AD-A141 761

UNCLASSIFIED

A UNIFORM BOUND FOR THE TAIL PROBABILITY OF
KOLMOGOROV-SMIRNOV STATISTICS(U) STANFORD UNIV CA DEPT
OF STATISTICS 1 HU MAY 84 TR-28 N00014-77-C-030!

F/G 12/1

o
FNED

onc




I B2s 2.5
o s
=k
& 4
|||" T =
= Il
=y ENT

MICROCOPY RESOLUTION TEST CHART
NATONAL BUREAU OF STANDARDS 1963 4



AD-A141 761

- 7,

A UNIFORM BOUND FOR THE TAIL PROBABILITY
OF KOLMOGOROV-SMIRNOV STATISTICS

by
Inchi Hu

Stanford University

TECHNICAL REPORT NO. 28
MAY 1984

PREPARED UNDER CONTRACT
N00014-77-C-0306 (NR-042-373)
FOR THE OFFICE OF NAVAL RESEARCH

Reproduction ir Whole or in Part is Permitted
for any Purpose of the United States Government

Approved for public release; distribution unlimited

DEPARTMENT OF STATISTICS
STANFORD UNIVERSITY DTlc

STANFORD, CALIFORNIA ELECTE
P JUN 0 4 1984
. 7 8/R9 1
. ‘. T\é E
q b
| k

L J

s’ 84 06 04 102




A UNIFORM BOUND FOR THE TAIL PROBABILITY
OF KOLMOGOROV-SMIRNOV STATISTICS

by
Inchi Hu

Stanford University

TECHNICAL REPORT NO. 28
MAY 1984

PREPARED UNDER CONTRACT

N00014-77-C-0306 (NR-042-373)

FOR THE OFFICE OF NAVAL RESEARCH

Reproduction in Whole or in Part is Permitted
for any Purpose of the United States Government

Approved for public release; distribution unlimited

DEPARTMENT OF STATISTICS
STANFORD UNIVERSITY
STANFORD, CALIFORNIA

\

¥
(& o F

2

" Accession For

NTIS GRAXKI g
DTIC TAB
Unannounced 0

Justification— |

By.
Distribution/

[~ |Avail and/or

Availability Codes

Dist Special

||




1. Introduction
™4

“Let X1, Xz, be independent, identically distributed random variables with a

continuous but unknown distribution function F..Denote the empirical distribution p
function for sample X;, X3,---, X, by F(z) =l{lof X;<z,i= I,*a'n-@. In testing 1, j
goodness of fit, that is, we want to test F' = Fj for some specific choice of Fo, the .4
commonly used test statistics are.c -~ . i 0‘ J
B
D} = /nsup(Fy(z) - F(z)) 'j
y
D; = Vmigt(#(z) - F(z)) \ |
. b =) 3
D, = v/asup|F(z) - F(a)] b
The purpose of this paper is to give a bound for the tail probability of D, in the 5[ i
following form. <—__ ;_%
Theorem 1. p{D; > /n¢} < 2v/2e~2", dj
A bound of the form p{D; > y/n¢} < C e~™’, where C is some unspecified ’
constant, has been proven by Dvoretsky, Kiefer, and Wolfowits (1956). There are 1

several papers conjecturing that C can be taken as 1, cf. Birmbaum and McCarty 7
(1958) and Csorgd and Horv4th (1981). Each of them is substantiated by considerable i
numerical computation, although no proof is available. Devroye and Wise (1979) L
proved C < {2+32/(61r)§ +8/35 4234 exp(}:-)} < 306, but this bound is too
large to be useful in any application. The best result known to the author (before
this paper was written) is ¢ < 29, due to G. Shorack (private communication), so the
result of this paper is a substantial improvement of all the results known so far and
partial support of the conjecture

2. Proof of the Main Result

First we introduce some notation and basic facts about exponential families. As-
sume the distribution function F of X, can be imbedded in an exponential fam-
ily, i.e. for all ¢ in some neighborhood of 0 exp(y(9)] = [exp(dz) F(dz) is finite,
so exp(fz — ¢(9)] F(dz) defines a family of probability distributions indexed by 4.
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It is easy to show that the mean and variance of these distributions are given by ,
¥'(9) and ¢"(6) respectively. Hence u = ¢'(0) is a one to one function of 4. It '
will be convenient to regard this family of distributions as indexed by s and write
F,(dz) = exp|fz — ¢(0)] F(dz). Let P, denote the probability according to which
X,,X;--- are independent with P,(X; € dz) = F,(dz) (s = 1,2,---). The den-
ity of S, = X, +--- + X, under P, will be denoted by f,,. If A is an event
belonging to the o -field generated by Xj,---X,,, the following notation will be
used: P,(""(A) = P,(A|Sm = m¢). In this paper we consider only events of the
form A = {r < k}, (k =1,2,:--m), where 7 is a stopping time.

Siegmund (1982) derived the following fundamental identity

E

§

('l)(f <k) = exp{—m|(0: ~ o) po + ¥(0) — ¥(02)} (1) £
/('<ﬂ ,”' ..-'(m“o - S') exp[—(o‘ - 03) Sf]/fllo. m(ml‘o)dpm

The notation u; = y(é.-), 1 =0,1,2 is used above, and 6,, 8, satisfy ¥(0,) = ¢(6.).
Let us bring our attention back to D;. It is well known that the distribution
of D is the same for all continuous distributions, so without loss of generality we [
may take F to be the uniform distribution on (0, 1). The well known representation of
uniform order statistics in terms of sums of independent exponential random variables
shows that i

P{D; >Vng} = P{sup (z- Fu(2) > 6}

= P{,nggx(W -5)2n¢ - 1|Wosy = (n+1) = -1}

P{™{r < m) i

where W; =Y, +-.- +Y; and 1;,Y>,- - - are independent standard exponential, m =
n+l,m=:—,‘,r—mf{t W;-42>n¢-1).

For reasons which will be indicated later, we divide the set {r < m} into two parts
{r 2 5+1} U{3 +1 <7 < m}and apply a time reversal argument to the later part,
i.e.

PP(r<m) = PP (rs3+1)+P0 (F+1<r<m)
< P,!:"(rs;—‘+l)+ﬁ!;‘)(f<§)
2




where vy = L, T = inf{i : S; > n¢} and under the probability P S; has the same
distribution as 1 — W; (i = 1,---,n +1). By (1) we have

P < % +1} = exp{-m](6; - 6o) po + ¥(0o) — ¥(6:)]} (2)
oy ovmer s = ) exl=(0s = ) 51/ fo,m(ms) dP,

and
B (T<3) = exp(-mi(da ~ o) vo +6(30) - $(32)]) (3)
J sy 993 mr(m% = S7) XBl—(hs = 3a) S11/gun, m(msn) Py,
where
¥(6) = —8-log(1-6),
#(A) = A-~log(l+2A),
WO = ¥0) =10
) = Y=o
(1-0)* a-1
fn&(z) = (k _ l)!(z + k) exp[(-z"' k)(l - 9)], z2 -kt -0<é#< 1,

als) = (k- gl - B y <k -1 <A<,

8, <0 < 0; < 1 satisfy ¥(0;) = ¢(6,), and —1 < A3 < 0 < A, satisfy ¢(A;) = ¢(Ay).

We work with (2) first. Under P,, the increment of the random walk S; has an
exponential right tail. The following Lemma is a direct consequence. The proof is
omitted.

Lemma 1. Under P,, R, = S, —(n¢ - 1) is independent of r and has an exponential
distribution with parameter (1 - 8,).




By Lemma 1

'/('S"H) Jurim=s(mpo S;) exp|—(0: ~ 0) 5,]dP,, / fuo.m(mipio)

(3+1

= g /(r=b) Susm—i(—n¢ — Ra) exp{—(0; — 02)R]dP,, -

. expl—(0y — 2)(n¢ — 1))/ poum(mip)
{§+1] L,
(1= 8) &xpl=(6, = G)(ng = 1)} - Pulr = H) L

T Spmes(=1 = 2) expl=2(1 =~ 0)1d/ Sy (s ‘
[341) /
exp|—(8; — 0;)ng) Z Py, (r = k) fusm-st1(—=1n¢ = 1)/ fuo.m(pom).

k=1

Observe that f,, m-i+1(z) is maximized at z = (== 554 the maximized value

. 103 ,
is i
(1= 8:)(m — k)==k e~(m-B
(m - k)! !
and
mﬂ e-.

G TR T
Substituting these results into the expression above, we have an upper bound of the

form

[3+11 b et} (o D\
(1 — 82) exp|—(8: — 82)ng) ‘2 P, (r= ")(m ) (b,: _( k):),f: e-:)[(m \l)“' l\

Using Stirling’s formula with upper and lower bound (see e.g. Feller, Vol. I, page 54),
we find the expression above is bounded by

(1 = 02 expl—(6: - Ba)ncle (" ‘)"fg::'r..(r -n(222) l

S (1-0)epl~(0, - ti)ng] e (222) V2.

So Pt {r < 3+ 1} < V2 exp{-n|(8; — )¢ — ¥(8,)]}-
4




The process for bounding (3) is more or less the same, although we loge the
independence of Sy — n¢ and T'.

/(r<n) gvam-1(myvo — Sr) exp{—(A; - Az)&-]df-’,./gw’-(uom)
H

< Z: _/":‘“ Gurm-1(1 — y) exp[—(A - Az)y”-’m (T =k, Sy € dy)/gvo.m(vom)

< expl(h— hins] & L ot (1= ) (T = , 55 € d3)/guum(vom).

k=t

From this step on the argument is the same as above. Substituting in the maximal
value of g, -1 and using Stirling’s formula carefully, we arrive at

B (T < 3) < VE exp{=nl(h - Xa)e - #(2a)])

To complete the proof it is sufficient to show

Lemma 2.

(Ot 23X oy |01 = 925 = 9(02)] 2 2

or equivalently
- > 22,
(uan Sty (A1~ Aa)s = #Aa)] 2 26
Proof of Lemma 2. Using the method of Lagrange’s multiplier, it is easy to
show that (8; — 6;)¢ — ¥(9,) is maximised at §, and 9; satisfying

.l. + r._l;' - 1
{ ¥(6:) = ¥(:) ° 4

Equation (4) involves a transcendental equation which is difficult to solve explic-
itly, but here is an easy way out. Dvoretsky, Kiefer, and Wolfowits (1956) proved

P{D; > n¢}SC e™
Siegmund (1982) showed

P(D; > /A ¢} ~ Ci¢) e=(-t)-v(ts)]
§




where 8, and 0, satisfy(4) and C;(¢) is a constant depending only on ¢. These two
results imply
[ip—co C1 €72/ C,(s)e MO -02)s-0(0a)] > ¢
Suppose (6; — 8;)¢ — ¢(82) < 2¢? for some ¢, then
: ~2ng? —n{(01=ta)s-9(0)] _
"l_l_.lea Cie /Cz(f)e 1=hls MW =0.

This is a contradiction. Consequently Lemma 2 is true, and the proof of Theorem 1
is completed.

3. Concluding Remarks

(i) Theorem 1 is useful in determining confidence bounds, cf. Birnbaum and
McCarty (1958) and Csdrgd and Horvath (1981).

(ii) It is also possible to derive a bound of the form P{D; > y/n¢} < ¢~3 em2ns?
by working on (2) only. This bound is strictly better than Theorem 1 of ¢ > }, but
the result is poor when ¢ is small. This is the reason why we split the set {r < m}
into two parts and use a different argument on each part.

(iii) Birnbaum and Tingey (1951) gave the exact distribution of D, but their
formula is inconvenient for numerical calculation. This is one of the reasons that a
bound like Theorem 1 may be useful in application. '

(iv) At first sight, the conjecture mentioned in section one seems ualikely to be
true, when compared with the asymptotic result ”li_% P{D; > ¢} = e~%’, but
Smirnov’s (1944) result P{D; > ¢} = exp[-2¢(¢ + (3n3)!)] + o(n"?), which sug-
gests that D approach the asymptotic distribution from below, served as analytical
support of the conjecture.

Acknowledgement. The author is greatly indebted to Professor David Sieg-
mund for suggesting this problem and providing many helpful comments.
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