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ABSTRACT
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analysis to aerodynamic parameters of a Bank-to-Turn
missila. In the development a brief review of trajectory
sensitivity theory is presented. A 1linear analysis is
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model. Pinally,a nonlinear analysis is given for the systea.
Comparisons between the 1linear and nonlinear cases are
outlined.

Fccession Fg_r

[ NTIS GRA&I

DTIC T4&RB 3
Unannounced O
Juntifieation ———

— e

By
Distribution/uuu_m"____

P_#Avallab111ty Codgg
“|avail and/or
Special

1

e e s

Dist

A




I.

II1.

III.

TABLE OF CONTENTS

PARAMETERS SENSITIVITY ANALYSIS OF A
BllK‘TO‘TUR! HISSILB @ @ ® e ® ® e e e & e e o

SENSITIVITY THEORY 2 o ¢ ¢ ¢ o ¢ o @ ¢ o o s o
A. INTRODUCTION « =« « o o o « o o o o o = o o
B. TRAJECTORY SENSITIVITY FUNCTION OF
CONTINUOUS SYSTEHS ¢ « o ¢« ¢ « ¢« ¢ o o ¢ s o o
C. TRAJECTORY SENSITIVITY EQUATIONS OF
CONTINUOUS SYSTEMS « o ¢ o« « o o ¢ o «a s o o =
De. STRUCTURAL METHOD . 2 ¢ ¢« ¢ ¢ ¢ o o ¢ o o
E. OUIPUT SENSITIVITY FUNCTION OF CONTINUOOQUS
SYSTEMS &« ¢ « ¢ ¢ ¢« o o o ¢ ¢ s o o o s o o o

APPLICATION OF SENSYITIVITY ANALYSIS TO LINEAR
SYSTEMS o o o ¢ ¢ o o @ o a ¢« o o o o & o o o
A, INTRODUCTION ©. o« ¢ o o o o s« o o o @ o o o
B. URCOUPLED PITCH AUTOPILOT ANALYSIS . « «
1. Linear Bquations of the Nominal Systenm
2. Sensitivity Bqguations . . « ¢ ¢ ¢ o &
Ce SENSITIVITY ANALYSIS « o« « @« o © o o« o o o
D. ANALYSIS OF o -PARAMETER VARIATIONS . . .
B. PARAMETER-INDUCED OUTPUT ANALYSIS . « « &
P. COUPLED ROLL-YAW AUTOPILOT ANALYSIS . . .
1. Linear Bquations of the Nominal System
2. Sensitivity Bquations . ¢ & ¢ ¢ o o .
Go SENSITIVITY ANALYSIS « ¢ ¢ = o o o o o o o
1. Analysis of -~-Parameter Variations . .
2. Parameter-Induced Output Analysis

20

23
23

23

27
3

32

38
38
38
38
40
43
44
a5
46
a6
49
50
51
52




Iv. APPLICATION OF SENSITIVITY ANALYSIS TO
NONLINBAR SYSTEMS .« o o ¢ o o ¢ o o o o

A. INTRODUCTION « « o « s o « « o o o o o o o
B. NONLINEAR EQUATIONS OF THE NOMINAL SYSTEN
C. NONLINEAR SENSITIVITY EQUATIONS . « « . &
D. NONLINEBAR SENSITIVITY ANALYSIS . ¢« « ¢ «
E. PARAMNETER-INDUCED OUTPUT ANALYSIS . . . .
v. CONCLUSIONS AND RECOMMENDATIONS . « o« ¢ « o o«
A. CONCLUSIONS ¢ o ¢ ¢ ¢ ¢ e ¢ o o o o s o @
B. EFPECT ON STATE VARIABLES DUE TO PARAMETER

VARI ATI o Ns L J L] * - * L] . L) L) - - - - L) -

C.

D.
B.

APPENDIX A:

A.
B.

1. EBffect on State Variable Due to
Variation in Cn(™edp): o « « « &
2. Effect on State Variable Due to
Variation in C (we§pl: - « « o &
3, Bffect on State Variable Due to
Variation in C,‘g_. e o o o o o
4, Effect on State Variable Due to
Variation in Cngpt = = ¢ «
5. Effect on State Variable Due to

Variation in Cpgp 3 o o ¢ o o o o &
EPFECT OF TRAJECTORY SENSITIVITY PUNCTIONS

1. Uncoupled Pitch Autopilot . . .
2. Coupled Roll-Yaw Autopilot . . «
GENERAL CONCLUSIONS .« « « « o o « o
RECOMMENDATIONS ¢ . ¢ ¢ ¢ ¢ o o o o

MISSILE SIZING, MASS PROPERTIES AND

AEBRODYNAMIC DATA ¢« ¢ ¢ ¢ o o « o =
INTRODUCTION o ¢ « o o o o o o o o &
GEONETRIC AND NASS PROPERTIES OF MISS

co'rIGuB.no' L ® ® [ ] L L] - L] - - - L 4 L ]

ILB

121
121
121
124
128
130

162
162

162

162

163

163

164

165

165

165

166

167
168

169
169

169




APPENDOLIX B:
Ae INTROOUCTION o ¢ o ¢ @ o ¢ o o o o o o o o
Be UNCOUPLED PITCH CHANNEL AUTOPILOT . . . .
Ce. COUPLED RCLL-YAW CHANNEL AUTOPILOT « o «
D. AERODYNAMIC DATA~LINEAR APPROXIMATION . .

APPENDIX C:

LINEAR SYSTEM MODELS o ¢ ¢ o o o ¢ o o &

NONLINEAR SYSTEM MODEL o o o ¢ o ¢ o o o

Ae INTRODUCTICON ¢ ¢ o o ¢ ¢ ¢ o o ¢ o ¢ o o o
Be CONTROL LAWS ¢ ¢ o o ¢ ¢ o o o o o o o o o
Ce PERFOMANCE COMMANDS &« o ¢ o o o o o o o o
D. AERODYNAMIC DATA - NONLINEAR

REPRESENTATION o ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ o o o ¢ o o o

APPENDIX D¢

APPENDIX E:

APPENDIX F:

APPENDIX G:

UNCOUPLED PITCH AUTQPILOT -~ CSMP PRCGRAM

COUPLED ROLL_YAW AUTOPILOT -~ CSMP
PRO GRA" L] L] L] L] L] * L] L L ] L] L] L ] L - * *

AERODYNAMIC DERIVATIVES _ FORTRAN
PROGRAMS L [ ] ® L ] L L [ ] [ L L] L] L] L 2 [ ] *® L]

NONLINEAR AUTOPILAT = CSMP PROGRAM . .

LIST OF REFERENCES &« o ¢ ¢ o ¢ o o ¢ o o o ¢ o o o o

leTIAL DISIRIBUTIDN LIST L L] L ] [ ] [ ] L] L J [ ] L L] L ] [ ] * L]

174
174
174
176
180

184
184
184
186
188

199

204

216
233

248

249




I.

II.

I1I.

Iv.

v.

vI.

ViI.

VIII.

IX.
X.

XI.

III.

IIII.

XIV.

IVI.

LIST OF TABLES

Influence Of Parameters . « « « o ¢ o o o
Influence Of Paramete@rs o« « « « o o « o = o
Influence of Parameters (cont. Table II) . .
Influence of Parameters in the Time Response
Influence of Parameters in the Time Response
(cont.) @ ¢ e ¢ ¢ 8 ®» e ® o o e @ o o o o @
Gaometric and Mass Properties of Missile
Configuratione o« o« o« o ¢ o ¢ o o « o o o o o
Correspondence of Symbols (Uncoupled Pitch
AUtOPilot) ¢ o ¢ « o o ¢ o o 2 @ o @ s o o @
Correspondence of Syabols (Coupled Roll-Yaw
AUtOPilot) o ¢ o ¢ o o o o o o o & s o o o @
Linearized Aerodynamic Derivatives . . . . .
Normal Force Coefficient and Derivatives
M=23.95 ¢ e ¢ e ¢ o e o ¢ o o o o o e o o o o
Pitching Moment Coefficient and Derivatives
M23.95 . o ¢ o ¢ o ¢ o o o s o 8 s o a o o @
Sideslip Derivatives and Derivatives . . . .
Yaw Control Carivatives and Derivatives . .
Roll Control Derivatives and Derivatives . .
Correspondence of Symbols ( Nonlinear Modsl )
Correspondence of Symbols (Cont. Nonlinear
Model) « ¢ o« ¢ ¢ ¢ ¢« o ¢ o o o ¢ s s a o o o

T A3

59
103
104
160

161

17

181

182
183

192

193
194
195
196
197

198




o

e a——————

2.1

2.2

3

3.2

3.3

3.8

3.5

3.6

3.7

3.8

3.9

3.10

31

3.12

LIST OF PFPIGURBS

General Representation of a Dynamic Systenm
Quantities Affecting the Dynamics of a
SYStOR ¢ ¢ o« ¢ 2 o o o o ¢ e @ o« o o s o
Graphical Interpretation of Eqns.2.22 and
2023 4 e ¢ o o s 8 o o 6 2 e e v e e e e =
Strutural Diagram of the Combined Systea .
Nominal and Sensitivity Models « « . « « &
Sensitivity of X1 with Respect to
AV,A2,03,A8 . . & o o o o o o o o o « o =
Sensitivity of X2 with Respect *o

AV 02,A3,A8 . . ¢ ¢ ¢ ¢ o @ o @« o o o v =
Sensitivity of X3 with Respect to

AV, 02,03, A8 . & &« ¢ o o o o o o @ o o o @
Sensitivity of X4 with Respect to
MA2,03,A8 . . . . ¢ ¢t 4 ¢ o v o o o o o
Sensi“{ivity of X5 with Respect to
AV1,02,03,08 . . ¢ ¢ ¢ ¢ ¢ o o o o o o o o
Sensitivity of X6 with Respsct to

AV, A2,03,A8 . . & ¢ ¢ o ¢« ¢ o s o o o« o @
Actual and Nominal oOutput of X1 (10%
variation) . ¢ ¢ o ¢ o ¢ o o o v e o o o
Actual and Nominal Output of X2 (10%
variation) < ¢ . s o ¢ s e e e e o s s e
Actual and Nominal Output 2f X3 (10%
variation) . . ¢ ¢ ¢ e ¢ e 0 0 e 0 e o 0 o
Actual and Nominal Output of X4 (10%
vaTiation) . 4 e o« o o 6 2 e o o o @ s e @
Actual and Nominal Output of X5 (10%
variation) . ¢ ¢ ¢ o o ¢ ¢ e o s e e o e =

20

21

36

37

43

53

sS4

55

56

57

58

60

61




s Nt N e 7 - S i EPRE S, ’ N < s iRy

3.13 Actual and Nominal Output o2f X6 (10%
3 Vvariation) ¢ « ¢ ¢ ¢ « ¢ o o o o e e o o o o o o« 65
3.14 Actual and Nominal Output 2f X1 (30%
varTiation) o« o ¢ ¢ o ¢ o o o o o o e o o o o o o 66
3.15 Actual and Nominal oOutput of X2 (30%
Z VaTiation) o o ¢ ¢ o o o o ¢ o o o o s o o o o o 67
' 3.16 Actual and Nominal Output >f X3 (30%
variation) . ¢ ¢« o o o o o ¢ e e o o o 0o o o o o 68
) 3.17 Actual and Nominal Outpuat of X4 (30%
A variation) . o« « 2 o o o ° o e o 0 e s e e« o o o« 69
3 3.18 Actual and Nominal Output >f X5 (30%
variation) « ¢ ¢ o ¢ ¢ o o o o s o a e.0o o s o o 10
3.19 Actual and Nominal Outpu* of X6 (30%
VATIALiON) o o« o @« o« o o o o o o s e s o o o o o N
3.20 Actual and Nominal Output of X1 (40%
Vvariation) « o ¢ ¢ o o ¢ e e o s o e o e o o s o 12
3.21 Actual and Nominal OQutput of X2 (40%
variation) . ¢ ¢« ¢ ¢ c ¢ o e o e o o o s o o o o 13
3.22 Actual and Nominal Output >f X3 (40%
variation) ¢ « o« ¢ o ©c o ¢ e o o o s e 4 o o e o 4
3.23 Actual and Nominal Output o2f X4 (40%
variation) . ¢« ¢ ¢ ¢ ¢ 2 e ¢ e 2 o o 2 s o s s o 1S
3.24 Actual and Nominal Output 2f X5 (40%
vaTiation) .« ¢ « 2 ¢ e e e o & o o s o s o o o o« 16
3.25 Actual and Ncminal Output of X6 (40%
VAriation) . e o« ¢ ¢ o ¢ ¢ o a o o o o s o o o o 17
3.26 Roll-Yav Noaminal and Sensitivity Models . . . . 78
3.27 Sensitivity of X1 with Respect to
A1,02,A3,A8 . o o o ¢ o o = o o o o« o s o s o « 19
3.28 Sensitivity of X1 wvith Respaect to
AS5,A6,AT,A8 . ¢ o o o o e ¢ e o« o« o« s« o « o s « 80
3.29 Sensitivity of X2 with Respect to

l"‘z"s"u * L] L) L ] * R J - L] L] ] L] L] L] L] - L J L J - 81




N S s AOOALS = T i ot C e

v
3.30 Sensitivity of X2 with Respect to
AS5,A06,A7,28 . ¢ o o « « o« « o o o s o o o o « o 82
3.31 Sensitivity of X3 with Respesct to
AT,A2,A3, A8« 2 o o o o o o o o« o o o o o« o« « o 83
! 3.32 Sensitivity of X3 with Respect to
: AS,A6,AT,)AB ¢ « o « « o ¢« « o o o« s s = « o« « « 84
' 3.33 Sensitivity of X4 with Respect to
4 B1,A2,83, 88 o« @ o o o o o o s s o o s o o o o « 85
o i 3.34 Sensitivity of X4 with Respect to
g ASeA6¢AT/A8 &« o o o o o o« o o @« s « « o o« « =« o 86
1 3.35 Sensitivity of X5 with Respect to
\ : AT1,02,A3,A8 . & o o o c o o o o o o o « o o o 87
3.36 Sensitivity of X5 with Respect to
ASGA6,A7,A8 <« o« o o o o o o o o o« o « « o 88
3.37 Sensitivity of X6 with Respect to
AT,A2,03,A8 o« e o o o o o o « o o o a s o o o o 89
i 3.38 Sensitivity of X6 with Respact to
7 DS, ATeAB o o v =& o o o o o s o o ae e e
3.39 Sensitiiity of X7 with Respect to
AT,A2,03,08 & o o o ¢ o o o @ o o o o 5 o o =
3.40 Sensitivity of X7 with Respect to
AS A6 AT A8 « o o o o 2 o o o o o o a o o o o
3.41 Sensitivity of X8 with Respect to
AT,A2,03,A8 . o o o o o o o o s o o o s o o =
3.42 Sensitivity of X8 with Respect to
AS A6 AT A8 . o 2 ¢ ¢ o o o« o ¢ o o o o o o o
3.43 Sensitivity of X9 with Respact to
A1oA2,03,A8 . o &« « ¢ o ¢ o o © s o s o o a o
.44 Sensitivity of X9 with Respect to
AS,A6,AT,AB . o o ¢ ¢ o o o o o o & o o o o @
3.45 Sensitivity of X10 with Respect to
AT, A2,A3,A8 . & o o ¢ o o o o s o« a = o o o« @
3.46 Sensitivity of X10 with Respect to

'r ‘5"6"7' ‘8 L 4 L ] L J L] * L4 L [ J L] L] - L L) L - L] -

i
'
3
:
!
{

10

. sents Soba Toe SN
O i i .




3.47 Sensitivity of X11 with Respect to
A"l2'53'la L d L ) » L4 . L ] ® L ] * L ] L] - L ] L] L ] - Ll L ] 99

3.48 Sensitivity of X111 with Respect to
AS5,06,A7,A8 o o o o o o o o« o o o o s o o« o « 100
3.49 Sensitivity of X12 with Respect to
A1,A02,A3,A8 . . o o o o o« o o » s « o = o« « « 101
3.50 Sensitivity of X12 with Respect to
AS5,06,A7,A8 . o o o o o s s o « o o s o o o o 102
3.51 Actual and Nominal Output >f X1(10%
vAariation) o« « o v o o ¢ o o o 2 s e s o « a o 105
3.52 Actual and Nominal Output of X2({10%
variation) . ¢ o ¢ o c e ¢ o o s a e e o o o « 106
3.53 Actual and Nomipal Output 5f X3(10%
variation) . ¢ c ¢ ¢ o o o 2 & o o o o o o « o 107
3.54 Actual and Nominal Output of X4 (10%
variation) . o ¢ o 4 ¢ o ¢ o e 2 o o o s e« o« & 108
3.55 Actnal and Nominal Output 5f X5(10% :
variation) . « ¢ ¢ ¢ o o ¢ ¢ o e e ¢ o e o o o 109 §
3.56 Actual and Ncminal Output 2f X6 (10%
variation) o ¢« ¢ ¢ o o o 2 e o e o s o e o o « 10
3.57 Actual and Nomipal Output o2f X7 (10%
VATIAtiON) o ¢ o « o o 2 o 2 o o o o o o s« o o 111
3.58 Actual and Nominal Output >f X8 (10% i
variation) . ¢ ¢ ¢ ¢ e e o 2 4 e e o o e o o o M2 |
3.59 Actual and Nominal Output >f X9(10%
‘ variation) . ¢ ¢« o o « o o s & o e ¢ s o a o o MN3
3.60 Actual and Nominal Output of X10(10%
variation) . ¢ ¢ c o e o 4 e o o e o e e o o » N4
3.61 Actual and Nominal Output >f X11(10%
variation) « ¢« ¢ ¢« ¢ ¢ o e o s o e e o s » s o 115
3.62 Actual and Nominal oOutput >f X12(10%
variation) . ¢ ¢ e o ¢ 2 o 2 o e e s e s o s o 16
3.63 Actual and Noaminal oOutput 5f X3(30%

'ari&ti On) - L] L L] o . L] L] L L] - L L) L] L] - L ] L] 117




3.64

3.65

3.66

4.2

4.3

“.5

4.6

4.7

u.e

4.9

4.11

4.12

4.13

4,14

Actual and Nominal Output >f X11(30%
VAZiation) o « ¢ « o 2 o e v o o o o
Actual and Nominal Output of X3 (40%
VATiation) o« « ¢ ¢ o o o ¢ o o o & @
Actual and Nominal Output o2f X11(40%
variation) .« ¢ ¢ o o ¢ e o o o o o @
Sensitivity of X3 wvith respect to
AV,A2,A3,00,285 o & 2 o o e o o o o @
Sensitivity of X4 with respect to
AT,A2,03,88,A5 o ¢« ¢ ¢ o o o o o o« =
Sensitivity of X5 with respect to
AV,A2,A3,A8,05 . . ¢ 4 o ¢ ¢« o o o o«
Sensitivity of X6 with respect to
A1,02,A3,A8,85 . ¢ o o ¢ ¢ o o o o @
Sensitivity cf X12 with respect to
AT,82,03,A4,25 2 ¢ o o ¢ ¢ o o e o »
Sensitivity of X13 with respect %o
A1,02,03,A8,A5 o ¢ o o o o o o o o o
Sensitivity of X14 with respect to
AT,A2,A3, Al ,A5 ¢ ¢ & o o o o o o o @
Sensitivity of X15 with respect *o
AT,02,03,A8,A5 . ¢ ¢ ¢ ¢ o« o o o o &
Sensitivity of X16 with respect to
AT,A2,03,A0,A5 . ¢ ¢ ¢ ¢ ¢ o o o o o
Sensitivity of X17 with raspect to
AT,A2,A3,A4,05 . ¢ o o o o o o o o o
Sensitivity of X18 with respect to
AV1,A2,R03,M08,05 . 4o & o ¢ ¢ o o o o
Sensitivity of X19 with respect to
AT,02,A3,A8,05 ¢ ¢ v ¢ « ¢ o o o o «
Actual and Ncminal Output 2f X3 (10%
variation) e ¢ ¢ ¢ ¢ e o o o s o o o
Actual and Nominal Output of X4 (10%
variation) . ¢ ¢ ¢ e ¢ ¢ ¢ e o o o o

118

119

120

132

133

134

135

136

137

138

139

wo

141

142

3

s

s




4.15

4.16

4.17

4.18

4.19

4.20

4.21

4.22

4.23

48.24

4.25

4.26

4.27

4.28

A1

A.2
A.3

Actual and
variation)
Actual anad
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)
Actu: 1 and
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)
Actual and
variation)

Model of elliptical configuration ( 1/6

scale )} .

Nominal

omds -1
;o;i;a;
oninal
;o;i;a;
;o;i;a;
;o;i;a;
;o;i;a;
;o;i;a;
;o;i;a;
ominal
;o;i;a;
;o;i;a;

Noainal

Output of
output of
output ¢
output of
output o
;u;p;t.o;
output 5¢
output of
;u;p;t.a;
output of
output of
;u;p;t.a;
output of

Output of

Aerodynamic Sign Convention
BTT AUTOPILOT . .

X5 (10%

16 (105
112 (108
213 (10%
r1 (108
115 (108
re (10%
£17 (108
18 (108
119 (108
re (30%
t6 (30%
t6 (wox

X16 (40%

Uncoupled Pitch Channel Autopilot . .

146

147

us

149

150

151

152

153

154

155

156

157

158

159

170

172

173 ‘
175




B.2
C.1

Coupled Roll-Yaw Channel Autopilot . . . .
Nonlinear Model . « « ¢ « o ¢ « o o o & o

14

177
185




'~ Bank-to-Turn

TABLE OF SYMBOLS AND ABBREVIATIONS

Cocrdinate Bank~-to-Turn

rolling moment coefficient

slope of curve of rolling coefficient, Cq vs {5
change in Co per degree roll zontrol incidance, §w
change in CQ_ per degree yaw control incidence,'SY
pitching moment coefficient

slope of curve of pitching moment coefficient Cm vs &
change in C"1 per degree pitch control incidance, 6P
normal force coefficient

slope of curve normal force coefficient Cyvs X

change in Cy Per degree pitch control incidaﬁt, SP
vyaving moment coefficient

slope of curve of yawing moment coefficient, Cn s (5
change in cﬂ per degree yaw control incidencs, 5Y
change in cn per degree roll control incidence, 5Q
side force coefficient

slope of curve of side force coefficient Cy Vs P
change in cY per degree yav control incidencs, 5(
change in CY per degrse roll control incidence, 6R
reference length for coefficients = 2£¢

aoment of inertia about ‘;8 axis
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moment of inertia about z, axis

moment of inertia about X, axis

CBTT autopilot coordinator branch gain
roll rate about T4

roll acceleration about Xg

constant or equilibrium roll angular rate
dynamic pressure

pitch rate about y

pitch angular acceleratiocn about y
constant or equilibrium pitch angular rate
yaw angular rate about ;b
yaw angular rate command (coordination commanl)
yav angular acceleration about ?E
reference area for coefficients =T ft2

velocity coaponent in ;;direction

velocity component in ?Bdirection, assumed to be constant
constant missile flight path welocity

nissile velocity vector

velocity component in z direction

body-fixed roll axis, along axis of syametry, positive fo:vird

body~fixed pitch axis, positive starboard

vehicle axis in local horizontal direction, approximated as
inertial axis

body-fixed yav axis

le




vehicle axis in dcwnward direction along local gravity
vector, approximated as inertial axis

achieved normal acceleration in z direction
comnanded normal acceleration in ?sdirection
achieved normal acceleration in i'adirection
achieved normal acceleration in ?vdirection
achieved normal acceleration in ;;direction

normal acceleration command froa guidance computer
in 'ivdirection plus anti-~gravity bias coammand

normal acceleration guidance coamand in ;vdirection
normal acceleration guidance command in 'y.v direction

roll attitade command from guidance computer, zero degrees
in -z direction and 90 degrees in };direction

roll attitade, zero degrees in -Evdirection and 90 degrees
in ;v direction

roll attitande error, bc - 4>
Elevation Buler Angler, second rotation,/(qcos P - rsin 13 ydae

Azimuth Puler Angle, first rotation
about ¥, ,f(qsin? . rcos:P ) dt

pitch control incidence (positive tail incideace produces
negative pitiching moment)

commanded pitch control incidence, § e

yav control incidence (positive tail incidence produces
negative yaving mcments)

conmanded yaw control incidence, 6Y

roll control incidence (positive tail incidence produces

17
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positive rolling mcment)

constant or equilibrium angle-of-attack

angle-of-attack

5&: commanded roll control incidence
%e
¢
c.x angle-of-attack rate

nodified form of estimated angle-of-attack for autopilof

coordination command
@ angle of sideslip

(3 sideslip angular rate

18
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I. RARAIETIERS SENSITIVITY ANALYSIS OF A BANK-TO-[ORN MISSILE

The determination of changes in systeama performance due
to changes 1in parameters is of great importance in engi-
neering analysis and design. Sensitivity questions arise
vhen model uncertainty is present, or when a range of oper-
ating conditions is contemplated.

The questions of parameters sensitivity par*icularly arise
in the fields of engineering whera models are idealized,
inexactly identified, or the systems themselves are subject
to unpredictable changes vith tize due to enviromental,
material property or operational influences so that there is
alvays a discrepancy betwveen the physical reality and the
mathematical model.

Sensitivity analysis provides the sngineer with methods for
investigating or minimizing such parameter deviatioms.

In general, the diagram of a system can be represented
by a single block as given on Pig. 1.1.

= S(t)
wit) 3

Pigure 1.1 General Representation of a Dynamic System.

FProm a sathematical point of view, vhat we call a
systen is the explicity or 4implicity given relationship
betveen the input signal u and outpat signal y. 1In general,
u and y can be vectors. The character of this relationship
is commonly called the structure of the systen.

20
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For aexanmple, the structure of the systan may be
characterized by the order of a differential or difference
equation, linsarity or nomlinearity, the order of the numer-
ator and denoainator of a rational transfer function and the
quantitative properties of the systam parameters.

Typical parameters are initial conditions, time-
invarjant or time-variant coefficients, natural frequencies
and sampling periods.

The change of the state or the change of the output
variable with time, can be caused by: (1) the influence of
input signals, (2) the change of parameters. These quanti-
ties are shown in Pig. t.2.

3 a3 Baramater
u SYSTEM — L™
i.npu.i
s Lgna..ls

Pigure 1.2 Quantities Affecting the Dynamics of a Systen.

This vork addresses the application of the sensitivity
analysis to the variation of aerodyramic paraaeters of a
Bank-to-Turn missile.

PARANETER SENSITIVITY is the effect of parameter changes on
the dynamics >f a systea, say, the time response, the state,
or any other quantity characteriziny the system iynamics.

In order to have a ra2alistic model to work wvith a NASA
Contractor Report (Ref. 2] was adopted as a raference for
application of the sensitivity analysis on the variation of
asrodynamic paraseters of a Bank-to-Turn aissile. Appendix
A, B and C give the detailed aerodynamic assuaption of the
systea.
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One brief explanation of the sensitivity theory and
analysis is given as a guideline to better unlerstand the
subseguent work.

An analysis of the sensitivity of the aerodynamic paranme-
ters applied to the case of the linear uncouplad pitch and
coupled roll-yaw autopilot is performed.

The pitch and ro¢ll-yaw autopilots are couplad as given
in Pig.C.1" in the appendix C. A nonlinear parameter sensi-
tivity analysis is performed.

Conclusions about the influence of parameters of concern
are given and a comparison between the linear and nonlinear
case is done. Comments and racommendations for the future

are outlined in order to delineate the continaity of the
presant work.




II. JENSITIVIIY IHEORY

A. INRTRODUCTION

The basis of all sensitivity considerations in the case
of time-invariant parameter variations is tha so-called
sensitivity functions. Dynanmic systems can be characterized
in several ways:in the time domain, in the frequency domain,
or in +erms of a perfomance index. There is =z2vidently an
adequate number of wvays to define tha sensitivity functionms
of a dynamic system. The definition that is actually used
depends on the fors of the mathematical model as well as on
the purpose under consideration.

The sensitivity functions can be classifiad into the
following three categories:

(1) Sensitivity functions in ths time domain
(2) Sensitivity functions in the frequency domain, and
(3) Perfomance-index sensitivity

In this chapter we wvwill outline just ¢the sersitivity func-
tions in the time-domain of the continuous systess.
Aplications of this analysis follow throughout this work.

The reader can find detailed informations about the
othars ¢two categories of sensitivity functions 4in the
(Ref. 1].

B. TRAJECTORY SENSITIVITY PUNCTION OFP CONTINUOUS SYSTEMNS

A continuous, possibly nonlinear system of nth order
can, in general, be described in tha state space by a vector
differential equation as seen in Egn.2.1.




<

- e

X = £(X,t,0,%) , X(t,) = XO (2.1)

Here ; is an n x 1 state vector, ; an n x 1 vector func-
tion, U an input vector, ;L a nominal r x 1 parameter
vector, and ;'is the n x 1 initial condition vector or
initial state. Bgn.2.1 1is called the NOMINAL STATE
EQUATION.

Assuming that the paranmeter vector deviatas from the
nominal value o, by 4%,, we have the Egn.2.2.

- - e Py

X = £(X,t,0,%), X(%) = X0 (2.2)

with the initial conditions Yo uanchanged. This equation
is called the ACTUAL STATE EQUATION.

Rov it is assumed that Eqn.2.2 has a unique solution, ;=
;(t,:) for all adamissible ipnitial conditions and parameter
values.

X is of course a function of u ’ ;0 and t,as well.
However , this dJdependence is not needed for the following
considerations and will, therefore, be dropped for ease of
notation, Partheraore, the solution X is assumed to be a
bounded continuous function in t and o .

If the parameter takes on its NOMINAL valus ;40. the
noainal solution ;o = X(t,5,) is obtained. I1f, on the
cther hand the ACTUAL solution is given by ;‘s -x'(t, ;),
then the paraseter-induced change of the stata vector is
given by

AX(t, %) = X(L, %) - I(t, o) (2.3)
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A first-order approximation of & X can be obtained by
using Taylor expansion in the form of Bqn.2.4.

- - X .
AT(t, <) = 2, -=x>=- | 2% (2.4)

This equation can be viewed as a definition of the
paranmeter-induced trajectory deviation.

The subscript o shall indicate that the partial deriv-
ative expressed by O is taken at nominal parameter values.

Let the state X of a continuous system be a continuous
function of a time-invariant parameter vactor < =
(X ¢ Xgpeeecr X} Then the partial derivative can be

defined as

)«J(t.«o) S i vy (2.5)

=1, 2, « ¢« ¢ 4o T
Rqn.25is called the trajectory sensitivity vector with
respect to +the jth parameter,
Note that <the trajectory sensitivity vector is of the
sane dimension as the state vector, namaly, n. Its compo-
nents are the TRAJECTORY SENSITIVITY FUNCTIONS as

)‘ij(t'e(") = “;%“7“ 1;0 (2.6)

Bqn. 2.6 is the partial derivative of the ith state vari-
able in relation to the jth parametar as
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- T Xg VxXn T
= oM reeegh .} = fom==-- reoegmm=m==}_ .7
)\J ¢ '\\J xZJ )"‘J} ( D4y ) e ]«x, z-N

Hence, all n x r trajectory sensitivity functions form
the trajectory sensitivity matrix as given in Eqn.2.8 or

2.9.
PN N W - .%P.i.‘_(.- - (2.8)
©
-‘DXQ ) %x’ i
gL 0y
N=| . :
(2.9)
RLE e Vxn
| Vx4 aY ™

The coluans of X are the ¢trajectory sensitivity
vectors }4' . Rere A is the Jacobian matrix >f the state
vector with respect to the parametar vector o< ¢ taken a*
the nominal parameter values.

With these definitions the parameter-induced change of
the trajectcry can be taken as

r -—u
AT(E,X) = A (t,00)B% = 2 Ay ey (2.10)

gzt

Where & = K, ¢ A yhich is the ACTUAL parameter
vector of the systen.
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C. TRAJECTORY SENSITIVITY EQUATIONS OF CONTINUOJS SYSTENS

Lets consider the general continuous system 3escribed as
previously by the state equation (Egqn.2.1).

Y = £(X.t, 0. X), X(t,) = X0 (2.11)

Where ; denotes the n-dimensional state vector, = the
r-dimensional parameter vector, -f-an n-dimensional vector
function, and u the input vector independent of < . It is
assumed that the continuity conditions are fulfilled and
that o is time-invariant.

Considering o -parameters ani taking the partial
derivative of X (Eqn.2.11) with respect to <, , one obtains,
by the application of the chain ruls

S Y e S R Y R T
a2 mmmmme mmmemm ¢ mmmmes |, mmomee =0 (2. 12)

I L R TR

The derivative of the initial conditions vector -l-t-o with
respect to 9%, is zero, since X0 doas not depend on =< .

If X is r-dimensional, thera are r equations of the
form of Eqn.2.12. If ve now intarchange the sequence of
taking the derivative with respect to time t and %€, , and
then let o< approach to a@ , ona obtains tha following

equation

A ) R eeecaas A * coaeee ¢ ‘ = .
TN~ !_QOJ*_B“J_%(O)\O) 0 (2. 13)
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Here -:\-_,' 8.-%-33.--4;‘ is the trajectory sensitivity vector
with respect to the jth parameter.

The Eqn.2.13 is called the sensitivity equation in the
state space or the TRAJECTORY SENSITIVITY EQUATION.

The above shows that for ©( -parameters all initial
conditions of the trajectory sensitivity equations are equal
to zero.

Now consider the output vector 2quation, as given by

Y = 9(X,t,u,x) (2. 1)

In a procedure similar to that above one obtains the
algebraic sensitivity equation as seen in Eqn.2.1S.

J="')S‘ = “"?."l_ >‘J' + ‘-ﬁ-jﬂo-‘ (2.15)
| 'BNJ %, OX S Bo(\) °

~3 Which relates the output sensitivity vector GJ' =
’3-3"407, to the trajectory sensitivity vector /\J' . This

equation is called the VECTOR OUTPUr SENSITIVITY EQUATION.

Using the trajectory _s_ensitivity matrix : and the
output sensitivity matrix G , the above result can be
rewvritten in the following general form

NP T N --'E--q_ J 2o = 0 (2.16)

T .28 5. ===l — (2.17) |
Dx %o ot %p
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"These equations are called the STATE SENSITIVITY
EQUATIONS of the systen. It is seen that these equa*ions
are linear whether the original system is linear or nonlin-
ear.

If, in particular, the original system is linear, the
state equations, take the form

Y=2X+Bu, X(t) = X0 (2. 18)
Y=Ccx+pa (2.19)

Where, in general,

X=A(xX) ,B=B(x) , C = C(x) ,D= D(%),
T= X(t,ox) , 2amd Y = Y(t,X ).

Ncte, bowever, that u is not a function of o« 4if u is
defined as an external input of the systea.

Nov taking the partial derivatives with respact to oK, ,
reversing the order of differentiations with respect to
time and oj , and letting o approach to o<, , the
TRAJECTORY SENSITIVITY EQUATIONS ars obtained

X; = ag A Q8 Yo e L2 Te) L Alto)zo (2.20)
%y X, ol ot

fhere To = T(o(o) 0 -{o-‘x-(t. op) o and J= 1, 2,..., r.
The initial condition vector j&jtto), is again zero since
X(ty) does not depend on ok .




By sisilar procedure the VECTOR SENSITIVITY EQUATION
becones

G =T a e $ST L S0 I_u(t) (2.21)
J o J "Bud u(°° 'BO(J oty

Where -C-o = -E(tx,) and §=1,2,..., C.

In the case of linear systeas, the vector sensitivity
equations have the same A matrix as the nominal state equa-
tions and hence the same characteristic matrix sI - A,

They differ from the nominal original state ejuation only
in the driving function and the 4initial conditioms. The
latter are all zero. The driving functions can be obtained
by solving the nominal state eguations.

Here, in the linear case, <the sensitivity ejuations can
be joined to +*the system equations , foraing the so-called
COMBINED SYSTEM as given in BEgns.2.22 and 2.23.

-;?o Ao o ;o E° wie)

. —3 —bx x _ + E,' (2- 22)
BN ﬁi;ﬁ ‘:Q, ° Aj R <

Xe Co o X, D, | Wl®)

- = T - - + B (2. 23)
9y IS, CoflH ﬁ;gS"

The siaultaneous solution of these differeantial equa-
tions using the same standard procsdure for each of the
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above matrix eguations yields the output vector, the state
vector, and the corresponding output and trajectory sensi-
tivity vectors G;°, and Ay . If there are r paraseter
variations, r systeas of equations >f the above type have to
be solved. Since <the homogeneocus part of the original
differential equation is identical with the homogeneous part
of the sensitivity equations with raspect to all parameters.

A graphical interpretation of Eqns.2.22 2and 2.23 is
given in Pig.2.1.

Since +he driving function of the sensitivity model
contains the nominal state, the measuring circuit for the
trajectory sensitivity functions consists of a connection of
the nominal original system and the sensitivity model as
illustrated by Pig.2.1.

If the actual input'E is appliad to this structure the
trajectory and output sensitivity vectors :J' and G:l can be
measured at the points 1 and 2 respectively in the Pig.2.1.

In order to measure all r sensitivity vectors simultane-
ously, r sensitivity models are requirad.

D. STRUCTURAL METHOD

The basis for the measurement >f the trajectory sensi-
tivity functions is the STRUCTURAL INTERPRETATION of the
trajectory sensitivity equation.

The physical systea represented by the trajectory
sensitivity ejuations is called the ¢trajectory sensitivity
sodel or the sensitivity model in the state space.

Regardless of the nature of the original systea the
sensitivity model in the state space is alvays linear. The
graphical illustration of sensitivity equation can be given
by Pig.2.2. The system described by the sensitivity equation
is refered to as the sensitivity nmodel of the original
systea. Por sach output, a systea has as many sensitivity
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models as parameters of interest. Both the nominal criginal
systea and the corresponding sensitivity models form the
COMBINED SYSTEM. The sensitivity moldsl is always linear. If
Y(t,k) is the output of a syste the corresponding sensi-
tivity functions G':', (t,io) = 'Z'(j"&",ue the outputs of
the corresponding sensitivity models. Consequently, in order
to measure the output sensitivity functions simultane-
ously,the ncainal original system and the sensitivity models
have to be measured at the outputs of the sensitivity
models.

The double frame used for the original system in Pig.2.2
is to indicate that, in general, the system may be nonlin-
ear, whereas the sensitivity models are always linear. In
the nonlinear systems <the Eqn.2.12 applies and different
programs have to be set up for the original and the sensi-
tivity equations.

For some applications, the sensitivity functions with
respect to all parameters are required simultaneously. If
there are r parameters of interest, r sensitivity models
would be needed. This implies a rather extensive coamputer
time.

A method of determining all output sensitivity functions
of a systea simultaneously by a single sensitivity model is
available , which is also called the method of SENSITIVITY
POINTS. This method has application just for lins2ar systeas.
Detailed explanation about <the application of the sensi-
tivity points theory can be found in the [Ref. 1].

B. OUTPUT SENSITIVITY FUNCTION OF CONTINUOUS SYSTEHNS

Consider the input-output behavior of a continuous,

possibly nonlinear, single-variabls system described by an
ordinary differential equation of the type
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(n-
£ Ym) 3 § n-v veoecsYety X, } =0 (2. 24)

With the initial condition y(t,) = y.L°, i=0, 1,...n-1. y
denotes the output signal, t the tinme, and o¢ a single
time-invariant or slowly varying -parameter that has
nosinal value o4, .

In general, f is a function of the input u as wvell.
Hovever, if u is an external input which doss not depend
on %X, , the dependence of £ on u is not relevant in further
considerations.

Let us suppose that the above NIMINAL differantial equa-
tion has the unique sclution given below

Y, = Y(t, %) (2.25)

Which one shall call the NOMINAL SOLUTION.

Let us now assume that the parameter changes
from &, to X= X, + A, yhere Ao is time-invariant or
slowly varying with time. o is called the actual parameter
value. The corresponding ACTUAL DIFFERENTIAL EQUATION can,
then, be written as

th) (N=1)
f = {3 'Y 'ool'y't'x} = 0 (2026)

Note that by ¢this change of o into X the initial
conditions remain unchanged, namely () = y‘.’o.




The corresponding solution is given as
Yy = y(t,x) (2.27)

Which ve shall call the ACTUAL (or PERTURBED) SOLUTION.

It 4is assumed that y(t, «) is of the same type as
Y(t, %), and y(t, ) deviates infinitesimally from y(t, %)
if X Jdeviates infinitesimally from X . The conditionms
for fulfilling this requirement are given in the mathemat-
ical li%erature. Por our purpose, it is sufficient to know
that y is continuous in X if f is continuous in y which is
true for all continuous systems and X, # 0.

With the above assumptions, th2 actual solution y(*, X,
+ Aot) can be expanded into a Taylor series around %, ,
vielding the Egn. 2.28.

Dy q %y
= e Ay -t 2212 o 2.28
TR = Pl # ST IBXy 5m S0l A b (2.28)

If Ax<< X, , the Taylor series can be truncated at the
linear terns.
This gives ths Bgn.2.29.

DY
Y(tex) = 7(t,00) + -,g:-lq(‘** (2.29)
Q

Por finite values of A, this expression can be
considered a first-order approxiamation of y(t,X).
The actual output can be written as
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a
Y(t,ox) = y(t,%o) + 0 (t,xp) A

Where y(t,™o) is the nosminal output and G (%,

the parameter-induced output error.
t,00)

(2. 30)

o, ) is

With G (¢, %o) Adefined as -2-“--'-- !“0. The parameter

ol
induced ocutput error is in these teras definad as

Yt,x) = G (¢, 0t5) A0

35
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III. APPLICATION OF SENSITIVITY ANALYSIS IO LINEAR SYSTEMNS

A. INTRODUCTION

The sensitivity theory described previously will be
applied to the case of an uncouplei pitch autopilot and to
a roll-yaw coupled autopilot presented in the appendix C.
For each case, the linear equations of the nominal system
are presented in state variable form and +the correspondent
trajectory sensitivity equations aras derived. A sernsitivity
analysis of the systems is performed.

B. UNCOUPLED PITCH AUTOPILOT ANWNALYISIS

1. Linear Equations of the Nominal Systenm

From the block diagram of the Pig.B.1 in the
appendix B one can obtain the following nominal stata equa-
tions of the uncoupled pitch autopilot.

X1 = C2 A3 X2 + C2 A4 X3 (3.1)
X2 = X1 - K C1 A1 X2 - K C1 A2 X3 (3.2)
X3 = - C3 X3 ¢« C3 Conv X6 (3.3)

X4 = - CTCt A1 X2 - C1 CU A2 X3 -Cl4 XU (3.4)




o a0 ARRGE

X5 = C7 X4 - C5 X5 - C6 NzZC (3.5) |
|

X6 = C9/Conv + C2 CB/conv A3 X2 (3.6)

+ C2 C8/Conv A4 X3 - C7 C8 X4 + (C5 C8 - C9) X5
+ C6 C8 NIC

For the linear method these

state equations must be presentad in matrix form as given by

purpose of wusing the

T -

A0 B e [ .
%] [0 8 caq °© ° o ]| o e
xo| | 1 -8 -kca, o o o || Xl |°

g 83 o o "C3 o o C5Cbnv Xk o

S ° + ° (3.7)
fll o —cicea —qan - o %
).‘5 o o o Cy ~Cs o xs -<
o Cq CzCg A3 'Czcaﬂ - c - o xG CG

Lx‘- Lcmw conv conv Cfca SCS cg 4L J L %J

The correspondence of the state vectors is:

t

1 =q,x2=x, 13 =8, X=X, =Y, % =38p_

Definition of the constants C1 through T9 are given
in appendix B,

are given by A1, A2,

The parameters of interest for this system
A3, and A4 which are :

P A3 = Cpy o A =G .

Al = CN.(' A2 = CNSp "‘Sp
This nomenclature is used here to easily apply the
sensitivity theory and to avoid the inconvenience of

carrying symbols and constants.




2. Sensitivity Pgquatiogps
To apply the procedure developed in chap*ter 2,
consider the trajectcry sensitivity equation (Eqn.2.13).

- - VB - -
: = A . — - X - - - t P A(.tﬁ = 3-8
; °'\J"ouJ Ll ¢ X, IIC TR J=o (3.8

From Eqn.3.7 one can see that

- () 1 ~C3 o o CzConv
= (3.9)
o7l o -cqA, -GGA, -S © o
Cg CzCg Ay 'CgCQB - c - o
cony conv conv c’% 5% %
- - T
B-Lo © o o0 =-¢c GCeSgl - 60

A DR
The partial deriva tives 'ﬁﬁi}“u’a“d "83§'|a<°te
©

evaluated considering the parameters of interest At, A2, A3
and A4, that are respectively the aerodynamic coefficients

present in the pitch channel.
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Applying the partial derivatives with respect to the
parameters vwe have the following matrices

o o €2 o o o{
le) o o o o (-
L] o o O -] [ o
Mle ¢ © o o o (3.11)
o o coc o o o
k 3 '
Lo o Conv © © OJ
[0 €, © 0 o o]
o o o 0 o o
(-] [ o o © o
VWA _lo o o 0o o o
-—= (3.12)
3A2 Q o o o <] o
o C2Cs o © o o
" Cony .
/ [ 1
e o o o o -
o (] -KC1 o Q o
_'P_A_= o o o (=] (-] (]
VAgle © -qq © o o (3. 13)
e o o o -] °
© o o ) o ©
L 4
o © Q - o o
&
-b [~ -RC‘ o o [+ o
A
.O—A-l ? 6 o o o0 o
410 G40 o o o
© @9 o o o0 o (3. 14)
Bo © o o (-] o J,
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and

o< eae = o

oL
dan |
because B is independent of the parameters of interest.
In teras of components one c-an see

X-. - :Di-x-&-|— (3. 15)

i=1,2¢004o6 3=1,2,3 and 4

Here, four models are necessary to study the effect
of parameter variaticns. These modaels are showm in Pig.3.1.

Por instance, vhen one apply the the>xry for one
parameter of interest, say A1, the sensitivity eyuations can
be obtained froa

R i 10 too i 1,
Ny My Xﬂ x4
Mz = Xz
[ ] 4 x
'\5: = Ao . -t ﬁ% X: (3. 16)
by Xs
L-Xl L ..A“'"M | {{Xe]

Similar procedure can be done for the other parame-
ters A2, A3, A4,
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C. SENSITIVITY ANALYSIS

A computer program using (Ref. 4] was writtan in order
4o simulate simultaneously the nominal and the sensitivity
mod2ls as shown in the appendix D. A step was applied as
input of the nominal systea.

The numsber of equations solved are 6 for the nominal
model and 24 for the sensitivity model. Each parameter wvas
varied simultaneously 10% from all the nominal values,

D. AMALYSIS OF <~PARANETER VARIATIONS

The results are plotted in Fig.3.2 to 3.6 and TableI
Each state variable ocutput is plotted separately with the
correspondent four output sensitivity functions. By means of
these plots,the following observations can be male:

X

The plot of .a.,J- = "%K:’ﬂhjo' 3=1,2,3, and & in fig.3.2
indicates that a parameter change AA4,;,(3=1,2,3, and 4)
primarily affect the rise time and >vershoot of X1(t) since
At1, 212, A13, A14, are largest at the time where these
effacts in X1 occur.

The plot of /].,;‘s ""b-;.'z. |N°. §=1,2,3, and 4 in Fig.3.3
indicates that X2(t) is little affected due to A A, and
A byo and strongly affected in the rise time due to param-
eter variations A Ag, and & A4e. The overshoot and steady
state are little affected due to parameter variations
Ary (3=1,2,3, and “"bx

The plot of A4, = .":Jié.“\;n' 421,2,3, and % in Pig.3.u
indicates that X3(t) is little affected in *the rise time due
to parasmeter variaticns A (§=1,2,3,and 4). The overshoot
and steady state are little affectad due to parameter varia-

tions 41 ,, and AA;o and strongly affected due to A Azp and
‘labo
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The plot of J.ﬁ- %ﬁ‘ﬂ-'&io' §=1,2,3, and 4 in Pig.3.5
indicates that xYu4(t) is little affected in the rise time and
overshoot due to parameter variations & Ao and & A,,and
strongly affected due_to 4 Agzy and 4 Ag,.

The plot of Asj= =Si3§-'Ado' §=1,2,3, and 4 in Pig.3.6
indicataes that X5(t) is little affected in the rise time due
to parameter variations A Kio (j=1,2,3, and 4). The over-
shoot is little affected due to A A, and &1, and strongly
affected due to Alkz, and A A,.

The plot of ;= -?b-"-i,- lajor J=1¢2,3, and 4 in Pig.3.7
indicates that X6(t) is little affected in the rise time due
to parameter variations a4 Aj¢e (§=1,2,3, and 4). The over-
shoot and steady state are little affected due to A1, and
A L5, and strongly affected due to A Az, and A d4,.

Table I shows the above analysis in a condensed way to
give a general picture of all stat:s and sensitivity func-

tions vith the correspondent effect as a function of time.

-]

E. PARAMETER-INDUCED OUTPUT ABALISIS

If Ao <K Xg ,the actual output can be written as
(Egqn.2.29).

Y(t.®) = y(t,o) + T(t, o) A (3.17)

The coaputer prograam as shown in the Appendix D gives
the actual output when 10%, 30% and 40% of variation froa the
nominal value of each parameter is assumed. Pigs. 3.8
through 3.13 show <the actual output when each paraameter is
varied 10X from the nominal value.

Pig.3.8 indicates that the overshoot and rise time of
the actual and noaminal output of X1 are strongly affected
which is in agreement with the previous analysis.
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Pig.3.9 indicates that the steady state and svershoot of
the actual and nominal output of X2 are primarily affected
vhich is in agreement vith the previous analysis.

Fig.3.10 indicates that the stasady state and overshoot
of ¢the actual and pominal output of X3 ares primarily
affected which is in agreement with the previous analysis.

Fig.3.11 indicates that the overshoot of ths actual and
nominal output of X4 is primarily affected which is in
agreement with the previous analysis.

Pig.3.12 indicates that overshoot of the actual and
nominal output of X5 are primarily affected which is in
agreement with the previous analysis. )

Pig.3.13 indicates that the steady state and overshoot
of the actual and nominal output of X6 are primarily
affected ,having little effect in the <rise %ime which is in
agreement with the previous analysis.

Pigs.3.14 through 3.19 and Figs.3.20 through 3.25 show
respectively the actual output £for 30% and 30% of the
nominal value.

From the plots one can see that for small parameter
variations the parameter-induced output error is negligible
and vhen the variation becomes larga as 30% or 40X one note
that the error becomes pronounced and that wmodeling 1is
starting to break down, This agrees with the assumption
made in the derivation of the BEgqn.2.28.

¥. COUPLED ROLL-YAW AUTOPILOT ANALYSIS

1. Linear Egquatiocns of the Nomipai Systen

Prom the block diagram >5f the Pig.B.1 4in the
appendix B one can get the following state equations of the
coupled roll-yaw autopilot.

a6




X1 = B Conv (A4 X3 + A3 X8 ¢+ AS IX11) (3.18)

X2 = C Conv (A7 X3

+ A8 X8 + A6 X11) (3.19)

X3 = - X1 - (ALPHAB/Conv) X2 (3. 20)

+

KB A A2 X3 ¢+ KB

X4 = -8 X4 - 17.6

A At Xt

X12 ¢+ 17.6 PHC (3. 21)

X5 = - (0.755/Conv) X2 -~ C D A7 X3 (3. 22)

+ (0.755 - 8 D) X4 - 5X5~-CDAB X8 - C D A6 X111

X6 =CE AT X3 - 6

X6 + E C A8 X8 +«+ C E A6 X1 (3.23)

X7 = - P KC (0.755/Conv) X2 (3.24)

-(D ¢+ EB) P KCC A7 X3 ¢+ P KC (0.755 - 8 D) x4

+ KC(15 - S P) X5 ¢
- (D + E) PKC C A8
- P KCD 17.6 X12 ¢+

L ]
X8 = 188.4 Conv X7

KC(6F -15) X6 - 15 X7
I8 - (D + E) P KC C A6 X1
P KC D 17.6 PHC




X9 = (K1 A A2/%¢1) X1 -X9 / T1 + (K1 A A1/TT) X111

X10 =- (K2/Conv) X1 - (K2 H ALPHAB/Conv X2

+ (K2/710) (B A3 - H ALPHAB C A8 X8 + K2(1
- 1/(10 T1)) X9 + (K2/10) ((K1 A A1) /T1 + B AS
- H ALPHAB C 16) X11

X11 = 188.4 Conv X10 - 188.4 X111

X12 = X2 / Conv

. :o

P 2 T

X

.

3.

Eqn.3.30 gives the matrix

o (&a)e
o (Casy)o

c3 fara)o

state variables above mentioned.

o o (¢ia)e

o o (Cz‘o) °
. ogen)e
-6 g@ﬁ;d1§

e, -8 (C"A‘) o

o ciglisd)o

o
© o o

48

o O -%

CezAq
o)

@qnﬂl»
(C2as) @
o (i) o
o (A -
o (ang) ©
o (CuAg) S

° (clin) o

Cor

e O Cy-wmqo
-] o QJ

(k2/10) (K1 A A2/T1) ¢+ B A4 - H ALPHAB C A7 X3

[ ]
°
°
e
Ce
°

€2

representation

Puc

(3.26)

(3.27)

(3. 28)

(3.29)

of the

(3.30)




, The correspondence of the states is:
4 M=z ,X2=p, X3=p,
4 =X, X5 =Y1, X6 = X1,
E X7 =8¢ , X8 =8r, X9 =Y,

X10 =8y, , X171 =5y , X2 = ¢

The definition of <the constants C1 throagh C25 are

given in appendix B. The parametars of interest for this
system are given by A1 through A8 which are :

uachY,uscm,13=ch‘R,Aa=cnp,A5=c ’
A6 = Ck

Rl - a2

A7 = C A8 =¢C, .
sy | 2a ' 25a

2, Sepsitivity Eguations

As showed in the previous analysis hare ome can
ﬁ apply the same procedure using tha TRAJECTORY SENSITIVITY
EQUATION as given in Bqu.2.13.

A=A Ae —-mee- X, + ----7—|;E(t) A ) =0 (3.31)

Por the purpcse of this procedure again one can see
in BEqn.3.30 the correspondent natr;ges A, and By -

The partial derivatives %‘2}";,5‘”& the %—2;- l;; are
evaluated considering the parameter A of interest. 1In this
case thay are A1,12,...,A8, that are respectively the aero-
dynamic coefficients present in the coupled roll-yaw auto-
pilot.

Once again,applying <the partial derivatives with
respect to the parameters ona can obtain eight matrices
respectively as found ,similarly, in the pravious case of
the uncoupled pitch autopilot. —_

Here,one can see that xsjéf = ) because ;-is inde-

pendent of the parameters of interest.

In terams of components one >btains




0 X¢

ALJ- =54 '% (3.32)

i=1,24000..12
J=1,24ce0e.8

Here,one can see that eight wmodels are necessary to

study the effect of parameter variations. These models are
shown in Pig.3.27. Por one parameter of interest, say Af,

one hav% the folloving sensitiv&ty gquatigns_-

Fo - . -‘ *
al Ayg o0 oA "
Azy 1oTime Xz
:\31 X3
Ay %4
Xs{ . o x5 )
A - Al [Xe
Mt | Al | . |+ 2a (3-33)
o VA X7
As1 ‘ ‘ Xg
A9 Xq
Moy X0
Ay X

1"
Ay My ’\'". L) e

s;-iiar procedure can be male for the others parame-
ters A2 through A8.

G. SENSITIVITY ANALYSIS

In order to simula*e simultansdouly the nominal and the

sensitivity models,a computer program was written as shown
in the appendix &,

For analysis purpose,aach parameter wvas varied simulta-
neously 10% froa the noainal valuae.




t. Apalysis Qf x-Parameter Varjiations

The plots of A = Say lage” i=1,2,...,8 in
Pig.3.27 and 3.28 indicate that a parameter change AAJO,
(§=1,2,...,.,8) primarily affect the overshoot of X1(t).

The plots of Az, = :‘;’-;-ir-uAso. 421, 2,...,8 in
PL{g.3.29 and 3.30 indicate that a parameter change 3 A,,
(3=1,2,...,8) primarily affect the overshoot of X2(t).

The plots of ABJ' = '“of._'?'"Aio' 4=1,2,+..,8 in
Pig.3.31 and 3.32 indicate that a parameter change AA;,,
(§3=1,24...,8) primarily affect the overshoot of X3 (t).

The plots of A‘U = 7;2%--|A;°, §=1,2¢2.+,8 in
Pig.3.33 and 3.3u indicate that a parameter change AAjq,
(31,2 ,.-.,8) primarily affect the overshoot of X4 (t}).

The plots of Ag; = :’%');If"'lijo' 3=1,2,...,8 in
Pig.3.35 and 3.36 indicate that a parameter change AA;,,
(4=1,2,...,8) primarily affect the overshoot of X5(t).

The plots of Agj = zg%--l;\;b, §21,24.0.,8 in
Pig.3.37 and 3.38 indicate that a parameter change 2 A, ,
(321,24...,8) primarily affect the overshoot of X6 (t).

The plots of /\7J' = ':iij'.ﬂﬁ&o' J=1,24...,8 in
Pig.3.39 and 3.40 indicate that 1 parameter change AA/.,
(§=1,24...,8) primarily affect_the overshoct of X7 (t).

The plots of Agy = Jig--l L §=1,2,...,8 in
Pig.3.41 and 3.42 indicate that a parameter change BA S
(3=1,24...,8) primarily affect _the overshoot of X8(t).

The plots of /\SJ‘ = »BX;?.--lA)-O, §21,2,....8 in
Pig.3.43 and 3.44 indicate that a parameter change &Ajg,
(3=1,24¢..,8) primarily affect the ovarshoot and rise time
of X9(t). . ’D X1 o

The plots of A\ g, = A Aj g 4=1,2,...,8 in
Pig.3.45 and 3.46 indicate that a parameter change tshéo,

(4=1,2,...,8) primarily affect the rise time of X10(t).

e £3 Sl cniodpiiie f
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The plots of ‘Xlki = ’ir;s--'ﬁﬁo' 4=1,2,...,8 in
Fig.3.47 and 3.u48 indicate that a parameter changed Ao,
(121,24...,8) primarily affect the avershoot of T11(t).

The plots of,A.zd' = '7£E$£-'Aﬁo' 1=1,244¢.,8 1in
Pig.3.49 and 3.50 indicate that a parameter change AA .,
(3=1,2,...,8) primarily affect the overshoot of X12(*).

Table II and III show the above analysis in a
condensed vay to give a general picture of all states and
ocutput sensitivity functions with the correspondent effect
as function of time.

2. Parameter-Induced Qutput Analysis

As Shown previously, if Ao K< X, the 1ictual
output can be written as

T(t,®) = y(t ) + G (2, o) &< (3.34)

The computer prograa given in appendix B was written
for simulating the system when 10%, 30%, and 4)% of varia-
tion from the nominal value »>f each parameter is
assumed.Pig.3.51 through 3.62 give the actual output when
each parameter is varied 10% from the nominal value.

Pig.3.63 and 3.64 give the actual output for 30% of
variation from the ncminal value of 2ach parameter assumed.
Fig.3.65 and 3.66 give the actual >utput for u4d% of varia-
tion from the nominal value of 2ach parameter assumed.
These plots show *he output of <the state variables X3 and
I11 that present strong deviations just to give *he behavior
of the system vhen parameter variations are not small. One
notes that modeling is starting to break down.
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IV. ARRLICATION OF SENSITIVITY ANALYSIS TO NONLINEAR SYSTEMS

A. INTRODUCTION

The three dimensional nonlinear system used here for
sensitivity analysis purposes is pcesented in appendix C.
The missile configuration, size and mass properties are the
same as those used in the linear system and were praesented
in appendix A.

In section B the sensitivity 2juations with respect to
parameters of nominal system is shown and in sa2ction C the
sensitivity eguations with respect to parameters that showed
to be of more effect in the previous analysis is presentad.

Section D shows the results of the trajactory sensi-
tivity 2quations when step inputs are applied at specific
+ime as mentioned in appendix C.

Section E gives the parameter-induced outpat analysis
vhen each parameter is varied 10% from the nominal value.

B. NORLINEAR EQUATIONS OF THE NOMINAL SYSTEN

From the block diagram of Pig.C.! and Eqn.C.3 through
C.21 as given in appendix C one have the following nominal
equations.

X1 = - C4 X1 - C02 C4 A2 “.1)

X2 = - C5 X2 - C6 N2C + C6 C19 Cos(X7) + C7 x1 (b.2)




. ) IR et s o R i e - P —

X3 = (C5 C8 - C9) X2 ¢+ C6 C8 NZC (4.3)

- C6 C8 C19 Cos(X7) - C7 C8 X1 + (C8/Conv2) X17 X18
+ C1 C8 Al ¢ (C9/Conv) X5

X4 = - C3 X4 ¢+ C3 Conv i3 (4.4)

1
X5 = (X17 x18) /Conv + C1 Conv Al (4.5)
X6 = XS - KB C02 A2 - (X16 X18) /Conv (4.6)

1
X7 = X5 Cos{X19) /Conv - X17 Sin (X19)/Conv (4.7)
X8 = - C10 X8 ¢ (C12 - C11 C13) X110 (4.8)

+ C11 C14 PHC - C11 C14 X19 - C11 CO(A8 X16 ¢+ A7 X15
+ A3 Y13) - (C12/Conv) X 18

X9 = - X9/T1 + K1/T1 CO2(AA X16 + A6 X15) (4.9)

X10 = - C13 X10 + C14 pPHC - C14 X19 (4.10)

X11 = - C15 X11 ¢ C16 CO(A8 X16 + A7 X15 + A3 x13) (4. 11)
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X12 = - C17 X12 ¢ K(C17 - (C10/C18) X8 (4.12)
(K/C18) (C12 - C11 C13) X10 + K C11 (C14/C18) PHC

- K C11 (C14/C18) X19 - (K/C18) CO AB(C11 - (K/C18)

CO A3(C11 ¢ C16) X13 - (K/C12) (C18 Conv) X18

+ K(C15/C18) =- C17) X1

X13 = - C3 X13 # C3 Conv X12 (4.13)

X146 = (K2/10) (- (X9/T1) CO2(AA X16 + A6 X15) (4. 14)

X15 (X18/Conv2) + COt1 (A9 X16 ¢ A4 X15 + AS (K 13)
(KYP/Conv2) (XS - KB C02 a2 - X16 (X18/Conv) X 18
(KYP/Conv) XX6 CO(a8 X16 + A7 X15 + A3 X13)
(K2/Conv) X117 - K2(KYP/Conv2) XX6 X18

+

X15 = - C3 X15 + C3 Conv X14 (4. 15)

X16 = KB CO2(AA X16 + A6 X15) + X5(X18/Conv) - X17 (4.16)

X17 = - (X5 X18) /Conv ¢ C0O1 Conv (A9 X16 (4.17)
+ A4 X15 ¢+ AS X13)

X18 = CO Conv (A8 X16 + A7 X15 A3 X13) (4.18)

X19 = X18/Conv (4. 19)




The correspondence of nonlinear state vectorst as given
in the above equations with relation to the nonlinear systeam (
presented in Pig.C.1 in appendix C are :

X1=x , X2=%Y , Xx3=6,_, x4 = 8§p, x5=gq,
X6 =% , X7 =0 , x8=¢Y1, X9 =1Y2, %10 = x1,
X11 = X2 , X12 = 8gc, X13 = S, X4 = 8y., X15 = 8¢,

X6 =3 ,X17=r ,X18=p , and X19 =¢ .

The parameters of interest for this nonlinear system are
given by

= ' = = = = \&.
A1 =C{up), a2 =Cg), 23 CQ;:), A4 C‘n\‘a;l . 32d A5 Cﬂs,,'_

Definition of the constants CO through C19 are given in

appendix C.
As previously, this nomenclature is used here to easily
apply the sensitivity theory.

C. NONLINEAR SENSITIVITY EQUATIONS

From the sensitivity theory givan in chapter 2 one knows
from Bgn.2.12 that for nonlinear systems one has

OX _ ._.F.B.I".- .?..’.‘.- . Ef.- , ox? =0 (4.20)

Aoy DT VY Doy Doy

X = £({X1,X20..,X19,t,N2C,A1,A2,... ,AS} (4.21)

1The state vectors and parametars in the noalinear case
have no correspondence to the stata vectors ani paraaeters
used in the 1linear case.The correspondence can be found ia
the appendices B and C.
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Proa BEQn.2.14 one knows <that tha trajectory sensitiviey
vector is given as

Applying the above theory ona obtains tha nonlinear
sensitivity equations as given in Eqn.4.24 through &4e42,
vhere A‘ vas considered the paramezer to be varied.

i1‘l = - CUA11 - C02 C4(DA26 461 ¢+ DA2Y 241) (4.23)
A21 = - C5421 - C6 C19 Sin(XT) 271 + C7T A (4.24¢)
A31 = (C5 C8 - C9) 421 ¢+ C6 C8 C19 sin(X7) A71 (4. 25)

- C7 C8 A11 + C8(x18 4171 + (X117 2181)/(Conv?)
+ C1 C8(DA16 A61 + DAY A41 + 1.) + (C9I A51)/Conv

A41 = - C3A41 + C3 Conv 431 (4.26)

A51 = (X174181 ¢« Xx18 A171)/Conv (4.27)
+ C1 Conv(DA16 261 + DATY AU4T + 1.)

.

A61 = 451 - KB C02(DA26 A 61 + DA24 Au41) (4.28)

- ((X16 A181 + X18 2161) /Conv

125




A71 = (Cos(X19) A51 - X5 sirp (X19) .2191) /Cony (4.29)
- (Sin(x19) 2171 « X117 Cos(X19) A171) /Conv
A81 = = C10 481 ¢ (C12 - C11 C13) A1 (4.30)

= C11 C14 4191 - C11 CO (A8 A161 ¢ AT 4151 + 134131
+ A61(X16 Da8 ¢+ X115 Da7 + X13 DA13)) - (C1241181) /Conv

A91 = - 391/T1 + K1/(T1 C02) (AA 4161 (4.31)
+ A6 A151 ¢+ 261(X16 DAA + X15 Dab))

[ 4
A101 = - C13 4101 - C14 A 19N (4.32)

4111 = - C15 A111 + C16 CO(A8 4161 + AT A151 (4. 33)
+ A34131 ¢+ 261(X16 DA8 + X15 DA7 + X13 DA3))
A121 = - C17 4121 + K(C1?7 - C10/C18) 281 (4. 36)

+ (K/C18) (C12 - C11 C13) 4101 - K C11 (C14/C18) 2191
- (K/C18) CO(C11 + C16) (A8.1161 + A7 2151 + A3 2131
+ A3 4131 ¢ 361(X16 DA8 + X15 DA7 + X13 Da3))

- K C12/(C18 Conv) A181 ¢ K (C15/C18 - C17) A1 11

A131 = - €3 4131 ¢+ C3 Conv.A121 (4. 35)




i‘l‘” = (K2/10) (~ X9/T1 ¢« (K1/T1) C02(AA (4.36)

A161 ¢+ A6 A151 ¢ 261(X16 DAA + X15 DA6)) =- (X15 A 181
+ X18 2151) /(Conv2) + CO1(A9 2161 + AU 21151 ¢ A5 2131
+ A61(X16 DA9 + X15 DAY + X13 DA5)) - KYP/(Conv?)
(X5 2181 + X18 451 - KB C02(A2 4181 + X18(DA25 A61
+ DA24 AU1) - (X182 2161 ¢ 2 X18 X16 1181) ,Conv))

-~ (KYP/Conv)CO( xx6 A161 + X16 A161) + A7 1l61)

+ A7(XX6 A151 ¢ X154161) + A3(XX6 2131 + X13 A161)
¢ X16(XX6 DAB A61 + A8 1161) + X15(XX6 DA7 A61

¢ A7 4161 + X13(XX6 DA3 A61 + A3 2161)))

+ (K2/Conv) 2171 ¢+ K2,491 - K2 RIP/(Conv2)

(XX6 A181 ¢+ X18 1161))

A151 = - C3 2151 + C3 Conv 4141 . (4.37)

A161 = KB CO2(AA 261 + A6 2151 + A61( (4. 38)
X16 DAA + X15 DA6)) ¢ (X6 4181 + X18 A61) /Conv - 4171

A171 - (X5 4181 + Xx18 A51) /Conv (4. 39)

+ CO1 Conv(A9 4161 + A4 A151 + A5 A131 + 261(X16 DAY
+ X15 DA4 & X13 DAS))

A181 = CO0 Conv (A8 A161 ¢ A7 A151 (4.40)
+13 2131 + A61(X16 DAS ¢+ X15 DA7 + X13 DA3))

A191 =A1181/Conv (a.u41)

127

o




The same procedure above must be made for the other
parametars that most affected the pravious analysis and will
be given ir the nonlinear sensitivity analysis presented in
the next section.

D. MNONLINEAR SENSITIVITY ABALYSIS

A computer program in appendix 3 shows the simulation of
the sensitivity equations with raspect to the selected
parameters.

The number of equations solved are 19 for “he nominal
equations and 95 for the sensitivity equations. Here, the
parameters were selected from the previous two cases given
in Chapter III that showed to have most sffect in the time
response of the systess.

Prom the analysis parformed, two parazeters were
selected from the uncoupled pitch autopilot and three from
the coupled roll-yaw autopilot, which has been shown to be
more sensible to parameter variations. These parameters are
respectively G,sp (A2) and C"% (A4) in the uncoupled pitch
autopilot and Co.. (A3), C,,‘P (A5), and CHSR(AG) in the
coupled roll-yaw aatopilot.

In order to compare the influance of the parameter of
interest in the nonlinear case some state variables were
chosen to be analysed. The state variables selected were:

From the uacoupled pitch autopilat :
x3=8p‘,xu=$p,x5=q,x5=x

From the coupled roll-yaw autopilot :

x12 =8g_, x13 = 85 , x4 = 8y, , x15 = by ,

X6 =@ , X17 =, X18=p , a0d 19 = § .
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The results are plotted in Pig.4.t throught 4.12 and

Table IV and v. BEach state variable output is plotted
separately with the correspondant five output sernsitivity

functions.

From the plots, the following observations can be made:

Pig.4.1 indicates that the state variable X3(5h;’ is
little affected in the rise time by the parameters A1 and
A2. The overshoot is strongly affected by A5, A1 and A4 and
little affected by A2 and A3. The steady state is strongly
affected by A1 and little affacted by AZ2.

Pig.4.2 indicates that the state variable Xxu8(&p) is
little affected in ¢the rise time by A1 and A2. The over-
shoot is strongly affected by A1, a3, and A4 wvith little
effect by A2 and AS. The steady stata is stronjyly affected
by A1 and little affected by A2,

Fig.4.3 indicates that the state variable X5(9 ) is
strongly affected in the rise time by A1 and A2. The over-
shoot 1is strongly affected by a3, A4, A5, and 1little
affected by At and a2. The steady state is not affected by
parameter variations.

Pig.4.4 indicates that the state variable X6( X ) |is
strongly affected in the rise time by A1 and a2. The cover-
shoot is strongly affected by A3, A4, and AS. The steady
state is little affected by A1 and A2.

Fig.4.5 indicates that the rise time and steady state of
the state variabls x12(633 are n>t affacted by parameter
variations. Trhe overshoot is strongly affected by A3 and AS
and little affected by A1, A2, and aA4.

Pig.4.6 indicates that the rise time and steady state of
the state variable X13(§p) are ndt affected by parameter
variations, The overshoot is strongly affected by A3, A4,
and AS and little affected by A1 and A2.

Pig.4.7 indicates that the rise time and the steady
state of the state variable x1a(8Ycl are not affacted by the
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parameter variations. The overshoot is strongly affected by
A4 and A5 and little affected by A1, A2, and A3.

Pig.4.8 1indicates that <the rise +ime and the steady
state of the state variable X15(8y ) are not affacted by the
parameter variations. The overshoot is strongly affected by
A3, A4, and A5 and little affected by At, and A2.

Fig.4.9 indicates that the rise time and the steady
sta~a of the state variable x16((3 ) are not affacted by the
parameter variations. The overshoot is strongly affected by
A3, A4, and AS and little affected by A1, and A2.

Pig.4.10 indicates that the rise time and the steady
state of the state variable X17(r ') are not affected by the
varameter variations. The overshoot is strongly affected by
A3, A4, and A5 and little affected by A1, and A2.

Pig.4.11 indicates that the rise time and the steady
state of the state variable X18( P ) are not affacted by tha
parameter variations. The overshoot is strongly affected by
A3, A4, and A5 and little affected by A1, and A2.

FPig.4.12 indicates that the rise time and the stzady
state of the state variable X19( ¢ ) are not affacted by the
parameter variations. The overshoot is strongly affected by
A3, A4, and A5 and little affected by A%, and A2.

E. PARANSETER-INDUCED OUTPUT ANALYSIS

As shown previousy, if Ax<K o,, the actual output can
be written as

Y (E,%) = y(t,ag) + T (t,0) A (4. 42)

The computer prograa given in appendix G was written for
simulating the system when variations from the nominal value
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of each parameter is assumed. Figs.4.13 throught 4.24 give
the plots of the actual and nominal output of the state
variables that are present in the unclouped pitch autopilot
and coupled roll-yaw autopilot when 10% of paramater varia-
+ion is assumed. The others stat2 variables are not given
here because they are just intermediate state variables.

these results confirm the theory presented in chapter 2
vhen small parameter variations ars assumed. Pigs.4.25 and
4.26 present the actual and nominal output of the state
variablaes X3 and X11 that showed pronounced variations when
30% of parameter variation is assumed. Pigs.4.27 and 4.28
present the actual and nominal outpat of X3 and £11 when 40%
of parameter variation is assumed. Prom thesa polts one
note that the modeling is starting to break down.
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Pigure 4.9

Sensitivity of X16 with respect to 41,32,A3,14,A5.
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Pigure 4.10 Sensitivity of X17 with respect to A1,12,13,A8,4S5.
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Pigure &.11 Sensitivity of X18 with respect to A1,A2,A3,A4,A5. ‘

1642




T

a 6 « + x ¢
3
- 33
)
8w
r-
i
2
8
) ¥
i
8
P
| | 2
]
8
b
8
o’y -’s 33 [X] X3 1 00t X m%"
(1}
peyd
w’y @’ n's A:;o" 10°6- sa{gh %w'e-  s0'dt- W0
w’ w’ s’s m;u" s0'd- .%th s0°0- it~ 810
os’s CX] [ o’ o’s csl p’e et ef-  esi-
' 0’s w’e X w’ uﬁ’n w0°'d- s0'd- 00~
ak w’s ®’e  ewé ”“-6- e  ws e
Pigure 4.12 Sensitivity of X19 with respect to A1,A2,A3,18,A5,

143




—an, AtigE——

LEGEND

Y3
Y3s

Sec

)
f

TIME

Y
4. 00

L) ‘s ot'a 8’0 90°0 ETTO 2°a  o0'd- 200"
ped

a0 20 ot’o 80°D 20°0 ssrioTn 200 00°0- 20°0-

x Pigure 6.13 Actual and Noainal Oatput of X3 (10% variation).

144

| i bR A S iy 2 i e e AR S e -




LEGEND

)L
Y4S

s.00 8.00
TIME

9.00

as* 1"

T
00°0

TR

Sec

rigure 4.18

145

Actual and Nominal Output of X4 (10% variatiom).




g e
2
ol
3.8
- =
"‘E
9
@
g &
3
:
8
8
w
x
-:
8
8
8
8
00°%t 00°dt 00’s 00N 00°0 us(r# 00°s- 00°21- 00'91"
dag/8sq
00°gt TR {] 00°0 00’ 06°0 Sgti'n'- 00°a- o00°2f- 00°'91-
Pigqure 4.15 Actual and Nominal Output of X5 (10% variation).

146




LEGEND

Y6

Y6S

Sec

TIME

rigure 4.16

Actaal and Nominal Output of X6 (1% variation) .

147

T — N

T theivedewsm . S
b e = S




i} e .
o T SR SRS e 3 it _ . . " 1

0
(v

LEGEND
Y12
Y12$

1b.00

9.00
Sec

TIME

g
0.

0%’y 2’0 02'0 9t’0 K T’c 200 c0°0- 90°0-

%0 s2'0 X st’o (TR "o 2'c  s0°0- 90°0-

Pigure &4.17 Actual and Nominal Output of X12 (10% variation).

148

-— S T A ;]
R R SR\ ~ - ooy .




I e R,
L g TS e e —

LEGEND

Y13

o

Y138

Sec

TIME

00°02
3aq

st

sL'E 0s°0

€1l

os gt s2°0t 06°L

sLU2- 00°9

00°02

sLogt

0s°st s2°gt 00°L s 0s°0

[T
SETA

se°2- c0°9-

Pigure 4.18

Actual and Nominal Output of

149

X13 (10% variation).




rr————t . -

et e, .

LEGEND

TiK

O
0

Y14S

16.00

9.00
Sec

[
5 00

‘o

pey

80°0 0’0 50°0 06°0 % o- s0°0-  80°0-

21°0

21’

80°0 %0°0 50°0 00°0 :TH— g0°d-  60°0-

rigure 4.19

Actual and Nosinal Output of X114

150

(10% variation).




L T ) Tr———— ; ? -y
SV ey B o o ¢ e L ORI v’
P o i —— -

u
0

LEGEND
1S
Y18S

9. 00 "1b.00
Sec

7.00 68.00

6.00

y

TIME

00’y 189 oz "0 sL°0- o 2- G1°h- (8-S 08°L-

8aq

00’y 16y s8’2 ne'o st - a2 S N 18°s- 08°L-

Pigure 8,20 Actaal and Nominal Output of X15 (10% variation).

151




LEGEND
U
o

Y16
¥16S

—
10.00

Sec

‘o 080~ 021~ 981

08’y 0’0 060 '  o0s'd- _ 0e'd-  os'd- p2ri-  o8Ti- 31

Pigure 8,21 Actual and ¥ominal Output of X16 (10X variation).

152




vy R - y RS P T - _‘

(u]
0

LEGEND
Y17
Y175

10.00

9.00
Sec

o h 00°8§ 00°08 00°n2 00°gt Ltﬁ'ét 00’9 00°0 00°9
s3g/83q

00 A 00-d¢ 00°08 60°n2 G0 SL?nA'ix 00’s 00°0 008~

Figure 4.22 Actual and Nominal Output of X17 (10% variation).

153




T — : - V ) . i ‘ -
et e GIC T Y T ET B i S5

(U
O

LEGEND
Yie
Y185

s.00 1
Sec

®.00

[~ ¢

TINE

oc'ask 0o'0dk 00'0S2 00°002  00-OSt gzﬂnu’t 00°0s 00°'0 00'08"
2s95/32q

osofs oo°006  0G°0S2 00°GGR nn'osTx—sgutfﬁt 00°0% 06’0 00°0S-

rigure &4.23 Actual and Nominal Output of x18 (10% variation).

15¢




LEGEND
o
o

Y18
Y19s

Sec

ooy 3 00's 0s°2 00°2 maf’r 08"t as'c oa ‘P

o’ 08’ 00's 052 00°2 ss!uf": 00't os°o 00'0

Figure 4.2¢ Actual and Nominal Output of X19 (10% variation).

) 155




LEGEND

Y6
Y6S

10.00

Sec

6.00 9.00

T
7.00

TIME

t.00

rigure 8,25

Actual and Nominal Output

156

of X6 (30% variation).




o ———T

LEGEND

Y16

o

Y16S

9.00 16.60
Sec

Y
8.00

7.00

sad © 6.00

TINE

%.00

300

'0. 00

as*1

—
Qs 1~

rigure 4.26

Actual and Howinal Oatput of X16

157

{30% variation).




LEGEND

Y6
Y65

9.00
Sec

TIME

rigure 84.27 Actaal and Nominal Output of X6 (#)% variation).

158




o
(U]

LEGEND
T16
Y16$

Sec

8
i

TIME

¥.00

2.00

2.00

1.00

o8-d~ g2 1- [ TR

Figure 4.28 Actual and Bominal Output of x16 (80% variation).

159




T-appy o =y RO

iz g

o oo

TABLE IV
Influence of Parameters in the Time Response

F1v1S ILiviS
ELRELREELTELY IFY,] AQWIIE m. aN| 3N]| aN|an] 3N AQYILC
3s| 3¢| 3s| 37| 37| Loonswano| X 3¢{ as| 3s| 37| 31| 100KHs¥3A0
an | an IWIL EIZEDN
3N} 3N 3N 3s1y 3N | N[ 3N 35| 35 3s1y
Sy va.& n.K aﬂ.& _n_ﬂ mm& ¥Sy mwﬁ Wy 15y
[1vLS 3ivLS
At 3| 3| av| an
an| 3 savass | IN|an|aN| 31| 3s AQVY3LS
3s| 37| as| 33| 37| Loowsuaro] X 31| as| 3e| 21| 3s| Loowsuaro
AL HiL
n 3N | 3N ] 3N N g 3N |aN|3IN] A 31 uwa—d
mu.K vn.& mn_ﬁ -u.K _u_K .oTK vv& nvﬁ an .T&
BAVYAS WBAVILS
3
LN IEL IELY RN I R e . 3 aNjaN| | 3s]| ,qoaus
3s| as| 35| 37| 37 |s00onsu3aA0| X ag | ag] 31| a1 | ac [s0oHS¥IA0
aN]| 3wu|awn ML AN
3 3s| 3s Yoy an| 3n| an | 39] 31 2519
$5¢ >3y 3& ~uﬂ _uK mn& va& nw& unﬁ .nK

160




lad St i e i

AR e i el

TABLE V
Influence of Parameters in the rime Response (cont.)

FLVLS F1viS
Sl L B RN B IS 61 IN[INfIN|INIANY  qoaae o
3c| 3s| 35| a1{ 37| Loousyano| X 3s| 3g| as| 37| 31| 20omsvano} X
ETIY WL
an| aN| an] an] an aety aN| an] an] an] an e
Set | eI bty T& iy s [T iy P [Ty
I EDVEYEVIE 3AVLS 3N w| an Bivis
N AQvwialsS ol 3N an AQvwils sl
ac| as| as| 31| ;7| Loowsuano| X as| 3s|as | an| 31| Loowswano} X
IHIL ANy
u,z 3N| IN| aN] 3N =ciy u.z aw | aN| an| 3N =cIY
So1 [Why [far J1ery| 18ty T [y [ |ove| ¢
|AVY.LS BAVYLAS
an| an| an|anlang ST ; M| an|an|enf an] TR y
ss | as | as| 37| a0 [s0oonswaN0| X 36| 35| 21| 31| a|soonsw3ano] X
" AN ImIL
W | an|an| N ]| 3w Aol IMENMESENED Al
Slhy vn_« 2.& :.K EK $hly ﬂ.& nv_< u!K .:K

161




it ae - i Sl B e S e e ot b i ran

A. CONCLUSIONS

The results of the nonlinear 3-D parameter sensitivity
analysis presanted In Chapter IV va2rify the linzar analysis
of Chapter III. These conclusiocas can be guickly made,
using Tables I, II, III and IV that give a brisf review of
*he +*ime respornse of the 1linear and nonlinzar sys:tonm.
Ano-her means of ccmparison of tha linear ard nonlinear
analysis is t> use the figures that give a precise visuali-
zation of the time cesponse.

The comparison of the linear and nonlinear analysis can
be done Ly means of the plots as follows:

B. EFFECT ON STATE VARIABLES DUE TO PARAMETER VARIATIONS

1. Effect on State Variabla Due to Variation in

o, &p) 2
gﬁ(- 4p)

Figs.3.7 and 4.1 ( Acq and Azy) show that 5Pc is
little affect2d in the riss +ime, strongly affacted in the
overshoot and steady state.

Figs.3.4 and 4.2 (34 and A4q)) shovw that &p is
little affected in the rise time and strongly affected in
the overshoot and steady state.

Figs.3.2 and 4.3 (X,4 ani As)) show that q is
strongly affected in the rise time, 1little affzcted in the
ovarshoot and not affected in the st2ady state.

Pigs.3.3 and 4.4 (‘A24 and A¢g) show that o is
strongly affected in the rise time, 1little affazcted in the
overshoot and steady sta‘e.
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7 Pigs.3.7 and 8.1 ( Aoz and haz)  show that Sp. is
little affected in +the rise time, overshoot and steady
state.

Pigs. 3.4 and 4.2 (\g, and A42) show that Sp is
lit+*le affected in the rise time, overshoot and steady
state,

Figs.3.2 and 4.3 (Ay2 ani As3) show that q is
strongly affected 1in the rise <tim2 and little affected in
the overshoot and steady state.

Figs.3.3 and 4.4 ()27 and re2) show that o is
strongly affected in the rise tim2 and little affected in

the overshoot and steady state.

3. ffect on State Varia

Dus to Variatioa irp C .

Pigs.3.40 and 4.6 (Aqg and Aj23) show that &g, is
little affected in the rise time, strongly affazcted in the
overshoot and not affected in the steady state.

Figs.3.42 and 4.7 (Aaa and Ajzxz) show that SR is no%
affected in the rise time and steady state, and strorngly
affected in the overshoot.

Pigs.3.46 and 4.8 (A,g and Aiqaz ) show that 8y is
little affected in the rise +time, 1li“tle affec+ed in the
overshoot arnd not affected in the stz2ady state.

FPigs.3.48 and 4.9 (Aug anl \jg3) show that &y is
lit+le effected in the rise +time, st-ongly affazcted in the
overshoot and not affected in the steady state.

Figs.3.32 and 4.10 (Azgand X g3 ) show that (3 is
little affected in the rise time, s*%“ronglu affected in the
overshoot and not affected in the steady state.

Pigs.3.28 and 4.1 (,\‘aani A173) shod that y is
lit+le affected in the rise time, strongly affacted in the

overshoot and not affected in the steady state.
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Figs.3.30 and 4.12 (Azgand A;g3 ) show that p is
little affect2d in the rise +ime, strongly affected in the
ovarshoot and not affected in the steady state.

Pigs.3.50 and 4.13 (A!ZS and A‘?S) show that @ is
not affected in the rise time and steady state and strongly
affected in the overshoot.

4. Effect on State Variable Du2 to Varia*ioa in € :

Figs.3.40 and 4.6 (Aqg2and Aj2q) show that SRe is
rot affected in the rise time and steady state and little
affected in the overshoot.

Pigs.3.42 and 4.7 (Ags and Aj34 ) show that SR, is
not affected in the rise time and steady state and s+rongly
affected in the overshoot.

Figs.3.46 and 4.8 (\os and Aj44q) show that &yc is
little affected in the rise +ime, strongly affacted in the
overshoot and not affected in the steady state.

Pigs.3.48 and 4.9 (A5 anl A 54) show that 8y is
not affected in the rise time and steady state and strongly
affected in the overshoot.

Figs.3.32 and 4.10 (A3z5anil Xigq ) shos that (3 is
little affectad in the rise time, strongly affected in the
overshoot and nct affected in the stealy state.

Figs.3.28 and 4.11 (\,sand Al?ﬁ) show taat r is not
affected in the rise time and stzady state and strongly
affected in the overshoot.

Pigs.3.30 and 4.12 (\25 ani AIBQ ) show that P is
little affectad in the rise time, strongly affescted in the
overshoot and not affected in the steady state.

Pigs.3.50 and 4.13 (AIZS and A;gq) show that ¢ is
not affected in the rise time and steady state and strongly
affected in the overshoot.
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5. Effect on State Variablas Duz to Varia%ioa in C____:
ngp

Pigs.3.39 and 4.6 (hp3and Aj25) show that §p. is
little affected in the rise time, strongly affzcted in the
overshoot and not affected in the steady state.

Pigs.3.41 and 4.7 ()lgzand A(35 ) show “hat 8p is
little affected in the risr time, stronglu affacted irn the
overshoot and not affected in the steady state.

Pigs.3.45 and 4.8 (Mp3 and Aj45) shovw that Syc is
little affectad in the rise +ime, strongly affacted in the
overshoo+ and not affected in the steady stata.

Pigs.3.47 and 4.9 LXUB ani A,ss) show that 6y is
littrle affectad in the rise time, strongly affzcted in +he
overshoot and not affected in the steady state.

Figs.3.31 and 4.10 (Xgzzand Ajg5 ) shos that B is
little affectzd in the rise time, stongly affacted in the
overshoot and not affected in the st=ady state.

Pigs.3.27 and 4.11 ()3 and A\p5 ) show that r is
lit+le affectad in the rise time, strongly affacted in the
overshoot and not affected in the staady state.

Figs.3.29 and 4.12 (Azaani Ajgg) show that P is
lit+tle affectad in the rise time, strongly affacted in the
overshoot and not affected ip the steady staze.

Figs.3.49 and 4.13 (A232nd ),95) shos that ¢ is
lit+le affectad in the rise +time, strongly affec+ted in the
overshoot and not affected in the stzady stata.

C. EFPECT OF TRAJECTORY SENSITIVITY PUNCT.TNS

1. UOncoupled Bitch Autopilot

The traijectory sansitivity functions 2 1%, A2,
113, and 414 4in the 1linear case and the correspondent
trajectory sensitivity functions 151 and 152 i1 the nonli-
near case show strong effect on tha rise time aad overshoot
of the state variable q.
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The trajectory sensitivity functions 423 and 424
in the linear case and the correspondent trajectory sensi-
tivity function 161 in the nonlinear case show s+*rong
effect on the rise time of the stata variable X .

The trajectory sensitivity functions 433 and A34
in ¢the linear <case and the corresp>ndent trajectory sensi-
tivity function A41 in the anonlinear case shov stromng
effect on the overshoot and steady state of the state vari-
able ép .

The trajectory sensitivity functions 153 and Ae6u
in the linear case and the correspondent sensitivity trajec-
tory function 431 in the nonlinear case show strong effect
on the overshoot and steady state of the state variable Spc.

2. Coupled Boll-Yaw Autopilot

The trajectory sensitivity functions 413, 415, and
A18 in the 1linear case and the correspondent <+rajectory
sensitivity functions 4175, A174, 2and A173 in the nonlinear
case show strong effect on the overshoot of the state vari-
abls r.

The trajectory sensitivity functions 423, A25, and
A28 in the linear case and the correspondent trajectory
sersitivity functions 4185, 2184, and 4183 in the nonlinear
case show strong 2ffect on the overshoot of the state vari-
able p.

The trajectory sensitivity functions .433, 435, and
438 in the 1linear case and the correspondent trajectory
sensitivity functions 4165, 4164, and 4163 in tie nonlinear
case show strong effect on the overshoot of the state vari-
able (5 .

The trajectory sensitivity functions 473, 475, and
478 in the 1linear case and the correspondant trajectory
sensitivity functions 4125, A124, and 4123 in the nonlinear

case show little effect on the overshoot of the state vari-
able 6Rc'
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The trajectory sensitivity fanctions 483, 485, and
A88 in the 1linear case and the correspondent <trajectory
sensitivity functions 4135, 2134, 20d.1133 in tae nonlinear
case show strong effect on the overshoot of the state vari-
able &g .

The trajectory sensitivity functions A103 and 2105
in the linear case and the correspondsnt *“rajectory sensi-
tivity functions A145 and A144 in the nonlinear «case shov
strong effect on the overshoot of the state variable dy..
The trajecteory sensitivity function 4108 in the linear case
and *he correspondent trajectory szasitivity finction 4143
in the nonlinear case show little effect on the svershoot of
tha state variable éy .

The trajectory ssnsitivity functions A 113, A115,
and 4118 in the linear case and the correspondent trajec-
tory sensitivity functions 2155, 4154, and A153 in +he
nonlinear case show strong effect on the overshoot of the

state variable &y . i
The trajectory seansitivity functions A 123, 2125,
and A4128 in the linear.-case and the corresponlent trajec-
tory sensitivity functions 2195, A194, and 4193 in <he
nonlinear case show strong effect on the overshoot of the
state variable ¢ .
The trajectory sensitivicy functions have the

following range of values :

Minimunm Maximum
Linear - 385.25 632.35
Nonlinear - 642.9 1772.9

D. GENERAL CONCLUSIONS

The parcameter Cm* strongly affact the overshoot in

almost all casse.

; &g eI
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The parameter CNa’ little affect the overshoot in all i

case.
The parameter CQSR strongly affect the overshoo+ in
almost all case.

The parameter C“SP strongly affect the overshoot 1in
almost all case.

-

The parameter C"SR_ strongly affact the overshoot in

almost all case.

E. RECOMMENDATIONS !

It was not possible to rur a CSMP computer program using :
all state variable (19) and parametars (10) in the nonlinear '
case due to the work area availabla. The above restriction
occurred Jjust when the actual 2and nominal oSutput were
required to be printed. The computational time in this case
may be reduced using Fortrar subroutines imbedded in the
CSMP program in order to calculate the necessary parameter
derivatives.

In the linear <cases the computational time can be !
reduced by means of using the method of Sensitivity Points
that us=2s one model for all parameters instead of using one
model for each parameter.

The present analysis can be repsatad for the case of *he
Circular? Airframe given in the [B2f. 2], and comparisons
between both airframes can be performed.

Future study can be made modeling the system in the
frequency domain where the "root sensitivity" is analysed.

Influence of parameter variations on miss 3istance can

be analysed using an augumented system and a scenario of
reference.

- - . > - - - - .-

zTha current CSHP rograns in th gg andices _are
prepared to run the Circular ' case just by 1nse 1ng the data
of the correspondant airfrane.
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ARRENDIX 2
NMISSILE SIZING, MASS PROPERTIES AND AERODYNANIC DATA

A. INTRODUCTION

In this appendix, one considers a modsl <+hat was
assumed to bs 1/6 scale of <the actual ellip+<ical missile
configuration as given in Fig.A. 1.

Missile configuration was sized to provide ra2alistc mass
properties neaded for this study.

Since the main purpose of this work was to perform the
parameters sensitivity analysis applied to a 3ank-to-Turn
missile, no effort was expended 5n a detailed design and
analysis of the various parts envolved, which is given in
(Ref. 2). Some of figures given in this appendir were *aken

rom *he ([Ref. 2] fcr easy wvisualization of thsz system in
study.

B. GEOMETRIC AND MASS PROPERTIES d? MISSILE CONFIGURATION

One can find in Table VI tha proper:ies ¢sed in the
development of the equations for applying the Parameters
Sensitivity Analysis.

Fig.A.2 shows the »=o=~? 3mic sign convention, noaencla-
ture and body-fixed e the following three assump-
tions were naie:

- Plane ;; A.2 is the maneuver plane.
- Missile i: in pitch (i.e. , My=0 , at fixed
values of » and §p).

-Missile rcll .ate is constant.

Pig. A.3 shows a block diagram 5f a BTT autopilot.
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TABLE VI
Geosetric and BQSf Pro 2rties of HMissile
Configuration.
"EIGHT(lbs’...........-....O.l..'..'......l 2“75
Ixx(slug Sq ft’...‘....'..‘.........l...... 110
IYY(Slug Sq ft)..0......................... 790
Izz(slug sq ft)...................I........ 853
LENGTH ‘in) ' l...‘.'.-..-..Q....Q...ch... 168

C%“TER OP GRAVITY...’I.. ® 9 ® 08 906 8 0O 00 S0 100.8(0.6 l
distance from nose (in)

ukx. HAJOR AxIs (in)..n...-..l..c......c-‘. 4107
uhx. HINOR AXIS (in’..ol..-..-.....-.-.0... 13.86

Inertial acceleraticn commands are applied in polar coordi-
nates (i.e., magnitude of command (7,.) applied to the
pitch autopilot and the direction (¢.) is applied to the
roll autopilot).

The yawv autopilot is slaved to tha roll autopiiot +o mini-
mize sideslip angle by coordinating tha missile yaw and roll
motion. '

Achieved mansuver plane or inertial acceleration in rectan-
gular coordinates (i.e., ﬂzvand Nyy) is .determined by
resolving achieved body-£fixad accelerations
(i.e.,“)zb and nYe ) through missile roll angle(¢ ) (i.=.,
Buler angles & and Y are assumed to be sufficiently

small).
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ARRERDIX B
LINEAR SYSTEM MDDELS

A. INTRODUCTION

The following appendix addresses *he informations of the
linear uncoupled pitch channel autopilot and the roll-yaw
coupled channel autopilot of a elliptical airframe taken
from {Ref. 2].

The linear time domain analysis of the CBTT autopilot was

assumed that the  missile iIs initially in the desired
maneuver plane and trimmed at ten degrees anglas-of-attack
(i.e., the aquilibrium or trim angle-of-attack in *he
model of FPig.A.1 equals 10 degrees and the equilibrium roll
rate Pe in the models of PFig.A.3 sjual zero).When Pe = 0,
Qe (i.e., equilibrium pi:ch rate) has been formed to have
negligible influence in the lateral model compared
to o(e and was therefore set equal to zero.

B. UNCOUPLED PITCH CHANNEL AUTOPILIT

A general block diagram of an uncoupled pitch channel
autopilot is shown in Fig. B.1.
A ncrmal acceleration command (nl, g's) 1is applied to
the pitch <control law which uses aeasurements of missile
3 body pitch angular rate (g) and pitch normal acceleration
) 0&) to determine the required actuator command (SPc)' The
actuator is modeled as a first-order lag at 30Hz (188.4
R rad/sec) .
: The dynamic aodel is 1linearized about a tria angle-of-
attack as described in appendix A.
Prca the block diagram of Pig.B.1, the parameters of

interest for the present analysis are given respectively

as C“ﬂ' Cnspl Cm“ ’ CmSP‘
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Por ease notation the correspondence of state variables and

constants are given in Table VII

Performing block diagram manipulations see [Ref. 5], one

yields to the following state variable equations:

Aerodynamic equations

X1 = C2 A3 X2 + C2 A4 X3

X2 = ¥1 - K C1 A1 X2 - K CY A2 X3

Control law eguations

X3 = - C3 X3 ¢+ C3 Conv X6

I4 = - C1 C4 A1 X2 - C1 C4 X3 - C4 X4

X5 = C7 X4 - C5 X5 - Cé6 NZC

Actuator equation

X6 = CE A7 X3 - 6 X6 + C E A8 X8 ¢+ C E A6 X1

C. COUPLED ROLL-YAW CHANNEL AUTOPILOT

A general block diagram of a coupled roll-yaw channel
autopilot is shown in Pig.B.2.

(B.1)

(B.2)

(B.3)

{(B.4)

(B.5)

(B.6)
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The block diagram (Fig.B.2) shovws, eight parameters of
interest that are:
Al = CYSy' A2 = CY

e ' A3 N§r

C ,A“=Cn<3'

AS

C
nsY ’

For ease >f notation the correspondence of state vari-

ables and constants is given in Table VIII.

Eqns.B.7 through B.17 give ths state variable equations
of +he coupled roll-yaw channel autopilot:
Aerodynamic equations

X1 = C Conv(A4 X3 + A3 X8 + A5 X11) (B.7)
X2 = C Conv(A7 X3 + A8 X8 + A6 X11) (B.8)
X3 = - X1 - (alpha/Conv) X2 (B.9)

+ KB A A2 X3 +# KB A 31 X1

X4 = -8 X4 ~17.6 X12 + 17.6 PHC (B. 10)

Control law equations (roll)

s
wn
[]

- (0.755/Conv) X2 - € D A7 X3 (B. 11)

+ (0.755 - 8 D)X4 - 5 X5 - CD A3 X8 - C D A6 X1
- 17.6 D X12 +17.6 PHC
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X6 = CE A7 X3 -~ 6 X6 + C E A8 X8 ¢# C E A6 X111 (B.12)

L]

X7 = - F KC (0.755/Conv) X2 - (D + E) F KC A7 X3 {B. 13)

+ P KC(0.755 - 8 D) X4 ¢ RC(15 -~ 5 P) X5
+KC(6F - 15) X6 - 15 X7 - (D + E) F KC C A8 X3
- (D+E) F RCC A6 X11 - F KC D 17.6 X12

¢« P KC D 17.6 PHC

X8 = 188.4 Conv X7 - 188.4 X8 (B.14)
Control law equations (yaw)}

X9 = (K1 A A2/T1) X3 - X9/T71 + (K1 A atl/T1) 11 (B.15)

110 = (K2/Conv) X1 - (K2 H ALPHAB) /Conv X2 (B. 16)

+ (K2/710)((K1 A4 A2)/T1 +« B A4 - B ALPHAB C A7 X3

+ (K2/10)(B A3 - B ALPHAB C A8 X3 + K2(1 -~ (1710 T X9

+ (K2/10) ((K1 A A1)/T1) + B AS - H ALPHAB C A6) X1t
Actuator eguations

X1 188.4 Conv X10 - 188.4 X111 (B. 17)

X12

X2/Conv (B. 18)




D. AERODYNANIC DATA-LINEAR APPROXINATION

A linear approach vas used in the design and stability
analysis of the aultopilots of th2 pitch, yaw, and roll
channels, both uncoupled and couplel. According, a linear
approximation of the aerodynamic darivatives at m=3.95 wvas
provided, aboat which the system could be per+urbed. These
linearized aerodynamic derivatives are given in [ Ref. 2] and
ara presented here in Table IX.
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Sp.
Coig
N,
Cm.
mep
qs/d
57.3qsd/I
188.4
150.0
6.0
0.53544
0.48
0.38375
3.07
0.48
57.3

TABLE VII
Correspondence of Symbols (Uncoupled Pitch Autopilot)
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TABLE VIII
Correspondence of Syabols (Couplad Roll-Yaw Autopilot)

r cecesceees X1 3. 1416 cecececses S

. P csecnscese X2 57.3 ceescssass CONV
; B  ceceecsc.. X3 gs/4
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b
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Ygy treeeeeee A1 0.84 ecescsasss K1
c\,@ cesceevass A2 6.08 ceaccsasss K2
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ceccessacs AU 4.17 csescances KC
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TABLE IX
L' ' Linearized Aerodynamic Derivatives
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ARPENDIX C
NONLINEAR SYSTEM MODEL

A. INTRODUCTION

A general block diagram of ths nonlinear moiel is shown
in Pig.C.1 Tha three dimensional nonlinear aersdynamic model
presented here is for the same conditions used ia the linear
model shown in appendix B. The same flight condition usel
for the linear case is the same for the aonlinear model (.
e. , 60 kft altitude, Mach 3.95). The control laws are the
same used for tha linear models except for a min>r modifica-
tion to the coordinating branch 3ependence on angle-of-
attack and also the inclusion of anti-gravity bias as stated
in [Ref. 2].

B. CONTROL ILAWS

The con%trol laws used for the following nonlinear 3-D
studies vere the same as those useil for <the linear models,
except for tha gain o shown in ths bold line of coordina-
tion branch in Pig. C.1. The new Jain « is held constant
at one degr