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1. A Statement of the Problem Studied

The main objective of this research is to apply recent advances in
kinematics, utilizing fundamental models of dynamics, coupled with experi-
mental observations in order to develop methods capable of predicting the
performance as well as motion characteristics of certain basic, finite-dwell
type of intermittent-motion mechanisms including Geneva mechanisms, ratchets
and escapements, which are useful in industry and military applications,

The contract was originally awarded for a two-year period. later, it
was awarded an additional year to extend the theory developed earlier under
this contract to two related areas of mechanism design problems, namely, the
momentary-dwell type of intermittent-motion mechanisms and an investigatinn
on the workspace of a robotic manipulator system.

2. A Summary of Significant Accomplishment

As it was mentioned in the preceeding paragraph, the project involves
an investigation of the dynamic as well as the kinematic characteristics of
mechanisms of the following three types:

e Intermittent-motion mechanisms of the finite-dwell type

e Intermittent-motion mechanisms of the momentary-dwell type

® Rabotic Manipulators

Results obtained from this project, which are helieved to he new and
significant pertaining to the above three catagories, are described next.

(a) Kinematic and Dynamic Analysis of Intermittent-Motion
Mechanisms of the Finite-Dwell type

A mathematical model of impact has heen formulated for the
intermittent-motion mechanism. The model, which includes clearance,
damping, mechanism elasticity and material compliance is basic to the
determination of the dynamical response such as force amplification, dynamic
Toad and the stresses of mechanisms with intermittent-motion.

The theoretical model developed has been applied to several practical
mechanisms, the Geneva mechanism, the ratchet and the escapement mechanism,
These are popular indexing devices and have been widely used in many pro-
duction machinery and automatic weapon systems., A computational procedure
incorporating the dynamic model with the finite-element approach is deve-
loped for the Geneva mechanism. ODynamic load can be calculated and is sub-
sequently used for the estimate of stresses. An automatic mesh generator
for finite-element approach is presented for the Geneva wheel, although not
simple, due to the complicated geometry of the wheel., The computer-aided
procedure makes possible, for the first time, to accurately predict the
performance as well as durahility of an intermittent-motion mechanism with
respect to its oprational speed,
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In the theoretical development, a new approach in the modeling of sys-
tem damping is presented. Instead of using damping ratio, which is diffi-
cult to estimate accurately, a new damping function is introduced, which
characterizes the speed and lnad dependent nature of damping. Two types of
damping functions are proposed and both of their corresponding damping
forces satisfy the expected hysteresis boundary conditions. A comparative
study of the present model with conventional dynamic models is performed.
It demonstrates the characteristics of the proposed model and its useful-
ness for the study of the dynamics of intermittent-motion mechanism.

Experimental data on stresses of the feneva mechanism under both dyna-
mic and static loadings have been obtained using MTS machine on a 4.54" 0.0,
Geneva wheel (AISl 2340 Steel), Ream stresses at the tip and raoot are
determined using strain gauges. The results check well with the theoretical
prediction using finite-element methods.

The result of this part of the project has technological applications.
Since most automatic weapon systems involve intermittent-motion mechanism as
their main indexing device, the work represented here may he used to predict
the dynamic response of the weapon system and, ultimately, used for a dura-
bility and life-cycle analysis of the system.

(b) Analysis and Synthesis of Intermittent-Motion Mechanisms of the
Momentary-Dwell Type

A general approach for the kinematic synthesis of the momentary-dwell
mechanism has been presented. The approach involves using the solution of
first-order dwell criterion as an initial estimate and the development of a
computer-aided procedure to subsequently readjust the mechanism proportions
for a closer match to other dwell criteria hy optimization, The propoartions
thus obtained provide an approximation of the high orders of dwell and, for
most practical purposes, the solution is useful and acceptable. The ap-
proach has been illustrated by two examples, a six-bar linkage and a
chain~-and-coupler-link mechanism. These mechanisms are selected hecause
they represent the general characteristics of most momentary-dwell mecha-
nisms which are difficult to analyze and design. It has been shown in this
investigation that on the design of these momentary-dwell mechanisms, ana-
lytical approach alone is not possible, and a joint consideration using a
numerical optimization technique, therefore, becomes necessary.

(c) 0On the Kinematic Characteristics of Robotic Manipulators

This part of investigation concerns an analytical investigation of the
kinematic characteristics of robotic manipulators. It includes two parts.
The first part deals with the study of manipulators constructed with
revolute joints in series and having open kinematic chain configuration,

The second part treats the problem of a maneuverable platform mechanism with
closed kinematic chain configuration.

In the first part, the kinematic relationship hetween consecutive re-
volute joints with both unlimited and limited rotatabilities are formulated,
and subsequently, the manipulator workspace is analytically derived and
represented by a set of recursive equations. Two of the basic character-
tstics on manfpulator workspace, i.e., the existence of hole and void, are
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investigated in great detail. Based on these theories, algorithms and
computer program for quantitative evaluation of the volume of workspace and
for outlining the boundary of the workspace are developed.

Furthermore, an important theorem on manipulator workspace is pre-
sented, It is found that for a given manipulator structure, the ratio of
the volume of the workspace to the cube of its total link length is a
constant. This theorem leads, therefore, to the introduction of an effec-
tive manipulator performance index. BRased on this index, an algorithm on
the optimization of manipulator workspace has been developed. 1t is shown
that for a popular commercial robot configuration, an optimum structure can
be found through both analytical and numerical means. An interesting com-
parative study with human arm proportions is also provided,

In the second part, the number synthesis of the n-SPS platform mecha-
nism is first performed (S and P denote the spherical and prismatic joints,
respectively). It is shown that the 6-SPS mechanism is the only platform
structure which has six controllable degrees-of-freedom and can be used as a
general manipulating device. Analytical formulation for the kinematic
analysis, synthesis and control of the mechanism is presented. Cross-
sections of the workspace on three primary planes are constructed. Conse-
quently, several basic kinematic problems are investigated. These are: i
the analysis of a planar 4-bar with adjustable link lengths; the rotata-
bility of a ball-and-socket joint; and the possible interference or locking
phenomenon during the motion of the platform. An algorithm and a computer
program to outline these cross-sections have been developed.

The results of this research, it is believed, have contributed toward a
basic understanding of the kinematic characteristics and design of robotic
manipulators.
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On The Dynamics of
Intermittent-Motion Mechanisms

Part |. Dynamic Mode! and Response

This paper deals with a busic problem regarding intermittent-maotion mechunisms,
namely, how 1o formulate a predicative model for the study of the dvnamics of
these mechanisms. A mathematical model is developed in this investigation. The
model, which includes clearance, damping, material compliance, and mechanism
elusticity, is basic to the deternunation of the dynamical response such as force
amplification and motion characteristics ¢ nechanisms with intermittent mouon.
A new approach in the modeling of systs ar-ping is presented. Instead of using

damping ratio, which is difficult to estir accurately, a new damping function is
introduced, which characterizes the spe. A load dependent nature of damping.
Two types of damping funciions are ;o wosed and both of their corresponding
dumping forces satisfy the expected resis boundary conditions, i.e., zero

damping force at zero and maximum s - displacement of contact. A com-
parative study of the present model w % .veni.onal dynamic models is per-
formed. It demonsirates the characieris.... and the usefulness of the proposed

maodel for the study of the dynamics of intermittent-maotion mechanisms.

1 Introduction

Intermittent-motion mechaunisms play an important role in
modern technology and industry. They are the essential
elements in many machinery and automatic weapon systems.
A variety of intermittent-motion imechanisms  have been
described in the literature [1]. Basically, there are two types:
One gives a finite dwell, such as the standard external Geneva
mechanism [2]. the other provides instantaneous or
momentary dwell (3]. From the point of view of mechanism
structure, intermittent-motion can be generated either from
single or compound mechanisms. Geneva mechanisms, cam-
fotllower systems, and linkage [4]) are examples of the single
type; compound Geneva mechanisms [$, 6] chained linkage
[7]. and geared linkages [3]. belong to the compound in-
termittent-motion mechanisms.

Of particular interest and concern in this investigation is the
study of the dynamics of high-speed intermittent-motion
mechanisms of the finite-dwell and of the single type which
are more difficult to analyze. There are many reasons at-
tributing to this fact. First, the mechanism is characterized by
inherent shock loading, that iy, the presence of essentially
discontinuous  forces, masses, ‘elocities and  potential
energies: and second, because of this special loading con-
dition. as well as the inertia loading due to high speed
operation, the effects of material compliance, mechanism
elasticity, clearance and damping have to be taken into

Contributed by the Mechamisms ¢ ommittee and presented at the Design and
Production Engineering Technical Conference, Washington, D.C., September
1215, 1982, of Tur AMFRICAN SOCIETY 08 MECHANWCAL  ENGINERRS
Manuseript recencd at ASME Headguarters, June 10, 1982 Paper No R,
DHT 64
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consideration. Damping which has an important role on the
dynamics of the mechanism is especially ditficult 1o model. It
is generally known that damping depends upon load as well as
speed. The conventional way of modeling requires an accurate
estimate of the damping ratio which is ditficult 10 attain. The
problem is therefore complicated and needs special attention.

The purpose of this investigation is 10 develop methods
capable of predicting the performance as well as the motion
characteristics of certain basic mechanisms which generate
intermittent-motion and are of general interest in practice. In
particular, the objectives are: 1) to tormulate an analytical
model for a certain class of intermittent-motion mechanisms,
and 2) to present a new damping function in the model, which
characterizes system damping and which can be quantitatively
estimated. The result of this investigation, it is hoped, witl not
only provide a predictive dynamic model and a computational
package for the dynamics of intermittent-motion
mechanisms, but also an added advantage - a decper un-
derstanding of the dynamic load on intermitient-motion
mechanisins and a physical insight 10 the dynamic charac-
teristics of these mechanisms. Such an investigation is
believed 10 be trustworthy, and to the authors’ knowledge,
has not been reported in the literature.

We begin by discussing the background of the dynamics of
the intermittent-motion mechanism and its relationship with
the well-investigated field of clearance in the mechanical
joints. An analytical model suitable for intermittent-motion
mechanisims i formulated and its solutions are derived. A
comparative study of the proposed model, with the con-
ventional  dvnamic  models, is performed. The  results,
whenever possible, are illustrated by graphs which may offer
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some physical insight into the behavior of the intermittent-
motion mechanism. Applications of the present model are
extended to practical mechanisms such as Geneva mechanisms
and ratchets, and the results are reporied in Part 11 of this
investigation. The result of this investigation, it is believed,
will represent a contribution towards the more efficient and
economical design and analysis of mechanical systems in-
volving high-speed intermittent motion.

2 Mathematical Maodel

All intermittent-motion mechamsms share some common
characteristios. First, there exists generally shock or impact
loading which may be inherent in the mechanism, or as a
result of external loading. In the dynamic analysis of the
mechanisms, therefore, not only the kinematics but also the
load and driving characteristics have to be taken into con-
sideration. Secondly, clearance or backlash is unavoidable in
any mechanical joint or connection which makes possible a
loss ol contact between the members. This may lead to
subsequent impacts which would give rise to vibration. The
study  of the dvnamic response of intermittent-motion
mechanisms at high speed is theretore analogous to the in-
vestigation of the dynamics ol mechanical systems with
clearances ~ a field which has become important and active in
the past decade.

Most of the investigatnions relating to mechanism clearance
involve the formulation of mathematical models of impact as
a basis of their study. Essentially simple systems of springs
and dashpots wih clearance are used 1o simulate the complex
and nonlinear phenomena of mechanical connections. Some
of the notable models were presented by Langer (8}, Johason
(9], Kobrinskiy and Babitzky {10}, Dubowsky and
Freudenstein [11], Hunt and Crossiey {12}, Herbert and
MeWhannell {13], ete. A useful outline of the background o
this field of investigation is given by Dubowsky and Gardner
[14]. Recently Haines {15] gave a comprehensive review of the
subject.

In this study a mathematical model has been formulated to
investigate the dynamic response of the intermitient-motion
mechanism. The physical model itself is basically taken from
the one proposed by Dubowsky and Freudenstein (11} on their
thoughtful study of clearance in the mechanical joints. The
differences, however, lie on the mathematical modeline of the
stiffaess and damping of the system. These are mechanism
elasticity and most importantly, a new approach which in-
volves a damping function introduced in the modeling of
system damping. Two types of damping functions are
proposed and their corresponding damping forces both satisfy
the expected hysteresis boundary  conditions, i.e., zero
damping force at zero and maximum relative displacement of
contact.

The physical model used in this investigation is shown in
Fig. 1. The constants M, and M, represent the equivalent
masses of the driven and the driving elements, respectively.
For instance, they may correspond to the Geneva wheel and

Joumnal of Mechanisms, Transmissions, and Automation in Design
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P on W Geneva mechamsim. A

A odem
stilbness and daiping, respectisels, denotes 1
clearance. Phe external loading apphied on the dovaing clement
Iviepresented oS

T dins aovestigation the system stittaess, A s modeled by
two single springs in series, In additson 1o the sarface com
phance (K) which s included i Dubowsky's model (1),
another spring represented by the mechamsas elasiity (AL )i
considered. Following Dubowsky and Freudenstein [H], the
surtace compliance is modeled using the hineanzed expression
ot Herty contact theory. For mstance, 1 the case of 4
cylindrical pie contacting with a flat surtace, we have the
deflection,

) ) Bu'h
a= (KN, + Koy in (K + AR

- InI’J 2 ()
where the subscripts 1 and 2 sefer 1o the paramiciers associated
with the elements 1 and 2, or the driven and driving members,
respectively. Parameters ¢ and b arc the half tength ot the pin
and the natural base. The linearized sutfness of Herts con-
tact, A, represents the slope on the load and deflection curve
characterizing the contact phenomena The ssstem stitness i
Illrlu.'h‘l\'.

A = | | 2)
([\_,) '(/\.)

During contact stages the relationship, represented by
equation (2), although it is nenlinear, is not oo tar away trom
linear. Theretore, the system stiftness has ossentially
piecewise linear characteristic which ay be used 10 model
complicated  nonlincar  behavior  of  intermittent motion
mechanism. On the othes hand, equanon (2) s simple enough
1o estimate and can be used 10 verify the response ot the
dymamic system with simple input, such as harmonic Yoree.

The damping of this system is modeled through a new
damping function introduced i his investigation, as 22, and
will represent the major content of our discussions in the next
few sections. The equation of motion for the model, shown in
Fig. 1, may be casily written as,

MX +DX, +K.X, =P() )

where M represents the equivalent mass of M, and M., D and
K, denote the damping function and equivalent system
stiffness, respectively, and X, represents the relative
displacement between X, and X;. A simple numericai in-
tegration scheme, for instance, the Runge-Kutta scheme, can
be used 10 yield the solution of equation (3).

In the modeling of damping, it is convenient to model it by
viscous damping using a damping ratio which 1v generafiy
known to be speed and load dependent. Howeser, an accurate
estimate of this ratio is difficult. This is apparent in many of
the previous investigations on the study of the dynamics of
mechanical system, such as mechanical joints [11].

In this investigation, one of our purposes v to model
damping in a way that some of the modeling parameters could
be estimated from cither empirical or published expetimental
data. This is done by introducing a damping function, rather
than the damping ratio, and 1o express it in teyms of the
product of a damping factor and another function. The
former can be derived from the coefficients of restituhion
which can be tound experimentally and such data are
available in the literature {16]. The latter depends, more or
less, on a heuristic ¢choice such that the resulting damping
force would represent the required dynamic characteristics of
the system. such as the boundary conditions on the hysteresis
loop. Two tvpes of damping functions are presented in this
study. 1t will be shown later that the modified viscous

SEPTEMBER 1983, Vo!. 105/ 535




damping approach s preterred. We begin with the hirst
damping function,

3 First Damping Function, D),

Let D, represent the first damping fuaction, we then
define,

Dy =C T\, )

where €, represents a damping factor and T (X)) is a
displacement function.

3.1 Displacement Function, 7,(X,). T'he displacement
function is essentially a surface deflection function. Following
the approach ot Hunt and Crossley {12]. instead of using a
displacement function which is a power series, we simply
choose a hinear tunction, i.e.,

T (X)=X, (&}
The function, T,(X,), represents the simplest form of a
surface deflection function whose corresponding damping
foree can satisty the expected boundary conditions of the zero
damping forceat X, =0and X, =X ..

-~

3.2 The Damping bactor, ¢, The dimping tactor, Cp, s
dernved rom the coellicient of restisution, b, By represeating
b as a polvnomial in terms of the relative approaching velocity
ot two mmpact bodies obtained from the experimental data
and equating it (o the caleulated value from the equation ol
motion, an expression of C can be derived. The procedure is
outlined in the lollowing.

1) By correfuting the data from a good account of many
experiments {16] conducted with different initial velocities of
impacting bodies, we can express b by means of a least
squares titas:

h=aq, - E:ukl'* (6)

At

Taking only the first term on the series. we then have,
bza, - a b (W]

where 37 represents the relative approaching velocity of two
impacting bodics and a, denotes the coetlicients of the ap-
provimating polynomial.
2) From the definition of classical mechanics the coefficient
of restitution can be caleulated,
b=-X /b ®
where X, represents the relative departing selocity, and it can
be solhved from the cquation of molion.
The equation of motion, equation (3), can now be rewritten
as,
MN +(C XX, +K.X, =P 9
The analytical solution of equation (9) is difficuit to obtain
due to the nonlincar term associated with the damping,
However, a homogencous sohwtion of cquation (9) can be
obtained using the polynomial approximation, i.¢.,
(C. b +A)
[ 3

AY = b f-
AN ! " ,
(AC, V. +A(C YV +A DV,
- . ' [ 10
' 1200 (o
The relative velovity atter impact may then be obtained as,
. (C,V.+K.) . .
)=V -
Xt Y] !
<y C AR
+(4(|7 '1-,61),(,.' L +A) RN an
24M°
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where 1, cortesponds o the tme at the moment that (wo
bodies ate separating . Rewriting equation (8), we oblan,

Nty Ko® SK.1 T\t
e "(' l.‘I\I) nzfu '(' u:r ) 2‘11 y

oot
NP SR (12
6M-
Equating the cocthicients of hke powers of B trom equations
(T)and ¢12), we obtain,

2, M
) = =075« A, (1

AR

Equation (13) shows that the damping factor, C,, is
proportional to surface stiffness, and the coefficient «, which
agrees with the findings reported by Hunt and Crossley {12}
uses an cnergy balance based on an estimated dissipated
energy of impact bodies.

The first damping function can theretore be represented as

D, =075 KX, (14)

Because ol the displacement function, the denved damping
tunction, equation (14), will give a damping force satisfying
the required hysteresis conditions.

4 Second Damping Function, )2

Viscous damping has been commonly used in the modeling
of system damping, such as Dubowsky and Freudenstein's
model 1) This  approach,  although  convenient
mathematically, has certain limitations. First, it would lead to
a damping force which is maximum at the beginning of the
impact process because of the use of a constant damping
coefficient, and second, this would give a negative sum of
damping and spring forces during the return stoke of the
hysteresis loop. In addition, the value would reach its peak
when the relative displacement between two bodies vanishes
(Fig. 3). These situations are not realistic and often make the
viscous model ineffective. Ttis therefore desirable to develop a
new approach which would satisty the hysteresis conditions of
impact as well as preserve the basic characteristics of viscous
damping.

The proposed second damping function, D», is a modified
viscous damping factor. It is the product of a damping factor
and a smoothing function, or a transition function. Instead of
treating the damping factor as a constant throughout the
impact process, like the conventional approach, a function
called the transition function, denoted as T, is introduced. It
is essentially a smoothed step function. When it is mubltiplied
by the damping factor, C,, the resulting damping function
would represent the behavior of system damping, especially in
the initial impact period. The derivation of the damping
factor, D2, follows a similar approach as the first damping
factor, DI.

The transition function, shown in Fig. 2, is defined in a
transition zone specitied by the region 0 X, < where the
lower and upper bounds correspond to the initial and final
stages of the impact process. There may be various wass to
define the transition function, one way 1o represent is:

TX,) = al + A’.’Y‘—'
2

c\p[[(X' - - 1X, "1']((]/()] %
f
where the parameter ¢, which has a unit of displacement,
defines the width of transition zone, and ¢ is a parameter
specifying the curve path within the transition zone.
Figure 2 represents a graphical form of equation (15). The
transition function is zero when X, <0.0 and is one when
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XN, =, Lhe value of « may be arhitrandy chosen, but it must
satinty the tollowing condiions.

Der- ¥

(16
and
C.ToX )X, +K X, =0 an

Equations {15) and (17) provide the conditions that guarantee
the sum of the damping and spring for. 'a be positive, i.e.,
the hysteresis loop is within the first quadrant (Fig. 3).

4.1 Damping Factor, C;. The second damping factor is
supposed to have the same characteristics as a viscous
damping coefficient, which can be calculated by knowing the
homogenous solution of equation (3) with zero transition
zone, and then following the same procedures as the
calculation of the first damping factor. 1t gives

.  (nb)*
Com2Mu,y 02 )
(In H)- + x-

Equation (18) can be used 1o estimate the damping factor of
impacting bodies due to translation. Larger coefficient of
restitution means lower damping factor and stitfer surface
compliance leads o a larger damping factor or a lower
coelficient of rostitution. The second damping function can
be written as

I)::(‘:'T_‘(-\'.) (19)

The new damping function, D,, gives a damping force
similar to the one predicted by Dubowsky {11], except in the
transition zone. The damping varies exponentially in the
transition zone and it is invariant elsewhere. The
corresponding damping force, therefore, is zero at the
beginning and the end of impact; and it reaches maximum or
minimum value at X =¢ depending upon whether the
damping process is in its working or returning stroke. With
this approach, the resulting hysteresis boundary conditions
are satisfied.

The major ditterence between the two proposed damping
tunctions is that the first damping function is a2 nonviscous
model while the second is a viscous model. Consequently, the
damping force derived from the first function gives a much
thinner hysteresis foop as compired to the second and it is
particularly thin during the high speed zone. This is a
drawback and will become obvious in our later discussions.

S Dynamic Load

In the design of Thigh-speed intermittent-motion
mechanisms, stress distribution on machine parts as well as
the contact stress between two impacting parts are of major
concern. In order 1o evlauate these stresses, the load must be
known, but the determination of this load is not simple. Due
to the inherent shock loading of the intermittent-motion
mechanism and other factors such as backlash, clastic
detormations under load, imbalance, load and the inertias of
mechanism components, the resulting action is a variable
dynamic load. Not many investigations on the dynamic load
of intermittent-motion mechanisms are on the record {17].
Lee [17] presented a simple dynamic model using the classical
mechanics theory to predict the dynamic load of a Geneva
mechanism, and showed that the effect of the dynamic load is
significant, especially at higher speeds. It is therefore the
prima= concern in this investigation to apply the proposed
model in order to predict the dynamic load of a general class
of intermittent-motion mechanisms.

It is expected that the result would represent an im-
provement over lLee’s [17) since most of the dynamic
characteristics of intermittent-motion mechanisms have been
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considered in the present model. The result of that com-
parison will be presented in [18]).
The dynamic load, P,, is defined as,

P,=K X, (20)

The spring deflection, X, is the solution of the equation of
motion (equation (3)) and can be obtained numerically,
depending on the geometrical parameters of the mechanism,
the load condition P(r), and the initial conditions, X (0} and
X, (0). The spring deflection is also an implicit function ot
many factors such as clearance, equivalent mass, spring
stiffness and damping, etc.

The dynamic load ratio is a useful parameter and is in-
rroduced and defined as follows:

P
Pra= 7;’ @0

This parameter is dimensionless and is used to measure the
dynamic effect of the mechanism. Almost similar in function
1o the classical ‘*design acceleration factor' (8], which is a
function of the weight of the part and its natural frequency of
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vibrahion, the dynanne load tano i derived based on the
sstarting veloainy ™' concept which is considered to be more
accurate in the modeling of high-impact shock problems. The
maodel is assumed o be accelerated up to some finite velocity
in a negligible length of time and then maintains that velocity
during the initial and most important phase of the shock
motion. The parameter, Pr, is useful in the design of in-
termitient-motion mechanisms.

6 Comparative Study

The model proposed in this investigation has certain
characteristics which make it especially suitable for the
dynamic study of intermittent-motion mechanisms. In this
section a comparative study of the present model with some of
the known conventional dynamic models is presented. The
purpose is to demonstrate these characteristics.

Three types of models which are representative and well-
known are chosen for comparative study. These are:
Dubowsky and Freudenstein's impact pair model [11]; Hunt
and Crossley’s model [12] and Herbert and McWhannell's
model [13); and the classical model of Johnson {9]. Each of
these selected models has its own characteristics and merits.
Our investigation owes much to these previous investigators
whose results have been an inspiration and have prompted
this study.

Realizing the loading condition varies with ditferent
mechanisms, for comparison purposes a harmonic forcing
function is assumed for all models. In addition, initial con-
ditions are the same (2ero initial displacement and an initial
velocity of 25.4 ¢m-s). We are concerned essentially with the
behavior of the tollowing quantities which characterize a
dynamic model. These are: the output motion characteristics;
the hysteresis loop: and the dynamic load. We begin with the
motion characteristics.

6.1 Motion Characteristics. Displacement  curve of
various models obtained numerically from the equation of
motion are plotted in Fig. 4. They represent the solution of a
complete cyele of a sinusoidal forcing function with same
inttial conditions. We have the following conclusions:

1. Because of the impact forcing function and the initial
conditions, the displacement curves of various models have
the following three different modes: (@) contact mode — this is
found on the first halt period of the driving force due 1o low
initial velocity, and consequently, low kinetic energy, the
mass, M., in this mode, generally making contacts with the
mass, M. (H) free-tlight mode - it occurs when the driving
force changens its direction. In this mode, the mass M, loses
contact with the mass M, and is ready to impact on the op-
posite side of the mass M, . (¢) impact mode - it occurs in the
second half of the period. A characteristic of this mode is that
the impact phenomena dominate and there are frequent
impacts and bounces. This is due to the high kinetic energy
resulting from the previous free-flight mode.

2. Besides having three modes, the displacement curve
consists also of two components of frequency response. One
component corresponds to the forcing frequency and the
other, which is superimposed on the first, has a frequency
relating on the surface compliance, the equivalent mass and
the damping of the system.

3. A comparative study of various displacement curves, as
shown in Fig. 4, demonstrates an interesting remark. The
solution obtained from using the second damping function
(i.c., the viscous maodel) is more stable than the ones obtained
by nonviscous maodels, namely, the first damping function,
and the models of Hunt [12] and Herbert [13]. This instability
is primarily due to the displacement-dependent nature of the
nonviscous models which predict a low damping force at or
near the high speed region of the impact process, i.e., near
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Fig. 5 Hysteresis diagram using the first damping function with
difterent damping factors

X, = 0. This shows that the second damping function is more
realistic than the first damping function.

6.2 Hysteresis Diagram. A comparative study on
hysteresis diagram is of importance since it demonstrates the
damping characteristics of the dynamic model. The following
are the conclusions drawn from this study:

1. The lirst damping function has certain characteristics:
First, the hysteresis loop is generally thinner than the one
predicted using the viscous model. This implies that lower
dissipation energy is expected from the model. Second, the
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hysteresis diagram is thinner in the high speed region of the
impact process, i.e., near the origin, compared with
elsewhere. It remains to be thin even with the increasing
damping factor, as shown in Fig. 5. This is not realistic and
may be considered to be a drawback of the first damping
function, or the nonviscous model in general.

2. The second damping function is a viscous model which
relates closely to Dubowsky's model except in the transition
zone. The required boundary conditions are now satisfied,
i.e., the calculated damping force vanishes at the origin.

3. Thedifterence between the first and the second damping
functions is apparent (Fig. 6). The former is not a viscous
model and the dissipation energy predicied is always much
lower than the one predicted using the second damping
function.

Another way to see the difference between the two damping
functions is to consider a special case when the clearance, 7,
vanishes in the physical model and ask what would happen to
the hysteresis diagram. As r approaches zero, the nonviscous
model (the first damping function) would present a number of
eight-shaped hysteresis diagrams while the second damping
function would predict the expected elliptical shape (Fig. 7)
which conforms to the classical Kelvin-Voigt model where
there is no impact at all.

6.3 Dynamic Load. From the designer’s point of view,
information on the dynamic load is of ultimate concern which
leads to the evaluation of stresses on machine parts. In the
following a comparative study on dynamic load using various
models is given and the comparison is on three areas: the
dynamic load profile, the effect of initial conditions on the
dynamic loads, and extreme values of the dynamic load. We
first begin with the comparison of the dynamic load profile.

6.3.1 Dynamic Load Profile. The dynamic load profile
will reveal much informaiion regarding the dynamics of the
impact, such as the maximum impact force or the dynamic
load F. the compressive displacement (X =K _./F), duration of
contact, and the distribution of dynamic force during impact.
A comparison of various dynamic load profiles is given in
Fig. 8. The following conclusive remarks may be drawn:
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}. Two groups of curves can be seen, one corresponds 1o
the viscous model and the other belongs to the nonviscous
model. It is shown that the first damping function gives a
dynamic load profile between Hunt's {12] and Herbert's {13}
models, and all give a larger dynamic force compared to the
viscous modcel during most of the contact. This is due to the
fact that less energy is dissipated and much is being used to
contribute to impact.

2. The rate of change of the dynanuc load is higher at the
initial period of impact for the present model using the second
damping function than for the nonviscous models.

3. The contact time for the second damping function is less
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than the one predicted by the nonviscous models. This is
because much of the cnergy is dissipated, and, therefore, the
system has less energy to do work in order to maintain
vontact. Separation therefore occurs earlier.

4. The dynamic load profile of the second damping func-
tion approximates most closely a half sine except at the initial
phase and the finishing stage of contact.

6.3.2 Extreme Values of the Dynamic Load. It is in-
teresting to examine the dynamic load predicted by various
models under an extreme condition, namely the condition that
one of the impacting body, say, body 1, is considered to be
tixed, i.e., M, =oo. This is essentially the infinite-mass
assumption used by Johnson {9]. The purpose is to give an
estimate of the maximum possible dynamic load range. The
following remarks can be made referring to Table 1:

1. Comparing all models, Johnson’s model gives the
highest maximum dynamic load range. This is due to the tact
that his model does not consider damping.

2. The maximum dynamic loads predicted by the reset of
the models fall into two distinet categories. On the category of
viscous models, the value predicted by the second damping
function is slightly higher than Dubowshy’s model. However,
both give much smaller predictions than the nonviscous
models,

7 Summary of Conclusions

I A dynamic model which is especiaily formulated for
intermittent-motion  mechanisms is  presented.  Dynamic
characteristics of this model are demonstrated.

2. A new approach to model the system damping is
presented by introducing a damping function rather than the
conventional damping ratio used in the viscous model. Two
types of damping functions are proposed: One represents a
nonviscous model: the other represents a viscous model.
There are many advantages of the present approach: Firsy,
both of these functions predict a damping force which
satisfies the expected hysteresis boundary conditions. Second
and more important, unlike the damping ratio which is
difficult to estimate, these functions can be estimated
systematically through a procedure outlined in this in-
vestigation. They are derived in terms of physical parameters,
such as coefficient of restitution which can be obtained ex-
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permentally. As more expenmental data become avanlable, a
predicastive dynanue model can be established.

3. Out of the (wo proposed damping functions, the second
damping tunction (viscous model) which involves a transition
function is Favored. It offers solutions which are more stable
and realistic as compared 10 the first damping function or the
nonviscous damping model in general. Morcover the second
damping function would predict a hysteresis diagram which
conforms with the classical Kelvin-Voigt model of nonimpact
as the clearance vanishes. Basic theory and model presented
here will be applicd 10 three practical intenmittent-motion
mechanisms, e, Geneva  mechanisms,  ratchets,  and
escapements, the results of which are presented in Part 1.
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Escapements

The theory developed in Part | has been applied to the deiermination of the
dynamic response of three tvpical types of intermitteni-motion mechanisms,
namely, Geneva mechanisms, ratchets, and escapemenis. Insight into the behavior
of such mechanisms can be obtained by studying the characteristics of the

mathematical model and by numerical experiments. The results, whe: ever possible,
are illustrated by compucer-ploited graphs. A comparative study with some limited
current investigations on the same subject is provided.

Possibly the most significant result of this investigation is
that a dynamic model and its associated new approach on
system damping, proposed in Part 1, will exhibit the com-
plicated behavior common to intermittent-motion
mechanisms. 1t is the purpose of this part of the investigation
to demonstrate this finding. In the following, three in-
termittent-motion mechanisms - Geneva  mechanisms, rat-
chets,  and  oscapements  which  are believed 10 be
representative and of practical interest, are chosen for study.
In each of them, we are concerned with the motion and
dynamic characteristics of its components as well as its
dynamic load. Information such as this is essential for design.
We begin first with the Geneva mechanism.

Geneva Mechanism

1 Introduction to Geneva Mechanism. The Geneva
mechanism is a popular indexing device. It converts a uniform
rotary motion to an intermittent rotary motion. The main
advantage of the mechanism lies in its simplicity. However,
the Geneva mechanism has two undesirable characteristics:
First, the output motion starts and ends with nonzero ac-
celerations which usually induce shock loading and can
produce vibration in the driven system; and secondly, there
exists high contact stress between the drive pin and the wheel
slot, which can cause pin wear and wheel breakage. Both of
these factors adversely affect performance and life, and
impose severe constraints on high-speed operation. Despite its
inherent limitation, the Geneva mechanism continues (o serve
as a common and useful indexing dcvice, even at high speed.

There are several reasons (o choose this mechanism for
study. First, it is a popular indexing device which has been

Contributed by the Mechamisms Commitice and presented at the Design and
Production Engincering Techmeal Conference, Washington, 1.C., September
12-18, 1982 of Tur AMERICAN SOCIFTY OF MECHANICAL ENGINEERS
Manuscript received at ASME Headquarters June 10, 1982 Paper No. 82-DET.
(3]
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widely used in industry. Second, there are not too many in-
vestigations of the dynamics of this mechanism on the record,
except in a very few cases [1, 2]. The mechanism has been
operated at high speeds regardless of its inherent dynamic
limitations, and as a result, pin wear and wheel breakage has
often occurred. It is, therefore, necessary 1o gain deeper
understanding of the mechanism and to obtain some design
guidedines. Consequently, the study ot the dynamics of
Geneva mechanisms for high-speed application is both of
important and of practical interest.

The Geneva mechanism design has been the subject of
investigation for many years (3]. Much of the work conceras,
however, the kinematics of the mechanism. This is mainly due
to the lack of a mathematical mode!l which can adequately
represent the difficult impact phenomena involved in in-
termittent-motion mechanisms. Recently Lec [4]. using classic
mechanics theory, presented a set of performance parameters
and applied optimum design on Geneva mechanisms. A
simple dynamic model, similar to the onc used on gear
dynamics, was first introduced to estimate the Geneva
dynamic foad. In this paper, the model developed in Part | is
applied to provide a more predictive dynamic mode! on the
dynamics of Geneva mechanisms.

2  Dynamic Response of Geneva Mechanisms. This section
begins with a description of the kinematics and the dynamic
modeling of the Geneva mechanism. Then, numerical ex-
periments on the application of the dypamic model are
presented and finally a discussion is given.

Figure | shows the motion graphs of a typical four-station
Geneva mechanism. I the study of the dynamics of Geneva
mechanisms, the model of Part 1is used. Referring to the Fig.
} of Part |, the parameters M, and M, represent in this case
the equivalent mass of the Geneva wheel and pin, respectively.
The spring coetficient, A, denotes the equivalent stiffoess of
the matcrial compliance and the mechanism clasticity. A
simple cantilever beam approach which was employed by Lee
{4) was adopied again to represent the CGeneva mechanism
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Fig.1 The kinematics of the Geneva mechanism

clasticity. The maodificd viscous damping approach (i.c, 1,)
presented in Part 1 is used tor the system damping function,
D. The forcing function P refers to the applied load at the
center of the Geneva pin. The clearance r denotes the
clearance between the Geneva pin and wheel.

In the numerical experiments of the dynamic model, the
equation of motion is solved starting at the contact mode with
a given pin initial velocity, say, 2.54 em/s. The dynamics of
the pin and Geneva wheel as well as the dynamic load ratio are
obtained and given in the following.

2.1 Pin Dynumics. The pin dynamics can be illustrated
from a time-displacement plot. Figure 2 shows the pin
movement which comsists of vibratory effect due to Geneva
load. During the working stroke, the pin is usually in contact
with the wheel surface. During the return stroke, however,
there is an observable period of free-flight mode (i.e.. non-
contact). This is due to the high impact velocity introduced by
the clearance and the Geneva static load.

Certain observations can be made from Figure 2.

I The pin in general follows the behavior of the applied
load, P{1). The motion of the pin, as shown from the
displacement plot, characterizes the superposition of two
effects, namely, the applied load and the vibration which is
due to stiffness and system damping.

2 The pin-displacement plots are characterized by a
successive sequence of free-tlight and contact modes at the
beginning of both the working and the return strokes.

(@) The Free-flight mode is caused by the bounce of the pin
which depends on the impacting velocity and the static load
applicd upon it. During the free-flight mode, the pinis driven
by the load P only, therefore, the pin velocity increases with
an increasing slope until it reaches a position where the load
reaches maximum,

(h) At contact mode, the maximum refative dispfacement,
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Ny, ouvins b the initiald stage of cither the working or
tetuen stioke.

3 The relative velocity curve shows that the velocity
changes abruptly at the initial stage of both the working
stroke and the return stroke, and is then followed by a stable
region of contact mode.

2.2 Wheel Dyvnamics. The dynamics of the Geneva wheel
are shown in Fig. 3. Dynamic effects can be seen from the
figure, which cause certain distortions of the kinematic
profiles of wheel displacement and velocity (Fig. 1). During
the noncontact period, the wheel separates from the pin, and
moves essentially at a constant velocity due to inertia. In the
contact region, acceleration remains almost constant while the
velocity of the wheel changes abruptly. Clearance has an
influence on the separation of the pin and the wheel. Con-
sequently, it has a dominating effect on the dynamics of the
Geneva wheel.

2.3 Geneva Dynamic Load Ratio. In this section, the
dynamic load ratio of the Geneva mechanism is investigated.
The discussion includes: the effects of pin velocity, surface
compliance, and clearance on the dynamic load ratio. The
following gives a detailed discussion.

1 Using different initial pin velocities, the calculated
dynamic loads are shown in Fig. 4(g). It shows that the
dynamic load is affected by the initial pin velocity on the
working stroke of the Geneva motion, while on the return
stroke the effect is not apparent. This is because of the viscous
damping function which can effectively absorb the impact.
Therefore, the starting velocity of the working stroke has
essentially no effect on the return stroke.

2 The effect of surface compliance is shown in Fig. 4(b).
Two different values of stiffness arc used, one using a surface
compliance of 3502.5 x 10* N/m, the other using a surface
compliance of 7005.0 x 10 N/m. The graph shows that the
surface compliance has a dominant effect on the return stroke
of Geneva motion. This implies that the dynamic load ot a
softer surface is generafly lower than the dynamic load of the
stiffer surface, and this is of course obvious from intuition.

3 Figure 4(c) shows the effect of clearance on the dynamic
load ratio. It has an important influence on the return stroke
of the motion, but has no effect on the working stroke, and
this is reasonable. Moreover, it is of interest to note that in
increasing clearance, the peak of the dynamic load not only
increases, but also defays on the return stroke. This is because
the clearance allows the pin to increase the kinetic energy.
Therefore, the larger the clearance, the larger the dynamic
load on the return stroke.

From the foregoing discussions, several conclusions can be
made: 1) The dynamic load between the pin and the wheel is
considered to be an important design factor, which depends
on many variables such as initial conditions, surface com-
pliances and clearance. 2) Clearance has a dominating role on
the dynamic load. Therefore, both controlling clearance and
using a material with lower surface compliance are ad-
vantageous.

2.4  Phase-Plane Plot. Figure § contains the phase-plane
plot of the motion of the Geneva mechanism and is a result of
numerical calculation. The phase-plane analysis presents a
convenient manner of displaying and interpreting the tran-
sient behavior of the nonlincar system. The following ob-
servations can be made:

I o the initial stage of the contact mode, the pin genvrally
exhibits bouncing. The bouncing depends upon the imitial
velocity ot impact and the driving load.

2 The driving load plays an important role on the dynamic
responses of the Geneva mechanism. Referring to the phase-
plane plot, the graph is unsymmetric with respect to the line of
zero velovity and is shifted toward the direction of the driving
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force. Furthermore, the slopes of the curve at the two :
boundary points B and C differ from each other. The phase- H
o S plane curve above the zero velocity line refers to the outward i
g '* 4 o1 = stageof contact, while the lower onc refers to the inward stage ;
Sre | ’ ¥ of the contact. At the moment the pin impacts on the surface ;
> §  of the wheel (point B), its velocity reduces from 1.4 10 0 m s, :
5 008 é during the inward stage of contact, which converts the impact i
§ ™ < kinetic energy to potential energy. During the outward stage, 5
u 00s g the relative velocity increases from 0.0 to its maximum :
5 ° . 3 velocity of 0.75 m/s at point C, but decreases 10 0.56 m/s at {
w . 006 the boundary point D. This is due to the fact that the driving
3 ] B force acts in the opposite direction of the pin motion which is .
‘¢ L ; at the verge of bouncing off the surface. :
2 ] 102 3 There are two limit cycles of the phase plane plot due to 1
the clearance. The size of the limit cycle depends on many
. ¥ — r~——rT factors, such as the impact velocity, driving force, clearance,
e 02 G M e 0 02 e 00 G and damping system, ete. 1t is of interest to see the limit eyele
TIME .(SEQ) shown in Fig. . The graph shows a bounded, quichly damped

limit ¢cycle. This implies the Geneva mechanism, under proper
Fig. 3 The dynamics of the Geneva mechanism: wheel dispiacement  design and operation, has small uncontrolled, but bounded
and velocity vibrational characteristics between the pin and the wheel. This
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150
Ratchets
100 c 3 Introduction to Ratchets. The ratchet is a simple
| mechanism and is also a versatile device. A schematic diagram
° 50 o) | of a ratchet mechanism is shown in Fig. 6. The mechanism has
b ; many advantages, such as simplicity, low cost, and reliability,
2 A and it is also noted for its ability to carry a large load in
.~ O refation (o its size. But there are disadvamtages abo. I s
- mainly an impacting mechanism and therefore has very poor
be] ( ! dynamic characteristics. Although there were ways to reduce
o 50 the impacts in certain versions, impact will almost always be
> | present to some extent, and this can lead to noise, wear,
o -100 3 control, and stability problems unless the rest of the system is
@ { properly designed. A major problem lies in the fact that the
150 forces resulting from impacis are amplified throughout
T - . various members of the mechanism, which may be well in
025 -019 0 019 025 excess of the subsequent drive forces. The dynamics of rat-

REL. DISPLACEMENT (cm)
Fig. 5 Phase-plane plot of the Geneva mechanism

unstable vibration can be quickly stabilized after a few
bounces. Therefore the system is a stable one giobalily.

844/ Vol. 105, SEPTEMBER 1983

chets are thercfore important and warrant our investigation,
In this section, the model developed in Part 1 is applied to a
ratchet in order 10 predict its performance and motion
characteristics. To the authors' knowledge, a comprehensive
study on the dynamics of ratchets has not been performed and
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reported in literature, although some kinematics on raichets
are available {6]. This investigation, therefore, represents a
first attempt to treat the dynamics of ratchets. We begin by
discussing the basic kinematics of the ratchet mechanism
using an analytical approach.

4 The Kinematics of Ratchets. The kinematic motion of a
ratchet mechanism generally can be classified into two modes:
(1) the free-flight mode, and (2) the contact mode. Each of
these modes is discussed in the following.

4.1 Free-Flight Mode. The free-flight mode occurs when
the pawl does not make contact with the ratchet wheel (Fig.
6(b)), and consequently does not drive the wheel. Using
complex numbers, we can write the closure equation as

ce'® + be' + he —ae’ +d=0 n
with h <5, and 8= 8, + ¢ as the constraint conditions.
Rewriting equation (1), we have,

£coso + beosa + hcosB—acosy +d =0 }
)

csing + bsina + hsinf —asiny =0
Expressing in terms of A,
ht=a* + b + 2 +d® +2bcos(d — a) — 2accos(d — y)
- 2abcos(y — a) + 2d|ccosd + beosa — acosy] (&)}

The parameter A is a distance parameter which can be used
to define the region of various modes.

Referring to Fig. 6(b) and equation (3), if the parameter h
equals zero, the contact mode starts. At this mode the wheel
contacts with the pawl, and therefore drives the wheel. When
h is larger or cqual to S, the pawl shifts to the next ratchet
tooth.

4.2 Comact Mode, When the pawl comes into contact
with the ratchet wheel, the contact mode starts. Referring to
Fig. 6(5), the closure equation of this mode can be written as:

ce'® + be" —oe¥ +d=0 (4
Rewriting equation (4) into scalar equations,
ccosd + beosa—acosy +d =0 }
5
csing + hsina—asiny = 0

Rearranging equation (5), we obtain:
a? - b% + & + d* - 2accos(¢ - ¥) + 2d{cosd — acosy] =0 (6)

The equation (6) is equivalent to the displacement cquation
of a planar four-bar linkage. However, instead of being a
constant rotation, the input motion for ratchets undergoes
mostly a nonuniform oscillating motion. Equations (1) and
(4) or equations (3) and (6) rcpresent the motion charac-
teristics of the ratchet wheel. They are useful in our study,

S Various Models of Ratchet Mechanism. 5./ The
Classic Model. In this section, the dynamics of ratchets are
studied using classic mechanics approach. It is based on the
assumption that the high-order effect caused by the elasticity
of individual members is neglected. Two types of modes are
considered: the contact mode, and the free-flight mode.

5.1.1 The Free-Flight Mode. During the (free-flight
motion, the wheel moves independently of the pawl,
Therefore as a constant torque 7" acts on the wheel, the
equation of motion of the wheel is,

V=T, ™M
where /,, denotes the wheel inertia.

The applicable initial conditions are:

Vi) =4, ®

and
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Fig. 6(2)

Fig. 6(b)
Fig.6 The ratchet mechanism and its schematic

v, =y, 9

Integrating equation (7) gives the angular displacement of the
wheel.

T .
=-— (- - / — !
¥ A (U-10) +y, -1,y +y, )
5.4.2 The Contact Mode. The equation of motion of the
ratchet wheel can be expressed as

Lyk=axPn-(T,) (n

where n and k are unit vectors and a represents the moment
arm vector.

The pawl load, P,, is the normal force which acts on the
wheel and the tangential force is neglected. Equation (1)
gives the equation of motion of the ratchet wheel, where the
pawl force, P,, is assumed to be known. The input force P,
may be generally expressed in the following form:

P,=K+ E (fmSinmie + g, cosmi) (12)
m=1
where K, /,,. and g, are Fourier series cocfficients.
The solution of equation (11), may, therefore, be expressed
as:
P g e 7/ m

~ mo. g
V= I [aK-TV+Ci1+C; - i ME=| (;n:» sinmi + 5 ._-o,,,,,)

where C, and C, are constants depending on the initial
conditions.

Figure 7 shows the angular displacement (equation 13), and
the plot of the angulan velocity, ¥, versus time.
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Fig.7 Motion curves of the ratchet wheel trom the classic model

5.2 The Dvnamic Model. The dynamic model presented in
Part 1 is applied to ratchets. However, some physical com-
ponents of the model need to be modified in order to fit the
special requirement of ratchets. Again, Fig. 1 of Part | can be
used as the ratchet model for this investigation. In this model,
M, and M, represent the equivalent mass of the wheel and the
pawl, respectively: K, represents the equivalent stiffness due
to surface compliance and mechanism elasticity of the wheel
and the pawl; D represents the damping function which is
used to model the system damping: P, denotes the driving
force that the pawl exerts to the wheel, and the constant load,
P, refers to the load applied on the wheel in order to
maintain contact between the pawl and the wheel. The driving
force, P, can be cxpressed as a Fourier series depending on
the speciality of the ratchet. The equation of motion of the
contact mode can therefore be expressed as

. M, M,
MX, +DX. +K.X, [ o ]P., [M| i ]P,, (14)
where X, represents the relative displacement bawween the
driving pawl and the wheel.
During the period of noncontact, the equation of motion
can be expressedas:
A"] X| = ,,,. }

M:X:=P,

A numerical integration scheme, such as the Runge-Kutta
method can be used to yield solution. The following sections
give a discussion of the dynamic responses of the ratchet.

(15)

6  Dynamic Responses of Ratchets. The motion curves of
the ratchet wheel vary widely depending upon the means used
to power the drive pawl. The input toree to drive the wheel
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Fig.8 Motion curves of the ratchet wheel under various loads

can be a spring, a solenoid, a cam or other pulse drive, and
therefore each corresponding output motion of the wheel will
be different. Some input forces may give a high impact force
to the wheel and thus cause losing its control. Therefore,
certain additional design refinements are required. In this
section, output motions of the ratchet wheel predicted by the
dynamic model are presented. The wheel dyvnamic load is abse
estimated.

6.1 The Rarchet Wheel Outpur Motion. For numerical
experiments the following conditions arc used: 1) A periodic
forcing function, P, = 444 8 (sin(80.07 - 1.0} + 1.0), is used to
drive the system; 2) a viscous damping function based on a
given coefficient of restitution of 0.5 is used o represent the
system damping; and 3) different wheel loads, £, are used to
study their effects on the wheel output motion. Based on these
conditions, the following observations can be made from Fig.
8 which provides the time-displacement and the time-velocits
plots of the ratchet wheel.

1 The curves of the wheel displacement and ‘elocity are
piccewise nonlinear. This is due to the tree-flight mode
associated with the contact mode.

2 The dynamic effects of the model can be seen from the
wheel displacement and velocity curves, which cause certain
distortions of the hinematic profiles of the wheel displacement
and velocity (Fig. 7).

3 The wheel velocity increases rapidly at the contact mode
and decreases linearly at the free-flight mode referring to Fig.
9. Moreover, a small amount of velocity decrease is observed
before the free-flight mode starts, This is due to the effect of
the wheel load, P, .

4  The wheel load, P, has certain effects on the duration
of free-flight, the maximum wheel velocity during contact,
and the slope of the wheel velocity during the tree-flight.

§ The wheel tends 10 remain in contact wun the pawl at
the final stage of the working strohe. Therefore, this con-
tributes to a stable increasing of wheel selociy
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From the foregoing observations, it is found that the wheel
mation is gencrally instable ar 1the beginning stage of the
working stage and is stable at the middie and final stages of
the working stroke.

6.2 Ratchet Wheel Dynamic Load. The dynamic load of
ratchet between wheel and pawl is important and is of
practical concern. Our discussion here includes: 1) the effect
of initial velocity on the dynamic load of ratchet mechanism,
and 2) the effect of the wheel load, P, , on the dynamic load
of the ratchet mechanism. Each of these effects is discussed in
the following.

1 Using different pawl initial velocities, the dynamic loads
calculated numerically from equation (7) are shown in Fig.
9(a). 1t is found that the dynamic load is affected significantly
by the pawl's initial velocity at the initial stage of the working
stroke. The higher the pawl’s initial velocity, the higher the
dynamic load as well as the longer the duration of the free-
flight mode. Therefore it may be advantageous if the initial
velocity of the pawl is set low in order to minimize the
dynamic load on the ratchet wheel.

2 The raichet wheel dynamic loads predicted from dif-
ferent wheel loads, P, are plotted in Fig. 9. I is in-
teresting to find that the higher the wheel load, P, the shorter
the duration of the free-flight mode and there appears to be
no increase on the dynamic load. Especially, at the end of the
working stroke, the higher the wheel load, P, the shorter the
duration of the free-flight mode and a lower dynamic load.

6.3 The Phase-Plane Plot. The phase-plane plot of the
motion of the ratchet is given in Fig. 10. The plot starts from
the point A of the contact mode with a pawl initial velocity
0.25 m/s. During the first contact stage, the pawl speed
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changes from 0.25 10 - 0.12 m/s. At point B, a free-tlight
mode is followed and impact then occurs at point C. Finally,
the pawl reaches point D. From the phase-plane plot, certain
conclusions can he made.

1 The classic definition of the coefficient of restitution
may be quaniiatively evaluated using the phase-plane plot.
For instance, the relative velocity at points -1 and B are 0.28
m/s and -0.12 m/s, respectively. This, therefore, gives a
coelficient of restitution ol 0.5 for the impact of the ratchet.

2 The curvature of the phase-plane plot changes rapidly
within the contact stage near point B. This is due to the wheel
load, P,, which extends the duration of contact. Con-
sequently, the pawl speed is increased before the separation of
pawl and wheel.

3 In the free-flight mode. the pawl speed starts from
~0.12 m/s and increases up 10 0.2 m's at point . The
change of the pawl speed depends upon: 1) the speed at point
B, and 2) the pawl force, P,,.

4 The relative velocity at the terminal position of the pin
stroke, point D, reaches a value of approximately zero. This
dewonstrates that the damping function i effective and it
therefore essentially stabilizes the vibration between the paw!
and the wheel at the final stage of the working <troke.

Fscapement Mechanisms

7 Introduction (o Escapements. Eccapement is a
mechanism or device which is desianed 1o alternately grab and
release a rotating shaft, wheel, slide, etc. [6]). In general, it can
be classificd into three types according toats functions amd the
manncrs  of its operation, These types are: the watch

SEPTEMBLR 19483, Vol 1051547




o

escapement, the machine escapement, and the inverse
escapement. They usually belong 1o a class of mechanisms
designed for particufar purposes, e.g., a time heeper, oF as a
mechanical controller of a rotating shaft, or as a ratchet
performing similar or better functions. Most of the
escapements are very simple kinematically: they are low-cost,
rugged, and reliable. The mechanism offers many uses |6, 7).
They are used in clocks and waiches, bomb fuses, typewriter
composer systems, counters, precision stepping drives, ete,

In the design of escapements, certain gencral functional
requirements of these mechanisms must be considered. Some
of the requirements are: 1) stability: the escapement has to be
fast and capable of operating at high speeds. For instance the
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IBM selectric compaoner regquites 1our thousandiiis of a second
to reach its maximum displacement (%), Besides being fast, it
must be positive and reliable, and have minimum rebound at
the end of an escapement cycle. 2) Minimum impact foree: in
order 10 design the parts for adequate strength, the extreme
impact force must be determined; and 3) a predictable con-
trolled escapement time.

Singce the funcuon of the escapement depends highly on the
preciseness of ity motion, usually involving high speed
operation, thercfore, an investigation of the dyvnamics of the
escapement is necessary. There are, however, not many in-
vestigations on the record (8. 9. Lowen and Tepper (9] did a
thoughtful, and believed to be the first of its kind in-
vestigation on the dynamics of the pin pallet runaway
escapement. [n their formulations, rigid body and momentum
balance approaches are used. In addition, the classic coef-
ficient of restitution was employed to formulate the impact
phenomena. It is thought worthwhile, in this investigation to
apply the general dvnamic model of the intermittent-motion
mechanism developed in Part 1 10 the escapement mechanism.
In our model, system damping and material compliance are
included. A comparative study with the resulis reported in [9)
on the dynamic responses and  motion  characteristics s
performed.

8 Dynamic Responses of the Escapement. In this paper, a
watch escapement shown in Fig. 11 iv imvestigated. The
kinematics of the mechanism and a useful computer program
have been developed in {91,

The dynamics of the mechanism imvolves three stages,

- These are: 1) The coupled motion: In this phase, the escape
TIME (SEC) wheel is driven by a constant torque in the posttive direction
T of rotation. 2) The free motion: This stage follows the end of
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Fig. 14 Dynamic load of the escapement mechanism

the stage of impact. In this phase, the wheel and the pallet
move independently of cach other in free motion where the
motion of the pallet depends only on its initial conditions. 3)
The impact stage: This stage follows free motion and usually
involves a reversal of the mation of the patlet. Under certain
circumstances, tempora.y motion reversal ot the wheel is also
possible.

In this investigation, the first two stages of the motion
follow essentially the formulations of [9]). In the important
stage ol the impact, however, our dynamic model is applied.

Referring to Fig. 1 of Part 1, M, and M, denote the
equivalent masses of the escape wheel (the driver) and the
pallet, respectively, The driving force, P, is calculated from
the given torque with variable moment arms. Following [9}], a
coefficient of restitution equal t0 0.3 is used.

The initial conditions for the numerical experiments are
specified as follows:
relative initial displacement = 0.0

The coupled motion
st

relative initial velocity = 0.0

wttal driving torce 1.SIN
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. ( QG -

relative initial displacement - 0.0

[,L'I‘hc mpact stage

relative initial velocity = 1.5 m. s

Dynamic responses of both the pallet and the wheel are
given in the following sections.

8.1 Motion Characteristics of the Escapement. Figures 12
and 13 give the output angular displacement and vefoan
curves, respectively, of the escape wheel. A comparative study
with the result of Lowen and Tepper [8] is also shown. We
discuss separately the following two motion stages.

1 The Coupled Motion

The displacement predicted by this model and the one in [8)
agree well. However, if the relative velocity between the pallet
and the wheel incrcases, dynamic effects due 1o system
damping as well as material compliance will be signiticant. {n
that case, the deviation between the two approaches would be
observable.

The velocity of the wheel is found to be oscillating duning
the initial stage. This is due to the sudden application of the
driving toad and  this owallianion dies ot as the e
progresses. Figoure 13h) shows an enlargement of the com
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Fig.15 Phase-plane plots of the escapement mechanism

parison of the result of this investigation with that of [9].
Besides oscillations, there is general agreement on the velocity
curve in this stage of isotion,

2 The Impact Stage

The output displacement curve shows a significant decrease
of displacement due 10 impact. This agrees with our physical
intuttion. The time duration of impact is calculated 10 be 80 us
which accounts for about 3 percent of the total coupled
motion duration. This time cannot be estimated with the
approach ot {9] and consequently it was neglected. Figure
13(b) shows there ts a sudden oscillation in the velocity curve,
and a decrease of velocity as a result of the impact
phenomena.

8.2 The Escape Wheel Dynamic Loud. The dynamic load
between the escape wheel and the paliet has a signiticant effect
on the motion, the wear, and fatigue of the parts. Figure 14
gives the dynamic load during the coupled motion as well as
the impact motion. The following conclusions can be drawn.

1) The dynamic load during the coupled motion is found
to be of no major concern since it appears to be low. The
maximum dynamic load is only 1.78 N; the load reaches a
final valuc of 1.22 N,

2)  Ehe dymamic boad during the impact stage, on the other

5§50/ Vol. 105, SEPTEMBER 1983

hand, is significant. The maximum value v 786.2 N which
would be the main source causing severe vibrations to the
wheel and the patlet.

8.3 The Phase-Plune Plot. Figure 15 shows the phase-
plane plot of the escapement. We have the following ob-
servations.

1 During the coupled motion, the graph shows that the
limit ¢ycle is small and vaniches immediately after a few
cycles. No bounce has been observed.

2 The phase-plane plot of the impact stage is unstable.
This is because the relative velocity during impact is large. A
significant bounce follows immediately after the impact.

Conclusion

The dynamic responses of Geneva mechanisms, ratchets,
and escapements have been analyzed. It is shown that the
proposed dynamic model and its associated damping function
approach exhibits a variety of dynamic characteristics which
are believed to be representative of intermittent-motion
mechanism. The dvnamic load, obtained using the present
approach, is an important factor for the stress analvsis and
the design of these mechianisies,
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SYNOPSIS  This paper presents a general approach for the kinematic synthesis of rorentary-dwell mech-
anisms. The approach involves using the solution of first-order dwell criterion as an initial estimate
ond the developnent of a computer-afded procedure to subsequently readjust the mechanism proportions
for a closer match to other dwell criteria by optimization. The proportions thus obtained provide an
approximation of the high orders of dwell and, for most practical purposes, the solution is useful and
acceptable. An example of a six-bar linkage is used to illustrate this approach.

INTRODUCTION

1. Dwell mechanisms are important for their
many uses such as in nachine tools, packaging and
textile rachinery. Basically, there are two types.
One gives a finite cwell, such as the standard
external Geneva mechanism; the other provides
instantaneous or momentary dwell. The latter can
be used for performing functions while machining
is in motion, for example in flying shears,
labeling, closing of cans, etc. The fundamental
difference between these two types 1ies in the
output motfon. Mathematically, the displacement
function for the finite-dwell mechanism is a
constant within a defined dwell region. There-
fore, the higher order derivatives of the motion
such as velocity, acceleration, and shock are
zero within this region. In addition to these,
at the boundary of starting or ending of a
finite-dwell, the motion are generally discon-
tinuous. For the motion of the momentary-dwell
rechanism, the displacerent i$ a nonlinear
function of time or input angle. The higher
order derivatives of motion generally do not equal
to zero, and equal or close to zero only at an
instant, i.e., the point of dwell. Furthermore,
the motion curves are continuous, therefore there
is no eract houndary of starting or ending of a
moventary-dwell. Physically, the finite-cwell
m-chanism is stopped to have dwell by a locking
device, such as at the Geneva mechanism the
locking position of the crank can stop the wheel
from moving. On the contrary, monentary-dwell
rechanism does not depend on any locking device
to have dwell,

2. Because of this basic difference on motion
between the two types of intermittent-notion
rechanisms, the synthesis nethods on these
rechanisms, therefore differ. In the synthesis
of finite-dwell mechanisms, much en hasis is on
the mininization of shock, 1.e., on the irprove-
tent of the kinematic and dynamic characteristics

1"s

of the mechanism for lorger life and higher speeds
of operation. There have been many thoughtful
investigations in this respect, and a suriary of
them can be found in [1,2].

3. Of particular interest in this investigation
is on the kinenatic synthesis of the morentary-
dwell type of mechanisms. The purpose is to
develop analytical anc computer-aided procedure
on the synthesis of mechanisms with prescribed
dwell characteristics. The importance is on the
cesign of dwell mechanisms which can possess
higher orders of dwell at one or more instants
during the motion cycle. The development of
design methods in this regard, however, has not
been easy. One primary reason is that the motion
of momentary-dwell mechanism is usually an
algebraic equation of high order, having coeffi-
cents which are nonlinear functions of mechanism
paramelers. Dwell occurs due to the cancellation
of relative motions of one part of the mechanism
with respect to the other. Since the momentary-
dwell mechanism is usually made of compound
mechanisms (f.e., the combination of two or more
simple mechanisms) whose motion characteristics
are generally not readily known, the derivation
of an explicit motion expression in terms of
design parameters and, subsequently, finding its
solution can be difficult.

4, There have becn several investigations on
the kinematic synthesis of rorentary dwell mech-
anisms and most of them involving analytical
treatment [3,4]. As the couplexity of the rech-
anism grows higher, algebraic methods of synthe-
sis become more difficult to develop in order to
satisfy precisely the dwell characteristics. On
the other hand, for wmost practical purposes,
high order dwell criteria necd not to be satis-
fied exactly and they can be met approximately.
The following reprecents an atterpt to develop
an approach for the apprexirate synthesis of
momcntary-dwell nechanisms,
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. A gerwral aporosch for the kine:atic
synthesis of . entiry-dwell nechanisms is
Jgresentat, The method involves using the solu-

ion of firit-ordar dwell criterion as an initial

Lostitate ard the dayelop-ent of a computer-aided

procedure to suhsesiently readjust the mechanisi
rrecarticns for a closer match to other duwell
riteria by optimization, The proportions thus

. btaine! preside an appro:iration to high order
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daells anl!, for nost practical purposes, the
colution is useful 'nd acceptable.

uter-3ided synthesis orocedure is
hased on an e active optimization algorithe,
~3-ely, the HCT cole (Heuristic Optimization

achnia.e af Lee and Freudenstein [5]) to reach
. solution,

? To illustrate this basic approach, the
neratic synthesis of a six-bar dwell linkaje
s presentet. in the following, we begin with an
analytical investigation on the motion charac-
*aristics of tre rechanism. The kineratic
mthesis of tre mechanism with prescribed dwel)
-aaracteristics follows. It is found that the
first-order dwell criterion i{s a second-order
~quation in ters of the half-tangent of the out-
it angle and its solution can be readily obtained
-.alytically, As for the second- and high-order
dwells, nurerical solution involving optimization
“~cores essential. This example, therefore,
ronstrates the potential usefulness of the
wpproach,

nigplace~ent Analysis

.. A six-bar ¢well linkage [6], shown in its
sche-atic view in Fig. 1, consists of six links
“~noted as ry, r2. r3, r4, r5, and rg. The in-
t is usually a continunus rotary motion which
.. applied to link ry and 9 refers to as the
input displacerent angl }he output shaft,
¢ ntered at the pivot G, would then provide a
cantary dwell motion if the linkage is
progeriy progorticned,
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Fig, 1

Ten desijn pare eters are rejuired, These are
six link lengths, the coupler bent angle, a';

t » extended coupler lenath, a; and the position
£ 1 eters of the outpat crank, marely, the
inclingtion angle 1rd tne fited distance between
the roucker pisat acd the autuat pivot, 8 and b,
ropectinely,

9. The motion of the pivut point beta2 i twn
coudlers RCE and EF is of mainr corern, The
couplers point, E, traces an essentially ov3l-
shared path, This path qenerally has high-order
curvature, and therefcre, its correspariing rafius
is not a constant, However, if direasicn. of the
mechanisis are so desijned that the ralius of tre
curvatyre of the point B is equ2) or clos- to 2
constant during certain ranie of the =.%ion cvcle,
and if the Tink lenjth rg i5 mad2 equal to this
instancanenys radius of curvature, then tre outnut
cratk, rg, has merentary dwell, In the folicwing,
we first begin with tr2 ~gtion of a feur-ber
coudler point,

10. Referring to Fig, 2, tne position of the
coupler point E can be 2xiressed 35
. = - +\r {
e \ ‘)rB \re )
where
_ — - = V2 Aol
re XE, rg A3, re = AU and N e

Fiq. 2

Rearranging eq. (1), ~e have the position of the

coupler point E in the Cartesian coordinate system,

i [

Xp = X, + = Co$ 1(X ) + -5 osing(Ya-Y,)

B 3 ry c 8
! Y.-¥

gt v, 05 ‘s)

=Y - -i in -
X + 3 S t(x( X

where

X

8 rz cos %‘ Xc = ry Cos az + r]

YB =T sin D) Yc =Ty sin ) (3)

The velocity, acceleration and shock equations of
the coupler point E can be easily derived by
differentiating equations (2) and (3).

1. Two forms of the displace ent equation of

the six-bar linkage can be derived, One which is
derived from an inverted nechanism (Fig, 3) is
explicit in terms of the coordin:te; of the floating
pivot, F, of the out:ut crank; the other is an
anqular displacerent eq”ation relating the input

and output angular relationship, We give the
results of derivation as follcas:
Ag% * Bo¥F = €y (4)
where
A * AR () Ry et mader )

phm e on

PRS0 it

15 N R - e ey




Fig. 3

B0 = [R sin(q -u)-R sin(ez-u)]

CO = Rz R§+rg Z g*ZR]rzcns(r -u)
and
Asiny +Bcosy+C=0 (5)
where
A= YE-YG
B = Xe-Xg
¢ = -(A%B2erlord)/ (2rg)

Equation (5) can also be rewritten in terms of the
half-tangent form of ¢

-
l
P
Al
I
|

and (7)

o2t (gt

These two solutions of eq. (6) correspond to two
different configurations of a six-bar linkage, It
is worth noting that the displacement eguations,
eq. {4) and eq. (5) have similar form, For the
study of high-order motion analysis, the latter is
chosen, since alaebraically, it is more cenvenient
to handle,

Dwell Criteria

12. In a romentary dwell rechanism, the dwell
is cefined when the first or second derivative of
the output inction with respect to the input rotion
vanishes at an instant, The order of the conseu-
tive derivatives which are zero at that instant
refers to the degree or order of dwell., In the
following the dwell criteria for the first-order
is derived, Criteria for higher orders can he
derived in a similar manner, The definition of

w7

the firvgt-order dwell i “rv daiator e ©f ¢ s
velocity ratio which ¢ o2le ¢ 200 at an instart

and the satisfaction o° tre dicracewnt eq. (5),
ie.,
A' sin ¢+ B' cos, + C' = 0 (€,
Asin g+ Reos, ¢+ (=0 (9)
where
A' = YE' A= VE-\G
B' = X! B = XX, .
(A28l pt
C . ~iRAT+BE') c- . €5
e 2r6

(&) and (9) <hould
The solution is:

For the first-order cwell, eq,
be satisfied simultanecously,

L creem'e

sin D AP”!‘_B‘AT ('O)
. A'C-C'A

05 0 * gt gar

For the first-order dwell, eq. (10) should aluays
be satisfied. It can he seen that the motion
characteristics of the courler peint, E and link
lenath r. and "6 play ivvortant roles in the first-
order dwgll

KINEMATIC SYNTHESIS

13. In the previous sections, rotion equations
and criteria of dwell have been developed. These
equations are nonlinear and need to be solved
simyltaneously, Analytical solution is pessible
only for the velocity dwell z2nd cererally is not
possible for higher order dwell, Therefore the
kinematic synthesis with prescribed high-order
dwell characteristics becores a rather tedious and
involved task in which numerical approach is
essential, The synthesis procedure of the six-bar
lintage with prescribed dwell involves the
deterrination of ten desicn parareters, and the
satisfaction of specified dwell conditions, These
design parameters include six link lenaths,

(ry, rg, r3, ra, rg, and rg), two extenced coupler
lengths (a and b), one coupler anale (4'), and cne
position anale (e).

14, Generally, in the cese of first-, second-,
and third-order dwells, there are fewer eguations
than the number of parareters to be deternined.
For instance, for the third-order dwell, there
are four conditions including one displacement
equation and three dwell equations, Additional
specifications from the desianer, therefore, are
necessary,  In the following, we first introduce
a rotatability criterion of the six-bar linkaze,
which will dcfine the feasible rance of design
parameters of the mechanism, Then, a rethod of
aralytical synthesis for the first-order dwell is
introduced. Two design raraseters (rg and r6) can
be sjecified throushout the synthesis procedure,
For higher order dwells, <olution of dwell equa-




tions explicit in design paraneters is difficult
to ohtain., Therefore, a numerical synthesis proce-
dure up to the third-order dwell is presented,
The procedure corbines a method of analytical
synthesis with an optimum design technique, i.e.,
the HOT algorithm [5]. 1In the following section

, we begin with a discussion on the rotatability
criteria of the six-bar dwe'l Vinkage.

Rotatability Criterion

15, The rotatability study of a six-bar linkage
uses the well-known Grashof criterion. Referring
to Fig. &4, the six-bar linkage is a compound
linkage consisting of a four-bar linkage and a
double-crank, It is desirable that the four-bar
Vinkage is of the crank-rocker type. The rota-
tability study involves the following two stages:

1) Rotatability of the input crank

Grashof criterion can be used directly, we have
L +s < PQ (M)

shere ¢ and s represent the longest and the short-
est link, respectively; the intermediate Vinks
are denoted as P and (],

For a crank-rocker linkage, S must be the crank
and the frame being either one of the adjacent
links.

Fig. 4

) Rotatability of the output crank

This concerns the links rg, rg and rg and a
ariable length rE which is the distance between
yints 0 and E. Referring to eq.(9), we must have

2

A%+ g2 52 (12)

lere
'_:(_AZ’B *r6- rg)/ (2re)

'tting d = /AZOB2 we have
d>C

(d*r6) > rg (14)

uation (14) obviously holds from the arqunent
that rg, rg and d form a triangle, In addition,
we can wrile

LA A

i- 158

re +rg>d (15)

and
re * d»> rs (16)

Equations (13), (14}, (15), and {16), thercfore,
are the rotatability criteria of the outpu*
crank, Since the paramoter d depends on the
motion of the coupler point E, the counler curve
of point E plays an inportant role on the
synthesis of the output crarks rg and rg.

Transmission-Angle Characteristics

16. The transimission angle of the six-bar
linkage is denoted as the sraller angle between
links rg and rg (Fia. 3). The trans-ission-angle
behavior of the six-ber Yink2ye differs from *hat
of the slider-crank and four-bar meckanism, there-
fore, it warrants an investiqation, The trans-
mission angle t is

cos t = (rg*rg-dz)/(errs) (17)
where
= JE6] = /(XX )2a(Yo-Y )
e I = (XE‘xG) "'(Y G)
Xg = R2 cos(pz-x)
Yo = R, sin($,-1)
E 2 2 (18)
XG = R cos(al-p) +r,
YG = R] Sin(ﬂl'u)
or
(R2+R2+r2 2 2y _2r.R 05 (353y-3%)
VY22 "5~Tg 2
cos t = T
56
(19)

_rplRycos{ay-u)-Rycos(25-1)]

V'T6

Equation (19) gives the transnission angle, It is
desirable that the maximum variation of this angle
from the right angle on the entire roticn be
minimized.

Analytical Synthesis
17. The analytical synthesis of a six-bar
linkage with velocity dwell is introduced in this
section, The result provides explicit epression
of rg and r¢ in terms of other design parameters,
The velocitv dwell equations are from eqs. (8)
and (9)

A'sin ¢ +# B'cos ¢y ¢+ C' =0

Asingy +Bcos y +C-=

where

1
v
Y
N




S 0F?‘r ~r2)/2r

Bl = x[.
€' = -(AAT4EB")/rg

Solving for re and res we have

- val.g A A+s’ "N A'AB'B
re = YA ‘("sln 4R cosu)[(A sin,+B cosy)
e e e (20)
- (A sin_*B cosy))
re ° \A'A*B'B)/(A'sin,+B'cos;) (21)

The Optirization Problem

18, Using the analysis developed before, it is
possible to optimize the kinematic design of the
six-bar linkage for higher-order dwell by a proper
choice of the geometric parameters. The design
problem can now be converted to an optimization
problem as follows for dwell up to the third order:
Minimize: f = W,E, + W,E, ¢+ W4k {22}
(a) dimensional constraints on
design parancters
(b) Constrains on entire-notion
characteristics, such as
rotatability, transmission-
angle characteristics,
timits on velocity fluctua-
tions, etc.

Subject to:

In eq. {22), f represents the objective function;
w,, W,, and W, are weighting factors chosen by

t*e dgsigner aepend1nq on design applications; E].
€,, and E, denote as the error functions
cbrresponding to the deviation of dwell positions
of the velocity acceleration and shock,
respectively, and are given as follows

€ = legrigpls &5 = Ivprigpls E3=lep-vgp]
wehere .
Al""‘z‘gf'g A 2/AGHBE-C]
RO 00 M it EREPR i e it
D= TR-C i BT,
i =2,3,4,

Many optimization techniques are available and can
e used for this application. However, because of
its efficiency, the HOT code is used. A computer
program for ¢ptirum design of the six-bar linkage
for higher orders of dwell was developed. The
program was written in FORTRAN IV language.

Example. Design of a six-bar lirkage, The
mechanism dwells when the input crank angle is
»otween 3 to 5 radians, and the following four-

tar propurtions have been specified:

189

n: 3.0 ¢m,

TZ = 1.0 o, r3 - 1.6 wr, f'4 PR
2.2 ¢cm, ;"

b= 2.4 ¢r, '

Solution:
following.
1. Analytical synthesis procedire,  [quations
(20) and (21) aive ri = 1.75 ¢r and r, = 1,75 cm,
kith this set of dr<11v foraaters, the first-
order dwell is encured,
2. The optimum synthisis procedure u51nq 40T
gives the solution set as follows: = 2,98 ¢cm,
rp = 0.98 ¢m, r3 = 3.62 m, rg = 2, 3} cm,
5 =1.7cem rg=18¢cm, a=2.2cmb-=24cm
= 124° and 8 = 41 4°,
Th\s set of desian rara ~tirs will provide an
approximate third-order 4aell, Mation charac-
teristics of the linkage are shown in Fig, 5,

The desian stanes are given in the
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Automated Dynamic Analysis of
Chain-Driven Mechanical Systems

A general approach to analyze the dyvnamics of chain-driven systems subjected to
transient loads is developed and applied. The method suitable for many automated
dyvnamic analysis techniques involves the simulation of the dvnamic effect of chain
by a displacement function and the introduction of this function as a kinematic
constraint to couple with the system equations of motion. A general purpose
dynamic analysis algorithm, the DADS code (Dvnamic Analvsis and Design

Ting W. Lee

Deoar(merﬁsasfozf?cz;?é:??& Systems), is then emplq.ved to generate the set of system equations and 1o provide a

Aerospace Engineering, vompute&a:dvd d,vna_mu‘ qnalys:s of the mvgrall chum-dnven svstem. Two ways af

! Rutgers University, Jormulating the chain displacement fum'mmsl are described. One procides the
: New Brunswick, N.J 08903 displacement of the chain based on the pitch circles of chain sprockets; the other
P includes a consideration of the polvgonal effect of the chain which contributes

essentially to the dvnamics of the chain. The latter involves the use of the principie
of kinematic equivalency, i.e., modeling the chain dyvnamic effect by a four-bar
linkage. Using the proposed displacement function, the kinemaric motion of the
chain can be taken into account. This procedure, therefore, makes the svsiem
‘ adaptable 10 conventional dvnamic analysis code in which the chain is usually not
. included as one of the standard elements. Moreover, pulsation and dynamic loud of
i the chain as well as the svstem dyvnamic response due to chain effect may be
estimated. A (ypical large-scale chain-driven system which is an externally powered

© e e

bt
.

machine gun is investigaited to illustrate the potential usefuiness of the approach.

1 Introduction

Dynamic analysis of any mechanical system of realistic
complexity is not a simple task. These systems usually involve
a large number of mechanical components, such as gears,
shafts, springs, cams, linkages, etc., and the intcractions
between components are nonlinear. In addition, loading and
operational speed may impose additional complexities, i.c.,
the presence of discontinuous forces, mass, velocities, and
portential energies, which characterize the intermitient moton
and wertia loadmg lrom the high speed. The problem of
analyzing the dynamics of a large mechanical system is,
therefore, complicated.

There have been significant contributions recently on the
study of dynamic response of mechanisms and mechanical
systems involving computer-aided techniques.' Most of them
take an approach which is general, involving the treatment of
Lagrangian formulation of the system equations of motion
and the use of numerical methods to yield solution. This is
useful in many applications concerned particularly with large
and complicated mechanical systems. Systemn components
may have various degrees of freedom and the generation of
system equations in this case is not simple. Large-scale

! The work of k. J. Haug and his co-workers; the work of M. A, Chace, N.
Orlandea, ). 3. Uicker, eic.; R. E. Beckett, K. . Pan and S. ¢ Shu, ASME
Journal of Engineering jor Industry, Aug. 1977, pp. 666-673.

Contributed by the Devign A ion C i and pr d at the
Design and Production Engineering Technica) Conference. Washington, D.C.,
September 12 15, 1982, of THF AMERICAN SOCIRTY  OF  MECHANK AL
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kinematic and dynamic analysis codes such as ADAMS,
DADS, DRAM, DYMAC, IMP, KINSYN, LINCAGES, and
others have significantly facilitated the implementation of
modern analytical developments in mechanisms (o the
solution of realistic problems which may be otherwise dit-
ficult 1o obtain,

Of particular interest and concern in this investigation s the
study of the dymamics of chion deven mechamcal svacms
Fhere are several reasons moetivating this stady. Farsily, there
is a real need for the dvnamic analysis of systems of this kind.
In recent times, primarily because of low cost, high efficiency,
and capability to operate at high loads, chain drives have
become one of the most popular and cconomic means of
power transmission. Second and most importantly, methods
and approaches are not available to treat chain-driven systems
and there is not much work reported in the literature regard-
ing chain drives. Moreover, modern kinematic and dynamic
codes, to the author's knowledge, have not vet included chain
as a basic element in the codes, and consequently, these codes
are not directly applicable to chain-driven svstems. The
problem, therefore, warrants our investigation.

We begin with a dynamic analysis of the chain drisve. A
dynamic model of the chain is presented and 1t is basic to the
determination of the dynamic response, such as dynamic load
and motion characteristics of the chain. A typical large-scale
mechanical system, an cxternally powered modern machine
gun involving chain drive, is then investigated. 1t is uved as an
tHustration of the proposed approach. The  kinemate
modeling and dynamic modeling using an effective code,

Transactions of the ASME




oy -

DADS, wre ginven. Bisally, numcnical results are presented and
conclusions are drawn.

2 The Dynamics of Chain Drives

In the following, we give, first, a discussion on the chain
polygonal action which affects the velocity fluctuation of
chain based on a dynamic model. Sccondly, we give the
derivation of the position, velocity and acceleration equations
of chain drive. A chain  displacement  function  which
represents essentially the motion characteristics ot the chain is
presented and is used in our study of the dynamics of the
chain-driven system.

2.1 Polygonal Action. The action of a chain as it runs over
a sprocket can be compared to a nonslipping thread running
over a regular polygon prism. When the chain engages a
sprocket, cach link falls on a chord of the sprocket pitch
polygon rather than the true pitch circle. Therefore, the active
pitch diameter of the sprocket varies between the limits of a
circle inscribed in the pitch polygon and a circle cir-
cumscribing the pitch polygon. The chain lying on the
sprocket forms a polygon rather than a circle resulting in the
**polygonal action’” of the chain drive.

The speed of the chain, therefore, fluctuates even with the
constant driving speed of the sprocket due to this *polygonal
action.” Impact occurs because of the difference in the
velocities of the point on the roller and the point which comes
into contact with the sprocket. This results in cyclic ac-
celeration and deceleration which creates dynamic loads in the
chain and often causes excessive noise and vibration. The
effects of impact become complex and significant at higher
speeds. Especially if the frequency of the velocity fluctuation
coincides with a resonant frequency of the chain system, large
stresses may oceur which can cause fatigue failure.

Some aspects of polygonal action have been discussed in the
literature [1-5]. Several interesting approximations have been
made of the driven shaft angular velooity  charicteristics
because ot the polygoml cflect of sprockets. A closer
exanunation of the chain drive components shows that the
motion of the system is actually transmitted through a series
of four-bar linkages (Fig. 1). Using this concept, Morrison (3]
analyzed the variation of the angular speed of the driven
sprocket and found that by increasing the number of teeth in
the sprockets the difference between pitch polvgon and pitch
circle will reduce and so does the polygonal effect. Bremer [§)
recommended that the sprocket should at least have 30 teeth.
In the particular case that the drive sprockets have a onc-to-
one ratio of their pitch circles and their center distance equals
a whole number of link pitches, the chain will transmit
uniform angular motion through the driven sprocket. Then,
there is no speed fluctuation in the driven sprocket. The chain
links, however, arc still subject to pulsations. There is a
polygonal effect on the connecting chain links, which is due to
the speed fluctuation of cach link along the lincar direction of
its chain path. In this case, the motion of the chain links and
their masses become significant in the design consideration of
the chain drives.

In chain drives, there are two ways of transmitting the
power. In the common case, load is transmitted through the
driven sprocket. In other cases, the foad may be carned by a
stud on the chain which makes the driven sprockets serve
essentially as idlers. In the latter case, usually the impact
effect between chain rollers and sprocket teeth can be
neglected. The masses of chain links and the masses attached
to the chain links, however, would still be subject to velocity
fluctuation and, therefore, generate dynamic loads. The
motions characteristics of the chain links and dynamic loads
are analyzed and presented in the next section.

2.2 Pulsstion snd Dynamic Loads. As mentioned in the
previous section, the chain drive can be treated by an
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FOUR-BAR L.NKAGE
.

"PITCH CIRCLE -

PITCH POLYGON
Fig.1 Equivalent four-bar linkage of the chain drive

d

Fig.2 Position vector for four-bar linkage

equivalent mechanism of a four-bar linkage. The position,
velocity, and acceleration of any point in the chain can,
therefore, be expressed mathematically in terms of the four
bar paramcters and the driving crank angle. A convenient
method to derive these motion expressions is to use complex
numbers to express the vector loop-closure equation of the
cquivalent linkage and 10 obtain its time derivatives. The
following represents such an approach.

Take a point, P, for instance, in the chaimn tink as shown in
Fig. 2. We arc interested in deriving its motion expressions, in
particular, its lincar velocity and acceleration in the direction
of the chain path. The point, P, may be considered as a point
on the coupler of the equivalent four-bar hinkage. Referring to
Fig. 2 and denoting g, b, ¢, and d as the link length of the four
bars, we have the position vector of P in complex number
rotation.

h=ae™ +ge™ (1

where the parameters #,, 0., and 6, denote the angular
positions of the links as shownin Fig. 2; the vectors @ = 04
and g = AP.

Differentiating equation (1) with respect to time, we obtain
the velocity of the point, P, as

F=iaw ™ +gae.e™ N}
The real and imaginary components are then,

R, = ~aw,sinl, - guw:sin 4.
1, = auw,cos B, +gu.cos b, 3

Further differentiating equation () with respect 1o time, we
obtain the acceleration of the point, P. Denoting the angular
accelerations as dw, - dr = oy and dw,/dt = «-, we have

d=(—w’ +apae™ + (- wy +a)ge™ 4
The real and imaginary parts are,
R,=—a(w cos 8, + asin 8,)
—&(ws’cos B, + a;sin 8;)
1,= ~a(w,/ sinf, o,cos8,)

—g(wy'sin 6, - ascos 0,) (5)

SEPTEMBER 1983, Vol 1057363




4

Reterring to Fig. 3, it is appatent that the real parts of
equations (3) and (5) represent the linear velocity and ac-
celeration of the point, P, parallel 1o the X-direction of the
chain path, and the imaginary parts are the velocity and
acceleration perpendicular to the x-direction.

In the case that the driving and the driven sprockets having
a one-to-one ratio, the linear velocity (¥, ) and acceleration
(a, ) equations along the direction of the chain path of the
contact point between the driving sprocket and the chain links
become very simple. They are

V= —auwsinb,
a;, = —a(w,’cos 8, + a,sin 8,) 6)

Furthermore, if the driving sprocket is running at constant
speed, we have a, = Oand

v,

4, = —aw,’cos 0, N

—qw,sin 8,

The chain pulsates with a period which is equal to
t=60/Nns (8)
where N denotes the speed of the driving sprocket, and n
denotes the number of teeth on the sprocket. Thus, the
frequency of this pulsation is
f=Nn/60 pulses per s 1t

{f this frequency is close to the natural frequency of the
chain system, the amplitudes in the Y-direction can reach a
dangerous magnitude.

Now, consider that one chain link engages with the driving
sprocket in the range of angle 90 deg — 310 90 deg + 3 (Fig. 3).
By using equation (7), the accelerations at the instants that a
particular link engages the sprocket while an adjacent one
leaves the sprocket can be written as

B enpage = — Quwsin B (1M

and
Grcave = QW 3sin 8 an
where, w, denotes the angular velocity of the sprocket and it is

N
wy = ——rad/s
30
and
L
g=sin ~— (12)
2a
The instantancous increase in chain acceleration as a new
sprocket tooth engages the chain is, therefore, equal to

Ad =18y, —digee | = 2aw) sin 3 3y
After substituting w, and 3 into equation (13), we have

2

M:Za(—;gi)}in —:

N 2
=1() 14
30 (14)
It is this change of acceleration which results in an in-
stantancous dynamic load. We have

e () ] s

where L W, denotes the sum of the weight of all chain links
plus the equivalent weight of all the following cascaded
mechanical components.,

Equations (1) and (15) which represent the general form of
the chain displacement equation and the instantaneous
dynamic load, respectively, are useful in the dynamic study of
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Fig. 4 A schematic of the bolt-carrier assembly

chain-driven systems. Depending upon the particular svstem
in question, expressions similar to these can be derived and
this will be demonstrated in a later section.

3 Dynamic Modeling of an Automatic Weapon
System—The Model X Gun

In this section, we would like to illustrate the use of chain
displacement function in connection with an effective
dynamic analysis code to study the dynamics of a complicated
large-scale mechanical system with chain drive. It is the study
of a new externally powered machine gun hercinafter referred
to as the Model X gun.

Before a description of the kinematics of the gun, it is
essential to give a brief introduction of the dynamic computer
code, DADS, which is chosen in this investigation.

The DADS code (Dynamic Analysis and Design System)
developed by Haug, Wchage, and their co-workers {6, 7] is a
powerful computational package for the analysis and design
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ot mechanical systems. The code differs from other computer
packages not only in its computational method, but also in its
approach to treat mechanisms or mechanical systems with
intermittent motion. The code utilizes logical spring and
dampers [8, 9] to simulate the jump conditions which often
occur for such systems. This makes the code particularty
attractive to the dynamic study of mechanical systems with
intermittent motion, such as the automatic weapon system. In
the following sections, the DADS code is applied to study the
dynamics of the Model X gun.

The kinematics of the Model X gun is determined essen-
tially by the motion characteristics of the bolt-carrier
assembly (i.c., bolt-carrier group) shown in Fig. 4, which is a
mechanical system with intermittent motion.

The motion of the bolt-carrier contains a sequence of events
imolving finite masses capture and release as well as
mechanical stops. The bolt-carrier, driven by the stud of a
chain which moves along a definite near-square path (Fig. §),
moves in a reciprocating motion. Various gun operational
stages are performed as the chain undergoes a cycle.

Let us consider now the modeling of the driving
mechanism, in particular, the bolt-carrier and its associated
compaonents, in order to be able 1o adapt to the DADS code.
We give first a terminology of components. The basic ap-
proach of modeling is presented next. Then, the kinematic
motion cycle of the bolt-carrier assembly is outlined and
graphically displayed.

Terminology. The bolt-carrier assembly consists of the
tollowing components (Fig. 4):

Mass No. Part Name and Function

1 pun body; taken as reference frame

2 bolt-carrier; the part that carries the bolt, striker,
butter spring and retainer and plug in the motion

] striker; striking the fire pin to start propellant
ignition

4 striker plug and retainer; retaining the buffer
spring in compression

S buffer spring; the tumped mass ol butter spring
that functions as bufter and supplies the energy
for striking

6 sear; the portion of the mechanism which controls
the firing of the gun

7 bolt; the body that locks the cartridge into and

extracts it from the chamber through camming
action relative to the bolt-carricr

In the dvoamic madel, the friction torce berween il
transkational  gomts are assumed 100 be sero. Mass S
corresponds to the lumped mass of the butfer spring. It is
assumed to be located, initially, at the center of bodies 3and 4
and is precompressed to the length of 6.045 cm or 2.38in.

Basic Approach. The driving mechanism of the Modei X
gun is a typical example of a large-scale, complex in-
termittent-motion mechanism. It is ditficult to model. The
application of DADS to analyze its dynamic response is not a
simple task. In the tollowing, the basic approach of modeling
is given,

(1) The model includes only the bolt-carrier assembly.
Other components of the power train are not taken into
consideration.

(2) The kinematic motion of the bolt-carrier serves as input
of the code, which is supplied as an exiernally user-supplied
constraint function.

The displacement function of the bolt-carrier obtained
from the kinematic analysis computer code of the Model X
gun [10] is applicd to DADS as a constraint. The code in-
corporates  this constraint with the system equiitions of
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Fig.5 Operational cycie of the Model X gun

motion which are then solved simultaneousty and iteratively
at cach time increment to match the value of state variables
corresponding with the constrained displacements.,

(3 Logical springs and dampers are used 1o simulate the
nss discontinuity and the impact phenomena. The selecnion
of the magnitudes of these parameters and the proper
locations to place them are otten a heuristic approach (refers
to Fig. 4). Details will be discussed later.

The Motion Cycle. The motion cycle of the bolt-carnier
assembly involves two rectilinear monon periods (forward
and rearward motions®) and two dwell periods. The dwell
period, referring 1o Fig. S5, corresponds esentially to the in-
dexing period of the Geneva mechanism (stage 1), and the
tiring and the gas escaping period (stage 3). In this study, only
the forward and rearward motions are of concern. A detaled
description of these motions is given in the tollowing:

(1) Forward Motion. The forward motion involves the gun
operational Stages 2, 3, and 4 of Fig. S. In terms of the
progressing of time, we have the following events:

(@) At 1 0, the bolt-cirnier is ready to move rightward,
and bodies 3, 4, and 7 are i the extreme Iett positions. The
vetocity and displacement of cach body are at its initial value.
The sear is stationary against the un bods (bodyv 1) (Fig. 6).

(") At r=1, >0, the bolt-carrier starts 10 move rightward
with the bolt (body 7) and the striker (body 2); however, the
striker plug and retainer (body 3y remains stationary (Fig. 7).

{¢) At ¢, the bolt-carrier captures the striker plug and
retainer (body 4) and both move toward the right. At this
moment, all the components, exeept seir, are moving at the
saune speed and directhion (Fag. 8.

() At 1, the striker (body 3 makes contact with the sear
(body 6), and the buffer spring is under compression due o
this effect. The rest of the masses (bodies 2. 7, and 4) con-
tinue to move rightward (Fig. 9).

(¢} At g, the bolt (tbody 7Y is focked on the pun barrel, and
the bolt-carrier (hody 2) is in contact with scar (body 6) The
spring between the scar and the gun bodv (hody 1) v i
compression (Fig. 10).

(N AL 1., the striker is ready for firing. All other com-
ponents (bodies 2, 4, 6, and 7) are stopped and are going into
the dwell stage (Fig. 11).

The time events described above are graphically displaved
in Figs. 6 through 1. The dogical spring-damper pairs
treferring to Fig. 4) are used 10 simuliate the Nimite masses
capture and release, which are defined between body 2 and
bodies 3, 4, 6, and 7. In addition, they arc used 1o simulate the
mechanical stop (i.e., impact), which are defined between
body | and bodies 2, 3,4, 6, and 7.

T orward monion ss destienated s the oo o e betore ity
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Fig. 8 Initial position of the bolt-carrier in torward motion
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Fig.7 Bolt-carrier assembly starts 1o move in the rightward position
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Fig.8 The position that the bolt.carrier captures masses
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Fig.9 The position that the siriker conlacts the sear
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Fig. 11 The position of gun tiring

Fig. 12

Vi !

Initial position ot the bolt-carrier in rearward motion

)

Fig. 13 Bolt-carrier assembly starts to move in the leftward position
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(2) Rearward Motion. Ihe rearward motion corresponds
to the gun operational stages 6, 7, and 8 (Fig. 5). This part of
the motion cyele is simulated with the consideration that the
bolt (body 7) and the striker (body 3) are heved together as a
single body, denoted as body 3. This is because there is no
refative motion between them during the period of motion.
The time events are given as follows:

(a) At ¢ -0, the bolt-carrier (body 2) and ity associated
components are ready to make lefiward motion while the
bufter spring is compressed. The velocities and displacements
of all members are at their initial conditions (Fig. 12).

(h) At 1=1,>0, the bolt-carrier starts 1o move lefiward
with the striker-plug and retainer (body 4). In the meantime,
the bolt and striker (body 3) remain stationary. This is
because the bolt is locked on the gun barrel and the striker
sustains a spring force. The buffer spring is gradually released
to ity precompressed length, The sear moves at the same speed
as the bolt-carrier (Fig. 13).

(¢) At 1., the bolt-carrier captures mass 3 (striker and boht),
and together they move toward the left. The sear s
mechanically stopped by the gun body (body 1) (Fig. 8).

() At iy, the siriker-plug and retainer (body 4) contact the
gun body (body 1) and they are stopped mechanically (i.e.,
impact). The butfer spring is then compressed. The bolt-
carrier, the striker, and the bolt continue to move leftward.
The sear remains motionless against the body 1 (Fig. 7).

(e} At £, the movement of the bolt-carrier 1s ceased and
goes into the dwell stage. 1n the meantime, all other members
are alsoin dwell (Fig. 6).

Logical spring-damper pairs are defined between body 2
and bodies 3, 4, and 6 to simulate the mass captue and
release. In addition, they are defined between body 1 oand
bodies 2, 4, and 6 to simulate the mechanical stop.

The dynamic response during the dwell stages is not of
concern in the modeling. This is because at the dwell stages of
the motion cycle, the driving chain stud moved afong the
vertcal direction of the chian path and theee s ao reliative
motion in the X-direction.

A summary of the time events and the corresponding
graphical representation of the system are given in Table 1.

4 Chain Displacement Function

The expression of the chain displacement function depends
upon the particular chain derived system in question. In the
tollowing, chain displacement functions are formulated for
the Maodel X gun. The approach, however, is general and can
be extended to any chain-driven system.

Denoting the motion parameter of the bolt-carrier along the
longitudinal coordinate as X, and the displacement of the
chain stud along the chain path as § reference positions of
both X and § arc shown in Fig. 5. The chain path can be
specified by eight positions or stations which divide the path
into four straight and four curved portions. There are two
ways to formulate the chain displacement tunction: 1) the
kinematic  displacement  function:  and  2) the  dynamic
displacement tunction.

(1) The Kinematic Displacement Function. In this ap-
proach the chain sprocket is physically replaced by the
sprocket pitch circle. Polygonal effect, or the dynamic effect
of the chain is, therefore, neglected. The displacement func-
tion formulated with this assumption is called the kinematic
displacement function and it is described for cach operational
stage as folfows:

). Stage 1,0 < S < 3R ¢em

S oo 0 Odeg
X635 2r,
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Table 1 Time events representing the motion cycle of the gun
mechanism
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¥orward
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Fig. 14 Displacement curve of the bolt-carrier in kinematic motion

ts

. Stage 2 (buffering), 3.81 < S
S=X8er (=), 0. 138
X=r +635+rcosf—~8.)

Y Stage 3, 635 < 8§ < 12.7em
S=12.7 br (0-46,), 8, = 228 dep
X=r +6.35-r (6-46,)

4. Stage 4, 127 = § < 1S.24¢m
S§S=12.7 +r (6-8,).6, =350 deg
X=r —rsingf-o,)

SOStage S, 1524 < S < 19.05¢cm
S=1524 4 r (0~ 000 - S0 deyg
X=0

6. Stage 6, 19.0% £ § < 21.89¢cm
$=19.05 +r (0-46,).6, =675 dep
X=r ~rcos(d~8,)

7. Stage7,21.89 < § < 27.94¢m
S=21.59 4 r (0-6.).8- - 765 deg
X=r +r (8-8-)

R, Stige§,27.94 < § < 0. em

$=2794 + r (0 -0,).6, =990 dep

X=8.04 rsin(tl —6.)

< 638 ¢m
dep

By specifyving the crank angle, A, the location of the chain
stud and the displacement of the bolt-carrier along the X-aus
can be calculated. The calculated displacement curve, shown
in Fig. 14, matches very closely to the experimental result [10]
which is shown in Fig, 15, using an Optron dyvonamic tracker '

(2) The Dynamic Displacement Function, The dynamig
displacement function implies that the dvnamic of the chan,

1
fteveto optieal degdacemen track model Sh) Ot Conp Wl
hnidge, Conn
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Fig. 15 The experimental displacement curve of the bolt-carrier

namely, the polygonal effect s incorporated in the
displacement tunction using a model of tour-bar linkage.
Considering that the motion of chain stud in the forward and
rearward direction can be divided into three operational
stages as shown in Fig. S, the displacement ecuations can be
defined as tollows:

Forward Mation and Rearward Motion*

A, Stage 2, 0<9< 90 deg (Stage 6 for Rearward Motion)y.
In this stage, the chain stud moses atong the pitch aircle of the
sprochet. We have
(16)

A=r (o costh

where r, denotes the pitch circle of sprocket and # denotes the
crank angle.

B. Stage 3, Y0 deg <B<31S deg (Stage T tor Rearward
Mounon). The chain stud in this stage is in the span of chain
link<. Ay mentioned in Section 2, the chitin diive can be
modeled as an cquivalent four bar hnkage. The cham stud,
therefore, can be considered as a point that moves along the
coupler ink and is subject to periodic motion. This can be
seen by referring to Fig. 3. We have, therefore

() It 8 >22.5deg _
N=r o+ (N+ DL =rsingdS deg - #) (17
(i) I B <22.5 deg,
N=r +NL+rain#, (18)
where 90 deg 45 deg oA, Nis the integer patt of

(0 90 deg. 48 de) and £ the ok Tenpthe For every 2209

degrees of #, the chain stud advances tor a distance of one
chain link.

C. Stage 4, 315 deg <0< 405 deg (Stage 8 for Rearwurd
Movion). In this stage, the path ot the chain stud comncides
with the pitch circle again, and is moving along the pitch
circle. We have, therefore

xX=r +6.35+rsin(0- 315 deg) (19)

The displacement function of the chain is used as a
kinematic constraint which serves as the input to the DADS
code and it is coupled with the system equations of motion to
represent the dynamic state of the chain-driven system.

5 The Dynamic Response of the Model X Gun

The output of the DADS code provides information
concerning essentially two phases of study: the iniial phase
and the dynamic analysis phase.

4
I the rearward motion, the displacesent cqations are denticl as those of
the torwasnd imotion, except the duection ol motien
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Fig. 16 The displacement curves of the bolt-carrier

5.1 The Initial Phase. The initial stage refers o the
assembly phase of the system equations of monon in the
DADS program. Thiv imolves the tormulation of Jacobian
matrix of partial derivatises for both the forward and
rearward motions. The following information must be
supplied: the position (v, v,o) and velocity (v, of bodies 2
through 7; the constraint torces which are pencrated to
maintain these mitial condinons for bodies at specitied
positions; information on the spring-damper pairs (such as
velogity, spring tength, toree in vdirection and torce -
direction) and the spring and dampng coethicients for the
logical sprng-damper pars wih respedt 1o e and the user -
supphied constraint vidue.

5.2 The Dynamic Analysis Phase. The dynamic analysis
phase is initated when the static initial condition is remosed.
Physically, this means the chain stud begine to drive the bolt-
carrier to move along the chain path, Certain conddusions can
be made as follows:

1y The displaceinent curves ot the bolt carnes (body 25 are
plotted i Fig. 16 tor torward and rearward- motion. hese
curves represent the constrained motion ot the bolt-carrier
aloog the X-ditection. They match with the displacement
curve reported in 1G], This s exvpected  because  the
displacement  function serses as the  external constraint
equation of the moton of the bolt-carrier.

(2y The velocity curves of the bolt-carnier are shown in
Figs. 17 and 18. These curves represent the solution of system
equations of motion at cach time increment using ditterent
chain displacement functions.

(3) The velocity of other components can be readily oh-
tained from the computer ongput. For instance, the forwad
motion of the sttiker is shown in Fig. 19, The curve represents
the characteristics of intermittent-motion. The svelocity of
body 3 initially is the same as body 2 because of the mass
capture effect. After a very short time interval, until 7 - 0,025
s, body 3 is stopped. This is done through the logical spring-
damper pair to simulate the impact. The sudden change of
velocity gives rise to a jump condition and demonstrates the
behavior of intermittent-motion,

The effect of chain dynamics on the contact torces between
components is signiticant. This can be seen by a companison
of the logical springer-damper forces between the bolo-catrier
(body 2) and the striker plug (body 4), the sear (body 6) and
the bold (body 7) using different displacment tunctions.
Numerical results and some typical comparisons are shown
praphically in Figs, 20 and 21, For instance, the contact foree
between bodies 2 and 4 (refer o Fig. S, during the chamn
operational stage 3 and a portion of stage 4) deviates con-
siderably for both approaches. This is because the Quatuation
of svelocity s totally neglected in the analysis usng the
hinemuatic displacement tuncthion.
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Fig. 18 The velocity of the bolt-carrier in rearward motion

(4) The present chain drive of the Model X gun iy a good
design. It apparently has already utilized some of the design
criteria discussed and found in this investigation. The driving
and driven sprockets are of the same size. In addition, the
chain link length to piteh ratio is even. Therelore, a major
part of the polvgonal effect is essentially eliminated.

(5) The dynamic load of the chain is estimated in the next
section. It can be reduced by increasing the number of teeth in
the sprocket. Such design should minimize noise and
vibration, and prolong the life of the chain. Morcover, the

vibration transmitted through the bolt-carrier assembly can
also be reduced.

5.3 Dynamic Load. One of the important picces of in-
formation is the dynamic load generated by the chain links
and this can be casily estimated based upon the theory
developed before.

In the Model X gun, the chain has 24 links and it is 30.58
cm or 12 in. in length and has a mass of 214.32 gm (or weighs
0.4725 1Ib). The dynamic load at an operational speed of the
gun, say 600 shots per minute, may be predicted with the help

of equation (15). We have the following:
Let N=187S rpm
1L =127em(0.5n)
n=8
LW, /) 7204 pem

Fhen, cquation (15) pives amasamuim dvimamse load,

Journal of Mechanisms, Tranamissions, and Automation In

Fig. 20 Contact force between the bolt-carrier {body 2) and the striker
plug-and-retainer (body 4) in torward motion
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Fig. 21

Contact force between the bolt-carrier (body 2) and the striker
(body 3) in rearward motion

F,=352.74N.
The magnitude of this dynamic load is large. Theretfore, its

effect is significant. 1t is this foad which generates part of the
noise, vibration and stresses,

6 Conclusions

A general approach utilizing the DADS code to analyze the
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dynamics of chain-driven systems has been presented. A
model of the chain is formulated. It uses the equivalent four-
bar linkage to derive a displacement function which represents
the polygonal effect of chain. This function, in turn, serves as
the kinematic constraint which is used as an input nto the
DADS 10 be coupled with the system eguations. Using this
approach, the dynamic analysis of a complicated chain-driven
mechanical system is made possible. As an illustration, an
automatic weapon system (i.c., the Model X gun) is modeled
and analyzed.

The dynamic responses of the Model X gun are given.
Forces between components as well as motion characteristics
of this weapon system are fully explored, especially those for
the impact forces between various components and the chain
dynamic loads, which are difficult to estimate. Information
such as this can be utilized 10 provide a durability study and
design optimization of the gun.

The result of this investigation, it is believed, has extended
our capability on the automated dynamic analysis 1o a large
class of mechanical systems involving chain drives.
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On the Workspace of Mechanical
Manipulators

This paper presents an analytical investigation of manmpulator workspace. The first

Mem ASME pari presents the derivation of a set of recursive equations in rerms of motion and
design parameters representing the workspuce. These formulus are basic for the
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determination of the churacteristics as well as the shape of workspace. The
remainder of the paper concerns the investigation of the existence of hole and vowd
in workspace. A set of criteria is formulated. Aleorihms for unplemennung these
criteria are developed. Manipulators with both unlinuied and mted revolute g

are studied in this investigation.

1 Introduction

One of the basic questions encountered in manipulator
design is the determination of the shape of workspace. Given
the structure of a manipulator, can one specify the shape of its
workspace and study ity characteristios analvtically? The
problem s a ditficult one, primarily because of the large
number of degrees of freedom involved in the manipulator
system and the inherent complexity on spatial geometry.
Therefore, very few investigations of the subject are on the
record [1-6]. Roth [1] presented a pioneer study in 1975 on the
relationship between the kinematic geometry and manipulator
performance including workspace. Kumar and Waldron (2, 3]
presented a thoughtful investigation on workspace and
developed the theory and algorithm for tracing the bounding
surfaces of manipulator workspace. Sugimoto and Dutty (4]
proved the theories for determining the extreme distances of
manipulator’s hand. Tsai and Soni [§] studied the accessive
region of manipulator with two and three revolute joints in
planar motion. Recently, Gupta and Roth [6} in their
illuminating paper, turther extended the work ot Roth and
investigated certain design  considerations on workspace,
including the effect on hand size. Basic concepts and some
investigations of primary (or dextrous) and sccondary
workspace have been presented {2, 3, 6].

This paper and a companion paper [7] represent an attempt
to treat the foregoing question. The objectives of the present
paper are: 1o derive a set of recursive equations o represent
the workspace analytically; 2) to formulate a set of critenia to
investigate certain characteristics of this workspace, namely,
the existence of hole and void; 3) to develop an effective
algorithm for implementing these criteria; and $) to extend the
aforementioned studies 1o the practical case ol limited
revolute joint.

2  Manipulator Description

A manipulator with n unlimited revolute joints in series can

Contributed by the Mechanisms Committee and presented at the Design and
Production | ngincening Technical C onference, Washington, 1Y ¢ | Seprember
§2 015, 19R2 ot T AMirican Socirty o Miciasioar D seinaery
Mgt secen ad ot ASME Headguarters fune TS T e N 8 DE L
127
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be represented schematically, as shownn Fig. 1. Thereaten
coordinate frames to speaty the contiguration. For any
coordinate frame, say &, the Z,-axis is always the joint ans
and the X, -anis isin the direction of common normal between
axes Z; and Z,, ;. The Z -anis s attached 1o a fined trame.
The last link, link #, is associated with the hand or the end
effector of the manipulator. Any link, say link &, is always
considered to be connected to joint k. Three parameters are

LY
~ "

Fig. 1 A manipuiator with n revolute joints in series

Fig.2 Geometrical relationships between jointsnandn -~ 1. (s, .y =
common normal, b, _, = axisl distance, v, _, = twist angle and hand
H)
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needed to specity the geometrical relation of two vonsecutive
joints: Referring to Fig. 2, they are a,, the common normal
between two consecutive axes Z; and Z, . ;; «y, the twist angle
of these two axes; and b, , the axial o!fset of joint k + | on the
axis Z,.,. For convenience, the hand twist angle, a,. is
sometimes considered 10 be zero. In this investigation,
however, it is included as one of the design parameters. In the
following, theory and criteria on manipulator workspace with
unlimited revolute joint are first developed; they are then
extended to the limited case which is of practical concern.

3 Analytical Representation of Workspace

The workspace of a manipulator is defined as the region
which ¢an be reached by the center of the manipulator’s hand,
H. Following the notion used in [6], let W, (}H) denote the
workspace generated by the point # by turning all the
revolute joints &k, k + 1, . . ., n with complete rotations while
holding the axis k as fixed. Referring to Fig. 2, if the revolute
joint n makes a complete rotation, the locus of the center of
the hand H(x,, y,, 2,) is a circle with respect 1o the coor-
dinate frame n. The circle can be expressed in a parametric
form by

X, = r,cosd,
vV, = I,sind, (2))
n
2. = b, cosa,
where
ry=Val + (b, sinn, )’ 2

and 9, denotes the rotation angle of the joint 7. In the case
that the hand axis is paraltel to the Z-axis of joint n, i.c. «,, =
0, equation (1) then reduces to

X, = @, cosd,

a, sindg, 3)

fi

Ya
Z, = b,

The geometrical retationship between any two consecutive
coordinate frames, say n and n— 1, can be represented by a

Nomenclature

homogeneous transformaiion [.),. By fiust turming the
coordinate frame n -1 an angle - «, | with respect 10 the
axis X, ,, then followed by two pure translations along the
axes X, , and Z, with magnitudes g, , and b, ,. respec-
tively, we have

(4], =
1 0 0 @, |1 00 0
0 cosa, | sina,, 0 f'O 1 0 0
0 -sina,, CONE, 0 ‘ i() 0 1 b, |
0 0 0 oY 00
1 0 0 d, |
0 cosa,, sina, b, (sina, :
0 -sinaq,, Cosay, b, ,cosa, | @
0 0 0 1

Let space & be the space that all its points are specified by the
coordinate frame &. Using cquation (4), the aircle represented
by equation (}) in space » can then be formulated in space
n -1 as follows:

x|* LA f r,.cosed,
! .
: .
v v . rasnd,
[4], | = A (]
2 [ b cosay,

N ‘
L ‘.. l

and

Circular projection: It is the cross-section made by the
physical profile of a rotating body on a screen containing the
rotating axis; it depends on the shape of the body and the
geometrical configuration of the rotating link, such as the
twist angle, etc.

Coordinate frame k: Cartesian coordinate with origin at joint
k, the Z-axis aligning along the joint axis, and the X-axis
being the common normal between the axes A and & + |

Space k: the space in which all points are specified by the
coordinate frame &

[A), = ahomogeneous transformation which
represents the geometrical relation-
ship between the coordinate frames &
and & + |

a, = the common normal between the axes
Zyand Z, ., (Fig. 2)

b, = the axial offset distance of the joint
k + 1 onlink k (Fig. 2)

PL, PR = the distances between the axis Z, and
points on W, () and WE, (M)
(Fig. 7)

W, (H) = workspace with respect to (w.r.t.) the
joint k; or the set of reachable points
of manipulator’s hand, /1, w.r.1. the
joint k (Fig. 1)

Journsl of Mechanisms, Transmissions, and Automation in Design

WL (H), WE(H)Y = the circular projections of W, (M)
on the left- and right-hand side of the
plane X, Z,. They represent also left-
and right-hand side cross-sections on
W (H) cut by the plane X, Z, (Fip.
S(ay).

AL, XR = distances between the axis Z, and

points on WY (H) and W (H) (Fig.
6)

X, Yi, Z, = thecoordinate axes of the frame k. 7,
is also the axis of joint k (Fig. 1).

(Xi Ve, 2) = the coordinate of a point in
workspace MW, (H) w.ri. the
coordinate frame & (Fig. 3)

(¥y. ¥, 23" = the coordinate of a point in
workspace W, (H) w.r.t. the
coordinate frame & (Fig. 3)

a;, = the twist angle between the axes Z,
and Z; ., (Fig. 2)
B, = the location angle of the link k+1

w.r.t. the link &; the angle between
the axes X, and X,,, in case of
limited joint &k + 1 (Fig. 14)
d, = rotating angie of the jount & (Fig. 12)
¢ = ®/2 o anangular quantity (Fig. 6)
0, rotanional range of the jomt A
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[

Xa 1 r,cosd,+a, |
Yo = rpsind,cosa,

+b,cosa,sina, | +b, sina, | 6)
2 = ~—r,sind,sina, ,

+ b,cosa,cosa, | +b, \cosa,

The workspace W, ,(H) can be obtained by turning the circle
now represented by equation (6) with respect to the Z, ;-axis.
The shape of W, ,(H)is a torus, as shown in Fig. 3, and can
be represented by

X, , = r, cosd, ,
Yo v = Iy ISin',n 1 (7)
- - ="
“n VT &)
where
] .,
ra |=\/x,,:|+y,,‘.

Equations (1), (6), and (7) completely specify the evolution
process of generating a workspace from the space n to the
spacen - 1.

A general recursive formula for workspace B, (#1) can
therefore be formulated as follows:

X, = rgcosid;
»i = rsind, (8)
M 44
where
- ., *
Fa =Nx, "+ v,
and
x|* x
v y
={A). )
M Z
1 k 3 1 Aot

Equations (8) and (9) form the analytical representation of the
manipulator workspace and are the basic formulas for the
investigation of the existence of hole and void in workspace,
and for the determination of the shape of workspace {7].

4  Cross-Section of Workspace Cut by X7 Plane

Having the analytical representation of a workspace. it is
now possible to investigate its characteristics. In this paper we
are concerned with characteristics such as hole and void. In a
companion paper {7], the investigations on the shape of the
workspace including boundary and volume are reported. A
basic approach to investigate these characteristics involves a
close examination of cross-sections of a workspace. An
important and convenient cross-section for this purpose is the
cross-section of W, {(H) cut by the plane X, Z,. This cross-
section can be obtained by setting y, equal (o zero, or
equivalently, 9, = 0 or 180 deg, from equation (8).
Mathematically, the cross-section may be expressed as

Xy =

% = (10)
When x, = +r,, it means that the cross-section is on the right-
hand side of the axis Z,, and is denoted as WP (#H).
Similarily, the cross-section formedby x, = -r, and 2z, = 2}
is denoted as W} (H). It is worth noting that W¥ (#/) and
W! (H) are mirror images of ecach other and represent the
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Xn-1
Fig.3 The evolution of workspace

circular projections of the workspace W', . (F//) on the plane
X Z,. The term ““circular projection’ means the projection
obtained on the plane X,Z, as the workspace B, . (H)
rotates with the link & and with respect tothe axis 7, .

In the following sections, cnitenia are established 1o examine
cross-sections with regard to hole and void.

5§ Hole in Workspace

A workspace that has a hole means there exists at least one
straight line which is surrounded by the workspace yet
without making contact to it. For a manipulator with revolute
joints, its workspace W, (H) has a hole it and only if the
preceding workspace W' . (/D does not contact the axis /7, .
This implies that #¥ (#f) does not contact the ais Z, .

The mathematical criteria for the hole in workspace can be

established based on the minimum distance between W/
and the axis Z, . denoted by YR, as follows:
1. Without hole
AR, -0 (.
2. With hole
XR,,, >0 (11.2)

Figures 4(a) and (M) lustrate these cases.

6 Void in Workspace

A void is defined as a region buricd within a reachable
workspace, which however, iv not itselt reachable by the
manipulator’s hand. From a practical pomt of view, dt s
always desirable to shun a void in the workspace, except in the
case where a void conains a fixed part of the manipulator.
The necessary condition for workspace, W', (#), containing a
void is that the preceding workspace W, (D has a hole.
However, it is by no means a sufflicient condition, as shown in
Fig. §. Itis found in this study that the shape of ' (/) and
the design of link & also play important roles in determining
the existence of void in workspace W' (/).

Depending upon the rclative position of the axis Z; with
respect to W, . (#]), three distinct and exclusive cases are
considered. First, the workspace is apart from the axis Z;;
this means that the axis Z, neither contacts nor passes
through the hole of the workspace W, . (/). Second, the
workspace W, ., (M) contacts the axis Z,. Third, the axis Z,
passes through the hole of workspace H', .. The criteria are
different for these three situations and they are discussed
separately as follows:

6.1 Void in Workspace: When Axis 7, Is Apart from
Workspace M, (/). The condition of having void in
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Fig. 4a) A case ol W, (H) with hole

Zy

X
K
Fig. 4(d) A case of W, (M) without hole

W, (H) in this case, as shown in Fig. 8, can be analyzed from
two aspects: firstly, for given shape of the workspace,
W, ., (M), to determine the effect of the twist angle «, and
secondly, 10 see the effect of the depth of workspace ¥, , (/D)
along its axis. Criteria for each case are cstablished. If cither

Journal of Mechanisms, Transmissions, and Automation Iin Design

Fig. 5(a) The existence of void in workspace: W, . {(H) has hole snd
W (H) has void

Fig. 5(b) The existence ot void in workspace: W, , (M) has hole and
W, (H) has no void

one of these criteria s satistied, a hole in workspace W, | (/)
will not cause a void in workspace B, (H).

6.1.1 Criterion Based on Twist Angle. One way to determine
the existence of void in W, (/) is by an examination of the
cross-section of W', ,(H). By viewing from a plane per-
pendicular to the axis of the joint &, one can examine the
relative clearance between the circular projections, namely
WE, ((H) and W1 | (H). This clearance depends upon the
twist angle «, and usually increases with increasing o, . If
there exists no clearance, then there isno void in B (/1)

For the sake of illustration, let the cutting plane X ., Z; .,
for obtaining the circular projections ¥, (M) and Wi,  (H)
be perpendicular to the plane X, Y,. Referring to Fig. 6, by
rotating the axis Z,,, with an angle ¢, = x:2- «, the new
position Z; , should then be paralfel to the plane X, Y, . The
extreme distances between 7, and B, (/h and W, (/)
are shown as XR,,, and XL ... respectively, as shown in Fig.
6. It is clearly seen that if the difference between these two
quantities vanishes, there would be no void in #', (/). We,
therefore, have the following criterion:

Criterion 1: The workspace W (H) has no void if the
orthogonal projection of Wk . ((H) and WL, [ (H), with respect
10 a plane perpendicular to the 7., axis, overlap. More
specificaily, the difference between the extreme distances,
XR 0 and X1 .. is less than or equal 1o zero, 1.e.,

XRn ~ XL a <0 a2

Mathematically it is not necessary that the cutting plane X .,
2, .1 be perpendicular to the plane X, Y, . This is because the
workspace W, . (#D) is always symmetric with respect to axis
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o Wit (H)
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Xk
Fig.8 lustration of the eftect of the twist angle on void
2y
s
.
S W b .
E PLwx // é;n:\' h:..(”‘ //
PR&»«/ - . .'/
/
I
Xk

Fig. 7 iliustration of the ettect of the workspace depth, d, . y on void

Z . ;. The criterion is true whenever the cutting plane contains
theaxis Z, ,,.

Analytical expression for XR,, and XL, can be derived
as follows:

XRmm = Minl’A 1C0Se — |5i"wl

XL, = Max{-r,, cos¢, — 2, 5in¢,] (13)
where
x|’ Cosg, - sing, {\‘J
MY sing; COS¢; Tiant
cosg, -—singy | [ £7c.,
= 14)
sing, oS¢, E

6.2.2 Criterion Based on the Depth of Workspace W, , ,(H)
Along its Axis. The depth of the workspace ', , (1) along
the Z, . ,-axis is defined as d,,,, as shown in Fig. 7. This
guantity represents, however, only onc aspect of the
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characteristics ot the shape of W', . (M) 1t atfects the relatve
distance of the WX, (H) and K7 (J)) with respect to the
joint &, i.e. Z, -axis, which in turn affects the existence of void
on W, (H). These relative distances are discussed as follows,

Referring to Fig. 7, let the axis .\, | be perpendicular to the
plane X, Z; and PR (p) and PL(g) be the distances of the
axis Z, with respect to points p and ¢ on MW¥. (M) and
Wi, (H), respectively. Denoting PR, = PR(a) and PL .
= PL(b) as the minimum and maximum values of PR (p)
and PL(q), respectively, we, therefore, have the following
criterion:

Criterion 2: The workspuce W (H} has no void if the
circular projections of WE., and W}, ,(H), on any plane
containing the rotating axis Z,, overlap. More specifically,
the difference between the extreme distances PR,,... and PL,,,_,
is less than or equal to zero, i.c.,

PR, =PL, (1%

The distance PR{x, 3) and PL (x, ¥) can be formulated as
follows:

PR(x, %) = N, +ellusexg o))
PlL(x,v) = Nal4viusen = o) (161
where
X, . xr, .,
A 0
} AL, amn

6.2 Void in Workspace: When Axis 7, Contacts to
Workspace W, ((F). There are two types ot contact between
the axis Z, and workspace H, ., (/): single-portion contact
(Fig. 9) and double-portion contact (Fig. 10). The ter-
minology ‘‘double-portion contact” means that the contact
between the axis Z; and the workspace W', . | (H) has a range
of discontinuity.

In the case of single-portion contact, the criteria of no void
in workspace W', (}) are the same as the previous case of no
contact. Therefore when either equation (12) or equation (15)
is true, there is no void in W', (H). In the case of double-
portion contact, it is obvious that a void always exists in the
workspace MW (H) regardless of whether the criteria of
equations (12) and (15) are satisfied or not.

6.3 Void in Workspace: When Axis 7, Passes Through
The Hole of Workspace B, , (/). An example of this case is
shown in Fig. 11. Apparently there is always a hole in
workspace W', (H); however, there is no possibility of having
a void.

7 An Algorithm for Detecting Void in Workspace

There are three distinctive geometrical relationships be-
tween the axis Z, and the workspace W' . (}) as described
previously. Consequently, corresponding to each category,
the cross-section of W, (H) cut by the plane X, 7, are
different, as shown in Figs. 8, 9(a) 9(»), 10, and 11.

Given the structure of a manipulator, the question,
therefore, is how to classify it according (o these categories. A
mapping technique is presented in this investigation for this
purpose and an effective algorithm is developed to implement
the technique.

7.1 A Mapping Technique. Rcalizing that the circular
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SeCthﬂ: A-A

Fig.8 AxisZ, is apart rom workspace W, , ((H)

Fig.® AxisZ, cantactsto W, , {(M): single-portion contact

ZK
SECTION A-A

Xk

Fig. Xa)
Section A-A; cut-through solid

projection, either W¥,,(H) or Wi, (i), can be readily
obtained (equation (10)), the problem now is to find the
appropriate procedure to map this cross-section from the

ZK
SECTION B-B

Xk

Fig. %p)

Section 8-8; cut-through hole

19

G

Section A-A

Fig. 10 AxisZ, contacts ta W, , {(M): double-portion contact

S
“k
e
£
~
qu(H)
xk
2y
alo
7 4 K

Fig. 11 Axis 2, passed through the hole of workspace Wy , 1(H)

Xio1 Zi . -plane to the plane X, Z, . Referring to Fig. 12, all
points on W¥, (I are mapped onto the plance X, Z, through
a rotation of link & +1 at various angles denoted by 9, ,,.
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Fig. 12 lllustration of the concept of the Mapping Process
This angle can be derived using a homogeneous trans-

formation formula, equation (9), and then setting v; equal to
zero, we have,

. i, Sinag + by sinay
.y =sin '(—~—~—————*—’I ") (18)
Tk +1€0SQ;

and
Xp o= roc080;,, +ay
¥y = r, ) sind,, cosa, + 2, . 1 5ina + by sina, =0 (19

¥ *
X = —ry . sind,,  sinag 4+ 3, COSay + By cosag

k | \

Equation (18) shows that different points (r(.,, &.,) on
W, (H) have different mapping angles 0,,,. Knowing
... the corresponding point on X, Z, -plane in space & can
be calculated from equation (19).

7.2 A Numerical Algorithm. An algorithm is developed to
analyze daia obtained from the mapping function, equations
(18) and (19). It is worth noting that equation (18) is not single
valued; lor each point of (£, ., 2 .,), there correspond two
values of o, .,, namely, J,., and its complementary angle,
x~9,,,. Consequently, iwo values of x, are obtained from
equation (19). This results in two groups of points: fx, (J(, ().
] and [x, (v —9;,,), 2]. From the sign of the extreme
values of x, for each group denoted by [max(x), min(x,)]
and [max(x;), min(x,)], classifications of different catcgories
based on general relationship of Z, and W, (/) can be
established as follows:

1. Axis Z, is apart from W, , | (H):
Sign{max(x,)] = Sign[min(x,)]
= Sign{max(x, )] = Sign[min(x, )] (20}
2A. Single-portion contact:
Signimax(x, )] = Sign{min(x,))
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Fig. 13 A special condition that there is no mapping

Sign{max(v,)] # Sign[mmnex ;)]
or

Sign{max(x, )} # Sign[min(x; )]
Signfmax(x,)] = Sign[min(x )} (2n

2B. Double-portion contact:

Sign{max(x, )] # Sign{min(x )}
Sign{max(x, )} # Sign{min(v. )

3. Axis Z, passes through the hole:
Sign{max(x,)] = Sign[min(x )]

#= Sign[max(x,)) = Sign[min(x;)) ()}

7.3 Special Conditions. There are two special conditions of
equation (18): 1) When the numerator is greater than the
denominator, there will be no ~olution: and 2) when cosq,
equals zero.

This first condition implies that mapping does not evist.
Physically this means that the paint in consideration does not
come in contact with the plane X' Z, when link &+ 1 makes a
complete rotation, such as the point pin Fig. 9.

The second condition refers to the case when the twist angle
between the axes Z, and Z,., is of a right angle. Con-
scquently the mapping is meaningless. Referring o Fig. 13,
the points ¢, b, and ¢ cannot be mapped onto the plane X, /, .
In this case equation (151 should be used as a criterion.

8 Manipulator With Limited Revolute Joints

The discussions and development so far were based upon
unlimited revolute joints, in which case three parameters,
namely, a;, b,, and a,, are sufficient 1o specify the
geometrical relationship of two consecutive joints. However,
in practice, most manipulators have limited joints. In this
section, formulas and modifications are presented which take
into account this effect. It is found that an additional angular
parameter must be introduced. In the following, the
justification of an additional parameter is presented, followed
by a discussion on how to define this parameter; then a
formula for the modified homogencous transformation is
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Fig. 14 Geometrical configuration lot a limited joint

derived; and finally, the characteristics ot hole and void are
discussed.

For an unlimited joint, the Cartesian coordinate frame
assoviated with this joint is defined by aligning the Z-axis
along the joint axis, and by specifying the X-axis as the
common normal between two consecutive axes. Since the joint
can perform unlimited rotations, the location of X-axis on the
plane X, ., Y, ., can be arbitrary. This is not true, however,
for a limited joint. Since there is a portion of turning range,
physically it cannot be reached by the tink; the location
defining this link therefore becomes importam. Additional
constraint on the selection of the X, -axis must be introduced.

Considering a particular joint which is limited, say, the
joint K+ 1, it is now relevant to define the Cartesian coort-
dinate {rame associated with this joint. Referring to Fig. 14,
by specifving the link & + 1 which is always in the mid-range of
the joint rotation, and consequently the X, -axis is also
defined. A new parameter, J; is introduced and is defined as
the angle between the X -axis and the X ., -axis in the same
direction as the right-handed screw with respect to the axis
/i .. This parameter specifies the physical location of the
link & + | with reference to the link & and, theretore, is called
the location angle.

The homogeneous transformation between the coordinate
frames & + 1 and &k can now be represented by

Characteristios 0f workspaee tegaiding nole and void tor
limited joint become relatively simple. For a manipulator with
a limited joint, say joint &+ 1, there will be no hole in
workspace W', () consequently, there will be no void in
workspace H', (H).

9  Conclusion

This study provides some basic theories and formulations
concerning the manipulator work<pace. Analytical
representation of workspace is presented. The difficult
problem of the existence of hole and void in workspace can be
treated with a set of procedures and criteria estabhshed in this
investigation. Practical considerations are also included.
Specific examples illustrating the basic theory presented here
are reported in a companion paper [7], together with an in-
vestigation of the boundary and volume of workspace. The
result of this research, it is hoped, will contribute toward the
basic understanding and design of mechanical manipulators.
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w.ws | ON the Evaluation of Manipulator
e, | Workspace

This paper presents a theorem regarding manynidator workspace and, based on s
D.C.H. Yang theorem, a manipulator pertormance index is troduced. 11 s tound that ror o
Graduate Student given manipulator seructure the ratio of the colume of the workspace o e cube of
its total link length is a constant. Algorihms for outioning the boundury profile of
workspace and for quuantitanive evaluation of s volume are presented. ru/r:pu.’e'r
package, KAM, is developed, which coplements the theories and alvorihms
developed in this invesugdation as weil as o0 g companion paper i) Seeral YR m
examples are given 1o tlustrate (he appliodi oo o8 D crtarmanee iden are Hi
capability of KAM.

Department of Mechamical and
Aerospace Engineenng.
Rutgers University.

New Brunswick N J 08903

1 Introduction

There are a few basic problems on manipulator workspace .
remaining unsolved or only partially solved [1-4]. For in- <
stance, what criterion on workspace can one use on the I
evaluation of the kinematic performance ot manipulators, ot
more fundamentally, how can the shape of a manipulator's ;{
workspace be determined? ;L

g
!
4

This paper deals with these problems. In particular. the
objectives are: firstly to develop an afgorithm to outline the
boundary of the workspace and to evaluate its volume
quantitatively; and secondly, to present a manipulator per-
formance index which is based on workspace and can be —mr
evaluated efficiemly. '

brg Y A ned o et A At '

2 Manipulator With Revolute Joints

An analytical investigation of manipulator Workspive v of these two aves e 0 v e e e '
given by Yang and Lee {1). The following, taken trom [ g /00 Ve roge -0 . o
represent a description of manipulator geometty and a poranonal imat), a0 adet g e o e e e
summary of the results on the analyvtical representation ot gngle of hina & + 1w roge O A PR RO
workspace. Pie 2t '

A manipulitor with 2 unlimited res olute o i senes can The workspace o o nmeianie v dc 1 od as 1l e '
be represented schematically, as shown in Fig. 1 Thereare # which can be reachied by ihe g onser of I nicmpubatorn s G i
coordinate frames to specify the configuration. For any 4 and W, (1) denores the wotkspuace poncated by the por i
coourdinate frame, say k, the Z, axis is always the joint axis g, holding the anvis & as tined whide all 1 ¢ revolure woants &
and the .Y, axis is in the direction of the common normal g .. L mahe Tonations
between axes /7, and Z,, . The Z, axis s attached 1o g fined A peneral recurstse tormuala tor workspace M, o f
frame. The last link, link a1, is associated with the hand ovthe  therefore be formuolared as 1ol
end effector of the manipulator. The link A v connected to
joint k. Three parameters are needed to specify  the Vol
geometrical relation of two consecutive unlimited joints (joint VoS o, th
being capable of making a complete rotation). Referring to e
Fig. 2(a), these paramecters are a,, the common normal . . o
between two consecutive axes Z, and Z, , ; a, . the twist angle  whererg =~a?s + 17 and

.
AR \
!

L '

' e (2)

i
i
f

Contributed by the Mechanisms Comnuttee and presented at the Devign and [ ‘;
Production | nginceoing Techmical Conterence, Washmgton, 1D € Seprember I !
12-15, 19R20 of IMe AMERICAN  SUIETY  OF  MECHANIC AL § SGINEERY 1 i
Manusenipt recened at ASME Headguarters, June 13, 1982 Paper No K2 i

DET where 8 represents the rotation angle of jomt & and [ 4,

‘ LI

}
e
N

M 707/ Vol 10, MARCH 1983 Transactions of the ASML i




hi

Fig.2ta) G trical relati ps between unlimited revolute joints

-
\" T N
k h¢]
X
k1
Fig. 2(d) Geometrical relationships between limited revolute joints

denotes the homogencous transtermation which provides the
veomettical relationship between two consecutine coordinate
trames &+ 1 oand A Depending upon whether the revolute
yornt s unbimited or hmited, there are difterent expressions

tor |4, I or unlimited revolute joint, titis givenas,
o Q0 Q u,
JO cosa, sy b, sy
A . : &)
0 - sinag cosag byeosa, |
|
.
0 0 Q | |
For limited revolute joint, we have
l”A o1
i cosd, singl, 0 u, |
] COSa M, COSa Lo siftla, bysinag |
| 1ot
siftey, strnis, —sinagcosd, cosa, byeosag
0 0 0 1 !

i
where 3, , referred to as the location angle, denotes the angle
between the axes X, and X, ,, while the joint A + 1 is located
at the center of its rotational range.

3 Boundary and Volume of Workspace

Having an analytical representation of a workspace, it is
now possible to investigate the boundary and volume of
manipulator workspace guantitatively. The basic approach
nvolves the construction of a proper cross-section of the
workspace, and from which numerical methods are developed
to determine its boundary and subsequently the volume of the
workspace.

Foltowing {I]. an important and convenient cross-section
for ths purpose is the cross-section on W (1) cut by the
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phane X7, Baan be Ohta noad by st v i To et e

cquivalently, w, =0 o1 180 dep, trown cguation o)
Mathematically, this cross-secnon may beesprossed as,
\,oor
o=zl [y}

When v, = 4, imphies that the crose secros
right-hand side o7 che anis /0
Similarly, the cross-section tormed by v ', h
denoted as B (D). It i worth nonee that M0 and
WLCH) are mirror amages ot cach other and soprosent the
circular projections of the workspace ., 0 /) on the plane
X, Z,. The term “arcular projection”™  [1 micans
projection obtained on the plane N /70 as the wotkypac
W, CHD) rotates with the ok & and with respodt 1o the ans
7,

s o the
Woti

atid o, Tt s

and s denoted as

e

Because the worhspace oo s svmmictnio wirh respe tie
the anis Z, . W50 contarns atl the geomcettiodd mtornnd.on
regarding the shape of the workspace. The matheman
expression ot W), in equation (8, can be e
paranietric torm as,

Ni=ro= 00 e AN
L= A ) (r
By scanning sequentially the jomt angles o« | o, and

.y accordimg to their rotaton it at a reasonably small
intersal, most of the points of H 7 (/1) can thus be obtiaimned

3.1 Boundary. An algonthm tor detectinge the boandans
of the workspace is developed. Tois given as tollows:

1. Dividing the plane X7, o IxJ small rectangies o1
width Ax and height Az, where 7 and J are the sumber ot
divisions along the Voavs and the Zavs respoectivehy Fach
rectangle is denoted as 2 (oo whnch soased 1o provide a
binary imagine of 87 (/1 1 e

P,
P, -0,

"

WP asapornon ot XD
otherwise,

2. Initwalizaton; setall I (v .oy 0.

A Scannming process:

ta) Scanning all s beginminyg with o,

(M Forany &, say O, saanning up to O wath step size Are

4. Construction ot the binary image of ¥ 7 (M),

Pov 2= 1 any point (V2 in equation (6) falls ingo the
following range [v, —Av:/ 2y +Av 2] and |5 - Ar 2
+ Az 2 where, Av=x v and A= o
Record the extreme salues of - within cach rectanele, P2
This gaives 2 v yand 2 (v

Go to step 3 until the scanming process s complete. A data
base for BE () is now stored.

S. Construction of the boundary of B2 ¢y,

The extreme points of those rectangles which have
P o(x,.)=1 and are adjacent to the sectangles with

P, (x,.2,)=0, define the boundary of WX () (referring 1o
Fig. 3). This construction is done by a scanning process which
searches all I x J rectangles svatematically .

This algorithm iy capable of determining the boundary ot
warkspace with irregular shape having conveanty and vord If
W (H) is concave or it has void with respect to the Z avs at
certain values along the X awis, say v, then there s a
discontinuity of the value of P L i.e., £ changes trom § (o 0
and returns to 1. This charactenistic can also be seen trom by
k]

3.2 Volume. Knowmg the boundary of WH(H)Y, the
votume of workspace W, (27 canthen be caloulated s
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|
Fig.3 Construction of the boundary of wf(m
4 K
’MN - A x\nl x k
L] t -t

Fig. 4 Aniliustration of the integration of workspace volume

e 2 e ) T (YDA
‘F

v, = ! M
o 28X 000 06) - Ty )+ 2o (V) S (VDAY
referring to Fig. 4, where X, and X, denote he manimum
and minimum of the x value of W{ (H); z,.,. (1) and 2,,,(x)
are extreme values of Z at x; ;.. (%) and Z,,,.(x} are local
extremes of z value at the discontinuity while B (I is
concave or has void at x; and Ax represents the width of the
dividing rectangle. For a certain value of x, if W¥ (/1) has no
discontinuity, the upper equation of equation (7) is used; il
there exists discontinuity, the lower one should be used. 1t the
joint k is a limited revolute joint, then the angle 27 in
equation (7) should be replaced by the physical turning range
6, of the joint. However, in this situation, error may occur in
equation (7) from the undetermined end shape of the
workspace. Fortunately, for most commercially available
robots the first two or three links, which usually determune the
volume of the workspace, are coplanar. *herefore the crror

721Vol 105 MARCH 1983
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Fig.5 Example 1 —boundary outlined by KAM

Z1 TXAMrPLE 1 2

- \\ !
. ] o 5 |
\_// I

o I N
e 2 4 ] L] " 12 T4 e ‘e 20

Fig.6 Example 1 - workspace with void

due to the undeternmnined end shape will merels be caused by
the Tast tew short links, and shall not be very sipmiticant an
practice,

4  Computer Program and Examples for the Boundary
and Volume of Workspace

A computer program calied KAM (Kinematic Analyas ot
Muanipulators) and written in FORTRAN 1 developed. fhe
code implements the theories and critenia presented i this
paper as well as in the companion paper [1]. For a given
manipulator structure, the program first defines analytically
the workspace, then explores the existence of hole and voud,
outlines the boundary, and finally, calculates the total volume
of the workspace. The inputs of the program are the
geometrical parameters specifying the manipulator structure
These are, the number of revolute joints, the common nor-
mals, twist angles, and the axial offset distances. For a limited
joint, two additional parameters, the location angle 3, and the
physical turning range O, of the joint are nceded. At present,
KNAM can handle mampulators up to six revolute jomts;
however, the extension of a higher number ol joints does not
present a problem. It can be easily done if it is needed.

Three problems which ate believed to be representative are
chosen to demonstrate the etfectiveness as well as the
capability of KAM.

Example 1. This example gives some indications of how
well the prediction of KAM compares with the theorencal
result on a special case. The problem, taken from Gupta and
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]. EIXAMPLE 2

2
e \\
0 e \
’ \
' \
3
[
\\ '
-1@ \ ;
‘\\; -
-28 -
4 \\‘—\—\_" /7
T T Y T — Y -
'] 19 29 30 L] 50 [} 7@

Fig. 7 Example 2 ~ boundary outlined by KAM

Roth [S], refers 1o a very simple manipulator. It has three
unlimited revolute joints with special proportions: «, - 10,
d: =34, ud =1 b =0, b.=0, by =0, «, =0 deg, . 90 deg,
ay, 0 deg. Because of the simplicity ol 1the structure,
analytical formulas for calculating the volume and the
condition of existence of void in terms of the angle «, can be
derived and have been given [S). A comparative study s given
as follows:

volume [in. ‘] angle a,
analytical (5] 1202.7  «, > 14.4478 deg

KAM 1215.7 o > 14.478 dcg

The comparison looks very good. The predicted value of
volume is within 1 percent of the analytical value, and the
difterence on the angle «, which is the angle that the
workspace starts to have void, is less than 0.004 percent.
Figure § shows the boundary of the workspace of this
example.

Figure 6 shows a workspace which has a void ot Al
design parameters are the same for this case, except for the
twist angle o which equals 20 degrees. The volume of this
workspace equals 2309.9 in'.

Evample 2. In this example, a comparative scudy is given
with the method of Kumar and Waldron [6]. A manipulator
has six  unlimited revolute joints with the following
peometnical configuration: a, - 32, a. 16, a, - 8, a, -4,
e 2, biby O by S b0 by 0, b Y, b, O
a, 26.7deg, a. 123.5deg, «, 4. 8deg, a, 86,0
deg, . 143 deg, ., - 0 deg. The boundary of workspace
outlined by KAM is shown in Fig. 7, and matches with the
result of [6]. Furthermore, KAM provides additional in-
tormation such as no void in workspace and a quantitative
value of the volume of workspace which equals 4367583 in ',

Example 3. In this example, a commercially available robot
PUMA 600 is used as an illustration. Of particular interest is
that this is a practical example, like any industrial robot,
usually having fimited revolute joints. Design parameters of
this manipulator are: g, -0, @, - 18, o, =0, ¢, -0, g =0,
ay -0 b 210, by=d, by=17, by-=0, b 2, h, -0

ay -9 deg, o = 180 deg, ay =90 deg, o, = 90 deg, a = 90
deg. «a, =0deg; 8) = —90 deg, B, = - 90 deg, 8. = 30 deg,
3, - 180deg, B¢=0 deg; ©, =320 deg, O,=250 dcg,
0, =270 deg, O, =280deg, O. =200 deg, O, =532 deg. Since
the hand of a manipulator is interchangeable, depending on
applications, it is best to exclude it from our evaluation of the
workspace. The manipulator is, therefore, equivalent to a
five jonnt mampulator. Using KAM, the workspace of PUMA

Journal of Machanisms, Transmissions, and Automation in Design
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Fig. 8(a) PUMA 600 - real case
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Fig. 8(6) PUMA 600 - ideal case
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600 is found to be 183885.6in. ", and its boundary is shown in
Fig. 8a).

To make a comparison with an ideal case, that is, if all the
joints on the PUMA 600 were unlimited, the volume of the
workspace then equals to 216410 in.', and its boundary is
shown in Fig. 8(H). 1t is worth noting that in this example the
workspace of the real manipulator is about 17.6 percent less
than the ideal casc.

S§ A Performance Index Based on Workspace Volume

Given a manipulator we are now capable of evaluating its
workspace volume quantitatively. The question remaining in
this investigation is the development of a performance index
bhased on workspace volume. In this section, such index is
presented. A theoretical proot s given which shows this index

MARCH 1981 Val 105173
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toa constant and remains to be the ~swme for sdar
manipulator structures.

The length of links of manipulator with n resolute joints
ared;, dy, ... .,aq,and b, bs, . ..., b, which correspond
to their common normals and axial offsets. For comvenience
i our discussion, they are renamed as 4, 6y o L L

.o &, Based on the concept of dimensional analysis, the
volume of this manipulator’s workspace can be represented
by a general formula,

V=Y ualis (%)

where 1, g, and & can be any integer from | 1o 2n, and g, is
the corresponding coctficient of the term /1,1, The coel-
ticients g, can be any real value depending on the structure
of a manipulator.

It is found in this investigation that there is a definite
relationship between the volume of workspace and the total
length of a manipulator. This is given in the following
theorem:

Theorem. FFor a given manipulator, (i.c.. the twist angles,
rotation limits, tocation angles, and the proportions of link
length are given), the ratio between the volume ot the
workspace and the cube of the total length is a constant, i.e.,

v .
(717;7: }..:T/::)—‘ = L =constant 9)
Proof:

Since the proportions of link length are fixed, the length of
any link can be represented by the length of another link with
the given proportion. Now let every link be in terms of the
axial oflset distance of the fast link, /5, we have,

L= p ls

I, = p; I,
[§10)
Lo o=y

where p,°s are known proportions.
Combining cquations (8) and (10),
. .‘H‘ .‘n‘
Ve Y uadl = Ypadl oo <P AT
ty b Lk

*n

where {£] - E oA 2.0, py = constant.
ik

Let £ represent the total link length, then,
R R N N I
SO VY PSR S | (AN}
= Q)
where (O} =(p, +p. + tPae o+ 1) = constant.
From equations (11) and (12), we have
A L [ T
LY, er T
Since [P) and [Q} are constants, V) is also a constant. This
proves the theorem.

The notation VI stands for the Volume Index of
manipulator workspace, which gives an indication of the
clfectiveness of link length on the creation of reachable
workspace. The index can be normalized by dividing its
possible maximum value. Letting the total length of a
manipulator cqual L, the maximum workspace that this
manipulator can possibly have is a sphere with radius I and
centered at the joint 1. Therefore, the maximum VI a
manipulator can possibly have is,

4x1.'/3  4x
L =3 =4 IRAN (4)

Vi (13

T4 1Vl 1, MAHCH 1983

Fig. %(a1)

Fig. %(a2)
Fig. 9(a) Structure and boundary ot PUMA 600

Using this value as a normalizing factor, a normalized volume
index, denoted as NVI, can be obtained, and its vatue is
betweenO and 1.

This index is a kinematic performance index which can be
used in practice for quantitative evaluation of manipulators
based on workspace. Using the algovithm developed in this
investigation, this performance index can be evaluated ef-
ficiently.
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Fig. 9(b2)
Fig. 9(b) Str and boundary of Ci ti Mitacron T3

6 Case Studies: The Evaluation of Manipulators
Based on Volume Index

Five commercially available manipulators, as shown in Fig.
9, are evaluated in terms of VI and NVI. These manipulators
are:

Case 1: PUMA 600 [7]. The design parameters of this
manipulator are given in example 3 of Section 4. The structure
of this manipulator and the boundary of the workspace from
KAM are given in Fig. 9(a).

Case 2; Cincinnati Milacron T'{8]. The design parameters
of this mampulitor are: e, G, a. - 40,4, 40,0, K a. 0O,
a, O.h, O b Qb -0, by =0, b 13, by 0 1y
deg, vy = 0deg, ay =0 deg, g =90 deg, . = 90 deg, @, =0
deg; 3, - 60 deg, 3, =90 deg, B, =0 deg, J, = 90 deg;
0, =240deg, 0. =120 deg, O, =120 deg, O~ 120 deg,
0, - 180 deg, O, =270 deg, O, = 360 deg. The structure of
this manipulator and the boundary of the workspace are given
in by Yehy.
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Fig. 9(c2)
Fig. %c) Structure and boundary of Pana-Robo

Case 3: Pana-Robo [9). The design parameters of this
manipulator are: ¢, =0, «,=23.622, a, - 11.496, a, =0,
ac=0; by =0, by =0, by =0, b, =4.723, h. 0 a, =90 Jdeg,
a; =0deg, a; =0 deg, a, =90 deg, ac=0 deg: 3, = 8.8
deg, 3; =97.5deg, gy= 90 deg: O = 00 deg, O, - 108 dep,
0, =75 deg, O, = 180 deg, O« = 360 deg. The structure of this
manipulator and the boundary of the workspace fromi KAM
are given in Fig. 9(c).

Case 4: AID 800 [10]. The design parameters of this
manipulator are: ¢, =0, a, =23.622, a. 31.496, a,: 0O,
ac O;h =0, b, 0, b, 0, b, 39 Hh. O, a, 90 dep,
ay = Odeg, o, 0 deg, gy 90 deg, e O dep: 8, - 928
deg, 3, = [00deg. 8, = - 90 deg; O = 300 deg, O, - 95 deg,
O, = 70 deg. O, = 180 deg, ). = 360 deg. The structure of this
manipulator and the boundary of the workspace from KAM
arc given in Fig. 9(d).

Case §: Cybotech VI {11 The design parameters ot this
mamputaton are g, 0, a. NI, a, W7 e, Oaeo U
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Fig. () St ® and boundary of Automatix AID 800

b, =0,.bhy=0, by=0, b, =23.622, b =0, a; =90 deg, . =0
deg, oy O deg, o, 90 deg, a =0 deg, 3, - 90 deg.
3, =80deg, 8,= -90deg. O, =240 deg, O, =80 deg, O, =
90 deg, O, 240 deg, O, = 360 deg. The structure  of  this
mampulator and the boundary of the workspace from KAM
are given in Fig. %e).

it iy worth noting that there is a link structure which is
common to all the abovementioned manipulators. That is a
joint, say joint k + 1, located on the Z axis of the previous
joint, joint k (for instance, joints 1 and 2 of cases 2, 3, 4, and
S; and joints 4 and § of case ) belong to this kind of struc-
ture). Consequently, the distance between these two joints
with respect to the axis Z, does not affect the shape and
characteristics of workspace W, (H). Referring to Fig. 10, it
is obvious that the distance d, only affects the relative height
of the workspace W, (#H) with respect to the coordinate frame
k. Therefore d, is considered to be zero in this comparative
study.
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Fig. %(e) Structure and boundary of Cybotech V30

Fig. 10  An illustration of the link structure: the joint & + 1 is on the sxis
of joint k
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The evaluation of these manipulators based on V1 and NVI
is given in the following table:

Tuble | Performance evaluation of industrial robots based
on volume index
D.F. Flenpgth Volume VI NVi
PUMA GO 6 S1.0 133946 139 0.13)

CAMTY 6 101.0 2295233 223 0.532

Pana Robo S S9.84 ISS9IT Lee 0.3

ALD 300 s 59.02 267350 1.30 030

CT V30 s 9449 1299251 1,54 0.368

7 Conclusion

The result of this investigation has demonstrated that it is
possible 10 analytically evaluate the manipulator workspace
and most importantly, it presents a kinematic performance
index for manipulators. It is the ratio of the volume of a
manipulator’s workspace to the cube of its total link length.
Based on this index, five commercially available robots can be
compared and rated for the first time according to their
workspace. This study, it is believed, provides one of the very
basic tools necessary for the evaluation of manipulator
performance.
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ABSTRACT

This papr presenls an analytical and computer-aided pro-
cedures on the design of mampulators for optitnum workspace
The subject is treated in two parts In part I, a performance index
ts derived lor evaluating the workspace and determunuing the
dimenstons of manipulators. The eflects of gcometry on the Kine-
maic characterislics of manupulators and the design parameters
are investigated Based on this analysis an algorittm for the
design of manpulator workspace 1s described i1n the second part
The eflects of the design parameters on manipulator workspace
are then investigated and design considerations are presented
Using this procedure. the "computer-designed model” is demon-
strated, in exampies, to be capable of obtaining better werkspace
than the conventional modeis available commercialiv at the
present Lime In addition, an optimized model of the RKR3 robot s
tound and compared with the proportions of a human arm

1. Introduction

The subject of optimum design of manipulators is an arca of practical
interest in which little has been done and reported  This is primarily due to the
difficulty 1n estabhistung performance criteria for robots and manipuiators  One
way to evaluate performance is from the kincmatic wewpoint  For anstance,
given the kinematic structure of 3 mampulator. what i1s its workspace? How can
we design the proportions of the structure in order Lo optimii/e its workspace”

There have been a number of investigations on manipulator workspace -
5] Recently. Yang and Lee ‘ 1,2] developed an analytical representation of mani-
pulator workspace and presented the first performance index on a memipulator
based on workspace A computer program called KAM (Klnematic Analysis of
Vanipulators) was developed which implemented the thcorics and criteria
presented in i i] For a given manipulator structure. KAM first defines analvti-
cally the workspace. then explores the existance of hole and void outhines the
toundary. and finaily calcutates the total volume of the workspace

In the present study. a new approach ts introduced  \n rflective algorithm
i3 developed called KADOV which combines the Heuristic Optinnzation Techmgue
(HOT) with the KAV, to provide a systematic procedure 1o optimize the manipu-
lator structure based on workspace Two problems are investigated The first
problem deais with the optinuzation of the RRR3 manipulater. and the seernd
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deals with the optinnization of some commercially available robots. A compara-
tive study between the human arm proportions and the optinuzed RRRS struc-
ture 13 also investigated.

2. Manipulalor mith Revolute Joints

An analytical investigation of manipuiator workspace 1s given by Yang and
lee 1) The following, Luken from i), represents a description of manipulator
georuetry and a sumimary of the results on the analytical representation of
workspace

A manpulator with n unlimited revolute joints in series can be represented
schematically. as shown 'n Fig.i. There are n coordinate frames to specity the
configuration. For any coordinate frame, say k. the Z, axis 1s always the joint
axis and the X, axis 18 in the direction of the common normal between axes Z,
and Zx ., The Z; axis 1s attached to a fixed frame. The last ink, link n. 1s associ-
ated with the hand or the end eflector of the mampulator. The link k is con-
nected to joint k. Three parameters are needed to specify the geometrical rela-
tion of two consecutive unlimited joints (joint being a capable making a com-
plete rotation). Relerring to Fig 2a, these parameters are a,, the common nor-
mal between two consecutive axes Z; and Zy,y; a,. the twist angle of these two
axes. and b,. the axal offset of joint k=1 on the axs Z,,;. For hmited revolute
joint {jornt with physical rotational limit), an additional parameter §,. the loca-
tion angle of link k«1 with respect to link k. 1s needed as shown in Fig2b. A
position angle f; is defined as the angle between the X, axis and the X;., axis
whule both the link k and the link k~1 being in the mid-range of their joint rota-
tion.

The workspace of a manmpulator is deflned as the region which can be
reached by the center of the manipulator's hand, H. and #,{//) denotes the
workspace generaied by the point H, holding the axis k as fixed while all the
revolute joints K, k+i, .., n make rotattons

A general recursive formula for workspace W, (/) can therefore be formu-
lated as lollows

z, = 1c089,

~—~
~

Yp = NaSINY,

.
LY

where 7, = V2,0 ¢y and

IFRN fz

v =tA1...lz (@)
e ML TS

where Ajes; denotes the homogeneous transformation which provides the
geom-trical relutionship between two consecutive coordinate frames k-1 and k
Depending upon whether the revolute joint is unlimuted or lirnited, there are
different expressions for 'Alger. For unhimited revolute joint, it is given as,

fi o 0 ae
‘4 _1Q cosa, sina, b,sinay 3
Al = 0 -stna, cosa, 8,cosa Q)
0 0 0 p

For limited revolute joint 1], we have

f cosf, -sinf, 0 Qg
Al _ | cosaxsing, cosarcosfl, sinay besino &)
kel T —sina, sing, ~sino,cosf, cosay bycosa,
4] 0 0 B

Having an analytical representation, the boundary and the volume of the
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workspace can subsequently be determined by the construction of the cross-
sectop on M, (/1) cut by the plane X, 7, 2] Mathemalically, this crussssection

nmy be eapressed as ,
z = e = f{Oein Bz B0)

zy = 24 2 gV 1%aaz . Bp)

—~
~—

Because the ¥, {}) is symmetric with respect to the axis Z;. therefore, Eq ()
contains all geomerical information regarding the shape of the workspace By
scanning sequentially the joint angles $,.%s ... %,y in Eq{S) according to
their rotation himits. at a reasonably small interval. most of points of ¥, {#) can
thus be obtained
3. APerformance Index Based on Workspace Volume

Given a manipulator we are now capable of evaluating 1Ls workspace volume
quantitatively. Furthermore, the development of a performance index based on
workspace volume is presented (2] A deflmite relationship between the volume
of workspace and the total length of a manipulator is found This = given as ”
For a given manipulatoi, {1 e the twist angles. rotaticn limits, locatien angics
and the proportions of ink fength are given), the ratio between the volume of
the workspace and the cube of the totai iength is a constant."i e,

v =Y. constant = {7 3

(Lalat 4l 1 ant = 6

The notation V1 stands for the Volume Index of manipulator workspace whuch

gives an indication of the cffectiveness of link length on the creation of reach-

able workspace The index can be normalized by dividing its possible maximum

value (2] Let the totai length ol a mampulator cqual L. the maximum

workspace that this manipulator can possibly have 1s a sphere with radius |, and

centered at the joint o Therefore. the maximum V1 a manipulator can posably
have ie

4nld33 _ian
——LT—‘- -3—-4 L1688 2]

Using this value as a normalizing factor a normalized velume index. deneted as
NV1. can be cbtained. and itz value is between O to :

Five commericaliy avaiiable manipuators. namely PUMA 600 (Lnimation
tnc ), 7? (Cincinnaty Milacron), Pana-robo {Vatsushita LTD), AID 8CD (Autematix
Inc.). and Y30 (Cybotech Corp ) are evaluated based on V1 and N\ The results
are given tn the following table

- dof T langth islume 17 N1T
PUMAGOD 6 5.0 163986 ;39 033:
CH 1 6 010 229°233 223 0532
Fana -Kobo 5  598i 355937 66 0397
5

5

teat wl

Al 800 5902 267350 @30 03:C
CT 170 94 <9 129925; @ 53 0768

Table * J%rfrmance eualuation of ndustrial robats
based m ihlume /nder

4. Opumization Algonthm

la the prewvious -cchions a performance index based on manipulator
workspace, NVI, is precouted. This index provides an objective function in the
optimization of manipuiator design  In this section a computer program named
Kinematic Analvsis and Design of Manipulators (KADOV) ix deveioped which
searches for the optimal design of manipulators based on the volume of
workspace It combines the Heunstic optimization Technique (HUT) of lee and
Freudenstein (8] and the manipulator analysis program (KAV) of lee and Yang
(2] The design paramclers lor the optimuzation are those baxic kinematical
properties of a mampulator which includes the common normals twist angles,
offset distances. and ioration angles among joints. The chjective function of the
optimmization 18 the nermalized volume index {NV1) The remainder of this secton
aives a brief introduction to the Heunistic OPtimization Technique
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The heuristic algorithm, H O 7. prozram, deveioped especially for the pur-
pose of mecharusm opuimuization, differ from most of the conventioral optimiza-
tion methods 1in many ways First, 1t 1s a non-numerical. effective discrete optim-
rzation technique, so desighed to integrated well with the niathematrcal siruc-
ture of a general mechanism design problem, which 1s usually charactericed by
long iterative procedures and nonlinearities  The algorithm is bui{t with the spe-
cial capability of by-passing the usual obstacles of nonlincaritv ervountered in
mechanism design problems  The method 1s therefore not an exhaust,ve searcn
method. rather. 1t 18 a systematic, intelligent guessing technique and s proba-
tifistic (n nature Secondly. the algorithm is very efficient ard simple to use
The attainabidily of a solution does not depend on continuily and
differentiabiity. and it 1s essentially independent of the starting point of the
scarch

The method 1s a discrete one and therefore requires the discretization of a
problem In a mechanucal systein, this would naturally refer to the conversion of
a continuous parameter variation into a diserete variation, that is, the conver-
sion of the solution space into a finite number of states of combinations. called
the selection space The parameters are allowed only on certain prescribed
discrete values or states, chosen in accordance with what seem: 1o be reasonable
ranges or proportions Thusis advantageous, since the design erdineer generaily
knows reasonable upper and lower bounds on key parameters The sclection
space can e represented mathematically by a matrix (NxL) 11 which there are N
rows and 1, columns corresponding to N discrete states of each of the |, design
parameters

To apply the HO T. algorithm, the designher needs Lo supply only two subrou-
tincs. one defines the feasibility criteria, the other specifies the objective func-
tion Once the designer sclects N and provides the tower and upper bounds of
each pamalers. the solution space 18 defined by the 1nput <ciecticn-cpace
matrix, {NzL) The algorithm then gencrates as many iocally optituum selutions
as computation time permits The best of the locally cptimum =olutions may be
chosen as a solutyon to the problem. The underiying principies of the combina-
torial heuristics are given in '6,7)

In the following sections KADOV. 1s employed to cptimize two spectal maru-
puiator structures and some commercially available robots to demionsirate aty
capability and potential

5. Optimum Demign of Manipulators with RRRS Structure

Two mampulator structures which are commonly adopted in indusiry are
optimized through the KADOM program The result s then compared wmith an
analytical solution It 18 clear that usually for a limited revolute joint the
greater the rotation range the larger the corresponding workspace It is there-
fore reasonable to consider all revolute joints be unhinited in a general study

The first structure. as shown in Fig 3. 1s a manipulator with six revoiute
jonts and with design parameters @, =0. 83 20. 2g=0. 6, =0 b, =0 64=0.
6,=0.6,=00,=0 a, =90, a;,=0", a3=0°, a,=90°. 0, =9 4= 0. and
a,. 8, and ay are dimensions not equal to zero If the.axes of the last three
joints intersect at one point. say pomt H, and two pairs of them are orthogonal,
then these three revolute joints are equvalent to a spherical joint at paint H
Therefore, this manipulator will have a RRRS structure. as shown in tig 4 The
advantage of thss structure s that its entire workspace is primary workspace
5] The primary workspace i1s thal every point in this workspace s reachable
by the manipulator s hand from all directions Contrarily. a workspace contatns
points which can not be reached by the mampulator hand from all directions is
named as secondarv workspace

Referring to [g 4. let design parameters a,. @; and ay be variables, and all
other part of the structure be fixed, the task 1s then to find the optimal propor-
tions between a;. a; and ay ih order to obtain maximum workspace volume The
result {rom KADOM shows that the optimal proportion between ;. a; and ay s
0 i 1. and the manipulator corresponding to this proportion s given inFig 5
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The second structure studied in thlus section 1s shown in V2 8 The desian
parameters of this mampulalor are 2,0, 89=0. 8,30 8330 g4 =0 b,z 2
be=0.b5=0.by=0.0, =90 a2=0° uy = 90°, a¢ = 90° as = 0° ag= 0" und
az by and by are dimensions not equal to zero  This is also a KRIN structure
The parameters for optimization are now b,. 8 and by The rosult frem RADLY
shows the optimal prcportion among by, a; and by s also 0@ ! The resut :-
exactly the same as the previous example

The question then raised 1s whether the structure obtained frcm XADUY -
really a global optimal or just a local extreme In order 1o answer 1t the foijcw-
Ing concept 1s introduced  Referring to Fig 7. The workspace ereated by s
manipuiator equais a sphere with radius L and centered at joint | Because the
hand of a manipulator can reach any point beyond its total hink length, thore-
fore, theoretically. the possible maximum workspace will be the <sphere with
radius the total link iength and centered at the first joint joint @ This preves
that a RRRS manipulator witha, = 0.8, = L/2 a4=/4/2.6,3C £, 0. ba= 0,
and a, = 90°, a; =0° a3 = 0% 1s the giobal optimum based on the voiume of
workspace [t 1s worth noting that the structure will remain the samce when the
design parameters aq = 0, by = L/ 2 and a4 = 90°

The optimal design of the RRRS manipulator discus<ced in this <ecticn s
kinematically equivalent to a TRS structure there T denotes a hccke joint)
Since a; = 6, = 0 and a, = 90°, the first two revolute jeints can therelore be
replaced by a hooke joint

8. Comparative Study of the PProportions of Human Arms with the Optimum
RRRS Structure

Perhaps it 1s interesting and noteworthy to consider for a moment the
structure of human arms Is the human arm an “optimal desusn 2 Ts there any
simiarity hetween a human arm and the optimal RERS structare dorus<ed
previously? There are apparent differences belween a huttan arm and the
optimal TRS structure. For instance, usually anatomical jeint< of a4 human arm
have six degrees of freedom [8). they are "“'designed” for two arms cooperation.
and all anatormical joints are imited, etc  However. kinematically the dirmen-
sions are surprisingly close

The dimensional comparison between an average human arm 9§ and 'ne
optimal TRS manipulator 1s shownin Fig 8 The ratio between the upper arm and
the sorearm i1s {:0 B2 However. if the size 9of the hand 1s 1ntluded 1n the ~=n-
sideration and the grasp position of the hand 1s estimated as 027 * cos20°
{referring to Fig B where 0.27 1s the average length proportion of the back of a
hand and 30° refers to the average grasp angle) then the proportion betwien
the upper arm and the distance between elbow and grasp point becomes & ° o
This ratio s very close to the dimensions of the optimal TR structure which
equals . 1. This finding 1s interesting It suggests a surther analvtical invest:ga-
tion of the subject of the workspace problem of human arms

7. A Dimensional Sludy of Some Commercially Available Robots

In this section. numerical experiments of the link lengthe of Mve commers
ctally available robots discused in Chapter V are performed using the KADOV
program The purpose is to search for the best proportions of the hink lenathe
for the existion robots To avold major redesign, all non-zero Link lengths are
allowed too vary only within :+ 20% of their original lencth. ard other design
parameters, such as twist angles, location angles and zcro length finks reman
unchanged

The results of the opima! proportions found by KADOV arc shewn in Tab'e
2. From a comparisen of the NVI values between the criginal and now designe
is concluded that for a small variation of link length, the workspace valume f~r
the robots. C VM 73 Pana-Robo and AID BOO, do not show <ignificant increaee
However, for PUMA 600 and CT V30 robots, relatively large tapravement can be
achieved Particularly in the PUMA 600 robot.. a beller ralio n* 1olume to link
length i1s obtaincd by reducing both design parameters b, and 6, where 6, and
be are offset distances of ink : and 2 respectively The paramcter b, (8, = :C
in ), which 1s commenly referred to as the shoulder of the PUVA arm. actually
does not contribule much to the volume of the workspace Ry chiminating the
shoulder the total hink length in this case would be about 207 less than the ori-
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ginal one tHewever. the workspace volume would be only 0 8% less and the NV
value wouldbe nearly 9:% belter than the original one {Table 1) There may be
reasens to include the shoulder in the PUMA structure llowever. rom a
kinematic point of view. elyminating the shoulder would optimize the werkspace

Kobol Volurne  Link Length NV
{in **3) (in})
PUMABO0 183986 510 033:

PUVABOD 182049 4.0 0632
{No shoulder)

cv T3 2200213 01 0 0572

Tabte 3 4 comparison of PUMA BLO Hobnt
with and without shoulder

8. Conciusion

An approach for the optimum design of mantpulators based on workspace is
presented and a computer code KADOV 1s developed Some practical exampices
are 2iben and an interesting comparative stuky with the human arm proportions
is provided. The study deals with only one of many objectives for the optimiza-
tion of manipulator design. Some other important enginecring aspects such as
the accessibility (dexterity) of the workspace, dynamics and coentrols, ete  need
to Le considered also it 1s hope. however, this study provides a basic appreach
and an algorithm lor further research in this area
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Feasibility Study of a Platform
Type of Robotic Manipulators from
a Kinematic Viewpoint'

Tius paper presenes a thicoretical eneestogation o Jhie Teasihily o s a i o o
mechanism us w robotic mamipadator. The existence of o 1vpe o Closgd oo

tiest anvesticated v o hinemiane o mehor svnthesos

displacement Gnaivsis Hen follonw s, WhICK Cies pirerse Cor I OGS 1 e
of totion dad desien parameters, usiee the 140 3V meirocmethad  Basec heiensati
charycteristios  and  lamtations, such as (he oxircme ranies ol oden g

rotatabiluy ws well s swarkspace are i estivated

1 Introduction

I eadittonally, robot anms are anthropomorphic open chain
mechanisms. Tis (vpe of maanipulator wsually has longer
reach, Targer workspace, and more destrous mancus erability
then closed kinematic chain mechanisms. However, there are
also disadsantapes. FThe cantilever-tvpe of stractre 1or the
open matpulators inherently has poor stittness and theretore
has undesitable dynamie charactenistieos, especially at high
speed and high loading operating conditions. In addinon,
with the exception of ¢ertain contigurations {1], the problem
o solvng the inverse tunction in manpulator control s
alwavs ditticudt.

Perhaps  there v a possible alternative  desien tor
manipulators using the closed kinematic chain such as the
Steward plattocn [2] and others 31 This would be par
pendariy teastble i applications where dynamic toading s
severe and ver the demand on workapace and manceos cradalins
s tow, or mstance, 1 could be used tor developmenc i, an
Sitelhgent™  mwlii-degree-ot-freedom  postioner waach
would be versanle i omany uses such as figh preaiaon
machiine,  weldine, pamnng, and many audnany ap
pheations,

There have not been many investigations of mampubatons
with closed hinematic cham on the record, The Stewand
plattorm {2] winch s constructed by connecting two plates to
s adpastable Jees and s sivadegree-of-feedom 6:5PS
plattorm mechanmisan, (S and P odenote the spherical and
prismatic gomts, respectively), was onginally desiened as an
aitcratt simulator, and was also suggested tor the appheations
of maching tool. space vehicle simulator, transta machine,
ete. Fater, Hottman and McKinnon [4] tried to simulate the

"Rad m Pt on the dissertanomn ob the st aathor o pactad Puitdlimen: of
the requiprement e the Docrar of BPhidosophiy e the Schoot o Beesnceony,
Rutper= U nnersey . SNew Hroopswick N 1 TR

Contnbuted by the Design Mutomation Comnputice tor presentatton . the
Drespen amd Proada nen §onemcetae Sedmoal Comlerence, Deanboen, Mich
Saprembar VT TR B i b e v teacte oo Nennvae v ek
RS ATV TTRU AN TR YR SNLN | f POVTY FYTTR TA TS PYTTTO C M A R TR TR
s

Copies will e acanbable anul Tine 1954

abreradt motion via this tvpe plattorm by gppivine an S AP N
finite clement program, MeCallian and Troeng 5] used this
device as an automuatic assembly table. They desaribed [§) the
mechanmical hardware and dhe probion af path svnthess was
absoinvestigated T this book, Hant 121 adopred the Steward
plattorm as a4 mechanmsm tor woehonic e Followsy thae
idea, Fichter and MceDowell [o] prescated o oreview amd snie
preluminany design concepts on this tvpe of mampuiaion,
Recenthv, Hunt 7} andertook a ssstemane study on the
parallel-actuated robotie aom. o which mamy posable ap
phicable n-parallel structures were reviewed aind which oo
cluded the Steward plattorm.

Despite ity potetitial usetulness, thic chiss of dlosad
hinematic-chatn manputatons does have phvacal limatations
whivh it s important to tecopiize so that kimemanic svathesis
methods o be developed with these constrais and
charactenstios v mand, Teoas, therelore, necessany 1o van
deeper understanding ot this tvpe ot mechansm and to obiam
sonie destgn and apphcanion gumdelimes. Consequentiv, a
feasibiliny study ot this mechansm i the bt ot s potentnal
application as a 1obotie posiioner s both important and ot
practical interest.

The purpose of this investigation s o develop analviea!
methods and computer-aided procedures capabie of anals ziny
the  basic  Kinemane  charactenstics ot the plattorm
mechanism, such as the extreme tanges of motion as well as
worhspace. In patticabiur, the objectives are: 1 o perfarm g
number ssnthesis on the enistence of a single (or many)
platform structure(s) which is suitable tor tunctoning as a
robotic positioner; 23 to formulate an amadstical model tor
this class of mechanismy and 1o provde a displacement
amalvais including  the solvabilinn ot s iverse control
cuations; 1 to amabviicalhy tormtate the phvacal con
srants of this mechansm, such as the rotataality ot legs and
ball-and-sochet points: and 3 ultimately 1o amnestigate the
workspace and mancwes eradnhiy o the mechansm,

Abhough previone mvesbeation on o mechanean T
mcluded certam aspects of the problems mentioned here, such
as mobility {2, 6, 71 and displacement relationddup |20 9, 6]

Disenssion o this paper will e aceepted at ASMNE Headguartens aattd Novewbes Y1 1981




s believed that a comprehensive investigation o1 these sub-
jeets, especially from the consideration of physical constraints
and workspace using analytical and computer aded means, is
much necded and the eftort would certainly be noteworthy

2 Number Synthesis

Fos well known that a mechanisim which is used as o general
robotic mampulator should have siv o more controthiable
degrees-of-trecdom (dolt). For manipulators with ar-
tculated configuration, in many cases ot simple applications,
the number ot controllable doo.f. can be ess than siv i cost
and sumplicity are a consideration. The Steward plattorm [2)
has siv entensible tinks and has six degrees-of-treedom. There
are a few basic questions one can ask regarding the platform
mechanism or similar mechanisms, For instance, why is it
necessdry to have siv connecting legs, or equivalently, what is
the relationship betw en the number of legs and the number
ot controllable d.o.t. ¢ his type of mechanism? Is it possible
to introduce more legs into the mechanism and vet still
maintan six controllable d.o.r.? What is the possibility of
having controllubie d.o.f. with more than or less than siv?
Fhis section of the paper deals with these probiems.

2.1 0SS Platform. We begin with a discussion of the #-88
platform as shown in Fig. 1. Since the connecting joints
between the legs and the plates of the plattorm are ball joines
and the d.o.t. of ball joints are not controllable, we theretore
first determine the number **n”* so that the mechanism would
have zero degrees-otb-treedom.

A reneral Torm of the degree-of-freedom equation for both
planar and spatial mechanisms can be writtien as tollows [8):

FaXNl-j-0e Y0 1, M
where
F o the effective degree-ot-freedom ot the assembly o1
mechanism,
A the degree-ot-freedom of the space in which the

mechanisn operates (Lor spatial motion A 6, and tor
plane monion and motion on a surface A 1),

Fig t AR SS platiorm mechaniem

{ = number ot tinks,

J = number of joints,
L degrec-of-trecdom ot ah joint,
1. idle or passive degree-of - freedom.

Ie s known that generally there are special geometnical

conditions which need to be tiahen into consideration i the

determination ot the d.o1. on spatial mechanisms. Special
cases are ofien associted waith parallel. miersectig, o1
perpendicular jome anis, Consequently, the modityvang term /
takes care of thisadle dot.

Referring to Fig, bowe have A 6.0 0+ 2 tnduding #legs
and 2 plates), 7 = 2nand 1 tor cach ballyjomnt. the doo £ 1
3 1o is also noted that cach pair ot ball-and-socket joimis
which assaciate with the same leg can turn with rospect (o the
axis ot the leg freehy: theretore, tis s an adle doo t whilh
does not contribute to the mobiliny o the mechianism et
Consequenthy . onhy five of the sin doost, of the bali ot parr
associate with the mobilitn: ot the medhanisn, Mo Lne
theretore, /7, = nswhich corresponds 1o the numbar of SS e
or the number ot leps, Uang cquat:on (),

I 6 n (]

Equation (21 shose that when mequds sovs the d ob o0 o
platform equals cero, 1o the 688 plattorm © o v e

When #ic dess thuan sov, we swil!l Bave e Ny ancoee, e
doofand wWhen 2oas preater than s, the st
vonstratned

2.2 n-SPS tor nesCSY Mechanism, Sinee L oSS
mechanism i tend Strocoare, s net nnen. o !

order to provide contolicd monion on thais me
cyhndrical (or prismatio ot added to each fee Reter
to Fig. 2, cach of these ovhindrscal yomies can be contro ot
amotor or lincar actuator, and the Tength ot eadh Lo can o
be adjusted indiadually N ovhindneal jome o ta
ot-freedom. However, usine aosanilar arenanent e e,
section, only the tanstinona! deeree ot trecdom atte,
mobility of the mechan, i aic ! the totational freedon
redundant one. bhis suzeests that the SCS e e
teular case s hinemanically cgunalent to an SES Lo owc
and P orepresent the ovhindncal and prosmatie pairs, s o

B2

Fig 2 AR SIS plattonmn mac hanicen and (16 cnaigo parametacs
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theh. bor aoa SPS platform, we luve [ 20 2 anmd 3,
theretore,

F=61(2n+2) 3n 1]+ 230 Zl n

6rnsbibritn n 6 th

The resalt trom equation () shows that a 2-SPS platform
alwiss has v diosts and among them o d.olt. are con-
trollable. It » is less than six, there exists (6 ») un-
controllable d.o.f. If n is greater than six, there exists (7 - 6)
wasted controls which are needed 1o compensate the over-
constraints as can be seen in equation (2). Only when n equals
six, there are six controllable d.o.f. Therefore the 6-SPS
platform is the only mechanism of its type which can be used
as i eeneral robotic manipulator.

Another interesting question could be asked. Can a plat-
torm with #-SPS* (6 - 7)-SS structure serve as a n d.o.f.
manipulator tor 2 less than 6?7 Theoretically the answer is ves,
but practicalls it s no. The reason, which will become clear
later, v that an specifving the leg lengths, the problem of
wdentitving the corresponding position (hoth location and
orentation) of the top plate would become a very difficult
tash o on the other hand, f the desired position of the top plate
s opreseribed s rather casy to obtain the corresponding leg
fengthy Howeser, this s under the condition that there must
be sy adiustable Teess We many theretore conclude chiee i is
unpractical tor the plattorm iype ol manipulators with doo.t.
foss than sin, whercas, i contrast, the sitsation often iy
alfowed m the atticulated (s pe of maniputators.

3 Displacement Aaalvsis and Controllability

Howeeo condduded o the provions section that the 6 SPS
phtorm which has v controllable deptees o freedom s
potentialiy usctul as g gencral mamputating device. the
Prrposc of this section s 1o present a mathematical analvsis of
the mput output relationship and subsequentlhy to demon-
strate the conrrollabihity of the mechanism.

3.1 Displacement Analysis. To analyvtically model a6 SPS
plattorm (b, 23, we shall at the beginning detine the con-
troflabic clements and the desired outptts of the mechanivm.
Farst, let the controlling of the position of the center point, o,
o1 the 1op plate be the desired objective, ie., the point
represents the hand (or the end eftecton of the manipulator.
Scecond, et cach ot the fees of the plattorm be adjustable and
mdividualby controllable, e, Tor cach prismatic joint (or
avhindrical fomt), there associates with it @ servomotor (or the
hher Thard, tor samplicity and swithou fosing gencradiny, et
both the top and the bottom plates be circular in shape with
the top one assumed to be movable and the bottom one fived
and having s center at B, Furthermore, et the distribution ot
cach parr of hall joints on the bottom plate be symmetrical
with respedt 10 cach of the three radii located ar 120 deg
apart from one another on the plate. The ball joints on the top
plate have simlar arcangements. The platform mechanism is
then an octahedron, Denoting R and r as the radi of the
hotrom and the wop plates, respectively: /) through 7, as the leg
lemgrhs; £, as the nomunal fength for aff legs; and Xoas the
distance between the two plates when all leg lengths are equal
to the nominal length 7,

Fo give an anals tical representation of 1the hinensihies of the
6-SPS mechanism, the fived Cartesian coordinate frame is
selected ar point 8 wath the Z axis pointing vertically apward
and the Xoans passing through point B,. The locations of the
hall s on the ived bortom phae can then e established.

", IR.0.0)"

H. [RC,, RS, )

B, [RC, RS, 0!

B, RO s RS- 0)f

B. [RC:y (RS OV

B, - [RC..  W.RS.,.. 001 4

where O represents the angie between ball joines 8 and 4
By,oand By and Boand B, and € and S, iepresent the cos
Oand sin O, respectinels.

Similarly, let @ moving Cartesian coordinate frame [7). be
associated with the top plate, having its origin at the point p,
ity 2 axis normal to the plate. and rhe v anas passing through
the point h,. Theretore, the relainve locations of the ball
joints, H,'s, with respect to the moving trame are

b, = [r00}
by = frCrS. 01

by = [rCyarS 00}

by = rCra S, 0!
b rCarS o)
b, = rCagy S, 0 (<)

where ¢ depotes the angle between ball joinis boand b, b
and by, and b, and b,

Let the point p, and the Cartestan coordinate |17, be the
position of p when the top plate is it s origimal (the nominaby
position as shown in Fig. 4. Fhe geometrical relationstup
between the coordinate trame [ 77 and the fixed coordinate
trame (A} can be represented Byvoa 4+ 3 homogencons
transtormation, and itis as tollows:

CONy sy o

My vosy DD

1.

Y 0 0 ) (6)

wherey - O 8 2,

Now assume the center of the top plite moves away trom it
nominal position p. to a new desired position p and have the
ranstormation {7]. with respect to the fined coordimate
system [B) Let

dyododioy,

dsy d-odaoy,
1.
yody dooda 2
0 [ B [y

Where the (x,,¥,.2,) are the Cartesian locations of the point p
cand(dy dsdy)e dsdscdyy and (dadada) are
direction cosines of the axes 1, e, and o owith respeet o the
fived coordinate [B), correspondingly . Therefore, the tocation
of cach ball joint on the moving top plate with respect 1o the
coordinate frame [B) cian be obtained trom equations () and
(M, and they are

!\“ vl e
1,\" (U darsv,
' | :lrlrv: . '
be ,()‘ dyry o,

1 b, cl i (R
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v rCo T dyrClo d S o
v CrS. L da G darS. ey
1. D
< ) . ('Ix,f( s llx:".s‘ L
! i
1 h I ! (8h)
fxl rC,s, dyrCog v dyrSsaex,

Aoy rCisg v dssrSso 4 v,

darCon

[ I

Cx ; rCian l CdyrCronn v disrSig s

lll)rsl.‘u + 3,

. rChsya i ' dyrCrao . t (I;;I‘SD(.."
b - [-”l' , | = E
2 | E | duyrCis.w+ dorSis. .
i1oh, ‘ ! b )
Ry , rCo ] dirCon b dyrSy s !
b | ; .
Dy A E darCoy v dosrSaqy - vy
T L= |
: b [ { - AyrCap v dorSa, v 2,
H i
ibe { | AT { X
P borCogin ‘ diorCo v diaSa,
- ; .
¥ ‘ ‘ rSaw dyrCaov o da S
; -1, . .
ta 0 | DdarCoo v dorSa
‘ )
itlh, A 1

3.2 Controllability. The controllability of a manipulator
could be qualitatively assessed by the degree of difficulny
involved in the solution of the inverse kinematic problem
which is the determination of the corresponding coordinates
of the manipulator by preseribing the desired position of the
end-eltector in the fived Cartesian coordinale hame. bor
manipulators  with  articulated  configuiation,  the
corresponding coordimates are the rotational aneles of the
revolute joints. For o manipalators with plattorm con-
freuration, they are the corresponding leg lengths.

Let the desired position of the end-ettector of a plattorm
manipulator be [7].. The absolute locations of the ball joint
h,’s on the top plate can be derived tfrom cquation (8). The
required leg lengths can be obtained by calculating the
distance between each correspanding pair of ball joints, b s
and 275, Foom equations (3) and (8), we have

Botdyrex, KY s (darsy,) cddyrs 2, ¥ (Ya)
B td) rCo v dysrS, +x, - RCWY
s lehorCy vedarS, b v, RS,
Vel rCu b oS, 42, (9h)

fo Aty rCy v dorS vy, RO
v v S vy, RS
' "IHN T 'l\)’~\|‘v; L | (Y¢)

oG v d Sy, RO LY
S rCoc v darSie vy RS LY
U rCo v d S Y (9d)
o ldy rCag vl srSay v v RCY
Oy vd S0 RS

-~

tdyrCsg v dorSay o 20) (Yer
|
|
I
! (8¢)
|
v
|
<noy
: (Re)
(8¢}
b
L :
[
o
(RN

L =Ad  FCrgnon 4 d3rSsp0 o 4 v RO, LY
A rCogo w4 drSoq v o vy RO L)
o rCon w4 dorSep o4 2y [CTa)

Fquation (9) represents a set of exphiait input-ouipat
cquations of the 6-SPS plattorm mechanism. For a presaribed
end-effector position, the corresponding feg fenethy can be
readily  obtained; however, the direct Kinematic conerol
problem is a rather difficult task since it invelves the selution
of a set of highly nonlinear simaltancous equanions. The
situation is found to be exactly contrary to the case of 4 robo
with open kinematic chain.

4 Rotability of Ball-and-Socket Joints

A ball joint, theoretically, can mose treely with respect to
all three Cartesian axes, 1o pra tice, however, this is not troe.
The motion of the ball joint is alwavs restricted because of s
physical dimensions. A ball joint usually includes three parts;
the ball head, sochet, and the connecting lep. Referting 1o by
et the radii of the ball head and the connecting lep be R
and d/2, respectively. To physically hoid the ball head i the
sowket, the holding width ¢, as shown i the tigure, most he
preater tham zero § et andenote the totation angle ot the ot
on the V/Z plane, the totational Tinas ol the anvle o can be
determmed s ftollows:
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Fig.3 The principal cross-section of a ball-and-socket joint

Fig.4 A 6-SPS plattorm mechanism with bali joints evenly distributed

& sNin (1)
. d
n 2

oo (0 w)sin i (1

For free totation, o should be less than o equal to 7 2 &

trom equations (10 and (11, we have

d
n . ) o , ¢
- ’
( s u) I sin N R
-~ " - "
or
i1 P 5
> sin v ain (12
2R, R,

The complete rotational range of « on the X/ plane iy,
therefore,

ety .

o ¢ ) ¢
LI T van ! TN I ST (1
(o e, o ) e g

frepition (11 s nsetul, B represents the phvsical constraints
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Fig.5 A planartour-bar mechanism with two adjustable links

of ball jomts and provides the practical desten gudelines tos
these joints,

S Workspace and Maneuverability

The problem of analyzing the shape of the workspace ot o
6-SPS platform manipulator s a rather ditthicult one. e
addition to the inherent complenity in dealing with spatia:
geometry, the mechanism is chatactenzed by ity multifoop
structure and its displacement behavior winchmvolves a et o
highly  nonlinear simultancous cquations. For amphais,
consider, theretore, a special case o wich all balb o are
cventy disttibuted atong the peniphernies ot both the banon
and the top plates Gues, both angles U and ¢ are ot 60 deg) a
shown in Tige 40 The basie approach cmplesed v toom
vostigate the workspace of this medhamsm trom s cross
section on thiee particular planes. Reterning 1o bgl 40 these
are the X7 plane which contain the ball jomis B b b i and
the planes formed by turmye the A/ plane saithespect to the
Z anin with an angle of 6 and 120 Jdegl respeaanehs 1o
turther simphty the problem we consider o pectal case
wherein the motion of the top plate ot the mechana -
lowed only 1o rotate wath respedt to the Y oanas, 1oL The
totatabibiy wih both v and Zaves s cestcted fhe protdem
theretore, s reduced 1o hindimye the reachanle space ot the
center point, o, on the coupler ot a planar 4-bar mechanisn.
(as <hown i Fies S owath adyustabie hok fengtha /oand /L
sibjected to vanous constraints such as the extreme hinrs o
Al Tegs and the rotatabilhiny of albwomts. Inthe followiny the
displacement cquation ot this planar adjustable 3-ba
mechanism s dirst derived. The interterence canditions are
then considered.

5.1 Displacement Anabysis of A Planar $-Bur With Ad-
Justable Links. Figure 8 shows a planar $-bar mechanmsim wath
adjustable link lengths, /) and /. A coordmate trame, 8], 1~
located at the point B with Z anis pointing verticatly upsard
and the X anis pointing horizontally lete. 8,000 b, and B,
represent four ball joints. The hink lengths of the coupler and
the fined link are the diameters ot the top and ae bottom
plates, e, 2r and 2R, respectivels. The coordinates of the
fixed ball joints, B, and B,. on the bottom plate are (R ,0) and
RO, respectively, and coordinate of the moving hall jomn:
b, onthe top plate s (R 1 cosa sina b Speatyviag values
of the input parameters a7 and £, then the outpues which
are the corresponding coordinates of points b, and p, and the
corresponding angfes of o and o, can be tound. Tt our
pupose 1o derne the dosed tormanput-output displaceme
relationship.

Eqguating the distance between the two ball jomis, £ and
b, tothe length of the coupler, 2 we have

:ll vwortly notine hete that there evsts gospecad sieulaoty conditee +
this eventy distobuared cases tor whedh the deptees ot trocdom g
preseited s Sedhion 2 s not apphoabie B the poesiton that b der et e
cquitl and both the hottom and the top phates are pacalich This conditon
sennedar G e el b cen ot b B o o dBelos s e Wil an ke d

Basd ol cquat coand leneth - cnnecnme O meddE et S onpke el
Ve b e case of speaal progeraan s af b the veronal oo ot
freedom eouatton nena v does aoe geaniy




Fig.6 Geometrical parameters of the platform mechanism

bib) P =(x,—R+1,C, ) +(z,-1,S,,) =4r (14

Equating the distance between the ball joints b, and B, to
link length /;, we obtain

(s + R +(z) =4 (15)
Subtracting equation (14) from equation (15), we have

Z - K+l —_4!-:j_2R!C‘,1 B 2R -~ /.'C"n o (6)
21,.8,,I LS.,
Let
3+ ~4rr - 2RI, C,

p= L 17
2,8, (n

and
0= R-NCy (18)

LS.,
then we have

3=P-0Oxy (19)

the coordinates of point b,(x4,2,) can be solved explicitly and
. —(R-PQ)£V(R-PQ) -(1 +Q*}NP* +R* - F})
e a+0QY

Subsequently, the coordinate of the point p(x,,z,) is given by

(20)

X, = X4 +R;I.C1,
and 2n

7 +1,8,

3 3
The corresponding angle «, can be obtained from
24
Xs+R
The corresponding tilt angle of the top plate, ¢, is given by
/. S, - s
é=tan ' —-"L 3
R—’,C"I "X‘ (2 )

Equations (19)-(23) represent a set of explicit equations
defining the displacement of a planar 4-bar with adjustable
link lengths /, and /,.

5.2 Motion of the Top Pinte With Constraints on the

ay =tan !

(22)

NN RRASSIARIARISSS S

Fig.7 A method to determine the distance 8,0,

Extensibility of Legs. For a 6-SPS mechanism, cach leg is
limited by its extreme extensible length, i.e.. /, a1 <, -
Assuming all legs have the same limits of length, the motion
of the point p (cquation (21)) is then constrained by the ex-
treme lengths of the legs, by B, b.B. b By and b,B,.i.c.,

Imm 5II -l: -l'l |I4 S/m.n (24)

Since the top plate is symmetric with respect to the XZ plane,
the legs b B and b, B, are mirror images of the legs b, B, and
b, B,, respectively. Therefore they are not included in this
discussion.

For a given leg length /, and /;, it is necessary to know
whether the corresponding leg lengths /. and /., are within the
extensible limits. Referring to Fig. 6 we have,

#=Ba’ +ha’ (25)
where the a points represent the projections of the b points on
the XY plane. The distances B,¢,” and B,a,° are  given  as
follows:

Bia,* = (R-2rC,~x,)}
B,a,? = (0.5R - 1.5rC, - x,) + (RS — S’
B.ia.? = (-0.5-0.5rC, —x,)" +(RSw — rSu)’
Biag? = (-R-x,) (26)
and
biay, = z2,+2r8.,
b.ay = g+ 1.5r8,
bia, = 3,4 0.5r8,
[;4”4 = I3 27

where the tilt angle, ¢, of the top plate is given by equanon
(23). The desired corresponding leg lengths, 1, and /,, can then
be calculated from equations (25)-(27).

5.3 Rotatabitity of the Ball Joint on the Bottom Plate, The
workspace of the center point, p, of the top plate (equation
(21)) is the space bounded by all the constraints attributed 10
the ball joints, as given by cquation (13), in addition to the
constraints duc to the interferences of links. The
corresponding angles of the ball joints on the bottom plate
can casily be derived in terms of the known parameters, «,
{,,and I;. Referring to Fig. 6,

a, =tan ' h—'f-'-L (28)
B.a,
where the angle ay can be calculated from equation (32).

5.4 Rotatshility of the Ball Joint on the Top Plate.
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Fig.8 The boundaries of workspace on the X2 plane

Referring to Fig. 6, the position angles o1 the ball joints on the
top plate, i.e., the B8's, are the angles formed by cach of the
legs with the top plate. We have

B =ay+ @

Bs = ABS(a, ~ ®) 29
where ¢ is the tilt angle of the top plate. The position angles
B3, and 3,, however, do not have a simple relationship. The
derivation of them first requires determining the distance
between the ball joint B, (or B,) and the plane containing the
top plate, i.c., B, D, (or B,D,) (Fig. 7). One way to find the
distance 8,1, is 10 analyze the geometrical relationship of the
project of the triangle B, b, D, on the plane, denoted as plane
A, which is parallel 1o the XZ plane and contains the line
8.D,. The distance B, D, can therefore be obtained from

Bng = B:b:’ SINA (30)
where

Byby =VBE, 4 byE, = V(2 4 1.5r5) 4 (1.5rC 4 x, - 0.5R)
and

New- ABS[lan v B:E: ] ‘o
by E,
The position angle of the balil joint 4. can then be calculated
from
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. B.0),
3y =sin I ; (n

Similarly, the cquation ot the position angle of the bal) o
b, can be obtained as follows:

B,

a2
/, (32)

B - sin
where
BoDy =N (zg 4 0SS, 4 (QSFC, + Xy + 0.SRY sinA

Having analytically developed the nccessary kinematw
relationship of this special 6-SPS mechanism, we are now ina
position to develop an algorithm 10 numerically outline the
reachable boundary of the mechanism on the X'Z plane.

6 A Numerical Algorithm

An algorithm for detecting the reachable boundary of the 6-
SPS mechanism on the X7 plane is presented as tollows:

1. (@ - Scan the angle o within the physical rorational
limits of the given ball joint,

() -Scan the lengths /, and /; within the specitied
extensible limits of the legs,
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2. For a particular set of a, /,, and /,:
(@) - Check the limits of the corresponding leg lengths
I: and /, N

(b) — Check the limits of the corresponding ball joint
angles, i.e., a’s and 3’s.

If out of the range then go to Step 1, otherwise continue.

3. Calculate the desired position of the center of the top
plate, i.c., p(x,,2,) and record the extremes on a data
base. Go to Step 1 until all scanning processes are
complete.

4. Outline the workspace boundary from the recorded
extremes.

A computer program which is based on the analytical
formulations and criteria derived in this investigation, and
which is written in FORTRAN, is developed. Given a 6-SPS
platform with evenly distributed ball joints, the program
outlines the boundary of the workspace on the XZ plane of
the center point of the top plate. Inputs of this program are:
the width of the hold of the ball joints (e), the radius of the
ball head (R,), the diameter of the connecting legs (d), the
extensible limits of the connecting legs (/.. and /,,,), the
radii of the top and the bottom plates (r and R), and the leg
lengths /;, {,. The scanning interval of the joint angle «, needs
to be specified.

Four practical cxamples are given 1o demonstrate the range
of the workspace and the mancuverability of this type of
mechanisms,

Case 1: A platform mechanism has the following design
parameters: /., =15", ., =107, r=2, R=5", and the bal!
joint dimensions are ¢e=0.1", R, =0.5", and d=0.2". Using
the algorithm, the cross section of the workspace on the X2
plane is shown in Fig. 8(«).

Cuase 2:  Alf design parameters remain the same as Case |
except the width of the hold and the diameter of the con-
necting leg of the ball joint are reduced to half of the original
values, i.c., ¢=0.05" and d=0.1". The cross section of the
workspace on the XZ plane is given in Fig. 8(5).

Case 3: All design parameters are the same as Case 2
except the radius of the top plate is reduced to half of its
original value, i.c., r=1". The cross scction of the workspace
on the XZ plane is given in Fig. 8(¢).

Case 4: Repeat the same design parameters as Case |
except the radius of the top plate is now reduced to half of its
original size, i.e., r=1". The cross-scction of the workspace
on the X7 plancis given in Fig. 8(d).

7 Conclusion

This paper provides a basic kinematic investigation on
platform type maniputators. {t is found that the 6-SPS, or the

Steward platform appears to be the only mechanisin of 1y
type that can possibly be adopted as a general maneuserable
device. The analytical model and inverse control equations are
derived. Although the complexity of the model, and the
solvability of the inverse eqguations are more favorable as
compared to a six-joint articulated robot, the workspace and
the maneuverability seem to be relatively restricted. This is
expected and due mainly to the multiloop structure and the
interference between the ball joints, legs, and plates. Unlike
some previous studies [S, 6] in which ball-and-socket joints of
the platform mechanism were replaced by two revolute joints
in their analytical model, this investigation considers the
rotatability of the ball joints and its formulation is beliesed 1o
be of new and practical significance. The result of the in-
vestigation on workspace, performed in a special case.
represents an upper bound for our design considerations.

it should be noted, however, that this imvestigation only
concerns a kinematic viewpoint. An investigation of the
statics and dynamics of this mechanism, which are currenthy
underway, is essential for the practical application of this
platform. The result of this research, 1t is hoped, will con-
tribute toward a basic understanding of the limitations as well
as the potential usetulness ot this type of manipulator.
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