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ionosphere a single time has Rayleigh amplitude statistics and power
spectral densities that range from f=3 in the slow fading limit to

Gaussian in the fast fading limit,

The amplitude statistics of the received signal are extended to mono-
static and bistatic propagation through the disturbed ionosphere, The
bistatic geometry is applicable to either a bistatic radar or to a two-way
communication link that utilizes a linear transponder. The statistics of
the amplitude used for demoduiation in dual channel communication links
are presented for systems that use spatial, frequency, or other diversity
techniques. The distributions of the received amplitude are used to
calculate bit error rates for two-way or dual charnel communication links
and for various PSK and FSK demodulation techniques. These results are
compared with bit error rates in single channel or one-way communication
links and with bit error rates in communicai:i:n links through the ambient
ionosphere. :

Arnalytic expressions are obtained for the mean number of level cross-
ings and the mean duration and separation of scintillation above or below
arbitrary power levels in the one-way, monostatic, and bistatic propaga-
tion geometries. These mean quantities are plotted for a Gaussian power
spectral density or, equivalently, for a fast fading environment. The
meen duration, separation, and number of level crossings for arbitrary
f¥ power spectral dersities can be obtained from the Gaussian values by
scaling factors which are calculated for y in the range 3 to 10.

The distributions of the number of level crossings and the duration
and separation of fast fading scintillation are obtained using Monte Carlo
techniques for the one-way, monostatic, and bistatic propagation geome-
tries and for dual channel communication links. The simulation results
are presented in tabular form and are compared with analytic results where
possible. Histograms of the duration and separation of scintillation for
the one-way propagation geometry are also presented. Qualitative compari-
sons are made of the effects of Rayleigh fading conditions on ore-way
versus two-way and single channel versus dual channel communication links
or monostatic versus bistatic radar systems.
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SECTION 1 }
INTRODUCTION

The performance of a space based communication or radar system
operating in a nuclear environment is degqraded by the resulting random
amplitude and phase fluctuations of the received radio frequency siqnal.4
In qeneral, the random amplitude fluctuations prqduce an instantaneous
signal power that is less than the average power, while occasionally, the
instantaneous signal power will he larger than the average power. The
first situation is referred to in this report as a fade and the latter as
a flare. Because the propagation disturbances are correlated 1 time,
these fades or flares have a finite mean duration and mean separation.
More generally, fades below an arbitrary level or flares above that level
have varying probability of occurence, mean duration, and mean separation
as the level is changed relative to the mean received power. It is5 the
purpose of this report to describe thé statistics of the duration and
separation of fades and flares for several cases of importance to space
based communication and radar systems., This work was performed in
response to requests from contractor and SPO personnel involved in the DSP

Three propagation geometries are considered énd are denoted one-
way, monostatic, and bhistatic throughout this discussion. The one-way
case corresponds to a one-way communication link and the monostatic case
corresponds to a monostatic space based radar. The bistatic case corre-
sponds to efther a bistatic space based radar or to 2 two-way communica-
tioq 1ink. The bistatic case reduces to the one-way case in the event




that only one of the propagation paths is through a Rayleigh fadii-g chan-
nel while the other path is through an undisturbed channel. However, it
is expected that this situation has a lTow probability of occurance and it
is mentioned here for completeness only. Dual channel communication
systems which combine the received signal from two independent one-way
communicat fon channels before demodulation are also discussed in this
report. In practice the independent channels can be achieved by the use
of spatial diversity (e.q., separated receiver antennas or transmitter
locations) or other diversity techniques such as multiple transmitter
frequencies. Two different algorithms for cocimbining the signals into the
amplitude used for demodulation have bezn considéred. The summation algo-
rithm adds the signal amplitudes from the two chénnels while the maximum

algorithm selects the larger of the two amplitudés.
|

The first and second order statistics éf the received signal for
the monostatic and bistatic propagation cases arq described in the second
section assuming Rayleigh amplitude statistics aﬁd Gaussian temporal auto-
correlation functions or equivalently Gaussian péwer spectral densities
(PSD) for the received one-way voltage. The disqrihution of the amplitude
used for demodulation fs also calculated in this section for the two dual
channel communication link algorithms and is compared with a single chan-
nel or one-way communication 1ink, As an applicétion of the first order
statistics results, hinary error probabilities are calculated in the third
section for two-way and dual channel! communication 1inks undef slow
Rayleigh fading conditions'and for various fregquency-shift keying and
phase-shift keying demodulat fon techniques.

The mean number of level crossings per unit time for Rayleigh
fading with an arbitrary PSD is ciylculated next in closed form for the
three propagation cases. The mean duration and separation of fades and
flares 1is obtained from the mean number of level‘crossings. These anal-
ytic results provide a qualitative comparison of the effects of Rayleigh .

10




fading conditions on one-way versus two-way communication links or mono-
static versus bistatic radar systems. The mean number of level crossings
and the mean duration and separation of fades and flares are plotted for a
Gaussian PSD. These numerical results can be scaled to obtain the mean
quantities for an arbitrary f-* PSD using scaling factors which are

calculated in Appendix A,

The problem of calculating the probability density functions of
the duration and separation of fades or lares cannot be solved in closed
form for even the simplest pfopagation geometry. Thus Section 5 briefly
outlines the method of aenerating random sequences of voltages with the
decired first and second order statistics. The distributions of the dura-
tion and separation of fades and flares for a Gaussian PSD are then
obtained in numerical form from the random data. These simulation results
are tahulated in Section 6 and are compared with the analytic mean quanti~
ties. The one-way results are compared in Appendix C with mean fade
duration and separation data from several multiple phase screen (MPS)
realizations. Histograms and cumulative distributions of fade and flare
separation and duration are presented in Appendix D for the one-way propa-

aat ion case.

The major conclusions of this study are summarized in the final

section. They are:

1) To achieve a demodulator bit error rate of 10-3 under slow
Rayleiah fading conditions, a two-way communication link* requires about 9
dB more bit enerqy-to-noise density than does a one-way link while a dual
channel communication link requires about 10 dB less bit energy-to-noise

density than does a single channel link.

* Assuming no satellite processing and a perfect (linear) transponder.

n




2) The mean duration of fades below the mean power is longest
for the monostatic geometry and shortest for the one-way geometry with the
bistatic geometry mean fade duration falling between the other two. For
fades more than 11 dB below the mean power, the monostatic case aiso has
the shortest mean separation between fades.

3) when compared to fades in single channel communication links
which are more than 10 dB below the mean power, the 10 dB fades of dual
channel links are, on the average, two thirds as long and spaced three
times farther apart.

12
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SECTION 2 |
FIRST AND SECOND ORDER STATISTICS OF THE RECEIVED SIGWAL

In this secticn well known empirical descriptions are presented
of the first and second order statistics of the one-way received voltage
in the strona scattering limit. From these results, the first and second
order statistics of the received voltage for the monostatic and bistatic
cases are constructed. The distribution of the received power for the
three preopagation cases dare then calculated as are the distributions of
the combined power for fhe two dual channel alqorithms.

2.1 STATISTICS OF THE ONE-WAY VOLTAGE

"After propagatino one-way through an ionized layer, the received
voltage can be expressed as two independent quadrature components

p(t) = x(t) + iy(t) ' , (2-1)

where p(t) is the received complex voltage with in-phase component x(t)
and quadrature-phase component y(t). Both MPS calculatiuns!+? and
theoretical calculations in the strong scattering reqime3 show that trans-
mission of an initially constant amplitude and phase signal one-way
through a stronqly turbulent layer results in a received signal whose
quadrature components x(t) and y(t) are independent Gaussian random

variables with joint probability density function

fix,y) = exp[-(x2+y2)/2q2]/2ﬂaz. (2-2)
(-2 x <™l y<e)

13




At two different times, the in-phase components of p(t,) and p(t,),
denoted x, and x, respectively, have the joint Gaussian probability
densitv function

”-

f(xl ,xz) = eXp[-(x§-29X1X2+X§)/Zqz(l-pz)]/Zﬂazfl-pz . (2-3)

The joint probability density function of the quadrature-phase components
¥, and y, is identical to Equation 2-3. The autocerrelation of the com-

plex voltage is then
P(t)p*(trr)> = <x(t)x(tsr)> + <y(t)y(t+r)> = 20%(1). (2-4)
In the strong scattering limit

p(1) = expl -(t/7,)?)] | (2-5)

where ¢, is the one-way signal decorrelation time. General f-¥ power
spectral densities with corresponding Bessel function forms for p(t) are
considered in Appendix A. In subsequent developménts, the strong scatter-
ing 1imit Gaussian form of p(t) will be used as an example with appropri-
ate scaling factors included to render the results valid for any properly
behaved PSD. It will be seen later in this section that only in the case
of one-way propagation through the ionized medium does the decorrelation
tfﬁe of the received signal, 16, equal the one -way decorrelation time

T -
The amplitude r of p(t),
ro=/xd+y -~ (2-6)
has a Rayleigh probability density function

fR(r) = r exp(-r2/252)/*, r > 0 (2-7)

14
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and the average power of the signal is
<p(t)p*(t)> = <r2> = 262 . (2-8)
2.2 . GENERAL FIRST ORDER STATISTICS

The received voltage q(t) of a radio frequency signal which
traverses an ionized layer either once or twice can be represented as

p(t) one-way
{ a(t) = | p?(t) monostatic
| ' p (t)p, (t) Dbistatic (2-9)

when it i% assumed that in the radar cases the target cross section is
non-fluctpating and that in the two-way communication link case there is
no on board satellite processing and the transponder used is perfectly
linear, &he effect of target cress section fluctuations on the received
signal haé been discussed in detail elsewhere.* In the bistatic case,

: pl(t)‘rep}esents the signal transmitted along path 1 and incident on the
transpondgr or the radar target and pz(t) represents the signal retrans-
mitted orgreflected by the target'and received along path 2. The received

power S is then given by

‘ r one-way
S = q(t)g*(t) = r* monostatic

I rirl bistatic (2-10)

The probability density function of S is easily calculated from the
Rayleigh probability density function of r as

exp[ -S/<5>] /<S> one-way
f(S) = ¢ exp[ /25/<S>]/¥25¢S> monostatic
K [2/S/<S>] /<S> bistatic (2-11)
15 :
m s N




where Ko is a modified Bessel function. The mean power is

206°  one-way
S = 8" monostatic
l 46" bistatic (2-12)
where o2 is the variance of the underlying Gaussian probability density
function of Equation 2-2.

The cumulative distribution function of the receijved power,

defined as

F(S) = Prob {received power < S} = [ f(S')dS' (2-13)

or—wn

gives an indication of the probability of occurrence of deep fades which
are detrimental to the performance of communication or radar systems.
This function is reacily calculated for the three cases cons idered with
the results

1 - exp[-S/<S>] one-way
F(S) = 11 - exp[-/25/<S>] monostatic
l 1 - 2/3/<S> K, [2/S/<S>] bistatic (2-14)
where K, is a modified Bessel function.
The median power M, defined by
F(M) = 1/2, (2-15)
is equal to )
n(2) = -.1.6aB one-way
M/<s> = { [an(2)]?/2 = -6.2dB  monostatic
uo/4 = -4.,0dB bistatic (2-16)
16
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where ug for the bistatic case is given by solving the equation

ugki(uy) = 172 | (2-17)

which gives
u, = 1.25715 . (2-18)

Thus for the one-way propagation gebmetry, one half of the time the
received power is 1.6 dB or more below the mean power while for a mono-
static radar the received power is 6.2 dB or more below the mean power

one-half of the time.

The cumulative distributions are plotted on probability paper in
Figure 1 for the three cases. It-is apparent that the monostatic case has

'c» v l L4 Lo " Ll k o ‘[ ¥ L ' r T L "’ Li L) LA L rr -
o . ]
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- :
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Figure 1. Cumulative distribution of the received power.
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the highest probability of deep fades, the one-way case has the lowest
probability, and the bistatic case falls between the other two. For
example, the one-way case has a probability of 10=* of fades of 40 dBR or

greater while this probability is about 8 x 10~* for the bistatic case and

is eabout 1.5 x 10~2 for the monostatic case.
2.3 GENERAL SECOND ORDER STATISTICS

The frequency of occurrence, the duration and the separation of
fades or flares is determined by both the first order or amplitude statis-
tics described above and by the second order or correlation properties of
the received voltage defined in Equation 2-4. The correlation function
for the monostatic case is

<a(t)ar(ter)> = <p?(t)p? (t4e)>
22 22 22 22
=O0% NN, Y, - XY, - Y (2-19)
o2 2 2 2
Y 2igxy - Y - XXV * XN Y2 -

Noting that x and y are independent, zerc mean rardom variables, the imag-
inary part of <q(t)g*(t+r)> is identically zero. In addition, it is easy
to demonstrate the following using Equation 2-3:

2 2 2 2 .

<Xy X =<y ¥ = a* 11+2p2)

KX Y Yad = <X XKy ¥, = (6%p)2 (2-20)
2 2

x| ¥y R AR R A R

so that for the monostatic case,

<q(t)g*(t+r)> = <Sp2(1) . , - (2-21)

18
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The correlation function for the bistatic case is

<q(t)g*(t+1)> = < py(t)pa(t)p*(t+e)p*(t+1)>

< Pl(t)pl*(t+f)><pz(t)Dz*(t41)>'v (2-22)

when it is assumed that p1(t) and p2(t) are independent. In this case,

<q(t)g*(t+1)> = <S>py(T)py(T) (2-23)
In general for a Gaussian PSD,
<qt)g*(t+t)> = <5 exp[-(t/to)z] (2-24)
" where 1, is the decorrelation time of the received voltage and
(0 one-way
1,/72 monost at ic
(2-25)

2
T ° /Tl 1 M1,2
0 ’ ’ : :
—-— bistatic (11’1*11’2)

J Tt

",1/72

bistatic (Tl,l = TI,Z)

For bistatic propagation, rl’i'i =] or ;, is the one-way decorrelation
time of the ith path. It can be seen for!|the bistatic case, that if one
of the paths has a small decorrelation time relative to the cther one-way
path, the resulting decorrelation time of the received signal corresponds
to the smaller decorrelation time. If bot one way paths nave the same
decorrelation time, the resulting 1, corresponds to the monostatic case
with a decorrelation time of ¢;//2. In voth two-way cases, it is

apparent that the decorrelation time of the received signal is smaller
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than the decorrelation time of the one-way propagation path. For
arbitrary power spectral densities and propagation qeomeiries, the
decorrelation time of the received voltage is related to .the one-way

decorrelation time as

( 18} one way
T =

8§t,/72 monost at ic (2-26)

]2 2 . .
6ty 1Ty, 2/YTy 1 + 71,2 bistatic

The scale factor 6 differs from unity in general if the PSD is rnot

Gaussian,
2.4 FIRST ORDER STATISTICS FOR DUAL CHANNEL COMMUNICATIOM SYSTEMS

Dual channel communication systems may combine the amplitudes of
two independent channels in order to mitigate the effects of propagation
fading. Two possible alqoriihms for combining the amplitudes of the two
channels into the amplitude z used for demodulaticn are '

‘ ry +ry summat jon - algor ithm
2= ' ' (2-27)
lmax(rl,rz) maximum algorithm

where rj, i=1 or 2, is the amplitude of the received voltage on the i th
channel and the function max(x,y) is equal to the large of x and y. I[f it
is assumed that the two channels utilize propagation paths of sufficient
spatial separation that the propagation effects on the received volfages
are independent. Then in the strong scattering limit, r, and r, are
incependent, Rayleigh distributed random variables. It will also be
assumed that the transmitted power is equal in the two channels so that

2 2
rd> = <rpd.
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For the summation algorithm, the cumulative distribution cof z
has been given by Marcum® from which the cumulative distribution of the
combined power (S = 2?) is obtained as

F(S) = 1-exp[-5/202] - /as/aa? &S/ ere(/s/ac?)  (2-28)

where 202 is the mean power in each of the channels and erf is the error
function. The mean power of the comhined amplitude is

<S> = <ZB> = <> 4 Ar Xry> + <ri> = (8 +w)a? . (2-29)
The cumulative distribution of z for the maximum algorithm is
F(z) =[1 - exp(-zz/Zaé)]z . (2-30)
where the term inside the brackets is the probability that one of the

Rayleigh distributed amplitudes is less than or equal to z and the square
gives the probability that both r, and r, are less than or equal to z.

The mean received power is then easily calculated as

<S> = <22> =] 2 dF(z) = 30 , |
- 5 |
and the cumulative distribution of the combined power is
F(S) = {1 - exp[-35/2¢S>]}% . (2-32)
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The probability density function of the combined power is obtained by
differentiating Equation 2-32 giving

£(S) = (3/<S>) exp(-35/2<S>) [1 - exp(:35/2¢S>] (2-33)

The median combined power for the .3l channel communication
systems is '

‘4uo/(4+n) ~ = -0.81dB summation algorithm
M/<S> = B ' (2-34)
( 2 an[/Z2/(/2-1)] = -0.87dB mximum algorithm

where ug is the solution of the equation

-2 — _
P Yo , /nuo e o erf(/uo) = 1/2 (2-35)

which yields ‘
u, = 1.482227 . (2-36)

When compared with the single channel median power of 1.6 dB below the
mean power, these results indicate that the dual channel systew does in
fact mitiqate the effects of scintiliation,

The cumulative distributions for the combined power are plotted
on probability paper in Fiqure 2 for the two dual channel algorithms along
with the cumulative distributin~ .7 the received power of the one-way
communication link or single channel case. The near coincidence of the
dual channel curves is a consequence of the fact that because the ampli-
tudes from the two channels are independent and Rayleigh distributed, it
is probable that one amplitude is much smaller than the other and hence
that the larger amplitude is nearly equal to the sum of the two’ﬁmpli-
tudes. It is apparent from the figure that the dual channel system has a
lower probability of deep fades than does the single channel system. For
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The expected values of the first 4 moments of the received o
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z = |ait)| , . (2-36)
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for one-way, monostatic, a.d bistatic cases, and for the combined ampli-

tude defined in Equation 2-26 for the dual channel communications systems

are needed for comparison with the simulation results.

Table | and can be calculated directly from the moments of a Rayleigh

distribution for all but dual chaanel maximum algorithm.’ In the latter

case, Equation 2-29 is used to calculate the moments of z.

Table 1. Moments of the amplitude of the received voltage.

Case

One-Way

Monostat ic

Ristatic

Dual Channe)

Sunmat ton Algor 1thm

Maximm Algor ithm

Lo

e e e e e b e

q ﬂl]o
XS ne2 ne ned
nils 242 Vel? o® &
2°? 8" 480* 192*
2?72 40" at/2 5"'
/2 o (834)0? w2 o 410432 }4°
(/7 - 7a/8) o 3.2 AP - /e]16) o 148"

* o? is the vartance of the under lying normal distributions.
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SECTION 3
“BINARY ERROR PROBABILITIES FOR TWO-WAY AND DUAL <CHANNEL
COMMUNICATION LINKS UNDER SLOW RAYLEIGH FAGING CGNDiT{ONS

Binary error probehilities of two-way and dual channel communi-
cation links are derived in this section for noncoherent M-ary frequency
shift keying (M-ary FSK). coherent phase-shift keying (PSK), differen-
tially encoded coherent PSK {APSK), and differentially coherent binary PSK
(DBPSK) under slow Rayleigh fading conditions. Perfect phase tracking
will be assumed for the PSK demodulation techniques. Tn the two-way
geometry, a signal is transmitted tnrough an ionospheric channel to a
transponder which then retransmits the signal through an independent
jionospheric channel to a receiver which is not colocated with the original
transmitter, It is assumed that the transponder is an ideal linear ampli-
fier that is noiseless and that outputs a signal with identical statistics
to the input siqnal. For a dual! channel communication link, independent
signals are obtained by the use of spatial diversity (e.g., separated
receiver antennas or transmitter locations) or by other diversity tech-
niques such as multiple transmission frequaencies. The results of the
previous section showed that the distributions of the combined signals for
the two alqorithms considered are essentially identical. Therefore, the
binary error probabilities will be calculated only for the maximum algo-
rithm which has the simpler mathematical form for the distribution of

combined power.

The probability of bit error in an additive white Gaussian noise

(AWGN) channe! for a constant enerqy signal and for M-ary FSK modulation
is®
1 'f K kel 3 -
P (E/N) = -1) (M L-(—_)(1log M -
be' b o D) o (-1) (k) expl-(——)( o9, )Wa (3-1)

25

™




and is

(1/2) erfc(/Eb/No) jdeal coherent PSK

PoelEp/N,) = erfF(/Eb/No) [1-(1/2) erfc(/Eb/No)] ideal APSK
(1/2) exp(- Ey/N,) . DBPSK (3-2)

for PSK modulation where Ppe represents the binary error rate at the
demodulation output and Eb/N0 is the inpuf modulation bit energy-to-noise
density ratio. Under slow Rayleigh fading conditions, the probability of
bit error must be averaged over the probability density function of the
bit enerqy which for two-way links is given by the bistatic form of
Equation 2-14 and for dual channel links is given by Equation 2-33 as

‘zxo[zfsb/<5b>]/<sb> Two-way (3-3)

f(E) =
b
'(3/<Sb>) exp(-3E, /2<E, ) (1 - exp(-BEb/2<Eb>] Dual Channel

where <Ep> is tne mean bit energy. The average probability pf bit error
is then ‘

i . Ay
<Ppo> £ Pbe‘Eb/”o) fE)Y dE, . (3-4)

For two-way siow Rayleigh fading, evaluation of Equation 3-4 for
M-ary rSK and for DBPSK involves an integral of the form

QO — 8

= 2 T
I = > exp(-aE, /N ) Ko[Z/Eb/<Eb>] dE, (3-5)

where

((Eil) (logaM)  M-ary FSK
a =
[ 1 DBPSK
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Upon changing variables {u = 2/Ep/<Ep>), the integral reduces to

I =7 uexp[-acE, /N >7/8) K (u) du . (3-6)
[o]

This integral is given by Gradshteyn and Ryzhik’ in terms of one of
Whittaker's function which can be further reduced using the mathematical

properties of confluent hypergeometric tunctions from Abramowitz and
8

Stequn™ to give
. éxp[l/u<Eb/No>] Ey [ 1/a<E /N D] (3_7)'
u<Eb/No>
where E; fs the.exponential integral,
The average brobability of bit‘grror is then
' M
Ppe” * 2(M-1)(10;2M)<Eb/N0> L (o) (3-8)

k/(k-1) j £ k/(k-1) ]
(Tog, M) <E /N > 1 {Tog, M) <E /N>

x exp[

for M-ary FSK demddulation and is

exp{ 1/<E_/N >] E, [1/<E /N >
P> = [ b o ] &l b" o )
be V] <Eb/Nd>

(3-9)

for DBDSK demodulation. The mean probability of bit error cannot to the
authors knowledge be obtained in closed form for ideal coherent PSK or
APSK modulation. However, by using the same change of variables that was

e
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used to derive Equation 3-6, the mean probability of bit error for these
cases can be rewritten as

(1/2) [ u K (u) erfc[JEb/No>‘u/2] du ideal PSK
0 .

<Pbe> = , (3-10)

? u Ko(u) erfc[J<Eb/N°> u/2] {1 - (1/2) erfc[/(Eb/N°> u/2]} du
o .
ideal APXK

Both integrals of Equation 3-10 nave well behaved integrands and are
easily evaluated numerically.

For dual channel links under slow Rayleigh fading conditions,
“he average bit error probability with M-ary FSK demodulation can be
" evaluated directly to give

M-1

1 k (M
Poe” = 30-T) kZZ (-1) (k)

(3-11)
9
[3f(k-1)(1ogZM)<Eb/No>/k] [3+2(k-1)(Tog, M) <E /N >/k]

Similarly, with DBPSK demodulation,

9/2 _
P> = . - (3-12)
b
e (3+<Eb/N°>)(3+2<Eb/N0>)

The evaluation of Equation 3-4 for ideal PSK and ideal aPSK
involves integrals of the form

I = ? erfc(vx) e % dx = (2/a) (1-1//T%a) (3-13)
o
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and

I = [ erfc2(/x) ¥ dx (3-14)
. £ »

[i _4 tan=-! I+
S ey

where the first integral is given by Gradshteyn and Ryzhik and the second

integral can be integréted by parts to recuce it to a form given by
Gradshteyn and Ryzhik.

The mean probability of bit error for ideal PSK
then becomes

_. - |
@, > - % N 1/2 . 1 7
/1+3/(2<Eb/~0>) i

/1+3/<Eb/No>

and for ideal APSK jt becomes . §

4 |

- i
[1-(2/n) tan=! /T+3/<E /N 3] .

Pp> = (3-16).
l

1
be v

Y1+3/<E /N > |
b o |

[ 1-(2/%) tan=1 /1+'3/2<Eb/N0>]
T TS
1+3/2<Eb/No>

The probabilities of bit error for one-way or single channel
communication- links, for two-way links, and for dual channel links under
slow Rayleigh fading conditions are sliown in Figures 3 through 8 for non-
coherent M-ary FSK with M equal to 2, 4, and &6, ideal coherent PSK, aPSK,
and DBPSK dermodulation respectively. The probability of bit error for an
AWGN channel is also shown for each of the techniques. Note that an idea)
coherent PSK dual channel system is not achievable in practice because of
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PROBABILITY OF BIT ERROR

Figure 3.

Figure 4.
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Figure 8. Theoretical performance of differentially coherent binary PSK
demodulation in an AWGN channel and under slow Rayleigh fading
conditions.
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the = phase ambiquity. As can be seen from the fiqures, the mean proba-
bility of bit error for a given bit energy-to-noise density ratio is
higher for a two-way link than it is for a one-way link because of the
increased probability of occurrence of deep fades in the two-way geom-

to-noise density ratio is lower for a dual channel link than it is for a

deep fades in the_dual cnannel link. At a bit error probability of 10‘3,
the two-way link requires between 8.5 dB and 9.5 dB more bit energy-to-

etry. However, the mean probability of bit error for a given bit energy- -

single channel link because of the decreased probability of occurrence of i

noise density than does the one-way link for all demodulation techniques

11 dB less bit energy-to-noise density than does the single channel link
to achieve a 10-3 bit error probability. '
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considered. Conversely, the dual channel link requires between 9.5 dB and f




SECTION 4
LEVEL CROSSING PROBLEM

The main point of this study is a statistical characterization
of the zero crossings of a random process z'(t) defined as

z'(t) = 2(t) - 2 (4-1)
where & is an arbitrary amplitude level, This problem was first treated
in detail by Rice® for the case that 2(t) is a normally dictributed random
variable. The purpose of this section is to extend the results 6f Rice to
the cases where z(t) is the amplitude of q(t) defined in Equation 2-9.
For one-way, monostatic, or bistatic cases, an interesting statistic of
the zero crossing problem that can be calculated in closed form is the
mean number <N(%,T)> of crossings of the level £ in the time interval T.
From the mean number of level crossings, the mean duration and sepafation
of fades and f'ares can also be calculated in closed form,

It can be shown that®
- t.+T * L] L] »
<N(2,T)> = [ dt [ dz |z| f(2,z;5t) (4-2)

tl -t

where f(z,i;t) is the joint probability density function of z and its time
derivative 2z at time t. For the stationary processes considerad here,
f(z,2:t) is independent of t and

CCN(L,T)> = T |2)f(R,2)0z . (4-3)
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4.1 ONE-WAY PROPAGATION

The first step in evaluating Equation 4-3 is to calculate the joint proba-
bility density function of the components of the one-way received voltage

and their time derivatives. The joint probability density function of the
in-phase and the quadrature phase components of the received one-way volt-
age, denbted by x and y respectively, is given by Equation 2-2. Rire has

shown that if x and y are normally distributed and stationary with zero

means, then x and } are normally distributed and stationary with zero

means and variances given by

o =0

: = - o?b(0) = ZozAz/tf . (4-4)

<N

where p(t) is the second time derivative of the autocorrelation function
of the one way voltage. In addition, x and } are independent of both x
and y. For arbitrary power spectral densities, it is then required that
p(o) be finite, The implications of this requirement are discussed in
more detail in Appendix A. The scaling factor aZ g unity for a Gaussian
PSD and is calculated for a f-" PSD in the Appendix. Thus the joint
probability density function of x, i, y, and } is

exp{-[x2ey2+ 11(x2+y2)/2821/267)

f(x,x,y,y) = . (4-5)
XX, Yoy (huﬁz(ZE/f)

The joint probability density function of the amplitude r of the
one-way received voltage and of r can now be obtained from Equation 4-5 by
changing variables. Letting

x = r cos® (4-6)

y =r sin8

35




where 6 is the phase of the received voltage, the time derivatives of x
and y become

X = r cosd - fé sind
y = r sing + ré cosé (4-7)
so that
x2 + yz = p2
)‘(2 + }2 = ”,?. + r262 . l (4-8)
|
Equation 4-5 can bebthen be rewritteh ﬁn terms of r, ;, 8, and 8 as
£(x,X,y,y) dxd=dydy = f(r,r,0,8) 'det(-])'drd;'dedé (8-9).

where the determinant of the Jacobian J of the coordinate transformation

j r
s |

i
1

[ 3x/9r ax/ar dy/or a}/ar
ax/or ax/or  ay/or ay/or
det(\]) = det . i .
Ix/30 ax/38 dy/38 3y/a8
3‘6 L] L] L L ] L[] .
| ax/  ax/38 ay/98  3y/a8 (4-10)
[ cos8 -85in® sing 8cost
0 cosH 0 sin@
= det [ 3 . L] >
-rsiné -rsind-rfcoso rcosé rcos9-rosind
0 -rsin® 0 rcos9




The joint probability density function of r and rois given by inteqgrating
Equation 4-9 over 8 and 9:

2n o
f(r,ridrdr = [ d8 [ d8 f(r,r,6,8) drdr (4-11)
0 ==

re Pxp[-(r2+rf r2/242)/20% |drdr

(2m0%)2 (2A2/rj)

n
x [ do [ d8 exp(-zfrzéz/abzoz)
0 -
r exp(-r2/24%) exp(-12r2/4a242) .
= 5 dr o 1 dr
g v’deZoZ/TZI

It can be seen from Fquation 4-11 that the probability density function of
r is Rayleiah; the probability density function of r is Gaussian with zero
mean and ?Azoz/rl standard deviation; and because f(F,r) is separable into
a function of r times a function of ;, roand r are independent.

The mean numher of crossing in the time interval T for the
one-way case can now be easily evaluated from Equations 4-3 and 4-11.
Jsing Equation 2-12 to write o in terms of the mean received power, the

mean number of crossing becomes

N(LLTY> = A(T/1 ) ALT7<S> e L/<S> (4-12)

el
«

where L = 2= is the power of the level % and where 14 is equal to 1) in
this case. The effect of arbitrary power spectral densities is then to
scale the mean numher of level crossings in the one-way propaqation by the
quantity A. Noting that two crossings are required'for a fade (flare)
below {above) the level £, the expected number of fades (flares) per unit

time is <N(L,T)>/2T.
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4.2 MONOSTATIC PROPAGATION

For the monostatic case, the amplitude z of the received VOltage
is equal to r® so that x and y as functions of z and the phase o are

Zl /2 cosé

1/2

y=2z2 sing

x
"

| (4-13)

Using this transformation, the calculation of f(z,2z) is then identical to
the one-way case.

In this case, the time derivatives or x and y become

x =22 3 coses2 - 272 & sine
) . (4-14)
=22 2 sine/2 + 2/% § cose
so that
K4y = 2
(4-15)
X2+ = 722/87 + 782

Again the change of variables requires the evaluation. ¢f the determinant

of the Jacobian, defined in Equation 4-10 by replacing r with z, which
gives

/ / / / / /. ]
r £V coso/z -2V rcosara - 2 sz VP siner2 Y 2 simera o 27V § cosar2
0 7 coser2 0 £ ciner2
det(J) = det
277 g1 V7 3 siner2 - 22§ cose 1172 cose 277 % cosesz - 277 § sine
L o0 2177 gino ()} 272 cosn J
. 1/4
(4-16)
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. where r

The joint probability density function. of z and z can now be written as

Zn «
f(z,2)dzdz = (1/4) [ do [ de f(z,2,8,6)dzdz
0 = : :

(4-17)

2 %2 yox2 27 n =
exp|-(z+1< 2°/8a%2) /20 . . - s
. enl-(z+m) )/20° ] [ do.[ db exp(-12267/4n%0%)dzd2
o -

4(2562)2(2A2/T§)

]

(11/8A03/;;) exp[-(z + tfiz/aAzz)/Zcz]dzdi

Because Equation (4-17) is not separable into a function of z times a

function of 2z, z and z are statistically dependent.

The meain number of crossings for the monostatic case of the
level L per time interval T is easily evaluated from Equations 4-3 and
4-17 as

L)

N(L,T)> = 8a(T/1 ) [32L/42<S>) exp[ -/2L/<5>] (4-18)

is equal to 611//‘ for two-way propagation and ¢ is aga1n written
in terms of the mean power using Equation 2-12.
4.3 BISTATIC PROPAGATION

For the bistatic propagation case, the amplitude z of the
received voltage gq(t) from Equation 2-9 can be written as

z = st (4-19)
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where s and t are the amplitudes of the two independent bistatic path
voltages p, (t) and p,(t). The joint probability density function of s, s,
t, and t is then

£(S,8,T,0) = i(Z,9) Tii,0) (4-20)

where f(s,;) and f(t,%) are both given by Equation 4-11 assuming that each
path has the same PSD and decorrelation time. The more general problem
where the PSD and/or the decorrelation time of the two paths differ is
considered in Appendix B.

In this case it 1s convenient to use Equat1on 4- 19 to write
f(s,s,t,t) in terms Oof a new set of variables z, z, s, and s The‘
Jacobian of this transformation is

[ 3s/az as/az at/az at/az

g = | 3832 a.s/az at/oz a:c/az : (4-21)
3s/as 9s/3s at/as at/as
3s/as 3s/as at/a's at/as

where the old variables {s, s, t, and t) in terms of the new variables
(s, s, z, and z) are

$ =5
s=s
(4-22)
t = 2/s
t = 2/s - 28/s2
so that the determinant of the Jacobian becomes
det(J) = s=2 . ‘ (4-23)
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The joint probability density function of z and z is then obtained by
integrating f(s,s,z,z) over s and s as

f(z,2) = (rf/dezcs) [ ds [ ds 252
0 -0
(4-24)
x exp{-[s? + 22/s? + 2(S + P52+ 225 - 2225/5% ) /8% /20 }

The ; integral can be performed in closed form to give

| F(2,2) = (x,2/2/70%) ] ds (s*+22)-1/2
T o

x exp{-[s? + 22/s? + 227 (s*+22)"1 /2] /2% (4-25)

? The mean number of cr0551ngs of the level L requires an integral
of Equation 4-25 over z which can be obtained in closed form. Upon chang-
1ng variables in the remaining integral to u = s/g; using Equation 2-12 to
wrlto o in terms of the mean power; and noting that r, is equal to 6t1//2
ln tne bistatic geometry when the two paths have the same decorrelation
t?me; the mean number of crossings becomes

CCN(L,T) = 6A(T/r0)/bL/<s>n [ J1eaL/<sou exp| ~(1+4L/<S>u* Ju? /2] du
o
(4-26)
The remaining integral is easy to evaluate using numerical technigues
because the exponential term in the integrand is exp(-2L/<$>u?) for u << 1

and is exp(-u?/2) for u >> 1. MHencze the integrand goes exponentially to
zero at both limits of the integral.
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4.4 MEAN DURATION AND SEPARATION OF FADES AND FLARES

The mean numbers of level crossings per received decorrelation
time are plotted in Figure 9 versus the ratio L/<S> in dB for the one-way,
monostatic, and bistatic propagation cases and for a Gaussian PSD for
which & and A are both unity. These results show the higher frequency of
deep fades in the two-way monostatic or -bistatic propagation cases versus
the one-way propagation'case. They also show that for levels between +5
dB and about -12 dB relative to the mean power, the bistatic case has a
higher frequency of level crossings than does the monostatic case.
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Figure 9. Mean number of level crossings in one decorrelation time t,.
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The mean duration <tp> of fades or flares can be obtained
directly from the mean number of level crossings by noting that 10

(1/2) <N(L,To)> <to,fade>/‘o = F(L)

» (4-27)
(1/2) <N(L,10)> <tD,f1are>/To =1 - F({L)
where F(L).is the probability that the received power is less than or
equal to © (Equation 2-11) and (1/2) <N(L,ro)>/ro is the mean number of
fades or flares per unit time. In addition, the mean separation <tg>
fades or flares is

> = 2t /<N(L,T,)> (4-28)

s fade” = <ts,flare
or just twice the mean interval between level crossings.

The scalfng of the mean duration and separation of fades or
flares from the Gaussian values <tp>g and <tgdg is

s =1
<> = 55 <t
(4-29)
_1
o> = 2 <tode

where again & is unity for one-way propagation. Under Rayleigh fading
conditions, the PSD will be bounded by the Gaussian form in the strong
scatter, fast fading 1imit with 1/6A = 1 and by an f=3 PSD in the slow
fading limit. An f* spectrum lies between these two limits and is of
particular interest since it is frequently used for system specification
and testing.}! For an f-* PSD, the values of 1/8a that are calculated in
Appendix A are 0.66 for one-way propagation and 0.74 for two-way propaga-
tion when both of the one-way paths have the same decorrelation time.

The mean duration of fades below an arbitrary level L for a

Gaussian PSD is shown in Figure 10 and the mean duration of flares above
the level L for a Gaussian PSD is shown in Figure 11. The monostatic case
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has the longest mean duration of fades for any level L and the one-way
case has the shortest .nean duration bf fades. However, above levels of
about -3 dB relative to the mean power, the monostatic case also has the
longest mean duration of flares while the one-way case has the shortest
mean duration of flares. The situation is reversed at levels below -3
dB. That is, the one-way case has the longest mean time above levels
which are 3 dB or more below the mean power. The bistatic mean duration
of fades or flares lies between the other two cases except in the cross-
over region (-10 dB to -3 dB) of the mean auration of flares.

The mean separation of fades or flares for the Gaussian PSD is
shown in Figure 12. The monostatic case has shortest mean separation of

-
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Figure 12. Mean separation of fades or flares.
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fades or flares for levels 11 dB or more below the mean power and for
levels 8 dB or more above the mean power. For levels between -9 d2 and 2
dB relative to the mean power, the one-way case has the shortest mean
separation of fades or flares. Except where the curves cross over, the
bistatic mean separation of fades or flares 1ie$ between the other two

cases.

. Using these results, qualitative infcrmation can be obtained on
the difference between mean performance effects of a Rayleigh fading
environment on one-way versus two-way communication links or monostatic
versus bistatic space based radars. In the communication link case, a
comparisor of the one-way and bistatic propagation cases shows that the
mean duration of fades is longer for the two-way link; that the mean dura-
tion of flares above the mean power is longer for the two-way link; and
that for levels between -9 dB and 2 dB relative to the mean power, the
one-way link has shorter mean separations between fades or flares while
the one-way link has longer mean separations between fades or flares for
levels outside of the -9 dB to 2 dB range. By comparing the monostatic
and bistatic propagation bases it can be seen that the mean duration of
fades is longer for the monostatic radar; that the mean duration of flares
above the mean power is also longer for the monostatic radar; and that the
bistatic radar has shorter mean separations of fades or flares for levels
between -11 dB and 3 dB relative to the mean power while the monostatic
radar has longer mean separations of fades or flares outside of the -11 dB
to 3 d8 range.
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SECTION § - ; | L
VED VOLTAGES AND DATA GATHERING o

GENERATION OF THE RECEI

The probability density functions of the durations and separa-

tions of fades or flares are unobtainable by analytic methods for even the

simplest case of a one-way communication link. However, the desired

statistics are easily calculated using Monte-Carlo methods by aenerating ' .
either one or two random sequences of the one-way voltage p(t) with Gaus- . /

sian correlation and then using Equation 2-9 to generate the sequences of

the received voltage q(t). It is then an easy matter to find the statis- o

tics of the duration separation of fades or flares relative to a given
level that exist in the amplitudes 2(t). The sequences generated are

limited to be less than or equal to 8192 sarples because of the fast

Fourier transform routine that is utilized. Thus this process is reneated

multiple times in order to collect sufficient data.

The method of generating the sequences is described in detail ,

elsewherel? and is briefly reviewed here. The desired Gaussian autocor-

relation is equivalent to a Gaussian PSD S(f) where

S(F) = [ o(t) exp(-iznft)dt

(5-1)
=t Jn exp(-n?1%f2), .

l l ‘!',' ?"--.

The voltage samples are first generéted in frequency space using the : -

A

discrete equivalent Sy of the PSD S(f) and are then discrete Fourier s
AT
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transformed to the time domain. A total of N=2" (m is a positive
integer less than a equal to 13) voltage samples are generated covering a
total time of

T=Mnt . S (5-2)
If there are n samples per one-way decorrelation time, then
At = Tl/ﬂ e (5‘3)

Because the spectral samples of a stationary random process are independ-
ent, N complex voltages € j (j=0,1,..., N-1) are generated with Rayleigh
distributed amplitudes and unifrmly distributed phases. Thus

g5 = /-2a°en(uy j) exp(iznuy 5), ' = 0,1,...,N-1  (5-4)

where U oj and u j are independent, uniformly distributed random varia-
bles on the interval [0,1). The real and imaginary parts of gj are
independent, normally distributed random variables with zero means and

o? variances. The parameter ¢ is set by requiring that the average
received power be unity in all cases. The frequency samples gj are then
weighted symmetrically by the discrete voltage spectral density /53 where

Sj = af S[(j-N/2)af], J=0,1,...,N-1, (5-5)

and where the frequency sample spacing is

AF = 1/T = 1/NAL = /e, . (5-6)
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Hence, the fregquency voltages ij are given by FUns
X; = & (n/m /N2 exp[-n?n2(3-N/2)2/(2N%)] . (5-7) , )
9 ’
i=0,1,...,N1 .
The one-way received voltage Py is the discrete Fourier transform of X.: //
.:‘r' ':,.‘
AR
p, = ) x, exp(i2njk/N), k =0,1,...,N1. (5-8) AL
k =0 - J .
w7 ;
,I”
In order to show that the samples p, have the correct corre- o
lation properties, the autocorrelation of Py can be written as ;/77
. P
N-1 N1 R
<Py Py*> = 7T o« X *> exp[ i2n(jk-2m)/N] . (5-9) AN
i=0 m=0 Y \\'
, . ) ‘\v»
However, because the frequency samples xj are independent, g
‘ <g E >S o if ja2m
Xp*> = (5-10) \
ifj*m
where - B % :
<& s;j*>’=”2o2' . (5-11)
Therefore
<P Py*> = Z Sj expli27j(k-2)/n] = 202 p(k-t) (5-12)
where p(k-2) is the discrete autocorrelation function which is equal to ?
the discrete Fourier transform of Sj. o
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The first 100 decorrelation times of the received or combined
power for the one-way, monostatic, bistatic, and dual channel sumnation
algorithm, and dual channel maximum algorithm cases are plotted in Figures
13 é,b,c,d,e respectively for sequences generated with 10 amplitude
samples per one-wayv decor:-elation time. From the figures, it can be seen
that during the time plotted the one-way received power has one fade more ;-
than -25 dB below the mean power and none more than -30 dB below the mean .
power; the monostatic received power has ten fades more than -30 dB below \:“ -
the mean power; and the bistatic received power has two fades more than
~30 dB below the mean power. The dual channel combined power sequences
have no fades more than 20 dB below the mean power. The summation algo-
rithm sequence has seven fades which are more than 10 dB below the mean
power but none of those fades reaches 15 dB below the mean. The maximum . .*\
algorithm has eight fades which fall more than 10 dB below the mean power :
and two that exceed 15 dB below the mean power.
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Figure 13a. Example of the received power for the one-way case.

50




'sr\vTv"v—Y71v -vTrfvﬁTva71vrr-'vrﬁywvrv]vvvr,vvvv‘;‘
F
wE v
% q A 4
<ok i b
A n ]
24 [ H
O E
o F 4
S g 3
N ] ,
35 g ; /
~ 15 - e
S | H v ] /
o [ il ]
Q, : | E )
~ 2084 'k }1; 1 ; s
h, 4 ' -
i 1 .
-3 J ’ ; | ] ‘
| oo g ‘
JRY, SN WUWTY BTN PUTWE I R W PR 5% AP T (TS | SIS TN
10 20 30 %0 50 (%) 70 80 90 100 K
TIME /7, o
Figure 13b. Example of the received power for the monostatic case.
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Figure 13c. Exampfc of the received power for the bistatic case.
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Figure 13d. Example of the combined power for identically distributed
dual channels (summation algorithm).
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Figure 13e. Example of the combined power for identically distributed
dual channels (maximum algorithm).
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Tae phase of the one-way received voltage,

8(t) = tan-'{Im[p(t)]/Re[p(t)]} (5-13)
is §hown in Fiqure 14 where it can be observed that the moét rapid changes
in the phase occur when the received power is in a deep fade. .The auto-
correlation of the one-way voltage shown in Fiqure 13a is plotted in Fig-
ure 15 along with the Gaussian form. Althouah the autocorrelation of one
sequenée is a rardom variate and therefore has a distribution about its
mean, the average autocorrelation of twenty sequences, plotted in Fiqure
16, shows close agreement with the desired Gaussian form.
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Figure 14. Phase of the voltage for the one-way received power shown in
Figure 13a.
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AUTOCORRELATION

Figure 16.

Autocorrelation of one random sequence of the one-way received
voltage and the desired Gaussian form.
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The statistics of the duration and separation of fades or flares
is gathered by stepping through the random seguences and comparing the
received power with the desired level. Because -of the finite lenagth of
the vo]tage sequences, some boundary effects exist. For example, when a -
new sequence is generated the first fade (flare) b2iow (above) some level
L can be recorded only after encountering the first amplitude above
(below) L. Similarly, a fade or flare must end before the end of the
sequence to be included in the data. - Also, except when the sequence ends
during a fade or flare, the number of intervals between fades or flares in
a sequence Qill be one less than the number of occurrences of fades or
flares. Histograms are generated of the samples of duration anb separa-
tion from which median values are calculated. In addition, staiistics are
collected on the dmplitudes z(t) .and on the number of crossings;of the

level ‘L.

The total number of received voltage samples generatea, which is
equal to the number of voltages per sequence times the number of sequences
generated, is selected in order to achieve about 10* fades or f?ares. The
mean number of occurrences per sequence is <N(L,T,)>/2(N/n) where N/n is
the number of decorrelation times per sequence. The number of samples n
per decorrelation time has been selected so that the mean duration of a
fade or flare is roughly greater than 10 samples in order to coilect mean-
ingful duration data. Thus for very deep fades with correspondingly short
duratioﬁs; 20 or more samples per decorrelation time are required to
obtain good statistics on the fade duration. Consequently, the number of
decorrelation times per sequence is reduced and the required number of
sequences that must be generated is increased. Because of these consider-
ations, the minimum level relative to the mean power for fades has been
limited to -15 dB and the maximum level for flares has been limited to +5

ds.
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SECTION 6
SIMULATION RESULTS

- The results from the Monte Carlo simulation with a Gaussian PSD

" are presented in this section for the one-way, monostatic, and bistatic

cases, and for the dual channel communication link cases. First, the
moments of the amplitude z for each of the cases are compared with the
expected values given in Table 1 (Page 24) in order to verify that the
simulated received voltages have the desired amplitude statistics. Then
the correlation properties of the received voltages are verified by
comparing the mean number of level crossings and the mean duratfon and
mean separation of fades and flares with the results calculated in Section
4. VFinally, the mean, median, and standard deviation of the duratior and
interval between fades or flares are presented in tabular form. A compar-
ison is made with multiple phase screen calculation results in Appendix

~C Plots of the probability density function and the cumulative probabil-

ity distribution are shown for the one-way case in Appendix D.

"The first four moments df”tﬁE"EQEEitude 2 of the received volt-

age normalized to the expected values are snown in Table II for the .

various propagation cases given in Table I. The largest deviation of the

amplitude moments from the expected values occur in the monostatic and
bistatic cases while the one-way amplitude moments vary by at most 4.3
percent from the expected values.

The statistics of one-way, monostatic, and bistatic fades and
flares are summarized in Tables III, IV, and V respectively. The mean,
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median, and standard deviation, normalized to 1, of fade or flare dura-

. tion and separation are shown for various levels along with the mean-to-

standard deviation (u/o) ratios.

Table 1I. Moments of the received voltages from the Monte Carlo

simulation.
am/e| ). No. of Awplitude
Samples
Case ne=l ne=2 n=3 ], ned

One-Way 1.007 1.017 1.029 1.043 344064
Monostatic 1.010 1.028 1.049 Lo 524288
Bistatic : 0.995 0.989 0.935 0.983 524288

Dual Channel Communication
Susmat fon Algorithm 1.000 1.001 1.002 1.003 524288
Max imum Algor ithm L 0.997 0.995 0.993 0.992 524288

*2" denotes simulation results for 0 d8 fading.

E[ I"] denotes expected values given in Table 1.

Close agreesment is seen between the arnalytic results of Section
4 and the simulation results for the mean number of level crossings and
the mean duration and separation of fades and flares. The close agreement
of the analytic and simulation mear values confirms that the simulated
received voltage has both the proper amplitude statistics and correlation
properties because the mean number of level crossings depends depends on
both the first and second order statistics of the received voltage.

The mean-to-standard deviation ratios of the data range from 1.1
to 1.8 with most in the range from 1.2 to 1.5. As a point of comparison,
a Rayleigh distribution has

u/o = (8/7 - 1)-1/2 . 1,913 . (6-1)
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Thus the durations and separation have narrower distributions about their
means than does a Rayleigh distribution.

The statistics of dual channel fades are summarized in Table

VI. In this case, no analytic expressions are available for the mean
~quantities. When comparing the summation algorithm (denoted by SUM in the
table) with the maximum algorithm (denoted by MAX), the mean durations and
separations of fades are slightly larger for the summation algorithm at
all levels shown while the mean number of level crossings is slightly
smaller. In comparison with the single channel one-way communication link
data, the dual channel has on the average shorter fade durations which for
deep fades below -10 dB occur much farther apart. Fades -10 dB below the
mean power in the dual channel system occur only about 1/3 as often as
they occur in the single channel system and they are only 2/3 as long.

Table VI: Statistics of dual channel fades.

:’: L<S> NL,en)>] - Ouration of Fades . Separuloﬁ of Fades

x] (48) | o*" |Stmulation] wo? Mean® | Std. Dev.’ | Medtan® | u/o Not | Mean® | Std. Dev.* | Medtan* | u/s
X 0 10 0.662 12339 1.83 1.60 1.30 1.14 | 12311 3.01 1.78 2.50 1.69
X -3 20 0.674 10599 0.821 ) 0.683 0.60 1.2¢ ] 10546 2.96 1.94 2.45 1.53
X -5 30 0.508 9843 0.556 0.437 0.433 1.27 9712 3.90 2.98 3.03 1.31

X} <10 -}-30—}—0.143 10230 0.271 0.196 0.20 1.38 9716 13.3 12.5 9.43 1.06
0 10 0.613 16581 1.88 1.57 1.3 1.20 | 16559 3.15 1.81 2.60 1.74

-3 20 0.622 10436 0.85%9 0.653 0.65 1.32 | 10376 3.20 1.99 2.65 1.61

-5 k] 0.462 9707 0.590 | o0.421 0..467 1.40 9573 4.28 3.35 3.2 1.28

-10 0 0.129 12896 0.286 0.194 0.233 1.47 | 12175 14.6 13.9 10.3 1.05

*Normalized to 1o
‘Number of samples of the duratfon or separation
**Number of voltage samples per vq
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SECTION 7 L
RESULTS ANy CONCLUSIONS _ : Vi

The major results of this study are: o

+ 'Binary erfor rates under slow Rayleigh fading conditions for N
various frgquenéy—shift keying and phase-shift keying demodu- ‘1\\'
lation techniqués have been calculated for two-way and dual ijhd
channe! communféation links. /s

« Analytic expresQions have been derived for the meaﬁ number of S
level crossings ‘and the mean duration and separation of fades - ;P
and flares for ohe-way, monostatic, and bistatic propagation
with Rayleigh amblitude statistics and arbitrary power spec-
tral densities. % '

5

« The probability ?ensity functions and cumulative distribu- .
tions of the duration and separation of fades and flares for R
one-way propagation, Rayleigh amplitude statistics, and a
Gaussian power spectral density are compiled in Appendix D.

The key conclusions of this study are: , o

+ Under slow Rayleign fading conditions, a bistatic communica-
tion link through a satellite transponder requires about 9 dB
more bit energy-to-noise density than does a one-way link to
achieve a bit error rate of 10-3 while a dual channel commun-

ication link requires about 10 dB less bit energy-to-noise ‘
density to achieve a 10-3 bit error rate. }
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~long and occur about one third as often as fades 10 dB below

Relative to monostatic space based radar systems, bistatic
radars have shorter mean fade durations and longer mean
separations of deep fades more than 10 dB below the mean

power.

Fades in dual channel communication links which are more than
10 dB below the mean power are, on the average, two-thirds as .

the mean power in single channel links. ;\ \
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: APPENDIX A
SCALINKG FACTORS FOR f-¥ POWER SPECTRAL DENSITIES

It was shown in Section 4 that the mean number of level cross-
ings and the mean duration and separation of fades or flares for an
arbitrary power spectral density (PSD) can be obtained from the mean
values for a Gaussian PSD by simple scaling factors. It is the purpose of
this Appendix to calculate the scaling factors tor general f-* powér '
spectral densities and to sketch the formalism for calculating the scaling

factors for arbitrary power spectral densities.

In order to make these calculations as simple as possible, it is
assumed in bistatic geometries that the two one-way paths have identical
first and second order statistics. It is an easy matter to generalize
_ these results to a bistatic geometry with different second order statist-

ics on each path (i.e., to geometries where the PSD and/or the decorrela-

tion time of the two paths differ).

Al  GENERAL RESULTS

Before calculating the scaling factors, some general results
need to be established. The autocorrelation function of the complex volt-
~aye p(1) is related to the PSD S(f) by the Fourier transform pair

(1) = | s(fle'?*frg (A-1)
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S(F) = | o(t)e

-izﬂdeT . . | (A-Z)

For a Gaussian autocorrelation function
o(1) = exp[-(1/71)?] o (A3)
it is well know that the PSD is also Gaussian (c.f. Equation 5-1).

The scale factor A&, defined in Equation 4-4, is proportional to
the second time derivative of p(t) evaluated at zero time delay.
Differentiating Equation A-1 twice qgives

o(o) = -4n2 [ £2S(f)df - (A-a)

2
which for a Gaussian PSD reduces to -2/t;. The scale factor & for an

arbitrary PSD is then
2-5
a2 = 2n21,°[ £25(f)df . (A-5)
' Coﬁvérqehééﬁbf the integral in Equation A-5 requires that S{f) approach
zero faster than f-3 for large f.
The other scale factor &, defined in Equation 2-26, relates the

two-way decorrelation time to the one-way decorrelation time. It was
shown in general in Section ? that for two-way geometries

= 2 -
ptwo-way(r) e one-way(r) . (A-6)
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The one-way decorrelation time v, is defined by

pone_way(ti) = 1/e .. | (A-7)

The decorrelation time of the received voltage in a two-way propagation
geometry, 1o, is then calculated from the equation

Pone-way(T0) * /e . (A-8)

Again for a Gaussian PSD, ¢, is just r; //Z so that in general
8 = /_?r-o/rl (A-9)
A2 4 (u > 3) POWER SPECTRAL DENSITIES

A simple form for the PSD with an f£-4 frequency dependence

is

é(f) - S0 (A-10)
(f2.+ foz)u/z

where the coefficient Sy is given by the normalization condition
p(o) = [ S(f)df =1 (A-11)

which reduces to

. fo¥r/e) (A-12)

S
0 r(1/2) r{(u-1)/2]
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Note that Equation A-10 is valid only for y > 3 because of the requirement
that p (o) be finite. A second more general form with an inner scale which
is valid for y < 3 is considered later in this appendix. The autocorrela-
“tion function corresponding to the PSD of Equation A-10 is

(2nf°z)(““)/2 Kiuer)yz (2nfo1)
p(r) = ; (A-13)
2(“‘3) 2 I‘[ (u-l)/?)]

where K, is the vth order K Bessel function. The one-way and two-way
decorrelation times can now be calculated by solving the transcendental
equations

(11,2 k

(wayrz X
=2 (A-14)
20372 gy ® -
(u=1)/2 '
y K )2 ¥ o s
2W=3)72 rp(u-1)72) Ve
for x and y where
X = 2x forl (A-IG)
y-= anoto . (A-17)
The scale factor § is simply
§ = /2y/x ' (A-18)
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which is only a function of u. The scale factor & is given by evaluating
Equations A-5 and using Equation A-16 to write f, in terms of x and 1.

This results in

A2 = I'I (u-3)/2 x? | . (A-19)
41[(n-1)/2] '

which is again only a function of y and is therefore ihdependent of the
decorrelation time and of the level of the fades or flares.

The scale factor 6 is plotted in Figure A-1 for 3 < u < 10 where
it can be seen that 5 approaches unity as u increases. Recall that § and

A are both unity for a Gaussian PSD. The scaling for the mean duration

and separation of fades or flares, 1/6a (c.f., Equation 4-29), is shown in
Figure A-2 for one-way (§ = 1) and two-way propagation. For y = 4, the
scale factors are as follows:

o
"

0.8946

0.6589 one-wa '
1/6a = Y (A-20)

0.7365 two-way

Note that 1/8A changos rapidly between f=* and f-3 where 1/6a is zero.

A3 t-¥ POWER SPECTRAI. DENSITIES WITH AN INNER SCALE

The PSD Ef Equation A-10 can be used for y > 3 only. A more

general form has been given by Shkarofsky!'3 as

' 1
(20t M2 (2 /f M2 k) [ont /52 + £2]
S(f) = (A-21)

(2t t) [ont fi2 s 2]/

which depends on both an outer scéle fo and an inner scale t;{ This
PSD, which is shown schematically in Figure A-3, is valid for any uy. For

(u-1)p2

e g
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log[s(1)]

o

log(f)

Figure A-3. Schematic diagram of the power spectral density with an inner
and an outer scale.

frequencies in the range fo <K f « tal, S(f) has an approximate £-¥
frequency dependence. Once u has been fixed, the outer scale f, is
determined by the decorrelation time. The other scale is left as a param-
eter. Because an f~3 PSD provides a slow scattering 1imit to Rayleigh

fading environments, the subsequent discussion will consider only y = 3.
Setting uw = 3 in Equation A-21, the corresponding autocorrelation function

is
82+ (2nf 1) K [V82 + (20 1)?]
= A-2
elx) 8, (8 (A-22)
where
B = anoto . (A-23)
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In this case, the one-way and two-way decorrelation times are Eomputed by

solving the equations

./82 + K ['/524* 2] .1 ‘ (A;24)
8K, (8) e

/8 + ¥ K (/82 + #] 1 (A-25)
gK, (8) Ve

for x and y where
x = 2nfgr, | (A-26)

= ZI'I'foTo

«<
[

and where x and y are now functions of the parameter 8. Once x and y have
been obtained, Equation A-18 is used to determine § as a function of 8.
The scale factor A is determined by evaluating Equation A-5 which yields

2 - Ko(B)XZ | -
A —EETCET (A-28)

The scale factor § and the scaling for the mean duration of fades and
flares (1/5a) are plotted in Figures A-4 and A-5 respectively with g in
the range 10-'% < g < 1. Note however, that as g approaches unity, the
range of frequencies for which the PSD has an f-3 frequency dependence
shrinks to zero. For 8 < 10~3, Figure A-5 shows that 1/sa is only weakly
dependent on 8, and for g < 10'2, Figure A-4 shows that § is independent

of 8.

A1l that remains to complete this discussion is to relate g to
physical quantities. To this end, Equation A-26 is used to related f,
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to the decorrelation distance and the solution of Equation A-24. The
inner scale tal can be estimated by noting that physically the PSD must go
rapidly zero for frequencies that exceed the radio transmission frequency
frp. The inner scale is then n/fpp where n is a parameter which is

the order of unity. The value of g is then determined by

e/X(s)=n/(r,f§F) ' - (A29)

where x(8) is the solution of Equation A-24 wnich is itself a function of
8. This equation is easily inverted by plotting g versus x(g)/g which is
equal to v, fpe/n. The results are shown on Figure A-6. Because x(8)

for g < 10-2 is independent of 8 and constant at a value of 1.658, 8 is
accurately given by '

B = 1.658n/(r,fo.), 8 <1072, (A-30)

WY AW e

' TP

w1

MU AT

8 10 12
log(7\fw/1)

Figure A-6. g as a function of 1, and the transmission frequency fpg.

14 20
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The parameter g is a function of the decorrelation time and hence the

scaling factors are also functions of 1,.

The scaling factors for sateilite systems with transmission

' frequencies in the range 250 MHz to Z) GHz are shown in Table VII for slow

fadina conditions. Typically, the one-way scaling factor 1/a is 0.18 and

the two-way scaling factor 1/6a is 0.21.

Table VII. Slow fading (f-3 PSD) scaling factors for satellite systems.
1/5a
fRF(GHz) 1, (sec) loag(B)* ) one-way two-way
0.25 20 -9.5 0.844 0.182 0.216
1.2 10 -9.9 0.844 0.178 0.211
7.5 3 -10.1 0.844 C.176 0.209
20.0 2 -10.4 0.844 0.174 0.206
*no=1
77
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"APPENDIX B .
LEVEL CROSSING PROBLEM FOR BISTATIC PROPAGATION WITH
INDEPENDENT SECOND ORDER STATISTICS

The mean number of level crossings is calculated in this Appen-
dix for bistatic propaaation where the second order statistics of the two
paths are independent. The amplitudes of the one-way voltages of the two
paths are assumed to be Rayleigh distributed and independent,

Let o;(1) and py( 1) denote the autocorrelation functions of the
two paths. Both the power spectral densities, or equivalently the func-
tional form of the autocorrelation functions, and the decorrelation times

are allowed to differ. The calculation of the mean number of level cross-

ings then follows the deviation of Section 4.

f The joint probability density function of the amplitude and the
time derivative of the amplitude for the ith one-way propagation path is

given by Equation 4-11 as

2,42 S2aA242
. r exp(-r</20°) exp(-t; jr</44%0
flr,r) = P . . 1 io”) (B-1)
o —_———
! v’dﬂA%oz/‘l’l’i
(i =1or 2)

where 8; is defined in Equation 4-4 and Tl,i is the one-way decorrela-
tion time of the ith path., The joint probability density function of




1
\ '
\ \.-
A
the amplitudes s and t of the two independent paths and of the time sz
derivatives of s and t can be written as : 2<§
. 3 \
2,42y/902 2 e, 2 2 *, 2 Loy
- +
. . ste (s%+t%)/20 exp[-(t; 152/61*71 th/Az)/4°2] ) AT i
fls,s,t,t) = - . 2 > 2 -l
o (4n81850%/ 7y 171 2) - , i
(8-2) il
Using the same change of variables that was used in Section 4, the joint -~

probability density function of the received amplitude z and the time

derivative z becomes

f(z,2) = (T1‘111‘2/4"AIA206) [ ds | ds 2s-?
0

(8-3)

. 2 L] 2 2 L] L »e 2
x exp{-[sz+22/sz+t1'152/2A1+11‘z(zzs'2+zzszs‘“-2215s*3)/2A2]/202} .

Only the s integral can be performed in ¢losed form which reduces Equation | i
- B-3 to

f'(z'z) = (Tl’IZ/IZJ;Alos) [ dS (~CS““ZZ)-1/2
0

2 . 2 ‘ .
x exp{-[s2+225'2+11‘2c$2(cs“+22)'1zz/2A1]/202} (8-4) L
where 7
;;;'¥
2 2 2 2 : e
g o= Ty aba/(Ty 28y) . (B-5) =l
I 4
i
LA
N
V.
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The mean number of .level crossings is obtained by substituting Equation

B-4 into Equation 4-3 and performing the integral over 7. After changing

the variables in the remaining integral to u = s/o, using Equation 2-12 to
write ¢* in terms of the'mean received power <S>, and using Equation 2-26
to write 1,1 in terms of the decorrelation time of the received signal,
. the mean number of crossing of the power level L becomes

: , 1/2
N(L,T)> = 6oy (T/7,) [ 16L/n<s> ]

R
| (B-6)

1
|

x [ JoHaL/<SOU" exp{-[1+44L/<S>u* Ju? /2) du.
0 . !

i
i
i
|
i

|

This expression reduces to Equation 4-26 when T, tiT, and 8, = 4,.
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APPENDIX C
MPS RESULTS

The first four momerts of the amplitudes of the five MPS reali-
zations that have been analyzed for this report are presented in Table
VIIT. Each realization consists of 16334 amplitude samples and the corre-
sponding phases. The data have been normalized so that the average power
is unity. Hence <z2> is identically onc in each case. The other moments
show close aareement with Rayleigh values.

Table VIII: Amplitude statistics of the MPS data.

<™/ M)t
Reatization n=1 n=: 2 n=3 n=4
8091 1.001 1.000 1.001 1.005
8094 0.993 1.000 1.021 1.058
8143 0.998 1.000 1.001 1.000
8642 1.000 1.000 0.999 0.995
9069 0.994 1.000 1.013 1.034

*<z"> denotes the average from 16384 MPS samples

E[ z"] denotes the Rayleigh value
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The realizations differ in the number of samples, n, per decor-
relation time which varies from 72.8 for MPS 8091 to 3.35 for MPS 8143.
In the latter case, the statistics of deep fade durations will be unreli-
able because almost all of the deep fades will last for just one sample.
With this in mind, the means, medians, standard deviations, and mean-to-
standard deviation ratios are presented in Tables IX through XIII for the

five MPS realizations.

Table IX: Stutistics of fades for the MPS 8091 realization.
Durat ton of Fades " ceparation of Fades
1/ S . A . 4 e et e g e e g e s g e s -
(AP} n* | NUag) | Mot | Mean® | Std. Dev.* | Median® | /o Mot | Mean® | Std. Pev.® | Median® | u/o
o lwa| 100 my frze |1 0.7 | oo [tz |13l Thse ] 12 Ta
3 i?.A 1.02 137 .64 0.693 0 451 0.930 } 136 1.64 1.28 1.34 1.2
-5 72.8 1.07 1e0 0.496 0.406 0.358 1.27 117 1.a7 1.44 1.62 1.30
10 120 0716 Rl 0.248 0.251 0.1/8 0.993 82 ?2.71 2.22 2.7 1.22
18 ?.R 0.19% 44 n.151 0118 0.096 1.28 43 517 5.48 .63 J 1.944
L . - o RV SR S AU SR SRR
‘Normalized to T
*Nomber of samples of the duration or <eparation
**Number of yoltage samples per 1,
Table X: Statistics of fades for the MPS 8094 realization.
] [ T T -l;u::?ion nf Fade-s-‘m B Separation of Fades
L/<s> e e g e —— — i
{dR) ntt LehlL,rg)>] Mot | Mean® | Std, Dev.* | Median® | u/o No* | mean® | Sta. Dev.® | Median® | /o
______ PRSI SIS W, S
0 19.3 0.737 312 1.7% 1.63 1.24 1.n7 1 31} 2.7 1.92 2.28 1.41
-3 19.3 0 875 371 0.924 0.708 0.672 1.17 | 370 2.28 1.48 1.91 1.54
-5 19.3 0.862 365 0.655 0.539 0.466 1.21 364 2.32 1.64 1.91 1.41
-10 19.3 0.600 254 0.336 0.288 0.207 1.17 | 283 3.5 2.78 2.43 1.20
-15 J 19.3 0.3R3 162 0.1_754‘ 0.129 0.103 1. 2] 261 5.19 5.17 3.72 1.00
L = e e -
*Normalized to To
*Number of samples of the duration or separation
Humber of voltage samples per 1,
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Table XI: Statistics of fades for the MPS 8143 realization.

Duration of Fades

Separat ion of Fades

L/<S

{d8) n** Jh(L,rg)>] Wo* | Mean® | Std. Dev.* | Median® | u/o no* rﬂnn' Std. Dev." | median® | u/o
0 3.35 0.631 1543 199 | 1.2 1.19 1.16- | 1542 3.z 1.89 2.39 1.67
-3 3.35 0.725 1775 1.09 0.874 0.598 1.2 } 1774 2.76 1.54 2.09 1.79
-5 3.35 0.688 1686 0.802 0.607 0.299 1.32 | 1685 2.90 1.80 2.09 1.61
-10 3.3 0. 1051 0.460 0.290 0.299 1.58 | 1050 4.66 3.95 3.9 1.18
-15 3.35 0.184 452 0.355 0.146 0.299 2.4 451 10.7 10.3 7.15 1.04
*Norma) ized to 19
*Number of samples of the duration or separation
**xumber of voltage samples per 1,
Table XII: Statistics of fades for the MPS 8642 realization.
B T Du: st fon of Fades Separation of ;ades -
L/<s> | — —
(am) n** [<h(L,eg)>| No* | Mean Std, Dev.® | Median® | u/o No* | Mean® | Std. Dev.® | Median® | u/a
p—— - — .
. 3.48 0.56% 1328 2.24 1.93 1.44 1.16 | 13722 3.54 ¢.14 2.87 1.65
-3 d.48 0.650 1529 1.21 0.9°8 0.574 1.21 ] 1528 3.08 1.69 2.30 1.82
-5 3.48 0.615 1447 0.885 0.698 0.287 1.27 ] 1446 3.2% 2.02 2 58 1.61
-10 3.8 0.399 939 0.497 0.247 0.287 1.43 938 5.01 4.20 3.4 1.19
-15 3.48 0.172 404 0.3 0.209 0.287 1.78 403 11.6 12.0 7.18 0.967
*
Normalized to tqg
*Number of samples of the duration or separation
**numher of voltage samples per o
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Table XIII: Statistics of fades for the MPS 9069 reulization.

Duration of Fades Separation of Fades

t(/’;?’ n** {N(L,eg)>] No* | Mean® | Std. Dev.* T M_e;;an' wlo No* | Mean® | Std. Dev.® | Medizn® | u/o
o Tios osse {am 230 2.44 136 oo ez | 5e 2.60 277 11390 |
-3 s ) oses | s19 |12 1.08 0763 | 1.2 ] 518 | 3.00 1.93 2.48 | 1.56
5 |105] o616 | 481 |0.922| o0.8m 0572 | 115 | w0 | 326 | 2.8 RERZ N ERT
<10 |10.5) 0.442 | 3¢5 |o.as3| o0.350 0.206 | 1.28 | 384 | as2] a0 2.8 | 0.983
15 1105 0261 | 204 | 0.259 | 0.184 0.005 | 1.41)203 | 7.67] n.93 a.86 | 0.859

*Normalized to LY
*Number of samples of the duration or separation
*number of voltage samples per tgq

' ‘ The average and the standard deviation of the'MPS scaling.

| factors for the mean duration and separation of fades and flares have been
calculated from the ratio of the mean number of level crossings for the
MPS realizations to the mean number of level crossings for a Gaussian
power spectral density. The mean scaling factor is calculated as

5°%0) Mps (C-1)

5
N |
<1/a> = T zzl <N(Lz"o)>G/<N(L
where Ly, 2 = 1 through 5, are the five levels of the tabulated MPS
data. The mean duration and separation data are not included in the

average because these values are more sensitive to the number of -amplitude
samples per decorrelation time and are not independent of the mean number
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of level crossings. The results are shown in Table XIV. Realizations
8143, 8042, and 9069 all have average values of 1/a of about unity which
indicates that their power spectral densities are nearly Gaussian. The

' power spectral densities of the other two realizations can be estimated by

using <1/a> -and the one-way curve of Figure A-2 to find an effective
£ dependence. The power spectral density is then approximately
f-3.8 for MPS 8091 and is f .7 for MPS 8094. '

Table XIV: Average Scaling Factors (1/a).

Realization <1/8> Std. Dev. (1/4)

8091 0.617 0.054

8094 0.763 0.030

2143 1.077 0.240

8642 1.180 0.238

9069 1.048 0.015
87
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APPENDIX D

PROBABILITY DENSITY FUNCTIONS AND CUMULATIVE
PROBABILITY DISTRIBUTIONS FOR ONE-WAY SCINTILLATION

The probability density function histograms and cumulative
distributions of the duration and separation of fades or flares under
Rayleigh fading conditiuns with a Gaussian power épectral density are
presented here for oneway propagation. A1l levels are relative to the
mean power. In a few cases noted on the figures, the data have been
rebinned to give the probability density histograms a more continuous
appearance. Otherwise, each interval of the histogram corresponds to one
sample of the received voltage sequences. The mean (u), median (M), stan-
dard deviation (o), (all normalized to t,) and number. of samples are
indicated on the figures. For fades 15 dB below the mean power and flares
5 d3 above the mean power, the conflicting conditions of short durations,
which requires a large number of samples per decorrelation time, and long
intervals between events resulted in about 10 and 20 percent of the separ-
ation data respectively exceeding the separation histogram array size.

However, because the moments were calculated from the raw data and less =

than 20 percent of the data were effected, the mean, standard deviation,
and median values are uneffected by the improper array sizes.
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Figure D-23. Probability density function of the separation of flares above 0 dB.
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Figure D-27. Probability density function of the separation of flares above 3 ds.
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