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A PROCEDURE FOR CALCULATING GROUNDWATER FLOW LINES

by

Charles J. Daly ...

Any continuous mathematical function of spatial coordinates x and time t

can constitute a field. Fields may be scalar, vector, or tensor, e.g. hy-
+9 +-9 + rrmdraulic head h(x,t), velocity v(xt), and stress T(x,t) respectively. The 

scalar field is the most elementary type. Components of vector and tensor - ,

fields are themselves scalar fields.

The principles of classical physics generally suffice to describe the -

motion of a group of individual rigid objects. For example, the velocity of

the center of mass of the ith object in a group can be specified as a func-

tion of time:

v (t) = (Vxi(t)' ,y(t)v •z(0)). (ir t.'-:n
i x y

In considering fluid flow, however, the same principles of classical

physics can not be applied to the uncountable number of molecules contained

in even a small volume of fluid. Instead, the field approach is employed,

and the velocity of fluid particles is specified by the velocity vector

field:

(x,t) ( x(X,t),Vy(Xt z ( , t ) ) ,  (2y)z .

that is, a fluid particle located at point x o at time to has velocity

v (xo,t o ).

The significance of the velocity vector field can be appreciated from
• 6O

two perspectives. The first, called the Eulerian viewpoint, focuses atten-

tion on specific spatial locations xand observes the velocity of parti-

cles moving past those locations. The velocity field is revealed by the set

of observations:
S .... •*

v (xp,t) p = 1,2,3,... (3) . .

p

-. . . . . .. . . . . . . . . . .. .-... •
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The second perspective, called the Lagrangian viewpoint, focuses on a

number of specific particles moving with the flow. Over time each particle

follows a trajectory, or flow line, defined by the locus of points:

Xk(t) (xk(t),yk(t),zk(t)) k 1,2,3,... (4)

Monitoring the velocity of each moving particle would give the set of data

again revealing the velocity field:

v(Xk~)t k =1,2,3,.. (5) .. O

The intent of this report is to describe a methodology for determining

the flow lines of particles carried along as part of a moving fluid. It is

natural then to adopt the Lagrangian viewpoint of the velocity field.

OVERVIEW OF MODELING

-- Figure 1 is a schematic of the flow-line calculation procedure as ap-

plied to the case of steady ground-water flow. The system is assumed to be

governed by Darcy's law and the mass conservation principle. The main compo-

nents are:

1) the spline generator and function subroutines,

2) the average linear velocity calculation subroutine, "

3) the flow-line determination routines, and

4) the flow-line plotting routine.

Figure 2 illustrates the results of applying the procedure in Figure 1.

.' . The composite map, in this case a flow net, could be used to predict the tra-

jectory of ground-water contamination and the propagation rate of a contami-

nation front. (In practice one must also consider the importance of sorption

and mechanical dispersion on the transport (Daly 1983).)

In the sections that follow, each component in the complete methodology

of Figure 1 is described, documented, and then demonstrated.

SPLINE GENERATING PACKAGE

Description

Consider the two-dimensional domain, shown in Figure 3, defined by x.

"- x < xN and Yl < y < yM" Let D denote the domain and 1D its boundary.

Values of a function f(x,y), whose analytic form is unknown, are given at a

2."
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Figure 1. Schematic of modeling procedure for two-dimensional steady ground-
water flow.
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Figure 3. Spline function domain.

number of points in D and on D. These points are arranged so that one point

is located at the intersection of every vertical (x = constant) and every

horizontal line (y = constant). Each point arranged in this fashion is

called a knot. (Regular placement of the knots, as in Figure 3, is not '400

essential to the derivation of a spline interpolate. This assumption does

lead, however, to the relatively simple calculation procedure described -

later.)

Let the approximating expression for the unknown function f(x,y) be '6

designated by S(x,y). The particular form of S(x,y) depends on the set of

functions from which it is to be constructed. A variety of so-called basis

functions are available for this purpose. In cases where the smoothness of

f(x,y) can be estimated, some justification can be made for the selection * .O

of particular basis functions, If f(x,y) is believed to vary smoothly, it

would appear to be more advantageous to construct S(x,y) from functions

exhibiting this property (Rivlin 1969, Schultz 1973).

A spline is a composite function. For domain D of Figure 3, a hi- * O

cubic spline interpolate S(x,y) will be composed of (N-i) x (M-1) bicubic

polynomials. (The polynomials are bicubic since they contain powers of

both x and y up to order three.) Each individual polynomial is valid only ,

in and on the boundary of a particular subrectangle of D. Thus there is a * -O

one-to-one correspondence between the polynomials and the subrectangles.

: 2". *..-.- . * -.'-..'. . ..... . .'.' " ."" " "- - • - • • -. . . . . .". .. ". . • . "... . - .'.A-' -,S--'7.
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Figure 4. An arbitrary subrectangle of the domain E

Each of the constituent bicubic polynomials has the same s. iaI

f formul a. This formula can be illustrated by writing the equation .1 the

polynomial associated with the isolated subrectangle of Figure 4. In total,

- (N-i) x (M-1) of these equations must be written to define the entire

spline. For the subrectangle of Figure 4, the polynomial is:

+(,Y f(x.+1y )C+ W C (y) + f(x.y .)c C )
i+ +" G+"

+4 f(Xi+iy.) (x)C C(y) + -~(x+y.+)+ 1  .+1 (y)

+ 2- (x y )y.C (x).y) +-(is+I W j+ ()D y

ax , .j .-i

-:-x i11 i+y -b ix+ 1 lYj+ 1)+ 1  j+1()

f 2
+ x,y )D (x)D(y + - (xy ) D () y

%J+'

+ -+ (y)

a 2
+ L (xi,y)D 1+i(x)D,(y) + (xi 1  )i ) )D D Y..+(6)

The interpolating functions Ci, ai+ i, eand Di+o are defined by

the following generalized formulas:

= 9 + 2 (7)
* (AOJ (A6j

fmr6

+* *+.
y

..
+

*
) C

.
y fx+ y +

jC I x ) -I~ ) . ... ;
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D.e 2 (9)
1 (A6.3

D (8) = ee 2(10)
i~l (AO )2

and

A6,= 8. i 8 ~* (1 1.~

Evaluation of the interpolating functions and their derivatives at the

knots yields the important results:

3D (9. 3D (9
_____ i+l i+1l

C. = C (0 +~=____ (12)

3DJ (e 3 D (6
ii+l i+1C (0 C (8e = 0 (13)i i+i i+1 1 38 3

D.(9.)=D (8.)= D )=~l D i (8 )=l 0 (14) V*

1 i+l 1 1 i+ i+ i+ .(5

The last four equations can be used to show that the function s(x,y) 9
has the following properties: the values s, 9s/)x, 9s/3 y, and 3 sI~x~y are

2equal to the corresponding values f, 3f/x, 3f/3y, and 3f/3x~y at each of

the knots (xi, yj) (xi, yj+l (xi4l ~yj) and (xi+l 'yj+l)

The f irs t f our terms in each bicubic polynomial, represented by eq 6 , S
are known since f (x,y) is given at every knot. The spline determination

problem is then to estimate the remaining 12 terms in the equation of each

bicubic polynomial. These unknowns are the values of 3f/ax, Rf/3 y, and

12 fflx') at the four corners of every subrectangle. They are found by Ile _

observing continuity and differentiability conditions at the knots. Since

the joint edges of two adjacent subrectangles share common knots, the poly-

nomials in each of these adjacent elements share common unknowns. This

fact suggests the solution of simultaneous equations for the unknowns, and .

this is exactly the method used.

7
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The algebra involved in obtaining the system of equations is quite

cumbersome, although the procedure is relatively simple to explain. The

procedure consists of four steps.

Step I

'i. The equation of the bicubic polynomial in each subrectangle is differ-

entiated twice with respect to x. This yields a set of equations for
- 2 2

s(x'y)Ix , one equation for each subrectangle of domain D.

"" A continuity requirement is imposed on the determination of 2 s/Ox 2 at

each knot in D. Since a given knot usually belongs to more than one sub-

rectangle, there is in general more than one equation for the determination

of 2 s/ x 2 at a knot. Continuity requires that all of these determinations

be equal. Observing the continuity conditions along a single horizontal y

= yj yields a complete set of equations for f/ x at each interior knot

on that line. (The values of 3f/ x must be given at the end points of that

line.) Each horizontal line is considered in succession until f/ x has

been determined at every knot in D.

Let subscripts i and j be used to refer to the point (xi,yj); for

example, fi+l = f(xi+I,yj). The systems of equations solved for

the values f/ x along the horizontals can then be written:

," i+l ,j i+2 ,j

AX + 2(Ax + AX i1, + Ax. i+,1
i+l x i+l i ,1 x

Axi+ Ax.
3i+,j - f  ) + A (f - fi )1 (16)

Ax i,j i+2,j i+lj

where I < i < N-2, 1 < j < M, and Axi = xi+ 1 - xi .

Step 2

A procedure similar to that used in Step 1 is used to determine ,f/y S

at every knot in D. First, the equation of each bicubic polynomial is

differentiated twice with respect to y, yielding a set of equations for

2 22D s(x,y)/,Iy. The separate determinations of '2s/ y at a knot must be

S equal. Observing this requirement along a single vertical line x =x i

gives a complete set of equations for lf/ y along that line.

Given the values of If/ y at the end points of each vertical line

* . enables the solu tion of each se t of s fiil taneons equations; thus the values

. af/ay at every knot are obtained. The vstems of equations can he con- -

structed from:

.. . .' : .. . .*. : :. ..
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Ay 'j + 2(Ayj+ 1 + An) f y + Ay a y "
j+l ay ay y

Ay. Ay.
3 (f+ - f  (f -f (17)

[jy. ij Ay ij+2 i,j+l

~ ~whe re I < i < N, 1 < j < M-2, and Ayj =vi+1  yj.!:i':!::

Step 3

The equations of the bicubic polynomials that are valid along the

vertical boundaries of D are differentiated to produce equations for
3 2s(x,y)/axay2. Along each of these vertical boundaries the value of

a siaxay must be continuous at the knots. This results in two systems of *" ;
2equations, one for each boundary. When the values D f/axay are given at

the four corners of D, these two systems can be solved for all other values
2

of a f/axay on the vertical boundaries.

The equations are of the form: p%.; g

2 2 aa ff.fa .f
A 2f1 + 2(Ay+i + Ay ai,j+l A ,j+2

Ayj+ y xy + Yj axay
f af Ay f. afaaAyxj+ . ij) + Ay. ( ij+2 - i,j+1 1  ()--.

' y. x 3x Ay.+ ax 3x (8 r.

where i = 1 through N, and 1 < j < M-2.

Step 4

The equations of all the bicubic polynomials are differentiated to

give 3s(xy)/ax 2ay in each subrectangle. Continuity of a3 s/x 2ay along

each horizontal line leads to a set of simultaneous equations for af/axay

at all the interior points of each line. The necessary values 3f/axay at

the ends of each horizontal line were obtained in Step 3.

The equations to be solved can be written:

2 f2 2 2 f .2fi~ a2fi+l, j  a 2j
Axil 'x~ + 2(Ax + Axi) - y iy "+ axay i+1 iY a +a Axi axa y p ,@

A[x f1 1  Ax. f 3afyi+ 1 i+2,j i+l,j 1  (19)3[-6x.- a y' 3y Ax +3( y 3y (19)

xi+

where I < i < N-2 and I < j < M.

Since each part of the calculation procedure involves the solution of

simultaneous tridiagonal equations, it is relatively easy to compute the

9

p. O,
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spline by Gaussian elimination. Moreover, if it is recognized that the

tridiagonal matrices of Steps I and 4, as well as those of Steps 2 and 3,

* are identical, the number of Gauss elimination procedures can be cut in+ + -+[ , O

half. (This is equivalent to the statement that if Ax = b and Ay = c are

to be solved for x and y, then A- need be determined only once.) 2"'

Documen ta ti on

This section documents the two-dimensional spline interpolating pack-

age implemented in Fortran IV. Subroutines within the package are able to

return interpolated values of a function and its first partial derivatives.

The interpolating functions are defined within a domain covered by a rec-

tangular grid in the x,y plane. Values of the function to be interpolated

are known at the grid intersections on and within the boundary of the

domain. Values of the first derivatives are known for grii intersections

on the boundary, and values of the second derivative 2 f/3x0y are known at

the four corners of the domain.

Using the complete interpolation package is a two-step process.

*: First, the user creates a file containing raw input data and runs the

CREATE program to create a binary file containing spline data. Employing

the spline data, interpolating functions may then be called from the user's

own Fortran programs like any other Fortran real-valued function. The raw

input data file must contain the following information in the order shown

using free-formatting conventions:

N, M

XX ... xN

YI'Y2'Y3 ""YM "

f(xly 1), f(x 2 ,y I ), f(x 3 ,y i ) ... f(xN,YI) "-

f(x I y M
)  . f(x N ' y M

)

(fx y ... .(Xy.

ax Ny1

f f
*. (xlY ...-- (xN

7Y 1 y W5.
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a f ( l I) ,1 f N'YM) . .-

) xy 3f y 'YM) M __'"

where N and M are integers denoting the number of vertical and horizontal

lines in the grid. Though N and M must be integers, the other data may

take any legal single-precision real value (N and M must both be > 4).

xi and Yi need not be regularly spaced; the grid can be made finer in I "

areas where greater resolution is required.

Two additional inputs, XYSC and FSCALE, allow for data scaling. The

scaling parameters allow for more convenient input of raw data. Their

function is most clearly explained by Table 1. If XYSC and FSCALE are

omitted, their default value is 1.0.

Execution of CREATE generates the spline data file subsequently refer-

enced by the interpolation functions. The CREATE program is designed to

operate through the intermediary of an interactive terminal. It asks for

the name of the raw data file and the name of an output file in which to

store the binary spline data it generates. If all goes well, CREATE will

terminate with the message 'normal termination.' Minor code revisions can

easily be made to alter CREATE input/output functions. The CREATE program r -

listing is provided in the appendix.

The interpolation functions SPLINE, DSDX, and DSDY return the value of

the spline S and its first partial derivatives. Calls to the functions may

be incorporated into Fortran code, as in the following examples evaluated "'3

at x = Xl, y = Yl:

HEIGHT SPLINE (XI,Yl,N)

XSLOPE - DSDX (Xi,YI,N)

YSLOPE = DSDY (Xl ,YI ,N) I -

GRADM = SORT (DSDX (XI,Yl,N)**2 + DSDY (Xl,YI,N)**2)

Each of the interpolation functions requires the spline data file that

CREATE produced. Beforr lling any of the functions, spline data must be

read into a COMMON blo single call to subroutine SPLOAD:

CALL SPLOAD (<infi '

where <infile> is the Fortran unit number assigned to the spline data file.

The parameter n specifies one of up to three separate spline data file

locations in COMMON, i.e. n may be chosen by the user as equal to either I,



Table 1. Function of XYSC and FSCALE.

input to CREATE = factor x data in file
., -

- XYSC x x

y - XYSC x y

af FSCALE
-~ -- x --

ax XYSC ax

af FSCALE af"" - xysc y"

2 a2
2f FSCALE __f..

ax -- XYSC X XYSC y

2, or 3. Thus, the same program code can call upon up to three spline

functions.

SPLOAD, SPLINE, DSDX, and DSDY are listed in Appendix A, and a sample,
called PROGRAM, demonstrates the use of these routines.

AVERAGE LINEAR VELOCITY ROUTINE

Description

The velocity field is an essential input to the calculation of fluid

particle trajectory. For so-called laminar flow in porous media, this

information is supplied by the average linear velocity, that is, an average

velocity of the particles being carried along through the pores:

v* - h (20)

where K is the medium hydraulic conductivity, is the effective porosity,

and 7h is the gradient of hydraulic head h.

Equation 20 presents a somewhat idealized view of fluid flow in porous

media. The actual speed of particles moving through the void spaces ranges

from near zero at the grain boundaries to many times the magnitude of v* in

the larger spaces between grains. This phenomenon accounts for some of the

observed smearing of sharp solute fronts in porous media flows. It

appears, however, that the effect is less consequential given only the

approximate descriptions of the hydraulic head, hydraulic conductivity, and

effective porosity fields that are normally available.

12
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Doc umen ta tion

Fortran program FG is written to supply the Cartesian components of a

two-dimensional velocity field according to eq 20. Used in conjunction

with a program called MAIN, FG requires spline data files for h (n=l), K

(n=2), and (n=3). Listings of programs MAIN and FG are included in

Appendix A. ",

FLOW-LINE DETERMINATION ROUTINES

Description

The equation of continuity for two-dimensional flow is:

-P + -y + = 0 (21)

where P is fluid density and t is time. Using the characteristics approach

and assuming constant density, eq 21 becomes the linked system of ordinary

differential equations:

dx dy
x d t y d t.':%-dx__.-. -..

dt v v.'. '-:-P (X + Y)J 0. (22)

The first two equations define a flow line, while the last simply states

the assumption that fluid density is constant along a flow line. The

problem of determining the flow line becomes one of solving the joint

equa tions

f(x,y,t) =dx dy g(xyt) (23)
= V --t y

for x(t) and y(t).

Two alternative methods for solving eq 23 are proposed.

Method I

A fourth-order Runge-Kutta technique is used to start the procedure,

which is continued by a more efficient predictor-corrector scheme. The

numerical solution method starts at point (xo,y0 ) at time zero. Using

a time step At, successive points (xn, Yn) along the trajectory of the

particle, which began at point (xo, yo ) , are obtained. The Runge-Kutta

algorithm for accomplishing this is

13

.. ,I
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x + (a, + 2a 2 + 2a 3 + a) (24)

Y Yn +6 (b + 2b + 2b + b4) (25)

where: a A 'x-a1 = Atf f(nY n) (26) "'." 2

b= At g(xY,t) (27)

a 2 = At f(x + a /2, y + b /2, t + At/2) (28)
2n I 1 n

= At g(x + a /2, y + b /2, t + At/2) (29)
2  n 1 n 1 n

a3 = At f(x + a /2, y + b /2, t + At/2) (30)
3n 2 n 2' n

b t g(x n + a /2,y2 t + At/2) (31)
b3  ng~ 2 n + 2/ tn31

a 4 = At f(x + a 3 Yn + b 3 9 t + At) (32)

b 4  At g(x n + a3, Yn + b3 9 tn + At) (33)

and f and g are defined in eq 23.

Runge-Kutta algorithms belong to the set of self-starting numerical

solution methods. Self-starting means that the determination of all suc-

cessive points (xn,yn) requires only the starting point (xo,y 0 ). In other

4, In other words, calculation of xn and Yn depends only on the known values

* Xn_1 and Yn-1" The set of nonself-starting methods requires the values

(xn,Yn) to be given at more than one point along the trajectory. For exam-

pie, a fourth-order predictor-corrector algorithm, called Milne's method,

requires the values xo, xl, x2 , x3 , YO, Yl, Y2, and Y3 to calculate suc-

cessive values of x. and Yn.

In addition to the question of starting values, the efficiency of the

calculation procedure is an important factor in selecting a numerical

method. It turns out that Milne's algorithm is significantly more effi-

cient than the Runge-Kutta method, although both are fourth-order accurate.

Method I takes advantage of the Runge-Kutta self-starting feature and the
'.

efficiency of Milne's method. Given a starting point (xo,yO), the Runge- ,--

Kutta procedure is used to obtain (xl,y 1 ), (x2,y2), and (x3 ,y3). At that

stage the necessary starting values are available for Milne's method, which

is then used to generate succeeding points.

14
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Milne's predictor-corrector method consists of two steps. First,

predicted estimates of xn+ l and Yn+l are calculated. Let these be

denoted x*n+l and Y*n+l" Second, the predicted values are corrected to

obtain the final values xn+l and Yn+l at the end of a time step. The

algorithm is

X* 1  X 3 + _L_ [2x' x' + 2x' 2 ! (34)

Y+ + 4_t y' + 2 y n' . (35)

n+= Yn-3 3 n n-I -2.

Then

X =X +--[x*' + 4x' + x' (36)
n+l n-i 3 n+l n n-I

Yn+1 "n-1 +-3 [Y*' + 4y' + y' 1 (37)

where:

X' f(Xyn,t (38)n n ..ga n

4..

Yn g(xn'yn'tn)" (39)

Consideration of the Runge-Kutta and Milne algorithms shows that

Milne's method requires only two evaluations of f and g per time step,

whereas Runge-Kutta requires four. This makes Milne's method more

efficient.

Nonseif-starting methods typically assume constant At, whereas self-

4 starting methods allow for change of At at each time step. For problems in

which the frequent change of At is desirable, exclusive use of a self-

starting method, such as a Runge-Kutta algorithm, is advised. ' S

Method 2

The algorithms of Method I do not permit the stepwise estimation of

accuracy, nor do they allow for time-step modification in response to

algorithm performance. Method 2, however, incorporates both of these

features.

Consider the following Runge-Kutta algorithm from Sarafyan (1966):

x(4 = Xn + I (a1 + 4a3 + a4) (40) .

.n - 1 3 4

-. 4 %°.4
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(6)1
X~ =X +-~~~ (14a 1 + 35a4 + 162a + 125a )(41)

Y y -L(b + 4b + b )(42)
~n+ n 6 1 3 4

(6)+1 +- 1-~ (14b 1 + 35b4 + 162b + 125 (b3)

a, At f(xly t) (44)

b = At g(xly t) (45)
P~ n' n

a2  At f(x + a /2, y~ + b /2, t + At/2) (46)
2 n 1 1 n

b =At g(x + a /2, y + b /2, t + At/2) (47)
2 n 1 ' n I ' n

a3  At f(x + a /4 + a /4, y + b /4 + b /4, t + At/2) (48)3n 1 2 n 1 2' n

-Ab 3 At 1 ~ ng(x + a/1A+ aI2/, b/4 + b2 /4, tn + At/2) (49)

a4  At f(x - a2 + 2a y-b +2b t + At) (50)
4n 2 3' Yn 2 3' n

b At g(x - a2 + 2a y-b + 2b t + At) (51) -
4n 2 3' Yn 2 3' n

a =At f(x + 7a /27 + 10a /27 + a /27,05 n 1 2 4

y + 7b /27 + 10b /27 +b/2,t+2A3)()
n 1 2 b4/7 tn t)(2

b =At g(x + 7a /27 + 10a /27 + a /27,5 n 1 2 4 '

~.y + 7b /27+ 10b /27 +b/127, t + 2At/3) (53)
n 1 2 4 ' n

r X + 1(28a -125a + 546a + 54a -378a )(54)
n. 625 1 2 3 4 5

TI y + -- (28b -125b 2 + 546b3 + 54b4  378b) (55)
n 625 1 2 3 45

a6  At f~r)n,t + A t/ 5) (56)

b =At gQ,"n,t + A t/ 5). (57)0

6 n

As eqs 40 through 43 indicate, the Sarafyan algorithmi is ain embedded

Runge-Kutta scheme, that is, the same information used to calcuilate the
(6)

fifth-order result xn+1 can be used to calculate an emhedded tourth-order -

result x (4) with essentially no extra effort. When, after a vvn time

16
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(6) (4) (6)

tep At x+ and xn agree to m significant digits, xn+ x-ust be accurate

to that number of digits. This feature of the embedded algorithm is used

to increase or decrease the time step so as to balance efficiency and

accuracy.

* Cartesian coordinates (x,y) along a flow line are calculated at points

in time separated by time steps. The degree of detail desired for plotting

a flow line will determine a selected maximum time step AT, chosen inde-

pendently of accuracy considerations. For each interval (t, t + AT),

Method 2 automatically determines a constant At that will guarantee that

every successive result within the interval is accurate to a specified

number of significant digits m. The rule for dividing the interval

(t, t + AT) requires that

AT =2k At (58)

where k may equal 0, , 2, 3, or 4. When accuracy consistently exceeds m-i

significant digits throughout a time interval AT, the time step At is dou-

bled (but never exceeds AT).

Documentation

The approaches of both Methods I and 2 are implemented in the form of

the Fortran subroutines listed in Appendix A. The two subroutines are fully

interchangeable, and operate in conjunction with the MAIN and FG programs.

MAIN serves to supply either method with necessary inputs. Execution

of MAIN asks the user to give the file names of spline data files for h, K,

and t, as previously described. It then asks for an input file name con-

taining data on time-step size, scale, flow region boundaries, and origins

for the flow lines to be calculated. Finally, MAIN asks for a file name in

which to output the computed points along the flow lines. The input file

has the following free-format structure:

At (or AT for Method 2); time step

XYSC; scaling factor for x and y data

X1, Xn, Y1, Ym; flow boundaries

xo, yo; origin of flow line I

X0 , Y0; origin of flow line Z

17
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The scale factor multiplies all x 0 ,y 0 data and flow boundary data in

the file. The MAIN program is designed to continue reading origins until

it encounters an end-of-file. Calls from MAIN to either Method I or 2

U subroutines include passing x0 ,y0 and At (AT). Either subroutine S

outputs flow-line point data to the specified file at intervals At (AT).

Calls to subroutine FG originate from Method I or 2 routines.

FLOW-LINE PLOTTING

,>. Description

A plotting routine, listed in Appendix A, can be used to display out-

put from the method of characteristics solvers. Plot scale is set by the

user at the time of plot execution. This scaling feature, used with trans-

parent drawing films or tracing papers, enables the user to produce flow--'

line overlays at the scale of an appropriate base map (see Fig. 2).

Documentation

Program SPLOT is designed to be executed interactively. The user must

provide the name of a file that contains output from either method of

characteristics and a plot scale.

Coordinate data stored in the flow-line file are given at the actual

base map scale, i.e. multiplied by scaling factor XYSC (see Documentation,

above). That data may be in feet, meters, miles, etc. The scale factor

for plotting (SCALE) has the interpretation:

I inch of plotting paper (SCALE) units of the base map "

If coordinate data are expressed in feet, then SCALE = 2000 gives a plot for

which 1 in. of paper equals 2000 ft. . --

Symbols are drawn showing the location of a fluid particle at time

intervals whose duration is printed on the plot. The user can choose to

have symbols drawn at every Nth point of the flow line by specifying N; all

points are plotted, but only every Nth is given a symbol.

APPLICATION

The flow line calculation and plotting package is demonstrated by con-

sidering a potential groundwater contamination problem at the hypothetical

site shown in Figure 5. -O

..................................-
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Figure 6 is a contour map of steady water-table elevations (in feet

above MSL) in the study area. A water-table contour map may be constructed - .

by interpreting static water levels at a number of wells, by observing -

topographic and stream elevation data, and by considering the drainage

behavior of the study region. The persistence of runoff after rainfall

Kevents is an indicator of the depth to the water table in the vicinity of

streams; sustained baseflows generally indicate a high water table.

Ofiten it can be assumed that although water table elevations may

gradually change, the hydraulic gradient remains fairly constant (steady7

S. . . - .

sta i-eay s . is may be d aalidation ver.-.. ... "

...-.. 
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Figure 7. Stream line map.

Flow lines were calculated using Method 1, At =365.25 days, and

Method 2, AT =2922 days. Occasionally, Method 2 required shorter time

* steps of 1461 and 730.5 days to maintain accuracy to three significant

digits. Outputs of both methods were in very close agreement, comparing
* the values of x and y coordinates at time steps of 2922 days (the interval

*between outputs using Method 2). The results of Method 2 are plotted in

* Figure 7. Boxes around the data points locate fluid particles along streaim0

lines at time intervals of 2922 days. An overlay of Figure 7 on the hase --

map can be used to trace contaminant transport in the study area; the

composite map is shown as Figure 8.

"" t"

* 
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APPENDIX A: PROGRAM LISTINGS.

CREATE "age 1

C '''PROGRAM CkEATE *'

C This routine reads a file of r~w data, analyses it, and
r generates an output fiLe of srline data.

COMYON 1SF-LI F(5,953)9 /* I (x 9y)
1 rFX(5U'950), 1* df /dx ( xty)
1 DFUY(50950), / df/Idy ( x~ 9

D FflXY(5vq,5O)o I' d2f/oxdy (xqy)
1~ ~ XC) *Y grid vaLues

Y - 0 YO), q y arid values
1 DE-X ( '0),9 /* detta x along grid

I rLY(5)') /* deLta y atona arid

* 1TEGER*2 I N vIL E I' ogicaL. unit # of irinut file
INTEGER*2 OUTFIL /* Logical unit 4 of output fiLe

FARAV'FTER INFILE = 5 / only file unit we open
c ARAMETE OUTrIL =

C 'ANEMONIC CD')E-, F OR CRREL FILL CALLS
INTEGER * JIREADJIWR1TJ$RD'*,RJ$CLOSJ$FRWOJ$RWND

P ARAM ETl ,-:v
1 JIREAD= : 1, / R EAD
1 JSWRIT = :2, W* wRI TE
1 JSRDiR = :, /* READ AND~ WRITf
I JICL0OS : 4, /* CLOSE FILE
1 JSCELE =: 5 1 * OFLETE FILE
1 JSFRWL = : 6 I* 11JVE FtIRWARD 3NE FILE (MAG TAPE)

*1 JIR . P =: 7 /* 74 1 V,

C Open input f i Le
C G~et filename from user

CALL GFlLE$(L'FILLJSRE AU,'SULine data infiLee 91F.)

C Gpt data from infiLe --.
; EAD(1"NFILE9*) N X 9NY /* x~y dimensions
'c- AD(UjiFILE9*) ( x( I ),91ItN x) /* read x values
READ(INFILE,') ( Y ( I )-PI = 1NY) /t read y values

*READ(INFILE**) ((r(TJ)*I=lNX)qj=,NY) /* f~xqy) at knots
PEAD(INFILE**) ([DFjX(lj)qj=1,NY) /* df/dx at Left side
RrDIPI~* (1DFDX(r'XqJ)vJ=19,-Y) /* df/dx at rirht side
READ(INFILE,') ('FDY(Iqj)9I1qNX) /* df/dy at bottom -
R[A0(INFILE,*) (LUFY(IvNY)I=!9NX) /* dfldy at too
R AD(1\-FILEs*) DFOXY(I,1),)F'XY(NXv1). /* d~fldxoy at corners

I DFPXY(1,NY)99,?Y(',NY)

* C Pead scaLino factors from the file (if present)
SA0)(IWFILEi*vENiD=4 )XYS C

SC) To 1
4 XYlsC1.0

1 F A D (IN F IL E9E,Ej 0F C AL F

c6 ,CALF=1.1 '

* C -los', inout file
5 CA-LL FI LE' . F ILE ,JICLUc-

23



CREATE Page 2

C USE COORDINATE SCALE FACTOR~ TO) SCALE INPUT X'S AN-, Y95 S
C AND FUNCTION SCALE FACTOR F3k F AND IT' SERIVATIVES

DO0 2 1 = 1
2 X (I )=X(I)*XYSC

DO 3 I11NY
3 Y(I)ZY(I)*XYSC

00 9 J=19,NY
9 F(I*J)=F(IsJ) *FSCALE

DO 7 1 =1 #N X
DFDY( Iv1)=DFCY(I,1)*FSCALE/XYSC

7 OFDY (I,NY) =flF JY (I ,NY)aF SC LEIX YSC
09 8 1 =1 9N Y
DF D X (191DFJX(19I)*FSCALr-/XYSC

8 DFDX(NX9l )=CFInX(.X)*FCALE/XYSC
,FXYC2 )=F XYSC1)FSALEYSCC
DFOXY(1,NY)=DFDXY(19NY)*FSCAL?7/XYS-C2
DFOXYCNX, 1)=CFDXY(NX,!J*FSCALF/XY C2
)FDXY(NXN Y)=!"FDXY(NXNY)*FSCALE/XYSC't

C Open output fiLe
C Get fiterveme fromv user

CALL GFILEl(OJTF1LJ$wR]Tq*0utput file name',1(-)

C CaLL sotirie to generate matrix vatues
CALL SPLNXY (NxqNY)

*C .r it e matric~es t n output tile

h I TF ( JT F IL ) N X 9N Y
wRITE ( OU T IL ) (F (I sJ) s 1 :19 X),Jr19Ny)A0
WRI TE (OJFIL ) ((DFDY(I ,J),11,iNX),J=19NY)

X M I Ni X -1I
N Y Ml 1 N Y -1
4RIT F C OUTF IL ) ( DELX (1), =1, '\-MJl)
QJR1TE (OUTFIL ) (EJELYCI )9I,1,NYN1)

C CLose output f i Ie

CA LL FILESS(OuTFILJlCLOS) /* cLose output file

C Print messaac to terminaL indicating rnormaL terminatior.
CALL TNOU ('norn.iL terminationgIi)

*9 . 99 CALL EXIT

So BRO0u T I % F SLN XY N X N ~Y
-. C B Y C.J. DALY

*CCMMON ISrFLI f~.i,3)93 2FDjX -P' 2 9 (IF)flY~ ) '49 JD)'C'3

- iTM.ENSION TRIAU(bZ), TRIX~j(5:)q TPIXL(9)



CREATE p

I M E NSI CON Tk x- IU f U b T R I Y~' 5 1, T ! Y L ( zC

C Compute ccefficients for the stLine~. Iote that Gdussiir
C eLimination i- cdjrried out fcr the tridliationat matricps
C cefore pr oc ee c in t o e~ es 0 r, 1 t h rouqh Fcu r .

NM =A 1 1

NYl M N Y-1

% Y M3 -

* C Com'pute celta x tind oeLta y.
DO0 1 1 1 1

21 = L I xJ 4
.1~ ~ 2 [1LU z vI.1) YU

C F iL L tridliagonat matrices for aLL four Steps.
DJ 0 I 1 1 N Y M2
T RI AU () I r LX(4T)

X'(= (DELX (1) 1 DLX 1) *2
3 TI XL ( I fFLX( I +1)

T RI Y U ( I DELY( I
TPIYD(I) = EDELY( I +1 * OELY41)) *2 *

4 T RI Y L ( I DE[YU) .. I +

C Perform pivotina o f tricia on6L matrices, downwarc.
C Save Divot values for aLt four Steps.

7 .X L ( I +I -TR IXL(I.I1)/TRIXD(I)
5 7 I X D( I +1 T I X D(I1+1) + TRIAL(!.l1)*T'kIXU(11

D4 DC 6 1I 1 N YM3

6 T RI Y(I +1 ) =TtkIYD(I41) + TRIYL(1+1)*TRIYIJ(1)

C Perform pivoting o f tridiagonat Fmatrices, upward.
C a~v e pivot vatuen for at L Youir Stelos.

4 ~0 7 1 = 1NM
*~ I NXM2

7 T ,I XL, I) -TRIXLJ(I 1)/TPIXD(11+1)

I I = NYM2 I
8 T R IYU ( I I -TRI Y U (I1)/7RIYC(11+1)

C Compute ana sa~ve ratios *or efficiency.
CO 9 1 1 %,Y-2

9 D r T X I F E L(I )/DLLX(1.1)

11 r" T Y(I) DFL Y()/'DFLY(1+1)

- C F Pr fo r", StPo On~e.
r) () 11 j 1 qY

* C12 ONM
*RHS(I1 3. 0 (F(1*19J)-F (1,J))/DUTX(I)+
* 1 (F 1+29J)-F(1,1,J))*X,,'T X() ..

12 C G'4 T INU F
P HS :C.V R!-SU:X M 2) 1 R IXIIkX ~)DF DX 4 N XJ)
R H S( I HS(1) -TFIL(I)*1)F[Y(IJ)

r)OC 1-T I1 N F

250
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CREATE Page 4

13 RHS(1.1) HeS(I.1) TRIXL(I.1)*RHS>(1)0
DO 14 1 1,9N YM 3
I I NXM2 - I

14 RHS1I)I RHS(II) + iRHS(11+1)*TRIXU(II)
DO* 9 15 1 2 \M I

15 DFODX ( ,J) R HS 1-1/T RI X D I-I
*11 CONTINUE

C Perform Step Twc.
DOl1E I =19NY
LDrO 17 J =1 sNYM2
RHS(J) = 3.0 * ((F(ItJ+1)-F(IJ))/OQTY(J).
1 (F( I J+2)-F 19 J4-') )*0OTY(J) )

17 CONTINUF
RHS(l) = RHS(l) - 7 R IY L 1*D FD Y (1
RHS(NYM2) = RHS(NYM2) - TRIYLJ(NYM2)*DFDY(19NY)
DO 10 J 1,NYM3

isRHS(J.1) = IHS(J+1) + RHti(J)*TIYL(J.1)
DO 13 J 19NYM3
JJ =NYM2 -

19 RHS(JJ) =RHS(JJ) + PHS(JJ+1)*TRIYUCJJ)
DO 22 J 2,NYM1

2C D F 0YC(J1,J RHS(J-1) /TPIYD(J-1)
16 CONT I NUL

C Pprfor' S t e Prhree.
00 26 INDEX =1,2
IF (INDEX.EQ.1) 1=1
IF (INDEY.EO.) I=NX
DO 21 J =19NYM2

21 PHS(J) 3.C ((DFDX)(Ij+l)-FFDX(1,J))IDQIY(J)
1 (DFLX(I.J*2)-OFDX(1,J.1) )*PGTY(J))
RHS(l) = 'RHS(1) - TRlYLUl)*3FLXY~l,1)
PRWS(NYM2) =RriSUJYM2) - TRIYU(NYMP)*DFDXY(l9NY)
11O 22 J'- 19NYM3

22 RHS(J+1) =RHS(J.1) + TRIYL(J+1)*RHS(J)
GO 2 J = 1 9NYM3
JJ =NYM2 - J

23 RwS(JJ) =RHSCJJ) + RHS(J)J+1)*TRIYU(JJ)
DO 24. J = 2,NYM1

24 DOXY(I*J) RHS(J-1)/TRIYD(J-1)
26 CONTINUE

C Perform Step Four.
PO 2Pi~ = 19NY
DC 2c I =1, XYM12

29 PHS ( i) = z * ( ()FDY(1,J)-L-FDY(IJ))/DQ.-TX(I)
1 (OF.Y(!+2,J)-DFOY(II*J))*OQTX(I))
RHS(l) =PHS(1) - TRTXL(1)*[DFPXY(19J)
R HS !M M2) P S(!gXM2) - TRIXU(NXM2)*DFDXY(,NXJi)
00 3'1 1 1 Nx M 3

30 R s ( I+ I +~I1 TRIXL(1+1)*RHS(I)
110C 31 1 196XM,

11=NX M2 - I
31 RHS(I1I) =HHS(I1) + TRIXU(11)*RHS(II+1)

rDO 32 1 2 9N(M 1
32 DFOXY(IJ) fHS(1-1)/TRIXC(1-1)
28 CONTINUE

R F TUR N

L 26



SPLINE Page 1

C Sptine interpolatinq function packaice

C **SPLOAD

*SUPROUTINL SPLOAD (INFILEK)
C Reads spLine cata into one of three (K 1929 or ~
C Locations in COMMON.

1COMMON/SPL/ NX(5)*NY(3)v /* numher of x~y indices

1 rFDX(19509 I' OfI/tx at interstices
1 CIFUY(5095093), I r-/dy at same
1DFDXY(509,53,3) 9 /* df/dxdy at same
1 (5C93)o I. x vaLues of verticaL grid Lines
1 V(5r'.3 ), I'/ y vatues of horiz. arid tines S

1 ~LX53,),/* idelta x atonc, grid
*1 -,,ELY (5Cs3) /* (ieLta y atong grid

IN~TEGER INFILF /*data fite for sotirie function

REWINO 1'\FILE

, C read data fiLe irto common
* 1 F (K *GT .3 .* ~K LT 1)Kzl

READ (INFILF) NX(K)lNY(K)
* 'X =N X (K)

KY=NY (K)
KXPI=KX-1 97-

KYM1=KY-1

READ (I NF I L E ((F(IoJvK)*I1,t(KX)qJ~1,KY)
R E AD (INFILE) r(flFX ( I9JK)9I11KX)9J.1,KY)
READ ( I NF IL E (VFDY ( I vJ pK) I19K X ) pJ= 1 9K Y
READ (INFILt.) (DF DXY T 9 vK 1 =1 9K X tJ 1 9KY)
READ (lI!NF IL E) ( X( 19K ) IIv K X )
READ (I.NFILE) (Y(IqK)#I~lqKY)
R FAD0 (INFILE) (CELX(1 ,pK ),Iz1,9KXM1 )
R LA D (INFILE) (DELY(l 9K )91=1 Y101 )

-4 REWIN~D INFILE

-~999 R TUR?
* END

C S* SPL1' I N

-FUr4CT ION SPLI: E (X1,Y 1,r /* Returns ReaL

C Function sptirie(xvy) returns spLine interpolating
C function vaLue at (x~y).

COMO /SPL/ lX(3),NY(3), /* nurrer of xty indices
/* function values at interstices

5 FOX(5Otc 093)v /* dfI/.x at interstices
1 CFOY(599093), /* df/dY dt same

1 FDXYt5:,5U9,')* /* rf/cxdy at same
* 1(~K,3) I x vatues of vertical grid tines
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*SPLINE Paqp

1 Y5.'s3), q y vattues ct horiz. ria Lines
1 2ELX56,3) I'-reLta x atonq orid
1 ZEL(9O,3) /*retta y aton'r, rid

R FAL X I I I' / interpotatinq functior arcuopents

INTEGER 19J I* su,'rectarbcLe inoices

-. C Cefine interpotating furctions

CX(XlIK) =(((X1-X(T1,1K)) **2)/DELXEIK)**2)+

1 (2 (X1-X (1,) *(191r)*)(EXIi).) r0
CY(1,I 91) =((XlY-YC!.I,))* 2/DFL ( I K)*2)

12 (?( XY1 -YI I , K 'y1-(1q,))**2)/(rELY( I

1 C2 (Y 1-YT+,) I KYI~))*)(Ey(,)*)

DY1(YlvI,'() = (Y-Y(1 K))** (YL-Y(.K)**2DLY1K)

9 YN(Y ( 1K (IY1K *~-(+9)*2DL(*.*
IF (Y1.L.911.O91L,.(N,) =OT 777(~ 9)*Y-(1K)*/FL(9)

IF (Y1.LT.Y(1,KI).OR.Y1.G T.Y(b(YK)) GCTO 777

C Determine I and J

NXM1 = KX - I
NYMI= KY - I

DO 13 1 = 1,N.'.Ml
IF (X1.LE.X(l.1,K)) G(; TO 1

C exit with X(IK) <= X1 <= X(I1,1K)
13 CONTINUE

15 flO 201 Jz1,NYMI
IF (Yl.LF.Y(J.1,K)) GOTO 37

C exit with Y(JK) <= Y1 <= Y(J+IK)
20 C 0 4T I NUI

c CaLcutate spLine interpoLite

30 ' PL INE =F(IJK)*CX0(1,vI9K) *CY(Y,Jgk')*
*1 F(IlJ+1,K)*CX(XI.IK) *CY1(YlJK) +

1F(!+1,pJK)*CX1(XlIK)*(Y(Y1,JK) +
1 F( I +IqJ +1,V)Y.C )f ( X IlI pK)*CYI(Y]*,JqK) +

1 D)FOX(I ,JK)*DX(X1*TK )*CY(Y1,JK) +
1 OFOX (I ,J*1 K)*;X (xII ,K )*CY1(Y1,JK) +
1 fFfX(1,J,')*D%1 (X1, ]gK)*CY(YlqJgK) +
I OF OX (I *1 9J+ 1 , ) * FX 1 (XIK)*CYI(YlgJ*K)
1 DF DY (1 ,JqK tCX (X 1 1,K )*DY(Y1,JqK)

28
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SPLINE Page 3

1 DFDY(IJ41,K)*CX(XlIK)*PYI(YlJK)+
I DFO)Y(I.1.JK)*LX~tXl.1,K)*D)YIYldK)
1 DFDY(1,J.1,K)*CYI1(XlIK)'flY1(Y1,JK)+
I DFOXY(YJK)*9X(XI1,I*DY(Yl1,JK)*
1 PFCXY(1,J.1,K)tDX(XlIK)*Dl(YlJK)+

*1 0FD X Y ( I,*1,sJ K*D X I( XI 1 K 0 Y ( Y J 9K)
1 L)DFOXY( !.1,J.1,K)*flXl KlIK)*OY1(YlJK)

5'999 FFT U KN

- C ERROR: here it point out of bounds

5.777 WR IT F (19l11) Xl9Y1
11 u FORMAT( ISPL INF ARG VMFNT S OUT OF i GUN)S: * 1 P2F 16* 6

S TOP

C D* S/DX

*FUNCTION DSDX (XloYlqw) /* returns reaL

C Returns the partial w.r.t X of the spline interpolating function -

*COMMON /SPL/ NX(3)qNY(3), 1 number of x~y indices
1 F(5C,5093), /* function values at interstices
I rFDX(5(0,5fl, ), 'Ifldx at interstices
1 CFOY(509519,), If/dy at saire

-1 DFDXY(50,5C,.3)9 /* df/dxdy at same
1 X 50 x vatues of vertical grid Lines
I Y(5093). /* y vaLues of horiz. nr d Lines
1 DELX(50:3), /* aeLta x atonn grid
I DELY(5093) /* delta y along grid

*REAL X1,Yl I' f unct ion a raument s

*INTE.GER 1 ,J /* subrect angle indices

' C Define interpcLating sub-functions ( p for partiats)

1 2*(Xl(-X (1+1 ,K)Y**?/DELX(IK )**3 + -
1 4*(X1-X(IK) )*(Xl-X(I1l ,K))/DELX(1,KO**.4

PCX1(X19K) 2*(XI-X(1,PK))/[.ELX(I*K)**2-
* 1 2*(Xl-X(19KO)**2/PFlLX(19KO.*3-

1 4*(x1-X(I,K))*CX1-X(I41,K))/OELX(1 ,K)**3'

I (Xl-X(T+1,K))**2/DELX( IK)**26
PDX1(xl1K) =2*(X1-X(I,K))*('(1-X(1,IK))/DELX(1,K)**2

*1 (x1-X(I*K))**2/CELY(JtK),*?

* CY(Y19IK) = ((Y1-Y(1+1,K))**^)/)ELY(I,9()**2),
1 (2*((Y1-YCTK))*(Yl-Y(1,1K))**2)/(OFLY(I ,K)**3))

Ii 29

_. 7



SPLINF t-do a a

1 C2t((Yl-Y(I,1I(K)) (Yl-Y(ISA))**2)/(DELY(1,K)**'))

C Make sure the point is on the m~ap
IF(K*GT.3,ORKeLT.1)K1l

K X=N X (K)
K YN Y (K)
IF (X1.Lr*Xl1vK).OReX1.GT.X(KXK)) G010 777
IF (Yl*LT*Y(I*K).OR*YGT.Y(KYKW GOTO 777

C Determine I ard J

NXM1 KX - I
NYMI KY - 1

DO 1C I IvNXlMI
IF (X1.LE.X(1.419K) (GGT0 15

C exit with X('IK) <= X1 <= X(1+1,K)
13 CONTINUE

15 00 2C J=1,NYM1
IF (Yl.LE.Y(J.19K)) GCTO 3C

C exit with Y(JK) <= YI <= Y(J+1,K)
*20 CONTINUE

C CaLculate dsldx intervotdte

33 OSDX F(1,J*KO*PCX(Xlt1,K)*CY(YltJK)*
I F(IJ,1,K)*PCX(XlIK)*CY1(Y1,JK)
1 F(T,1,JK)*PCYI(XlIK)*CY(Y1,JK)
1 F(I,1,J1,K*PCX1(Xl.IK)*CY1(Y1,JK) .

I DFDX(IJX)*PDX(XlJK)trCY(YlJK) +
* *1 DFDX(IJ,1,K)*PDX(X1,IK)*CY1(YlJK)

1 DF DX (1+1 J,9K )*PDX I(X 1-PI,9K )*CY ( Y 19JK)
1 0F0X(I,1,J1,K)*PDX1(XlIK)*CYI(YlJK) 4 "
1 DFTY(!,JK).PCX(X1,1,K)*DY(YlJK) *
1 DFOY(1,J.1,K)*PCX(X1,JK)*9,Yl(Y1,JK)

* -1 OFDY(I.1,JK)*PCX1(XlIK)*DY(YlJK)
1 PFDY(I~lj,1,K)*PCX1( XlIK)*DYI(Y1,JK)4
I DFDXV(1,JK)*PDX(X1,I ,K)*DY(YlJK) +

D OFOX Y 1( I1 *J 9K) *P DX1( XII , K D*OY(Y1,P.J 9K)
I DFDXY(1+1,J.1,K)*PPX1 CX1,IK)*OY1(YIJK)

999 RETURN~

C ERROR: here if point out of bounds

Spy777 WRITE (19101C) XlY1
1013 FORMAH'IDSDA ARGUMENTS OUT OF POUNDS: 091P2E16*6)

STOP

* END

C DS )/D)y

30



SPLINE Page

*FUNC1JO?% 'SDY (X19Y19K) /* returns real

~* C "eturns tV.e partial w.r.t. Y of the spline interpolating function

*COMMON /SPL/ NXC3)*NYC3), / number of xqy indices
-1 F(50,5Vi,3), /* function values at interstices

1 CFOX(5O,50J% 3), /* df/dx at interstices
1 9FDY(50*5093)9 /* df/dy at same
1 0FDXY(5095093)9 I* df/dxdy at same
I X(5093)9 /* x values of vertical g rio tines
1 Y(5-03)9 /* y values of horiz. arid lines
I DELv(5'093), I' delta x alone~ grid
1 PELY(50v3) 1* cetta y atonc gri o

REAL X19YI I function arquments r

141TEGER JvJ /* subrectanrde indices

C Define interpolating sub-functions (p) for partiats)

PCY(Ylt]#K) =2*(Yl-'V(I1,K))/DELY(I,K)**2*
1 2*(Yl-Yt1,1,K))**2/DELY( 19K)**3
1 4*(YI-YI1,K))*(Yl-Y(141 qK))/OELY(1,X)**3

P FC YI(Y 1 1 9K 2(Y I- Y(I1,9K A:jL Y (1,K *2-
1 2* Y - (I K ) -0"L (Ig ) *

* 1 A *(CYi-Y ,I) ) *(CYl-Y (1+1 ,K) )/PELY (I ,K )**.3

PF Y(Y1,I.,K) =2*(Yl-Y(1,$)(YI-Y(14lV))/'DELYCIK)*.?* t'
1 CYI-Y(1+1,K))**2/DLLY( IK)**2

* P[Y1(Y1,P1*K) = .(Y1-Y(19K))*(Yl-Y(1,IK))/DELY(I,,K)**2
I (Y1-Y(1 ,K))**2/DELY(IKI**2

1 (2*((Xl-X(TK))*( XI-X(I*1,K))..2)IDELX(,K)**!))

CX1(X19IK) =((UXI-X(I ,K))**2)/DELX(1,K)**2)- L
I (2*( (XI-X(I1,K))*(Xl-X(IK))..2)/CDELX(1,K)*.3,))

DX1(X19K) ( Xl-XCI,1,I).(Xl-X(1,K))**2/DELX(1,K)**2 5

* C Make surr the point is on the map

* Kx=NX(K)
KY=NY(K)
IF (X1.LTeX(1vK).0ofiX1*GT.X(KXK) ) GOTO 777
I F Y 1. L T.eY(1,9K OR.Y 1.G T Y(KY 9K ) GOlD '777

C Determine I rj')o J

- MI =0X
* ~ NYMJ = KY - 1

* IM'12 19NWM1
4Ir (Xl.LF.X(11K)) GOTO 15

* C exit with X(IK) <= Al <= X(1.1,K)
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*15 DO 20 J~lvNYM1
I F ( Y 1 .L E .Y J.1+ I G) T0 3'

*C exit with Y(JvK) <= Yl <= Y(d.19K)
2 C~ CONT INUE

c Catculate ds/cy interpotate

30 DSDY F(1,JMK)*CX(X1,1,V,)*PCY(Y1,JK)
I F(1,J+1,K)*CX(XlIK)*P'CYl(YlJK)+
1 F(1,1,JK)*CX1(XI1K)*PCY(Y1,JK)+
I. F(I,1,J,1.K)*CX1(XlIK)*PCYI(YlJK)
1 DFDX CI JK) ,DX(X1 IK )*PCY (YlJK)+
1 DOX (1,J,1,K)*DX(XII ,K)*PCYI(YlJK)

I DFOX(EI,1,dK)*DX1(XlIK)*PCY(YlJK)
1 DFO)X(I.1,,J,1,K)*DX1(XlIK)*PCYI(YlJK) 5
I DFD-Y(I ,dg)*CX(XlIK)*P3tY(YlJK)
1 DIFDY(!,J.I ,K)*CX(Xl,I ,K)*PP)Yl(YlJsK)
1 DFL)Y(TI1JK)*CX1(X1, IK)*PflY(Y1,JK)+

1 DFDY(I11j.1,K )*Cxl(X1 ,I,K)*PDY1(YlJK)
1 DFD)XY(IJK)*DX(XI1K) *PDY(YlJK)
IOF&AY(1,j,1,K)*DX(Xl1,IS)*PlYI(YlJK) *

1 P)FflxYCI,,JsK)*DX1(X1,I ,K)*PDY(YlJK)+
1 JFLJXY(T.1,J.1,K)*DXI(X1,I ,K)*PDY1 (YlJK)

399 RFTURN

C ERROR: here if point out of b~ounds

777 w RI TE ( 10310) X1,Y1
1r,10 FOkMAT('EDSDY ARGUMENTS OUT OF BOUNDS: I,1P2EI6.6)

S TOP

E ND

.' .%32



SAMPLE PROGRAMag

C *' PkCGRA't***

C !sampLe prograr for Spline Interpolating Package
C !t returns function value' ana uradient at points co n by user

C MNEMDIC COPES FOR CR;E.L FILE CALLS
I N IE GER *,- JI HF A D 9J $'&'IT 9J1RD1,J1CL0S9J$F-WJSfiWND

PARAMFTEP
*1 J SR[Ab f, = EAD

1 J$WRIT =:2, R* RITF
1 J $R 0m:H =3 1* READ AN'D I.RITI
I J SL0 S =/ CLOSE FILE
1 JiDELE =~ 5* fELETF FILE
1 JSFR 0 :6 1* MOVE FORWAPO INE FILE (MAO TAPE)
I JSRWN'D =7 P/Ft P'1 N~

INTFVGER INFILF /* fortran unit number of data file

*REAL XYt f* point we pass to spline
*1 ,EIGflT9 /* interpoLated function value

XSLOPE, 1* ds/dx at x~y
* 1 YSLOPE /* cds/dy at xsy__

C open the datg file mace by CREATE
I N F I L F~ 5 I' fortran unit # of data file

C fet fiLenanme Irom' user.
C ALL tF1LE$ (TNFILEPJSRELD,9SPLIN[ FILE',i11)

C L oad the spLine data fi Le
C Dat a is arbitrarily Loaded into Location K=z1 in COMMON. p 0

CALL !zPLOAD(t TFILE,1)

C close data file
*CALL FILFST(I'.FILEJ1CLCS)

C get point frcn user
1 1i CALL TNOUA(looint to compi~ute :'I.

E AD (19*) )Y

MC c a L interpolCting functions

HEIGHT =SPLIJE(X9Y,1) I' find function value at xy
1 JSLOPF = .DS XXY1) /* find as/-"x

YSLOPE = RSDY(XYD1) T* f.in- ds/dy

PRI %SDI)E *GH T g XSLOPE YSLOPE p "

C print apswers on terminal

CTO 10 /* Loop until. user gets bored
4~ END

33
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MAI"41 FLOW LINE PROGRAM Page I

C Main pronram for 2-0 particle movement in a flow field.
C
C MNFMONIC CODE'; FOR CRREL FILE CALLS

INTEGER*2 JIREAD,J$WRIT,.JSRDWR ,JSCLOSJSFRW0,JSRWNIC

P AR AMETER
I J$READ = , I * READ
1 Js'ARIT =2. /* R IT E
1 J$RD6R = 3, /* RCAD AND dRITF
1 JSCLOS =4, /* CLOSE FILE
1 JSDELE = :9, / DELETF FILE
I JSFR4D = 6, /* MOVE FORJARD ONE FILE (MAG TAPE)
1 J$RWND =:7 R* REvi

INTEGER SPFILE9OUTPUT

C Points along a single flow Line (XPYP)
51IMENSION XP( 1OP1O

C Foundaries of the flow region
COM'40N/B~hN0/X1qXNqY1,YM
I N F I L E=5
OUTPUT=6
S PFILE=7
PRINT 1"

1 1 F'3RMAT(//1X,4-iGIVE)

C Read hydraulic head s p ine data file.
CALL GFILE$(SPFILEJS E AD,'H SPLINE INFILE9915)
CALL SPLOAD (SPF1LE91)
CALL FI LESS(Si FILEJ$CLOS)
PRINT 10

C R~ead hydraulic conductivity spline data file.
CALL GFILE$(SPFILEqJ-'READ9'K SPLINE INFILE9%15)
CALL SPLOAD(SPFILE*2)
CALL Fl LES$(SPFILEJSCLOS)
PRINT I1C

C Read effective Porosity spline data file.
C ALL GFILLS(SPFILE*JSP iAD*9PSI SPLINE INFILE9917)
CALL SPLOAD(SPFILE ,3)
CALL F1 LES$ (S;F ILFtJSCLOS)
PRINT 12:

C ,(,t filename for file corvtaining delta t, scalej flow
C reinbuereoand initial rcints of flow Linrs.

P RI NT 1 C

C Get f i Lename f or outvut of f Low l ine coints .
CALL GFILE$(fluTPUTJ -vRIT.WSTREtMLINE OUTPUT FILE',22)

PEAD(INFILE9*)DEL1
READ( INFILE9*)XYSC
READ(TNFILE ,.)X1,XNY1, M

C Scale input flow boundary data.
XN=X1 *XYSC

YMZYM* YC

L 34



MAIN FLOW LINE PROGkAM Page 2

wRITE(OUTI'UT91OO! )OELT
JRITE(OUTfijT91C,3)Xl9XNYl*Y?0

1 0 0 FORMAT(lX94F1%.2)

C Read (XY)q the beginninc, point of a ftow Line.
* C ScaLe input v~Lups.

2 READ(INFILE,*qEND=1)XqY
* XzX*XYSC

Y :Y* XYS C

C Compute fLow Line coordinates.
CALL STREAM(OUTPUTXYDELr)

* C Go back to rea initiaL point for another f Low Line.

I CALL FILESSQIFILEqJlCLOS)
CALL FILESS(0UTPUTJ$CL0!)

F D
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AVERAGF LINEAR VELOCITY Fage "

C Average linedr velocity calculation routine.

SUPROUTINE FG(TqXYFGIOUT)
REAL K

C K = hydraulic conductivity (isotropic). COm ON location 2.
C H = hydraulic head. Spline data in COMMON location 1.
C PSI = effective porosity. COYMON location 3.

C The flow region is X1 < X < AN and Y1 < Y < Y,.
COMMON/BGUND/XI ,XtJY1.Y"

C Check to see if x ana Y are within the flew region.
IF(XLTX.OR.XC,TXN)7O TO 1
IF(YLTYIORYGTYM)GO TO 1

C Use spline files to compute the foltowinq.O
C (.HDXDHDY) is the hydraulLc gradiert.

DHDX=DSDX(X,Y,)
DhDY=DSOY (X Y 91)
K=SPL INE ( X, Y, )
PSI=SPLINE(X9Y.3)

C Darcyos law for average linear velocities.
C F = x component of the average linear velocity.
C G = y component of the average linear velocity.

F=-(K *DHDX /PSI
G=-(K* HF Y) P31 .-..-.-
R FT U R N'

C TOUT = 1 signils the crossinq of a flow boundary.
S 1OUT=-1RETUR; : 6.. _

FND -".:.
R• -T% U RIN

F 1

10-

3,i-,1.':
• " p

°  
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METHOD 1 ALGORITHM Page I

C ***METHOD 1 ALGORITHM ***
SUB3ROUT INE STREA'1 (ourPUT*,X ,Y ,)ELT)

C
S C SOLVES F(XtYtT) ii:C/,-X *G(XYT) PC/DY + DC/DT 0

C BY THE METHOD OF CHAtRACTFRIhTICS USING FOURTH ORDER
C RUNGE-KUTTA AND [REDICT, -C6RRECTOR ALGO)RITHmS.
C

1:;.TEGER OUTPUT

1 (PUT=2
c C WHEN lOUT IS 1,FTURNED AS 1, THE CH4RACTFR IST IC WILL :-E CROSSI NG
C A 13OUNDDAkY OF THE FLOW REGION.

NPOINT=1
DELT2=DELT/2.

* DELTA=DELT/ .
DELT SZDEL 1/6.
DELTLI3:d.*DEL 13

* DELT83=8. *0ELT3
S C INITIALIZE AT THF POINT OF OFIGIN OF THE CHARACTERISTIC

X N T( IX

T 0
CALL FG(7TNXNYNF19GlIOUT)

* IF(I9UT.Pv[*2)GOO 11

~. C PERFORM RUNGE-KUTTA FOR THE FIRST THPEE POINTS TC GFT STARTED
C CLASSICAL (4*i4) FORMULATAGN.

* DO 2 T1.3
T1 VA L 7 N. Fil' E T 2T
YVAL=YN4G1*0ELTe'

* TVAL=1N4JELT2
* CALL FG(TVALXVAL ,YVALF2,G2,oIOUIT

IF(IOUT.*Nfl)fC TO 1I

X XVAL =XN4 F 2 *DE L T2
*YVAL= YN t* * DLELT 2

CALL FG;(TVALXVAL9YVAL, F-~G3. lOUT)
IF(IOUT.NF.OCG O 10

XvAL=XN+F *DELT
-A YVAL=YN.G3*DELT

CALL FGtTN19XVAL9YVAL9F49G49!if:UT)
I IOUT *(E . P) O TO0 1

XN1lXN.DELT6*AF.F4).[)ELT3*(F2.F.3) -
* YN1=YN.DFLT6* (GlG4).LELT3' (C G3)

NFO 1 4T= I T 1
X N= X N1
Y 110 Y N I
T 7 N I

'1 CALL FG(TN9XNqYN9F1#G1,InUT)
IF(IOUTeNEsC): O 1I

X%4PM( IT)=Fi

2 Y NPM IT =.,71

C USE PREDICTOR -COFKFCT0R METHOP FCR TH'L kEcT CF THE CHAF ACTERISTICC TANDARD FOURTH ORDER MILNE FRUA!N
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METHOD 1 ALGORI THM Page

Do 3 11:4,1MW,
I Nkl=TN DLI T

XP:T(T3,iL T8 3*(XPM(3 +XNPM I -fDEL74 *XN PM(?2XP1=XNT(IT-3)+"E LT8 *(Yt4PM(3)+YNsPM(l))-;[)LT43*Y\PMO(2)
C ALL FG (1 !1 ,X ,P 1 YNP ,X'R MY i-R , OUT)
I F(I OUT9NE aC ) G11 101

X 1l=XNT ( 1-1) .DELT3* ( XPRM.XNPM (2) ) .DEL T4? *XrJPM(3 )
Y\1Z=YNT (I1-1),DELT3*(YPH YN!i(2)),9ELT43*YYNPMA3)

XNM(2T+) =XP (1

CALL F(I2 ,NYdXPM 7 
,YPM 3,lOT

IF(IOUT.%E.G)GO TO01

* .C TH-ERE wILL f4E NPCINTS ON THE CHARACTERISTIC LINE
1 WRITE (OUTPUT91000)NrPOINT

1.J21 F~f\MA T(' X 9 2P 1 62)
RCTUR\
E N D
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C** METHOD 2 ALGORITHM **'

* SUPOROUT lNE STREAM(OUTPUT .X#Yv"-LT)
C

*C SOLVES F(XYT) DC/OX G G( X 9YoT) DC/DY + DC/DT
C BY THE METHOb OF CHARACTERISTICS USING- AN EMFiEDPED(-6

*C RUNGF-KUTT A FORM AND ACCUR ACY CHE CK.
C PkVOLVES VARIA9LF TIME STEP FEATURE.
C

INTEGER OUTPUT

-PARAMETER TCLt=KlrO1
PtRAmEIER TOLQ=0.00O1
DARAMETER SMALL=1.F-1D,

C fjHEN ;OUT IS kETURNED AS 1, T'-F C"ARACTERISTIC iWILL PFE CRfrSSING *
c A BOUNDARY OF THE FLOW RFIOi.

c IITI ALIZE AT THE POINT OF Ok.1UI% CF THE CHARACTEF( ISTIC

T Ile

*c PERFORM RLNtE-KUTTA.*
n1D2 Tr I=1 '

*4 T=DELT/ISTFP

DT14=DT/4.

T 6=n T /6 .
* 7T27=OT/27.

DTZ36=DT/336.

D02r=. T/25.

Y% X N P

C i th in each n,;. Ior tio e step 1,Lta, Tq Aunge-Kut ta is
C used ot t ime steps deIt a t celt T ISME*

- DO )iT=Itll~rp

IF(ID)UT.IL.l)6O To 10

* AVALN+!)72*FI
YVAL=YN+[T2*Gl

* IVAL 1N4'JTf
* CALL FG(TlALtXVALYVALF'e.'2IlnUI )

I 0 IIuT o 4rF. )G TO 0

XVAL=X%+,rI4*(Fl+Fa 5
YV AL.=YN,T 4 *(C102)

* TVAL=T%+.'T2
CaLL F35(TVAL, XVAL9YVALF 9G691IOUT)
IF(IOUToNE.r,)GO TO I

K VAL=L UT' ( * F 3-F 2)
YVAL=Y%*! T*(2.*G3-G2)
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TVAL=TN+DT
CALL FG(TVALqAVALvYVALF4c'e ,ICUT)
IF ( IOUT 9N o)CC TO0 1

XVAL=XN.+DT27*(7.*Fl,1 . *r2,F4)
YVAL=YN.-JT27.(7.,Gl.1!.*G2G4)
TVAL=TN+DT23
CALL FG(TVALXVAL9YVAL9F.vG591 CUT)
IF( IOUT NE * ) '%O TO I

XVAL=XNEDT625*( 2i,.*Fl- 1 -. *F2+5S6. *F3+54 .*F4-37P .*F5 )
YV L Y +,T 2 * 2t* I 1 1. G * 4 .* 3 '; G - 8. G
TV AL=TN.DT5
CALL FG(TVALXVAL ,YVALFt',9G6,IOUT)
IF(IOUT.!NFe3)GO TO 1

XN14=XNDT6*(F 1+4.*F3+F4)
YrN14=YNDT6* C '-1.. '3,G4)
XN16=XN.DT336*(14**F1.35. *F4+162.*Fr+125.*'F6)
YN 16 =Y N +DT 3 3E614e G 1 3 5. G64 +16 2 . G 5+12 5. *G 6
TN=ND

C Begin caLcuLation for accuracy check.
XA6=AHS (YN16)
Y A 6= A 5S ( VN 6b
IF (XA 6.LT .SMALL) XA6=S MALL
IF (VA &LT .SMALL )YA6=2 -A LL
HE[C K XA 6S X N 16- X N 1 't)/ XAr
C H ECKY=VAeHSc YN I ;- Y N14~) I VA '
IF(CHECKX.LT.TOLA.AND.CHECKY .LT.TOLA)'GQ TO 5

C Here if accuracy is insufficient. Go back and start
C from the beoinning of the major time step with a rew
C aeLta t ecuat to 1/? t he current relta t.

ISTEP=IG1EP*2
* IF(I5.TEP.LTe3?)GO TO 4t

1J02FORMAT( /I X9§HMAX TIME STEP TOO LtRGE, AEORT)
STOP

5 IFCCHECKX.LT.TOL~EAND).CHFCKY .LT.T0LE) 'UTKrUNT +1
X'4=XN 16
V NY16

3 Y N=TN 1

YNT(IT,1)=YN1t'
N P 01 N' = 1 T + 1 -

C It accuracy criteria was consistentLy surpassed throuchout
C the major Time step* double detta t.

IF(KOUNT.eQ.1STLP)ISTEP=I12TEP/2
IF(ISTEP.LT.1)ISTEP1l
X NI P = N 16
T NP= TN11

2 CONTINUE

C THERE WILL BE NPOINT ON THE CHARACTERISTIC LIN'E
1 .JRITE COUTPUT,1OCC)NPOTNT

I 00 F 0R 14T I I XlI5)
WRITF(OUTPUT,1001)C(XNT ( 1)VYN T(I) )I1 9N F I IN T

1301 F JRMAT (5C5X 2FlrJ.2))

k FT UR4
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C *' SP-LOT PLOTTING R ,iTINE

~$ C ROUTINE FOlR PLOTTING ST !tMLINES. CREATES OVERLAYS WHEN
>.C UJ<EE' ITHi APPhOPRIATE SCA'LE F-ACTc.RSe

M NENMONI1C COCE FOR CP.REL FILE CALLS-
INTEGER*2 JSR;-AOJ$WPI T,JSRDWRJ$C-LOS.J$FRWDJR'6ND
FAR . ET E R

J 1 IE A 1 :1, R REA D
16 JFI T W R I* 9TF

1 JSR0 R ?3 9 * R cAD0 AND 'dRITF
1 J 3C L-S , 4I, CLOSF. FILE

*1 J$JELF 5, 1* [iELET[ IlLF
1 JF R L; p :6, MOVE FO)RW8RD SNVE FILE (MAG TAPE)
I J IR~\ i N :C 7 E1. RI N v

C
I N:F I LE = 5
CALL GFILL$(ItiFILEJ$READ,'GIVE STREAM'LINE INPUT FILE',26)
REFA Li(IN FILE9,"0 ) DEL T

11 0 FORMAT( 1X,4F1.2)
C
C T N' P UT ISC AL E, 9 INCH OF P~RE'Y'ALS (SCALE) FEJTtMETEPSOMILES9.#&
C

11 EORMAT( /i1I' l INPUT SCALE)

- ~ -rIT 12.
4~C F OR A T(1 X*1, iSY OL EVER Y N TN POINT, GIVE N) A

E A D ~ ( , 1 N C R
T TINCR=DELT*INCR

C NTr1I A T E PLOT MODE*
CALL PLOTS( 6-j)

C DLTEkdk1NL FL01.4 REGION~ DIMfiNSICS IN INCHEn.
Y LONEC(X N-Xl)/ ScALE
YLONG=( Y!-YI)/SCPLE

C RA W OUTL INE OF FLOW REGION*

CALL PLOT 929 K -Z)
CALL- PLOT (XLCGv. ,2) *-

*CALL PLOT (XLO?vG 9YLONG92)
C ALL PLOT tO.,YLONG92) L
CALL PLOT(C'st .,2)

C READ IN, AND PLOT THE STREAMILINES ONE AT A TIME.
C
2 PEA0(INFILE,1 1029FND=1)NPCINT
1 L 2 FORMAT(lXI1')

X rjFJ 1%'T+ I X I
x '(NPOIN T +A'=S CALF
Y Y(NP^INT+1)=YI
Y Y(NPoTNT+2)=SClALE
-EAD(INFILE91:C3)( (X(I),Y(I) ),I=I9NPOTNT)

~: 1% lc.Rm4T'(5X2Fl3s2))

C iFRFORM~ ILOTTING CF THF CURRENT r'LOW LINE.
CA!LL LI%7NE(XYNPOINTI1, NRP)
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GO TO 2
C
C 'JUT REFERLNCE MARKS AND ANVNOTATION4 ON THE PLOT.
C

*1 E\%COO'EC1',2OOZqLAPEL)XlfYI

SIZE=.16
YLOC=-. 5
YLOC=-. 5
CALL SYMBOL (XLOCYLOCSIZELAtrEL9,l)
EJNCODE(209,26^019LABiEL)TINCR

2,131 FORMAT(14eHTIMF INTERVAL~tFf6.1)
XLOC=XLONG/2.
CALL SYMBOL (XLOCYLOCSIZELAbELG.,2 )
ENCODE (lA9 20v~LABEL) XNvYM
XLOC=XLON'-1.*75
YLCYLONG+.5
CALL SYMBOL (XLOCYLOCSIZELAbiFLO.,13)
CALL FILESSINFILEJSCLOS)
STOP
E ND

Ito

N4

Zp
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