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A conference summarizing ten years of work on the Singularity

Expansion i{fethod (SEM) and the Eigenmode Expansion Method (EI'l) wvas
held at the Carnahan House of the University of Kentucky in tlovember

1980, The proceedings of this conference, originally due for

7 Lo ote -t 220 rn . e o

publication in Fall 1981, did not appear until the Spring of 1982

in Volume 1, Number 4 in "Electromagnetics" (October-December

1981).

These proceedings contain two papers, one by C. L. Dolph and
one by A. G. Ramm which reviews work on this subject. Thest papers

are reproduced in Appendix I and 1II respectively of this report.

Subsequently C. L. Dolph submitted an expanded versicn cf
A. G. Ramm's pagrer to the Journal of Mathematical Analysis and Ap-
plications (Vol. 86, No. 2, April 1982]. This paper was enlitled
"Mathematical Foundations of the Singularity and Eigenmode Expansicn
Methods (SEM and EEM). In this author's opinion it represcnts the
best available mathematical treatment of the subjects it covers. It

is reproduced here as Appendix III.

Section 5 of this paper entitled Problems is still viable.
There have been claims that, under some circumstances, the complex
ronts of the Green's function.for the exterior Dirichlet cor the
Neumann Laplacian are simple. To this author's knowledge this is

still an open problem.
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A conference summarizing ten years of work on the Singularity

Expansion Method (SEM) and the Eigenmode Expansion Method (EEM) was

held at the Carnahan House of the University of Kentucky in November

1980. The proceedings of this conference, originally due for

publication in Fall 1981, did not appear until the Spring of 1982

in Volume 1, Number 4 in "Electromagnetics" (October-December ?

1981).

These proceedings contain two papers, one by C. L. Dolph and

one by A. G. Ramm which reviews work on this subject. These papers

are reproduced in Appendix I and II respectively of this report.

Subsequently C. L. Dolph submitted an expanded version of

A. G. Ramm's paprer to the Journal of Mathematical Analysis and Ap-

This paper was entitled

[Vol. 86, No. 2, April 1982].

plications

"Mathematical Foundations of the Singularity and Eigenmode Expansion

Methods (SEM and EEM). In this author's opinion it represents the

best available mathematical treatment of the subjects it covers. It

is reproduced here as Appendix III,.

Section 5 of this paper entitled Problems is still viable.

There have been claims that, under some circumstances, the complex

roots of the Green's function'for the exterior Dirichlet or the

To this author's knowledge this is

Neumann Laplacian are simple.
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Although Ramm and Dolph have repeatedly emphasized that the
Picard method is only valid for a restricted class of suffaces, all
the work that this author has seen on equivalent circuits is based
on the validity of the Picard method and conseguently must be con-

sidered of limited value.

Two other topics have been treated since the above conference.
The first of these appears in a paper "Converence of the T-matrix
Approach to Scattering Theory" , Journal of Mathematical Physics
Vol. 23 (6), June 1982, and its subsequent generalization in a
preprint by the same title, coauthored by G. Kristanson, A. G. Ramm,

and S. Strdm. This represents work done at the Institute of Theo-

‘retical Physics in Goteborg, Sweden, in the summer of 1982. 1In

contrast to the first paper on this subject, the second paper was

not done under the auspices of this grant.
These papers are reproduced as Appendices IV and V, respectively.

One large area still under investigation involves the use of
variational principles in these problems. It will perhaps be re-
called that M. S. Agranovitch carefully avoids these even though
he laid much of the foundations for the EEM and SEM in his appendix
"Spectral Properties of the Diffraction Problems" which is contained

in the book Generalized Methods of Normal Modes in Diffraction

Theory by N. Voytovich, B. Katsenelenbaum Snd A. Sivov, Moscow
(1977). More specifically he states "the formal Ritz method of
finding stationary values of the functions (see Chapter III) was not

analyzed" .




.

. This problem has been around for a long time. A. G. Ramm, in
"Variational Principles for Resonances, II" , Journal of Mathema-
tical Physics Vol. 23 (6), 1982, developed an interesting approach
similar to that used in his paper on the T-matrix. This paper is

reproduced as Appendix VI.

This author has been exploring min-max theory in the hope of

obtaining error bounds for scattering problems. Earlier papers

"A Saddle Point Characterization of the Schwinger
Stationary Points in Exterior Scattering Problems”,
J. Soc. Indust. Appl. Math. Vol 5, No. 3, September 1957.

"The Schwinger Variational Principles for One-Dimensional
Quantum Scattering” (with R. K. Ritt), Math. Zeitschrift
Band 65 (1956), 309-326.

If the orientation of the saddle could be determined a priori, it
appears possible to use relative cycle theory to obtain estimates.
A search of the literature has not been helpful in that, while
min-max theory is highly developed in the theory of games and in
control theory, fuzzy set theory, and critical point theory, no

error estimates appear to be known.

An earlier paper

"Symmetric Linear Transformations and Complex Quadratic
Forms" (with J. E. McLaughlin and I. Marx), Comm. Pure
Appl. Math. Vol. VII (1954), 621-632

o hioriin i s 2 R IR Y

e




still has not been generalized to the infinite case.

Two other earlier papers

"A Critique of Singularity Expansion and Eigenmode Expansion
Methods" (with V. Komkov and R. A. Scott), Proc. of Confe-
rence on Acoustics, Electromagnetic and Elastic Wave . Scattering:
Focus on T-Matrix Approach, Pergamon Press (1980), 453-462.

"On the Relationship Between the Slngularlty Expansion Method
the Mathematical Theory of Scattering"” (with S. K. Cho), IEEE
Trans. on Antennas and Propagation, V. AP-28, No. 6 (1980),
888-897.

are still pertinent to any evaluation of the SEM and EEM methods.
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APPENDIX I

ON SOME MATHEMATICAL ASPECTS OF SEM, EEM i
AND SCATTERING ‘

C. L. Dolph, The University of Michigan, Department of Mathematics, ' ; :
Ann Arbor, Ml 48109

L ABSTRACT

The relationship between the integral equations usually used in SEM and
the scattering matrix is examined. Alternmate integral equations which exhi-
bit only the poles of the S matrix are given. Examples are used for
illustration for a solvable case.

The analytic Fredholm theorem in Banach spaces is discussed and its
advantages for numerical calculations emphasized.

The relationship between EEM, SEM and the theory of nonselfadjoint
operators is briefly discussed.

INTRODUCTION : -

The ideas lying behind the Eigenmode Expansion Method (EEM) appear to
have been introduced for the first time by Kacenelenbaum in 1969 ({6.4).
The Singularity Expansion Method (SEM) was first introduced by Baum in
1971 {3.1] and shortly thereafter independently he introduced EEM [3.4]. The
best review paper of these USSR contributions is that due to Voitovic,
Kacenelenbaum and Sivov [6.11) and that of the USA's contributions (in this
author's opinion) is that of Baum [2.2). The most complete review of the
Russian work through 1976 is the Russian book {6.11} by the above three
Russian authors. This book also contains a mathematics appendix by
M.S. Agranovic.

A glance at the official bibliography makes it clear that extensive
work has been undertaken and completed since these beginnings, and more will
be discussed in these preceeding.

In view of the extensive publications the author thought it might be
most useful to provide a brief guide to some of the recent mathematical
developnents without excessive detail and without proofs.

Ps .

This work was partially supported by the Air Force Grant 800204

Electromagnetics 1:375-383, 1981
0272-6343/81/040375-0982.25
Copyright © 1981 by Hemisphere Publishing Corporation 375
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SEM

.

For the scalar wave equation an exterior Dirichlet problem would be
formally given by the first four of the following equations. The fifth
equation is th:z s>lution given in terms of generalized eigenfunctions which
are distorted plane waves playing the role of the plane waves used in the
Fourier integrals which occur when no obstacle is present. The functions
a(k) and =2{%! azo related to the initial conditions. This last formula
has been rigorously established by Shenk [6.92) in a manner similar to that
used by Ikebe [£.33] for the quantum mechanical case. Explicitly the genera-

lized eigenfuactions aze defined by (6), (7) and (8). As will be discussed
below several

difierent nmathods are available for the construction of v+

2 —
(1)
(2) U(x,0) = fl

Jdu
3 3¢ 0 = £,
%) =0 oa T
() Ulx,t) = —i— [ 6. (%) latk) Xt 4 gx) e 1K) a3
-— (2:)3/2 *
el

te) (+x%ys, =0
(N . =0 on T
(8) 6, = P2 54 v ix0

In contrast to the operator theory approach employing the continuous
spectrum $EM emzloys the Laplace transform which, after a suitable rotation
in the s-plana, can be defined by (9), (10), (11), and (12). Condition (10)
is one form of the railiation cond:tion which is need to guarantee uniqueness
of all k, Ink > 0 .

(9 Vix, k) & (° Uix,t) eikt at
<0
2
(10} AV + K Vv = -f
(11) V=0 on T :
(12) WV sxv = otx|™ |
3] x| ;

The function V(x,k) is sought in terms of the Green's funcgion as
given in eguation {l13). The Green's function in this equation is not the
well-known Green's function of free space but is detemmined by (14), (15), ‘ '4
(16), and its domains of analytis and merom vphicity are given by the next !
two statments (17) and (18). ¢ e Dolph, M~ od ard Thoe (6.25).

ORISR R B A RN S
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(13) Vix,k) = LG(x,y.k)f(y)dy
where G satisfies
(14) (A-*kz)G = -§(x-y) in @
{15) G=0 on T
(16 2E ke = oflx™hH
3] x|
(7 G(x,y.,k) analytic Imk > O
(18) G(x,y.k) meromorphic Imk < 0

Once V(y,k) has been found the solution of the original problem can
be given in terms of the inverse Laplace transform.

If a> 0.5, Imk > -b, b>0 and
c
1+]k|®

Then for 0 <y < b

(19 Iv] < . |Re X} » = .

~iyd= .
Ui, t) = o= vixk)e R ax
iy=—e
Pushing the contour down yields [6.69]
n -ik.t -l k |t
(20) Ulx,t) = § e I vix,k) +0(e "
31 ’

The function V and k's which occur in this asymptotic formula ~
are the complex eigenfunctions and eigenvalues:

2 .
21 LV, + kV. =0 in :
2h J 3]

(22) Vj =0 on T
Vj grows exponentially in x .,

Several comments are now in oxder:

(i) The estimate (19) is valid for the Dirichlet problem if the
body is {(a) star-shaped and (b) non-trapping in the sense of Lax and
Phillips (6.52).

(1i) The method is not very useful since it involves the construction
of the Green's function and then the'determination of its poles.

(iii)} It is an open problem to find conditions when the asymptotic series
(20) will actually converge.

Instead in SEM it is usual to employ the methods of potential theory.
For the exterior time-independent Dirichiet problem corresponding to the
time dependent problem we have been considering up until now, this involves
consideration of the following set of equations whichemploy the known Frce
space Green's function.

1
il
1
i

»: RO OIS




378 C.L.DOLPH

(A-O-kz)v =0
vV = -V, on
inc .
ikjx- ¥l
1l e
¢°(XIY) = 2= lzi_ }'_i

3—:_— dplx,y)a(y)ds

b4

Vi{x,k) =
(23) v(x,k) v

e—

(24) 1+ BUO = age) + 2 La—3—¢ (x,y)d(y)d _ =0
ny 0=~ Y

Using the fredholm alternative the poles are sought as non-trivial
solutions of the homogeneous integral eguation (24). Those which may occur
for real k correspond to eigenvalues of the associated interior Neumann
problemn. As such, as we shall see, they occur because of the double-layer
assumption and can be eliminated by other assumptions. As shown by Dolph
and Wilcox, sce Dolph [6.95] they do not contribute to the scattered field
nor &> they apgear in it for any separable case.

The homasensous integrael equation which occurs here can be treated
mathematicalily several different ways. Marin [3.9] employed Carleman's

Hilbert spac: thedry but the analytic Fredholm theorem attributed to

Steinberyg {£.94] is perhaps the most convenient since it is applicable in
b &

nors goneral Banacth szaces. Since matrix approximations are used in the

nun2rical calc:larcicn of the pales the choice of the Banach space of con-
tinvous functions is perhaps the most convenient. See Dolph and Cho (6.22]
for a fuller discussion. For a Hilbert space the prcof of the analytic
Fredholr theoron can be found in Reed and Simon [6.84]).

Analytic Frecdho?l neoren - Steinbarg [6.94)
Let O(3) = set of boundad operators on the Banach space and let. K be

an open connected subset ¢f tha complex plane. T(K) is analytic in K if for
each kg € K

- - n .
An(k ko) Tn € 0(B)

Qr-3g

Theorem. If T(k) is an analytic fanily of compact operators for k € X ,
then either 1 ~ T{x) is nowvhere invertible in  , or else [I—'I‘(k)]”1 is
neronnrphic in K .

If B is a separable Kilbert space, the residues are finite rank
operators. .

One way of elimina%ing the poles which are not intrinsic to the exterior
scattering preoler is to replace the Ansatz (23) of the double layer by the
conplex corbination of a double and single layer as used by Brakhage and
werner for the Dirishlet problem [6.11] and by Kussmaul [6.59] for the
Neunenn problen.  In the latter case additional difficulties need to be
overions becasst of the high order of the singularity. .

For the Dirichlet Problen the Ansatz

- A4 -
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3 .
v, (x,k) = L (E; - it 00(_)5.1)0(1)dya

leads to th2 homogeneous integral equation:

) .
(25) u(x) + L W_ it) 00(5,1)u(1)dy0 0
t({x) =1 for Rek >0

=0 for Rek < 0.

This equation has only trivial solution for Im k > 0 and hence the only non-
trivial solutions can occur for Im k < 0 and as Ramm (6.72] has shown these

occur at the poles of a Green's function and are in fact the intrinsic poles
of SEM.

The non-trivial solutions of this last equation for Im k < 0 also agree
with the poles of the S matrix. The S matrix is generally thought to con-
tain all intrinsic properties and in fact Lax and Phillips have given two
proofs cf the fact that the S matrix uniquely determines the obstacle for
the Dirichlet problem -- see Theorem (5.6) cr. [6.52), Chapter V.

Fcr the problem here it can be shown that the V_(x,h) of (8) and the

S matrix are related by the formulas: [In the last eguation the integral
operator is compact].

X=1rx8, £ =kw

Tikr
V_(rd,kw) = 7 [s_(8,k,w) + 0(1))
stan( ) = n(e) + 3% I l mw)s_(8,k,w) *dsw
T Yw)=1

The complex eigenvalues are poles of S(k) .

Derivations of these formulas can be found in Lax and Phillips {6.52],
in Schaidt {6.87] for the quantum case of the Schrodinger equation and for a
very general case in Shenk and Thoe [6.9]. A physical derivation of the last
formula is due to Saxon [6.86] is also contained in Dolph and Cho [6.22].
This last paper also contains an appendix in which a heuristic derivation of
the mathematical theory of scattering initiated by Jauch is given.

For the cylinder (24) becomes

f27
ika J 3 H(l)

4 afka) o

0 A
{(ka sin "—2) (a,u0+,°')d30 =0

u(a.oo) +

and has solutions given by .

in}
«z» 2(-—1)n-1Jn(ka)e 0
H(a'Q ) =

O e kam ay

The complex roots of the Hankel function are intrinsic, those of the deriva-

tive of the Bessel function well-known to be those of the associated interior
Neumarnn problem.

S
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380 ' C. L. DOLPH

The Braknege-Werner equation corresponding to (25) is

. 2 - sin €
ika 3 (1) (4 -
c(a,;Q) e L E?Eaﬁ_— it Ho ka 3 o(a,0°+oo) =0
with a solut:ios exniibiting only intrinsic poles; namely
- ind
, = ¢n° lJn(ka)e 0
°la.g) = T3 1 1 .

e ca) -
~ Hn (ka)[Jn(ka) iJn(ka)]

For this problen the ccmplex eigenfunctions are

o im® (1)
vi{r.5) = ¢ Hn (kor)

where
L2
(3 + xo)v = 0, V-0, r=a
and the scattering matrix is given, as shown by Shenk and Thoe [6.91] to be
2 im5
s{x) |} ae J= - TTTY—~——————— .
- - K (ka)
m
In o o t is necessary to resort to matrix approximation or to
have m2t : v calculzricns of the poles. 1In the case of the former,
Pano [6.7 ished the following:
Poles coirzid2 with kj for which I + B{k) of (24)
is not irnvertible. Let (fj} be an orthonormal basis
in B e L2(7) . Then if
L §
(9
g o= ) c_.f.
.
b, . == < [1+B £ ,£.>
i3 ( (k)] i'ts

It follows that

1
j£1 bijlkiey =0

{n) v
Let km s n=1,2,3..., be the roots of

det bij(k) =0

. . : PN § 1} .
Tren the linits Liwr x( ),c km exist and arc the poles of
nr .

the prlies of the Greens function G . Every pole of G can:

be obtain in this way.

For this suame time-independunt Dirichlet problem the Eigeamode Expansion
methud would iavolve the following:

-
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g+ k2 = 0

¢ =g on T
RAES
A(k)¢ =L —“;T;;l“wdy

Ansatz
A{k)¢ =g on T

A(k)¢n = ln(k)én on T

Picard method gives
. <g,0 >
n
0 =] —P s
1 n
when is this valid?

n

The Picard process is certainly valid for the cylinder and the sphere. In
fact as first noted by Kacenelenbaum, Sivov and Voitovic [6.11] for the cylin-
der they are explicitly given in the case of even & by

on(e) = cos nd

ira
Xn(k) = Hn(ka)Jn(ka)
H(1)

¢n(r, ) = N (ka)Jn(kz)cos n , r<a

Hgl)(kr) Jn(ka) cos nd , r>a

vhile Dolph {6.20] appears to have been the first to suggest the use ¢
non-self-adjoint operators in scattering problem Agranovic in [6.1}, (6.2},
[6.3] and Rarmmm {8.72]1, [6.73) appear to be the first to systematically apply
this idea. Ramm in particular considered the Hilbert space case. That is
Let

H=L,([)
<f,g> -[ f(_)g);?_;c__) d
r

Then <pf,g> = < f,:; > . This is real symmetry and A X A* i.e., A
is non-self adjoint.

uestion. When is the Ansatz correct? Sufficient condition: AA*-A*A =0...{1)
i.e.. A is normal . Then an orthogpnal basis can be found in H = Lz(r).
Here (1) requires
[ sink({|x-¢|-|t-y|}
ds, =
T 57&] lEfXI t

This last condition can be shown to be satisfied by the cylinder and sphere
but not for the ellipse or ellipsoid. 1In particular then any EEM theory results
which use the Picard process and are used to construct equivalent circuits are
suspect in generxal.
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deiore entering into what is known in the case when the operator A is
rzal ;*e relation between SEM and EEM when the Picard process is valid

2.2} -Baunm discussed the matrix case and showed that every zero of X (k)
e. MNore generally:

The R2laticn betwean SEM and EEM

Thaorem (famzi. The poles of G(x,y,k) are zeros of the eigenvalues

1 eiklx—yl
{26) Xn(x) =0 Go = —T;TT;T~
(27} Slx,y,X) = Go(x—y) - L Go(x,s,k)u(s.y.k)d’is
3G
where b= s;;
3 eiklx—yl
Bu = anx eyl LESALS]
3G
¢ + EBu =2 3;9

2 ¢rzrator is not normal the situation is much more complicated in

general. Onsz usually has to contend with root vectors as they occur in

th2 Jorian normal form. The simplest example of their occurrence is in the
na---x sc-a::o* oI ordinary differential equations with repeated roots. The
wien are the root vectors complete, when do they form a basis
1n zen2ral. There is one case when there is a simple theoren
12Tendss, nanmely if the operator is dissipative. An operator
Lo dissipative if

ators in mathematical physics are dissipative. For
e Green's function is:

‘e
" g
[
U]
‘Y

—— D
O i1

cin k| x- -
In<al,p> = ” 5-;—2{—,‘{»;1—& st yiyax ady

and ths dz=lta like brhavior of the kernel implies that
In<Ad, 1> & Il?(x)ldx>0.
A rigoircun preof of this can be found in Dolph (6.20). -

Famm {8.72) has established a ‘completeness theorem for such operators
which ate comzact @ad nuclear.
Beforo stating his result note that if S (A) are the eigenvalues
ol
of (A'A)I/“ a compact operator is called nuclear if Y s (A <=

1
If A= P+ N where P is positive and compact, and K is
> and nuclear. Then the foot vectors of A are complete.
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A simple pertinent example is given by
1 f eik,x"}',

= —F‘—_ﬂ-— o(y)doy

by taking By + L [ 2l0r

More informatian on root vectors and basic can be found in the
reference (6.34).

A

and N¢ = (A-P)9.

fFinally, space limitations do not permit detailed discussion of many
topics important to the further development of this subject. These include
the weak perturbation of compact operators see (6.42, (6.55), (6.75) as
well as variational principles (6.74) and papers in press by Ramm.




APPENDIX II

ON THE SINGULARITY AND EIGENMODE EXPANSION
METHODS (SEM AND EEM) ’

A. G. Ramm, Mathematics Department, Kansas State University,

Manhattan, KS 66506 ﬂ l"'
. 1
E;g(ZL 5:5’/‘ ‘f/1’
z 19

INTRODUCTION

This is a brief summary of the invited talk given by th=

author at the Lexingtor (November 1980) meeting. The purpose of

: this paper 1s to formulate the mathematical problems Important

. for the SEX ard EEM, to answer several basic questions and to
draw attention to certain unsolved problems. Some rew resulis
are also reported. The detailed presentation of the talk was
sent to the Mathematical Notes (ed. C. E. Baum) and subnitted for
pubiication in the J. Math. Anal. Appl. The bibliograprhy 1z not
complete: only the papers in which the results mentionad ir. this
article appeared were included in the bibliography.

1. STATEMEZLT OF THe EEM AND SEX

Let & be an exterlor domain with a smooth closed boundzry T,
D be the corrcsponding Interior donain,

explik{x-y
Gy = ——4§‘;£§Tlll, r=|x|, Ag = Ir Gols,s',k)gls')ds" and
¥,2,k)e(s)dx. The funztion u solves the problem

=
L
Sy
—
«
o
—~

(V2+k2)u = 0 in Q, u|r = f, r(3u/3r-iku) » 0 as r » =« (1)

provided that
Ag = °© (2)

If one uses th2 Laplace transform variabdle p, then p = -1k, and
the half plar> Rep > 0 corresponds to the half-plane Imk > 0.
Engineers (6.41] - [2.2) tried to sclve (2) by the formula

g = 23‘;1 ).3 cyfy, where, Afy = A;f, A0 > a0 > ..o and

f = z?=1cjfj' This can be done if A = A¥ is selTadjoint on

H Le(F). The operator A in (2) is nonselfadjoint. Thercfore:

1) it may have ro elgenvectors (e.g. Ag = Iggdx on H = L2[0,1]),

Supported by AFOSR 80020%.

’ Electromagnetics 1:385-393, 1981
0272-6343/81/040385 0952.25
! Copyright © 1981 by Hemisphere Publishing Corporation
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E? éit may have not only eigenvectors but also root vectors [6.69),
56 ¥
3) 1t is-an open question whether one can expand an arbitrary
funiction feH in the serles of eigenvectors and root vectors of A.
Of course ona is interssted in the rate of convergence of the
series in 2iz2r 2nd root vectors and in algorithms for calcula-~
uiO" of He botet vectors and eigenvalues of A. The outlined
*koa ( the following merits: 1) instead of problen
Lous spectrum in the unbounded domain we con-
<ith 2 discrete spa2ctrum on the compact mani-
suznance properties can be ccnveniently studied
:“:.a:ica‘ study of the EEil wes originated in

folo T, 2) th_ r
by the EEX. A nm
[6.72}, (6.73], [s.

0‘
\l vn o

In order to doscribe SEM considar the problem

U, = Vu in @, ul, = 0,-u|t=0 =0, ut|t~0 =f (3

The solutlion of this problem takes the form

u = (21—.)"1 !fo exp(-ikt)v(x,k)dk, v = IQG(x,y,k)r dy (%)

vhere G 1s the SGraen furetion for problem (1),

= 3G(s,y,k
6 = &y = fp Gplrsukiuds, u = 2(aE) (5)
3G aco
2 EEn T(k)y = QIrsﬁ" p ds’® (6)
Yo 235uns th feC (). From (5), (6) it foliows that G is -
fins: This means that G is meromorphic on
tne x and its Laurent coefficienvs are de-
$ene ¢ rank operators on H). If QC R3 then .
G iz 6. Thus v is mercrorphic in k and analy-
tio i3 assume that )
)73, a > 1/2, |[Re k| + », Imk = b (1)
wnere const;
[Im 2,} » = as § » =, |In k| < [Im k,| < ... (8)
vhere k1 aras <ne poles of v.
liote that (7)=(&). From (7), (8) it follov~ (by moving
the contour o7 integration in (4) down) that

ulx,t) = Z¥“1 2. (x,t)exp(- 1th) + o(exp(~]Im kNIt)), t + + e (9)
Hers ci(x,t} nxpf-lk,t) = Res v(x,¥k) cxﬁ(—ith) at k = kJ;

ci(x,:) = 0= i ), where My is the order of the pole kJ. Thus

o

- All -
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we see that (7), (8) and the meromorphic character of v are suf-
ficient Tor the SEM of the form (9) (asymptotic SEM). It is an
open guastion 1If the series

u{x,t) = f;=1 cJ(x,t) exp(—ith) (10)

convarges. She validity of the FEM was‘discussed in [6.69], [6.68].

2. COMPLEX POLES OF GREEN'S FUNCTIONS

We saw in Section 1 that complex poles kj are important. It

is interesting to answer the following questions: 1) how does

one calculate the poles? 2) are the poles simple? 3) do the
poles depend continuously on the scatterer? U) Can one identify
the scatterer from the knowledge of complex poles? 5) what can

be said about lccation of the poles and asymptotic behavior of

the large roles nearest to the real axis? 6) are there any mono-
tonicity cr oithar features in the behavior of the purely imaginary
poles? 7) What are the properties of the resonant states (naturail
modes corresponding to the complex poles)? 8) What is the rela-
tionship between the poles and the eigenvalues used in the EEM?

We give some answers to the above questions. Three diiferent
methods for cal:ulation of the complex poles were given in[6.71-2),
[6.68)and [6.74]. The {irst method is most general. It reduces the
problem to calcuiaticn of the values kJ at which a certa2in opera-

tor of th2 type I + T(k), where T(k) 1s a compact analytic opera-
tor functicn, is not invertible. These kj can be found by a

projection method. The method is described in[6.71-2] (sce also
[6.68]). Its conv-ergence 1s proved [6.71) Tne second method is a

variational principle for complex poles: kg are the stationary
values of the functlional

K(u) = <Vu, Vu>/<u,u>, where <u,v> = 1lim [ exp(-e}x|ln{x|)uvdx
e->+0 (10")

and the intzgral is taken over . In[6.74} a certain system of
test functions was suggested but the rigorous Jjustification of

the numeri:2! procedure given in[6.74] is an open problem. In [6.68])
a variational principle for the spectrum of compact nonselfadjoint
operators w3 glven. In [6.71] it was proved that the complex poles
of the CGreen's functions are the complex zeros of the eigenvalues
of certain integral operators. This gives the third nethod of
calculation of the poles: first,one calculates the eigenvalues,
then one looks for thelr zeros. No numerical results are known
for the third method. It would be interesting to make numerical
experiments and to compare all the three methods.

It 15 an open question whether the poles are simple. 1In [6.71}
it was proved that the poles are simple if the surface is of such
shape thit the operator A in (2) is normal, 1.e. AA¥ = A¥A, In
(6.73] it was proved that this is so 1if ' is a sphere or a straight
line (linear antenna). Recently the author gave a simple example
of a multiple pole in the problem with third boundary condition:
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if (v’+<®) t =0 inp = Ix] > 1, 3u/3r - 2u = cos 8 on |x] = 1,
r(s; --1ku) - r » w, then k = =21 is a pole of order 2 of

ul(x,x). ¥y multiple poles are exceptions because smnall
pertur-bati ne shape of the scatterer can destroy multiple
poles. r haznd, since the poles depend continuously on
T (scel[6 2ise definitions and proofs) it seens possible
that by c variation of T one can make a multiple pole
out of 2 s! les by rerging. ievertheless, no proof is known
hat the nction of the exterilor Dirichlet Laplacian has
nult ole pﬂl s Tor some T.

We have zlrealdy mentlioned that the poles depend continuously
on I. t is rot known whether the set of complex poles deter-
mines the scatterer uniquely. A discussion of this question 1is
in [6.76)and [ *]. Soms information on location of the poles is
avalladble: 1in [6.70] it was proved that the domain {Im k < O,
|In k! < alog|Re k| + b, a > 0} is free from the complex poles
of tha Green's function of the Sthrodinger operator with a com-

pactly sunpo"na potentiel; in [6.54} a similar result was proved
fo“ the pcles of the Creen's function of the exterior Dirichlet
Laplacian; in [6.5] some heuristic arguments are given to show

that the domzin {Im k < C, |Im k] < a]Re kl1/3 + b, a >0} is

free from the poles of the Green's function of the exterior
Dirichlet zand Nsumann Laplacians provided that T is strictly con-
vex and smooth £ T is not smooth (say,T is a polygon) then there

; 1

3

exists a serles cf poles kJ such that
JIn k.1 = €clicgir

e vn-_,n as § » = {6.6].

»oY 'ed that there exist infinitely many purely
o C“ en's functions of the exterior Dirichlet

-2 N(y) < 1im sup y’2 N(y) < cRg
- N addd -
where ¢ = 1,138370..... .» N(y) is the number of purely imaginary
poies with |Ix EJI < y, the obstacle is star-shaped (this means
that all poinits 2f T czan be seen from a point in D) and Rl’ Rz
are the ragii of spheres inscribed in and ecircumscribing D,
respactively. It 1is pointed out in [ *] that if D, =qD;, g > 1
r2) .
then ygl) = q;;“‘, whers —iyjl) (- 1y§2)) are the. poles of the
Green's function cf the exterior Dirichlet Laplacian in
3

Q (¢ 2), zJ = K \Di’ J =1, 2, where R3\D denotes the complenent

to D in R3, Therefore in this case N, (y) 2 N](yf and

y{l) > ,f?), whare yﬁj) are thé moduli of the purely imaginary
poles with ninimal moduli. In [6.53) Theorem 3.5 on p. 751 says
thzt N (y) <l ( ). Tnis statement contradicts: 1) the above

argum.::, rd ¢) the czs2 when D1 and DZ are concentric balls and
one ¢»n czloulive Ll(&) and N (y) for y >> 1 and verify that
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Nz(y) > Nl(y). The argument in[6.53] can be used if the assumption
0C Og is replaced by the assumption 0 D Os. We mention this

beca.ine in the literature one can find references and citations
of Thecrem 2.5 from [6.53) in its wrong form. Using arguments fronm
[6.53} and assunming that DJ' J=1, 2 are star-shaped and that

Dl C D2 C DB’ cne can see that Nl(y) < N2(y) < N3(y). Here we
used the corrected version of Theorem 3.5 from [6.53): if D1 C 02
and Dl is star-shaped, then Nl(y) < Nz(y). This theorem is actu-

ally proved in [6.53] so that the misstatement of Theorem 3.5 in
[6.53] is Just a misprint.

Concerning the behavior of the resonant states, that is the
solutions of rhe homogeneous problem (1) for k = a - iy, y > 0,
f(x) = 0), sztlsfying the asymptotic condition
u = lx!-l exp(ik}xl)l;=o Ix'-JfJ,f‘j = fj(n,y), ns=sx » le'l’ (11)
at infinity, one can prove the following proposition: if
u exp(-y|x|}/xi - 0 as |x] » « then u = 0. From this it follows
that the resonant states (scattering modes) corresponding to a
complex pole k = 2 - iy grow at infinity exactly as
o0(exp(y|x|)]x]™*. See also [6.43) Theorem 3. The relationship
between SEX and EEH is given in the followlng proposition ([6.71-2),
(6.68]): the s=¢ of the complex poles of the Green's function of
the exterior Dirichlet Laplacian coincide with the set of complex
zeros of the eigzenvalues An(k) of the operator A defined in (2).

It is not kncwn at this time whether the order of a pole can bpe
calculated from the multiplicity of zeros. One can construct
other operators with the eigenvalues vanishing at the comglex
poles [6.68].

3. "OARTHOGONALITY" OF THE EIGENMODES AND RESONANT STATES

By elgennoies (EM) we mean the eigenfunctions of the opera-
tor A cdefired in (2). This is a nonselfadjoint operator on
H = L2(r) with the property [Af,g] = [f,Ag), where [f,g] = (f,g) =
Irfs ds, (*,+*) is the inner product in Lz(r), the bar denotes
complex conju;ztion. Suppose that AfJ = XJfJ, [fJ,fJ] #0, J =
1, 2,... and the set (fJ} forms a basis of H. Then any feH can
be represented a: f = Z;=1 chJ and cJ = lf,fj]. This can be

proved exactly as in the case of orthogonal Fourier series if one
takes Into account that [fJ,fm] =0 for § # m. The last fornmula

follows from the identity 0 = [Afj,fm] -‘[fJ,Afm] = (XJ-Xm)

© =
[fJ,.m] ir AJ # Ay If AJ A, one can choose fJ, f, SO that
[fJ,fn] = 0 for J # m. Thus the coefficients in the Eiil can be

easlly calculated. If the root vectors are present the formulas

g 4 e T



390 A. G, RAMM
efficionts in root vectors can also be calculated ex-

y" of the resonant states corresponding to dif-
kl, kz holds in the following sense:

= 0, where <-,+> 1s defined in (10') (See [6.74]

4. NONSKODTR BCOUNDARIES

The usuzl proofl of tha meromorphic nature of the Green's
function of the exterior Laplacian requires smoothness of T.
Indeed, it 1is bas=d on the integral equation (6) and on the thsoren

about the meronorphic nzature of the operator (I+T(k))—1[6.80—3].1f
this theorem it 15 assum2d that T(k) is a compact operator func-
tion analytic In k. If the surface T has edges or conical points,
the opzrator T{x) in (&) is no longer compact. Nevertheless the
theory 1s still valid provided that there are no cusps on T.

This follows from the prososition (see [ * ] for details): 1if
T(«) = T + Q(x) is an operator function on a Hilbert space H,
whers Q(k) is zrzlvitic in k for ked, where A is a connected open
sat in the corpl=x plane, I‘less <1 and I + T(k) is invertible
T+T(k)) 1 is finite rneromorphic in A, (finite

t the Laurent coefficients are opergtors of
we mean inf [II-X[|, where K runs through

D e Y 1ed

=3
compact operators on H.

< 1 provided that thore arc

)
:1y. the above proposition and con-
ore G; ses (5)) is meronorphic and
senerate kernels.

5. EXAXFLES, CIMWERTS

1. A symmetric {with respcct to the form [f,g]) defined in section
3) ronselfadiuint cperator can have root vecto.o. Example:

£
(1_:), {z,v] = X1¥y * %95 (A- XI) has a pole of order 2
at ) = 0. The corresponding eigenvector is ( ) 2nd the root

1-1
vector s ( 1‘).

2. The fact that the algebraic problem to which an original inte-
gral eju2tisr w23 reduced (e.g. by a projection mathod) has eigen-
valuss dozs ot fuzrantee that the original equation hzs. (Sce
{6.68], [6.69] and’ * ] for d=tails and sufficient conditions under

wnlich the eigenvalues of the algedbraic problem ceonverge to th*
eigonvalues of the original problem.)

3. Tho operator (I4T(%))TY can have multiple poles and be din-
gonzlizable (1.2, T(k) has no root vectors).

A A T AL sk - .
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2 -2 :
Example: Tix)} = [71 T K 02 , (1eT(x))7Y = ¥ 0 -1}
4 0 k 0 (1+x2}

k =0 is 2 pr>le of order 2.

4. Th2re ezists ar operator with the root systen which forms a
basis of H but under a different choice of the root vectors the
root system o this operator does not form a bisis of H (sece [ * ]
for an example

5. The set of complex poles of the Green's function of the
Schrddirger opsrator does not define uniquely the potential if
there are bouni states [ * ].

6. I z is a complex pole of order m of (I+T(k))- , T(k,e) is
compact and analytic in k and € for {lk-z| < 2, lcl < b} and

T(k,0) =
branch poi

te ]

(k) then the poles z(e) of (I+T(k,c)) can have a
nt 2t £ = 0 and ord z(e) < m. DMoreover z{e) can be

. R r
; seux series, i.e. by a series in pow:rs of cll >

er (see [ * ] for details).

y of the complex poles is not equal to the
of eigenvalues, generally speaking.

in[6.72](see also[6.68)) trzt the set of complex

inci k the set ofconmlex zeros of the eigenvalues

in i 2l equations In the case we are concerred with

grper c¢an have in nind the eigenvalues of the equa-
ticrn L1+”(P)] u, = X, \k)uj, J =1, 2,.... It was an open question

rs of the zaros of Aj(k) are ejual to the multi-

pliciti=ss of the corresponding poles. We show by presenting an
exampls thzt :his is not so in general. Let us take as 1 + T(k)
a flﬁl e dimensional operator with the following matrix

, _ -1
AK) = (*(‘) 1 ). We have A;(k) = A(K), A"tk = (A (k) - (k))
0 (k) 0 )

If x{(z) = 9 ani m 1s the order of the zero, then z is the pole

of A'l(k) of rmultiplicity 2m. It is clear from this example that
the corder of zeros of the elgenvalues will coincide with the
nultirliczity of the corresponding poles iff A(k) is diagonalizable,
~hat is L(F) has no root vectors. This example 1is sufficiently
general becauss for a compact T the eigenvalues Aj # -1 have

finite algebralc multiplicites and the corresponding root spaces
redurs I + T{x), so that in the root spaces I + T(k) is a matrix
speraton

8. U=zl-zg the 1idcas glven in [6.68) the author proved convergence

of th: L ~mztriv approach in scattering theory, widely used in

oract’c




T

" 392 A. G. RAMM

9. A varlational principle for cowmplex poles

In section 3 it was mentioned that the complex poles of the
Green funciicn occur at the complex points k at which the homo-
gen=ous eguxtion (2) has a nontrivial solution. Let Hq denote

the Sztolev space wg(r), and |f] denote the norm in H_ . Consider
the variational principle F(f) = |af]2 = min, |f|y = 1. Ir ()

n
is a basis of H = H,, and f(n) = ] cJFJ, then the problem
J=1

n

F(r(n)) = min, |f(n)|0 = 1 yields: Zl ajm(k)cm =0, 1<Jz<n,
m:
0.

n
) chl2 > 0. Thus (%) det aJm(k) = Let kén) be the complex
=1

roots of (®). Then it can be proved that the set of the complex
limit points {ks) of the set {kén)} coincides with the set of the

complex poles of the Green function. This a new result. The
functional F(f) is real valued in contrast with the functional
K(u) ir (1C").

Problems

1) Is it tru> that the root systems of A(k), T(k) form a Riesz
besis ¢l HY It is proved that these systems form a Riesz
basis wiiih brackets (see [6.68) for a proof and definitions).
The auther thinks that the answer is no.

relation between the order of a complex pole and

2) 1Is there &
itiplicity of the zeros of ln(k)?

the muls

3) Can the scatterer be uniquely identified by the set of com-
plex poles of the corresponding Green's function?

4) Prove that there are infinitely many complex poles kJ with
Re ki # 0 (In diffraction problems and noncentral potential
scattering).

5) Are the complex poles of the Green's function of the exterilor
Diricnlet or Neumann Laplacian simple?

6) Make numerical experiments in the calculation of the complex
pcies.

7) Prove convergence of the numerical procedure'for calculation
of th: ccmplex poles suggested in [6.74].

8) Find a therretical approach optimal in some sense to approxi-
rmate a function f(t) by the functions of the form
m

N
= ) - " m-1
N J£1 mil exp( 1th)t Sy ngs My Ky

are t¢ be found so that fN will approximate f(t) in some

9

Here the numbers ¢
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cptimal way. Currently some methods (e.g. Prony method) are
usad 1. practice, but they are not optimal. This problex
i ssems tu be of general Interest (optimal harmonic analysis
in complex domain).

9) WYhen can SEM in the form of (10) be justified?

Conclusion

e hope that it was shown in this paper that:

1

3

1) EEY is just

ustified (in the generalized form of expansion in
root vextors)

2) SEil is justified in the asymptotic form (9).

3) lNumerical projection method for calculation of the complex

poles is Justified.
4) There arzs many interesting and difficult open problems in
i the field
5) Numerical results and experiments are desirable.
Reference

(*) Ramm, A.G., Mathematical foundations of the singularity
and eigenmode expansion methods,J. Math. Anal. Appl. (1981).
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Convergence ot tiie /-matriX approach to scattering tnecry */

A.G. Ramm

APPENDIX 1V

Mathematics Depcrtment, Kansas State University, Manhattan, Kansas 66506

(Received 22 July 1981; accepted for publication 13 November 1981)

The T-matrix numerical scheme is widely used in practice. Convergence of this scheme was not

proved. A proof of convergence is given in this paper.

PACS numbers: 03.80. +r, 11.20. — ¢,02.30.Jr

1. INTRODUCTION

At the internationa! syraposium on wave scattering’
most of the speakers pointed out that the T-matrix scheme
needed a justification, i1:s ceavergance was not proved. In
this paper a proof of ccnr 2rgsace is given. This proof also
clarifies another basic juistion, namely, convergence of the
variational mathed of finaing 3taticnary points of function.
als.®* Many physical proble:ns are {ocrmulated as the prob-
lems of finding stationary points and/or stationary values of
some functionals, and these points are not extremal. A neces-
sary and sufficient condition for a staticnary principle to be
extremal is given in Ref. 2, p. 90. The standard T-matrix
approach is described in Ref. 1, pp. 62. The principal differ-
ence between the standard and our agproachisas follows. In
the standard a2pproach the scatterzd f=id is represeated as
the seriss in the outgeing spherical waves and the coefii-
cients of the series are found from 2 iinear svstem. One as-
sumes that the series converges on 7 (thz Rayleigh hypoth-
esis) which is not true in general. In cur 2pproach one uses a
basis of L (/") and no diTiculties with convergence arise.

Let us dsscribe a madiSed T-matrix approach to the
problem

(=ViPekYu=f inf2, k>0 (1
ul, =0, rdu/dr—iku—3 asr=|xl—cew (2)
Here Nisan exterior domain with 2 sraooth closed boundary
I'and D = B>\ {2 is 2 boundsd domuin. From the Green
formula it follows that
ulx) = vix) = I gl x5 (s)ds, xen? (3)
r
0=1rix)— f gl xs)k (s\ds, xeD (4)
r

explik ix — y!) du
—_ d ; = R = . 5
vix} J;gf Yy, & pwr—— N (5)

N is the unit normal to " directed into 2. If h is found, then
u(x) can be found from (3). Let us rewrite Eq. {4) as

Ah=1ls), Ah= | gss"inds’, s=l (6)
r .

Let {¢;},/=1,2.... bea basis of H_,,y, where
H=H,=L*I), H, = W{{I') are the Sobolev spaces,"*

b= S s, (7
-

S Gntn =0, (8)

~mee |

“Supportsd by AFOSR §70203.
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where
a,.=(46,.4,), v =d) (fv)=(ft)y- 9

Let (¢;,,) be the inverse matrix & ", 1< j,m<n. Then¢,,

1< j<n, can be calculated if y;, 1< j<n, are given. From for-
mula {7) one calculates &, , 2nd from formula (3} with h = A,
one calculates the approximate solution u, to problem {1}~
(2). The problem is to prove that (i) for sufficiently large n the
matrix a,,, in (8) is invertible, (ii} ll&, — A {|—+0 as n— oo,
where [|-]] is the norm in H. Actually, convergence will be
provedin H,, whereg depends on fand on the smoothaess of
I'. Let us assume for simplicity that 'C C =. Then g depends
on the smoothness of fif meas(I" nsupp f} > 0 (supp fis the
support of /} and ¢ is arbitrary if dist{supp £,.I"}> 0.

The basic idea of the proof'is very simple and is given in
Sec. 2. In Sec. 3 some technical details are provided.

2. MAIN RESULT -

Theorem 1: System (8) is uniquely solvable for suffi-
ciently large n and ||A, — A ]| —0 as #1— o0 [without loss of
generality weassume thattheoperator + T (k )isinvertibie;
see the proof below, n.1 of Sec. 3].

Proof- The basic idea is to factorize A in (6) as
A=AJT+T(k)),where 4, =A(0), T(k)=Ag"

X[A (k) — A{0)]. TheoperatorA,, > Oisabijection of H, onto
H,, ,whileT{k}iscompactin H_ foranyg(see,e.g., Ref. 2,
p- 287). The system (8) can be written as
{Aul I+ T }h,.8;) = (v.8,), 1< j<n. Since 43> 0 the form
(Ao u, [} is a scalar product which we denote by
{u,f) = Ay u, f). Thisscalar product generates a norm
[u.u])"? = |4 §ul| which is equivalent to the norm in
H_ . This follows from the fact that A, is a pseudodifferen-
tial elliptic operator of order — 1 and therefore
ord A y/> = — . Thus (8) is of the form
I+ THh,d]=Ws)1<j<n Letw =d g 'v. Then
.8,) = [wg, Jand h, + P, Th, = P,w, where P, is the
orthoprojection in H_,,, on the linear span of {8,,.. .8, |-
Theoperator ] + T'(k), k>0, can be assumed invertible (this
will be shown in Sec. 3), and T'(k ) is compact on H, with
arbitrary ¢, — o <g < . Therefore [{{{ — P,)T{|,—0 as
n—+ o0, and the norm is the norm of operators on H, (this will
beexplainedinSec. 3). ThusI + P, T =1+ T— (I - P, \T
is invertible for sufficiently large n. This means that system

..{8) is uniquely solvable for sufficiently large n. Furthermore,

h=h, =U+T) 0=\ +P,TIPw

_= B =1~ P"TB)R, Y, (10
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where B=(/+T) ', P"=1—P,. Thus
I — k. llg <elll - Q.)7'Q. Powll,
<e e, P wll,. e ¢, =const>0, (1

where Q, = P78, [Q.]l,—0as n—w. If |,

= ||[4¢ "vll, <« then (11} shows that [jA, — k|[,—~0as
n—co and the rate of convergence is given by the rate of
decay of the magnituds [|P*™'T ||, as n— 0. In order that
Il4 5 ull, < « itis necessary and sufficient thatveH,, , ;.
Thisissoif fef, _ (12} becauseinthiscaseveH, (2 ) and
its trace v{ € | . 5. Our argument shows that if feL (N2
= H (12) the smc-.n:hn:ss ofr! - is even higher than we need.
This completes thz proof. Theory of the H, spaces and the
trace theorems can e found in Ref. 4.

3. ADDITIONAL DETAILS

(1) Let us show first that J + T(k ), k>0, is invertible.
Since T is compact, it is suFsiznt 1o show that the nullity of
this operator is trivial. If [/ + Tk )14 =O0then 4 (k)h

= Aoll + T{k)]h = 0. Therefore the function

u(x) = f, glx, s}kds solves t:2 homogeneous problcm (1
{2). It is well known that the sciution of (1)~{2) is unique.
Thus u(x)=0.n 2. Ifk*isnctan cigenvalue of the Dirichlet
Laplacianin D then u{x}==01ir D, and from the jump relation
for the normal derivative cf u onz derives that h = 0. If & 2is
the eigenvalue of the Dirichlet Laplzcianin D, then the argu-
mentis thesamebu! insisad of g't ¥, k)in{3)-{5)oneshould
use the Green fuacticn g, ix, v, &} cfthe exterior of a small
ball B, C D. Thisballissochosen that & *is not an eigenvalue
of the Dirichlet Laplacianin D, = D \B,. Obviously sucha
ball can be found {there are infinitely many such balls).

Remcrk 1: The idea of 2pplyinz g,(x. y, k) in order to
deal with the cass when & ? is 21 gigenvalue of the interior
problem was used in Ref. 3,

(2) Letusshow that | 2'"'7 | —Q2s n—eo. Since [&; ] is
abasis, one has il P1"f 0 2s n— x for any feH. Since Tis
compact it can bz written as 7 = Ty + dy, where
dy I} <€y, €5—028 N—=, and T is finite dimensional:
Ty f = Z_, ([ ¢, Ciearly it is sufficient to prove that
| P'"Ty flI<6, ,I, ', where 5,-+0 25 n—x. One has
"PMT.vf"< T IIPW-J\' el
UFUEL, 1181 1 P, 1<, 1 £l where §,~~0 as n—co
because || P"w, || —0 as n— =, 1< KN In this argument
Il + || can denote any rorm. What is essential is that P*"'—0
strongly. In particular cnz can use the norm of H_,,, pro-
vided that the system [, | forins a basis of H_,,,. Note that
H_,,;DH,sothatifthesystem [, | formsabasisof H_ .,
then evcr) element /e can be represented in the form
S= I, ¢;8;, where the seriss converges in K _ 5. It does
not convarge in /. generzlly speaking, but there exist bases
such that if fe & than the above series converges in H. For
example, such a basis is the basis consisting of the eigenfunc-
tions of the operator Ay fsee 2lso Lemma 1 below). If {6, ] isa
basisof /, then {458, }isabasisof H_, ,. This follows from
the fact that 4§ is a bijection of }{, onto H_, (A g isan
elliptic pseudodiTerential operator oforder — $).Since 1 f|,
K|/, for g <s, it is clear that if the series 27, ¢,4; con-

1124 J. Math. Phys., Vol. 23, No. 6. June 1982
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verges to fin H = Hyit convergesto fin H _ ;5. Itis conve.
nient to have asystem [&; ] which forms abasis in any ol H,
and if feH, the series f= 2, ¢;é; converges in H,. For
example, if S is the unit circle and H, =H|S") thcn the
system |explinx)/v/ 2| forms a basis of H, for any ¢. The
same property has the system [, } of the eigenfunctions of
the Laplace-Beltrami operator on I, but practically this sys.
tem is difficult to construct explicitly. Let us prove that fora
starlike domain D the system {Y,(£)], where £ = (6, ¢ )isa
pointonaunitsphereS *and ¥, are the normalized spherical
harmonics, forms a basis in each of H,. A domain is called
starlike if there exists a point O inside the domain such that
every point of the boundary of the domain can be seen from
this point. This means that the equation of the boundary is of
the form r = R (6, 8) = R [$), where the origin is at the
point 0. It is well known that

Vgt Y .
Y, = z =L ., J=01,2,.
QU a J;’ 4"_’ 2’! + l .’

where 7. = [§~§°|. The system 1Y,1.j=01.2,.., forms
an orthonormal basis of / = L *(S?) and in any (S ?) the
scalar product in H, (S ?) can be defined as {u, v),
=(Qq¢ u, Q¢ 'vlo- Hy=L?*S%. and(Y,,Y,),
=21+ 1J2m + 1)(Yy, Y,.) = 2n + 1J2m + 1)%,,,,,
where &, is the Kronecker delta.
Lemma 1: The system [ Y, (£ )} forms a Riesz basisof 4,
= H (I"), provided that D is starhk , F'CC*, and the ele-
ments of }{_ are considered as functions of feS?,
Proof: Cons:der the eigenfunctions of the equation

y (s')ds’
J’ ~ ‘S ) d = )-,. d’n(s)n ’:.l‘ = IS - S'I' SEI" (12)
r 4r, ’

Since D is starlike one can rewrite this equation as

. D, (£ "pulE VS’
0. [ rgr—rem o€ W

wheres = R (£ )is the equation of the surface I"in the spheri-
calcoordinates, £ = (6, ¢ ), P, (€)= ¥R (£ ). ds = polé &,
P3l&)>0, and d& = sin 6 d0 dé. The function
Pol€) = |R 5 X R 3], where X denotes the vector product and
r = R (8, ¢ )is the parametric equation of the surface I'. ‘The
system { @, ] of the eigenfunctions of the operator Q defined
in (13) forms an orthogonal basis of the weighted space
L3(S?, polé )).Since(**)0 < ¢; <polé ) < ¢ thenormalizedssys-
tem {@®; po” '?} forms an orthonormal basis of L *(S'?).
Therefore this system is an image of the system {7, ],
j=0,1,2,..., under a unitary transformation of L 2(S (U Y,
= pg @, or @, = py/*UY,. The operator pg*U is abuec-
tion of L ’(.S | onto itself. Let us introduce the operator J@,
=y¢,f=01.2,..., where ¥; 2re the normalized cigcnfunc-
tions of Eq. (12). The operator J defined on the basis elements
is isometric and can be extended to the isometric bijection
J-L S} —L*I') = H. Therefore y, = Jpg*UY,, j
=0,1,2,...,and Lemma 1 is proved for i = H,. For ¢ #0the
system Y, forms an orthogonal basis of H{S ?)and the space
H, =H ([' ) is metrically equivalent to H S ) because Iis
c- dxﬁ‘comorphlc to S 2, Thus the system ] Y, } forms a basis
of H,(I") for any q. If instead of C * diffeomorphism one
assumes that I"is C' diffeomorphic to S 2, then { ¥, } forms a

A. G. Ramm 1M2¢




basis of}l';. ¢<l.Lemma ! is proved.
(3) Let us consider another projection method of solving
Eq. (6) corresponding to the least squares method; namely

Uh, —v,48)=0, 1<j<n, (14)
or .
S e =4, 1<j<n, (15)
me}
where
b, =48, 4¢,). d =1, 43). (16)

Since (b, ) is a positive d.fine matrix (if ker 4 = |O] which
we assume for simplicity’, the system {15) is uniquely solv-
able for any n. This syst:m can be cbrained from the least
squares mathod as a necessary cordition of the minimum of
the functional

Il 4k, — oI’ = min, an
or

W+ Th, —w,=min, w=44"v. (18)
1125 J. Math. Phys., Vol. 23, No. 6, June 1982

Since 7 + Tis a bijection of H_, ontoitselfand 45 'is a
bijection of #, onto H, _, the solution of (18) tends to

(/+T) 'wasn—w inH_,ifveH, andin H,_, ifveH,. .
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Abstract

Convergence of the T-matrix scheme is proved under more general
assumptions than in A.G. Ramm, J. Math. Phys. 23, 1123-1125 (1982),
and for mcrz generz2l boundary conditions. Stability of the nume-
rical scheme towards small perturbations of data and convergence
of the expansion coefficients are established. Dependence of the

rate of convergence on the choice of basis functions is dis-

cussed.

Dependence of the quality of expansions in various spherical

waves on the shape of the obstacle is discussed.

PACS 03.80.+r, 11.20.~e. 02.30.Jr.
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1. Introduction

1. Let D be a bounded obstacle with the boundary I'. Consider

the following problem:

@ Klu=t x>0 . inQ, ()

]
‘*lff» (2) 3
r(%}‘&'-lku)'—*ﬁ , T >0, (3) h"

where @ is the exterior domain, and f is given. Later we discuss

other boundary conditions than (2), but the basic arguments and

conclusions will be similar to those for problem (1)-(3).

The corresgonding scattering problem is as fgliow;: find the - .|
solution to Eq..(i) sati;fying boundary condition (2) with £=0
and of the form u=u0+v, where v satisfies the radiation condition
{3) and u, is the incident field. It is clear that this problem
reduces to problem (1)-(3) for v with f=-uo on I'. Therefore, we
discuss in what follows problem (1)-(3). There is an extensive
literature aboui this problem. The existence and uniqueness of
the solution to this problem for Liapunov boundaries are estab-
lished long ago and are available in textbodks now [1]. The case

by
.

of nonsmocth koundaries was also treated [2]. Numerical methods
for solving problem (1)-(3) are known (finite differences, see
e.g. [3], nunerical solution of the boundary integral equations

of the second and first kind [4]).

Our concern is with the T-matrix scheme [5]. This numerical




scheme was widely used during the last decade in the problems
of acoustic, electromagnetic, and elastic wave scattering by
one and many bodies, for scattering from periodic structures

etc. [5-10].

Neverthaless the basic questions concerning convergence of the

scheme, stakilitv of the numerical scheme towards small perturba-
tions of the datza remained open. In [11] these questions were : 1

discussed for the first time. Here the results from [11] are

strengthened and extended.

2. Let us describe the T-matrix scheme in a general formula- &
tion. Let {wn} be a system of outgoing (not necessarily spherical)

waves, i.e.

(¢ K1ba=0 a2, (4) ”
(38 -ikd,) — 0, r . T

From the Greern's formula it follows that

_‘[%i%asﬁqu%‘%as,vn, (6)

where u is the solution to (1)-(3) and N is the exterior unit nor-
mal on T (pointing out, into ). Using boundary condition (2)

one writes (6) as

f e————

[d hds=A{, | ¥n, | (7)
r

where

‘ (8) . ’ .
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The T-matrix scheme consists of the following. Let {¢j} be a
linearly independent and complete system of functions in

3 Hg=L?(T). Tet

-0 |
m
(my),
h.o=2.¢ o&. (10)
mo§m J 43 ! ' ,
where c;m), 1<j<m, a2re constant coefficients, which should be
defined from the linesar algebraic system
5 2,0 ™ 1en<m (1)
: . : %n%
j" " fn ) )

——

8n3= {‘“Pnﬁ"j<35= ("l{j,“’n). (12)

One obtains this system if (10) is substituted in (7) and only

3. Justificatlon of the T-matrix scheme requires positive

e

answers to the following questions:
Q1. Is (11) solvable for sufficiently large m?

Q2. Does hm ﬁb h, m»=»? Here h is defined as in (9).

(m) )

Q3. Does c_1 -+ cj, m»o? Is the convergence uniform in j, 1<j<«?
’ Q4. Does the a2guzlity h= I éj ¢j hold, where Cy are defined )
3=1 :

in Q3, and it is assumed that the limits cj exist?

Q5. How does the rate of convergence depend on the choice of the

systers {¢j}, {wn}?

e . e o S




Q6. Is the numerical scheme based on the equation (11) stable

towards small perturbations of fn and the matrix anj?
Remark 1. In the literature [12] the following questions were
discussed: Is the set of equations (7) solvable? Is the solution
to (7) unigue? These questions are easy to answer. The sét of
equations (7} 1is solvable for any system {wn} satisfying (4) and
(5): take the sclution u to (1)-(3) (which does exist) and apply

Green's formula to wn and u to obtain (7). The solution to (7) is

unique iff the system {wn} is closed in H0=L2(F) so that

Ihdads=0 ,¥rn = h=0. o (13)
r

This is eguivalent to saying that any heHo can be approximated

with prescribed accuracy e in the norm of Ho by linear combinations
m(e)
of the elements ¢_: || h= L c.(e) y¢.|| <e, i.e. the system {y.}
n §=1 J J )
is complete. We assume below that the system {wn} is closed.

ta . _ _ exp(ik]s-v])
4. If one takes as Yq in (7) g(s,y)=g(s,y,k)= A ]5-y|
yeD, and does not use equations (7) for n>1, then one gets the

integral eguation

J(j(s,\j)h(s)cis=jf(s§§§':f‘§\d85 F(j\ ) 3€17° (14)
r r s .

Actually, if (14) holds for yeBcD, where B is any ball lying
strictly in P, then (13) holds in D because poth sides in (14)
are solutions to the Helmholtz equation in D and therefore,if
they are identical in B they are identical in p. If one lets

y+s'el one obtains from (14) the boundary integral equation of




L
the first kind

Ah=.ch(s,s’)h<s)dS = bisy, -~ (15)
r

where

\'.)(S'-)'= him F\‘—:_\. , KjED, 3"’5'. | (16)

If one looks for a solution of (15) of the form (10) and uses a

projection method for finding c;m)' one obtains the system

m : ' .
;z;,‘AnjcS'“’:bn , 1¢ngm, | : (17)
where

A,,:\=(A<'?_'\,qn\: ©ba=(b,q,), - (18)

-

(f,h)s‘fﬂf?de, ; a9

and the bar denotes complex conjugation. The same questions

01-Q6 can be studied for system (17). In this case n, plays the
role of wn' but now there is no need to assume anything about the
properties of Ny in Q. In fact, nﬁ are'defined only on the surface
I'. Questions Q1, 02, Q5, Q6 were answered in [11] for the system (17)
under the assumpiion that nn=¢n and the syssem {¢n} forms a basis
of H-i' The spaces Hq=wg(r»—m<q<& are defined as the:spaces of
functions with g square integrable derivatives for g>0 integer, and
as dual spaces (spaces with negative norm) for g<0. For arbitrary
g<0 they can be defined as interpolating spaces,or directly [13].
In the present paper we note that the result and arguments in
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[11] are valid under the weaker assumption that {¢.} is a

complete system of linearly independent functions (not necessarily

a baéis, see Sec. 2.3 below).

From the integral equation (14) one can go back to the sys-

tem (7) by assuming that

3(5,3)- Z <§J(5 \,)Jts\ ,  ly<ist (20)

substituting (20) into (14) and equating coefficients in front of
°j‘ From this point of view the integral equation (14) is equi-
valent to the system (7)-(8). In the literature expansion (20)

is used with wj being the outgoing spherical waves and §. being
the regular (i.e. finite at the origin) solutions to Helmholtz'
equation. Matrix (18) will be identical to matrix (12) if ¢

in (12) are chosen so that Aﬁn=¢n. This cérresponds to a specific
choice of the outgoing &aves, since fog any linearly irdependent
system of functions n_ in LZ(F), the system wnEAﬁn will be a sys-
tem of outgoing waves whose boundary values on I' form a linearly
ipdependent system in.Lz(F), provided that the operator A: LZ(F)+
*Lz(r) has no zeros (i.e. An=0#n=0); This will be the case iff k2

is not an eigenvalue of the interior Dirichlet Laplacian in D.

In [11] it was noted that in the case when k% is an eigen-
value of the Dirichlet Laplaqian in D, one can use, instead of
g(x,y,k), the Green's function ge(x,y,k) and in this case the cor-
responding operator A will have no zeros. The function de is the
Green's function of the Dirichlet operato,r‘v2+k2 in the exterior
of a small ball Be situated in D, wﬁere Be is so chosén that kz

is not an eigenvalue of the problem

- Ad4 -
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(v%K)u=0 in D\Bg ) u\r=0) u\bB:D

vhere BBE is the boundary of Be’ and D\B€ is the complement in

D to Be.

The akcve argument shows that the analysis in [11] is applic-

able to eguation {11) under some special choice of wn in 12).
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2. DAnalysis of the T-matrix scheme

In this section we discuss questions Q1-0Q06 formulated in
Sec. 1.3.
1. The system (11) is solvable for a given m iff

)m

det(anj n,j= 1‘0. For the following analysis we need some defini-

tions and results from the theory of Hilbert spaces. These defi-
nitions and results are given in Appendix 1. In Appendix 3 some

results about convergence and stability of projection methods are

given.
We are interested in the properties of the coordinate systems

{¢j} and {wj} which imply positive answers to questions Q1, Q2,

Q3, and Q6. Let us write equation (7) as an operator equation

ah=f | arH,— 1l M= AT, o an

where the opérator a is bounded and defined on all of Ho iff

T AP ¢ fInfds | Vhel, | ¢,>o0.
nx r -

1f this ineguality does not hold for all.heHO, but the system

{wn} is a basis of HO’ then a is densely defined (i,e, its domain
D(a) is dense in HO). Indeed, in this case the biorthogonal

system {w } is also a basis of Hy (17, p. 307], and any linear
m

combination w €D(a).
5213

The operator a transforms a function heH0 into a sequence

(h,ﬁn)=f h ¥y dS, 1<n<». The range of a is dense in 12 provided
r «
that for any segquence {dn}ez2 the series d w (%) converges in

n=1
Ho and the system {w } is w-linearly independent, i.e.

Z a 'l’ —Oﬁd =0,Yn. Indeed, suppose that (ah,d)=0, Vheﬂo, where the
n=1

parentheses denote the inner product in 12. Then /h Z d w ds=0. Since
- A46 - I n=1
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heHO can be taken arbitrary it follows that Z d ¥, =0 and

- n=1
dn=o'Vn, The operator a_1 will be bounded and defined on all of

2

L° iff. Hahi!2c1||hll,\/heﬂo, c,>0. We use the same notation

for the norms in HO and 22. This inequality can be written as

c,>0.

SR T s G IIhPdS |, Yhel,,
e

Therefore & znd a"1 are both bounded iff

Z 2 2
)V < W (vheHg, ¢>0.

-1

A LIEPMIC

These inequalities hold iff the system {wjf forms a Riesz
basis of HO' Let us consider the truncated equations (7), i.e.
the system {(11) =s a projection methoa for solving (7'). Namely,
let Q be an orthcorojection in 22 defined by the formula

.

mezf(“)- 51,... f ,0,0,...), and Pm be an orthoprojection in HO

on the linear span of ‘¢1""¢m)' The system (11) can be written

as

(1"

This equation is ©f the type studied in Appendix 3 (see A3.2).
Conditions (A3.4) and (A3.5) are necessary and sufficient for
equation (i1') (i.e. {(11)) to be uniquely solvable for all suffi-

ciently large P>T and for the convergence

b, - bl >0

, M—>®, (21)

Conditions (A3.4) can be written in our case as

- A47 -
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ilianjcj\ c,HZ <\>\d5 , Ym>m, ¢>0 (22)
J

na=y

where Cqye--c,, are arbltrary constants, a; ~(¢ ’wn)' Condition

(22) can be written as

ch,anjcm > C ey (j. ;)
where one should sum over repeated indices and the bar denotes

complex conjugation. This last inequality means that the following

matrix inequality holds
Y

(aa™), > c (), . Vmsm,, ¢>0. | (22,)

3 a 1xX: = m = =
Here (a)m is the truncated matrix: (a)m (anj)n,j=1‘ ¢=(¢.,0.,)
=I¢j¢j.d5 is the Gram matrix for the system {¢j}. IE A(Q) (A(9))
r
denotes the minimal (maximal) eigenvalue of a self-adjoint matrix

$>0, then (221) holds if for example

inf AM@a,)»aso , Sup Al (cﬁ)m\ S A <o (22,)

This condition is convenient from a practical point of view.

The conclusion is as follows: if (222) holds, then the projection
method (11) for solving equations (7) converges, i.e. equations
(11) are uniguely sclvable fof sufficiently large m>m0 and
Ih,~h|[|+ 0 as m»=, where h is the solution of (7). The second
equality (222) holds for example if the system {¢j} forms a

Riesz basis of H

0 If we take ¢j=$j on I, then a=¢ and inequality

(221) holds iff the first inequality (222) holds. Indeed, if
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- approximation of the function h=a-1f by the linear combinations

a=%, then (221) takes the form (az)mZC(a)m' m>m0, a=a*. This |
inequality holds iff the spectrum of (a),, is bounded away from
zero by a positive constant. To see this, let us use the spectral

theorem for the self-adjoint operator a>0: :

((a cals, d) =

O‘——\g

(£~ ct)A(Egb ),

- 2
vhere Et is tne resolution of the identity for a, min (tz-ct)=-9—

t>0
tz—ct>0 if t>c. Therefore the operator az-ca will be nonnegative

’

for some c>0 iff a>c¢>0 where ¢ is a positive constant and in this
case we can take ¢=c in the inequality (221). Note that u=k§

where ) is the constant in (222). If the system {¢j} is such that
infa( (o) )>a>0 (in particular, if it is a Riesz basis of Ho) theg

m
the conclusion ° - as above (after formula (222)).

Condition {(A2.5) means that for m>m0 the set of vectors

m
nj}n=1’

{a

1¢3<a is linearly independent. That is

m .
de“ar{;)j,n-« 70, ¥Ymom,. (23)

This condition follows from (22) (see Remark 1 in Appendix 3

and formula (222)).

If (22) holcs then system (11) is uniquely solvable for
m
( )}'

all m>m 1<j<m, is the

0 arpd the function (10) , where (cj
solution of (11}, converges iﬁ Ho to the solution of (7). The rate
of the convercence is given b& (A3.8). This rate depends on éhe
rate of convergence of (I—Pm)h to zero, i.e. on the rate of

m

J¢ tability of the solution towards small perturbations of
j=1
the operator (i.e. of the matrix anj) and the right hand side f
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(i.e. the sequence {fn}) follow from the result 1) in Section 2

of Appendix 3.

h
}
Indeed, consider the perturbed system \

- ‘ = )
= (a“i*b“i\’ci ' = fate, , 1enEm (11")
>

where b4 and £, are the small perturbations of the operator a and
the right hand side f, respectively. Let bnj be sufficiently small
in the sense that the operator b corresponding to the matrix bn‘ is

sufficiently small in. the norm: lIb|l <6. Here b: H0+22 can be con-

sidered as an operator which is defined as follows. The system

{wn} is perturbed: En=¢n+nn. This perturbation generates the

perturbation b of a by the formula bh=(h,}’;n). The matrix bnj
is then defined as (¢j,ﬁn). 1f ||b}| <6 and 6<c where c is the

constant in (22)

{cr A3.4), then according to the result 1) in
Section 2 of Appandix 3 the perturbed system (11") will be uniquely

solvable for all sufficiently large m and the corresponding
m .
~ ~(m) i n -.._-..—1'--' b -1 _
hm'j£1cj ¢j will tené to h=a f=(a+Db) (f+f€), where feu(e1,e2,. o).

l[fell<e. Thus

Ih~hll= taebi'f - 3%+ taedy fo |l ¢ Clevd) (24)

The constant c' can be specified:

<= INa+by'll + Bl aa nitasby ). (25) !

Here we used the identity (a+b) " 1-a~ == (a+b) "'ba~?! and the esti-

mate || (a+b) " '=a~V |I<]] (a+b) "l -1 2"Vl - |i b]| , which follows
-from the identity.

The estimates (21), (24), (25) and the above arguments give
answers to Q1, Q2, Q5, and Q6. We now pass over to a discussion

- A50 -

AT S e T U AR . 0SB W i AT s -

Cem - . Ton, T dimsidetOs’ s, RN




#
}
|
|
|

of‘questions Q3, Q4.

Let us assume that

{¢j} is a complete minimal system in Hg (26)

(For the definition of minimal ‘systems and their properties used
below, se= Arrendix 1.) Then there exists a unique biorthogonal

system {5.}, (¢.,5.)=6... Equation (11) can be written as

1)
_(a )c(m)=f(n)1ts solution gives hm z (m)¢.. Therefore
™ = (i, &), (27)

since ||h_-h|| -0 we coaclude that

g, me . - o (28

Thus (26) implies a positive answer to Q3. We have

lc ~CI\‘ - l..éu\uh husupl\<{>l | (29)

Therefore the cordition

sup NEh<C < (30)

1mp11es that convergence in (28) is uniform in j, 1<j<«=. Condition

“h

{30) holds, e.g. if

the systemn {¢j} forms a Riesz basis of H, (31)

e e e o ik .




(see Appendix 1). Condition (31) implies also the positive

answer to Q4. Indeed, if (31) holds then h can be written as

~

< 4»3 , (32)

Ms

h=

.

1

G
[

and the cozfficients Ej are uniquely determined by the element

I A
h. On the cther hand we know that

Mhp~hl—=0  m—> = (33) |
where
. " (ﬂ‘\\ Ly
= C: : .o=> Ci. (34)
him j: PN S 3
First, we conclude that Ej=cj because
~ ~ . ~ . tm)
o= Sl = 3 hh - l . = C" (35)
C3 (h,¢3) b ( .)43\ nn\CJ g _

Secondly, we see from (32) and (35) that the answer to Q4 is yes.

In the above analysis the basic assumptions were- (22), (26),
and (31) and we erxplained which of these imply positive answers !

to.which of the basic questions Q1-Q6.

2. In this section we discuss the assumptions (26) and (31)

and a particvlar case of the matrix anj for which the convergence

analysis is straightforward. Note that (26) and (31) deal only with

one of the systems. Assumption (22) deals with the "interaction”

between the systexs {¢j} and {wj}.

_ Assumption (26) holds if the smallest eigenvalue of the matrix
¢ij§(¢i,¢j), 1<i,j<m is bounded away from O0: Am2A>0 ( sce Appendix
1). Assumption (31) holds iff the matrix ¢ij defines a bounded and

boundedly invertible operator on 12 (see Appendix 1). Since
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this is a selfadjoint matrix, this will be the case iff

Apg A<= A 2A>0,

where'Am(Am) is the maximal (minimal) eigenvalue of the matrix

¢ij' 1<i,j<=.

One cer: measurs the "interaction" between {¢j} and {¢j} by

the operatnr generated by the matrix a_.-8_.=q

nj °nj The assumptions

nj”
< : § .,{'0 " < (g.) t4n < (37.)
anjz nj-?%nj N n‘! 1 nnj ) ?" ﬁnJ y ' 7 )j 1

is a compact operator on 12.

2
(T+q)x =0, xel = x=0 (37,)

bl

are sufficient for the unique solvability of (11) for all suf-
ficiently largs m>=,, and foxr the convergence in 22: Hc(m)-clb>0,
m~+o, where c(m)={:;m2..cém),0,0...),c=;“1f, a is-thé operétor on

2° with the matrix anj' fndeed, assumptions (371), (375) and Fred-
holm's alternative imply that ;”1 exists, is defined on all of 22
and is bounded. This fact and the special structure of a imply

the above stztemsnt about convergence. To see this, let us write
(11) as c(m)+quc(m)=f(m), where P is the orthoprojection in 22
onto the m-dimens.onal space of vectors with components cj=0 for.
j>m. Since g is compact ané p I strongly in lz one concludes that
||q-qu|L*0, m+». Therefore HkI+qu)-1~(I+q)-1|L+O, m+eo. This

: m
proves the statexent about convergence of c( ) to c.

If the systenm {¢j} forms a basis of H0=L2(R) and fclz,then the

solution of (7) is h= ¥ Cj¢j where ¢ is the limit in £2 when Mmoo
£ 21
(m)?

of the solutions c to (11) and the solution to the equation

~ AS53 -
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;c;f. In this case (371k$(372)_due to Fredholm's alternative and
the uniqueness of the solution to the equation ac=0. Let us show
that ac=0%c=0. If the system {¢j} forms a basis of Hjy, then equa-
tions-(7) and ac=f are equivalent. But the homogeneous equations
(7) have only the trivial solution if the system {wn} is ‘closed
in HO=L2(F). (This assumption about {wn} is very natural and was
made 'in the very beginning, see Remark 1 in the Introduction.)
Therefore, ac=03c=0. As our analysis shows, the behaviour of the
smallest and largest eigenvalue of the matrices (¢i,¢j).(¢i}$j)
are of basic importance in an anaiysis of convergence and stability
of the T-matrix scheme. For the operators of the form a=I+q,
where q is compact, the projectién scheme is discussed below in
subsection 4. In this case the justification of the projection
scheme can be easilv obtained. In [11] the problem was reduced

to é projection scheme for the_equation of the above form

(I+T)h=f,where T was compact.

3. Let us discuss briefly the results in [11] from our
general‘point of view. The matrix analogous to Anj in (18) in the
paper [11] was of the form Anj=(A¢n,¢j), where the ope;ator A
was defined in (!5). It was noted in [11] that A=A, (I+T(k)) where

A0>0 in H0=L2(F) end T(k) is compact in Hq for any -«<g<«. Further-

0" g Tq+i

more, A,: H -H is a continuous linear bijection of Hq onto
Hq+1. Therefore, Anj=UI+T(kn¢n,¢j],where [h,v]g(Aou,v)=(u,v)_§ and 5
(u,v)q being the inner product’inlﬂq. The operator I+T (k) was ‘
assumed to be invertible. This can be done without loss of gene-

rality (see [11] and our argument in the end of sectién 1.4

above). If {¢j) forms a complete set of linearly independent func-
tions in H—§ our general argument shows that the system (17) is

uniquely solvable for sufficiently large m, and the answers to the
- A54 -
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remaining questions Q2-Q6 are similar to the ones given above

{see Sec. 2.4 below).

In particular, we have stability as m*~ of the numerical

scheme corresponding to system (17), w1th the matrix (A¢ ,¢ }

and the opzrator A defined in (15), with respect to small pertur—

bations of the matrix A nj and {bn}. In [11) it was assumed that the

systen {¢j} forms 2 basis of H_,- This assumption is weakened here:
only completeness in H-i of the system {¢j} is required. If a
linearly independent system {¢j} is complete in H =L2(P) it will

0
be complete in H_,. Indeed, H,y is dense in H_}. Therefore, for

e

any feH_i one can £ind f _eH, such that Hf~f€“_§<c. If the sys-—

tem {¢j} is complete in Hy, ‘then one can approximate fe in H

0
by a linear combinztion: “f - 2 CJ(€)¢ llo<€- since
’ e)
Ilunozlhzﬂ_i one concludes that “f~ é (e)¢ || §<e. This means
that the systen f, } is dense in H -3 (The same argument shows

that this systen »¢71 be ‘dense in Hq for any g<0.) ThlS remark

simplifies the argument in [11] in the case when we do not require
that the system {¢j} be a basis. In [11] a basis in L2(r) was
constructed frcm the "distorted spherical harmonics" under the
additional assumption that T is star;Shaped (i.e. there exists

a point in P from which every point of T can be seen).

4. Let us ouiline a proof of convergence of the projection
method for solving the equation u+Tu=f in a Hilbert space H undex
the assumptions that T is compact and (I+T)'-1 is bounded. The

projection schome is as follows: the approximate solution u_ is

sought in the form u = E c;m)¢j, where {¢j} is a complete set

=1
of linearly independent elements in H. Let Pn denote the ortho-

projection onto the linear span of.{¢1,...¢n}. The cocffi-~

()

cients cJ are to be found from the equations
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(uﬁ+Tum-f,¢j)=0, 1<3i<m. These equations can be written as an
operator equation Pmum+PmTum-me=0. But Pmum=um and therefore
(I+PmT)um=me, or (I+T-rm)um=me, where rm=(I—Pm)T. Since the
system {¢j} is complete, ||me—f|L+0 as m»e for any fixed feH.
Therefore I-Pm+0 strongly. This and the compactness of T imply
that llrm[P*O. Therefore the operator I+T-r  is boundedly inver-

tible for sufficiently large m:
-y _ -1 ~1
(1eT-r_) = { {1+ 1= (2« ' rd)

= (1-vr) V= f_‘,(Vr.m\JV i WVl <4

3°°
Herxre V=(I+T)-1. Cne can estimate the rate of convergence of
_ -1 _ -1
um~(I+PmT) me to u=(I+T) £f. Indeed

Mg wl € 1012, TV (R~ P+ ML BTy = o7V 5 )

ST BTV IR~ §0 # H0T= Vi) V = VISR

Let ||V|| sa, Y il e, and ag <1, then

a2
MLPTY | € 2 BV a = 7550

o -3&pm !
. aen
WMI-Vve) V-Vl & 5722,
m
These estimates show that the rate 0of convergence of u_ to u is

m
determined by € _, a, and “me—fll. The above argument is a par-—

ticular case of a xnown general theory [14].

5. So far we have discussed the case of the Dirichlet boundary

condition (2). If oﬁe has the Neumann boundary condition

%%-f on M) (2%)
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thHen our arguments are essentially the same: equations (6) lead

to equations (7) with h=u|,, £ =/¢ £aS, and now.the role of ¥
nL'n n

r

in equation (7) is played by the functions %%?.

However, the integral equation correspondlng to this case

will Qiffer from (15). Indeed, in this case from (2') and the

formula

fqusitds =Ju N ds | yeD
r

"J

one obtains

; (147)

T dalsu) _f _
{_‘h S8 48 -?‘g(s,uj\fds = Fly) | yeD
where ﬂ=uIr.

Let y>s'el in the above equation. Then, using the known
formula for the 1limit value on I' of the potential of double

layer one obtzins

h:‘Bh‘Zb’ . . (15')
where )
2als.8) ~
Bh=2 ST et as | beo) = lim Fuy. (16"
r

If one has the impedance ‘boundary condition

then again from (6), one obtains (7) with h=u[r, fn={fwnds and

now the functions - %%? +ywn play the role of y

Completencss of all these systems in H0=L2(F) for the case when
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wn are outgoing spherical waves,or any system for wpich the

expansion

g (x.4) = ;2.:‘ ‘}’J‘x“l’j‘j) , X<yl (38)

holds,is easily seen. For example, if
J{¢.ds=0 , ¥n, (39)
r

then (38) and (39) imply:

fqix,s)§d5=0 xe V. (40)
-9 f ,

Therefore u(x)=/g(x,s) fdS solves the equation (V2+k2)u=0 in D and
T

in 2, and u|[=0. This implies that u=0 in Q. If u=0 in @ and in

D then f=(%§)+ - }%%)_=0. Here +{-) denote the limit values on ‘

]
I from the intericr (exterior).




3. Numerical experiments

The purpose of the numerical computations presented here is

to test whethor some commonly used complete set of functions,

e.g., outosing and regular spherical waves, also satisfies the -

v

assunmptiocns mzlde in the previous sections. Do they, for instance,

form a Ri

’l

25z basis? Are they good for expansion of functions : ;

on I?

1. Before answering these questions it might be illustrative

to consider a simpler one-dimensional case, e.gq., |

@ tx)= r S Sinmx , m=123.  xelom], (41) ' '

This set of functions is a perturbation of the orthonormal basis

- Sin nx by fzctors e 49X Here the constant q can be taken as a
T i .

measure of tha sscantricity of the object. The motivation for oux

0
o
o]
W
O
(1]
o}
th
ot
oy
U]
I
O
[
{L

1 example will become clear from the considerations
. . . i
given after formulas (45). The Gram matrix of this model problem l

can be calcula*ed analytically. We have |

msn - ne+m ~1
($, )= g tmery[ 1= G e T "I L tment®s (')

- .
"{{(meﬂf*("“ﬂf] }. : (42)

We d=fine the condition number for an operator A as
&= |all- 112700 : -
Notice that the Cram matrix is always selfadjoint nonnega-
tive and the finite Gram matrix is positive definite, provided
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the functions {¢j} are linearly independent. Fora positive self-
adjoint operator the norms ||A|| and HA—1|] can be calculated

by the formulas ||A]| =A, “A—1||=A—1. where A=min t, A=max t

teo (A) tea(n)

4

and o(A) is the spectrum of A. In this case
-1 ’
k=AM : (43)

Numerical data seems to show that even after normalization,
2 -qmx .,
the perturbed system ¢m= 5 € sin mx, m=1,2,3,..., does not
form a Riesz basis of Lz([b,ﬂ]).Thermnrﬂormalized system {¢j} is
not aRiesz basis because the necessary condition 0<c<inf ”d’m”

m> 1
for a system {¢m} to form a Riesz basis is violated.

In Table 1 we give the condition number k defined in equation

(43) for both {¢_} and the normal .zed functions o / H¢m|[}. Three

different tendencies are noticed:

1) An increase in condition number k as the truncation size
rows. . .

2) An increase in condition number k as the eccentricity grows.

3) The normalized functions have smaller condition number as
compared to non-normalized ones

2. We now consider the spherical waves, i.e.,

b (XY = hmt&kr\. Yo tw)
, P=IXy .
Rey(X) = otk Yo tw) ) ' (44)
Here hé1)(kr) is é spﬁerical Hankel function of the first kind and
jl(kr) is a spherical Bessel function. The spherical hafmonics
Y (w), where w=(6,¢) is a unit vector, and 0,¢ are the angular

2 :
spherical coordinates, are normalized in L2(52), where S” is the

unit sphere (n is a multi-index n=(%,m)).

- A60 -

PRSI DPIIL L et

S TPV




R —— b

", For large oc.ders (2>>kr) in ""n and Req;n it is known [20]

that
. -1-
G (%) ~-i 200kl Y, G

-1 t '
Re, 1x) ~ (2zen!t) lkr) Y, twh. (45)

N

For largs oxr<z=xs i the spherical waves are essentially a pertur-

bation of the kasis Yn(w) by a power of kr. This is the promised

motivation for the choice of the model example in (41).

In the numerical data given below we have also included the

spherical harmonics L and the functions

X, LX) = (kﬂ—‘-‘ Y, Lw), _ (46)

which are sol: n5 of the equation Au=0 in Q. The factor k in

(46) was used in ordéer for the factor kr to be dimensionless.

The Gran matrix for these four systems has matrix elements,
which are double integrals over the unit sphere. We assume that
the equation of the surface T' can be written as s=p(w), where
wesz, and p is a snooth invertible function, so that w=p—1(s).
In our calculaticas the functions (44) and (46) were considered
onTl, i.e. as function,of s, where r=| s|, x=s on the surface T.

If the bodies are axially symmetric then the matrix elements of

the Gramizns =szn be written as single integrals in 6, and for

simplicity we chcose the surface of a spheroid, i.e.

a2
re)= (s 8/a" + coszgfb) , (47)
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where a and b are the semi-axes of the spheroid (6 is the polar

angle, so that b is the semi-~axis along the axis of symmetry). The

mirror symmnetry r{08)=r(r-0) implies that £ even and £ odd do
not couple. Thus the elements of the Gram matrix are zeroes-if
£+2' is odd. In this case we can change the enumeration of the
columns axd rows in the matrix so that it becomes a block dia-

gonal metrix with two blocks. The size of the first block, which

'} +1
. A max . .
corresponds to the rows with even numbers, is — if nmax is

odd, and m§x+1 if zmax is even. The size of the second block,

L +1
. . . . X .
which corresponés to the rows with odd numbers,ls —Eii—— if
9
“max .
is odd, and if & is even.
1max 1s ' 2t max €

The numericai computations seém to indicate that neither of
the systems {¢n}, {Rewn},or {xn} forms a Riesz basis of HO=L2(F).
However, {Yn(p-1(s))} forms a Riesz basis of HO as has been
proven earlier [11]. It is seen from Table 2 that the spherical
waves {wn}, {Rewn}, and {xn} are not good for expansions in the
sense that the coadition number of the Gram matrix grows as the
truncation size increases. Indeed, in this more realistic example

the tendencies 1}-3) discussed above for the model problem

seem to be valid, together with the additional observation

4) The systems {y_} and {x_} have smaller condition
nurber than {Rewn}. n
The numericz]l data seems to indicate that the normalized
functions should be used for expansions of the surface field
since the corresponding Gram matrix has a smaller condition
number. Furthermore, there is an indication that for high trun-
cations the normalized.systems {wn} and {xn} are better than

{Rewn} .. However, the difference is not very considerable. A
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large condition number means that the Gram matrix is difficult to
invert numerically. It also means numerical instability, i.e.

strong dependence of the numerical results on the roundoff errors

and errors in the data.

It should be noted that the Gram matrix is identical to a

e

Q-matrix {64 in the'T—matrix scheme for a special choice of ex-—
pansion functicns. Thus,some of the properties mentioned above
might appear within this scheme for this special choice of the
expansion functions. It should also be noted that when the
T-matrix scheme is used to compute the scattered field, additionﬁl
operators enter, which tend to improve the situation. Howevér, a

discussion of these aspects requires further investigation.
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4. Concluding remarks

There are several questions, raised by the T-matrix approach
to scattering, which require further study. We conclude by

giving a short list of such questions.

explikix-si)
1) Try the system V,({x)= ,( q"‘”x_s‘ “’H(S\C\S ) X € S2,
r

of outgoing waves for calculations. Here the system {¢ } is a

complete system in H0=L (I'). If the system {¢n} forms a Riesz ba-

sis of H_;, then the system {v.} on T forms a Riesz basis of Hy-

This was established in [11]. From the results in [11] it follows

that any solution of the problem (1)-(3) can be represented by

the series u= % CnVn (x),which converges in @ up to the boundary.
n=t 2

Indeed, assume w1ehout loss of generality) that k™ is not an

eigenvalue of the Derlchlet Laplac1an in P. Then the solution to

the preblem (1)-(3) can>be written as u(x)= [ exp (ik[x- sl)o(s)ds,

1
.

|

T 47 |x-s| i
where o is the unique solution to the equatlon f exZéTEIEsISI) (s')dS=%
=f(s). If {¢ } forms a basis of 12 (ry, then o= f c ¢ ,where the

o n=1
series converges in L (r). Therefore u(x)= I hVn (x),where the series
n=1

converges uniformly in the closure of Q. This was the reason for
suggesting the system {vn} instead of the usual outgoing waves (44),
which do not seem to form a Riesz basis on non-spherical surfaces.
The other reason for choosing {Vn} was that since the expansion

of the solutions to Helmholtz' equation in the exterior domain in
the functions v, converges up to the boundary, no difficulties with

the Rayleigh hypothesis arise.

2) It was noted in Section 3.2 that the Gram matrices correspond

(for a particular choice of expansion systems) to a Q-matrix. More
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. extensive numerical experiments concerning the condition number
for various matrices aij5(¢i,Ej) (i.e. Q—-matrices) are called for.
This would provide a better basis for judging the performance of r

specific choices ¢i' ¢j and thus provide a more detailed answer

to Q5.

A

3) 1In the present article we have concentrated on "the null

i51 (i.e. (7), (11) etc.) and the question of
obtaining a solinticn on the surface I'. In the T-matrix scheme one

furthermore compute

[

the (truncated) transition matrix (T)‘m of -

the form

R )
(T = @) [(Qh] ' (48)

where the m x nmatrices (Q‘)m '(Q")m are similar to the Q1, Q2

matrices in Aprerndix 2. The exact (infinite) T-matrix is

£
-

: independant

O

+k2 expansion systems used on T. However, the

approximate trunczted matrix computed according to (48), does con-

tain such a dependence. It is of interest to investigate the rate

of convergence of truncated forms like (48) to the true, infinite

transition ma*rix for the scatterer in question. It is then of

 e— - e ——— - —_ o v 72 - S

interest to exploit general constraints on the scattering matrix

such as unitarity and symmetry (see e.g. [7] and the contribution

by P.C. Waterman in [5]).

4) Extend the discussion of [11] and the present work to the case ‘

of a peneirable scatterer. Of particular relevance here is the

relation between the convergence rates in the expansion used for

"the surface fields and their normal derivatives (one aspect of

this relation is treated in Appendix 2).
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5) Study the convergence questions for the T-matrix scheme for
scattering from obstacles with noncompact (infinite) boundaries.
In this context the work in [21] will be useful. 1n [21]

the scattering problem was formulated and solved for domains with
non-compact boundaries. For the boundaries, which are locally Lia-
punov and such that outside of a sphere of arbitrarily large but
fixed radius the points of the boundary can be seen from a point
located outside the domain D (in this case infinite), it was proved
in [21] that the Schrddinger operator with decreasing real-valued
potential has no positive discrete spectrum and the rédiation condi-
tion selects a unigue solution to the Dirichlet boundary value prob-
lem. The case of the third boundary condition was also treated.
Furthermore, the existencé, uniqueness, and properties of the re-
solvent kernel G of the.Schrbdinger operator were studied in detail.
In particular, glcobal estimates of G(x,y,k) and its derivatives,
uniform in agkgC,0<a<C<~, were obtained for |x-y|+0 and |x-y|+~. It
was proved that the limit G(x,y,k+ie) as e-0, £>0,does exist and is
attained unifcrmly in agkﬁc. This was done for the boundaries T for
which p(s,T) (1+]s|%) + 0 as |s|+», sel'. Here a>n, where n is the
dimension of the space, and Fo is the boundary of the "canonical"
domain (the boundary of a cone if n>2, and of a wedge in the two-
dimensional case). It was proved [21] that G(x,y,k)=eikr

4nr
*(1+0(1)) as |x|=r+=, xr-1=v€ where the functions u(v,y,k) are the

u(VIYIk) °

solutions of the scattering problem in the sense that they solve the
Schrddinger equation and vanish on I'. Furthermore, it was shown that
an arbitrary function feLZJQ) can be expanded in a Fourier integral
in functions u and a Fourier series corresponding to the negative

discrete spectrum of the Schrddinger operator. If the potential is
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equal to zero then the Fourier series part of the expansion is
absent. The wave operators were constructed in [21] with the

help of the eigenfunction expansions.
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| Appendix 1: Some results from linear functional analysis.

1. The gan of subspaces of a Hilbert space and a condition for

invertibilitv of the mixed Gram matrices (¢iL£'l;

Let E, and iy be (closed) subspaces of a Hilbert space H.

Then the gap of 31 and HZ is defined as

e( H“Hz\ = “P‘—Pz“ )
where P1 and P2 are the orthoprojections onto H1 and H2’ respec-

tively. Clearly 0<6<1, 6(H1,H2)=8(H2,H1). It can be proved [14] that

B(H, H,) = max{ sup(T-p)xll | suplltz-r)xi]
The following facts hold ([14], p. 252-260).

Lemma {. Let Gn and Hn be n-dimensional subspaces of a Hilbert

space H and G(Gr"Hn)<1' Then Gn and Hn have orthogonal bases

Ugreeeuy and v1...vn,respect1vely, and(ui,vj)=siéij, 1%1,J$n,

where

. I/
_fv s ¥ 2 ..
5516 o Dr-slea Y <pigt .
Lemma 2. Let {¢j} and {wj}, 1<j<m,be two sets of linearly inde-
pendent elements of H. Let 0<)‘m and 0<um denote the smallest

eigenvalues cf the matrices (¢i,¢j) and (wi,wj), 1<i,j<m, respec-

4

tively. Let Gw and Hn be linear spans of ¢1""'¢m and w1""'¢m'

respectively, ard Am=(¢i,wj), 1<i,j<m. Let e(Gm,Hm)<1. Then Am

is invertible and

N R rwrm A

B e LA




h'S

SRR
where

: 2 Y.
% & = {1- Blay W)Y

2. Minimal svstems.

A system of elerments is called minimal if none of the ele-

ments belon:cs

t

z the closure of the linear span of the others.
. g

is the minimal eigenvalue of the Gram matrix

A.minimal svstzm {4.)} is called strongly minimal if

llmkm-l >0, where A

m-r

3
n
¢13 (o5 .¢),15 s J&m.

A. system {aj} is called biorthogonal to

the systen {¢j} if (¢J,¢ )= 6 . The biorthogonal system {Ej}

is uniquely defined iff the system {¢j} is minimal.

f; A systen {¢.} cf linearly independent elements of a Hilbert
space H is called closed in this space iff for feH the condi-

| tions (f.¢j)=o,\-"j, imply that £=0.

A systen {3.! of linearly independent elements of H is called

J
complete in # iff for any feH and any given positive number €>0
) n (e) m(e)
one can find an element I c¢.¢. such that |[f~ I c.¢. [|[<e. Here
j=1 37 j=1 J
the constants cj and the number m () depend on e and £.

A systen {¢3 can be complete but not forming a basis of H
(see n.3 below for definitions of bases). Example: H=L2([0,1]),

¢j=gj, 0<j<=~. This system is complete in H, but is not a basis

of H. Comp

’..a
1
r
l'\
ﬂ)
n
wn

follows from the Weierstrass approximation
g - theorem. The fzct that the system {xj} is not a basis of H can al- f
| - s0 be easily explained. Suppose that (xj} is a basis of H. Then

. ] (see n.3 below) for any feHl the series f= Z c. xj converges in

-0 J
3=0 1
Lz([0,1]). Therefore f is analytic in |x|<1 and cannot be an ar-

bitrary element of H. In fact,from Miintz's theorem [16] it follows
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that the system {¢j} is not even minimal (every Schauder's
basis is a minimal system). The Miintz's theorem says that the

system {xpj}, po=0, 0<p1<p2<..... is complete in L2([0,1]) iff there

(-]
exists an infinite subsequence p5 such that I ‘=% ==

j=1 P

ol

3. Bases

A system {¢j} is called a Schauder basis of a Banach‘space X

(- -]
if any element x€X can be uniquely represented as x= } cj¢j' where
i=1
the series converges in the norm of X. A system {¢j} is called

3
orthonormal basis of H and T is a linear bounded and boundedly

a Riesz basis of a Hilbert space H iff ¢j=Th., where {hj} is an

invertible operator (i.e. Tm1 is bounded and defined on all of

H). A system {Sj} biorthogonal to a basis {¢j} of H is also a

basis of H.

A ccmplete system {¢j} in H is a Riesz basis of H iff the
mavrix ¢ij=(¢i,¢j), 1<i,j<», generates a bounded and boundedly

invertible operator on 12.

A complete system {¢j} in H is a Riesz basis of H iff there

exist positive constants a;r a, such that

2 0 2 m 2 2 D
a, Zlel s W Zcﬁj“ éazg \cj\z ,

Jz‘ j:!
for any m and any constants ¢yr 1<ism. If {¢j} is a Riesz basis
then sup !lé.llﬁaz, inf || ¢.]] 2a, and similar inequalities hold
193¢0 ? 185¢e )
for ||$jH . In particular sup | $j” <=, These results can be found
<5<

e.g. in [1e], [17], [19]. In [15] the notion of the Riesz basis
with bracxets is applied to some nonselfadjoint integral equations

arising in scattering theory.
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A. Tests for boundedness and compactness of a linear operator

on 2,2.

Let (aijL 1<i,j<=, be a matrix which is considered as a linear

operator A on 2. When is A bounded and when is A compact?

(Ax\ X

Here and Lzlow w2 sum over the repeated indices.

2 —_—— - __KL"_LX*
- ey s M, $ s . ~ ‘a a ‘X“
WAxH a‘jx'Jas‘,pA.,< !aﬂa‘k\ 1it‘:‘“J_1 i il B
Therefore
| vz

B AN < (Z}Z\ a“\) (A1.1)

uk‘w Jﬂ 321

<o 0
The operator A is compact if sup (. I I |
| 1<k<e j=1 i=1

I o ST T TR TN £ O

t D
aijaikl) <« and

i
ZZ\aV‘, — 0 N—®, : (a1.2) %
: 1-.Ck<eo o 42N &
i Lemma (Schur): Let a,.=a., and sup I|a; [<M. Then al] <, !
} _— ij "Ji i3 - {
§ A2,
i

i Proof: It suffices to prove that I(Ax x)l<Mf|xl[2. One has

.| xLl +|X-,| R 2
| %) [glag xong b a4l 2H $ Ilaggllxg 12 < o |lx]|
5. Spaces with rnecative norms [15L7

Let H_ and # be Hilbert space H;cH and H, is dense in H.

- Let ueH+, feH. Consider the completion H_ of H in the norm '
Wgwt
Ml = Uc hwl,
uet ,
where “ “+ denotes the norm in H_ and (f, u) denotes the inner

product in H. The space H_ is a Hilbert space, H, cHeH_, and

2
H is dense ip H-. - A7l - B ,

P

PV




6. Bessel and Riesz-Fischer systems. Interpolation in Hilbert

space.

The basic equations (7) can be considered as an interpolation

problem in the KHilbert space H (H=H0=L2(F) in our case), i.e.
4
the problenx (h'¢n)=fn' n=1,2,... .

Definition 1: A system {wn} is called a Bessel system if

b3 |(h,¢n)lz<m, whenever heH. i
n=1

Definition 2: A system {wn} is called a Riesz-Fischer system if

the problem

(h)‘#ﬂ\ = fﬂ , * “:Z',?’;“' ] {A1.3)
is solvable whansver {fn}elz.

The set of seguences {(h,wn)}, n>1, heH is called the moment space

M of {xpn}. The ¢restions of interest are:
1) When dces a sequence {fn}eM? That is, when is the problem

(h,wn)=fn, n21, solvable?

2) Is the solution unique?

3) How to construct the solution?

The answer to guestion 1 is given by

Proposition 1. In order that (A1.3) be solvable and ||h]| <C it

is necessary and sufficient that

m

n —
‘Zanfn‘ ¢ C iga_-j-an‘k\“

nxt {

for any m and any scalars a .

The answer to question 2 was already given: the solution of the
problem (A1.3) is unique iff the system {y_} is closed in H. The

following facts are useful [19].




e g A

Proposition 2. If (A1.3) is solvable then it has a unique solution

of minimal norm.

Proposition 3. The solution of

lh:q}"): f"' ; B

i~

m (A1.4)

of mirim2l rorm always exists, is unique, and can be found by the

fornmula
DR
ho= ~1det (g 001 det | W) - () (a1.5)
i I C TN P ()

Moreover, if (Ai1.3) is solvable and h is its unique solution of

minimal norm then

Whp=hil—= 0 m—>e. ~ (A1.6)




Appendix 2. Discussion of some expansions occuring in the

T-matrix scheme for a penetrable scatterer

Using the Green's theorem one obtains the identity

0= j(Reﬁ{)n %;f" - u,,\b—%g,ﬁ"n\ as , VYn (A2.1)
. F

where + denotes the limit value from the interior (see (44) for the

definition of Rewn). Assuming that the following series converge

in 1L2(r)
W
u,=2¢,¢$, (A2.2)
n
Al w au
)N n B}\‘ ) . . (A2-3)

one substitutes the series in (A2.1) to obtain

¢ b d
0-51dlfred, 28 ds - ”Jq)n 22045} v,

(A2.4)

Truncating the series and using the first m equations in (A2.4)

one obtains a linear system, which can be solved for c(1) or d(1).

In the case when ¥n and Req)n are defined as in (44),it follows

fiom the formuls

[[Redp, BF* - ¢y 28e¥=]d g 25,
r

(A2.5)

that the truncated linear system can be written as

-~ (Q“-ZAI)E‘“:O ' . (A2.6)

-
where 3(1)=(d1...,d;), c(1)=(c1...c;) and

e > e ——




= fRe), 57 dS , ne'em (A2.7)
P

(A is a known scalar, depending on the normalization of wn and
Rewn). Term by term differentiation of (A2.2) would imply
(1) _2(1)Y L. < . . .
c =d » wiick is not consistent with (A2.6). That termwise

. ettt -1 . (1)_ (1)
differentizticn can not be used to obtain 4 (by taking dn =c_
in (A2.2)-(A2.3)) is most easily seen from the following example

in which T is a sphere of.radius a and in which one keeps only

one term in the ssries (A2.2), so that the questions about conver-

gence of the series are irrelevant. Take u+=hé1)(ka)Yn(w). Since
(V2+u2)u =0 for |x!<a and u|r=a=h£1)(ka)Yn(w),one finds that
1) s
u+(x)=h 3 (Q:?L G, (kx)Y (W) (we assume that jn(ka)%O). Therefore
n . 42
N
A, o khotkx oo o 2 oa M o
WL LT jatwa “;—.\'r;a‘)\n\-m\ T N h“(kr\\(“(w)lrza=khnlka)Yn(w),
Indeed
t -/ N “le W (\),
RN o . . .
J‘kja‘(_{‘g;‘;w - Fatka) = {alkall [ hotkad jptka) - hotkaljotka)] 4 0.
123

The numerato: is thte Wronskian of h£1) and jn and is not zero.
The generzl explanation is that even if one can continue the
series (A2.2) analytically inside D in a neighbourhood of I, this

continuation will be different from the solution u of the problem

2 2 .
(V"k)u"‘o 1 v 1 u‘\r- = u’+ ) ’ {A2.8)
so that %&f 2 %E on, I, where w denotes the analytic continuation

[ ] - . 3u+ - -a_V\!.
of the ser:i- s (A2.2) in D. Indeed, u, =w on I''and if IN - 3§ On r

then uzw in ¥ by the uniqueness of the solution to the Cauchy
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problem for Helmholtz' equation.

But this leads to a contradiction

since w is singular at the origin (0e?).
If, instead of (A2.2) and (A2.3), we consider the expansions

@) ,
2} Ca P“?—dr’n (A2.9)

&y aReds
W 3 =% ol
SR e »2.10

then the truncated matrix equation analogous to (A2.6) reads
R~ Ry W)

Qd,=Q% (A2.11)
where
(J'
Q. -‘Reﬁk’n o dg (A2.12)

5 .
Thus, assuming that { An)}' n,n <m,1s invertible, we obtain

@y =@
‘6 =d (A2.13)
{(this result is uced in the T-matrix apparoach to scattering from

a permeable body Ib} , [7]).

A relevant fact of more general nature is the following lemma.

Lemma Let

M)

(v u=0 n? k>0 _
(Vz+k")¢'=0 in 7 , 15j$m,

- 0, tm) dd,
Rl 5

R

Lm)
Wm = & € 25

Assume that

Z|%

{(Vl+kz)u=0,%& ‘0}1"-? wz0 wV

(so that the Green's function GN for the interior Neumann problem
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exists and is unique) and that the {cj(m)}, j<m, have been deter-

mined so that {where ||*|| is the norm in H =L2(F))

0

p11 Y ‘b_lj_m'-:\ ,

3y — SN h <€ (A2.14)

Then 9
fu-ugpli < CE (A2.15)

Here and below ¢ cdenotes various constants depending on T.
- — 2.2, . oV
Proof: Let u-u _Fv. Then (V°+k“)v=0 in D and ‘[5ﬁ11<s. We have

» o ?
vm*.([c_a (xs)> Y G“Xsl)}ds

= § Gu(x,é\:‘:ﬁ a5 xel

r‘ P ) P
ané alsoc N
oY vo!
Vis) = ;GN(S‘:‘:‘CH asS , SE€ r. .
The following estimate is known [1] _
legsl s g, | ,
With h=%§ we +then have ;
Vo j
, S LﬂcvS X
Ivis)l € ¢ dVe-gl |

which impliies

ceeme - g e

vl €CE

since the operator S: HO»HO,(H0=L2(F))

S h(§uﬂ5'

(Sh\(&\ \S_s"

is bounded. In fact,also S: Hy*H, is bounded. Therefore
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where %% is any tangential derivative of v. In the above it was

(m)

essential that the cj ¢+ 1<j<m,were determined so that (A2.14)

(m)

was valid. If, instead, the cj ¢« J<m are chosen so that

Tu-uill <€ . (A2.16)

and if we assume in this case that

{(v’»k")u,=0, ulr,=0}=> w=0 in T),

(so that the Green's function GD for the interior Dirichlet prob-

lem exists and is unique} we have
2 bG (x 2Gix.S)
fﬁovm =~ 3N, J V() d4s xe’l7,

where No is a dirzction which conicides with the normal to ' on T.
Eowever, when we let x approach ', we do not obtain a bounded

operator on Ho in the present case. In fact, the estimate (A2.15)

does not imply

122 3 Z
DU k)bC'
S il Z;‘ C\-&m ﬁ : 8(i) ) 8(535:00 (a2.17)
r ¥ |

even in the case ulr=fecm. Here u is the solution to the problem t
(vV+Yw=0 Wl | u.\r.=f, (A2.18) |

and ¢j solve the equation

(V%K1 =0 in D). (A2.19)
3 |
Proof: If we consider the function f €L2(F), ”f || <e, then

m
”he- L €445 .|| <2e where h =f+f . Let u_ denote the solution of

=1 m .
(1)-(3) with £ substituted by h_. One can see that “39& - 2c.3i3“

€ o N j=1JBN
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can be as large as one wishes if fs is chosen appropriately. In

fact, due

k=0 and D tc be a circle of radius 1. Then

- 3 nd i ~ind
W= L h v e ho=2w J e hetrdd |

fiz-co -1

Bl _ U o 1n-1 3n
SN - or ° Llntheart € ¥

n30
s 2
If Zlnh€n|=w the function (A2.20) has no limit in L°(l) as

neTe = 2_ 2
r+1-0. If I |nh enl =¢“<= then the limit does exist and

h=-=o
9
551l =

riately.

SR

3N can be even not defined on I'. To see this one can take

=<0 ‘Az.zo)

=27Cc can k2 as large as one wants if f is chosen approp-

0 rgee ri & agor Sedas & .00

B LR T e g )
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Appendix 3. About projection methods.

1. Convergence of projection methods.

Let A be a linear bounded and boundedly invertible operator
from a Hilbert space B onto a Hilbert space G. Let Pm be the
orthopreiectiocn cnto Lm' where Lm is an m-dimensional subspace
of H, Lm+fDLm' and the sequence of the subspaces Lm is limit
dense in H, i.e. for any h€H the distance from h to Lm goes to
zero as m*®. Let Qm be the orthoprojection onto Mm' where Mm
is an m-dimensional supspace of G, Mm+f)Mm’ and the sequence
Mm is limit dense in G.

Consider the egquation

Ah:f _ (A3.1)

and the projection method of its approximate solution

QAP h, = Qn.f. | (23.2)
The 'question of when the following statement is true is then of

interest: :
Equation (A3.2) is uniquely solvable for all sufficient-

13 - ©
ly large m and ”hm hl%*ol M, {A3.3)

Here hm is the solution of (A3.2). In the problem described in the

u
T (m) . . .

7 cj ¢j,and Pm is the orthoprojection in

j=1

H=L2(P) onto the linear span of ¢1,...¢m, G=22, Qm is the ortho-

Introduction, h_=

projection in ﬁz onto the linear span of the first m coordinate
2

vectors in 1%, i.e. onto the subspace of the vectors whose compo-

nents fn vanish for n>m. The following theorem, which is a parti-

cular case of a more general result from [18] answers the above

question. - ABO -
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Theorem 1. (iA3.3) holds iff

ho APkl 2 CliPrhll | Ymom,, Vhel oo, (A3.4)
and
QnAPLH =B G  Vm>mg. : (A3.5)

Remark 1. IZ P_ ard Q are projections onto m-dimensional spaces,

where m=1,2,~... (this is the case we are interested in in this pa-

"

per) then (A3.4) implies (A3.5), because the operator QmAP

pmH+Qm§ is amn injective mapping between two m-dimensional spaces

and therefore this mapping is surjective.

Proof: 1) (A3.3) = (AR3.4-5). If (A3.3) holds then (A3.2) is

uniquely solwable forx >m0 and therefore (A3.5) holds. Further-
-1 PO '

more, (Q AP ) gﬂ*~nr =h¥feG. Therefore || (Q AP ) 1le|$c<°°- Here

and below .c cernutas various positive constants. Thus "th[[=

= H(ngpm) Q,1 _Eo_ndl e e APRll . di.e. (A3.4) holds.. Note that

-1 e . . . X .

(QmApm) . QmAPm“im where I is the identity in PmH (not in all of -

H). 2 ) (A3.4-5)==>(A3.3). From (A3.5) it follows that (A3.2)

is uniquely solvable m>m,. To show that Hhm—h|l+0, m+e, consider

the equalities

QMA[RJ1+(IT‘Eh\h]= me

Q P\P h '_"""L) ’

which impl:- that
OmAPm(hm—pmh) = QmA(I"Pm\h. (A3.6)

Since the scjuence of the subspaces Lm is limit dense in H one
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has (I-Pm)h*theﬂ. Therefore (A3.6) and (A3.4) imply that

b= Pobill = | P (h= Pl € cl QRA(T-P )Rl =0, m> =, (33.7)

Thus

Ah-holl € Th-Prhll + I Puh~hull =0, m > 0. (A3.8)

This completes the proof, which is borrowed from [18] (see also [22]).

2. Stability of the projection methods.

Suppose that (A3.3) holds for the operator A in (A3.1).
1) Will it hold for A+B where ||Bil <5 and §>0 is sufficiently
small? The answer is yes.
2) Will it hold £for A+B where B is compact and A+B is boundedly
invertible? The anzw=2r is yes.
The proofs can be “ound in [18]. Since they are simple we give
them here for convenience of the reader. 1) Let 6=c-g, ”B"SG,
where ¢ is the constant in (A3.4), 0<€<c. Then ”Qm(A+B)thH >
>c “thll - &l thH =€||th|l. For the case when Q and P are
finite dimensional projections onto m-dimensional spaces, Theorem 1
is appiicable. {See Remark 1.) In the general case it is not dif-
ficult to show that (A3.5) holds, i.e. that the operator Qm(A+B)Pm:
PmH*QmG is invertible: _

. ~1{

0 (A+BYPr = Cn AR [T+ (QmAPL) QWBP, ],
and ii(QmAPm)~1QmBPm” < 955 <1. Therefore conditions (A3.4-5) are
satisfied by the operator A+B and (A3.3f holds for the operator
A+B. 2) If » is compact thenlll(QmAPm)-1QmB - A-1B|| 0, mre.

because (QmAPm)-1Qm - A.-1 strongly. If A+B is invertible then so

1

is I+A"'B, and HPQh+A_ BP h|| >c |P hll . Therefore

1l
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Ko, CA+BYP hil= i QuAP, [P h+ (0 AP, 0o BP h1ll
>l P + (2 AR QBRI 2 cll Pyh+ A'BRLRI
-cl( (Q,,.,A?,_,‘?ams - A'B) P.hll

)%%uﬁﬁﬂ , Ym>mg.

Thus, condition (A3.4) holds for A+B. To check condition (A3.5)
one notes that QAP is invertible, Q BP is compact and QmAPm+
+QmBPm is one to one by virtue of (A3.4). By Fredholm's alterna-

tive one concludes that (A+B)P_ is invertible and (A3.5) holds.
m
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Table 1
Truncation size
Eccentricity 5 10 20 £0
q=0.1 6 ) 60 (40) 8-103 5-10%) 1 2.10%  1.108
-
q=1/3 | 1.102  (s0) 7-10% (4-10% | 3-10"®  (2-107%) | »>10'6 0>10'6) :
g=1 52107 (5-10%) [ 1-107 (6-10%) | »10'6 1076 [ 510% 1076

The conditicn number ¥ as a function different truncation sizes and eccentricities for

the model problem {see {41)}. The corresponding condition number x for the normalizegd
functions ¢m‘(¢m,¢r)-§ i1s given in parentheses.

oy o & st

Tabhle 2 i
Truncation size (lmax; even or odd f-values) - I
S even 5 ecd3 9 even 9 odd 15 even 19 odd 4
ka=4
Xb=2 ,
R ECTES 22318} 2-107¢300  1-10%(s0) p10'6(3-10%) >10'6(6-10%) 2
Rey | 33020} csi19) {s5-10%12000  2-108(4001 106 (1-10%; >1076(3-165) ;
X 1-163¢s) i-1e3e8) [2-10%¢s00  2-10%(100) [1-10 4 4-10%) 1-107%(1-10%)
¥ |313) 3{3) 4(4) 4(4) 4(4) 414y
ka=§6
Xb=2 . 6
MELYES 3¢ (5) 2-107 01 1-10%(90) b10%€(1-10%) 3105 (3-105)
Rev |400(32¢3 20¢8c)  Ja-10% (5000 8.10%(1-10H>10"6 (1-108)  >10'%(3-165)
X, 2-1¢% (61 2-10%(10)]3-10% (1000  3-10%4200) |s-10"%(2-10%) 410" (¢-105) [
¥ [707) 13 9(9) 9¢9) 10(10) 10(10) :
ka=10 -
k=2 16 5
v 13003 300(5) 2-1a7¢s0)  1-10%(100) p10’5(2-10%) >10'%(2-10%)
Rev 13313510 3(2) 60(30) - 600(200) [5-10'%¢8.10%) 7-10"%(2-10%)
P 1
. 112312y 2-103010) |5 105 (1000 4-108¢300) [1-107%(3-10%) 7-107%(e-10%) :
RIERD) 10(10) 30(30) 30 (30) 40(40) 40 (40) i

<he condjtion number x as a function of truncation sizes and

eccentricities for three different spherical waves (vnl, (Revnl.

[xn) and the spherical harmonics (Yn). The corresponding condition
nunber for the normalized functions is given in parentheses.

r=0 in all cases.
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Variational principles for resonances. Il

A.G. Ramm?®

APPENDIX VI

Department of Mathematics, Kansas State University, Manhattan, Kansas 66506

(Received 23 June 1981; accepted for publication 7 August 1981)

Variational principles for calculating the complex poles of Green’s function are given.

Convergence of the numerical procedure is proved.

PACS numbers: 03.65.Nk

L INTRODUCTION

This note is 2 continuation of Ref. 1, where the follow-
ing problem was considered:

(=VP=kYu=0 in 22, 2l =0 )

Here £2 is an exterior domain, /™ is its closed smooth bound-
ary, and D = R>\£2 is bounded. Problem (1) has nontrivial
solutions if and only if (=iff) & is a complex pole k, of the
Green's function G (x,y,k ) of the exterior Dirichlet problem.
In Ref. 1 a stationary variational principle for resonances,
i.e., complex poles k_, was given

k2 =st{{Vu,Vu)/{u,u)}, 2

where st is the symbol of stationary value,

{u,v) = lim }exp| — erln rjulx)ix) dx,
e + 0,

J'=L, r=ixi. 3)

In Ref. 1 the test functions for {2} w2r2 tuken in the form

"
uy =rlexplikn 3 5, LT ik gl), (4)
i=0
where n = x|x| ™', Y, 2r2 the sphe-ical harmonics, ¢,,, are
constants, k is a parameter, and gz >0 s 2 fixed smocth
function vanishing on I" and equal to 1 outside of some ball
containing D. It was not proved in Rof | that the npumerical
procedure suggested there converges. The question formu-
lated in Ref. 1 conceraing ihe justifoution of the numerical
approach is still open. The purpose of this note is to formu-
late another variational privcipla for ealeelating the com-
plex poles &, and to prove ine convergeace of the numerical
procedure. The methed in Ref. 1is similar to Ritz’s method.
The method suggested in th's noi= is similar to Trefftz's
method. The advantage of thi> meihiod is that one deals with
the compact operators, while in Ref. | thie operator was not
compact. Qur coastruction is catura in the framework of
the singularity and eigenmads expansion methods.? The
convergence of the me:h-d will bz proved. A result which is

of general interest, as it se2ms to the author, is aconstruction,

of a stationary variatior..+' prinzipie aad a proof of conver-
gence for a class of noi- «'f-zdjoint symmetric operators
(B * = B), which occur froquently in the scattering theory.

“Supported by AFOSR 80022 A"t subject classification 47A10, 78A4S,
81F0S, 35105,
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fi. A VARIATIONAL PRINCIPLE

The starting point is the following observation: k is a2
complex pole of G (x,y,k ) iff the equation

AfELg(S,t,k)f(t)dt:O, Imk <0,

gls,t,k) = explik |s — t |)/(4w]|s — t]), {5)
has a nontrivial solution. This observation and some conse-
quences are discussed in Ref. 3. For the convenience of the
reader let us note that

G (t.y.z)
G = —f x,8,2) ———=— dt, 6
g rg( } an, (6
where N, is the unit outer normal to I" at thepoint 2. If kis a
complex pole of G of order r one can multiply (6) by (z — k)
and take z—k and x = seI". This yields Eq. (3] (see Ref. 3, pp.
290-291) with f==0. )
Let us formulate the following variatiosa! principle

Ffi=lAf [} = min, [[fl=1, g
where | f1, is the norm in the Sobolev space H, = Wi(I"),
I £l = ].flo- From the above observation it follows that (7}
has solutions and the min is zeroif k = k_, where k_ are the
polesof G (x,p,k ). Ifk #k_ theninf ;, _ ; |4f], > 0. Indeed, if
there exists a sequence || £, ]| = 1, |4/, | —O then
L=l fll =1, Af =0, and therefore k = k, (see Ref. 3, p.
291). The only point which is to be explained is the conver-
gence in H: f, —f. In Ref. 3 it is explained that A4 is a pseudo-
differential operator of order — I, that is,

al‘f'p-l<l‘4flp<02‘flp—l' . (8)
Here a,;a2> 0 are some constants, — w0 <p< oo if FCC >,
and the fact that k #k_ was used essentially:if £ # k&  then
kerd =} fAf=0] = {0} and 4 maps H, onto H_, ;. If
141, 1,—0eand || £, || = 1, then (8) with p = § shows that
Il /. 0. This contradicts the equation || £, | = 1. Therefore

inf |Af],>0 if kK, : )
W= .

Consider a numerical method for solving problem (7).
Let { f;] be a basis of H,

f= f‘"’z}iﬁ /- " 0)

The necessary condition for F( f) to be minimal and
min F(f") == 0, || /"™ = 1, yields:

5:: a,c,=0 1<j<n, . (11)

m=1

© 1982 American Institute of Physics 12
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8, =a,. (k)= (Af., Af), Z'Ic,|’>0. (12)
l-
Thus
deta,_(k)-—-o 1< jim<n. (13)

Let k4" denote the roots of Eq. {13). Our first result is

Theorem 1: There exists lim,__k'" = k,, and k, are
the poles of Green’sfunction G (x,v,k ). Every polek, isalimit
of a sequence k[, where & " are the roots of (13). Conver-
gence is uniform in ¢ for any finite interval 1<¢<Q.

Proof: We will prove that: (i) Eq. {13) has roots in the
circle |k — k,| <€ for any fixed €> 0 however small if
n > nl€)is large enough. {ii! If # > =(¢i and there are no points
k, in thecircle [k — z| <€ then Eq. {13 has no roots in the
circle |k — z] <e. An important par: of the proof is the re-
duction of the problem to the prohl=m with the operator
I 4+ T{k), where T (k}is compact.

Let us fix € > 0 such that in the circle {k:|k — k,| <€}
= K therearenoother poles. Theoperator 4 = 4 (k Jcanbe
written as

Ak)=AI+ T(k})), (14)
where

A, =A(0), A3=A,>0 in H=L%I)

dt
A f= 4 .
of r &or,, (15)

and

Tik)=A4g'[4k) -4} (16)
The operator A, is a bijection of H_ ort0 &, , ;

byl flo<IAo f1i<hal flebyb, = cerst >0, (17)

whilz T{k ) is compact as a map H,—F, (see Ref. 3 for de-
tails) because 4 (k) — A, is an operator with 2 nonsingular
kernel. Let us rewrite functional (7} as

FN= M+ T)f{] =smin, [/ =1 {18)

From (18} and (17) it foliows tha: the problem (7) is
equivalent to

FdN =W+ T)fl, =min, [fil==1 (19)

The matrix of the system (11) can be written as

G =+ T)[ U+ T)S), (20)

where (.,.) denotes the scalar product which is metrically
equivalent to the scalar product in K. This means that

d\( £, o< £, £1<dA £, [} whered, > 0 and d, are constants,
JfeH is arbitrary. In the sequel we will not discriminate be-
tween (.,.) and (.,.)o- This is possibie because (I + T) f,

‘I + T)f)and (I + T} f, (T + T} f)pattain their zero values

simultaneously. The syster {11} can be considered as the
system which corresponds . thie Risz method for functional
(19) with the test functior:s { £;}. This completes the reduc-
tion of the original problern t tne problem with thie operator
1+ T(k), where T(k)is a cc mpact analytic-in-k operator
function on K. To prove (i) }ot us assume that forafixede > 0
and k, and all 7 there are no cvots & " of Eq. (13) in thecircle
|k — k,| <¢€. The system {11) with the matrix (20) says that

W+T) I +T)f)=0 1<j<n, fM#0,  (21)

113 J. Math. Phys,, Vol. 23, No. 6, June 1982 .

where
=$er 2
=1
In particular, our assumption means that
(T=T+T*+T*TJ+T=(I+T*/+T)
(I + P, T (k) f" =0="=0, |k —k,|<e, (23)

where P, denotes the projection in H onto the linear span of
[ Ju--1,, ). Equation (23} says that I + P, T(k]ns invertible
inthecircle |k — k | <€.1fnislarge enough thisimplies that
I+ T(L l is mvemble in the circle {k — k& ( <€, because
)+ Tk)— (I+Pp, Tk )]]—-Oasn—-oo Thisisacontra-
diction since J + T(k ) is not invertible. Let us explain (*).
Weneed toshow that [[(I P, )T ||—0asn—oo.Since T'(k )is
compact it can be written as T, + B,,, where }B, || <d,,,
dy~+0as N— w, and T is a finite-dimensional operator. It
is sufficient to prove that ||(/ — P, )Ty [[—0 as #—c0. With-
out loss of generality one can assume that 7, isaone-dimen-
sional operator, T f = (f.v)u. Then

W — PATofA = I — P, )ulll( fo)]
<ISH ol flu — Poul—0 as =—co, (24}

since P, —1I strongly. Thus the statement (i} is proved. Note
that the orthogonality of P, is not used in (24). In order to
prove(ii) wesuppose thatforany €, >0, ¢€,—0,Eq.{13) hasa
root k' in the circle |k — z| <€, and show that under this
assumption z has to be a pole of the Green's fanction. The
assumption means that

U+ TR S=0, =1, k"z.  (25)

Since || f"|| = 1, one can extract a weakly convergent in H
subsequence which is denoted again f*,/"—f}— means
weak convergence). Since T (k) is compact the sequence
T'(2) /™ converges strongly in H:

TEf"-Tk)Sf. (26)
On the other hand, o
IT(k,) — T )| —0. 27)
From (25}27) it follows that _
So=f fl=1, (28)
and B
[l+ TElf=0, lIfl=1 29
The proof is complete. -
iil. DISCUSSION

" The variational principles (19) and (18) canbe viewed as
the least square method. Let us consider instead of (13) and
(20) the following equation:

det b, (k) = 0,1<jim<n, b, =(I + Tk} f..£;). (30}
Arguments similar to the ones given in Ref. 3, pp. 192-193
show that: (i) For any € > 0 and &, there exists a root £ ! of
Eqg. (30). such that |k, — k) <e lf n> nle). (i) 1f kMisa
sequence of the roots of Eq. (30) and k Pk, as n—*oo , then
k, is a pole of the Green's function. Bquahon (30) can be
vicwed as a necessary condition for the linear system of the

A. G. Ramm M3
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Galerkin method for the equation{ + T'(k)) f=0tohavea
nontrivial solution. The Galerkin equation is of the form

(/7 + Tk S =0 1< j<n, (31)
where ' is defined in (22). The basic idea is that the poles &,
are the points at which the operator / + T'(k ) is not inverti-
ble. These points can be found by the Galerkin method, by
minimizing functional (19) or by some other method. It is
interesting to note that the Ga'2rkin equation (31) can be
obtained also as a necessary condition for the stationary vari-
ational principle

W+TKNLS =5t Fi>0, (32)
where st means stationany valuz. This is not true for an arbi-
trary operator, but the op=ratcr B =17 - T'{k }isasymmetric
non-self-adjoint operator on H = L *("}, that is

B* =B or Blst)=B(s) Bs)) (33)

Therefore the necessary condition for {32, which can be
written as

(Bfih)+ (Br,f)=0 forall h=zH, (34)
yields
0=(Bfh)+{ B*f J)=(Bfh)+IBiF). (35)

Let h = v, where veH is an arbitrary reai-valued function.
Then (35) says that

0=B(f+/) (36)
Let /; = ju. Then (35) says that

0=B(f-/) 37
From {36} and {37] it follows that the 2gzuation

Bf={I+Tik)f=9, {fi>C (38)

is a necessary condition for (32i.
Our aim is to show that Eq. {31}is a necessary condition
for the problem

BfLS)1=st, || flI>0. {39)
Let us take f == f' and rewrite (39) a
AZ ‘b/mcmEj =st, &, =(Bf../ (40)

In general assumption {33} does niot imply the équality
b, =b,,;. Therefore the following lerama is of use.
Lemma 1: Assume (33) and

5=f j=120 (41)
Then

[ 4
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bjn = b,y (42)

The proof is immediate.

Proposition 1: Assume (33) and (41). Then a necessary
condition for (40) is the system (31).

Proof. The operator B = I + T (k) satisfies {33). From
this and Lemma 1, Proposition 1 follows.

Remark 1: The results of Sec. 111 give a convergent nu-
merical scheme for a stationary variational principle (32)
with a compact operator T satisfying condition (33}, i.e.,
symmetric non-self-adjointness. Such operators occur fre-
quently in the scattering theory. A simple example is prob-
lem (1). There are other examples in Ref. 4.

Remark 2: A numerical scheme for calculating the re-
sonances based on theorem 1 is as follows: (1) Calculate ma-
trix a;,, by formula (11).{2) Find roots of Eq. (13). The corre-
sponding solutions of (1) can also be calculated by this
numerical procedure: Find f*! by formula (10) and
u'™ = 4f" is the approximate solution of (1), which con-
verges to the exact solution of (1) as n— 0. This exact solu-
tion is of the form ¥ = 4 (k, )/, /= limf*" as n— o0 and lim
here means the limit in H = L %(I").

Remark 3: For numerical calculations instead of princi-
ple (32) one should use the equivalent principle

k) fS)=st. 1f}>0. 43)

The equivalence of (43) and {32) follows from the fact that the
necessary condition for (43) is the equation

ARV =AJI+TKDS=0, |If]I>0, (44)
which is equivalent to the necessary condition (38) for (32)

because ker 4, = {0}. If one takes f = f' asin (22), then the
analog of (30} is

det{A (k) f,..f;)=0 1<m,j<n, L(45)

and th~ convergence of the numerical procedure follows
from the arguments given for Eq. (30).
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