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[. Introduction. In this note we present theoretica) results for estimation of
function space (i.e., time and spatially varying) parameters in general transport
equations. The presentation here is motivated by our own efforts on problems in 4
transport of labeled substances in brain tissue [3], population dispersal (in
particular insect movement--see (21, {31, [71), and bioturbation [6], among other
applications in the biological sciences. Due to limitations in space, we shall

not discuss here any of those particular efforts. Rather we provide an outline of
a general convergence theory for a class of approximation schemes that we have used
and are continuing to use successfully in a number of biological applications. In
the first two sections we present for the first time general theoretica! arguments ‘
underlying these approximation schemes; our use of the methods in specific problems =q
is discussed elsewhere ([2], [3]). In a final section we summarize briefly one
aspect of the numerical performance of our methods that is pertinent to any con-
vergence theory that one might develop.

As our fundamental state system we consider the scalar equation

(1 .g.% +V.(0u) =Vv- (D@ V) + qu + f, t €(0,7],

on the bounded domain o C r? with boundary conditions u(t.-)[an = 0 and given initial
conditions u(o,-)!n = Uo(y). Here we assume that v and D are functions depending on
(tyx,y), t >0, (x,y)€ @ and f = £{8,t,x,y), 8 = 8{t,x,¥)» @ = a(t,x,¥), v = v{x,y).
While we treat only trivial Dirichlet boundary conditions in this note, our ideas
are sufficiently general to allow nontrivial boundary conditions depending possibly
on unknown parameters. We assume that any such boundary conditions have been
transformed in the usual manner so that the unknown boundary parameters are included
in the vector parameters g and y in f and Ug above. We have also simplified our
exposition in treating only a scalar equation even though our methods are applicable

to (and have been used with) vector systems.




Along with the §tate equation (1) we assume that we have observations iie Ho(n)
for u(ti,-).or Uik € R for "(ti’xj’yk) and that we wish to choose the parameter
functions ¥, D, a, B, v SO that the corresponding solution of (1) best fits the
observations. For our discussions here we shall assume that this problem is posed
in terms of an optimization problem for a least squares fit-to-data criterion.
Letting q = (D,¥,a,B,y) represent the set of unknown parameters and Q represent the
class of admissible parameter functions, we denote by q - J(q) the least squares
criterion function. For the observations mentioned above, this function is given by

() 3@ = ] lu(tea) - agl?
1

in the case of distributed data Gi € Ho(n), and

- 2
(3) ‘](Q) = i’§,k lu(ti’xj:.yth) - u]jk‘

in the case of pointwise data u. L

]jke'R , where in both cases u(-,q) is the solution
of (1) for a given q = (D,V,a,8,y). In either case our basic problem consists of

minimizing J over Q.

This problem is difficult in part because it is, in general, infinite dimensional in
both the state u and the parameters q, each of which lies in a function space.
Therefore algorithms for its solution will, in most cases, involve two separate
and often unrelated approximation ideas, one for the state space and one for the
parameter set. In the next section we consider these approximations and outline
convergence arguments that indicate that the schemes can yield useful computational
results.

11. Convergence Results. We first rewrite equation (1) in its weak form in the

state space H = Ho(n) with the usual inner product. We have, dropping the Kronecker
product sign ® for ease in notation, that for all ¢ €.Hé(n), the weak solution u
must satisfy

Up,d> + <DVU(L), 76> - <Bu(t),ve> - <au(t) + f,e> = 0, t € (0,7],

(4) ,
u(0) = uo(v)-

Retaining the notation q = (D,¥,a,8,vy) we make the standing assumptions on the
parameter set Q:

(A] The set Q is a bounded subset of L_([0,T] x a).
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[E] There exists a positive constant m such that for every q = (D,0,a,8,y) in Q,
Di(t,x,y) > m for i =1, 2, and (t,x,y) in [0,T] x q.

We also assume throughout that the perturbation function f is C] in all of its
arguments and that y - uo(y) is continuous from Ho(n) to HO(Q). This will suffice
for most of the results stated below, but the regularity of solutions u assumed
later can be gquaranteed only under more stringent smoothness assumptions on f along
with conditions relating f to the initial data ug-

Under our standing assumptions on Q and f, we can, further assuming that uoe HO(Q),
use rather standard arguments {e.g., see [10, p. 104]) to guarantee existence and
uniqueness of solutions u to (4) with u(t,q) € Hg)(n).

For the state space approximation of (4), we consider a Galerkin scheme on finite
dimensional subspaces HN of Ho(n). We assume H\ ¢ H(])(n) for each N =1, 2, ...,
and define the Galerkin approximation for a given q € Q as the solution u“,

uN(t) € HN, of the equations

<u':,w> + <DVUN(t),v\u> - <DuN(t). > - <auN(t) + f,y> =0, V€ HN_.
(5) N \

u (0) =P uo(Y)’
where PN is the orthogonal projection of HO(Q) onto H”.

It is useful to define the bilinear form £(q) : Hy(2) x H)(2) » R' by

L]

£(q)(w,¢) = <DVY,Ve> - <Dy,V¢> - <ay,s>

a(q)(v,e) -~ bla)(v,e) - <aw,¢>.

i

Then we may rewrite the original equation and its Galerkin approximation in HN as

<ut:¢> + c(Q)(“a@) = <f,¢>, Vé € Hg)(n)r

(6)
u(0) = uy(q)
and
gy e e s e wed,

uMo) = Py (a).

Defining, for solutions uN. of (7), the approximate fit-to-data function JN
(corresponding to (2)) by

© e ammbaman s e
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@ Ma) = e - i)
we find that our estimation problems with approximate states (which are still
optimization problems over an infinite dimensional function set Q) consist of mini-
mizing JN over Q. Before turning to a second level of approximation (for the param-
eter set) we give some convergence results for these approximate problems that will
prove useful in discussing the state-and-parameter approximation problems. We make
the following standing assumptions on the approximation properties of HN relative

to H. -~

[‘g Let P denote the orthogonal projection of H () onto HN Then for any

vecda)n H (@) the following estimates hold: IPNw - wlz |(P v w)l
N
pNy -
HP% - v) |
lg(Naw)| < (W) Llu,,

2 are each dominated by some functional g(N,y) satisfying
2
+ - oo,
| (v yy[ } where ¢(N} - 0 as N
We remark that for @ = (0,1) x (0,1), tensor products of the subspaces L (A ) and
(A ) of linear and cubic splines (corresponding to a grid size 1/N) mod1f1ed to
sat1sfy homogeneous boundary conditions, are readily seen to satisfy the condition
€ (see [11, Chap. 6] for further discussion and details). The following fundamental
convergence statement (e.g., see [2], [3]) is most helpfu) in establishing the

desired approximation theorems.

*
Theorem 1.  Suppose qN. q € Q with qN -+ q* in Ho((O.T)x Q). Suppose further that
* e *
u(q ) €‘C2((0,T) xq). Then uN(t,qN) +u(t,q ) in Ho(n) for each t € [0,T], where
U, uN are solutions of (6), (7), respectively.

Since this theorem is fundamental to our discussions in this note, we shall outline
the essential steps of its proof. First, we note that under assumptions A and 8
above, it is easy to establish the following Girding inequality (e.g., see also [9,
p. 144], [4, p. 34]): There are positive constants cge €y depending on 2, the
bounds for Q, and m such that £(q)(¢.0) > c]]ol1 - c0)¢,2 for all ¢ € H](n) and all

q€Q.

Let uN. u be the solut1ons of (7), (6) corresponding to q . q , respect1ve1y We
wvsh to argue that lu (t) -u (t)l + 0. But from the inequality luN -u l <

lu - oM u | + tPN -u | {to simplify notation here and throughout we suppress
the dependence on t) and the approximation results of condition C, it suffices to

argue [uN - PNu‘| + Q.




Let fN denote f at BN of qN and note that the convergence hypotheses on qN

and the
* *
smoothness of f imply |fN - f | - 0 where f corresponds to q*. We have that uN.

*
u satisfy the equations (see (6), (7))

""2.w> s el he) = e for all ye HY,
) N N N
u'(0) = Plug(a™)
and }
* * * * ‘I
<ug, >+ L(q Yu ,¢) = <f ,¢> for all ¢ € Ho(n) ,
(10)
* ~ *
u (0) = uglq ).
. N ] . 3 N
Since H' C HO(Q), letting Dt denote 3% o e have for all y € H

*
N, »¥)

* *
= - <DtPNU s> - c(CIN)(PNU aW) + <fN"U>

0 (- PN+ c(@y N - p

N = f*.w>

]

*x * * * *
Dplu - PN ) v £(@) W) - (@) (PN ) ¢ <f

where we have used (9) and (10). Choosing y = zN = uN - PNu* in HN we thus find

using the above identity
* *
% Dt'Zle + f(qN)(ZN.ZN) = <Dt(u - PNu ),zN>

*
s olq 2% - el eN Ny ¢ N LN

Use of the G;rding inequality then yields

] l * *
s LA BN IR P P R (T L A WL

-«
s (g )wh2Y) - e@eMT, Ny ¢ N TN

(1) < % lu* - PNu

- P2 e T M e aehwt Y - e et

« (@M. M - b)WY

*

N

> + <fN - f*.zN> .

NN * *
+<«aPu -au,z




-

* *
a(q )(u .zN) - a(qN)(PNu*.zN) e T N

*
NvPNu ,92 >

2 < 2
< % é% Ibtvu' - DNVPNU*I + % 7} \val

while
] *
b(qN)(PNu ,zN) - blq )(u*.zN) = <DNPNu* - v'u*.va>

2 c 2
< % é% IDNPNu‘ - v*u*l + % 7} lva) . :

Thus, using these estimates in (11) we find

1 N 2 2

30128+ 12 - el !
2 t
< lup = PN e 1N e L et - ottt i
1 ]
c 2 ¥
s é% oo - 0% L et :

L R AN . TC »2 1 82

+-2-laPu “\IU! *’?‘Z' *flfN-fl "’7[2' N

2
or, since {le1 > lva) ,

2 2
(120 3002 ¢ - 3 - ¢ 12N <

where

2
NVPNU*]

=
ue

N ] * Niz ] * *
7 |ut - P utl + ET D -p

2 2 2
] NN, * * 1, NN * * * 1 (N
E—]'!DPU-DUl +2-\uPu-au\ *-z‘f-f‘ .

Using the Gronwall inequality and defining eN = luN(o) - PNu'(o){, we may obtain
from (12) the estimate

t
ey - My M e 20t 6 e 285 2nN(5)ds

(13)

T 2
< Mo 262 (11 nMs)) Sas)
0




where § = o + % is independent of N. Since eN + 0 follows from the continuity
assumption on ugs for the desired convergence it suffices to argue that h™ + 0 in
Ho((O.T) x Q). However, using the convergence qN - q*, the assumption that u' is

in C2((07TY = 0), the estimates of condition C, and the bounds from condition A,
this convergence is readily established. Thus is the statement of Theorem 1 proved.

We remark that the regularity required of u(q*) in Theorem 1 can be guaranteed by
rather standard smoothness theorems (e.g., see [4, p. 141]). It is a straight-
forward exercise to verify that such theorems require sufficient smoathness of the
coefficients as well as of the perturbing function f (this also involves the initial
data uo). An alternate approach, which permits relaxation of the smoo;hness of the
coefficients (and requiring this smoothness only on (e,7] x @) could be taken

(see {1], [5]) at the expense of some technical tedium. However, we shall be
approximating the parameter functions q below on [0,T], not (¢,T], and hence the
stronger smoothness assumptions are more appropriate here.

To use the statements in Theorem 1 to obtain a convergence theory for aoproximate
parameters, we shall need a continuous dependence result for solutions u of (4).
To state this result, we define C;(n) as the set of C] functions with bounded
derivatives on Q.

Theorem 2. For any solution u of (4) such that u(t,q) €'C;(ﬂ), we have that
g ~ u(t,q) is continuous on Q in the HO((O,T) x Q) topology.

The arguments for this theorem, which involve estimates for |u(t,q) - u(t,&)], make
use of conditions A and B above. They are very similar to the arguments outlined

r Theorem 1 and so we shall not give them here. Instead we explain how these
results are used to obtain a parameter convergence theorem.

Theorem 3. Suppose Q is compact in the Ho((O,T) x ) topology. Then a solution
&N to the problem of miniﬂizing N over Q exists, M = 1,2,... . Let {q %) be any
convergent subsequence, q k 0((O,T) x Q). Ifu(q)e CZ((O,T) x Q) for

*
each g€ Q, then q is a solution to the problem of minimizing J over Q.

*
+q inH

Since the arguments are similar to those we have presented elsewhere {see [1,pp. 28-
29]), we only sketch them here. The existence statement follows once one estab-
lishes continuity of q » JN(Q) on the compact set Q (the continuity arguments are
similar to those behind Theorem 2). From Theorem 1, (2}, and (8) we have




E

Ny, _N N ;
3G ) = lim IE ) < dim I ¥q) !
Nk-»o Nk-hw

for any g € Q. But Theorem 1 (with the constant sequence {q}) also guarantees
*
k(q) +J(q). Thus J(q ) < J(q) for any g € Q. i

As we have indicated previously, the state approximation results of Theorem 3 are {
only first level results that are not satisfactory from a computational point of ?5
view since the approximate problems still involve minimization over the infinite
dimensional set Q. We turn next to a second level of approximation where we com-
biie the state approximation ideas outiined above with ideas for approximation of !
the parameter set Q. ?-

We suppose that QM, M=1,Z,..., are subsets of Ho((O,T) x Q) defined by 0M = iN(Q)
where iM is a mapping from Q C‘Ho((O,T) x @) into Ho((O,T) x q). The approximation
properties for the QM are given in terms of the mappings iM' Specifically we
assume

0

(B] (a) The mapping iy Q+ H is continuous;

(b) For each q € Q, iH(q) + g as M - = and the convergence is moreover uniform
in q € Q.

We note that we do not require that QM<: Q. Furthermore, in the event

Q= (0,1) x (0,1}, there are several useful special cases of approximation sets

that satisfy the assumptions of condition D. Under sufficient regularity assumptions
on Q, we may choose iM = IM = the linear spline (or cubic spline) interpolatory
map--for precise definitions and details, see [1], [11]. As a second example, we
(again for sufficient regularity on Q) may verify that condition D is satisfied

when we choose iy = M. the orthogonal projection mapping (in H ) onto the subspace
L(A ) of linear B -splines (or the subspace S(AM) of cubic B-splines)--see [11].

To see that this approximation idea does indeed fulfill our needs theoretically, we

first observe that if Q is compact in Ho, then part (a) of condition D guarantees

that QM M(0) is compact. Hence the probIem of minimizing N of (8) over Q has

a solution qa from the compactness of Q » we have a convergent subsequence

qM q" in Q It follows (under sufficient regular1ty) from Theorem 3 that q"

is a solution of the problem of minimizing J over Q Let qME Q be chosen such

that qM = iM(q") Thsn {q"} C Q and the compactness of Q guarantees existence of a
subsequential ltimit q = lim qM From (b) of condition D and the fact that

a". = 1pj‘q" )s it is easily se%n that qu also converges to q We finally observe .




- M. . M;
that J(qu) < J{(q) for all g€ Q J. But since Q9 = iHj(Q), we actually have

J(;Mj) < J(iMj(q)) for all g € Q. Taking the limit as Mj + » in this inequality and
*

using the continuity of J and part (b) of condition D, we find J(q ) < J(q) for all

q€ Q.

For details of the above double limit results in the case of cubic spline state
approximations and linear or cubic interpolatary splines for the parameter approxi-
mations, the reader may consult [1]. We further observe that a careful consider-
ation of the detailed arguments in [1] and those sketched above will reveal that the
order of the limits in the double limit procedure is immaterial. Summarizing we
have

Theorem 4. Let QM be as given above where Q is compact and let a: be a solution
of the problem of minimizing JN over QM. Then for any convergent subseguence

-N * * . c s
qM: +q , the 1imit q is a solution of minimizing J over Q.

IIT. Numerical Findings. We have carried out extensive numerical tests of the

methods described in this note on problems involving estimation of both constant and
time and/or spatially varying coefficients in parabolic equations. Computations
(involving linear and cubic splines) for both test examples and inverse problems
using experimental data have been performed. See, for example [1], [2], [3], where
descriptions of the algorithms and software packages employed can also ~z found.

We report here briefly on one aspect of our numerical findings whir® concerns the
possible difference in performance of the algorithms when one employs a pointwise
(in o--see (3)) fit-to-data criterion as opposed to an integral criteriun (e.g., as
in (2), where the Ho(n) norm is used).

We first observe that the theory presented in this note (for HO(Q) convergence of
the approximating states) promises adequate performance of the methods when a dis-
tributed criterion such as (2) (and the analogous form of JN~-see (8)) is used in
computations. One can, in some cases (e.g., see [8]), at the expense of technical
tedium, establish pointwise (in @) convergence of states so that a convergence
theory for pointwise criterion such as (3) can be developed. This raises the
natural question as to which, if either, criterion is preferable from a computational
viewpoint. Our preliminary numerical investigations suggest that whenever one is
estimating constant or temporally varying parameters (the ones of interest in the
insect dispersal studies of (2], [3]), it doesn't matter whether the problem is
posed using (2) or (3).




To be more specific, consider the Example 4.4 of [1], which is a test example where
both the true parameters and true solution are known. The equation involved has the
form (1) with « = 0, f known, 2 = (0,1), ¥ = 100(4-t)(.5-x) and D = 20. Tests to
estimate the temporal part of V (i.e., the term 4-t) or D were performed (see [1)]
for details). The methods yield essentially the same parameter values and functions
(to 3 decimal places) regardless of whether the integral form (i.e., (2)) or the
pointwise form (see {3)) of the criterion function J {(and the corresponding JN) are
used. In general the computer time to carry out the estimation with distributed
criterion was equal to (or less than) that needed for the same example using a point-

wise criterion.

We also raised this “criterion” question in some of our extensive uses of the methods
with field data from insect dispersal experiments (see [2], [3] for a full report).
Again we compared performance of the algorithm using a pointwise criterion with that
employing a distributed (in Q) criterion. Results very similar to those reported
above for the test examples were obtained (i.e., same parameters with comparable
computational efficiency). For a more complete discussion see [2].

Finally we note that we have successfully used the methods discussed in this paper
for test examples and experimental data (again for insect dispersal) in the case of
two-dimensional spatial domains . These results will be reported in a manuscript

currently in preparation.
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