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A PROCEDURE FOR CALCULATING GROUNDWATER FLOW LINES
by
Charles J. Daly

Any continuous mathematical function of spatial coordinates X and time t
can constitute a field. Fields may be scalar, vector, or tensor, e.g. hy-
draulic head h(;,t), velocity ;(;,t), and stress T(;,t) respectively. The
scalar field is the most elementary type. Components of vector and tensor
fields are themselves scalar fields.

The principles of classical physics generally suffice to describe the
motion of a group of individual rigid objects. For example, the velocity of
the center of mass of the ith object in a group can be specified as a func-

tion of time:

v.(t) = (v. (t),v_(t),v_(t)). (1
%4 4 21
In considering fluid flow, however, the same principles of classical
physics can not be applied to the uncountable number of molecules contained
in even a small volume of fluid. Instead, the field approach is employed,

and the velocity of fluid particles is specified by the velocity vector
field:

v (x,t) = (vx(;,t),vy(;,t),vz(;,t)), (2)

that is, a fluid particle located at point ;o at time t, has velocity
v (;o,to) .

The significance of the velocity vector field can be appreciated from
two perspectives., The first, called the Eulerian viewpoint, focuses atten-
tion on specific spatial locations ;p and observes the velocity of parti-
cles moving past those locations., The velocity field is revealed by the set
of observations:

v (x_,t = 1,2,3,...
( p ) P




-::
‘ The second perspective, called the Lagrangian viewpoint, focuses on a
number of specific particles moving with the flow. Over time each partirle
‘ follows a trajectory, or flow line, defined by the locus of points:

( % (0) = (x, (8),y, (£),2 (£)) k= 1,2,3,... )

o .

;: Monitoring the velocity of each moving particle would give the set of data

:ig again revealing the velocity field:

>,

~ v (:Ik(:),c) K=1,2,3,... (5)

\:;

::2 The intent of this report is to describe a methodology for determining

t} the flow lines of particles carried along as part of a moving fluid. 1t is

\ natural then to adopt the Lagrangian viewpoint of the velocity field.

-‘\ OVERVIEW OF MODELING

:;j Figure 1 is a schematic of the flow-line calculation procedure as ap-

;; plied to the case of steady ground-water flow. The system is assumed to be

%:: governed by Darcy's law and the mass conservation principle. The main compo- =
i;; nents are: . u.
N -
h~ 1) the spline generator and function subroutines, N
" 2) the average linear velocity calculation subroutine, 1
iig 3) the flow~line determination routines, and ﬁii
:%: 4) the flow-line plotting routine. : b
”ﬁ Figure 2 illustrates the results of applying the procedure in Figure 1. ;;;;
-:5 The composite map, in this case a flow net, could be used to predict the tra- IR
;; jectory of ground-water contamination and the propagation rate of a contami- %?i;f
?j nation front. (In practice one must also consider the importance of sorption :ﬂf
‘fi and mechanical dispersion on the tramnsport (Daly 1983).) ?":f'
f?j In the sections that follow, each component in the complete methodology L&c;f
c£§ of Figure 1l is described, documented, and then demonstrated. . ﬂ;
" NS
s SPLINE GENERATING PACKAGE ‘
:;5 Description -

Consider the two-dimensional domain, shown in Figure 3, defined by x,

':j‘ < x<xyand y; {y < yqy. Let D denote the domain and dD its boundary.
o Values of a function f(x,y), whose analytic form is unknown, are given at a ;.;"
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Figure 2. Results of model application shown in Figure 1.
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Figure 3. Spline function domain.

number of points inm D and on 9D. These points are arranged so that one point
is located at the intersection of every vertical (x = constant) and every
horizontal line (y = constant). Each point arranged in this fashion is
called a knot. (Regular placement of the knots, as in Figure 3, is not
essential to the derivation of a spline interpolate. This assumption does
lead, however, to the relatively simple calculation procedure described
later.)

Let the approximating expression for the unknown function f(x,y) be
designated by S(x,y). The particular form of S(x,y) depends on the set of
functions from which it is to be counstructed. A variety of so-called basis
functions are available for this purpose. 1In cases where the smoothness of
f(x,y) can be estimated, some justification can be made for the selection
of particular basis functions. If f(x,y) is believed to vary smoothly, it
would appear to be more advantageous to construct S(x,y) from functions
exhibiting this property (Rivlin 1969, Schultz 1973).

A spline is a composite function. For domain D of Figure 3, a bi-
cubic spline interpolate S(x,y) will be composed of (N~1) x (M-1) bicubic
polynomials, (The polynomials are bicubic since they contain powers of
both x and y up to order three.,) €Each individual polynomial is valid only
in and on the boundary of a particular subrectangle of D. Thus there is a

one-to-one correspondence between the polynomials and the subrectangles.

5

. . . - . . ~ “« s .
RO - A T T P RN L S S P I
PSP UL U PSP EIPL VO ST ETU Y T PR U TR U PP YRS, L S ITENGE. Yol ST &




»
] ~
a' s

Ay e NN :

WIS
D S A

s

iy

L |

e
Y

AN

(x,¥;.0) (X0 y.0)

(xi’yj) (xi-lvyj)

Figure 4. An arbitrary subrectangle of the domain [

Each of the constituent bicubic polynomials has the same s. ._ ral

formula. This formula can be illustrated by writing the equation .r the

polynomial associated with the isolated subrectangle of Figure 4. 1In total,

(N-1) x (M-1) of these equations must be written to define the entire

spline. For the subrectangle of Figure 4, the polynomial is:
s(x,y) = f(xi,y )C (x)C (y) + f(xi,y )C (x)C (y)

+ f(xi+1,yj)C (x)C (y) + f(x +1°Y5 1)Ciﬂ(x)Cjﬂ(y)

af o

+ A (xi,yj)Di(x)Cj(y) + o (x i,y )D (x)cC, +1(y)

+ 2 D, ()C,(y) + oL ¢ (x)C, . (y)
ax K410 (€ + 50 Y 505 (0G4 &y
of

+-§; (x i,y )C (x)D (y) + == (xi,y +1)C (x)D, +1(y)
of 3f

+ 3y (xi+l.yj)C (x)D (y) + 3y (xi+l’yj +1 (x)D +1( v)

i )D(>D<)+92f( ), (D, (¥)
axay ‘*1°7j ¥ITNYT T Bxsy Va4 *) 0541

e E (OD.(y) + 2 ¢ D, (0D, (. (6)
3xdy F1410Y3 050 (OO0 *+ s (g Vi ¥ID gy 0y

The interpolating functions Cy, Ci4}, Dj, and Dj4| are defined by

the following generalized formulas:

2 2
c (9 = [q—qi+1) + 2 (e_qi)(e_ei+1) N
1 (Aeijz (Aei]3

P
[ERDET T
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(8)
(9)
(10)
= 0 - 9
Aei i+l i’ ()
Evaluation of the interpolating functions and their derivatives at the
knots yields the important results:
3p,(9,) ap.. . (6. )
it i i+l i+l
= A = = =
Ci(ei) ci+1( i+l) g 76 1 (12)
ap.(8,..) ap.. (8.)
_ i i+l i+l i
Ci(0541) = €1 (8 = — 753 = P (13)
= = 9 = =
D,(8) =Dy (8) =D(F ) =D, (6. ) =0 (14)
(8.} ( ( 3 )
3C104) _ 3C1+1\9i) - aci‘ei+lj _ Ci+1(ei+1J =0 (15)
I 39 39 26 o

The last four equations can be used to show that the function s(x,y)
has the following properties: the values s, 3s/x, 9s/3y, and SZS/BXBy are
equal to the corresponding values f, 3f/3x, 3f/3y, and 92f/3x3y at each of
the knots (xi,yj), (xi,yj+1), (xi+1,yj), and (xi+1,yj+1).

The first four terms in each bicubic polynomial, represented by eq 6,
are known since f(x,y) is given at every knot. The spline determination
problem is then to estimate the remaining 12 terms in the equation of each
bicubic polynomial, These unknowns are the values of 3f/3x, 9f/3y, and
32f/3x3y at the four corners of every subrectangle. They are found by
observing continuity and differentiability conditions at the knots. Since
the joint edges of two adjacent subrectangles share common knots, the poly-
nomials in each of these adjacent s2lements share common unknowns. This
fact suggests the solution of simul taneous equations for the unknowns, and

this is exactly the method used.
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The algebra involved in obtaining the system of equations is quite
cumbersome, although the procedure is relatively simple to explain., The

procedure consists of four steps.

Step 1

The equation of the bicubic polynomial in each subrectangle is differ-
entiated twice with respect to x. This yields a set of equations for
azs(x,y)/axz, one equation for each subrectangle of domain D.

A continuity requirement is imposed on the determination of 92s/3x2 at
each knot in D. Since a given knot usually belongs to more than one sub-
rectangle, there is in general more than one equation for the determination
of 323/8x2 at a knot. Continuity requires that all of these determinations
be equal. Observing the continuity conditions along a single horizontal y
=93 yields a complete set of equations for 3f/3%x at each interior knot
on that line. (The values of 3f/9x must be given at the end points of that
line.) Fach horizontal line is considered in succession until 3f/3x has
been determined at every knot in D.

Let subscripts i and j be used to refer to the point (xi,yj); for
example, fj4) j = £(xj41,yj). The systems of equations solved for

the values 3f/%x along the horizontals can then be written:

3 A f 3t
ij i+1,j i+2, _
Axi+1 —S;—-+ Z(Axi+l + Axi) < + Axi-——jiz——
Ax Ax
i+l - i _
3 Bx, Figr,y 90 1 A%, 1y (140 fi+1,j)1 (16)

where 1 < i < N-2, 1 < j <M, and Axj = Xj4] — Xj.

Step 2

A procedure similar to that used in Step ! is used to determine 5f/0y
at every knot in D. First, the equation of each bicubic polynomial is
differentiated twice with respect to v, yielding a set of equations for
st(x,y)/3y2. The separate determinations of Wzs/‘yz at a knot must be
equal. Observing this requirement along a single vertical line x = x4
gives a complete set of equations for {/7y along that line.

Given the values of 3f/3y at the end points of each vertical line
enables the solution of each set of simul tancous equations; thus the values
3f/3y at every knot are obtained. The svstems of equations can be con-

structed from:
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1,j 1,3+ 1,342
9 A A ] =
ij+1 3y + Z(ij_*_1 + Ay.) Ay + 3y
& j+i ij
3[ij ;500 ~f1 90 7 K;;:I'(fi,j+2 - fi,j+l)] (17)

where 1 < i < N, 1 < j < M-2, and ij = V4] < ¥y
Step 3

The equations of the bicubic polynomials that are valid along the
vertical boundaries of D are differentiated to produce equations for
Bss(x,y)/Bxayz. Along each of these vertical boundaries the value of
335/3x3y2 must be continuous at the knots. This results in two systems of
equations, one for each boundary. When the values 32f/3x3y are given at
the four corners of D, these two systems can be solved for all other values
of 32f/3x3y on the vertical boundaries.

The equations are of the form:

2 2 2
3%f 3%¢ a%s
i,j i,j+1 _ 1,342
ij+1 %0y + Z(ij+l + ij) T3xoy + ij 3x3y
A 3 3 A 3 3
3] Y541 ( i g% fi,j) A ( fi 942 fi,j+1J] (18)
ij ax Ix ij+1 Ix Ix

where i = 1 through N, and 1 < j < M-2.

Step 4

The equations of all the bicubic polynomials are differentiated to
give 83s(x,y)/8x23y in each subrectangle. Continuity of 33s/8x23y along
each horizontal line leads to a set of simul taneous equations for 3f/3x3y
at all the interior points of each line. The necessary values 3f/3x3y at
the ends of each horizontal line were obtained in Step 3.

The equations to be solved can be written:

2 2 2
3% 3%¢ 3°f
1,3 i+1,j i+2,3 _
Ax1+1 Ixdy + 2(Axi+l + Axi) Ix3y + Axi Ix3y
P 3 A 3 3
3[Axi+l ( 141, _ fi,j) . *i ( fi42,3 _ fi+l,j)] (19)
’ Axi By Sy Axi+l ay 3y

where 1 < 1 { N-2 and 1 < j { M,
Since each part of the calculation procedure involves the solution of

simultaneous tridiagonal equations, it is relatively easy to compute the
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spline by Gaussian elimination. Moreover, if it is recognized that the
tridiagonal matrices of Steps 1 and 4, as well as those of Steps 2 and 3,
are identical, the number of Gauss elimination procedures can be cut in
half. (This is equivalent to the statement that if A; - b and A; = ¢ are

to be solved for x and ;, then A~' need be determined only once.)

Documentation

This section documents the two-dimensional spline interpolating pack-
age implemented in Fortran IV. Subroutines within the package are able to
return interpolated values of a function and its first partial derivatives.
The interpolating functions are defined within a domain covered by a rec-
tangular grid in the x,y plane. Values of the function to be interpolated
are known at the grid intersections on and within the boundary of the
domain. Values of the first derivatives are known for gris intersections
on the boundary, and values of the second derivative Bzf/3x3y are known at
the four corners of the domain.

Using the complete interpolation package is a two-step process.

First, the user creates a file containing raw input data and runs the
CREATE program to create a binary file containing spline data. Employing
the spline data, interpolating functions may then be called from the user's
own Fortran programs like any other Fortran real-valued function. The raw
input data file must contain the following information in the order shown

using free-formatting conventions:

N, M

xl,xz,x LI ) X

3 N

ylyYZ’Y3 ¢ yM

f(xl,yl), f(XZ’yl)’ f(x3,yl) .o f(xN,yl)

f(xl,yM) cen f(xN,yM)

%§ (xl,yl) cos %& (xl,yM)
E %& (xN,yl) ces %& (xN,yM)
: 3y Py e 3 )
: 10

s
S
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af 3f
3y (xl,yM) .o 3; (xN,yM)
2 2 2 2
a°f a°f a°f 3°f
ey D ey Cwe) wmay (W) wmy Cnevw)
where N and M are integers denoting the number of vertical and horizontal - =

lines in the grid. Though N and M must be integers, the other data may

take any legal single-precision real value (N and M must both be > 4). ,}Gt_q
xy and y; need not be regularly spaced; the grid can be made finer in ) @
areas where greater resolution is required. e

Two additional inputs, XYSC and FSCALE, allow for data scaling. The

scaling parameters allow for more convenient input of raw data. Their
function is most clearly explained by Table 1. If XYSC and FSCALE are
omi tted, their default value is 1.0.

Execution of CREATE generates the spline data file subsequently refer-
enced by the interpolation functions. The CREATE program is designed to
operate through the intermediary of an interactive terminal. It asks for
the name of the raw data file and the name of an output file in which to
store the binary spline data it generates, 1f all goes well, CREATE will
terminate with the message 'normal termination.' Minor code revisions can
easily be made to alter CREATE input/output functions. The CREATE program
listing is provided in the appendix.

The interpolation functions SPLINE, DSDX, and DSDY return the value of
the spline S and its first partial derivatives. Calls to the functions may
be incorporated into Fortran code, as in the following examples evaluated

at x = X1, y = Yl:

HEIGHT = SPLINE (X1,Yl,N)
XSLOPE = DSDX (X1,Yl,N)
YSLOPE = DSDY (X1,Yl,N)

GRADM = SORT (DSDX (X1,Y1,N)**2 + DSDY (XI1,Yl,N)**2)

Each of the interpolation functions requires the spline data file that
CREATE produced. Beforr ~ lling any of the functions, spline data must be
read into a COMMON blo single call to subroutine SPLOAD:

CALL SPLOAD (<infi.

where <infile> is the Fortran unit number assigned to the spline data file.

The parameter n specifies one of up to three separate spline data file B
locations in COMMON, i.e. n may be chosen by the user as equal to either 1, 7f{j?ﬁf
LA
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Table 1. Function of XYSC and FSCALE.,

input to CREATE = factor x data in file

x = XYSC x ox e
y = XYSC x y

i _ FSCALE . of

ox XYSC 9x

af _ FSCALE . of

dy XYSC dy

3% - FSCALE . i

9x dy XYSC x XYSC axdy

2, or 3. Thus, the same program code can call upon up to three spline
functions.
SPLOAD, SPLINE, DSDX, and DSDY are listed in Appendix A, and a sample,

called PROGRAM, demonstrates the use of these routines.

AVERAGE LINEAR VELOCITY ROUTINE

Description
The velocity field is an essential input to the calculation of fluid

particle trajectory. For so-called laminar flow in porous media, this
information is supplied by the average linear velocity, that is, an average

velocity of the particles being carried along through the pores:
v o= - % ™h (20)

where K is the medium hydraulic conductivity, ¢ is the effective porosity,
and 7h is the gradient of hydraulic head h.

Equation 20 presents a somewhat idealized view of fluid flow in porous
media. The actual speed of particles moving through the void spaces ranges
from near zero at the grain boundaries to many times the magnitude of v* in
the larger spaces between grains. This phenomenon accounts for some of the
observed smearing of sharp solute fronts in porous media flows. It
appears, however, that the effect is less consequential given only the
approximate descriptions of the hydraulic head, hydraulic conductivity, and

effective porosity fields that are normally available.

12
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Documen tation

Fortran program FG is written to supply the Cartesian components of a
two-dimensional velocity field according to eq 20. Used in conjunction
with a program called MAIN, FG requires spline data files for h (n=1), K
. (n=2), and % (n=3). Listings of programs MAIN and FG are included in
| Appendix A.

FLOW-LINE DETERMINATION ROUTINES

Description
The equation of continuity for two-dimensional flow is: . ;ffif
> 3 Ap R
r— + — 4+ — = L P
T ovx) 3y (pvy) 0 21)

[s%]

T
-

?
Ty
[ ]

where p is fluid density and t is time. Using the characteristics approach
and assuming constant density, eq 21 becomes the linked system of ordinary

differential equations:

v =3 v =3

b 4 dt y dt

o avx v

- Pl t 'a‘yZJ 0. (22)

The first two equations define a flow line, while the last simply states
the assumption that fluid density is constant along a flow line. The

problem of determining the flow line becomes one of solving the joint

equations

d

<

=v = g(x,y,t) (23)

dx
f(x,y,t) = ac - C y

t X

o

for x(t) and y(t).

Two alternative methods for solving eq 23 are proposed.

Method 1

A fourth-order Runge-Kutta technique is used to start the procedure,
which is continued by a more efficient predictor-corrector scheme. The
numerical solution method starts at point (x(,yp) at time zero. Using

a time step At, successive points (x,, y,) along the trajectory of the

particle, which began at point (xo, yo) ,» are obtained. The Runge-Kutta

algorithm for accomplishing this is

13




X 4 = %n + -é-(a1 + 232 + 2a3 + 34) (24)
Y4 = Yo tg (b +2by +2b +b,) (25)
where: a, = At f(x_,y ,t) (26)
1 n’’n’n
bl = At g(xn,yn,tn) (27)
a, = At f(xn + al/2, v, * b1/2, e+ At/2) (28)
b2 = At g(xn + 31/2, v, t b1/2, e+ At/2) (29)
a, = At f(xn + a2/2, vy, + b2/2, e+ At/2) (30)
b3 = At g(xrl + a2/2, v, * b2/2, e+ At/2) (31)
a, = At f(xn ta;, vy, 4 b3, t + At) (32)

b, = At g(xn + a3, ¥, + b t + At), (33)

30
and f and g are defined in eq 23.

Runge-Kutta algorithms belong to the set of self-starting numerical
solution methods. Self-starting means that the determination of all suc-
cessive points (x,,y,) requires only the starting point (xp,yp). In other
In other words, calculation of x, and y, depends only on the known values
Xn-1 and yn—;. The set of nonself-starting methods requires the values
(xq,¥p) to be given at more than one point along the trajectory. For exam-
ple, a fourth-order predictor-corrector algorithm, called Milne's method,
requires the values xg, X}, X2, X3, Yo, ¥}, Y2, and y3 to calculate suc-
cessive values of x, and y,.

In addition to the question of starting values, the efficiency of the
calculation procedure is an important factor in selecting a numerical
me thod, It turns out that Milne's algorithm is significantly more effi-
cient than the Runge—Kutta method, although both are fourth-order accurate.
Me thod 1 takes advantage of the Runge-Kutta self-starting feature and the
efficiency of Milne's method. Given a starcting point (xg,yp), the Runge-
Kutta procedure is used to obtain (x,y), (x7,yp), and (x3,y3). At that
stage the necessary starting values are available for Milne's method, which

is then used to generate succeeding points.

14
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7 Milne's predictor-corrector method consists of two steps. First,
" predicted estimates of x,4] and yp4) are calculated. Let these be
- denoted x*,4) and y*,,;. Second, the predicted values are corrected to
obtain the final values xp4) and y,4] at the end of a time step. The
algorithm is
LAt
* = + — L . ' '
XX X -3 3 [2xn LS + 2xn_2] (34)
4At
* = —_— t ' []
Yarl = Vo3 ¥ 73 [Zyn Va1 ¥ 2yn-2]' (35)
Then
X = X + 2t [xx' 4+ 4x' + x' ] (36)
n+l n-1 3 n+l n n-1
y =y +-AE [y*' + 4y' + ¢! ! (37)
n+l n-1 3 n+1 n n-1
where:
3
' =
; X f(xn,yn,tn) (38)
%
. ..
yn g(xnoynvtn)’ (39)
Consideration of the Runge-Kutta and Milne algorithms shows that
- Milne's method requires only two evaluations of f and g per time step,
whereas Runge-Kutta requires four. This makes Milne's method more
efficient,

Nonself-starting methods typically assume constant At, whereas self-
starting methods allow for change of At at each time step. For problems in
which the frequent change of At is desirable, exclusive use of a self-
starting me thod, such as a Runge-Kutta algorithm, is advised.

)
- Method 2

The algorithms of Method | do not permit the stepwise estimation of
accuracy, nor do they allow for time-step modification in response to
alegorithm performance. Method 2, however, incorporates both of these

features.

Consider the following Runge-Kutta algorithm from Sarafyan (1966):

(4) _ 1
X+ = *n + g (al + 4a3 + a&) (40)
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5 Xy =Xt ﬁ (l4a + 35a, + 162a. + 125a,) (41)
.1-;: (4) 1
" = = 42
( Yo+ Yo + 5 (b1 + 4b3 + b[‘) (42)
o L (14b) + 35b, + 162b, + 125b ) (43)
X n+l n 336 6
RN a = At f(xn,yn,tn) (44)
. =
?:’: bI At g(xn,yn,tn) (45)
N
_} a, = At f(xrl + al/2, vy, + b1/2, e+ At/2) (46)
-_ b, = At g(xn + al/z, vy, t bl/z, e+ At/2) (47)
o ag = At f(x +a/b+a,/b,y +b/b+b /4, t + At/2) (48)
,::;L
L = A
b3 t gr(xn + a1/4 + a2/4, vy, + b1/4 + b2/4, e+ At/2) (49)
T = A -
S a, t f(xn a, + 233, Y b + 2b3, et At) (50)
-
‘~:‘. blt = At g(xn - a?. + 2a3, yn - b2 + 2b3’ tn + At G
(
. = A . ‘
o ag t f(xn + 7al/27 + 10a2/27 + a4/27, "
- y, + 7b /27 + 10b,/27 + b, /27, t_+ 2 At/3) (52) -
YAl .
e
ot = A L
: b t g(xn + 7al/27 + 10a2/27 + a4/27, R
. 7 A T
i:': v, * 7b1/2 + 10b2/27 + b4/27, e, + 2 At/3) (53) el
(‘u.. ’-...
] 1 PO
‘_":J F = + — - A - J‘_:-'_:.
-2 e T (28:-1l 125a, + 546a, + S4a, - 378a) (54) L
o . 1 _
\../-' n = Yy + 675 (28b1 12'5h2 + 546b3 + 54b£. 378b5) (59)
S :
s = r . X
S0 ag At £( SN At/5) (56)
‘._- -‘P‘.
o bg = Bt 8(5,n,t + AU/S). (57) _®
?"s " -"_f-
_'-.::j, As eqs 40 through 43 indicate, the Sarafyan algorittm is an embedded PNy
:::::_" Runge-Kutta scheme, that is, the same information used to calculate the ,:_ y
b'p fifth-order result xr(,.?,% can be used to calculate an embedded fourth-order _.
-:::: result xgi{ with essentially no extra effort, When, after a given time
.l~I
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(6)

step At, xp+] and xgii agree to m significant digits, xﬁif must be accurate
to that number of digits. This feature of the embedded algorithm is used
to increase or decrease the time step so as to balance efficiency and
accuracy.

Cartesian coordinates (x,y) along a flow line are calculated at points
in time separated by time steps. The degree of detail desired for plotting
a flow line will determine a selected maximum time step AT, chosen inde-
pendently of accuracy considerations. For each interval (t, t + AT),
Method 2 automatically determines a constant At that will guarantee that
every successive result within the interval is accurate to a specified
number of significant digits m. The rule for dividing the interval

(t, t + AT) requires that
AT = 2K Ac (58)

where k may equal 0, 1, 2, 3, or 4. When accuracy consistently exceeds mr]
significant digits throughout a time interval AT, the time step At is dou-
bled (but never exceeds AT).

Documentation

The approaches of both Methods 1 and 2 are implemented in the form of
the Fortran subroutines listed in Appendix A. The two subroutines are fully
interchangeable, and operate in conjunction with the MAIN and FG programs.

MAIN serves to supply either method with necessary inputs. Execution
of MAIN asks the user to give the file names of spline data files for h, X,
and ¢, as previously described. It then asks for an input file name con-
taining data on time-step size, scale, flow region boundaries, and origins
for the flow lines to be calculated. Finally, MAIN asks for a file name in
which to output the computed points along the flow lines. The input file

has the following free-format structure:

At (or AT for Method 2); time step
XYSC; scaling factor for x and y data
X1y Xn» Y1 Yms flow boundaries
X0, Y03 origin of flow line 1
X0, YO origin of flow line 2

17
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Description

-

The scale factor multiplies all xgp,yg data and flow boundary data in
the file. The MAIN program is designed to continue reading origins until
it encounters an end-of-file. Calls from MAIN to either Method 1 or 2

subroutines include passing x(,yg and At (AT). Either subroutine

PN
Coa ey g e

outputs flow-line point data to the specified file at intervals At (AT).

Calls to subroutine FG originate from Method 1 or 2 routines.

5
DO R R
. .

Y
FLOW-LINE PLOTTING .i

A plotting routine, listed in Appendix A, can be used to display out-
put from the method of characteristics solvers. Plot scale is set by the
user at the time of plot execution. This scaling feature, used with trans-
parent drawing films or tracing papers, enables the user to produce flow-

line overlays at the scale of an appropriate base map (see Fig. 2).

Documentation

Program SPLOT is designed to be executed interactively. The user must
provide the name of a file that contains output from either method of
characteristics and a plot scale,

Coordinate data stored in the flow-line file are given at the actual
base map scale, i.e. multiplied by scaling factor XYSC (see Documentation,
above)., That data may be in feet, meters, miles, etc. The scale factor

for plotting (SCALFE) has the interpretation:
1 inch of plotting paper = (SCALE) units of the base map

If coordinate data are expressed in feet, then SCALE = 2000 gives a plot for
which 1 in. of paper equals 2000 ft,

Symbols are drawn showing the location of a fluid particle at time
intervals whose duration is printed on the plot. The user can choose to
have symbols drawn at every Nth point of the flow line by specifying N; all

points are plotted, but only every Nth is given a symbol.

APPLICATION

The flow line calculation and plotting package is demonstrated by con-
sidering a potential groundwater contamination problem at the hypothetical

site shown in Figure 5.
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Figure 5. Base map for demonstration site,

Figure 6 is a contour map of steady water—table elevations (in feet
above MSL) in the study area. A water-table contour map may be constructed
by interpreting static water levels at a number of wells, by observing
topographic and stream elevation data, and by considering the drainage

behavior of the study region. The persistence of runoff after rainfall

ﬁi? events is an indicator of the depth to the water table in the vicinity of ;'2;”
?;' streams; sustained baseflows generally indicate a high water table. j};_}
ﬁj Often 1t can be assumed that although water table elevations may RO
;! gradually change, the hydraulic gradient remains fairly constant (steady - : Hn
E;; state or quasi-steady state). This may be a valid assumption over ;';:

Et considerable lengths of time, up to many decades. ;'i;:;
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.};: For the purpose of demonstration, hydraulic conductivity was chosen to
:;: vary over the study area from 30 ft/day in the south to 50 ft/day in the

-

e

o north. Effective porosity was selected as 0.1 throughout the study area.
In actual practice, field surveys should be conducted to define clearly the
spatial variability of these quantities.

Raw data files for head, conductivity, and effective porosity were
prepared. 1In the case of hydraulic head, data were specified on a uniform
grid Ax = Ay = 2000 ft., Far less detailed grids were required to describe
K and 4. The three raw data files were analyzed by CREATE to generate

spline data files.

C .
@
.

Oyl el
Y

's %

20

.l
é
'-“\'.‘u \‘..l %S

Catel).

et "'

(it Ct(
Wt




Figure 7, Stream line map.

o Flow lines were calculated using Method 1, At = 365.25 days, and
- Method 2, AT = 2922 days. Occasionally, Method 2 required shorter time
steps of 1461 and 730.5 days to maintain accuracy to three significant

digits. Outputs of both methods were in very close agreement, comparing

:j‘ the values of x and y coordinates at time steps of 2922 days (the interval
f between outputs using Method 2). The results of Method 2 are plotted in

j? Figure 7, Boxes around the data points locate fluid particles along stream
g lines at time intervals of 2922 days. An overlay of Figure 7 on the base
}: map can be used tu trace contaminant transport in the study area; the

f; composite map is shown as Figure 8.
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Figure 8. Composite flow net map.

SUMMARY

A set of Fortran computer programs for the calculation of flow lines
in two-dimensional velocity fields has been described, documented, and
demonstrated. The approach has been shown to have useful application to

the prediction of contaminant transport in groundwater flow systems.
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AVERAGE LINEAR VELOCITY Fage 1

c Average linedr velocity calculation routinre.
SUGBROUTINE FG(TeXeYe!l ¢GoelICUT)
REAL K
C K = hydraulic conductivity C(isotropic)e COMMON location
C H = hydraulic heade Gpline data in COMMON locaticr 1.
C PSI = effective porosity. COMMON tocation 3.
C The ftow region is X1 < X ¢ (N and Y1 € Y C Y¥,
COMMON/BOUND/ X1 eXNeY1lgYM
C Check to see if » ana Y are within the flcw recion.
IF(XelLTeX1eOReXaGT&XNIGO T0 1
IF(YelLTeY1eODReYeGTaYMIGO TO 1
c Use spline files to compute the following.
C (DHDX9eDHDY) 4c the hydraulic gradient.
DHOX=DSOCX(XeYel)
OHDY=OSDY(XsYe 1)
K=SPLINE(XqeYe )
PSI=SPLINE(XeYe2)
C Darcy*s lLlaw for average linear velocitiese.
C F = x component of the average linear velocity
C 6 = y comoponent of the average Linear velocity
F==(K*OHDX) /PS]
Gz=(K*DHDY)/P3]
RFTURMN
C I0UT = 1 signasls the crossing of a ftow boundarye.
1 10UT=1
RECTURN
FND
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