zc z [ ]
- T3
2 2 -
r
= A -S4k [—2 z + 4 ] kdr, j
= 72c € 4 e 2z 8zJ J, 22 ]
( 1-1
. k42 L4 .
(I11-32) T
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The intensity distribution is:

2 _E kdr2
I(r,, 2) N e 2 Joz( 7 )
2.2 z
1-4 &
k24" (11I-33)

2.2
Tor most cases of interest 4 z << 1 and can be neglected. (For 2z

"

k44
on the order of 1 meter, C = 10 and d on the order of .O1m then
5202 -
= izis =10 Then the intensity distribution reduces to the antic-
ipated form:
c kdr .
= 22 27 9 2 <
I(ry, 2) =A% e 2 Jy° \73; (IT1-34)

The resulting intensity on axis and radial intensity distributions are

c
reduced by the gaussian factor e” 3.
The following graphs demonstrate the intensity distribution on and

off the optical axis for different values of the gaussian constant c.
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Case 3: Annular Aperture with Uniform Illumination

The geometrical layout for diffraction by an annular aperture is

depicted below. The Rayleigh-Sommerfeld integral is given by III-7

Figure 3.5

Geometrical Layout for Diffraction by an Annular Aperture

substituting g in for the upper limit for the integral over rl.

D/2 2
A eikl
U(r,, ﬁz’ z) = n 1 cos (n, 1 rldrld{bI
d/2 0 (I11-35)

On Axis Intensity

The arguments follow those for the circular obscuration with the

final result for the disturbance at point P {from 1II-10) being:
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S0, o, 2y < 21z [ 1 s |VETD
C ir [t N
. s 2.n2 -
U, 0, z) = -A oz elk \’z +D%/4

‘/zz+D2/4

z eik \’22+d2/4
"zz+d2/4 (III-36)

The on axis intensity distribution is thus:

T Tl

2 2
2 2
=A z -+ z -

2
z +D2/4 zz+d2/4

I1(0, 0, 2) = lU(O, 0, 2z)

2 r‘z'__z [2 2, ~
z eik z +D /4 e—ik z +d /4 +

-
‘/224-02/4 JZZ-H:IZ/A L j::f

ik \Izz+nz/4 LK \Jzz+d2/4

- A2 1 1 _ 1 L
2 2 2 2 L
1+ —Dz 1+ _d_2 1+ _R_ 14 —d-; .:
4z bz bz b2 -
.
=3
x (cos(k(422+02/4 - {z2+d2/4)) + cos (k(\)zzﬂ“ﬂz/‘* - R
E
2.n2 .
‘,z +D2/4))) ).
d -]
]
)
3
<
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= A2 1 1 _ ,2
2 2 D d2
14— 14 — /l+——7J1+——2'
4z 42 \ 4z° bz
2 2
X cos kz[ 1+—D—-- 1+L
4z 422

(111-37)

The above expression is valid for z greater tha®t a few wavelengths.
r? 2

If the observation plane is in the region .here ‘"; << 1 and Tir << 1
RA 42
one can employ the expansions:
2 b 2 2 Y 2
2
1+ -2 = 1+ 2 1+ 47) - 1 + 4°
4z 822 422 8z2

to obtain:

1¢0, 0, z) = AZ[ 2 - 1 (D2 + d?) - 2¢c0s ( f (02 - dZ))

822
(I11-38)
which, upon neglecting the second term, reduces to:
1(0, 0, z) = A2[2 - 2cos (-if (p? - dZ))] (I11-39)

To gain physical insight into these results one should look at III-35.

ik \J 2+p2 /4
U0, 0, z) = -A z ik Vzt%/

47

raw)




TrerorRrNy e vrRTes _E*V- ) DRl BN "Rl B I Y A A ISRl Sa A RN Aol S

48

__z ik \/ z2+d2/4
"zz+d2/4

Y is the amplitude for the disturbance of the incident wave in the
sperture plane. The coefficients in front of the exponentials are the
cosine obliquity factors for points on the edges of the aperture. The
exponential terms are the phase factors for rays reaching P2 from the
inside and outside boundaries (through distances v zz+d2/4 and

v 22 +D2 /4 respectively). As with the case for the circular obstacle
the edge diffracted rays cause the disturbance at PZ' Those for the
circular obstacle are all in phase for axial points and thus interfere
constructively. TFor the annular aperture the rays from the inside and

outside borders will interfere to varying degrees based on the rela-

3

P

SN

tive phases. This phase difference is given ty <‘/ +

For large z the phase difference will vary slowly with changes in z.

-

Thus one has a disturbance function that oscillates between -2A and 24,
rapidly close behind the aperture. The intensity oscillates between O

and 4 times the incident intensity.
r2 2

T d
In the region where —> << 1 and — << 1, maxima will occur on
z z

axis when the cosine term equals -1. This happens when the argument

is an odd multiple of 7.

%; (02 = d2) = (2n + )7 n=0,1, 2, ...
DZ_d2
z=———————-
T (2t D) (111-40)
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, Minima will occur when:
I
D2-42
b z=8m;l m=1,2,...
[ (I11-41)
l? The last maximum on axis occurs when n = O or when:
b,
:.
¥ _ D2-d?
g LAY (I11-42)
The last miminum .before the intensity is driven to zero at infinite
z) occurs when m = 1 or:
_ D2-42 .
z 8 (I11-43) .’,J

The last maximum defines the boundary for the oscillatory behavior of

the intensity on axis. The distance to the last maximum will decrease -
2 2 2 2 )
for increased wavelength or decreased factor (D° - 47). (D0 - 4 ) can

2 2 . .
be written as D°{(1 - £“) where ¢ is the obscuration ratio, the ratio

=
. .{
of the inner to outer diameters. Thus a smaller obscuration ratio - 9
[ ]
(for fixed D) will decrease the distance to the last maximum and a \i
smaller outer diameter (for fixed e) will accomplish the same thing. ]
Below are graphs depicting the intensity on axis for variations |
]
in the parameters A, D and e. (Unless specified, the wavelength is ,”j
assumed to be 6328%.) f;
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The circular aterture as 2 special case of the annular aperture.

i If there is no central obscuration the annular aperture problem re- [ ]

s duces to that for a circular aperture. This is equivalent to letting

v

d equal zero in the preceeding treatment. Then III-36 reduces to:

>

~

. ',22 . -]
U0, 0, z) = -A | —F—— ek Vz4D e elkz -

z24D2 /4 (I11-44)

- »
1 The first term in the parenthesis reflects the edge diffracted rays. ;:?
b
b ' .
: The second term is the rhase factor due to tne distance a ray travels P
4 1
4 -

down the optical axis (notice for this case the cosine obliquity
»

] - -
1 factor equals 1). Thus the disturtance at an on axis point P besiné LA
s <
s 9
b

‘ L
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a circular obstacle results from interference otetween rays diffractes
from the edge and from the center of the aperture.

The intensity on axis is given by:

D2
100, 0, z) = A2| —— 4+ 1 - —=2 ms(u[ R |
D2 D2 4z2
1+ — 1+ —
4z? 422
(111I-45)
D2
When —— << 1 this reduces to:
27
1(0, 0, 2) = 212 - 2cos L D2
’ 9 8: (111—46)

For the circular aperture the last maximum on axis occurs when

D2

= X (ZntD) (111-47)

A graph of the intensity on axis behind a lcm averture appears below.
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The Circular Obscuration as a Special Case of the Annular Aper- ’

=

ture. If the diameter of the outside rim of th: aperture is taken to
infinity the problem of the annular aperture re.uces to that of the

circular obscuration. Equation III-30 becomes: |

: 2 2
U, 0, z) = A ——2—— elk Q z4+d /4
VZZHZM (111-48)

which is the same expressicn as in III-11. Thus all previously de-

rived results for the intensity on axis behind 2 circular obscuration

can be reproduced.

»
Off Axis Intensity ;{“
The derivation of the disturbance function U(r2, 2. z) for the .
‘ »
annular aperture case follows that for the circ.lar obscuration. The ‘
only difference is the upper limit of integration is now g. Making :;i
this substitution, equation III-25 becomes: e
L
-4
r22 kDr p2 kd 42
U(r_, z) = 2na eikz eik 2z = J 2 eik 8z -J __23 eik 82z '
2° iiz ik o\ 2z 0\ 2z o
]
T, kD D2 kdr 42 |
_ peikr ik | D) kg 2} ik &=
0 2z 0 2z )¢ z
(111-49) '
The intensity at P, = (r_, jz, z) is given by:
»

I(rz, z) = ‘U(rz’ 2)‘2
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kD
) A2 ;2 r, ‘3 5 kdr2 e kDr2 5 kdr2
0 2z 0 2z 0 2z 0 2z
(111-50)

If r If D becomes

y = 0 then the above reduces to equation III-3C.

kDr
22‘) goes to zero and the above reduces to the

infinite then Jo <

result for the circular obscuration. When d equals zero oane obtains

the intensity function for diffraction by a circular aperture.

kDr kDr
C a2 )22 _ 2 k
I(rz, z) A [JO (22 ) + 1 2J0( 32 )c°s<82

The intensity pattern produced by an annular aperture is a com-

2
D ) (111-51)

plicated series of bright, dim and dark rings of various radii. The
following intensity contour plots and radial intensity profiles show
the diffraction patterns for a .3333cm diameter circular obstacle, a

1em diameter circular aperture and their resultant annular aperture

combination at .5 meters.
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Circular Obscuration Intensity Pattern
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Circular Aperture Intensity Distribution
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Circuiar Aperture Pattern
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Annular Aperture Intensity Distribution
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Annular Aperture Pattern
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14 Beats and the ring structure. The radial intensity plot for the
; annuiar aperture of obscuration ratio 1/3 above yields zeroces for
h intensity at the radial distances depicted in the table below.
_ Table 3.2
i! Radial Positions of Intensity Zeroes for Annular Aperture
r (D= .01, ¢ =1/3, 2z = .495m)
Radial distance Distance to
E 7 from center (mm) next zero (mm)
o
3 .031 .094
[ 175 .094
. 269 .033
.362 .094
<456

average .O9375mm.: . 0008

This very regular pattern also appears in the spacing of minima for
the circular aperture. A table of the radial positions of these

appear below.
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Table 3.3
Radial Position of Intensity Minima for Circular Aperture

(D =.01, z = .495n)

g
Radial distance Distance to o
from center (mm) next minima (mnm) L
.009 .061 ‘i
]
070 . 064
134 .061
195 .064
.259 . 062 -
.321 .063 .
. 384 .062
. 445 . 063 .
.509 -
B
average .0625mm + .0012 1
Y
’
The frequency of zeroes fcor the aunnular case is: ]
v = ————— = 10666.70" )
*9.375x10 °m (I111-52) 0
The freguency of minima for the circular aperture case is: y
1 -1 2
vcirc = 16000m »
) 6.25x10 m (I11-53)
4
]
1
v /v . = 2/3 (I11-54) 1
ann circ. b
e
N
»
]
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To understand the above ratio, one can approximate the Bessel function
as a sinusoidal function. The period for JO for large arguments
approaches 27. The amplitude for large arguments is essentially
constant (very slowly decreasing). The Bessel functions in equation

III-51 are of the form:

JO(Zﬁvirz) = csin(Z?vir;\ i=1, 2
_ D .. a . . . s
where vy 512 and v, T gt The sinusoidal approximations are thus:
Jo(Zﬂvirz) = ¢ sin (Zﬁvirz\ i=1, 2 (I11-55)

v is different than v, and the combination of the two periodiz pat-

terns will lead to beating. This beat frequency is given by the

expression:4
Viear = V1 = V2 (I11-36)
== (@ - d)
= 52— (1 - €)
= v, (1 - ¢) (I11-57)

For the case where € = 1/3 then:
- I, .2
Vheat = V1 473 T3V (11I-58)

The frequency, Yreat corresponds to the frequency of intensity
= 9

zeroes radially for the annular aperture case. The frejuency

corresponds to the frequency of minima for the circular aperturs case.
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‘ The freguency 7y applies to the circular obscuration case.
- D .Clm -1

v Ev = = = 15962m
_ circ. 1 242 5 L 6.328 x 10 7m x .495m
n (I11-59)
- _D-d _ .01 - .003333 -
. ann. - “beat 22Xz . -3 = = 10642
» 2 x 6.328 x 10 'm x .495m
L‘ (ITI-60)
3
r

The concept of beats provides insight into the outlying ring

structure of the diffraction pattern of an annular aperture. The

q ring structure will oscillate within a beat envelope whose radial
.
! width is given by 1 / Vapn. ©°F %lg. The intensity pattern is the

square of the beat structure from the disturbance function. The
result is a series of dark bands (corresponding to the regions around

the zeroes of the beat envelopes) and bright bands (corresponding to

T e

the regions around the maxima of the beat envelopes) which contain an

underlying dark and bright ring structure. These bands will be wide

e

for large obscuration ratios. (The beat envelope width is inversely
proportional to (1 =~ ¢)). For € very close to 1 the beat envelope is

‘ very broad and one will observe a ring structure whose frequency of

i ‘“—71.,' Dl

intensity zeroes approaches that of the freguency of minima for the

vy

circular aperture and circular obstacle. For very small ¢ the beat
envelope is very narrow. (The siudy of aberration effects or the
diffraction pattern will irnv>ive changses in the ring structure. A
wide beat envelope will provide a better opportunity tv -Userve devia-
tions. Thus an aperture with a high obscuration ratio is better for

aberration testing.
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Table 3.4 ]

Comparison of Measured Envelope Widths to Theory i-?

R

-1

D.*
Theoretical Measured '

araph from Average measured distance Yann S

which measure- distance between 2"z Percent :7'—4' }ﬂ

ments taken beat zeroes (mm) D-d Difference eire. (1-:) e
]

Graph 3.30 .0784 + .0019 L0779 .6 % .795 .8 |

Graph 3.32 .1270 + .0011 1271 .08% .500 .5

Graph 3.34 .5330 * .0005 .6333 .05% . 100 .1 o

Graph 3.36 .9053 + .0009 .9052 113 .666 .667 imi
Graph 3.38 .665 + .0005 .679 2,12 L1021 h
’

Tolerances in patterns with on-axis shifts. The preceding charts '[

and graphs were made for planes at positions of maxima along the 1
e

optical axis behind the annular apertures. The intensity of the jfj

B

central spot changes with distance z. Mathematically this stems from 1;j

the cosine interference term in equation III-50. One can view the o

¥ 2 2 L

argunent for the cosine, g;.(D - d¢), as a phase term. For constant ]

ez -l

z, D and d this phase term will be fixed. This phase term will affect iy

the intensity of the rings and their positions. A null on axis will "

»
g push ring structure out from the center. T
. 2
- Below are graphs which demonstrate the change in the diffraction ]
3 patterns for shifts to the next minima on axis for two previously o

¢ )
i calculated cases for ¢ = 1/3 and € = .9. 35
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The diffraction pattern makes its most dramatic change as the
central spot shifts from on-axis maximum to on-axis minimum. This
relates to a change in the argument of the cosine term by ™. Desig-
nating the argument by « one has:
=X p2. g2
a = 57 (D d<)
Ay = - _5_ :32 - dz) Az
822
(keeping k, D and d constant) (ITI-61)
Let 8a = am., Then:
Az - —‘La-L 22
p2-42 (111-62)

Thus the necessary shift on axis by a phase factor a n is quadratic
in the initial distance z. As 2z increases a greater shift on axis is

necessary to produce a given change in the diffraction pattern.

Case 4: Annular Aperture Illuminated with
Gaussian Intensity Distribution

The treatment of an annular aperture illuminated by a plane wave
r2

with a gaussian intensity of the form ¢ p¢ follows that already done
for the circular obscuration with the substitution of g for the upper
limit of the integral in equation III-31, The disturbance function

becomes:
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2
T
2 _¢c . D2 kDr
U(r_, 2z) = —A eikz eik 2z e 4 elk 8z J |—==2)-
[ - 2 22¢ 0 2z
. 1-1 ===
kD2
# _cd? ik 42 kdr, ;
" e 4 D2 8z J .
i 0 2z (111-63) "
N 2
b
& .
; The intensity function is: DJ
4
} c kDr c d2 kdr
- A -5 g2 2 - 5= . of*%F2
I(rzy Z) ) 2 e 2 JO ( 7z ) e 2 D2 JO ( 22 ) - --5
1+ 2°¢ b
42 KDr kdr -
1+ 2] ( 2) 2 k 2 _ 42 .
2e 4 [ D J0 72 Jo 22 cos B2 (D d<) "y
L
(111-64) '{E
262 ]
As with the circular obscuration case, the tern 4 "_ﬂ‘<< 1 for small e
D -~
ey
z and can be neglected. i;

On axis r2 = 0 and the Bessel functions go to 1. The intensity

function becomes:

oy §OVE

vy —
. radi ‘e 4 R
SO ol .

. _cd _s[1+ ] K
I(0, z) =A%2|e 2+e 2,7 -2e & Ezcos(-a—z-(Dz-dz))

(II1-65)

The positions of maxima on axis are given by equation III-40. At the
maxima, the intensity is:

I(0 = A 4L+ e 4
© zpay) € e 4p (I1I-66)
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The position of minima on axis are given by equation III-41. At the

ninima, the intensity is:

1
|0
tﬂJq;

C
10, 2 . )=A21e" % -
min (I1I-67)

Thus for a gaussi.n intensity distribution the intensity on axis

oscillates between the two limits given by the equations above. If ¢

- is not zero then the intensity on axis never reaches zero. Likewise
L the intensity at the maxima is always less than four times the inci-
‘ .

t dent intensity.

N

F Physically the above result stems from difference in amplitude of
b
é! the diffracted rays from the inner and outer edges. The amplitude of
light rays reaching an aperture poing a distance r from the center are
r

- —
diminished by the gaussian term e p2?. The amplitudes of rays at the

outer edge are decreased more than amplitudes of rays at the inner

‘! edge. Therefore the destructive interference of diffracted rays is
not total. The constructive interference of diffracted rays is re-

duced by a combination of the gaussian terms.

) e

F The following graphs show the intensity on axis behind an annular _
Q aperture of obscuration ratio .5 for gaussian constants ¢ of .5, 2 and ‘
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For large z or for large gaussian constants ¢ the term 4 T in -
E°D o
-
the denominator in equation III-64 is no longer negligible. This oh
-
drives the intensity on axis to zero at large observing distances. ;”
As the gaussian constant ¢ increases the maximum intensity on :f:
axis decreases. The minimum intensity starts at zero for ¢ equal to {f
zero and increases as c¢ does. But it reaches a maximum value beyond ij
b
g which the exponential decrease starts to drive the minimum intensity T
E' back to zero. For fixed obscuration ratios one can maximize the o
E; minimum intensity on axis by changing the gaussian constant. The ;‘
]
L‘ following graphs depict the maximum and minimum on axis intensities as
Iy functions of gaussian constants for obscuration ratios of .1, .2, .4,
: .6 and .8.
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Case 5: Disvlaced Obstacle and Aperture
Illuminated with Uniform Intensity

If the obstacle and aperture do not lie in the same plane, it is
still possible to derive expressions for the on and off ~xis irntensity
distribution functions. The layout depicted below cor ponds to the
eventual experimental set-up. As with the previous tr ment the
origin of the cylindrical coordinate system is taken t. F che center

of the aperture.
aperture

cbstacle

N
v

effective
N z
obstacle T 1

Figure 3.6

Geometrical Layout for Diffraction by
Displaced Aperture and Cbstacle

The observaticn plane lies a distance Z, behind the aperture and a

distance z, = z1 + .z behind the obstacle. The rays diffracted by the

&

"
obstacle which converge at point P project an effective obstacle in
the aperture plane. By similar triangles, the diameter of this phan- !
z

tom obstacle is d' = z%d. The light rays striking the aperture are »
=Y
parallel to the optical axis, but those striking the effective ]
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obscuration are converging to the axis, thus there will be a phracse
difference.
_ 1
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Figure 3.7
Phase Difference for Obstacle Diffracted Rays
The diffracted rays travel through distance 1 to the effective obsta-
cle.
- 2 -
1= JA + (z, = z))
d2( 21)Z 2
= -==) + (z, - 2))
“[4 22 1
dZ
=(z, - z) 1 +—
2 1 4222 (111-68)
dZ
Taking << 1 this becomes
Lz 2
2
42
= - 1+
1= (zp - 2p) 2 (111-69)
8z,
The phase difference of the rays striking the edge of the effective
obstacle is then:
. kd?
- - x == (z, - z,)
k(- 2y =2 7 2 (z, = % (111-70)
Z2
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To evaluate the Rayleigh-Sommerfeld integral for the effective

annular aperture, the following assumptions are made:

D2 d2

. 42 z < t 42z z ' -
2 2 .ot
2. The effect from rays diffracted by the obstacle striking the jf%
aperture is negligible. The rays striking the aperture are considered '};
parallel to the optical axis. » 1

3. As with previous treatments only those rays diffracted by the
outer aperture edge and the inner effective edge contribute to the j
ultimate diffraction pattern. ? P

. ‘—‘- ‘.‘

4. The rays hitting the inside and outside edges of the effec- .

N

tive annular aperture have a phase difference given by equation III-

68.
The Rayleigh-Sommerfeld integral for the dizturbance at a point P

in the observation plane is:

27 D/2
A eikl
Ulrys 245 25) =35 | 40, 1 cos (@, 1) 8 (ry) rydry
° Thy
z, 2
(I1I-71)
where: o
D :.:t:;
B(rl) = 1 for r <3 !_1
d2 z :
ik S (z, - z,) . g ,
= e 8212 2 1 for rl 22 2 (III‘?Z) j
{
.
The result follows from previous derivaticns: :[ﬁ
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p2 kDr .
ikz, ikr, 2/2z ik =— 2 9

= 1 -

U(rz, 2, 22) Ae e 2 1 e 821 Jo( 221) 4
k [ % 2 a2 kr z --.;.
eisT[;" d] etk 7 (22 5 (2 14 o
1 2 822 0 Zl 22 2 ::.:
‘1
ike, ikr,>/2 s 22 KDz, 5

= Aem %) T2 1% | oT¥ Bz g - .

1 0 22 -
1 -3

-b . .
kd? kr d 1

i— 2

e” 8z, J (—2——) .

22 (II11-73) i
"]
Thus the disturbance function has the reassuring form of having the '-‘.j]
.1

effect from the aperture edge at distance Zl’ coupled with the effect .
from the obstacle edge at distance Zz. The intensity distribution . §
function is: ]

(k[D2 d2]>
X CcoOSs ‘g _—— —
2y % (III-74)
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THEORY I. THE ABZRRATED CASES
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B WPy

General Aberration Considerations

Anaatn

Wavefront aberrations are deviations from spherical wavefront

s
. )

behavior. Consider an arbitrary wavefront in space. (A wavefront is

defined as a surface of constant phase.) It is convenient to project 3
N
this wavefront onto a spherical wavefront. This reference wavefront -
L . -]
shares the phase and optical axis point with the arbitrary wavefront. - 4
The radius of curvature is the distance to the source if a diverging ‘j
9
wavefroat or the distance to the focal point if a converging wave- ‘f
1
front. The projections onto the reference wavefront reflect phase fi
"‘ h
arbitrary wavefront o
R
T
-9
b
‘3
o4
—

'
-1
spherical J
reference J
wavefront [

j-——

Figure 4.1

Aberrated Wavefront
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differences due to the optical path differences between corresponding !j

points on the two wavefronts. The phase differences can be charac- .1

.."

terized by an aberration function W where W(r, :, @) is the optical ;1

path difference between the point (r, =, ®) on the reference wave- .j

front and its complement on the arbitrary wavefront. Thus the phase 53

~

o

differences appear in the form: ﬁ}

g {

QLI ]

o

b

First Order and Seidel Aberrations '

The aberration function can be expanded in terms of a complete -7

set of polynomials called the Zernicke polynomials.1 In many cases it ..

is sufficient to expand the aberration function in terms of primary

aberrations. Convenient expressions for these primary aberrations

L. . ’
el o A Lt

were made by Seidel and the third order aberrations now bear his name.
The wavefront aberration representations appear in Table 4.1. The

coefficients wabc are constants with the dimension of length. ¢ is

gy,

o
o
..i
o
=

the polar coordinate angle of points in the reference plane. r is the

P -I'

radial distance in the reference plane normalized to a given pupil

VOV RN

radius. When the pupil is the outer edge of an annular aperture r =
r

ER Similarly, B8 is a normalized field parameter. When the source

L4 o

¥y
-

is a point source : is a constant and can be absorbved into the coeffi-

cients W _ . Table 4.2 lists field independent wavefront aberrations.
are

In the field independent situation field curvature acts like defocus

and distortion like tilt.
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Table 4.1 ,
The Primary Wavefront Aberrations ;
Averration type Representation "ﬁ
2 .
Defocus WoooT First order ]
Tilt Wy, 8% cosd aberrations K
- N L
Spherical aberration quo‘ 1
Coma w1318r3cos¢ Third order
Astigmatism W,,,62r2cos?d (Seidel) ;
2]
Field curvature w22032r2 aberrations p
Distorti
istortion W311B r cosf ]
{
A
Table 4.2
Field Independent Wavefront Aberrations
Averration type Representation
Defocus / Field Curvature 4W, oty 2 /D2
Tilt / Distortion 2Wy,r,cos@/D ;q
Spherical aberration 16qur1“/D“ :;
Al
5
By, 7, Pcos/?
Astigmatism 4w22r12cosﬁg/D2 ~1
T, - . . ~

2’ 4 P ha i )

R N
PO, NI, R I, W
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Aberrations Produced by Plane Parallel Plates

Consider a diverging wavefront incidernt upon a tilted plane

parallel plate. The tilt angle is given by 6 and u is the half angle

\
Figure 4.2 \/

Aberration Production by Plane Parallel Plate

of the cone of illumination. u is related to the f-number by the

formula:2

u (Iv-1)

The thickness of the plate is t. It is clear to see that phase
differences result from passage through the plate by breaking up the
wavefront into rays. Rays corresponding to different f-numbers will
strike the plate at different angles. By Snell's law the refraction
angles will not be the same and the path lengths through the plate
will differ. Because light moves more slowly in glass than in air,
transit times vary and phase differences ensue. The phase differences
appear as aberrations in the wavefront. A table of the primary wave-
front aberrations coefficients as functions of n, u, 3 and t produced

by a plane parallel plate appears below:-
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Table 4.3
Aberration Coefficients Due to Tilted
Plane Parallel Plate
Aberration Coefficient Expression ;—a
g 2_ o
" W (Astigmatism) _1n°-1 tu2g2 :f:
. 22 2 4 R
2 LY
__\
2 LU
W Coma _1n%-1 3 - 4
: 31( ) 3 n3 tu-g ®
. . . 1 n2-1
3 W  (Spherical Aberration) -= tu
40 8 o
-
8
. Notice the coefficient for coma is an odd function of the tilt

angle 6. By countertilting two plane parallel plates of equal indices
of refraction and thickness comatic effects can be neutralized. At
the same time the coefficients for astigmatism and spherical aberra-

tion double.

Table 4.4

Aberration Coefficients for Two Countertilted
Plane Parallel Plates

Aberration coefficient Expression
2.

W (Astigmatism) - n 31 tu2g?
a 22 n

W (Coma) 0

31

’ W  (Spherical Aberration) 1 n2-1 tu
t 40 4 ns
&
3
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Typically the aberration coefficients are very small numbers, having the
magnitude of order of optical wavelengths. It is convenient to express
the aberration coefficients in terms of wavelengths of the incident
light. The two graphs below illustrate the aberration coefficient
curves for a single plate ani two counter tilted plates. The incident
wavelength is taken as 6328%, the thickness of one plate is 12.7mm (1/2
inch), the index of refractionn = 1.517 and the angle u = .1 (5.747).

The aberration coefficients are plotted as functions of the plate tilt

angle U,
ABERRATION COEFFICIEMNTS PRODUCED BY SIMCLE PLANL PARALLEL PLATE ‘]
o i ‘ ; — )

‘ ] i - A
; i : i i :'_.r T 4
i | i .
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ABERRATION COEFFICIENTS PRODUCED BY COUNTERTILTED PLANE PARALLEL PLATES

|
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W
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Graph 4.2

Symmetries in the Primary Aberrations

The primary aberrations have characteristic symmetries which will
ultimately determine their contributions to the diffraction pattern.
Both defocus and spherical aberration are independent of &. They are
rotationally symmetric and as such should have little or no effect on
the rotationally symmetric diffraction patterns discussed in Chapter 3.
Tilt and coma are products of odd functions in r and even functions in
6. Because cos? = cos (-¢), the aberration terms for tilt and coma will
have equal values for fixed r and * ¢. This means there is one plane of
symmetry for these terms. Astigmatism is the product of an even func-
tion in r and the even function cos‘Z. Because cos”(¢) = cod (n - §§) =
cos“(m + P) = cos?(2m - ¥) astigmatism exhibits two planes of symmetry.

Each primary aberration will be discussed separately.
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Defocus

Defocus can best be discribed as a shift of the focal poin% on
the optical axis. 1In effect the reference spherical wavefront is
changed as the radius of curvature changes. If the focal point shift
on optical axis is designated as 4z then the coefficient of defocus
for a point on the reference spherical wavefront with f-number F# is:*

Az

Wpp = - ——=—
200 g2 (1v-2)

Case 6: Circular Obscuration

The Rayleigh-Sommerfeld integral of interest is:

277 ® 2 2
2/ kL e
A ik ik ik —— : A
U(r,, 6,, 2) = v et % ot Tp /42 e’ 2z et “20d2
0 da/2
T
x e ik cos (B, - 8)) r,dr,df,
® 4w
_ 2-4 ikz ikr,2/2z ik Ly —201],.2
= ¢ e "2 e 2z 4 1
il
d/2
S krlrz .
X 0 3 rl r1 (1IV-3)

The solution of the above integral follows the procedures set forth in

Chapter 3.
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2 4w
b
2 1 20 | g2
2 . . —_— . —-— + e a-
U(r_, z) = %é zd e1k2 e1k 2z ik [22 42 ] 4
2 1iAZ ik(d2+8w202)
5 kdr2
¥ Y 2z
r? g2 kdr
1 ik(z + 52— - = + Wyq) 2
= -A—— " e 22 8z Jo 77
1 + Sk202
2
d (IV-4)
The intensity distribution is:
2 kdr
- A 22
I(rz, z) = 8W z\2 J0 ( 2z )
|+ —20"
42 (Iv-5)

If no defocus is present WZO = O and the above expression becomes equiv-

‘alent to the unaberrated case in equation III-26. The Bessel function

term is identical to that for the unaberrated case -- as expected this
rotationally symmetric aberration does not affect the rotationally sym-
metric diffraction pattern. Where defocus does enter is in the overall

8w 02 2
> decreases

intensity. For positive defocus the factor 1 / (1 +

e

e
()

¢ d
7 as the distance along the optical axis z increases. The effect of

positive defocus is to decrease the overall intensity for large z.
. Something interesting happens when the coefficient of defocus is nega-
; tive. At one value of z the intensity on axis goes to infinity. This
; z corresponds the focal point of the system. To see this, the denom-
# inater goes to zero when: ’ 3
| e |
" 8¥20 (1v-6) -
| .
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The obscuration (or aperture) will act as a focusing system. With no

aberration present it would ~bey the lens law.

0~

1 1 _
+3-f°0 (1v-7)

~1ere s is the distance to the source, i is the distance to the image
and f is the focal distance of the system. With defocus present the

lens law is replaced by:4

1 1 1 _
stT1i"f° ¢ (1V-8)
W(r » 6 ) *’éw be 2
Where £ = 2 1 1 = 2 20 1
r 2 r 242
1 1
W
- 8 20
d2 (IV-9)

With no aberration present the terms s, i and f in equation IV-7 are

all infinite. With defocus s and i remain infinite and f changes.

Then:

T (IV-10)

Thus the focal point of the system is the singularity on the optical

axis.
As the magnitude of defocus is increased, the focal point moves
in from infinity and approaches the aperture. TFor negative defocus

the on axis intensity will increase until the focal point is reached.
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Then it will decrease. (If the coefficient of defocus is positive the ; s
system focal point occurs at negative z and the decreasing intensity '
already discussed is an extension of the decrease from the focal
point.) - 4
.1
The singulariiy intensity is reminiscent of the geometrical op- :
tics limit where the intensity at the focal point is infinite. Appen-
dix 5 demonstrates the infinite intensity is a result of an infinite ) 3
plane wave striking a circular obscuration. Physically the extent of J
the incident wave is always finite so the intensity at z = - 8?‘ will -
120
never go to infinity. The graphs below demonstrate these effects for on N 4
1
and off axis intensity plots.
)
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From equation IV-5:

IRl [y S
20 ~ 8z 1 -
meas.
2 2
- -8 for w <0andz>—g——-—
82 20 8{¥Wy0l

(Iv-11)

Case 7: Annular Aperture

In the case of the annular aperture the aberration function is

normalized to the aperture outer radius. The expression for W is:

r 2

N
o
[ 8]

D (Iv-12)

Substituting the above intc equation IV-3 and changing the upper

integration limit for r1 to D/2 allows one to write out the distur-

bance function from eguation IV-4.

-

et - - - . . T e T w B . " 0y - . - . -t et "
BT TR T L Rt st P AT ey s -

..‘.""\" LT T T it T Sl S~ A ARA A Arh SRl A NG SN S RN Rt LAt e D A NCUAR sAE R oA iarAA e A
- P
g
" 95 s
- Y
b, - o
3 g
¢ “3
:c The on axis intensity is characteristic of the defocus present. . 4
By measuring the intensity a given distance z along the optical axis '3
one can readily determine the amount of defocus in the incident beam. *4
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2
T 2 kD
, A ik[z+ ,,2] ik[g—+w ]J AN
L(rz, z) = Ty e 2z e z 20 0 77
1+ 20
DZ
2 2
ik [%— + W 97} I R
e ¥4 20D 0 2z (IV-13)
The intensity distribution is:
kd kDr
I CRN R K% vazf=2) Cgy (=2
I(rz, z) = SWZOZ 2 0 2z 0 2z ol 2z
1+ ——
D2
kdr 2
2 L 2 - 432y + kw0 1-i-
X JO(Zz) cos(sz (D d<) LI i
(Iv-14)

The cosine term can be rewritten in a somewhat more condensed form:

X (p2 - 42 421y, kK p2 _ 42
cos(82 (D d)+kW20[1 DZ]) <:os(82 (D d<)

8w 0?
wfre—22])
D (IV-15)

When no defocus is present the intensity distribution reduces to that
for the unaberrated case.

Defocus will affect the diffraction pattern of an annular aper-
ture in two ways. The first is in the change of the overall intensi-
ty. The intensity distribution is multiplied by the same term 1 /

(1 + Swzoz/Dz)Las for the circular obscuration case. The coefficient
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for defocus also enters the cosine term. Thus the second effect
defocus has is to shift the positions of maxima and minima on axis.

Maxima will occur when the argument of the cosine term equals an
odd multiple of .
K 8w202
= (02 - a2y 1 *"'1?"']’= (2n + )7 n=0,1,2, ...
D
, = sz(Dz—dz)
gn (2n+1)D2 - 8w20k(D2—d2)
2 = D2 (1-€?)
A(20+1) - 8W,, (1-¢?
4A (2n+1) 8 20(1 €<) (IV-16)
Minima occur for:
. P2 (1-e2)
- -l
8nd - 8W,,(1-€<) (1V-17)
The last maximum on axis occurs when n = 0 at a distance
. = D2 (1-¢€2)
41 - 8W, (1-€?) (Iv-18)

The above formula suggests the last maximum on axis will occur at infi-

nite z when the denominater goes to zero, or when:

1
Wao = A

2(1-€2) (Iv-19)
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But there is a second effect to consider. The coefficient 1 / (1 +
8w20z/D2)2 goes to zero for infinite z. This term is the upper limit
for the on-axis intensity. The intensity oscillates between O and
this upper bound. The result that the last maximum on axis occurs at
infinite z is a statement that there is no last maximum on axis behind
the aperture -- the oscillations continue to infinity. In general

this will be the case whenever:

8Wyp (1 - €2) > 41 (2n + 1)

S (2n+1)
- 2(1-¢2)

Wap A n=0,1, 2, . ..
(1v-20)
Notice this implies positive defocus.
Although the positions of the maxima on axis have changed fron
the unaberrated case, the spacing of the maxima has the same form.

From equation III-62 the spacing between adjacent maxima for the

unaberrated case is:

Dz_dz (111-62)

With defocus present:

8w

z
A~%; (D2 - d2) [1 - 2? ] = A argument

D/.

8W. .z 8W
20
- (Dz-dz)[l- 20 ]Az + 5 2 - a2y =22 4y = 24
822 D2 8z D2
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-k (2-42) az = 21
8z2
2
Az = - 82 zzg_L.z_A
D2-42 (1-¢2) D2 (Iv-21)

The following graphs demonstrate the on axis intensities behind a one
centimeter outer diameter annular aperture with € = .5 and with de-
focus coefficients of .5), -.5), .667x and 2\. (.667\ corresponds to

the case where the last maximum occurs at infinity.) The envelope

1/ (1 +8W,z/D%)? is also plotted.
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The annular aperture provides two methods of determining the >.?
N
coefficient of defocus. The first is to seek out an on axis maximum ‘3
and measure the intensity. This intensity must lie on the curve: » 1
1 ;
I(0, 2) = 5t
8W, 2\2
I+ 5
D (1v-22)

The amount of defocus present can be found in the same way discussed

for the circular obscuration. The previous graphs show the limita-

tions of measuring the intensity at a maximum to find the coefficient

8

for defocus. The curve defining the upper bound for the oscillations

»
EORLN

is very steep around the focal point. This curve is tangent to the _ .:

on-axis intensity distribution and the actual intensity maximum does

PP

not necessarily coincide with this tangent point. For example, from
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Graph 4.9 for minus one half wavelength of defocus the last maximum on

axis as given by equation IV-18 occurs at:

D2 (1-¢2)

z = = 16.93m

41 - 8w20(1-82) (Iv-23)
The actual (measured) intensity maximum occurs at z = 20m with a nor-

malized intensity of 13.6. Putting these values into equation IV-"1

yields a calculated value for w20=

b2 I _
Vo =5 T—— -1} =-4.6x10 m = -.722
2 z meas. (IV-24)

-- a 44% difference from the actual value. When using this technique
to find the coefficient for defocus one should take measurements at
values of z far away from the effective faocal point of the system.

The second method is to measure the shift of extrema on axis. With no

defocus the nth maximum occurs at:

_ D2(1-€2)
20 " Ga(2n+l) (1v-25)

With defocus it occurs at:

4t = D2(1-¢2)
43 (2n+1) - 8Wyq(1-€?) (IV-26)
The shift on axis is then:
bz = z2' - z, = —J—ZEi(;;ii) [ 42 (2n+1) -1
43 (2n+1) - 8W,q5(1-¢2)
2W, o (1-€2)
A(20+1) - 2Wpqo(1-€2) (IV-27)
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4 W= 2o+ Az ;
= 2(1-€2) 2’ (Iv-28) ‘

9
. -
ﬁi This method will be effective if the maximum of order n for the ’
tf aberrated case can be determined. A good criterion for this is if the

) shift on axis is less than the spacing to the next maximum. Comparing

1
et st indda

-t

equations IV-21 and IV-25, one must satisfy (wzo in this case is

negative):

—Y

M =2 2
2%20(1 €°) 8 zg
Z > - A
O A(2n+1) - 2W,4(1-€2) (1-¢2) D2

-
-y
I )

s e g SEED Lo

~—
-

’ 2
-2 (-e2)
W, (1 - €2) » 20, ot 1) A )

—h

- ‘

; lw ' < A 2n+1 ;

s 20 (1- 2) 2n~-1 L

€ (IV-29) S

p_ ’
2n+l .

For large n ool > 1 and the coefficient for defocus should be less

L Rl S WY

than half the minimum value in equation IV-1Q.

Tilt

]
-
{
'h

.:1
1
1

When tilt is present in the incident beam the center of the

‘v

diffraction pattern moves off the optical axis without changing its
¢ functional form. Tilt will not be investigated in the experimental ’

phase.
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Spherical Aberration

Spherical aberration is a rotationally symmetric aberration. As
with defocus the presence of spherical aberration should not a. “ect
the overall diffraction pattern. However the intensities and r:si-

tions of on-axis extrema should be influenced.

Case &: Circular Obscuration

The Rayleigh-Sommerfeld integral for this case is:

ZTT @© 2 4
r r
ikz ikr 2 ik =+ diklew ~1—
u(r., @., z) = fé— e1kz elkrz /22 et 2z e1 40 .y
2 2 iz d
0 /2
rr,
x e—lk cos (62—¢1)
kA ikz ikr 2/2z ik[l—+ 16W -—1-—]r 2
=— e e 2 e 22 40 d2 1
1z
da/2
J T r dr
9o\ 2 1971 (1V-30)

The evaluation of the integral requires several steps. Consider the

function:
2
2 dkr 2[—1 . 16w, L ]
= — 1 40
glr)) =T e 2z s
2 2
. T 32W, .1, “z
"(xy) (1 + Sl W ) r.etk ;z [1 * - ]
r =
g Iy b 1 ah

(Iv-31)
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' Then rewrite the original integral as: K
. -
b
[- ® 2 2 -
o r1 [1 .\ 32wu0r1 z] krlro i
= dr -1
e 2z dv J0 2 1'1 1 >
a/2 ]

krlr2 32W .z
h" '
- = d - B
. g (r) Jo( ) R -3
H d/2 )
[ o ) ) ‘
f L5 S W kr r
ek 1+ . 3 1 2) . 34, ]
x z d 0 z 11 ]
d/2 -
b
. (1vV-32) -
L The first integral on the left side is solved as in Chapter 3 with the -
solution: ;"
=
bt -
kr r kr. r ., d? , 2 I
! 12 _z_ 1 2 1k—-—[1+8¥~ -—] -
f g (rl) J0 < 2 ) dr1 K Jo <———Z ) e” 8z 40 42 ]
d/2 L 4 »
(IV-33) '
L Consider the second integral. Let g(rl) be the same as in IV-31 and ]

. L

F ) (krlr2 , .

f =r 3 | —=

- (rl) 10 z ) (Iv-34) B
Then: ]

[} - 1
, rlz 320, gry %2 Ke. T B
} ik 1+ J ._li r.3dr : :

e 2z g4 0 z 1 dry .

\ d/2 ®

9 b
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®
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r=
".
!. . . r 2

1 gl
. ' 32W, 42 1K —— i
r X g'(ry) f(ry) dr, - ——Eﬁ‘_' e’ 2z -
. /2 d/2
LI .
r <
. -
P 320, 1,22 ®
. x| £(r.) r. 3dr
3 d 1= 1 (1v-35)
F The diffraction effects come from the edge where r, = d/2. Making the
] assumption f(rl) oscillates s.owly compared to g%rl) the first inte-

gral is solved by the method of Chapter 3.
: - "
: 2 z d
[ (r.) f(r) dr =z—£eik%z—[1+8 HO] J krz
] g 1 1 ik 4 a® 0\ 2z
d/2
(IV-36)
3 Grouping the terms thus evaluated yields for the original integral:
(-]
2

. 2 W, T, 2
. r 40%1
- ik 5> [1 + 32 —'T"]J kryry r dr,
. e z d 9 P)

d/2

IR Y S P Y

L

P S
w
~N
=

c
o
N
N’
[N)
[
[N
=
ool o}
b
—
—
+
w
N
=
£
oo
£ln
—
N
—J
P )

(=9
~
N
BT R
P T

e

(Iv-37)

If the last integral is evaluated using the function:
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which is: ’ K
h
; 1
- 2 \ -
: (3-w%z zr . i (8quoz 2 ;
3 N :
d Y =d/2 a2 (1V-39) «
{ 1 "4
b‘ R
: The expected solution to the original integral is: 1
¢ y
{ 8W, .z n ;
X . 2 Lo = 8w -
3 z (kdr2>eik%£[1 +—?—] Z (‘ moz) v
k: ik 0 2z n=0 dz -
5 )
a W, .z -1 1
2 Lo
| e kdr, eik%[l g2 ] L B A
(] ik "o\ 2z d a2 ° 1
{ (IV-40) .
t 8w =z
t. for — <1
- d
. a2 a2 .
A Notice this implies z < - « 2 =——=— 1is the effective focal o
} 8;:,'“0 8\#4:40 ]
{ point of the system. The disturbance function is therefore: o
-
- ’—1
. 25 'S ¥y0® s
X = A ikz ik 5— ik — [ 1+8 —2—] -‘.:
3 U(rz, z) T e 2z e 8z a -
] 1+ —20
2 K
. d L
r - j
kdr2 i
x J ’ 1
o\ 2z (Iv-41) )
' ’
The intensity function is: K
[ 1
- 1
3 ‘:
, ® |
2 ’ 4
L'A' . }
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krlr2
= v U 1<
h(rl) rl JO ( 2 ) (1v-38)

one obtains the next term in the series (1 - (8W,,z/d2) +... )
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2 kd J
I(r Z) = ___A—_ J 2 _E_Z_ :
27 8Wh0z 2 0 2z
1+ ———
d2 (IV-42)
']
The intensity distribution behind a circular obscuration has an ‘ 
identical form spherical aberration and defocus. In fact if both )
defocus and spnerical aberration are present the intensity distribu- “
tion is: '
kdr 1
A2 2 .
I(r., z) = 75O 32(_2_> [
2 1+ 8W'z 0 z .
d2 (IV-43) > :
where W' = W+ W (IV-44) ’
20 40
All previously derived results for defocus in this case hold for ;i
2 .
spherical aberration for the region of validity 2z < b”d ] . This '1
S¥Lg
region of validity includes normal laboratory conditions for typical 'QE
-
amounts of spherical aberration. If an upper limit of W,, = |5X[ is .'
-
assumed for a one centimeter diameter obscuration then equation IV-42 -
will hold for z < 4 meters. N
a 1
4 b
X Case 9: Annular Aperture i
- The aberration function for spherical aberration for the annular
aperture case is:
(
1 Y
. r
i W= 16W,g —
[ p4 (IV-45)
: x
F. The disturbance function is found from expression IV-32 with the P,
3 - 7
’ upper limit evaluation of r, = =. i
r “ .
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2 .
T r 8w
. 2 z
4 e L D= u0 1
3 U(r?_, z) = -Ae1kz e]'k 2z 1w eik 8z [1 + 2 ] b
{ 148 Yuo? D -
t. D2
3
s y
2 [
. kD W =2d .
i 1 ik == |1 +8 =2 N
- X J0 2z | © e 8 D" ]
- swuode .
a 1+ ]
C i |
A (kdrz) .
xJ ]
0\ 2z (IV-46)
}'o
- The intensity distribution is:
F '.
f
:' ) 1 ) (kDr) 1
. I(r., z) = A J +
. 2 (1+ 8WL’ 0z)z 0 2z 8W 2d2\2
40
D2 1+
D
(kDrz) ﬁ«lrz)
k
2 dr2 J0 2z J 2z k
X JO wra 2 cos{g—
8W 2z 8W zd? z
1+ — ) (14 L0 :
D2 D* ]
~—
]
4 )
x (D% - d2) + kW, | 1 - = -
L' o (1v-47) g
t
-
-
. 4‘
Intensity on axis. The intensity on axis is described by the R
B ]
-9
following: '
] '_“‘
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1€0, z) = A2 1 + 1 - 2

1+ Swhoz 2 8quzd2 2 BWkoz 8wuozd2
D2 1+ — 1+ 14 ————
DY D2 p*
A
X cos k (0% - d42) + kv 1 - 4
82z 40 D4

(IV-48)
The intensities for the maxima and minima lie on the curves
1 1 2
= A2
I(0, zmax) A R "
L0 8W, .zd
1+ 40
D2 1+ —
D2
1 1 2
= A2
1(o, zmin) A 8W .z
40 8w .zd
1+ 40
D2 1+ )
D2 (1V-49)

As with the case of the annular aperture illuminated by a plane wave
with a gaussian intensity distribution the on-axis intensity distribu-
tion oscillates between an upper and lower bound with the lower bound
non-zero (except for z = 0 and z = «). For positive wuo the upper
bound is a decreasing function with increasing z. The lower bound
will increase to a maximum value then go to zero for large z. This

maximum occurs when:

1 2
a1_. o ) . 8W, /D
< =0 =2A TR ——_—
z 40 8w, zd 2 sw, z\2
1+ 40 “u
D2 1+ — 1+ —
pH D2
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3 N
J 8w, .d2/p% ’ i
y 40 Ry
\ q
3 2\2 S
, ( 8wgozd ) L
| 1+ ———— -l
p* i

0.

1

’
4, .'

quuzd 8Wuoz dz
1 +——} = |1 + =
D% D2 D2

e .
s .
aalale 2’

L

p3
z =
8W, od (IV-50)
Since 2 > 1 ol
a
D3 > _22_ _
8w“0d BWHO (IV-51) ;:
o
Thus the maximum lies beyond the limit where equation IV-43 is valid. o
In the region where the equation holds the minimum intensity boundary ﬂ;
curve is a constantly increasing function. ;
The amount of spherical aberration produced by plane parallel TZJ
plates is very small. In addition the experimental phase will involve T
distances z on the order of one meter. In all cases of concern the i;f
following approximations are valid: L
BWQOZ } {
<< 1 )
D’ L
8wwzd2
<< 1

With these restrictions the denominators in equation IV-48 are

v
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replaced by their expansions t> first order. The intensity on axis T
then is:

16W =z 8W =z 2 — ]

1(0, z) = A% |2 - (1 + é—) -2 (1 - — [1 + d ] ) [

D2 p2 D2 D2
k_ 2 _ 42 . a

X cos ( s (D d<) + kwho [1 - v

(I\,'_Ss) »
K
If one measures the intensity at a maximum on axis the spherical ]
9
aberration coefficient is found to be: -1
b
W = ._Dz__. [4 - E‘i] {
#0395 (14e2) I (IT11-54) ]

As with the defocus case, spherical aberration also causes an ’
axial shift of maxima and minima. Maxima will occur when: o
@2 -4a2) 4+, (1-¢€%) = (@2n+ Dn
8z 40 ? .
)
<
1
z = DZ(I-EZ) 1
4x(2n+1) - 8W,  (1-¢4) (1v-55) R
'
Minima occur when .
} D2 (1-¢2)
g (1V-56) ]

d 8mA - 8W,,(1-€") ’

‘ 2
3 ::3
The spacing on axis from the nth order maximum to the n + 1th order 1
oA
E maximum is: . 1
4

’
{ 1
s 2 o
Az = - _; L by .
s (1-¢2) p? (IV-57) »
_ e
{ .
] = 1
! o
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As before the spacing is independent of aberration. The coefficient
for spherical aberration can be calculated from the axial shift of
maxima on axis. Following the argument in the section on defocus:
W= (2nt1)) 4z
4 ]

0 2(1-e%) 2 (Iv-58)
where .z is the axial shift and z' is the new position of the nth
order maximum. By measuring minima the above becomes:

_ _mh A
= 0t
AR P (1V-59)

The following graphs show the differences between equations IV-45

and IV-53 for a 1cm annular aperture with ¢ = .5 and WHO = :_.5\ (for
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Off axis intensity distribution. Off axis, the intensity behind

the annular aperture is:

s 2 kDr2 zd<
3 = A2 - Z_ 2 -

l; I(rz, z) A 1 16W 0 ” J0 73 +(1 16w 40 "
|'>

-7
-
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NN
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N
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(=} Ia
N
N
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[
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b4
NI~
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E

R

kdr E

2 k 2 _ 42 _ b -

P x Jo < 2 ) cos(82 (D d¢) + kwuo(l et) ) |
S (1V-60)

The following graphs show the patterns for an on axis maximum

fj
\ .
¢ with W, , = .25\, 2.5% and =2.5A. There is very little change in the {4
3 _-
b patterns. ]
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? vefocus and Spherical Aberration Combined
8Wu02
> Earlier the restriction " << 1 was imposed. A resonable
z & =z

i assunption under this restriction is that -—2g—'<< 1 (the amount of
; D2
' defocus is of a similar order as that of spherical aberration). When
—
. this is the case the intensity distribution becomes:

. kDr
: = A2 - z_ 2
; I(ry, 2) = A° §(1 - 16 D2 (Wyp * Wygd) Jg ( 2z
kdr
~ 1 2 42 2
(1 - 16 " (W, + Wy " ) I ( —
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2(1 - 8 & (W, +W, . (1+ a2 » J (Efig)-l (Effz) 3

-0 T g 49 - 0 o\ 2 o

D2 D2 22 z !4

k d2 a“ g

— (D2 - d2) + kW, |1l - — |+ kW - = .

xc:c:s(82 ( ) 20[ DZ] uo[ D“] ) 5
(IV-61) ’

To separate the two aberrations one must capitalize on the basic

difference between them. Spherical aberration has a r N

] dependence

X .
Al et

while defocus has only a rl2 dependence. Varying the obscuration
ratio (that is varying the inner diameter of the aperture, keeping the

outer diameter constant) will change the intensity of maxima on axis.

Adogd

Measure two maxima on axis. These will occur at z1 and zz. The 'q
d ]
first measurement will be I, with obscuration ratio El = EL and the ]
d,
second will be I with e, = D" Then:
’
z) z, \ B
= - — + + - — (W, +W + ]
Il Io [(1 16 D2 (wzo wuo)) (1-16 D2 (‘20 wo®1 ) ;
z 4
1 ’
-8 — + W + e 2 S
2(1 -8 > W, + W, (L +e ))] ]
Il Z1 Zl .‘:'
_— ] - — - —_— + 2 o]
I A WZO 48 " w“0(32 " (1 € ) ;
0 D D

b
I K
p2 1 2 2 X
= -—]-Ww = + IV-62 .
wzo 482z (4 Io) 40 3 (1 E:1) ( ) -
A second measurement will replace Il' Zl and 61 by I, z, and € . L?
< £ <
Then subtracting the two and solving for W“O yields: :f]

O]
el b bl
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D (41 (
= I (z, —z )+ (Iz -12))
“0 32z z_ (e %-¢ 2y1 02 1 21 12
1 271 2 0
(1v-63)
Putting this result back into IV-62 yields:
1
D2 ( o) 2 D2
W, = b-—)-= (41 (z_ -
20 48 z z,) +
z I0 3 32z 2 (clz-a 2)I0 02 1
1 -1 + ¢ 2
( 52 122))(1 € )
D2 [ 2
= z (1+¢e2)(4I - 1) +
2. 2 1 1 0 2
48212210(51 62 )
+ g 2 -
2, (1 +e,9(1, 410)] (IV-64)

The separation of the aberrations is also possible by considering axial
shifts of maxima, with different obscuration ratios. It is clear by
looking at equation IV-61 that the term in the cosine k(%20(1-€?) +
qu(1—e“)) acts like a phase factor. Unless one varies ¢ the two
cannot be separated.

Maxima on axis will occur when

kp? 2 2
3. (1 - €2 + KW, (1-¢€2) + kW (1 - €%) = (2n + 1)n

D2 (1-€2)
43(2n+1) - 8W, (1-€?) - 8W,  (1-€")

(1V-65)

th

If the n maximum is measured at z1 with obscuration ratio - and at
1

z_ with obscuration ratio <, then the respective axial shifts from the
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unabterrated case are: ’ k
1
-
D?(1-€ 2, ;
bz, = —0 [ 1 - x(21+1) ] N
N 2 - - 2y - —e b n -
A(2n+1) - 2W, (1 €; ) 2w, , (1 €y ) D |
- i=1, 2 -
2¢1-e 2 2 -]
E] _DPQ-e®) Wyo + W, (14e,2) . :
4
- —e 2y - ouw e b '
x(2n+1)[x(2n+1) 2, (1-€ 2) = 20, (I-c, )] S
(IV-66) -j
g ’
4 After much algetra (see Appendix 6) the resolved aberration coeffi- }
3 cients are: .
2 2 :
W = 2)2(2n+1) »
2 ¢ 2y (1ee 2V (1ap 2 o
(e1 €, Y1 £, ) (1 £, ) ,Aj
x (Dz[%zl(l—ezz)z(l-slz) - Az2(1-512)2(1-e22{]- 5;?
b_. b
4x(2n+l)az bz, (e *~€, ))
S + (D?(1-g,?) + Azlax(2n+1))(D2(1-e22) + Az, 4 (20+1))
[
4 (1v-67)
g w 232 (2n+1)2
1 L0 2ee 2Y(1o¢ 2Y(]-g 2
' (c1 £, )(1 £ ) (1 €, )
- D2[621(1—672)2 - Azq(l—slz)z] + &) (2n+1)8z Az (e, %-€,?)
< 2 2 2
(n2(1-c12) + Azlhk(2n+1))(D2(l—622) + bz,4)(2n+1))
[}
! (Iv-68)
[ .
- e
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Solving the above exrressions is a tedious task. There is another 1
drawback to separating the aberration coefficients using axial shifts
-- the difficulty of locating the nt? order maximum. With the re-
),
strictions at the beginning of this section imposed, small values of z i
L
are implied. Small z means high orders of maxima and small spacing 4
between maxima. To verify the order of the maxima in both cases will 1
>
require assiduous measurements.
- 4
. , ]
Astigmatism 1
The aberration function for astigmatism is:
.~
r. 2
1 > -
W= 4w2ﬂ —-—— cos 01 =3
< 2 “
D (1v-69) ;
C : : . 4
: The Rayleigh-~Sommerfeld formula for the disturbance function with -:4
.. .
: .ﬁ
S D/2 =~
[
L

2 27
. . r2 . 2 . rlr2 Rt
U(r,, z) = A ikz ik 2z elkrz /22 e-lk —Z ©°% (@2-01) 2

ix
' 0 “a/2 "

”
~ L
L

PN

CRaCian R SEN G SR G0

iQkWZZ C052¢ 5
1

X e p2 rldrld@l (1V-70) .i

»
F‘ T
The above nmust be evaluated numerically. As explained earlier the ex- -
pected diffraction pattern will have two planes of symmetry. Astigma- )
Ty
; tism is the predominant aberration generated by tilting parallel » !
g -
f plates. Thus an empirical study of this aberration is possible. R
s
el
L
B
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Coma

The aberration functica for coma is:
r 3

1
W= 86, — cos¢1
p3 (Iv-71)

The Rayleigh-Sommerfeld formula with coma is:

21 _D/2 r.r

2 2
T r
. 2 . 1 A 1%2 _
U(r,, 2z) - é— elkz ei}‘ 22[ f elk 2z e ik z ©°° (8, (61)
2 ia
0 d/2

r.3

. 1
x e1k8w31 D3 cos@l rldrldﬁ1

(1v-72)
The above has no apparent analytic solution and must be evaluated
numerically. The amount of coma produced by the plane parallel plates
is small particularly in comparison to the amount of astigmatism. It
is doubtful any comatic effects will be observable during the experi-

mental phase.

Summary

Chapters 3 and 4 included many formulas for intensity distribu-

tions on and off axis. Below is a review of the formulas and equation

numbers.
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Unaberrated Cases

Uniform intensity plane wave incident upon circular obscurration:

On axis:
2
Z
1(0, 0, z) = A?
» 0, 2022/l (111-12)
Off axis:
kdr2
I(r,, z) = A2J% \ > (I1I-26)

Uniform intensity plane wave incident upon annular aperture:

On axis:
= A2 - X p2 - g2
1(0, 0, z) = A [2 2cos (z ( ))] (1T7-39)
Off axis:
1 2
I(r,, z) = U(x,, 2) |

AZ ;2 kDr2 ‘] 2 kdr2 a3 kDr2 5 kdr2
0 2z 0 2z 0 2z 0 2z
k 2 2

cos (82 (™ - d ))

Gaussian intensity plane wave incident upon circular obscuration:

]

(TII-5C

On axis:

1(0, z) = A? —-—l—-—-ﬂ e/
1+ d2/4z~ (1V-73)
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Off axis:

C
I(r,, 2) =A% e 2 J.2

kdr2
0 (22 ) (11I-34)

Gaussian intensity plane wave incident upon annular obscuration:

On axis:

| - < _céd —3[1+d2] k
I(0, z) = A e 2 +e 2 ;7 - 2e 4 57- cos (§; (02 - dz)) ]

(111-65)

Off axis: 4

2| - c ) kDr.. _ E.ii ) kdr,
I(rz, z) = A }le 2 J, 75 ) +e 2 D2 Jy 72 -

c[ dz] kDr kdr I
- =11+ = 2 2 kK . 2
2e” 4 D2 JU(—ZZ)JO(ZZ>cos(§ (b--d)) J

(Iv-74)

PP T WP )

Uniform plane wave incident upon displaced obstacle and aperture:

On axis:
2 2 i
1€0, z,, 2,) A2 2 -2 k Df _d¢

» F1e %) R (1v-75) N
]
1
Off axis: }
i |
f. . kDr2 kdr, kDr2 J

r I = A< 2 2 ) .
: (rpr 20 7)) =47 135 (3 )*Jo (2;:) 2%(22) 1
P 1 2 ] K
g -?
]
\
1

- -
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2
X

kdr‘ 2 2
<5, () o (22 2]
2 1 2 (III-74)

Aberrated Cases

Uniform intensity plane wave containing defocus incident upon

circular obscuration:

On axis:
2
1(0, z) = A
2
8W202
1+
d2 (1Iv-76)
Off axis:

A2 kdr2

= 2y <

I(rz’ z) 8W_ z\2 J0 2z
1 + —20

(IV-5)

Uniform intensity plane wave containing defocus incident upon

annular aperture:

On axis:

2 8W, .2
I(0, 2z) = A 2 - 2cos %— (D2 - 42) [1 + 20
BWZOz 2 z D?

1+
‘ D2 (1v-77)
;
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)

Off axis:
kDr kdr kDr
- A 2 2 2 2 _ 2
1(ry. 2) 8w zy | 7o ( 22) "4 ( 2 ) 2Jo( 22)
1+
D2
kdr 2
2 k 2 2 d
— - + \d - —
X Jo( 3 ) c:css(82 (D d<) klxzo[l ”
(1Iv-14) 5
.
1
Unifora inteusity plane wave containing spherical aberration inci- : j
dent upon circular obscuration ._4
On axis: .{
W =z e
1(0, z) = A2 [1 - 16 =% } ]
a2 (Iv-78} .-
L
Off axis: s
4
W z kdr
I, , 2) =a2)1-16 2} 32 2 -
42 0 (Iv-79) i
4
9.
Uniform intensity plane wave containing spherical aberration inci- ffﬁ
dent upon annular apertue :fﬂ
! On axis: ’.

16W 2z 8W =z 2
1(0, z) = A2 2-—-‘&(1+i-)-2<1-—i9—[1+i])
D? D2 D2 Dz

‘ -
b

) k42 _ 42 1 _at o
E xcos(82 (D d)+k1~u0[1 D“])] N
b

(1Iv-53)
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Off axis:
\ kDr

I(r,, 2) = A2 (1 - 16w z 132< 5 ‘) +<1 _ e 247
Dz/ z 40 )4

kdr kD

2 r

x J 2 ( > 2> =201 -80 = (1 + 9—-) J ( . )
2 4 D2 D2 Jd &2
kdr2 X
x Jo( 72z > c°s<§ (D% - d%, + kW, () - Ck))
(IV-60)

From all the preceding, one can construct a general formula con-

taining all of the soluble elements discussed in the two chapters:

W, .z
L
1-16 —24
D2 __C_ kDr
1(:2,2)=A2-—————— e2J02 5 +
2 Z,
Wzoz
148
DZ
2
] zzd
l-lﬁkuo

(1v-80)
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Chapter 5
EXPERIMENTAL PROCZDURES giﬁ
The experiment contained three phases. The first phase involved 'f:
calibrating the aberration generator an: determining the gaussian con- ’
stants for the beams used. The second rhase included preliminary runs
which suggested the ultimate tests for the final (testing) phase. '}
o
Y
-
Laboratory Equipment o
L
{ Below is a photograph of the laboratory set-up. The next page is
y .
;- a diagram labelling the components.
I | ’
t— ;5
{
—
4
b
3

Il
A

3 '@
R |

'@
R

Photograph 5.1: Laboratory Set-up
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The laser used was a Spectra-~physics helium-neon laser with a .5mW
power output. The spatial filter was composed of either a 20X or 60X

microscope objective (to change the gaussian distribution constant for

the incident beam) and a 25 micron pinhole. The plane parallel plat:s
were half-inch thick and made of BK-17 glass with index of refraction
1.517. The plates were mounted on posts allowing for somewhat precise
(+ half degree) tilt angles. The collimating lens was a 100mm focal
length achromatic doublet. The lens could be translated to introduce
defocus. The obstacles were ball bearings of diameters 3/16, 5/16,
1/2 and 3/4 inches mounted on plane parallel plates. Disks drilled ‘1
with different sized holes provided the apertures. A Gaertner travel-
ling microscope with a 20X objective was used to make measurements of
the diffraction structure on and off the optical axis. Photographs of ]
the spot and ring patterns were made with a Bausch and Lomb stereo
viewer with Polaroid camera attachment. The camera attachment had

adjustable shutter speed and used Polaroid 300C black and white film.

Calibration

The aberration coefficients for given parallel plate tilt angles

in tables 4.3 and 4.4 were verified by taking and analyzing interfero-

grams pr:2uced by aberrated wavefronts. A Smartt point diffraction

- interferometer created the interferograms. The interferograms in- T

cluded a variety of tilt angles using one plate, two plates counter-

e a4 a_a"aa_d

rotated or two plates rotated in the same direction. Photographs were

made of the interference pattern using Polaroid 3000 black and white

. A

)
E film. The photographs were digitized and run through an analysis
¥
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program called FRINGE at the Fringe Reduction Facility at the Air 4
P
Force Weapons Laboratory at Kirtland ArB. The results were then s
compared with theory (see Chapter 6). T
. B
The gaussian intensity widths of the two microscope objectives -]
used in the spatial filter were investigated using two methods. The j
first method was the knife edge test. A collecting lens focused the :~Q
[
plane wave output of the lab set-up (no plane parallel plates or }
target) into a power meter (a hv 6328{ meter). A razor blade on a
translation stage is introduced into the beam bvefore the collecting
. E
lens. 3
30cm 10cm 20-40cm
—> | «— >|< >| ‘,
3
N
_— o
—_———y detector ~":
A_i
’,
— © 1
razor blade on ]
EEE— translation stage power meter
L plane waves collecting
' from system lens
f (250mm focal length)
[ Figure 5.2
" Set-up for Determination of Gaussian Constants
A .
r |
[ As the razor blade is moved farther into the beam the percent of the I
{ .
§ beam still reaching the power meter is measured as a function of the » ‘
1 .
3 . i
distance of translation of the blade. A best fit line for the data ;J
) - K
r >
f o
‘ L
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points is calculated. The distance between the position where 84.2%

transmission occurs and the point where 15.8% transmission occurs is

designated Ax. This difference corresponds to the radius of the beam
at the e”? points (the radius at which the intensity drops to e~

times the maximum value). The desired form of the gaussian distribu-

-~
<

tion is given by e~° ET. Equating the two and substituting 'x for r
yields:
2
e ew?
e = e D°
2
Cc = 2D
(8x)? (v-1)

As expected the gaussian constant will depend on the size of the aper-
ture D taken as the normalization value.

The second method of finding the gaussian constan* is a method by
Stijns.1 A wire or cylindrical object is used in place of the blade.
Instead of wholescale screening of the incident beam, selective shad-
ing is possible. The wire is moved across the beam until a minimum in
power registered by the meter occurs. As the figures below suggest
this minimum corresponds to the point at which the wirs is centered in

wire .
gaussian

beam
distribution

minimum powver
Figure 5.3

wire Method of Gaussian Constant Zetemination
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the beam. The ratio of the power at the minimum to the unobstructed
power is compared to an error function. Use of a graph enables one to
obtain a value for the ratio of the wire diameter to the radius LIS of
the e"2 points. In a similar method to equation V-1, the gaussian

constant can be determined.

Preliminary Runs

The dry run phase involved taking measurements to verify theory

and to perfect experimental techniques for the final trials.

Final Tests
The ultimate experiment involved:
1) Verification of theory for the unaberrated case.

2) MNeasurement of defocus aberration coefficients by axial
shifting of on-axis extrema.

3) Measurement of spherical aberration coefficients by
shifting of on-axis extrema.

4) Study of astigmatism.

Verification of theory. The testing of the theory presented in

Chapter 3 was accorplished by varying a number of parameters. These
paramneters were the obstacle diameter, the aperture diameter (for the
annular aperture), the gaussian constant, the distance along the
optical axis and the separaticn of the obstacle and aperture. The
travelling microscope allowed for on and off axis measurements. In
addition, some photographs were taken to compare with computer gener-

ated intensity contour plots.

VLU Y UL SO o WP U A NP U St At wton A mamen ol om

S0
" ta )
ko kol Lila

L RRN
A

e
it B Al s oo

I




i I B AR & e e 2 A PG Aod Ml i R s At e e e LA P L L R e R SLE,

. i‘J
¢

| 135

n

3 5

1 . s . s . ’

- ¥ Measurement of def-cus coefficients. The positions of maxima and

minima on axis behind various annular apertures were measured, marked

and their orders determined. Defocus was introduced by moving the

collimating lens. The shift of the lens position becomes the rz term .‘1
in equation 1V-2. The coefficient of defocus thus obtained can be i
compared to the coefficient found by equation IV-28 from the shift on 'FJ
. [
axis.
!
It is important to note that by decollimating tlre incident beam
1
the wavefront is no longer planar. The beam will diverge or converge . ]
depending on the sign of defocus. But the spherical obscuration is ’ 1
mounted on a plane parallel plate. Will the now diverging or converg- ;
ing wave contain more aberrations urpon plate passacge? Since the plate -
is not tilted some spherical aberration will be produced but only a '_J
negligible amount. The non-converging rays still strixke the plate at ]
essentially perpendicular angles.
’

Measurement of spherical aberration coefficients. Spherical

aberration was introduced by inserting one or two parallel plates in

the diverging beam from the spatial filter. leasurements were taken
using the same method employed for defocus. The aberration coeffi-
cients were calculated from the expression for sgherical aberration in
¢ tables 4.3 and 4.4. These were compared with the results cbtained

from equations IV-58 and IV-59.

‘ Study of astigmati:zm. Astigmatism was introduced into the wave-
i
front by countertilting two plane parallel plates. Photographs were ;
[
K
} H
[ »
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taken of the diffraction pattern of a circular obstacle for one degree [ ]

3
increments in tilt angle. This became the standard by which every '
other photograph was evaluated. Various axial distances and obstacle '&

-4
diameters were tried. To investigate the annular aperture, the obsta- » 1
cle was purposely offset from center so the diffraction patierns from fﬁ
the outer and inner edges were separated. The changes in each pattern i‘j

4
by the addition of astigmatism were photographed. The effect of the »

1
aberration was then observed for a variety of annular apertures and ]
these were compared with the circular obscuration cases. Finally it .

- 4
was demonstrated that astigmatism also shifts the position of extrema »
on axis.

Numerical Studies .
The unaberrated cases and those with defocus and spherical aber-

raztion lent themselves to study using an IBM PC computer. Appendix 8

contains program listings of the routines used to generate the plots [}

T
and graphs in this thesis. Appendix 7 gi -~s a comparison of the use .

3
of single precision numbers versus double precision numbers for the 1

B

nalysi > 1
analysis. !—7
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1 [ 2
Erik Stijns, "Measuring the Spot Size of Gaussian Beam with an s
2 Oscillating Wire." IIEE Jour-al of Quantum Electrorics, QE-16 (Decem- o
i ber 1980), 1298-1299. ]
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Chapter 6

EXPERIMENTAL RaSULTS

The presentation of the results of the experiment will follow the

order presented in Chapter 5.

Determination of the Beam Parameters

Two different microscope objectives were used in the spatial
filter. The oUX objective produced a wide intensity pattern, suggest-
ing a low gaussian constant. This objective was employed to study
annular apertures. If no aperture was used then the 13/16 inch diame-
ter mount for the ccllimating lens became the aperture stop for the
systen. To minimize the edge-diffracted effects from the mount, the
objective used was by the 20X objective. This produces a narrow
gaussian bean.

The methods employed to find the gaussian constants were the

knife-edge test ani the wire test.

Knife-edge Test

The power of the uninterrupted beam reaching the detector was
0.418mW. The table below gives the knife edge position, the power

measurenent and the percent transmission past the knife edge.
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I'T' Table 6.1

A

Xnife Bdge Test Data for 60X Objective

Knife Edge
Position (mm)

44
46
47
48
49
50
51
52
53

Power (mW)

.418
.400
.396
+390
<379
.362
. 345
. 328
. 300
. 281
. 253
. 223
. 209
. 185
146
104
.050

¢ Transmission

100
95.7
94.7
93.3
90.7
86.6
82.5
78.5
71.8
67.2
60.5
53.%
50.0
44.2
34.9
24.9
12.0

The percent transmission lesvels off at the extremes of the knife

edge position. The best fit line for the data points should neglect

these regions. The suggested procedure is to consider data points

between 15.8% and 84.2% transmission and extrapolate.

A least squares

linear fit of the data from 5'mm to 60mm yields a percent transmission

function of the form:

-
- 4
et

o

baaich




W VW W W L T W W WY . T Y e T T Ay TR TN TS T

AA T T A M . Ralinto it b el NNt el i S b

147

(% transmission) = 400 - 6.184 x (knife edge position) (VI-1)

The coefficient of determination is .9883. The 15.8% and 84.2% trans-

mission points occur at 62.13 and 51.06mm respectively giving a x of

-9

’

-

11.07mm. Then by equation V-1, the gaussian constant is:

el

¢ =-22°_ . 16320 D2n-2 (VI-2)

60x
¥ (ax)?

.
A

A

For example, a one centimeter diameter aperture will yield a gaussian
constant of 1.632. )
The 20X objective yielded a total beam power of .438mW. The -4

table of data for this objective appears below:

Table 6.2 ;j
Knife Edge Test Data for 20X Objective ‘ﬁ
"
Knife Zdge ¢
t Position (mm) Power {(mW) % Transmission
61 <431 98.4 »
L; 62 421 96.1 ‘
a 63 .405 92.5 R
( 54 .379 86.5 ?
65 2341 77.9
. 65 .300 68.5 .
, 67 .249 56.8 I
' 63 .184 42.0 g
' 69 .136 31.1 : 7
F. 70 .090 20.5
’ of .048 1.0
.
.
.
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L‘ The least squares linear fit through the data points from 65mm to 70mm » i
- .

¢ gives a linear function: 1

t ]

(90 transmission) = 847.9 - 11.8 x (knife edge position) (VI-3) ]

. .

C: The coefficient of determination is .9967. The x term is 5.87mm, the Cji

b '-\.:1

F difference between the 15.8% point at 70.43mm and the 84.2% pciat at .

1 <

64.56mm. The gaussian constant for the 20X objective is: »

St a . An S SEID Ll O C
i - .

M M

TR

Ll

——r—Y

C, . = 58044 D%m 2 (VI-4)
20x
Wire Test

Four cylindrical objects of different diameters were used in this

test. These are listed in the table below:

Table 6.3

Diameters of Objects Used in Wire Test

Measured Diameter

QObject Inches Millimeters
Paper clip wire .0345 + .0005 .876 + .013
Nail #! .0950 + .0005 2.413 + .013
Nail #2 .1178 + .0005 2.992 + 013
Pen insert .1246 + .0005 3.165 + 013

The mzasured unobstructed power for the 50X objective was .413mW.
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[ ]
This is designated Po‘ The wire was moved into the beam until the ]
minimum power P, was reached. By Stijns' method: -
. a/ 20 -
P 0 g2 o
_i = - 2 e dt '- N
P ©
0 T 0 (VI-5) S
-.1
-2
where a is the radius of the wire and WO is the radius of the e ° :
points. The table below gives the measured minimum power, and the
related parameters used find WU.
P p
1
Table 6.4
Wire Test Parameters for 60X Objective ® '
i
Paperclip 275 .902 125 7.01 -]
wire ?:
Nail #1 .295 706 .370 6.52 '4
Nail #2 .275 .653 . 445 6.72 .
[ Pen insert .268 641 .460 6.38 B
b r E

B

The average gaussian radius for the e~ 2 points is 6.78mm (+ .2%mm). ,»1

E

(The term in parentheses is the standard deviation.) Using this ]

g

average value to find ‘ne gaussian constant C yields: b

‘ ,v ‘
F ¢ = 2% _ 43510 Den-2 )
: 2 (Vi-6) oA

Wo :

——v
s
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This differs from the result found by the knife edge test by a factor
of over 2.5.

The comparison betweer the tw. tests was much closer for the 20K
objective. In this test txe backer:ini jower was .445mW. The table

below shows the parameters to fini w .

"o o i
+Al.E el

Wire Test Paramaters for ZUX ubjective

Minimum
Object Power (mW) Py /P a/w W {mm)
Paperclip
wire « 389 .B868 . 160 5.48
Nail #1 . 300 .670 .435 5.55
Nail #2 271 .A25 515 5.31
Pen insert . 266 .594 .540 5.86

The average gaussian radius for the e~ points is 5.68mm {: .19mm).
Notice the radiis measured using the knife edge method (5.87mm) is
within one standard deviation of the above. The gaussian constant

deterzined by the wire test is:
C = 61390 D°m™~ (VI-7)

The wire test method gave very consistent results. Unfortunate-

ly, the results were much too high. For a 1omm aperture the gaussian

. -
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constant for a ©UX microscope objlective is 11.14 using the wire method
value. This constant is sufficiently large to eliminate the effects
of the outer aperture. The diffraction pattern should be just that of
an obstacle alone. This is not what is observed. There are diffrac-
tion effects from the outer edge. One possibility for the difference
between the two tests is the beam might not be perfectly gaussian. In
this case the results from doth tests are suspect. For the purpose of
plotting graphs, the values of the gaussian constants from the knife-

edge test will be used as the standards.

Aberration Coefficient Curves

Defocus
The coefficient of defocus as a function of the shift in position
of the collimating lens is given by equation IV-2.

Lz

w o =- ———?——

(1v-2)
The f number is determined by the radius of aperture used. The aber-
ration coefficient curves for aperture diameters of 7mm (solid line),

10mm {dasihed line) and 16mm (dottsi line) appear below.
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Spherical Aberration 1[
o As shown in Chapter 4, the coefficient of spherical aberration
will be constant. The table below listis the spherical aberration ’-i
coefficients for apertures of diameters 7, 10 and 16mm. o
c
, 9 Table 6.6 -
, Spherical Aberration Coefficients 1
E 1
Aperture W, ,-one gplate %, ~-two plates 3
e Diameter (mn) {(wavelencths) _LV8V81en§1§§z_ L1
1 e
P 7 IRV - .0023 ,
| 10 - 2350 - o117 1
1
° 16 - 0353 - 0790 .
A .
V . -
3
.
y \ 1
e '
b }
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Astigmatisn
Early in the experiment tre lat-orat.ry vet-u; was fzund 4o con-
tain background astigmatism. The majiriis ¢ tils matigsmatism seemed
to come from the plane parallel plates. w.': <.+ [la*e  removed the
diffraction patterns of all obstacles were th. zymzetriz ring patterns

predicted by theory. When the plates were inserted tine patterns were
aberrated to various degrees depending on the diameter of the obsta-
cle. The residual astigmatism seemed to be positive. The astigmatisn
produced by countertilting two plates has a negative sign. Thus one
can balance out the background positive astigmatism by introducing
negative aberration. By measuring these required plate tilt angles
for various sized obstacles the amount of background astigmatism can
be determined. Ths table below lists the countertilt angles using
obstacles of diameters 5/16, 1/2 and 5/8 inches and the associa*ed

aberration coefficients. The error term in the aberration coefficient

Table 6.7

Measure of Background Astigmatism

Tilt angle reguired
to balance out Wos
backzround aberration (°) (wavelengths)

Obstacle
Diameter (mm)

7.938 5  +.5 .090 + .018
12.7 3.5 * .5 JA13 +.032
150875 205 + 05 0090 : -03'3
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is the average deviation based upon the half angle uncertainty in the
tilt angle. The aberration coefficient for the background astigmatism
is taken as .0975 , the average of the above values. This is added to

the expression from Table 4.4 for wzo.

_ 753 - n2-1 tula? A
w22 = .09 3 % (VI-8)

Interferograms using the point diffraction interferometer were
made to verify the above. The data points obtained from interferogran
analysis are plotted against the curve of equation VI-3 for a 13/16
inch diameter aperture. The error bars reoflect the uncertainty in

tilt angles and the associated uncertainty in w”q.

-l

ASTIGMATISM ABERRATICN COEFFICIENTS FOP 13716 INCH APERTLRE
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in the same direction at angles of 5%, 10° an3 15°.
these patterns and sweeps the fringes to one side.

contains a dark spot in the center of the pattern.

defocus side of the null (zero focus) position.

Photograph 6.1

Cne plate - no tilt

Seven interferograms were selected from over thirty taken %o be
reduced. These are shown below. The first is of one plate inserted
with no tilt. The next three show two countertilted plates of 4.5°,
10° and 20° each. The effect of increasing astigmatism is seer. to
compress the interferogram pattern from concentric circles to concen-
tric ellipses. The last three show the effects of two plates 1ilted

Ccma enters into
Photograph 5.6
is the result

of the trnctograpn being taken of the pattern on the side of rnegative

PERFIEF SN

defocus. All the other photographs show patterns on the
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Photograph 6.6
Two plates - 10° tilt in same direction .
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In each photograph the center of the pattern was measured. (In j
“
the case of Photograph 6.7 which is not symmetric, the position of 1
center had to be estimated.) This became the center of the pattern to _j;
o
be digitized for the computer analysis. This was necessary because a _J
shift in position from the center will introduce extraneous aberra- b
tions. To see this take a simple example. Assume the only aberration ]
®
present is defocus. Let the x-position of the center be shifted by .
x, {"x << 1). Then the aberration function becomes: .
W=W 2 =W (x2+v2) D w x + Ax52 + 2 .
R e I A AR ( )2+ ¥2) .
N
= woo(x2 + 2xax + 0 + y2) ’
= W_ (x2 + y2) + 24axW '
2U(x ¥<) AX 20¥ ’.
.
R
=W r? + 2AxW__r cosf <)
20 20 s
=W r? +W 'r cos VIi-9 .
ZUr 11 T ¢ ( ) ’.1
y
A shift in the x-direction manifests itself by the introduction of an A

extraneocus tilt term. If the pattern is not centered when put into

l'l o

e tateatat et

the reduction program the output will contain many of these manufac-

tured aberrations.

.

®
-
K
Verification of Theory for the Unaberrated Case »
K
X
N
. . . .
Three features of the diffraction pattern predicted by the theory T
of Chapter > were investigated. The first wus the position and spacing :
1
L
A
B
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of the rings in the diffraction pattern. This was accomplished in o)

.

conjunction with the observations of the other two features. The

second was the increase of the overall pattern size for increased

..r .
N P

n optical axis distance Z. The third was the decrease in the cverall

. pattern size for increased obstacle diameter.

o
Circular Obstacle ,1

The following photographs show the diffraction patterns behind a C
3/16 inch diameter circular obstacle observed at 20, 25, 50 and 75
centimeters. The 20X microscope objective was used in the spatial ]
filter. The stereo-viewer was set at a magnification of 6X. The
exposure times were all 1/2 second. The photographs demonstrate not ?'?

only the increase in pattern size with increased z, but the regular

=
spacing of the ring structure and the brightness of the central spot ‘:
J

in comparison to the rings.

E Quantitative measurements of the increased pattern size came from

——T

The tables below compare experiment and theory for these cases. The

1
looking behind a 5/16 inch diameter ball bearing at 40cm and at 75cm. '-j
]

- calibrations on the travelling microscope allowed for measurement

accuracy within + .005mm. Additional uncertainty arose from the

{ judgement of where the brightest and darkest points in the ring struc- .

ture occurred.
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Photograph 6.8

z = 20cm

Photograph 6.9

z = 25cm
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Photograph 6.10

z = 50cm

Photograph €. 11

z = T5cm
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Comparison of Theory and Lxperiment:
Positions of Ring Minima and Maxima.
5/16 Inch Diameter Obstacle Viewed at 40cnm

Table 6.8

B st el gt A S e s Set it ohe iiue s

Ring Structure

Minimum #1
Maximum #1
Minimum #2
Maximum #2
Minimum #3
Maximum #3
Minimumn #4
Maximum #4
Minimum #5
Maximum #5
Minimum #6
Maximum #6

Minimum #7

Distance from Center (mm)

Experiment

. 023
.046
. 057
.072
. 091
. 108
126
. 143
-154
172
.194
«209

. 227

156

‘s

b

=

Percent ;:

Theory Difference i-
.024 4.2

.039 17.9 |

.056 1.8 J !

.071 1.4 B
.088 3.4

.10% 4.9 ",

.120 5.0 ’

135 5.9 ]

152 1.3 l i

167 6.0 {

.183 6.0 :

.199 5.0 L

.215 5.6
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Comparison of Theory and Experiment:
Positions of Ring Minira and Maxima.
5/16 Inch Diameter Obstzcle Viewed at 75cm

Table 6.9

157

Ring Structure

Distance from Center (mm)

Minimum

Maximum

Minimum

Maximum

Minimum

Maximum

Minimum

Faximum

Minimum

Maximum

Mininum

Maximum

Minimum

#1
#1
#2
#2
#3
#3
#4
#4
#5
#5
#6
#6
#7

Percent
Experiment Theory Difference

.045 .046 2.2
070 073 4.1
.103 105 1.9
134 134 0.0
162 .164 1.2
.189 .194 2.6
. 230 .224% 2.7
.256 .254 0.8
.287 .284 1.1
<317 313 1.3
. 344 344 0.0
374 £ 373 0.3
. 405 <404 0.2

The above tables show that the experiment agrees with predicted

values. The spacing between the rings shows almost a 100% increase

from the 40cm measurements to the respective 75cm measurements.
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! were larger deviations from theory for the pattern viewed at 40cm than 4
for the 75cm pattern. This is reasonable because the uncertainty in
measurements results in a larger percentage of difference.
B The photographs on the next page show the diffraction patterns ;_;
Ef behind a 3/16 inch diameter obstacle and a 5/16 inch diameter obstacle :;?
d viewed at a distance of 60cm. A 20X microscope objective was used and E
H the binocular viewer set to magnification 6X. Photograph 6.12 had an !‘]
{ exposure +time of 1/8 second while photograph 6.13 was timed for 1/2 !
second. The diffraction pattern for the 3/16 inch obstacle is much |
' lacger than that for the 5/16 inch obstacle. ’ 3

C ;
b 1
> -
3 <
- L
9 |
1} ’~1
3 -

; Photograph 6.12 L .

3/16" diameter obstacle at 60cm
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P

hotcgraph 6.1

b

5/16" diameter obstacle at 60cm

The positions of the first six ring intensity maxima were taken

The

eter obstacle.

for the above cases as well as for a /2 inch diam

ns with theory appear in the tables below.

compariso

1"
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Table 6.10

Comparison of Theory and Experiment:
Positions of Ring Maxima.
3/16 Inch Diameter Obstacle Viewed at 60cm

Distance from Center (mm)

Ring # Percent
(Faximum) Experiment Theory Difference
1 . 095 .097 2.1
2 .180 .178 1.1
3 .262 .258 1.6
4 «345 .338 2.1
5 415 .418 0.7
6 .51 498 2.8

Table 6.11

Comparison of Theory and Experiment:
Positions of Ring Maxima.
5/16 Inch Diameter Qbstacle Viewed at ¢Ocx

Distance from Tenter {(mm)

Ring # Percent
(Maximum) Experiment Theory Differernce
1 057 .058 1.7
2 107 107 0.0
3 .152 155 1.3
4 . 203 .203 0.0
5 . 252 . 251 0.4
b . 2040 . 299 0.0
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Table 6.12
Comparison of Theory and Experiment:
Positions of Fing Maxima.
1/2 Inch Diameter Obstacle Viewed at 60cm
Ring # Percent
(Maxizum) Experiment Theory Difference
1 .034 .036 5.6
2 .CE9 067 3.0
3 . 100 127 3.1
4 123 127 3.1
5 .154 157 1.9
As the diam: - of the obstacle increases the scale of tne pat-
tern diminishes. As previousiy seen trne smallest patiern nas toe
largest average percent difference from theory.
Annular Aperture
To test the theory for the annular aperturs, three obstacle sizes

1 and six aperture sizes were used. Thz table below lists the obscura-

tion ratios : for the possitle combinations.
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Table 6.13

Obscura*ti>n Ratios

Obstacle Diamz:ers {cm)

~~

€

Aperture
Diameters (cm)

3/156" (.47625)

.

5/16" (.79375) 1/2" (1.27)

1.0
1/2" (1.27)
5/=" {1.587%)
1.6

.68 . .
.5 .823 —_
475 794 o
$ 375 .625 1.C0
.3 .5 £
193 . 495 X!

The following photographs and graphs compare the experimental

results with theoretical
The scale factors in the
those used in Cha-t:rs 3

intensity resuliting from

predictions for a variety of zombina<ions.
intensity contour plots were reduced from
and 4 in consideration of the reduced overall

a gaussian intensity distritution of the

incident wave. They were reduced again by half in the ccntour vlots

accompanying the last two photcgrarns.

|
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Photograph 6.14

3/16" diameter obstacle with 7mm diameter aperture.
Viewing distance = 62cm. Obstacle-aperture separation = lcm.
Magnification 5X. Exposure time = 1/2 sec.
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Graph 6.3

3/16" obstacle with 7mm aperture
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Graph 6.4

Intensity profile for 3/16" obstacle with 7mm aperture
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Graph 6.5

3.16" diameter obstacle with 10mm aperture
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Graph 6.6

Intensity profile for 3/16" obstacle with 10mm aperture
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Graph 6.7

3/16" diameter obstacle with 10mm aperture
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Intensity profile for 3/16" obstacle with 10mm aperture
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Magnification 6X.

3/16" diameter obstacle with 3/8" diameter aperture.
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Graph 6.9
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Photograph 6.13
1/2" diameter obstacle with 5/8" diameter aperture.
Viewing distance = 2.120m. Obstacle-aperture centered.
Magnification 6X. Exposure time = 1 sec.
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Graph 6.11

1/2" diameter obstacle with 5/8" diameter aperture
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Graph 6.12

Intensity profile of 1/2" diameter obstacle
with 5/38" diameter aperture
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Photograph 6.19 !
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1/2" diameter obstacle with 5/8" diameter aperture.
Viewing distance = 2.003m. Obstacle-aperture centered.
Magnification 6X. Exposure time = 1 sec.
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Graph 6.13

1/2" diameter obstacle with 5/8" aperture
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Graph 6.14

Intensity profile for 1/2" diameter obstacle
with 5/8" diameter aperture
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t] The photographs show excellent agreement with theory. Photograph

6.15 depicts a 3/10 inch diameter obstacle with a 1Omm diameter aper-

L J SO

ture at an on-axis minimum. The corresponding “-tensity contour plot
does not have a dark center. This is due to the resol:*ion of the
contour plotting routine. The central minimum ‘2 this -lot is too
narrow for the routine to observe. It dces shc« up in the comranion
intensity distribution curve. Of Iutzrest is the fact that the on-
axis intensities are non-zero in the rminimum con-axis plots. This is a
consegucnce of the gaussian nature of the incident beam. This effect
is most easily seen in photograph 6.19 where th= center of the dif=-
fraction pattern is not dark. Photographs 6.16 and 6.1” show very
similar patterns. This is expected because of similar obscuration
ratios. Photograph 6.15 corresponds to a ratio of .48 and photograph
6.16 to a ratioc of .5.

A quantitative comparison of radial positions of diffraction

pattern minima and maxima for theory and experiment follows.
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Table 6.14

Comparison of Theory and Experiment:
Positions of Ring Maxima and Minima.
3/16 Inch Diameter Obstacle with

176

tcm Diamet=r Aperture, Viewing Distance = 50.2cn,

Obstacle-Aperture Separation = 1cm

Distance from

Normalized Center (mm)
Qualitative Intensity
Description "Theory) Experiment Theory
Center (minimim) .061 .000 .000
Maximum ring 1 <475 .030 031
Minimum .000 .059 .055
Maximum ring 2 277 073 .076
Darx band ~ .0 .092-.154 . 18-.130
Maximum ring 3 .132 A7 . 165
Minimunm .000 190 .188
Maximum ring 4
(faint) 071 .208 .209
Dark band .0 .216-.282 .242-,271
Maximum ring 5 .086 .296 .298
Minimum . 000 317 .323
Maximum ring 6
(faint) .023 .332 « 341

Percent
Difference

3.2
T.3
3.9

3.6

1.1

1.9

2.6

1-
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Table 6.15

Comparison of Theory and Experiment:
Positions of Ring Maxima and Minima.
3/16 Inch Diameter Obstacle with 1.6cm Diameter Aperture,

Viewing Distance = 59.9cm, Obstacle-Aperture Separation = .8cm
Z Distance from
- Normalized Center (mm)
\ Qualitative Intensity Percent
Tescription (Theory) Experiment Theory Difference
y
Li Center (mininim) .314 .000 .000 -
- *iximum ring 1 .697 .027 .023 17.4
g
: Minimum .000 .051 .057 10.5
1 Maximum ring 2 .196 .102 .099 3.0
l Minimum .000 .159 147 8.2
' Maximum ring 3 103 172 174 1.1
- Minimum . 000 227 .226 0.4
Maximum ring 4 .056 245 248 1.2
Minimum . 000 . 304 .303 0.3
Maximum ring 5 .026 322 « 323 0.3
Minimum .000 378 .380 0.5

P B )
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Table 6.16

Comparison of Theory and Experiment:

Positions of Ring Maxima and Minima.

5/16 Inch Diameter Obstacle with 5/8 Inch Diameter Aperture, .
Viewing Distance = 62.8cm

Distance from s
Noramalized Center (mm) -
? Qualitative Intensity Percent ’
[ Description (Theory) Experiment Theory Difference
| Center (minimim) 1,282 .000 .000 -- t
Ninimur . 00U .035 .034 2.9 -
Maxizum ring ! LGTY .073 .07 2.8 -
Ninimum LS .29C .090 0.0 ;‘
Maximum ring C RV L1111 . 109 1.8 :
Minimun N S 132 0.3
Maximum riag * V5 L1174 JA72 1.2 ;:
¥inimum . 000 S1al RER 0.0 B
Maximum ring 4 .C48 R .2C9 .5 i
Maximum ring 5 .0eC L2T4 272 0.7 .?
3 3
Minimum . 000 el LN 0.3 R
Maxim:ia 137 6 .032 L3210 IV C.3 :
Maximu.. _. .015 ST $37e 3.3 ;9
[ Minimum .000 JEos LRl 0.2 '
4 Maximum ring 8 .024 Pals LA 2.2
&
]
e T - L
-9
4
:;:1
%
e
i ata - . N aaia N s . IS naadl
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The above tables demonstrate close agreement between experiment and
theory. An interesting feature is the relative nature of minima and
maxima. Table 6.15 shows the central minimum has an intensity (theo-
retical) higher than the maximum intensity in most of the surrounding
rings! Clearly the appearance of a maximum or minimum depends or. the
immediate intensity background.

The final study for the unaberrated case involved the positions
and spacing of maxima and minima on axis behind annular apertures.
Three combinations of apertures and obstacles were employed. The
first was a 3/16 inch diameter obstacle with a 7mm diameter aperture.
A maximum or minimum on axis was found and its postion measured to the
nearest centimeter. The corresponding position on the scale of the
travelling microscope was noted. The microscope was translated along
the optical axis and the spacings between the extrema measured. (The
microscope could be moved a total distance of 5.5cm.) The scale al-
lowed for a maximum uncertainty in measurement of approximately .0Olcm.
The first case includes measurements starting at various positions
along the optical axis. The last two involve just one starting posi-
tion. A quirk of the scale on the travelling microscope is that scale
mea;urements are inversely related to optical axis distances. A
decrease of position by 2cm on the microscope scale means an increase

of 2cm along the optical axis.
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Table ¢.17
Comparison of Theory and Experiment:
Positions and Spacing of On Axis Extrema.
3/16 Inch Diameter Obstacle with 7mm Aperture Separated by lcm
Measured Starting Position (+ .5cm): 33cm
Experiment Theory
Scale Distance from Optical axis Distance from
Extremum Reading Starting point Distance Starting Point %
Type (cm) (cm) (cm) (cm) Difference
Minimum 4.85 0.0 33,31 0.0 -
Maximum 3.94 e 34.36 1.05 13.3
Minimum 2.68 2.17 35.48 2.17 0.0
Maximum 1.60 3.25 36.67 3.36 3.3
Minimum .33 4.52 37.96 4,65 2.8
Measured Starting Position (+ .5cm): 40cm
Experiment Theory
Scale Distance from Optical axis Distance from »
Extremum Reading Starting point Distance Starting Point g e
Type (cm) (cm) (cm) (cm) Difference -
Maximum 5.22 0.0 39.33 0.0 - ]
Minimam  3.76 1.46 40.82 1.49 2.0 !1
Maximum 2.07 3.17 42.42 3.09 2.6 ]
Minimum 37 4.87 44.15 4.82 1.0 ]
?,
-
1
!
3
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Table 6.17 (Cont.) L
Comparison of Theory and Experiment: i
Positions and Spacing of On Axis Extrema. 1
3/16 Inch Diameter Obstacle with 7mm Aperture Separated by icm ]
£ )
§ ]
t— Measured Starting Position (+ .Scm): 5O0cm -
g i
<2
-
; Experiment Theory .1
f- Scale Distance from Optical axis Distance frcnm
- Extremum Reading Starting point Distance Starting Point o
Type (cm) (cm) (em) (em) Difference
] i -
Maximum  5.85 0.0 50.34 0.0 - -
Minimum 3.20 2.65 52.82 2.48 6.6 _;
Maximum .64 5.21 55.56 5.22 0.2 Y
»
A
Measured Starting Position (+ .S5cm): 75cm :
0]
- :{_::-1
Experiment Theory . :
Scale Distance from Optical axis Distance from ::j ]
Extremum Reading Starting point Distance Starting Point % ®
Type (cm) (cm) (cm) (cm) Difference =3
Minimum  4.36 0.0 75. 11 0.0 00
Maximum .89 3.47 80.82 5.71 28.8 - -'i;i
®
' 3
L ]

L. - . R ) . . . - . PR PN S e W e e ] .
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Table 6.18
]
Comparison of Theory and Experiment: 1
Positions and Spacing of On Axis Extrema. ;"‘
3/16 Inch Diameter Obstacle with 5/8 Inch Diameter Aperture T
Separated by .25cm. Starting Position = Minimum at 76cm (*+ .5cm)
Experiment Theory » -
1
Scale Distance from Optical axis Distance from :
Extremum Reading Starting point Distance Starting Point %
Type (cm) (cm) (cm) (cm) Difference 1
-4
Minimm  5.34 0.0 75.53 0.0 - ’,
-
Maximum  4.71 .63 76.16 .63 0.0 R
Minimm  4.09 1.25 76.81 1.28 2.3 -,3',;
Maximum = 3.38 1.96 77.46 1.93 1.6 ’
_‘1.‘
Minimm — 2.74 2.60 78.13 2.60 0.0 I
B
Maximum 2.03 3,31 78.81 3.28 0.9 5
Minimm 1.3 3.99 79.50 3.97 0.5 '
Maximum .57 4.77 80.20 4.67 2.1 -]
)
i
] S
]
’ 1
.

r S S I A T S N A
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Table 6.19
Comparison of Theory and Experiment:
Positions and Spacing of On Axis Extrema.
5/16 Inch Diameter Obstacle Centered with 5/8 Inch Diameter Aperture.
Starting Position = Minimum at 60cm (*+ .5cm)
Experiment Theory
Scale Distance from Optical axis Distance from
Extremum Reading Starting point  Distance Starting Point %
Type (cm) (em) (cm) (em) Difference
Minimum 5.43 0.0 60.22 0.0 -
Maximum 4.9 .49 60.7 .49 0.0
Minimum 4.43 1.00 61.21 .99 1.0
Maximum 3.94 1.49 61.71 1.49 0.C
Minimum 3.41 2.02 62.23 2.01 0.5
Maximum 2.87 2.56 62.75 2.53 1.2
Minimum 2.35 3.08 63.28 3.06 ) 0.7
Maximum 1.84 Z.59 63.82 3.60 0.3
Minimum 1.23 4.20 64.37 4.15 1.2
Maximum T3 4.70 64.93 4.7 0.2
Minimum .14 5.29 65.50 5.28 0.2 1
—
f&
|
The above tables show excellent agreement between theory and 73
experiment. Table 6.17 demonstrates ithe increased spacing between ';
4

extrema with increased distance along the optical axis. This table

had the highest average percent difference as well as the largest
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single deviation from theory (almost 30% difference between theory and
experiment for the spacing of extrema at 75cm). This table illus-
trates the major difficulty in measuring the positions of on axis
extrema. When the spacing between adjacent maxima and minima is large
(more than 2cm), it becomes difficult to judge the exact position of
the extremum. The pattern changes so slowly with z translation large
amounts of uncertainty in measurements are introduced. This source of
potential error can be avoided by limiting measurements to the region
on the optical axis where extremum spacing is small. The extent of
this region increases with larger aperture size and smaller obscura-

tion ratio.

Verification of Theory for the Aberrated Case

Defocus

Defocus was introduced by axially translating the collimating
lens. For each shift of the lens the change in the on-axis position
of a minimum of known order was measured. This was possible by shift-
ing the lens in .1mm movements so as to make the resulting on-axis
change be less than the spacing between adjacent minima. The aberra-

tion coefficient W for each measurement was calculated from equation

20
IV-28. These points were plotted against the aberration coefficient
curve given by equation IV-2. There was an uncertainty of + .05cm in

the measurements of the on-axis extrema. The error bars based on this

uncertainty were included in the plots, but the error range for any
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given point is practically negligible.

The following graphs illustrate the comparison of theory and
experiment for three cases: The first was a 3/16 inch diameter obsta-
cle with a 7Tmm diameter aperture. The measurements were based on <he

7th

order minimum at 75.11cm behind the aperture. The second was a

3/16 inch diameter obstacle with a 10mm diameter aperturs. The mea-
surements were based on the 20%D order minimum at 76.65cm. The final
case involved a 3/16 inch diameter obstacle and a 16mm diameter aper-

ture. The 60" order minimum at 76.69cm was used.
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DEFOCUS: 3716 INCH OBSTACLE WITH 1@ MM APERTURE
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The graphs show remarxkatle agreec~ent between theory and experi-
ment. The shift of extrema on axis is a very effective method of

measuring defocus.

Spherical Aberration

The attempts to verify the theory for spherical aberration were
mostly unsuccessful. Because the coefficient of spherical aberration
is prcportional to the fourth power of the diameter of the outer edge
of the annular aperture the largest sized apertures were used. A 16mm
diameter aperture had WQO equal to -.0766 wavelengths when two half
inch thick plates were inserted in the system. From equation IV-58,

th

the shift on axis for the n order maximum with spherical aberration

present is:
v _cb
ry = 2“&0(1 ') .
z (Zn+1)A (VI-10)
A 1/2 inch diameter obstacle with a 16mm diameter apsrture has

its 9th order maximum at 1.97m. The addition of two plates will

result in a shift of position of nearly 1cm. Even a shift as large as

this is hard to distinguish when one considers the distance to the
nearest minimum is 8cm. To pinpoint the position of the maximum is

very difficult without intensity measurements. The uncertainty is at

X

least on the order of a centimeter. 1In short, the best case gives a .
predicted shift less than the experimental error. .
Many of the results were conflicting, e.g., the insertion of one ."“

plate seemei to move the 1150 order maximum at 1.7;m a distance of b

Ty e - P T IS AL S Tl .-
R . o . .- .. EERAI .. L I L .. e LN
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O.4cm. This gave a value for WQU of .043\ -= a 13% errcor. When
remeasura2d, the shifts for one and two plates appeared to be 1.18cm

and 3.1cm, giving values for wvo of 127y and .338\ -- 4 times larger

[
Ay |

than actual.

Additional uncertainty arose from the need to reposition the

A

collimating lens when a plate was inserted or removed. For each plate

A

the lens had to be moved:1

d:.rﬂt
n

[ )
_ 1.517-1
= 1517 1.27cm

L

<433cm (VI-11)

This displacement was verified by observing the size of the beam at :ﬁw
various distances along the optical axis, and by observing the inter-

-
ference pai--. 7n produced by a shear piate (when the beam is colli- 3
b P r

'®

mated, one obtains a null pattern). As demonstrated in the previous
section on defocus, a change in the position of the collimating lens
introduces defocus which also shifts the on-axis position of minima.

For a 16mm diameter aperture, an error of .lmm in the position of the

. ru S
.- RN -
P Laa o oas [P PP S

collimating lens from the proper position will yield a defocus term on

the order of .1% which will shift the positions of extrema at 1.7m by

nearly 2cm. wq
-
o
One can introduce a substantial amount of spherical aberration by Jﬁ
reversing the achromatic collimating lens. Unfortunately, this involves .'J
1
realigning the system. This technique was considered impractical. : j
J
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Study of Astigmatism

Circular Aperture

To study the effect of astigmatism on the diffracti~= pattern of
a circular obstacle, a standard had to be established. The 5/16 inch
diameter obstacle provided this standard. There were two benefits to
using this obstacle. Because this diameter fell in the center of the
range of obstacle diameters used (3/16 inch, 5/16 inch and 1/2 inch),
one could investigate the change in pattern by increasing or decreas-
ing the diameter. In addition, the diffraction pattern of the 5/16
inch diameter obstacle changed at a convenient rate with the increase

of parallel plate tilt angle. An increase of one degree in tilt angle

resulted in a noticeable, but not dramatic, change. A series of photo-
graphs of degree increments in tilt angle offered a wide spectrum of

astigmatic effects and yet allowed one to observe subtle differences.

»‘.‘- et

The following photographs are of a 5/16 inch diameter obstacle
observed at 60cm. The first photograph used magnification of 6X and

an exposure time of 1/2 seconds. All the other photographs were

Jear "‘h—‘—‘

magnified seven times and had one second exposure times. The astigma-
tism was produced by two half-inch plane parallel plates. In the

range from tilt angles of 10° to 18° photographs were made of plates

o .. SR
R N I ) .
AA A‘AAJAL-

countertilted and tilted in the same direction. This was to observe

sy

R |

whether coma had any effect on the diffraction pattern. Each caption

e

lists the amount of astigmatism present (given by equation VI-3) as
well as the upper and lower bounds of the aberration (in parentheses)

based upon an uncertainty of :_.50 in the tilt angle.
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Photograph 6.20

.098% (.097\, .0971)

W
22

0° tilt.

Photograph 6.21

= ,088" (.025:%, =-.0112)
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59 countertilt.
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Photograph 6.22

10° countertilt. W,, = -.261) (-.226x, -.2981)
}

Photograph 6.23 L.

10° tilt same direction. W, = =.261 (-.226, -.298.) -
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Photograph 6.24

’
i

11° countertilt. W = =e419% (=.377), -.4632)
<

g

¢ Photograph 6.25 ',

12° tilt same direction. wzq = —.419) (=.3771, -.463)
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Photograph 6.26

139 countertilt. W = -.5091 (-.463), ~.5571)

Photograph 5.27

13° tilt same direction. W.. = ~.509: (0463, =557
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Photograph 6.32

16° countertilt. W , = -.8211 (=.7651, -.8801\)

| Photograph 6.33 ’

169 tilt same direction. W _ = -.821% (-.765, -.880")
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Photograph 6.34

17° countertilt. W

197

= -.940% (-.880, -1.002%)
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Photograph 6.35 -

17° tilt same direction.

W_ = -.940" (-.880, -1.002")
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) Photograph 6.44
7 25° countertilt. W, = -2.146% (-2.057%, -2.237:)
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5 Photograph 6.45%

27° countertilt. W _ = -2.519° (-2.423%, -2.617:)
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¢ Photograph 6.47 »

countertilit. W = =2.717. (=2.617., =2.513%)
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Photograph 6.48

29° countertilt. W,. = -2.921x (-2.818%, -3.026%)
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Py

Photograph 6.49 ]

300 countertilt. W__ = =3.133:. (-3.026), =3.242))
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There are a number of important features in these photographs.
The first thing one notices is the lack of distinction between pat-
terns produced by countertilting or tilting in the same direction.
Coma has no noticable effect on the images. This may be due to the
difference in magnitude. At 18° tilt the amount of astigmatism is
-1.065A. The amount of coma at that same angle is a mere -.135),
Astigmatism breaks up the ring structure into separate nodules. The
disintegration of the rings begins in the center of the diffraction

pattern. The greater the amount of astigmatism the greater the number

of fractured rings.

A ring will break up in a predictable way. If the number of the
ring (counting from the center) is n, then the ring will split into 4n
nodules and form a square of n + | nodules per side. ®

To describe the process of ring break up, it is convenient to j;l
define some new terms. The first effect of astigmatism on a given
ring is to distort it from its circular shape. The ring is pushed out -

at points on the top and bottom and l2ft and right. These points are

A

spaced by right angles. As such, they suggest the directions north,

I
hett

south, east and west, and will be referred to as compass points. The

e

ndhndh.

compass point at the top of the photograph (the arbitrary "up" direc- b

tion) will be designated morth. A ring e = .iting departure from

circular shape with the appearance of compass points will be said to
be distorted.

After the ring becomes distorted, an increase in astigmatism will

...,

cause lobing. The width of the ring is no longer uniform, but concen- ,

trated in regions which will become nodules -- remnants of the ring

. .
P Y
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when finally and fully split. The actual point of ring break-up will b i

K

be defined as when at least half of the ring is established into )

separate nodules. The region inside the most newly broken ring will -

-

be called the aberrated area. P 1

The analysis of some sample photographs will fortify these con- i

cepts. Photograph 6.20 (0° tilt) shows the first ring slightly dis- "i
»

torted. This is evidence of presence of background (positive) astig-
matism. Photograph 6.21 is a very symmetric set of concentric rings
indicating near absence of astigmatism. Photographs 6.22 through
6.27 chronicle the increased lobing in the first ring to eventual
ring break-up at 13° tilt. The difference between lobing and ring

break-up is seen in photographs 6.38 and 6.39. At 19° tilt the

fourth ring shows definite lobing. At 20° tilt the fourth ring has

broken up into distinct nodules. Notice that for large amounts of

astigmatism (over 13), distortion extends far beyond the region of 0
broken rings. s
The breakup of the ring structure has a linear dependence on the fJE
amount of astigmatism at the outer edge of the obstacle (WZZ). A . :
review of the photographs shows the first ring disintegrates between ’*
12% and 13° tilt. The table below lists the angles for which dif- ;;»
ferent rings break up. If one plots the ring number versus the aber- Ef:
ration coefficient WZO at which the ring breaks up, one sees the L
linear relationship. (The error bars represent the :_.5o tilt angle
uncertainty.) This plot, though, is misleading. The abscissa is
uniformly spaced. Spatially the rings are not evenly distributed. ,_
Plotting the required astigmatism at ring breakup as a function of

“ " . R c o s e . e
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the radial distance from the center of the spot provides a much

better perspective on the domain of influence of the aberration.

Table 6.20

Required Countertilt Angles for Diffraction
Pattern Ring Break-up

Ring Number Tilt Angle LS (wavelengths)

C

1 12 - 13° -.419 - -.509
3 2 159 -.710
4 3 18° -1.065

4 20° -1.338

5 22° -1.64

6 24° -1.97

7 25° -2.146

8 27° -2.519

9 29° -2.921
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Graph 6.18

H22 UERSUS RING BREAKUP (RIMG RADIAL DISTANCE}
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-
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Graph 6.19
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The plotted line is the best fit to the data by minimizing the root
mean square deviation. One can multiply the radial distance by the
constant kd/2z and obtain the argument for the Jo Bessel function for
the unaberrated case. A graph of W22 as a function of the Bessel
function argument appears below. Graphs 6.19 and 6.20 demonstrate the

radius of the region of ring break-up expands linearly with increased

W22 VERSUS BESSEL FUMCTION ARGUMENT

-3.00¢ §’
1 __J;’,-
W —2.99] __,,--"’f
f 1 ,{'_
Wy .~ i
2 F -2.06¢ P
2L 1 -
1 —E
N % -I.SG:t !;;%,-
i -1.004 K o
S ] o S
--"z.- .-_4
-.501 I_.-rf :'.1
-"l’ ‘.-
"f _.-f . R
= : -
e 3 1¢é 13 20 23 23 ) .
BESSEL FUNCTION ARGUMENT (kdr/2z) }:
Y
Graph 6.20 fj
D
L
astigmatism. In particular when the aberration coefficient qu corre- 3}
sponds to a parameter x= 5%% which is a maximum of Jo(x), the ring at :q
1
distance r will break up. ri
The position of the outermost broken ring is a very noticable and 'i
convenient measure of astigmatism present in the incident beam. There ﬁj
7o
are, however, subtle astigmatic effects which bear mention. 1In the ’¢
unaberrated diffraction pattern the region of highest intensity is the R
0
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central spot. As astigmatism is introduced this region moves out from
the center. For example, Photographs 6.24 through 6.29 chronicle the
shift of maximum intensity from the center to the first (broken) ring.
At sz = -.71)x (Photograph 6.30) the central spot has entirely disap-
peared. Photographs 6.34 and 6.35 show at sz = -.94) the second
(broken) ring is becoming the most intense area. The central spot is
reappearing and the first ring is dimming. At W,, = -1.065\ (Photo-
graph 6.36), the third ring has split, the second ring is the most
intense, the first ring has disappeared and the central maximum is
bright. This pattern continues through the remaining photographs. As

the amount of astigmatism increases the area of greatest intensity

spreads out from the center like the crest of a wave. Ahead of this
crest distortion occurs and immediately in front of it ring break-up !'
takes place. This crest is composed of either one or two rings.
Immediately behind this maximum intensity "wave," there is a dark
region. The broken rings left behind by the crest form a checkerboard ’:
pattern. The center and even rings, and the odd rings wax and wane
alternately. All these areas of the pattern are characteristic of the X
amount of astigmatism present. This will be important when studying Lj
the diffraction patterns of annular apertures where only the region

around the central spot remains intact.

The central spot first becomes dark when W22 = -,71). The cycle

of having a dark center occurs with added multiples of ~.808A (: L0351).

-y
.

An interesting feature of Photographs 6.40 - 6.49 is the concen-

— b d bt oAk

tration of intensity at the compass points of distorted rings. This v

concentration extends beyond the region where ring break-up takes
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place. The ultimate astigmatic diffraction pattern seems to be a
bright diamond outline with spikes at the compass points.

The photographed patterns seem to be slightly canted. Using tae
compass analogy, they don't point to true north. A certain amount of
the angular deviation may stem from the optics of the Bausch and Lomb
stereo viewer. However, photographs taken using just a mounted camera
back also revealed a slight angle of tilt. The origin of this tilt
may lie in the background astigmatism. The orientations of the planes
of symmetry of the astigmatism produced by the plane parallel plates
lie in the vertical and horizontal directions. The background astig-
matism is not necessarily oriented in these directions. The diffrac-
tion patterns are the result of the combination of these two aberra-
tion sourceé. A difference in orientations may create a tilted pat-
tern. If this is true and if the tilt angle is characteristic of the
individual orientations, this may provide the means of determining an
unknown angle of orientation. One could introduce astigmatism of
known orientation and observe the combination.

The diffraction pattern behind a circular obstacle for the unab-

errated case does not change shape when viewed at different optical !j
axis distances. The pattern with astigmatism present is also constant ;fj
in shape. The following photographs show the diffraction patterns for ;Qi
three different distances, .35m, .60m and 3m. The first photograph !-]
R
was taken with magnification 7X; the remaining two with magnification f;j
6X. The patterns are identical. R
L
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Photograph 6.52 ?54

3m behind 5/16" diameter obstacle.

15° countertilt. qu = -,701x. 1/2 sec. exposurs. .

The fact the shape of the diffraction pattern for the circular

1

obstacle is independent of optical axis distance z means Graph 6.20 1

1

(wzﬁ as a function of the Bessel function argument kdr/2z) is valid N
<

for all z. One can determine the amount of astigmatism present by o

observing the pattern for a given obstacle at any distance. T
Research reveals that the shape of trne diffraction pattern is

also independent of obstacle diarzster. Wwnat determines the eventual T

' | ]

v
diffraction image is the amount of astigmatism at the edge of the ]
obstacle (W. ). The following photographs of patterns produced by ]

{ the 3/16 inch and 1/2 inch diameter obstacles dermonstrate this. The ]
' o

[ first two photographs show patterns very similar to Photograph 6.30 ,j

[

!
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Photograph 6.40 (W, = -1.4851).

W
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Photograph 6.53

.60m behind 3/16" diameter obstacle.

= «.647\ (-.616), -.6781), Magnification 6€X.

LA . Y gy

LIRS

VR,

24° countertilt.
1/4 sec. exposure.

R YR
. et .

. ct
Bt el

_ = =.7011). The remaining two photographs correspond closely to
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Photograph 6.54

3m behind 1/2" diameter obstacle. 9° countertilt.

W,, = -.647 % (-.5661, -.732)), Magnification 4X. 1/2 sec. exposure.

.
Photograph 6.55 ]
S -~
¢ »
. .50m behind 3/16" diameter obstacle. 35° countertilt. 1
- W,, = -=1.485: (-1.441), -1.5311), Magnification bX. 1/8 sec. exposure. ;
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Photograph 6.56 3‘}

3m behind 1/2" diameter obstacle. 13° countertilt.
W= -1.455 (-1.338., =-1.5772), Magnification 6X. 1/2 sec. exposure.

(]
o

There is close agreement in the amount of astigmatism for the three —

08\ IMERCIASLILE ~ KIS
-

obstacle diameters. The first series of photographs give Wﬁz within

.05)% and the second series within .03)x. Comparisons of photographs

kel ondond ot

not reproduced here gave results consistently within .05x.

. -

T T~

There is an obvious application of the above. A catalog of
diffraction patterns for some arbitrary obstacle diameter with the

corresponding amounts of astigmatism can be produced very simply.

]

' -3
i (For example, Photographs 6.20 - 6.49 could be used.) To find the T
[ amount of astigmatism in a test beam, one need only compare the dif- .
! fraction pattern behind any sized circular obstacle to those in the B

. 1
catalog. The coefficient w2d is readily determined. o
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Annular Aperture

The diffraction pattern behind an annular aperture is a combina-
tion of diffraction effects from the inner and outer edges. Each
edge contributes its own Arago spot and ring pattern. It is instru--
tive to purposely offset the two patterns and observe how each changes
when astigmatism is introduced. The following series of photographs
shows the diffraction patterns of a 1/2 inch diameter obstacle with a
5/8 inch diameter aperture separated by 1.lcm. The spot on the left
is that produced by the aperture. All the photographs were taken at
a viewing distance of 2 meters and magnified four times with exposure

times of 1 second.

Photograph 6.57

1/2 diameter obstacle with 5/8" diameter aperture.
59 countertilt.
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58

Photograph 6

diameter aperture.

6° countertilt.

1/2" diameter obstacle with 5/8"

.....
......

. PR
.......

59

Photograph 6

diameter aperture.

7° countertilt.

1/2" diameter obstacle with 5/8"
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Photograph 5.60

meter aperture.

8% countertilt.

1/2" diameter obstacle with 5/8" dia

Photograph 6.61

.
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Photcgragh Z.dc

J
d
|
!

Jz diam=ter gperture,

by
e
countertil

1/2" diameter obstacle with

o]
10~

3

~i

The table below compares tne coefficients ¢f astiesm:t13m fron the
¥ .
ile

above photographs to the cceffici*0 from .Tilar jattern:s ‘rom the

circular obstacle case.




Table 6.21

Astigmatism Coefficients of Off-set Diffraction Patterns

N

1/2" obstacle

5/16" obstacle comparison

L SN0 gam amm
.

- Countertilt W, Countertilt Wyo
Angle (wavelength) Angle (wavelength)
6° -.233% 10° -.261
7° -.352 11° -.337
8° -.492 13° -.509
9° -. 647 159 -.710
10° -.821 17° -.940
5/8" aperture 5/16" obstacle comparison
Countertilt LI Countertilt Was
Angle (wavelength) Angle (wavelength)
69 -.419 120 -.419
7° -.606 149 -.606
9° -1.065 19° -1.198

50

and 12° could not be determined.)

e e
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(The diffraction patterns from the aperture for countertilt angles of

The individual patterns are
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characteristic of the different amcunts of astigmatism at the inner
and outer edges of the aperture.

A system containing an annular aperture will have offset edge
diffraction patterns unless the obstacle is perfectly centered in the
aperture. If the purpose of the obstacle is to produce a pattern to
measure the degree of astigmatism in a test beam, a separation of the
two diffraction images may be desired. The two patterns provide a
double measurement for astigmatism.

As seen in Photographs 6.£0 and 6.62, when the offset patterns
are close and the amount of astigmatism large a great deal of inter-
ference occurs. This interference is the source of the very complex
structures are observed when an astigmatic beam illuminates a perfect-
ly centered annular aperture. The following photographs show diffrac-

tion patterns produced by a variety of annular apertures.

Photograph 6.63
3/16" diameter obstacle with 5/8" diameter aperture.
€ = ,3, Viewing distance: 2 - 2.2m. Magnification 4X.

-

Exposure time 1/4 second. 7° countertilt. Minimum on axis.
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) Photograph 6.64
- 3/16" diameter obstacle with 5/8" diameter aperture.

€ = .3. Viewing distance: 2 - 2.2m. Magnification 4X.
Exposure time 1/4 second. 7° countertilt. Maximum on axis.

Photograph 6.65
3/16" diameter obstacle with 5/8" diameter aperture.
€ = .3, Viewing distance: 2 - 2.2m. Magnification 4X.
Exposure time 1/4 second. 10° countertilt. Minimum on axis.
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Photograph 6.66
3/16" diameter obstacle with 5/8" diameter aperture.
€ = .3. Viewing distance: 2 - 2.2m. Nagnification 4X.
Exposure time 1/4 second. 10° countertilt. Maximum on axis.
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Photograph 6.67 ‘.
3/16" diameter obstacle with 5/8" diameter aperture. "3
€ = .3. Viewing distance: 2 - 2.2m. Magnification 4X. ]
Exposure time 1/4 second. 12° countertilt. Minimum on axis. f;
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Photograph 6.68 'i
3/15" diameter obstacle with 5/8" diameter aperture. -
€ = .3. Viewing distance: 2 - 2.2m. Magnification 4X. k
Exposure time 1/4 second. 12° countertilt. Maximum on axis. :
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Photograph 6.69 :
5/16" diameter obstacle with 1/2" diameter aperture. )
€ = .625., Viewing distance: 2 - 2.05m. Magnification 6X. ]
Exposure time ! second. 10° countertilt. Minimum on axis.
-
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Photograph 6.70
5/16" diameter obstacle with 1/2" diameter zperture.
€ = ,625. Viewing distance: 2 - 2.05m.

Exposure time ! seccnd.

11° countertilt.

Photograph 6.71
5/16" diameter obstacle with 1/2" diameter aperture.

€ = .625. Viewing distance: 2 - 2.05m.

Exposure time 1 second.

12° countertilt.

Magnification 6X.
Maximum on axis.

Magnification 6X.
Maximum on axis.
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Photograph 6.72
5/16" diameter obstacle with 1/2" diameter aperture. -
€= .625. Viewing distance: 2 - 2.05m. Magnification 6X. T
Exposure time 1 second. 13° countertilt. Minimum on axis. '
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Photograph 6.73

] 5/16" diameter obstacle with 1/2" diameter aperture. '
£ = .625. Viewing distance: 2 - 2.05m. Magnification 6X.

Exposure time 1 second. 13° countertilt. Haximum on axis.
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Photograph 6.74
5/16" diameter obstacle with 1/2" diameter aperture.
€ = .625. Viewing distance: 2 - 2.05m. lagnification 6X.

Exposure time 1 second. 14° countertilt. KNinimum on axis. >
]
? 1
\ ‘1
| )
1
{
. E
1
<
1
!—4
b
)
9

»
-

Photogragh 9.75

5/15" diameter obstacle witn !,/0" diameter aperture. L
€ = .625. Viewing distance: 2 - 1.09%m. Magnification 6X. 3
Exposure time 1 second. 49 countertilt. Maximum on axis. 3
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Photograph 6.76
5/16" diameter obstacle with 1/2" diameter aperture. .
€ = .625. Viewing distance: 2 - 2.05m. Magnification 6X.
Exposure time 1 second. 15° countertilt. Minimum on axis.
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Photogra