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APPLICATION OF A FEATURE SELECTION TECHNIQUE
TO SAMPLES OF HIGH RESOLUTION SYNTHETIC

APERTURE RADAR IMAGERY

The purpose of this research note is to show the appli-
INTRODUCTION cation of a feature selection technique to samples of

synthetic aperture radar imagery and to present some
preliminary results. In the past, feature selection techniques have been applied to
data computed from digitized aerial photography. However, it appears that no one
has as yet applied feature selection techniques to high resolution radar imagery.
In order to perform classification of terrain features using radar imagery, feature
selection is an important initial step. Feature selection consists of choosing those
features that are most effective for showing class separability and for performing
a reduction in the dimensionality of the feature vector. The following sections will
present a discussion of the feature selection technique, along with its application
to selected samples of radar imagery.

The application of pattern recognition techniques is
METHODOLOGY accomplished usually in two steps, namely, feature selec-

tion and classifier design. The feature selection process
that precedes the classification process consists of techniques applicable to one
class or to multiple classes. The feature selection technique to be discussed here
is applicable to multiple classes. It provides the capability of reducing the number
of components of the original feature vector in such a way that the resulting com-
ponents are optimized to show class separability. The feature selection technique
comes from the field of discriminant analysis of statistics and is independent of the
probability density functions of the feature vector data. The feature selection
operation can be expressed as a linear transformation of the following form:

Y = AX (I)

4
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where X is the original feature vector with dimensionality n x 1; A is the trans-
formation matrix of dimensionality m x n, where m is less than n; and Y is the
transformed feature vector with dimensionality m x 1. The feature selection
problem is now reduced to determining the matrix A. In order to calculate A.
use is made of the within-class and between-class scatter matrices. A within-class
scatter matrix shows the scatter of samples around their class expected vector and
can be expressed by

N

SW = P(Wi)Ci (2)
i= 1

where Sw  is the within-class scatter matrix, P(w i ) is the a priori probability of
the ith class, Ci is the covariance matrix of the ith class, and N is the total
number of classes. A between-class scatter matrix can be defined in many ways;
however, the following definition was the one utilized here:

Sb = C1 +C 2 +(MI -M 2 ) (MI -M 2 )T (3)

where Sb is the between-class scatter matrix, C, is the covariance matrix for
class 1, C2 is the covariance matrix for class 2, MI is the mean vector for class 1,
M2 is the mean vector for class 2, and T means transpose. This definition of the
between-class scatter matrix is valid only for the case where N (the number of
classes) is equal to two. In order to have criteria for class separability, a number
must be derived from the scatter matrices. This number should increase when the
distances between points belonging to different classes are increasing or when the
distances between points belonging to the same class are decreasing. One criterion
is the use of Ji, which can be defined as follows:

Jl : trace (S2m S1m) (4)
where

S2m =AS,AT and Sim ASbAT

5
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The feature selection problem now requires that we select the particular trans-
formation matrix A, which maximizes the value of J1 . Fukunagal shows that
A is made up of the normalized eigenvectors of the matrix S- Sb.

AT = 1 0 1 02 ....... 0m1 (5)

where 0, is the eigenvector associated with the largest eigenvalue, 02 is the
eigenvector associated with the second largest eigenvalue, etc. Once the matrix A
is computed from (5), the new feature vector Y can be computed for each point
in each class.

The feature selection technique was applied to samples
INVESTIGATION of high resolution synthetic aperture radar imagery taken

over the Huntsville, Alabama, area with the APD-10
radar system. Sections of the radar imagery were digitized and stored on a digital
disk unit. A Lexidata system 3400 display processor was used to display the images
on a cathode ray tube and to take 100 samples for each of four terrain classes
from the imagery. Each sample consisted of a 32 by 32 pixel element window
located within a section of one particular terrain class. The four classes considered
were cities (combinatior of commercial and residential structures, DLMS cate-
gory 4504 FIC 301 and 505 FIC 401), fields (agriculture used primarily for
crop and pasture land, DLMS category 4510 FIC 950), water (rivers with smooth
fresh water. DLMS category 05 10 FIC 940) and fresh water subject to ice (lakes
and reservoirs. DLMS category 45 10 FIC 943), and forests (mixed trees, deci-
duous and evergreens, DLMS category Y510 FIC 954). A feature vector con-
sisting of 13 components was computed for each sample. These 13 components
were made up of the first- and second-order gray level histogram statistics computed
from each sample window. The explicit equations used for the 13 components of
the original feature vector are shown in appendix A. A computer program was
written for the Hewlett-Packard 1000 computer to calculate Ji asa function of
displacement in x and y. This computer program was also used to calculate the
transformation matrix A. A listing of this program is provided in appendix B.
A second computer program was written to calculate the new feature vector Y for
the four hundred samples taken from the radar imagery. A listing for this second
computer program is given in appendix C.

IKeinosukc iukunaga, Introduction to Statistical Pattern Recognition, Academic Press, 1972.
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In this section some results of numerical calculations are pre-

RESULTS sented. Table I shows the results of calculating the value of

J I for various values of displacement DX and DY for the two

classes of forests and cities. The a priori probabilities for the two classes wert
assumed equal to 0.5.2 In table I the largest value of J is 29.8525, which is
associated with a DX of -3 and a DY of 4. The significance of a maximum value
of J I occurring at these particular values of displacement is not understood at this
time. The values of the displacement DX and DY associated with the largest value
of J were utilized to compute a new feature vector Y with two dimensions.

Figure I shows a plot of two second-order statistical components for the forest and
city samples. The triangles are the results from city calculations; and t' x's are the
results from forest calctdations. This figure clearly shows the neces, or feature
selection because the original data for forests and cities is not sepal % Figure 2
presents the results after the transformation Y = AX is applied ... J original
feature vector X. In this figure the x's again represent calculatio' )m forests.
We now see that the data from forests is clustered and almost totally "ed from
the data for cities, represented by the triangles. Even though a .,ints still
overlap, the improvement is very dramatic. The transformation has succeeded in
reducing the dimensionality of the original feature vector from 13 to 2 and also in
separating the clusters of data for the two classes.

Figure 3 shows the results of the transformation for the two classes of cities
and fields. The x's represent the data from cities. Good separation is obtained for
the two classes as only a few points are overlapping. Figure 4 shows the results of
calculations for the two classes of cities and water. The x's represent the data from
cities. In this particular case the two classes are totally separated as well as being
clustered fairly well. Figure 5 presents the results for forests and water. The x's
represent the data for forests. Again the two classes have clearly been separated by
the transformation. Figure 6 shows the results for fields and water, with the data
for fields represented by the x's. These two classes have also been totally separated.
Figure 7 shows the results for forests and fields with the data for forests repre-
sented by the x's. The two classes are not well separated and other features may
have to be investigated to obtain better separation. Another possibility would be to
try using nonlinear feature selection techniques for these two classes.

2This masmption of equal probability for cities and forests appeared to be appropriate for the area where the samples
were taken.

7
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TABLE 1. Values of J, for first and second order histogram statistics

DX DY i

1 0 22.1485
2 0 19.8078
3 0 19.4333
4 0 19.3099
5 0 19.7508

6 0 20.3677
7 0 19.8529
0 i 21.0314
0 2 21.76!3
0 3 21.3524
0 4 21.7343
0 5 22.3144
0 6 23.1462
0 7 23.5903
1 1 20.6771
1 2 20.4869
2 2 24.3979
3 2 23.9334
4 2 21.5577
3 3 25.7921

- 1 20.2745
1 2 24.4373

- 3 2 25.0272

- 3 4 29.8525

4 4 22.7131

8
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1. The feature selection technique discussed in this report
CONCLUSIONS appears to be a powerful tool for the application of

pattern recognition to high resolution synthetic aperture
radar imagery.

2. In order to separate forests and agricultural fields it appears that the first and
second order histogram statistics combined with a linear feature selection technique
may not be sufficient as a feature vector.

9
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APPENDIX A

FEATURE VECTOR COMPONENTS

The following first and second order histogram measures were used to construct
a thirteen dimensional feature vector:

L -1

Mean b = bP(b) = x

b=o

L-1

Variance a' (b--b) 2 P(b) x,

b=o

- L-I

Skewness b = (b-b) 3 P(b) X3
b=o

u-K L-1

Kurtosis bb E (b-b)4 P(b)-3

b=o

L-1

-nergy bN = IP(b)12 = x

b=o

L-1

Entropy b r  = --. P(b)log2 [P(b)] X6

b=o

L-1 L-1

Autocorrelation BA = 1; abP(ab) =X 7

a=o b=o

17



L-I L-I _

Covariance Bc = (a-a) (b-b) P (a,b) =X 8

a=o b=o

L-I L-I

Inertia B, = i i (a-b)2 P(a,b) = x9

a=o b=o

L-I L-I

Absolute Value Bv = a-b I P (ab) = xi o

a=o a=o

L-1 L-1

Inverse Difference BD = P(a-b) x
I+ (a-b)2

a o b=o

L-1 L-1

Energy BN : [P(a.b)1 2 = X 1 2

a=o b=o

L-1 L-1

Lntropy B, = _: P(a.b)log 2 [P(a,b) =X13

a=o b=o

where L is tie number of grey levels and P(b) and P(a,b) are given below

P(b) b)
M

M is the total number of pixels in the sample window. In this case M was equal to
1024. Q(b) is the number of pixels of greytone b which occur in the sample window.

Q(a~b)
P(a.b) = M

M

Q(a.b) is the number of times greytone a is located next to greytone b by the dis-

placement Ax and Ay.

18
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u .159 40 P (K ) =CrNT(K )/XM
(130,0 00) 4S K=J N(;RAY
0316 1 4S AVw;,AV,+(K-.)*IP(K)

Qlh , PU SO K--) .NcRAY
0363 SI) VAR VAR+((K-i-AVG)**?)*P(K)

)3361, DO 55 9-1 NG~RAIW
1) 3 -,t, Y. A,W+W((( i-AVG)**3)*P(K)
046'/ SKW- 3KW/ST0**3S
ki AtLi PO( 60 K-I NGRAY
'1369 60 XKl-XkI+((K-1-AVG)**4)*P~(K)

03/1 Do') 6S K- .N&IAY
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03 V ~(N f- N f+. .. 5, 1Y;? 9 *P (K A oCGT I P I K 1
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t) 3/t 41( 00 K-I N(-kAY
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(390 (AS AV(;M-AVLGM+(M-l)*P('(K.M)
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0401 DO) 105 K.-A NGR~AY
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040.3 L0S kNYANY+PPK.)*PP(k.M)
0404 DO I110 K=1 iNGRAY
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4040/ EN7N+.;i2*PK.)AIIIP(,)
0408 11)3 cON INUE
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APPENDIX C.

Computer Program for Calculating the Transformed Feature Vector Y = AX

*' A( I R~ 1: U0 0 (4 1~ S(ON C U0 01 1 LIS I NT., 0 0 UA14L LK, R -0 ITJO

10 1 F IN4,L.
0 00V CLC;CUCULCCCCLCCLC.C CCCCCCCCLCC(:CC(-CCCCCCCC:(CCCCCCULC.;CCCCCCCCCCC
000)3 C THIS5 PROGRAM L:OPUI+S 11HE TRANSFT4RMATIrN C
00'14 C Y-AX WHERI: A J1, COMPU 11)) I-RUM ANOIFHE-R C;
000b L PROGRAM AND IS INPUT H4[RF C

0006 (CCI;CCL;L.(CCCUC,(CCCCLCCCCCuCLCc:ccc(ccrCCCCu(CL;CLuCCrccCLCuCCUCCCu
000Y1 PROGR1AM YAXIR(3.1,04)II)
4441108 1) fMU.NS ILIN t.I ( ")I IMAW. (1024.X ( J 0 , 13 Y J 0.'A P. 13)

001.0 DIMENSION AV(6,b6lD(2,.2)
a011 hWU)IV.AL1hNt:I'- (114A4T..7
00U4 CALL RM4PAR(LLIL)I I

1 ' 1 LU I (1. )
0014 CALL k WI.UL)
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(1016 4 I-ORMAr~iil
001L7 WRTIE(LII,6)
4)01 t 6 4 ORMA I ( " Ni ER THE. VAIAII: FOR M I HE- NLIMF~fER 0- ROWS (N THE IRANSF OR
(1019 tMA IfON MATRIX A")

02 1. WR(IF(LU4,)
0 )1;~ 1 F1 44MAI ( "4-NlER *THE TRANSVORMAf ION MATR IX A" )
00?3 DO I) 1-1 .M
0 02*'4 DO1 10 J * .15
1)0?25 WR I.VI(.L 12) 1.3
0026 I- ORMA II = " , 2 2X "J-'2, "AT I4 J)=*
0 0.J/7f RA 1)( L IJ14) A( I, .J
0028 14 IORMAI(IrY.3)

4) 030 IJR I .(6./9)
0)031 Y Y 4URMAF(IX."IHE FRANSFORMAIION MAf'RIX A")
0 032 DO 78 1i =N.
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0 035 S 8 Y (ON I)NUk
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00(41 WRITF(L.U.20)
4042 2(0 4- ORMAF ( "IrNFE-R THEF 4- IL NAME 4 OR IH- DATIA GET)
0043 IFD(1 .2)411 F
40044 22 4ORMAI(3A?)
0 045 WRITE(t.U,15)
40046 15 4iFORMA I( DI SK 1.0 N(JMF4R')
0)0 4/ R EAD ( .. U.2?11)1 ) IDLO
00)48 WRI FE(LO .2100
U049 1100 F (IRMA I ( "EN IER A VAI LIE F OR I OX")
0090i RhAD0.1.21) 1 ) 1DX
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00W2 WR T E (LAJ, 220 0
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0054 R F'A D (.1). ? 11)1 ID Y
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40 )8 200 F R MA ( I X 3A2) 

26



/

APPENDIX C.
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0o0S' (:AL.L (iI"N(1 )CI-,J kRR. I VILf , ,, '- 1 U)
0061) IF( 1ERR LI. I1))GJ TO ;,_)00
0061, (,(J IU .*4
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APPENDIX C.
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oiiy 60 VAR(K)=VAR(K)/(XI(-L?
01120 D).4, 0
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