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. I. Introduction
H The possidbility of using betatrons to accelerate high current electron
1 ° beams to high energy has generated renewed interest in these devices. If

successful, they will provide a source of high power beams which is much
more compact and economical than 1inear machines. In order to overcome the
space charge repulsion which 1imits current in the conventional betatron,!
8 toroidal magnetic field is added. This combination, shown in Fig. 1, is
® the Modified Betatron Accelerator (MBA). Successful operation of the modi-
fied betatron requires (a) the ability to inject a high current (-10 kA)
of low energy (-2 MeV) electrons onto a cyclotron orbit in the presence
‘ of a strong (1-5 kG) toroidal magnetic field; (b) a stable beam equilibrium
® for the duration of the acceleration period, typically thousands of revolu-
tions; and (c) extraction of the beam, which has been accelerated to high
energy (-50 MeV), preferably in a time equal to one rotation period. If
instabilities are present, their cumulative effect must be small enough
L such that macroscopic disruption of the beam is minimal.

o 2l

RN

During the period of our contract with the Office of Naval Research
(ONR) (1 Sept 81 - 31 Oct 83), we concentrated primarily on requirement
® (b), with some work being done on (a). This choice was made after consid-
eration of what was of most relevance to the overall modified betatron pro-
gram and consideration of where we could make the greatest contributions.
The existence of a stable, or at any rate confined, state for the beam over
® many ctirculation periods 1is the minimal requirement for the MBA. In addi-
N tion, this subject can be addressed with confidence using a combination of
' analytical and numerical techniques which serve as a check on each other.
For the issue of injection, one must rely on three-dimensional numerical
P simulations alone. A number of such simulations were performed under this
contract, but their expense was such that & detailed study of injection was
not feasidble with the computing resources available. Concerning the issue
of beam extraction, it was felt that it would be premature to start work
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on this subject, given the uncertainty relating to requirements (a) and
(b). Also, there are several uses for the modified betatron which would
not necessarily require extraction of the beam, e.g., microwave and free-
electron laser applications.

This report describes in detail the work we have done. In Chapter Il
we give the results obtained from one-turn injection simulations of the
scheme ia which the diode is placed inside the torus. In Chapter 11l we
describe investigations into different types of beam equilibria and how
these equilibria are affected by the addition of a spread in energy or
increased transverse emittance to the beam. In Chapter IV the results of
extensive analytic and numerical investigations into beam stability are
presented. The main emphasis here is on the negative mass instability, but
we have also done calculations on resistive wall and beam breakup instabil-
jties. The latter occurs in devices in which the beam passes through
acceleration gaps. In the modified betatron, injection and extraction
ports, and slots to enhance magnetic flux diffusion into the torus can give
rise to the same type of instability. Chapter V gives our main conclus-
jons.
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I11. Beam Injection

Injection of a high current beam into the modified betatron is compli-
cated by the presence of the toroidal magnetic field. The simplest way to
overcome the problem is to place the diode inside the torus, and inject
along the toroidal field lines.? An alternative scheme is to have the
diode outside the torus and to inject along temporarily open field lines.?
We have looked only at the first scheme.

In the modified betatron the equilibrium radial position of the beam
centroid, r¢, is determined by equating the centrifugal force to the
opposing force from the self and applied field, i.e., yvez/rc =
E:eIf + vy (B:Xt + B:e‘f), where y is the beam energy and Vg is the tor-
oidal velocity. (We are using units in whichm = c = 1,) As shown by
Kapetanakos et al.? there is a convenient cancellation of the space-charge

depression of the injection energy Y4 by the toroidal correction to the

self
Bz

self magnetic field o« As a result, the equilibrium radius is given

simply by r, = 713/8‘;Xt , where B = (1-1/y2)1/2, This result was con-
firmed by a three-dimensional PIC simulation using IVORY.* In this study,
a pulse was injected into a torus of major radius ro = 1 m, The coordin-
ate system used was cylindrical, r, 6, 2, where the z-axis coincided with
the major axis of the torus, and 6 was the toroidal angle (Fig. 1). Two
cases were studied, one in which injection took place at r = rg, 2 = 0, 6
= 0 (centered-injection case) and one jon in which injection was at r =
ro+4cm, 2=0, 6 =0 (offset-injection case). The injected pulse had

a radius of 2 cm and had a trapezoidal time profile of current 1 and energy
Y. Over the first 5 ns, the current rose from I=0 to 10 kA, and energy
went from vy = 2 to 5. This was followed by a 10 ns "body" in which I = 10
kA, vy = 5 and finally by a 5 ns tail which was the mirror image of the
head. These values for y are the space-charge depressed values. The
fnjection energy yq was larger: vy = 7 in the body of the pulse. The
applied By and B, fields were modeled by the required curl-free forms.>
The values of B; and the external field index n were chosen to ensure

that the mein body of the beam followed a stable orbit which did not




intersect the wall. The results of a centered-injection case in which the

beam was initially cold are shown in Fig. 2. In this simulation, we chose
n =025 B, (r = ry) =114 kG and Bg (r = r,) = 3 kG. When com-

bined with the value of Yi» this yields a predicted equilibrium radius

of 100 cm. The body of the pulse in fact propagated quiescently through
the first turn (which is as far as the simulation ran) at exactly this rad-
jus. Figure 2 shows that the head of the pulse is drifted into the upper
wall at z = 8,9 cm. This is due to the fact that in the head (and tail) we
did not have radial force balance because of the lower value of y. As a
result, there was a net radial force Fr on the particles causing an F,

x Bg drift in the z-direction. The resulting deposition of energy on the
wall may create plasma leading to vacuum degradation and possibly an ion
resonance instability of the beam.® However, serious damage to the wall is
not expected, since the point where the beam contacts the wall moves along
with v » ¢. The area of contact is about rpae aAr = 30x4.5 cm?,

In the offset injection case the centroid of the beam was injected at
r = 104 cm and the applied vertical field was 112 G. The injection energy
Yy was the same as before, so that the theoretically predicted equilib-
rium radius is re = 105 cm. As seen in Fig. 3, the body of the pulse
propagated around the torus at about this radius. We conclude that a large
radial offset in the injection does not adversely affect beam propagation

or beam quality.
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11I1. Beam Equilibrium

During a hypothetical 1 millisecond acceleration time in a 1 m radius
betatron, the beam circulates about 48,000 times. It is therefore essen-
tial to have accessible self-consistent equilibria for the beam. In
analytic and numerical work, such equilibria form the starting point for

ﬁéf the study of beam stability. The most detailed and exact calculations of
‘ﬁf beam equilibria to date have been carried out by Finn and Manheimer,” using
>~ a cold-fluid model of the beam. Their results show that self-consistent
'§§l equilibria do in fact exist in the parameter regime of the proposed NRL

o experiment (10 kA, 2 kG toroidal field, y > 3). These equilibria are
analogous to the slow mode of rotation of a cylindrical laminar beam in an
kgi axial gquide field. In order to test the sensitivity of their equilibria to
o the cold-fluid assumption, we used Finn's code EQUIL3® to initialize

{53 IVORY for A 14, 1 = 10 kA, Bg = 1 kG, In IVORY, numerical noise

§S§ due to discrete particle effects causes deviations from the perfect lamin-
hEy arity assumed in EQUIL3. The drift surfaces obtained from EQUIL3 are shown
o in Fig. 4. The fact that these surfaces are closed in the region where the
jﬁ beam indicates that an equilibrium exists. In the simulation, we propa-
‘5 gated the beam for twenty revolutions around the torus during which time
3% the beam rotated twice about its own axis. No drifting off center was

7y observed, and the beam minor radius remained constant. We conclude that

P the EQUIL3 equilibria are not significantly affected by the addition of

g;; smal) amounts of temperature.

‘ff The methods of Finn and Manheimer break down as the transition from
i§§ diamagnetic to paramagnetic rotation of the beam about its own axis is

Lot approached. The transition occurs at the energy at which the self forces
5&@ of the beam are equal to the weak focusing force due to the external field
\ {ndex. For a uniform density beam with Budker's parameter v and beam rad-
:‘; fus rp, the transition occurs at

R

§3f 2, 2,173

wo- (4v o /rb ) (1)

et "f{‘ﬂ1~ i
o
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® Figure 4. Drift surfaces obtained from EQUIL3. Inside the separatrix, the
‘ drift is diamagnetic (anti-clockwise here). Outside, it {s para-
magnetic (clockwise).
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For the parameters we have adhered to in all our simulations, namely rp =
2cm, rg =1m, I =10 kA, we have Yr = 18. Above this energy, the
toroidal field 1s not needed for equilibrium. However, for reasons related
to beam stability, orbital resonances etc., the toroidal field will in
practice probably be maintained throughout the acceleration of the beam.
No detailed cold-fluid calculations of beam equilibria along the lines of
Ref. 7 have been carried out for y > Yqo In our simulations we have
found that by using the same numerical presciption as for y < Yp we can
find satisfactory equilibria above transition.

Since betatron equilibria analogous to the slow rotation mode in cold
cylindrical beams have been found, it is natural to ask whether other
cylindrical beam equilibria carry over to the betatron. We have looked at
both a "fast mode" and a Kapchinsky-Viadimirsky (K-V) distribution, but
neither appears to a modified betatron equilibrium, at least in the regime
we examined. In the “fast mode" the beam is again laminar, but rotates at
approximately the cyclotron frequency Q6/y = eBg/mcy, where Bg is the
toroidal magnetic field. When initialized in this manner at Bg = 1 kG, v
= 12, the beam slowly expanded in minor radius, and 1/3 of the particles
were lost to the wall after 14 turns,

If a beam from a non-immersed cathode is propagated into a region with
an axial magnetic field, then a K-V distribution can result. The beam
rotates at half the cyclotron frequency, Qg¢/2y, and transverse emittance
supplies the additional radial force needed for equilibrium. With Bg = 1
kG and vy = 12, a beam with a K-V distribution expanded and lost over half
of its particles in 15 turns. At y = 20 the behavior was similar. When
the toroidal field was turned off at y = 20 (> yT). however, the K-V
distribution showed no significant increase in minor radius. At present we
do not have physical explanations for these observations.

An issue of particular importance with regard to beam stability is the

amount of energy spread and transverse emittance the equilibrium can toler-
ate.? Lacking self-consistent models to initialize our simulations, we

10
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® decided simply to add these effects to the slow-mode equilibrium and see
how the beam evolved. Taking the equilibrium at y = 12, Bg = 1 kG, we

added a small random component Ay to the energy of each particle, drawing

-8v2 /2y, 2
from a Gaussian of the form e th | where the ven iS the width,

® We find that the beam develops spiral arms, made up of particles" evaporat-
ing" from the beam, as shown in Fig. 5. These particles can end up on the
wall., If Yen is large enough, the whole beam eventually disappears in
this manner, This behavior car be understood using results from EQUIL3.

® Fo the equilibrium shown in Fig. 4, one can compute the drift-surfaces of
test-particles with energies different from the equilibrium value. For ay 4
=t 0.1 (less than 1% deviation from y = 12) there are closed diamagnetic
drift-surfaces only for particles less than 1 cm from the beam center, as

) shown in Fig. 6. For Ay = t 0,2, the diamagnetic region is still smaller,
as shown in Fig. 7. Particles outside this region are on paramagnetic sur-
faces, which are distorted near the beam and give the spiraling effect.
Particles with energy greater than the equilibrium value form one arm and
those with less energy form the other (see Fig. 7). The arms do not
rotate. As current is lost from the beam through these arms, the diamag-
netic region shrinks. (In the low current limit all equilibria are para-
magnetic.) Thus, one can have an “instability" in which all of the beam
eventually migrates to paramagnetic surfaces, which may intersect the
wall. Choosing Ten = 0.5, B, = 1 kG, we find that 2/3 of the part-
icles are lost to the wall after about four circulations. The remaining
particles rotate in the paramagnetic direction, and the energy spread is
greatly reduced. For Yen ® 0.1 (Fig. 5), less than 10% of the part-
fcles are lost through the "arms", and the remaining beam is cold. The
ability of the beam to sustain a temperature spread improves as one gets
further below the transition energy. For y = 4, for example, Ref. 7 esti-
mates that a low density tail with ay/y ~50% can be confined in the
beam,

The effect of increasing the transverse emittance of the beam, leaving
everything else fixed, is what one would expect: the beam is mismatched
and expands and contracts with an average radius larger than the inftial
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Figure 6. Drift surfaces of test particles with energy mismatch ay = = 0.1.
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2 cm. Emittance was introduced by giving the particles random perpendic-
ular momenta P, drawn from the distribution eP1 /2Pth” wnere

Pen is the width. A picture of a beam with y = 12, Bg = 1 kG, pgp/m

= 0,28 is shown in Fig. 8. The beam expands and contracts between radii of
3 and 2 cm. The addition of emittance creates an energy spread, and the
formation of spiral arms is observed during the evolution of the beam,
These are not very pronounced, however, since the energy spread is small.
For a case with pgp/m = 0.4, the only difference noted was that the maxi-
mum beam radius was about 4 cm. No particle loss was observed in these
simulations. One would expect that one could obtain a matched state in the
presence of increased emittance by making the beam rotate faster about its
own axis. Recent work by Grossmann, Finn, and Manheimer!? confirms this.
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number of modes of oscillation which can be driven unstable through inter-
actions with each other, with a resistive wall, with gaps in the wall of
the device, etc. These instabilities have received a2 good deal of attent-
ion in connection with synchrotron accelerators and storage rings (low cur-
rent, high energy).!! It appears, however, that for the high-current
regime we are concerned with, some of these instabilities are qualitatively
different from what is found at low current. The self-fields and toroidal
magnetic field play important roles.

The main emphasis in our work has been on the negative mass instabil-
ity, since it appears to have the largest growth rate. In addition, it is
the instability most readily amenable to analytic and numerical treatment.
Our main tool in this study has been the 3-D PIC simulation code IVORY. 1In
conjunction with running simulations, we have reanalyzed the theory of the
negative mass instability, The numerical and analytic approaches provide a
check on each other. For the resistive wall and beam breakup instabili-
ties, we have performed only analytic and semi-analytic studies owing to
the difficulty of performing numerical PIC simulations.

1V. Beam Stability
The circulating electron ring in the modified betatron possesses a

Since there is a considerable amount of algebra associated with
derivations for the above instabilities, we have relegated the derivations
to the appendices. Only the relevant physical results will be described
here.

ONRSS ottt NN el ale -,

A. Description of Negative Mass Instability

The conventional negative mass instability causes a toroidal beam to
bunch in the toroidal direction.!? Experimentally, it was found to limit
the intensity of the beam by creating a spread in energy, which caused the
beam to spread out.!? In our simulations of the high current betatron,

PPt

however, very little toroidal bunching is observed. The mode we see is a
primerily transverse, almost rigid kinking of the beam, as in Fig. 9.
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figure 9. INlustration of transverse kinking effect of negative mass insta-
bility. Shown are plots (r vs. 2 and 6 vs. r) of the beam at
successive times during the development of the 2 = 1 negative
mass instadbility. In the r-z plot, particles at all e-positions
are plotted. Dimensions are in om.
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® Some description of our simulation scheme is necessary in order to under-
stand this figure. For stability simulations, IVORY uses a spatial grid to
resolve the minor cross-section of the beam. The toroidal dependence of
the fields is treated by a sum of Fourier modes. In most of our simula-
® tions to date, just three mode numbers are resolved, namely 0,:2 where g is
an integer. Thus, only a section of 2n/% radians of the torus needs to be
modeled. The other 2-1 sections are identical. The particles are pushed
in a three-dimensional, nonlinear manner. For the sake of economy in com-
) puting, just nine groups of particles are used to resolve the wavelength we
are simulating. Initially, these groups are identical and equally spaced
(Fig. 9a), so that only equilibrium fields are produced. We then initiate
the instability by giving the particles a smail-amplitude (less than 1% of
® the beam radius) sinusoidal displacement from their equilibrium position.
The instability then commences to grow at a well-defined linear growth
rate, with a real frequency approximately equal to 20,/y where 9, is
the cyclotron frequency associated with the vertical field B;. The per-
turbed fields generally grow about four decades in energy during the linear
growth regime. As their enerqy becomes comparable to the equilibrium field
energy the effect of the instability on the ring becomes visible, as seen
in Fig. 9b. Since the phase velocity of the unstable wave is almost equal
to the particle circulation velocity, the sideways displacement of each
particle increases monotonically in time. Particles moving to larger rad-
ius take longer to go around the torus, and so slip back relative to those
at the equilibrium radius. Conversely, particles moving to smaller radii
advance relative to those at the equilibrium radius. As a result, the beam
eventually breaks in the toroidal direction, as shown in Fig. 9c. Soon
after this, the beam strikes the wall and about 2/3 of the current is
lost. The remainder continues to circulate for some time as a diffuse
cloud. For our typical parameters (10 kA, 6 MeV) and choosing 2=1, this
e whole process takes about 20 circulation periods, or 0.4 usec, to occur.
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B. Linear Growth Rates of Negative Mass Instability:
Theory and Simulations

The simulations we performed of the negative mass instability showed
substantially different growth rates from those predicted by existing
theories.®>*!3 These theories neglected the toroidal corrections to
Maxwell's equations without rigorous justification. By including these
effects to first order in the parameter e = a/ro = (minor radius/major
radius), we obtain good agreement with simulations over a wide range of
parameters. The details of this calculation are in Appendix A. A compar-
ison between the theory and IVORY simulations for different &L-numbers is
shown in Fig. 10. Here the beam parameters are y = 12, I = 10 kA, Bg =1
kG. The agreement is rather good even up to 2 = 20, where the long wave-
length approximation &/rg € 1/a, used in the theory, is starting to break
down. The growth rate scales approximately as 2!/2, It is noticeable
that the agreement for £ = 1 is poorer than for 2 = 2 to 8. We suspect
that some second order toroidal terms dropped from the theory may be
responsible. A derivation keeping these terms is planned (see Appendix
A).

The variation of growth rate I with y for 2 = 1 is shown in Fig, 11,
This figure contains results for both Bg = 1 and 0 kG. At Bg = 1 kG,
the theory predicts a sharp cutoff at about y = 21. Due to numerical noise
in IVORY, it is not possible to see zero growth rate. One can only put an
upper bound on I'. At y = 25, T was reduced by a factor of four from the
value at y = 20. For Bg = 0 no equilibrium is possible for y < 18 as we
saw in Chapter 11I1. The theory predicts that for y > 12, there is no nega-
tive mass instability. A simulation for y = 20 tends to confirm this: we
find I'/c < 2x10-° em-!,
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C. Effects of Transverse Emittance and Energy Spread on Negative Mass
Instability

The growth rates computed for the negative mass instability in the

® last section are very large in practical terms. It has been suggested®:®
that Landau damping due to a spread in toroidal rotation frequencies can

contribute significantly to the stabilization of these modes. Since the

beams we are concerned with have Vg = c, a spread in rotation frequencies

® can come only from a spread ar in the radii of the particle orbits. If the
particles were tied to the field-lines, then the toroidal frequency spread
AQ would be
AQ Ar
® 8. L (2)
0

For the general case, in which particles are not tied to the field lines,
Eq. (2) gives an upper bound on the toroidal frequency spread to first

® order in Ar/ro. “"Betatron" oscillations of the particles across field
lines can add corrections of order (ar/ro)? to Eq. (2). For the Finn-
Manheimer equilibria, we have computed aQ/Q by direct measurement of part-
icle rotation frequencies in our simulations. One would expect to achieve

o the maximum value of aQ/q at the transition energy (YT = 18), since
poloidal rotation ceases and the particles follow the toroidal field
lines. Equation (2) then predicts an/Q = 4x10-2, since the beam diameter
is 4 cmand ro = 100 cm. At y = 20 and y = 12 we measured A/Q = 3x10-2

L J and 42/Q = 6x10-3 respectively. The deviations from Eq. (2) are due to
poloidal rotation.

To estimate the stabilizing effect of the frequency spread, we did
@ some simulations in which the spread was zero. This was accomplished by
replacing the particle beam with a ring made up of rigid disks. We find
that for y = 12, the growth rates obtained are not significantly different
from those of the particle equilibrfum, as shown in Fig. 12, For 2 = 4,
® the equations of Ref. 9 would predict a 10% reduction in the growth rate
due to the frequency spread which is not inconsistent with our results.
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beam with enhanced energy spread or enhanced transverse emit-
tance.
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A key question is whether the beam equilibria we are simulating can be
modified to obtain substantial reductions in growth rate. In Chapter 111,
we looked at two ways of increasing the spread in frequencies; viz., by
introducing an energy spread on the beam, and by increasing the transverse
emittance. The result of having a 1% energy spread is to decrease the
growth rate by 30%, as shown in Fig. 12, We saw in Chapter III however,
that further increases in energy spread lead to serious loss of confine-
ment. By increasing the transverse emittance from 30 mrad-cm to 90
mrad-cm, the growth rate dropped by somewhat less than 30% (Fig. 12).
Again, larger decreases can be obtained only at the expense of beam
quality.

D. Resistive Wall Instability

The resistive wall instability is driven by the phase lag between the
electric and magnetic response of the wall image to perturbations of the
beam. In this section, we summarize the results on this instability
obtained in Appendices B and C. There, we find that any slow mode on the
beam is driven unstable by a resistive wall. There are two transverse slow
modes with frequencies given by w ~ 22;/y - Qg;/y for the cyclotron
mode and w ~ 2Qz/y - wg for the "ExB" or “space-charge" mode. Here
wg is the slow transverse bounce frequency of the beam.

For the slow cyclotron mode, the growth rate peaks at w =~ 0, which
occurs for £ = Q¢/Qz. Since R, and y increase during beam accelera-

tion, this constraint is satisfied only for a limited time period st which
corresponds to a band width

Aw';z afAt
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\ Setting Aw equal to the growth rate I, we obtain the expression for the 1
'f number of e-foldings as the beam goes through the resonance:

i r2 Y

- rat = IT§;777 a7 (4)

Equation (3) is maximized late in the acceleration cycle, when v is large
and the resonant value g is small,

Cala A4 5,
UYL

After passing through w = 0, the instability transitions to a lower q
> growth rate regime which persists for the remainder of the acceleration
cycte. In this regime the number of e-foldings is given by

Fi
..

.. (mt)e1r1= = [ rdt (5)

L

33 where the integration is from the time when « 2> 0 to the end of the accel-

v eration.

- q
ﬂ For the slow space-charge mode there is no w = 0 resonance, because

™ 0 < wg/(Rz/Y) < 1. Thus, one has only the regime of adiabatic growth

g corresponding to Eq. (5). This regime covers the entire acceleration

;‘ cycle. ﬁ
b Besides the transverse slow modes, there is also a longitudinal slow

2 space-charge mode which is resistive-wall unstable. There is no resonance

" assocfated with this mode. 1
:‘i

o

We illustrate the relative importance of the various forms of the
resistive wall instability for the typical modified betatron parameters
shown in Table 1. A stainless steel wall with normalized conductivity 1
4xg = 5.24x10% cm=! s assumed. For the cyclotron mode with w = 0, we find
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TYPICAL MODIFIED BETATRON PARAMETERS USED IN EVALUATING
RESISTIVE WALL INSTABILITY GROWTH RATES

TABLE 1.

Toroidal Magnetic Field Be 2.5 kg

Vertical Magnetic Field (Initial) Bz 115 g
°® Toroid Major Radius Ro 100 cm

Toroid Minor Radius R 10 cm

Beam Radius a 1cm
o

Beam Current v 0.59

Beam Energy Y 7-100

Acceleration Time T 3.107 cm
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a growth rate I = 4x10-5 em~!. Equation (4) is maximized for y ~ 70, for
which ¢ = 1, Total growth is rat = 3.6 near w = 0. The contribution from

Eq. (5) is much larger, however, giving (Tat)eff = 51.

The growth rate of the transverse space-charge mode is comparable to
the cyclotron mode, but growth occurs over the whole acceleration cycle,
giving (rat)eff = 150.

The preceding analysis ignores any thermal spread of beam energy,
which would tend to damp the instabilities. In Appendix C, we show that
for a spread of a few percent in the initial beam energy, damping should be
significant. We saw in Chapter III however, that attempting to stabilize
the instability in this way can seriously disrupt the beam if it is near
the transition energy.

Successful operation of the modified betatron requires cutting the
growth (rat)eff to about unity. Employing more highly conducting cavity
walls (e.g., copper) can reduce growth by a factor of six. Reducing the
acceleration time by an order of magnitude would then effectively eliminate
these instabilities. Alternatively, a spread of a few percent in the elec-
tron energy may be sufficient to damp out the modes.

E. Beam Breakup and Image Displacement Instabilities

Our work on the beam breakup and image displacement instabilities was
motivated mainly by the proposed racetrack induction accelerator.!“ This
device, sketched in Fig. 13, is a recirculating accelerator like the modi-
fied betatron. However, it uses accelerating gaps instead of a betatron
field to increase the beam energy. In a linear device the beam breakup
fnstability arises from a resonant coupling between beam transverse oscil-
lations and m=1 (m = azimuthal mode number) electromagnetic cavity modes
localized to the acceleration gaps. This coupling can result in large
lateral displacements of the beam.!5 The instability is not due to the
accelerating function of the gap. Any discontinuity in the wall can have a
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;‘ similar effect. Thus, beam injection and extraction ports in the racetrack
- or modified betatron accelerators could excite beam breakup. Recirculating 1
o devices differ from linear devices in that (1) the beam keeps passing the
ﬁ same gaps and (2) there could be a resonant interaction between the beam-
, breakup and negative mass instabilities. As we saw in Section D, there are
| two transverse slow modes and one longitudinal slow mode on the beam, {
%: These have negative energy and so can couple unstably to the gaps. Coup-
}; ling to the longitudinal mode occurs only due to toroidal curvature. To
ﬁ; model the effect of the gaps, we used a gap response function defined by
. ZJ. m03v ; {
- T w2+iw°w/0~w°2 (6)
;. where Z) is the transverse impedance of the gap, Q is the quality factor {
' and wg s the gap resonant frequency. Details of the calculations are
‘E given in Appendices D and E.
N In Appendix D toroidal terms are dropped so that the beam behaves as q
od if it were in a straight but periodic system. In this way we can study the
:é effect of passing by the same gaps repeatedly. The parameters we studied
?Q are given in Table 2. The acceleration gap parameters are those of a lin-
- ear induction accelerator developed by the National Bureau of Standards. q
4 We find a beam breakup growth rate I = 1,3x10-3 cm-!, yielding 30 e-fold-
3 ings during the acceleration. This amplification can be cut by reducing
_§ Q. If a value of Q = 6 can be attained, then only 5.5 e-foldings occur.
- (
;2 In order to do more exact calculations taking account of beam acceler-
js ation and transients, we used the code BALTIC.!® Table 3 summarizes thir-
;§ teen runs, varying N (the number of gaps), Q, wg, and vy, but keeping
- NZ1/Q fixed. Cases 1-4 show the effect of changing the gap resonant fre- J
-uf quency wg. The interaction is greatest when wy is an integral multiple
BY) of the beam circulation frequency 9/y, €.g., when wy = 0.17757 = 13
ﬁ fiz/v. Cases 5 and 6 show the effect of dropping y. Case 7 shows that by
™ decreasing Q from 60 to 10, the growth rate drops significantly. )
&
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TABLE 2. NOMINAL RACETRACK INDUCTION ACCELERATOR PARAMETERS

Path Lengths

Drifttube Radius

Beam Radius

Gui: - Field

Beam Current

Beam Energy

Number of Revolutions
Number of Gaps
Acceleration per Gap
Gap Resonant Frequency
Mode Quality Factor
Gap Transverse Impedance

Gap Width

- . P
Pt St VD i ke
LS 6N e R VLR XN

L = 460 cm
R=17cm
a=1cm
B = 2 kg
I =1kA

U= 0.4 - 40 MeV
50

N=24

AU = 0.2 MeV
880 MHz
Q=60

15 ohms

2 =5¢m

3l

(we = 1.173 em=?)
(v = 0.0588)
(y = 1.5 - 80)

(ay = 0.4)

(2,/Q = 0.5)




TABLE 3. SUMMARY OF BEAM BREAKUP INSTABILITY CALCULATIONS WITH BALTIC

P TR .-
Y -..-,:.r../ I N ) ;

Py
",

wo r
Q (cm-!) Y (10-* cm-})
60 0.18 80 8.3
60 0.1732 80 3.3
60 0.17757 80 8.9
60 0.1787 80 8.8
60 0.18 60 10.0
60 0.17757 60 12.3
10 0.18 80 3.4
2 60 0.18 80 9.6
2 60 0.18 1.5 12.0
4 60 0.18 1,5-80 9.8
4 10 0.18 1.5-80 2.6
4 6 0.18 1.5-80 1.2
4 6 0.17757 1.5-80 1.6
32
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Cases 8 and 9 treat two evenly spaced gaps, showing that the growth
rates are about the same as for a single gap (NZ]/Q is fixed). In cases
10-13 there are 4 gaps spaced 30 cm apart, and the beam is accelerated.

The average growth rate is shown. From these we see that with Q = 6 growth
of the beam breakup instability is negligible (< 3 e-foldings occur).

The image displacement instability arises due to the interruption of
the beam image current at a discontinuity in the drift-tube wall. It is
the long wavelength limit of the beam-breakup instability. For our param-
eters, we compute a peak growth of 9x10-° cm-!, and this occurs only over a
narrow range of parameters. Its effect is therefore negligible. No
evidence of coherent growth of this instability was seen in the BALTIC
runs.

In Appendix E, the effect of the accelerating gaps is put into the
full toroidal dispersion relation. In that way, the interaction between
the beam breakup and negative mass instabilities can be investigated. The
strongest interaction would be expected when the gap resonant frequency
matched a harmonic of the beam circulation frequency. For ro = 70 cm,
this occurs for 2 = 13, The main result of this work is that the coupling
between the two instabilities is weak. No strong hybridization occurs.
Figure 14 shows that the negative mass instability is dominant and its
growth rate is insensitive to the presence of the gaps (Q = 6 is assumed).
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V. Conclusions

Our work on the modified betatron accelerator has dealt with a range
of topics involving beam injection, equilibrium and stability. For the
problem of injection, we performed the first detailed particle simulations
of firing a beam into a torus. These showed that the body of the injected
pulse propagates in a well-behaved manner around the torus at the theo-
retically predicted radius. The head and tail of the pulse, which are
unmatched, drift rapidly in the vertical direction, striking the wall. No
serious wall damage is expected to result.

On the subject of beam equilibrium, we attempted to find in the beta-
tron the counterparts of beam equilibria found in linear devices. Follow-
ing the work of Manheimer and Finn, we sucessfully simulated the slow rota-
tion mode of the beam. We found that this type of equilibrium was rela-
tively insensitive to the addition of small amounts of transverse temper-
ature. For the fast mode of rotation and for a Kapchinsky-Viadimirsky
distribution, no equilibrium could be found for the parameters we chose.

We emphasize that our search for these alternative equilibria was not
exhaustive,

The addition of an energy spread or of increased transverse emittance
to the beam is commonly advocated in order to improve beam stability. We
investigated the effect these changes have on the slow-mode equilibrium,
We found that unless the beam energy is far removed from the diamagnetic-
paramagnetic transition energy, the tolerance of the beam for an energy
spread is very limited. The beam tends to develop spiral arms, along which
the mismatched particles escape. Significant loss of particles can
result. The development of the arms is explained using the Finn-Manheimer
model. By adding transverse emittance to the beam, large oscillations of
the minor beam radius could be produced. No significant loss of confine-
ment resulted.
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The bulk of our work concerned beam stability, and the negative mass
instability in particular. Analytic and numerical methods were used. A
new analytic dispersion relation was derived keeping toroidal corrections
to Maxwell's equations. The new theory overcomes some intrinsic deficien-
cies of previous theories. We have compared growth rates for the negative
mass instability obtained from the theory with 3-D numerical simulations
using IVORY, Good agreement is obtained over a wide range of parameters.
The growth rate of the negative mass instability is so large that it can
seriously disrupt the beam in a microsecond. Addition of an energy spread
and transverse emittance give reductions on the order of 30% in growth
rate. Much larger reductions clearly are needed. Based on our work to
date, we believe that this can be accomplished only by starting with a beam
whose radius is comparable to the minor radius of the torus.

In addition to the negative mass instability we looked at resistive
wall, beam breakup and image displacement instabilities. In general, these
have growth rates substantially less than the negative mass instability.
The resistive wall instability can probably be eliminated by using a copper
lining for the torus and decreasing the acceleration time to hundreds of
microseconds. The beam breakup and image displacement instabilities were
considered for their relevance to recirculating devices which use accelera-
tion gaps. We found that by using low quality-factor gaps the growth can

be made negligible.
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1. INTRODUCTION

An 