AD-A124 893  COMPUTER MODELS FOR TWO-DIMENSIONAL TRANSIENT HERT
CONDUCTIONCU) COLD REGIONS RESERRCH AND ENGINEERING LRB
. HANOYER NH M R ALBERT APR 83 CRREL-83-12
UNCLRSSIFIED F/G 972




=TT R
¥ ® X
; o 2 T A B ¢ NP >
: . RN
LS VA RO RV -~‘_ .~1_ ~‘ N\ 'l"-! LTI At . -
. e e e DAOAE AT ARl

s £
flas = g

lL2s flis Wi

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A

A AP IRSRe
AR A I S P



D)|D ElL o
REPORT 83-12 o Enoepe

139993 R

Computer models for two-dimensional
transient heat conduction

F
R (-
) €O i
H oW
= !
[ A )
H E q
AOA, P Sy




v Ca -
AL AP D 0 N NC SRR NA I L SRS M

For conversion of S| metric units to U.S./British
customary units of measurement consult ASTM
Standard E380, Metric Practice Guide, published
by the American Society for Testing and Materals,
1916 Race St., Philadelphia, Pa. 19103.

¢ APIRRE A

Cover: Finite difference grid of nodes for the
semi-intinite corner problem.

£y
L e

A
-

TS LI I Y B N I A

NI T e T L T e e
e N T T L S, TP AP W T U

P A I N L I L I TP TP T L T LIPS AT T TR e et et R TR A N
POV PR L R AP P P N VIR AL A YT WAL WAL WUPWRE W LR T SRl S Do i s W |

-
. .
-




R SR CECLU LR AL CUCLEL EL AR CULCELE A DEULEN £ ALGCUCA L BN C M EREA DN SDVERE btk St At

CRREL Report 83-12 @

April 1983

Computer models for two-dimensional
transient heat conduction

Mary Remley Albert

Prepared for
OFFICE OF THE CHIEF OF ENGINEERS
Approved for public release; distribution unlimited

....................................

..............




P A e A T —er ) d S E A S 2 2 e
R i i e LA ettt PUDLIEA E CEA I o At gt s

———Llnclassified.
SECURITY CLASSIFICATION OF THIS FAGE (When Date Entered)

READ INSTRUCTIONS
[T REFPORT NUMBER 2. GOVGRACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER
CRREL Report 83-12 ‘ 34 ﬁ;
4. TITLE (and Subtitle) ' 5. TYPE OF REPORT & PERIOD COVERED

COMPUTER MODELS FOR TWO-DIMENSIONAL

TRANSIENT HEAT CONDUCTION 6. PERFORMING ORG. REPORT NUMBER
7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(a)

Mary Remley Albert
9. PERFORMING ORGANIZATION NAME AND ADDRESS 0. PROGRAM ELEMENT, PROJECT, TASK

AREA & WORK UNIT NUMBERS

U.S. Army Cold Regior}s Research and Engineering Laboratory DA Project 4A762730AT42,

Hanover, New Hampshire 03755 Technical Area D, Work Unit 017
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

Office of the Chief of Engineers April 1983

w ]- gton DC 20314 13. NUMBER OF PAGES

[ 74

T4, MONITORING AGENCY NAME & ADDRESS(/f different from Controlling Office) 1S. SECURITY CLASS. (of this report)

Unclassified

15a, DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

6. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abatract entered In Block 20, 1f different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse aide if necessary and identify by block number)

Centralized heating systems

/ Computerized simulation

Computer models

Heat pipes

Heat transfer

~J20. ABSTRACT (Coatinue an reverse st I neceesary and identify by block number)

> This paper documents the development and verification of two finite difference models that solve the general two-
dimensional form of the heat conduction equation, using the alternative-direction implicit method. Both can handle
convective, constant flux, specified temperature and semi-infinite boundaries. The conducting medium may be com-
posed of many materials. The first program, ADI, solv~s for the case where no change of statc occurs. ADIPC solves
for the case where a freeze/thaw change of phase may occur, using the apparent heat capacity method. Both models

are verified by comparison to analytical results. !
FoRM ‘
DD EDITION OF ! NOV 63 IS OBSOLETE .
tian 73 ‘ Unclassified

\

\ SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)




NN

g
-o'.d -

E4

e,

3
AN

u"‘
g
e v,

AT
¥ ¥

N'
PRy

* 4
*olalal

v Vo
LA

-

st 1 0

s

(APN-PRAY

‘; '--.‘I"..":. q‘

28

¥ AR

.,
Jtante e

o 8

e aY e 5 -
R O
f I VNI Y B AN S

PO

Yo

by

§ " N Mo e g Age Jam s it te b e S S ik S
- 0y . PNl Paiiraie . - it S -
ad 3 vk N B et AL AN A4 et . R T S L I S A P PO R PSR AP
il o A b T ML N T UL S R O A ~

PREFACE
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COMPUTER MODELS FOR TWO-DIMENSIONAL
TRANSIENT HEAT CONDUCTION

Mary Remley Albert

INTRODUCTION

Most major Army installations are heated with central heat distribution systems. The thermal
regimes around buried distribution systems are of interest for several reasons, not the least of which
is the estimated millions of dollars lost annually from these systems (Phetteplace et al. 1981).

Also, when replacing damaged insulation or installing insulation in a new system, it is desirable to
know what an optimum balance is between the initial cost of insulation and the continued oper-
ating cost of heat losses. In addition, freezing and thawing of the ground around a buried distri-
bution system could damage it, through loss of support and settlement, for example.

Analysis of the thermal regime involves the solution of the heat conduction equation for situ-
ations with complicated geometries and a variety of boundary conditions. Usually, these partial
differential equations cannot be solved analytically; we must resort to numerical methods. One
long-established method is that of finite differences, a relatively straightforward numerical method
used successfully to solve a variety of differential equations. A finite difference computer program,
set up in a general form to solve the heat conduction equation under a varicty of geometries and
boundary conditions, provides a powerful tool with which the engincer can assess problems in
conductive heat transfer.

The objective of this paper is to document the development and verification of two general
two-dimensional finite difference computer programs that were written to model time-varying
heat conduction in a medium composed of many materials. The first program, ADI, solves for
the general case in which no change of state occurs in the conducting medium. The second pro-
gram, ADIPC, is an adaptation of ADI that includes the effects of phasc change in the conducting
medium. The programs are able to handle convective, constant flux, specified temperature and
semi-infinite boundaries. Material properties such as thermal conductivity, density and specific
heat are allowed to vary with time or temperature. The programs are relatively easy to use, that
is, they are easily set up for new conduction problems by those who have a background knowledge
of FORTRAN.

The computer programs were written and programmed in FORTRAN by the author on CRREL’s
PRIME 400 computer.

 © .
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FINITE DIFFERENCES APPLIED TO HEAT TRANSFER

Finite differences are commonly used in the numerical solution of partial differential equations.
The procedure involves the replacement of differentials by differences, and is best illustrated by
construction of the so-called finite difference grid. Let us examine a grid that is set up in two di-
mensions to model heat conduction (Fig. 1). The two dimensions in this case represent spatial
independent variables, x and y. Each point of the grid is called a node and represents the area
enclosed by the square around it (with unit depth). T(x, y) represents the temperature of node
x,y. For each node, the temperature and material properties are assumed uniform for the region
it represents. By specifying the initial temperatures at each of the nodes, the nodal thermal proper-
ties and the boundary conditions, we can solve the heat conduction equation to determine the
temperatures of the nodes at later times.

1 X —— a g — > - > -
y T(x,y-AVH
[ ] [} ° [} ® [} [ . [ ]
Tx-dxy] Tix,y) T(onn,y)ﬂ
1' L] [ J [} [ ] ® ® L ] [ ]
IT(x,y+Ay)
¢ o . ° . ' . ° ¢
¢ . ° ° . ° o . 4
Ay
- e
Ax
Figure 1. A simple finite difference grid.
Heat conduction equation
The equation governing transient heat conduction in two dimensions is
a ( ar> b ( aT> aT
— _ + — -—_— = —_—
ax Fax)t ey Wa) 76 5 )
where  x and 1 = spatial variables
T = temperature
1= time
k = thermal conductivity (this may vary over the spatial and time domains)
p = density

€, = specific heat.

The nonlincaritics in this partial differential equation that arise from the inclusion of the phase
change condition will be discussed in the Phase Change section.

Partial dilterential equations may be expressed in finite difference form either by a Taylor’s
series expansion about a point or by physical considerations, such as a heat flow balance in the
case of the heat conduction problem. For problems involving variable thermal properties or com-
plicated boundary conditions, the heat balance approach is the simplest.
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Consider the control volume represented by a node on the interior of the grid, illustrated in
Figure 2. The heat flow Q into the control volume from any adjacent node may be calculated as

q..?

3¢ follows:

? Q=% aar @
o where k = thermal conductivity

- L = distance over which the heat flow occurs

~! A = area (per unit depth) perpendicular to the direction of heat flow

- AT = change in temperature between the two nodes.

Examine the heat flow from node N to node P. The conductance k/L is the reciprocal of the re-

A sistance between the two nodes. The resistance between the two nodes Ry p is simply the sum of

:: the individual resistances,

¥ Ryp=Ry+R,.
‘ xt
hl Each resistance is the distance divided by the material conductivity,

L%

s k k

28 N P
A
| ::' then
‘ k_ 1 _ 2 kykp 3)
L~ Ryp Oylkytky) -
:: In the computer program it is assumed that, for nodes not on a boundary of the grid, Ay and Ax
\ are uniform and equal throughout the grid. Let the nodal spacing Ax = Ay = As. Following the
‘ form of eq 2, we find that the heat flows into the region associated with node P from nodes N,
< W, S and E may be calculated as follows:
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Onp = m (&s) (Ty - Tp) 0]
_ 2kyhky
Owe = Aslky *5p) (As)(Ty - Tp) )
_ 2kgkp
Osp = As(kg +kp) (4s) (T - Tp) 6)
2Ukkp
Oep= Bslhg +Hp) (As) (Tg -~ Tp) ™

Note that the area perpendicular to the direction of heat flow is taken per unit depth, that is, 4 =
As-1.
The sum of the heat flows into a node is respunsible for the temperature change of the node:

l [ Fald r
One*Qwp +Qsp +Qep =V 57 (0 CpTp-0GpTy) ®

where Vp is the control volume for unit depth (Vp = (As)? in this case) and the primed variables
represent time ¢ + At.

Now substitute eq 4~7 into eq 8 to get the finite difference form of eq 1 for a node not on the
boundary of the grid:

T__As2,.,
mgm-nyh”aw4p+ﬁﬂﬁ-nwwﬂu-g-%ﬁ-@qn-pqn)

©®

Since As is uniform for interior nodes of the grid, substitutions like the following have been made
for simplicity’s sake:
2knkp
knp* 7/ - (10)
NP~ ky +kp

Equation 8 describes the temperature change for one node P over one time step. The values p,
Cp and k are held constant for each time step, but may be changed between steps. It is necessary
to apply eq 8 (or the appropriate boundary equation) to each node of the grid to solve for the
temperature distribution for one time step. The process is repeated until the desired number of
time steps have heen completed. Let us now investigate several methods used in the solution of
the set of equations.

The first and probably the easiest method to program is the explicit method, where eq 8 is
solved for Ty (which is the value of T}, for time 7 + Ar). Note that all of the other temperature
variables represent time ¢, so that the equation may be solved explicitly. An initial temperature is
assigned to each node in the grid; the appropriate equation is solved for each node to determine the
temperature resulting from the first time step. The resultant temperature distribution is then used
in calculations for the second time step. This process continues until the desired number of time
steps have been calculated. The main problem with this method is that a stability criterion must
be met to produce a reliable answer. For a two-dimensional homogeneous grid, the criterion is

(As)? pC,
ka4
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Note that a balance must be struck between the internodal distance (As) and the time step (A7).

In problems involving steep temperature gradients, a small internodal spacing must be used; con-
sequently, the time step must be very small. The combination of many nodes and time steps makes
the solution costly in computer time.

A second method use. in solving finite difference equations is the implicit method. Here Tp
is taken as the value of T, for time 7, and all of the other variables represent time 7 + A¢; hence,
all temperature variables are unknown except TP' . An appropriate equation must be written for
each node in the grid, and the resulting set of equations is solved simultaneously for each time step.
For the two-dimensional case of an x by y grid, there will be xy equations in xy unknowns. The
matrix of coefficients is banded (bandwidth = 2x + 1), but in general there is no symmetry about
the main diagonal. Large matrices often occur and they are usually solved by an iterative method.
The implicit method has the advantage of being unconditionally stable, but it may require a fair
number of iterations for adequate convergence in the matrix solution.

The finite difference method chosen for this computer program is known as the alternating
direction implicit method (Peaceman and Rachford 1955, Carnahan et al. 1969). It is uncondi-
tionally stable like the fully implicit method, yet it requires only the solution of a tridiagonal
matrix, thus being efficient in computer time and computer core storage. (The matrix-solving al-
gorithm is discussed in the TRIDIG, The Matrix Solver section). Essentially, the method requires
the solution of two different equations for each time step. The first equation is implicit only in
the horizontal direction. The results from the first step are then used to solve the second equation,
which is implicit only in the vertical direction.

For example, apply the alternating direction considerations to a node in the interior of the grid.
Equation 9, which describes the heat balance for an interior node, is repeated here for convenience:

knp (T - Tp) tkyp (Tyy - Tp) +kgp (Tg - Tp) +kgp (T - Tp) =

(As)?p'Cp _,  (45)20Cy
At 'y L

Each node in the grid is given an initial temperature. Then, for the first pass, let the above equa-
tion be implicit in the horizontal direction. The time step for the pass will be A#/2, and the above
equation may be written as follows:

2AAs)2 p'Cy ‘

kwpTw *kepTg - [kwp thgpt = | Ty =~knpTn-kspTs +

P
2(As)2pCp
[kNP+kSP' T] T, . (1)

The primed variables represent the value of those variables at time ¢ - At/2. The right-hand side
of the equation is known; Ty, Tp and T, are to be determined. Equation 11 (or the appropriate
boundary equation) is applied to each node of a row of the grid, creating a tridiagonal matrix of
coefficients. Such a system of equations is quickly solved for each row of the grid. The resulting
temperature distribution represents ¢ + At/2, the end of the first pass.

The process is similar for the second pass, except that now eq 9 is rewritten to be implicit in
the vertical direction:

, , [ 2(As5)2p'Cp ,
knpTn +kspTs - lknpvhspt ——F7—|Tp =
2(As)?p Cp
~kwpTw -kgpTg t |kwp tkgp - —Qar | T, . (12)
S
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The primed variables represent time ¢ + At, and the others represent time 7 + At/2. The tridiagon-
al matrix is formed and solved for each column of the grid; the resultant temperatures represent
the temperature distribution in the grid after z + Ar, one time step. The entire process is repeated
until the desired number of steps have been calculated.

The reader may consult Carnahan et al. (1969), Holman (1972), Croft and Lilley (1977) and
Mitchell and Griffiths (1980) for more information on finite difference methods.

Boundary conditions

The following boundary conditions will be derived from heat balance considerations. In this
paper each boundary equation will not be expressed in the form needed for use in the alternating
direction procedure, but the reader should be aware that each equation was put into that form for
use in the computer programs ADI and ADIPC.

Sides of the grid

Consider a node, P, on the right-hand grid boundary. The control volume associated with the
node is the area enclosed by dotted lines around it, as depicted in Figure 3.

The sum of the heat flowing through the boundaries of P's control volume is responsible for
the temperature change of the node, that is,

Ax Ay p Cp AT,

Onp ¥ Qwp +Qsp+ Qip = SAT (13)
where  Qyp = the heat tlow from node N to (or from) node P
Ax
73~ - Ay = the volu ne (for unit depth) of node P
p = the density «f the material in node P
Cp = the specific heat
T'= temperature
t = time.
The flow of heat from node N to node Pis given by
1
One= 5 knp (T - Tp) (14)
_4__IJ
| T
[ l [ I Ne®
[ |
e Bt s
l [ ] I [ 4 | X
| L
| |
[ L S )
| |
PR D A
| ~+— oy
b
N e
ax Figure 3. A node on a right-hand boundary.
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where ky, p is the effective conductivity between nodes N and P, and for Ax = Ay = As,

2kpkp
kNP - (kN + kP)

Similarly, the heat flow from nodes W and S to node P may be given as

A
-t
i~ Owp = kwp (Ty - Tp) (15)
v
T_ l
) Qsp= 5 ksp (T5~Tp). (16)

Now consider several cases describing the heat flow across the boundary.
Constant flux boundary. For a boundary subject to a constant heat flux, the condition

oT -
ax =P = constant

exists at the boundary. For node P, illustrated in Figure 3, the heat flow across its east side is
given by

Qgp=9-Ay a”n

where ¢ is the heat flux per unit area crossing the boundary. The equation for a node on the right-
hand side of the grid with constant flux is obtained by combining eq 13-17 and allowing Ax =

Ay = As:
1 1 !AS!z [Py R
jkNP(TN'TP)”‘wp (Tw -Tp) + 3 ksp (Tg - Tp) + ¢As = 2AL [0 CoTo -0 CpTy).

(18)

The indices may be suitably rearranged for constant flux boundaries on other sides of the grid.
Note that for a boundary which is insulated or on a line of symmetry the zero heat flux condi-
tion holds, and ¢ = 0.
Convection boundary. For the node illustrated in Figure 3, exposed to convection on the right-
hand side, the heat flow from the convective medium to node P is given by

Qgp =hgdy(Tg - Tp) (19)
where hg is the coefficient of convective heat transfer and T is the temperature outside the grid.

Combining equations 13, 14, 15, 16 and 19, we arrive at the equation for a node on the convective
right-hand side boundary. for Ax = Ay = As:

I I
3 kne (Tn=Tp) +kwp (Ty = Tp) + 5 ksp (Ts - Tp) + hAs (Tg - Tp) =

AN As)?

R CL T -G T, (20)

| '..-"

o . .

t.:'_:. Specified temperature boundary. For a node of specified temperature on a boundary, corner

o or inside the grid, apply the equation Tp = C, where C is the temperature of the node at time ¢.
Semi-infinite boundary. This condition represents a continuous, uniform material extending

4 -’ . . I3 . . . .

e in one direction, with a known temperature a large distance away. It is approximated here by use
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Figure 4. A node on a semi-infinite boundary.

of a large internodal distance between the last two nodes of a row of the grid. Consider the situa-
tion illustrated in Figure 4, for the right-hand side of the grid. Node E is not actually a part of
the grid, but is the location of known temperature Ty outside the grid.

The distance between the last two nodes and also between the boundary node and the location
of the known temperature Ty, is D;As. Note that D, represents a multiple of As. The heat flow
from nodes N, W, S and E to node P may be calculated as follows

Onp=knp (2D;- 1) (T - Tp) @1 |
Qwp =kwp (Tw - Tp) (22) }
Qsp =kgp (2D, - 1) (Tg - Tp) (23)
Qpp=kgp (Tg - Tp) - (24)

The effective conductivities are of the same form as eq 10, except for ky p and kgp

_ 2kykp
*we = o 72D, - D k]

Node E is assumed to be the same material as node P, thus kp = kp. The sum of the heat flows
accounts for the temperature change of the node, thus the equation for a node on the right-hand
semi-infinite boundary is

knp (2D - 1) (Ty = Tp) + kyp (Tyy - Tp) + kgp (2D, - 1) (Tg - Tp) +

(2Di - l) (AS)2 [P
kgp (Tg - Tp) = ——2——— (0'Cy Ty =0 Cp Ty) (25)

where (2D, - 1) (As)? is the control volume for the node per unit depth.

In any finite difference formulation, the accuracy of the solution increases as the area repre-
sented by a node decreases. Therefore, when using the semi-infinite boundary formulation, the
user should specify the smallest D, acceptable. The semi-infinite condition should only be used
in regions where the temperature gradient is small and precise knowledge of the temperature dis-
tribution is not critical.
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Figure 5. An interior node adjacent to the semi-infinite
boundary.

This boundary conditions also requires a special heat balance for the node adjacent to the semi-
infinite node. Consider again the situation for a right-hand boundary, as illustrated in Figure 5.
The appropriate heat flow equations are

Onp=knp (Ty - Tp) (26)
Qwp = kwp (Ty - Tp) 27)
Qsp =kgp (Tg - Tp) (28)

where Ky p, kwp, kgp are of the same form as eq 10, and

Qcp=kgp (T - Tp) (29)
gy
h kgp =
where  kgp (ip + 2D, < D ]

The equation for an interior node adjacent to a right-hand semi-infinite boundary node is
kne (T = Tp) + kyyp (T - Tp) +kgp (Tg - Tp) + kgp (Tg - Tp) =
As)? 1~ ot
QY WG -0GTl. (30)

Corner of the grid

The corners of the grid require special heat balances, depending on the conditions on each edge
of the grid. Consider the upper right-hand corner of the grid, shown in Figure 6. T and T are
not a part of the grid, but are temperatures outside the grid. The heat flow from the two nodes
adjacent to node P may be given as

Owp = ;_kWP(TW'TP) 31
Osp = ;T ksp (Tg - Tp) (32)

where ky p and kgp follow the form given in eq 10. Qyp and Qp p are dependent upon the
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b particular boundary conditions and will be presented shortly. The corner equations will follow the

E form

. As)? AT

g OnptOQwptQsptQpp= (2 pCp = (33)
4 Ar

2
where i%ﬂ- is the volume represented by node P for unit depth.

Constant flux on both sides. Let ¢y be the heat flux per unit area crossing the north side of the
corner shown in Figure 6, and ¢ be that crossing the east side of the corner. Then the heat flows
across the two sides are given by

Onp=On %§ (34)

A
Q5p=¢£ TS . (35)

The equation for the corner is

1 1 1 As)? VNt ot
7 kwep (Tw =Tp) + 5 ksp (Ts - Tp) + 3 As (g *+¢g) = (4A)t [0 CpTp =P Cp Tl -

(36)

As in the case of the side of the grid, if a side of the corner is insulated or on a line of symmetry,
¢ = 0 for that side.

Convection on both sides. For a corner subject to convection on both of its sides, the heat flow
from each of the two sides may be given as

Onp =hy % (Tn~Tp) (37)
As
Qpp=hg 7 (Te- Ty) (38)

where hy is the coefficient of convective heat transfer on the north side and A is that on the east
side. The equation for node P is

. 1 | 1 1
: 3 kwe (Tw = Tp) + 5 ksp (Ts = Tp) + 5 hyAs (T = Tp) + 5 hgds (Tg - Tp) =
’l
AS 2 r [} ’

%Z‘z' [0 CoTy -pCoTl . (39)
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Figure 7. A semi-infinite corner.

Semi-infinite on both sides. For a corner with semi-infinite conditions on both sides, an irreg-
ular finite difference grid is employed once more. Consider again the upper right-hand corner, now
illustrated in Figure 7. Ty and T are known temperatures outside the grid. Heat flows are given

by
Onp =knp 2D; - 1) (Ty - Tp) (40)
Owp =kwp (2D; - 1) (Ty, - Tp) @1)
Qsp =kgp (2D;- 1) (T - Tp) @2)
Qpp=kgp D~ 1) (Tg-Tp). @3)
Again,
2Ukkp 2kgkyp

fne=kee =keikwe = ES0D, Dk ¢ Fsr T ¥ @D, S DK

Then the equation for a semi-infinite corner node follows:

a1

R knp 2D~ 1) (Ty ~ Tp) + kyp (2D; - 1) (Ty - Tp) + kgp 2D; - 1) (T = Tp) +

&

¥ (D, -y (a9,

. kgp @D, ) (T - Ty) = ————— 10’ Ty ~p G Ty - (@4)

Y
a
'\ -

R

G

MY
and

Because the nodes are of irregular size, special consideration must be given also to node tempera-
tures Ty, 7g and T, in Figure 7.
Consider first node A. This is similar to the node P illustrated in Figure S, except that the
distance to node N is now D, - As. This results in our changing k. to
2knkp
ke = L FGD - Dk,
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Figure 8. A semi-infinite side node adjacent to a semi-
infinite corner.

Except.for this change in kyp, the equation for the square interior node inside an upper right-hand
comer with semi-infinite conditions on both sides is the same as eq 29.

Now consider the semi-infinite nodes adjacent to the semi-infinite corner node. These are node
temperatures Ty, and Tg in Figure 7. The figure is presented again, this time as Figure 8, with the
nodes relabeled. The type of node under consideration is represented by nodes A and P in Figure
8. The following equations reflect the heat flow to node P:

Onp =knp 2D; - 1) (Ty - Tp) @s)
Qwp =kwp (Tw - Tp) (46)
Ogp = kgp (2D; - 1) (Tg - Tp) 47
Qep=kgp (Tg-Tp). (48)
Here,
2kpkp 2kykp

and Ky p =

kNp = T ¥ (D, -k, kp + (2D, - Dky -

The equation for this node is

ke 2D, ~ 1) (Ty - Tp) + kyp (Ty - Tp) + kgp (2D, - 1) (Tg - Tp) +

(2D, - 1) (As)?

kpp (Tg -Tp) = Az [ CoTp-0CpTp) . (49)

Constant flux, convective corner. For the corner illustrated in Figure 6, allow convection to
occur across the north side of node P and constant flux across the east side
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Onp =hy % (Ty - Tp) (50)

Qg p is given by eq 35, and Oy, and Qgp are given by eq 31 and 32, respectively. The resulting
equation for the corner is:

5 2 hyAs(Ty-Tp)+ = 2 kyp (Ty -Tp)t+ = ksp (Tg-Tp)+ ¢EAs =
%: As)? P~
st Constant flux, semi-infinite corner. The corner illustrated in Figure 9 has a semi-infinite bound-
\A' ary on the right side. Let there be a constant flux per unit area, ¢y, across the north side of node
- P, then
:d
' Onp=¢n (2D;-1) &5 (52)
£ 3 1
£ Owe = 5 kwp (Tw - T5) (33)
7. Qgp =kgp (2D; - 1) (T - Tp) (54)
o v"
; 1
- Ocp = 5 kgp (Tg - Tp)
2 2ykp
X kwe= T @D, - iy
SN
SP™ ks +kp
}
T kgp=Kp . 1))
e
ol The equation for the corner is as follows:
" kwp kep
: ,‘.
< @D;-n(as |
5 o W GR-pGT. (56)
A
o
n~. <
3
-, ;!S_ T w 11_ ® £
" -+t ——
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Again, the node adjacent to the semi-infinite node must have a special equation. For node W in
Figure 9, with constant flux ¢y across the top, eq 57 applies, with referance to the node under
consideration as node P:

1 1
O Ast 3 kwp (Ty - Tp) +ksp (Tg - Tp) + 3 kgp (Tg - Tp) =

A ’ ’ ’

Semi-infinite, convective corner. For the corner in Figure 9, allow convection across the north
side, and allow the same semi-infinite boundary on the east side,

Onp=hy(2D;- 1) (T -T}). (58)

Qwp> Osp and Qg p appear in eq 53, 54 and 55, respectively. Thus the equation for the configura-
tion is

k
hy @D, - 1) (Ty - Tp) + k—"z"? (T - Tp) +ksp 2Dy - 1) (Ts - Typ) + 5= (Tg - Ty) =
2D, - 1) (As)?
('_'LiA_):(—_ [’ Co Ty -pCp Tyl . (59)

The appropriate equation for node W in Figure 9, subject to convection across the top, follows.
Again, refer to this node as node P:

1 kwp
hy s (Ty - Tp) + 5 kwp (Ty - Tp) +hgp (Ts - Tp) + 5~ (Ty - Tp) =

AR
CY WeTy-pGTyl . (60)

PHASE CHANGE

The methods discussed in this report so far apply to both ADIPC and ADI, the programs de-
veloped for heat conduction with and without phase change. The ideas on phase change presented
in this section will apply only to ADIPC. The computer program solves the heat conduction equa-
tion only; possible effects of moisture migration through the medium (and unfrozen water content
in a frozen soil, for example) are neglected. Although the examples used involve freezing, ADIPC
permits either freezing or thawing at any node of the grid.

During the freezing process, the temperature of a substance that is initially above its fusion
temperature decreases as heat is removed until the substance reaches its fusion temperature. The
continuing removal of heat produces no change in temperature until the energy equivalent to the
latent heat of the substance is removed. The substance has then changed state to become frozen;
any further removal of heat again results in a decrease of temperature below the temperature of
fusion.

ADIPC models freezing or thawing by defining an apparent specific heat during phase change
that accounts for the entire enthalpy change that takes place, including the enthalpy in the latent
heat of fusion. To do this, it must be assumed that phase change takes place over a finite tempera-
ture range, A7, around the fusion temperature. Allow T} to denote the fusion temperature, Cp A
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and CPB to be the specific heat of the substance above and below freezing, respectively, and let
Cp* be the apparent specific heat defined for phase change. For a temperature change in a substance
not involving a change of state, the enthalpy change AH is given as

Aﬂ=f CpdT.

Now the temperature range for phase change will be T, £ A7/2, and the apparent specific heat ac-
counts for the entire enthalpy change as follows, where H| represents the latent heat of fusion:

I ¢} ar= Cp. dT+ Cp, dT+H, . 1)
AT AT B A
-7 -3 Te

AT is chosen small enough so that each specific heat may be assumed constant over the integral,

GAT=Gpp 5 +Cop 5+ 1y

. 1 Hy
CP = 5 (CPB+CPA) + ZT . (62)

Equation 62 defines the apparent heat capacity as used in ADIPC. The apparent heat capacity
method is further discussed in Bonacina and Comini (1973).

Phase change is implemented in ADIPC as follows. At the beginning of each time step, each
node of the grid is examined. If its temperature lies within the range T * A7/2, the specific heat
for that node is defined by eq 62. The conduction equations are set up and solved as usual. At
the end of the complete time step, the newly calculated temperature of each node is compared
with the temperature of that node at the beginning of the time step. If the temperature skipped
from below T, - AT/2 to above T + AT/2, or vise versa, then the phase change front skipped that
node, and the temperature of the node is reassigned as follows. If the temperature of the node
skipped from the frozen to the unfrozen domain,

c
aty, S8 [ A
T=(T,-—§—)+F;§ [T-(T,--E—T-)] (63)

where T’ is the calculated nodal temperature before its reassignment. If the node skipped from an
unfrozen state to the frozen state, its temperature is reassigned as follows:

- e ) 0 G - )

In this way, the program assures that the phase change front does not skip a node.

A drawback with the apparent heat capacity method is that it is not designed to follow the
exact location of the phase change front for each time step; it is designed to calculate nodal tem-
perature. The location of the T isotherm may be found by interpolation, but it approximates
the location of the front in a step-like pattern because of the discretization of a continuous space,
as will be illustrated in the program verifications. This behavior is minimized by use of a smali
internodal spacing. The method is flexible enough to deal with phase change in two-dimensional
space when there may be several locations of phase change tronts; for this flexibility the method
was chosen.
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COMPUTER PROGRAM

In using finite differences, we replace differentials and derivatives with differences. It makes
sense, then, that the accuracy of the solution increases as these differences become smaller. Spe-
cifically, the accuracy improves as the nodal spacing and time step, As and At, are made small.
There is no set criterion for just how small they must be, usually this is discovered through trial
and error.

The grid for these programs may be any size, so far as the outside dimensions are concerned,
but, except for the semi-infinite boundary conditions, each node in the grid represents a square
area of unit depth. RAY (I, J, K) is the array that represents the grid. Iand J are spatial variables
in Cartesian coordinates; I is incremented vertically and J horizontally. K has three values. RAY
(1, J, 1) represents the temperature distribution in the grid, i.e., a temperature is stored at each I,
Jlocation. RAY (1, J, 2) records the nodal location type. Examples of location types include a
node on a constant flux boundary, variable interior node, specified temperature corner node, etc.
Each location type is assigned a number, and one such number is stored for each I, J location under
RAY (1, J. 2). This information is used to assign the correct form of the heat conduction equation
to each node. Each material type in the problem is given a number; these numbers are stored in
RAY (1, J, 3) and may be used to assign a conductivity, density and specific heat for each node.

The programs are made up of four parts: 1) a data-gathering subroutine, 2) the main program,
3) a subroutine to solve the tridiagonal matrix and 4) a subroutine to locate the user-specified
isotherms at times specified by the user. Parts 3 and 4 are identical for both ADI and ADIPC, and
part 1 is similar for each. Therefore, parts 1, 3 and 4 will be discussed only once but are included
in each of the two programs.

ADDATA, the data subroutine

The necessary data for the program are handled mainly through subroutine ADDATA. Vari-
ables used are defined in the comment statements at the beginning of the subroutine. The user
has simply to edit the subroutine, following directions in the comment statements in the subrou-
tine to initialize variables and arrays. When the subroutine is run, the data are put into a formatted
data file ADIDAT; the user does not have to worry about formats.

TRIDIG, the matrix solver

This subroutine solves the tridiagonal matrix formed in the main program. The matrix is formed
by the application of eq 11 or 12 (or a boundary condition counterpart) to each node of the grid.
The resultant system of equations is illustrated in matrix form in Figure 10. The matrix of coef-
ficients is an n by n matrix; all entries are zero except those on the three center diagonals, hence
the term tridiagonal matrix. The vector on the right contains the elements of the right-hand side
of each equation. To conserve computer storage space, only the three diagonals are stored, as
vectors. Thus the effective storage space required is reduced from n by n + 1 to n by 4.

The solution algorithm is commonly used (e.g. Gerald 1980). Each element of the lower diag-
onal may be eliminated by subtracting the appropriate multiple of the (i - 1) row from the ith
row. The values of b, and d;, after elimination of a;, are

a.

b;=b,;- b—lil) Cioy (65)
a

di=di-(ril) d_, fori=1,2,3..n, (66)
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Figure 10. Tvidiagonal matrix equation.

After replacing the element of vectors b and d by the new values, we perform a back substitution
as follows:

d = d, (67)
n bn

d.-c
d__b_L ori=n-1,n-2 .1, (68)

The elements of the solution vector replace vector d.

ISOTHM, the isotherm finder

Subroutine ISOTHM examines the temperature distribution in the grid and performs a linear
interpolation between adjacent nodes to produce the Cartesian coordinates of the locations of the
user-specified isotherms. The coordinates are listed in file POINTS in two columns, one for the
horizontal coordinate and one for the vertical coordinate. POINTS may be used as a data file for
a plotting routine. Subroutine ISOTHM may be called at the completion of any number of time
steps; the frequency is specified by the user in ADDATA.

ADI, main program

ADI first interactively asks the user if ADDATA should be called. The subroutine should be
called if ADIDAT does not already contain the formatted data. If the user so desires ADDATA
is called. If not, ADI reads the data from ADIDAT.

For each time step, the thermal properties such as conductivity, density and specific heat are
updated, if appropriate, and the resultant conductivities between the nodes are figured. Each node
is assigned the coefficients for the appropriate form of the conduction equation, forming the tri-
diagonal matrix (Fig. 10), and subroutine TRIDIG is called to solve the matrix. The resultant
temperature distribution is then used in the second half-time step, and TRIDIG is called once
again. These temperatures then represent the distribution for one complete time step. If appro-
priate, subroutine ISOTHM is then called to locate the user-specified isotherms. This procedure
is repeated for the desired number of time steps.

The initial data and boundary conditions are printed into file ADIOUT; the temperature dis-
tributions for specified time steps are printed into file ADITMP, and finally, a new data file,
ADNDAT, is created for the final temperature distribution. This file is in the same format as the
input file ADIDAT; ADNDAT may be used as a starting point if the user wishes to run the model
for more time.
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ADIPC, main program

ADIPC is similar to ADI, but differs in that phase change considerations are implemented. At
the beginning of each time step, if the temperature of a node lies in the phase change temperature
range, the program assigns the apparent specific heat to that node, as previously discussed. Other-
wise, the specific heat, thermal conductivity and density for each node are updated according to
- the user’s specifications.

At the end of the time step, the temperature of each node is compared to its temperature at the
end of the previous time step. If the temperature skipped over the phase change temperature range,
it is reassigned as discussed in the Phase Change section. "hen, if appropriate, subroutine [SOTHM
is called.

The initial and boundary conditions are printed in readable form in file ADPOUT; the tempera-
ture distributions for specified time steps are printed into file ADPTMP, and a new data file with
the final temperature distributions is printed into file ADPNDT.
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VERIFICATION OF ADI
Comparison of ADI with analytical results
Semi-infinite corner

The results of ADI will first be compared to the problem of a semi-infinite corner, as illustrated
in Figure 11.

Figure 11, Semi-infinite corner problem. "

T, s the uniform initial temperature: at time 1 = 0 the temperature of the two edges, given by
x =0and ¥ =0.15 changed to T,,. The solution is well documented (Carslaw and Jaeger 1959, and
Holman 1972) and is found by using a product solution for two one-dimensional problems. The
solution is given by

¢ ) &) erf X
= -z er — ——
Ii-T, 2Jar NVar

(69)

where ais the thermal dittusivity, and

X 5 A2 ar) s
erf = ~~~j e dn .

2\/ QI N\ :-ﬁ 1]
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Figure 12. Finite difference grid for the semi-infinite corner
problem.

For a comparison run, the following values were used:

T, = 20°C (68°F)
T, = 40°C (104°F)
a=0.0025 m2/hr

The finite difference grid appears as shown in Figure 12. The boundary condition assigned to the
top and left side was that of constant temperature equal to 40°C. The right side and bottom of
the grid were assigned a semi-infinite boundary condition, with Tg = T}, = 20°C and D, =50 (see
the Sides of the Grid section). The nodes not situated on a boundary were assigned an initial tem-
perature of 20°C. A time step of 0.25 hr was used, and the internodal spacing was 0.025 m.

The locations of the 35°, 30° and 25°C isotherms are plotted for the results of ADI and for the
analytical solution for several time steps in Figure 13. Excellent agreement is found between the
two solutions for regions not adjacent to the semi-infinite boundary. As previously stated, the
semi-infinite condition is an approximation. Also, the large internodal distance used for the semi-
infinite boundary decreases the accuracy of the solution in that region.

o T T T T T N B B T T T T T T T F 7
35 30 25%C osm || . 2 1L : 2
— o ™ A | - - oa - o - -1
2 } Calculated . .
E OIS}—>= o= Ld }Proqrom - Y » aa -~ aa a —
= : 2 *
’E % > o o8 ADI — - o -~ aa e —~
2 [}
S o0 o o — - = —J — . —J
© A N
§ - e - £ ~ P . e > -1 . R =3
A 5(# : L S . RN
o050 = - ﬂ - . 4 = —
* L s ] [ - . .
| . 4k 4L N
hd . s [ .
1 1 I 1 L i L 1 | i | 1 | Il 1 1 I 1 1 J 1
o] 050 ol10 [eX) 020 0 050 [e]]e] oI5 020 0 050 010 015 020
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Figure 13. Locations of 35°, 30° and 25° C isotherms from ADI and from the analytical solution for the semi-
infinite corner problem.
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Figure 14. Finite rectangle problem.

Finite rectangle

In order to provide a two-dimensional comparison that doesn’t involve the use of semi-infinite
boundaries, and also to demonstrate internodal spacing effects, consider the problem of a rectangle
of uniform initial temperature 7, that is subject to a step change in the temperatures of all of the
edges to T, at time zero. The problem is illustrated in Figure 14. The solution of this problem is
again obtainable from the product solution of two one-dimer.sional problems. Carslaw and Jaeger
(1959) provide the one dimensional solution:

Tx,0)-Ty 4 z": p TRQRYRRL Gt D) 0
T,- T, m 2n + 1° 4 T
The product solution is then given by
16 (T;-T,) = -1 ~a(2n+1)2n2s (2n + Dnx
T, y)=Ty+ T E 2n+1 exp 492 cos 2¢
n=0
. - -nH" -a(2m +1)? at? Qm +1)nx
2m +1 exp 42 cos 2b ) an

m=0

A short FORTRAN program, INFSUM, was written to compute for this equation the various
space and time increments; it is listed with the output in Appendix A. For the comparison, the
rectangle is indicated by =1 m, b =2 m, Ty = 40°C, T; = 20°C, and the thermal diffusivity a is
set equal to 0.00251 m?2 /hr.

ADI was run several times to demonstrate the effect of internodal spacing on the accuracy of the
solution. Because of the symmetry of the problem, we have to model only one quarter of the
problem, assigning a zero flux boundary condition to edges of the grid that fall on lines of sym-
metry. The region modeled is that portion of the rectangle which lies in the fourth quadrant of
the Cartesian graph. The first run was made with an internodal spacing of 0.1 m and a time step
of 5 hr. The resulting 24°,28°, 32°, 36° and 40°C isotherms are plotted for several time steps
(Fig. 15a). An inspection of the data printed in ADITMP reveals that the maximum discrepancy
between the two solutions is 1.5°C, and it occurs in the first time step (5 hr) in the lower right-
hand corner. This location at early times represents the steepest temperature gradient in the prob-
lem. By the second time step (10 hr), the discrepancy reduces to a maximum of 0.6°C. The max-
imum difference between the solutions continues to decrease as the temperature gradient decreases
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Figure 15. Locations of 24°, 28°, 32°, 36° and 40°C isotherms (temperature increasing from left to right)
from ADI (finite difference} and analytical solution.

and the location of the maximum temperature difference changes to the locations of the steepest
gradients. The input and output for this run of ADI are listed in Appendix A.

The same problem was run with an internodal spacing of 0.05 m and a time step of 2.5 hours.
The resulting isotherm plots are shown in Figure 15b. A closer agreement was found between the
results of ADI and the analytical solution. A node-by-node comparison shows the maximum dif-
ference to be 1°C for the 5-hr distribution, decreasing to 0.4° in the 10 hr distribution. In gen-
eral, the accuracy of the solution is improved as the internodal spacing decreases; the user must
determine the accuracy demanded.

One-dimensional semi-infinite problem

It is also of interest to compare the results of ADI to the one-dimensional problem of a medium
initially at a uniform temperature; the surface temperature then undergoes a step change to a
different temperature, and the resulting temperature distribution is examined over time. This
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Figure 16. One-dimensional semi-infinite problem.

problem corresponds to the theoretical setup of the experimental problem examined in the Com-
parison of ADI with Experimental Results section. The problem is illustrated in Figure 16.

The solution to this analytical problem is found in many texts on heat transfer; the reader may
refer to Holman (1972). The solution is given as

T(x,1)-T,
" To _ ot X (12)
T,-Ty 2Jat

where x = the distance below the surface
t = time
a = the thermal diffusivity, 0.00251 m2/hr in this example.

The grid used for this was 3 by 40 nodes, with an internodal spacing of 0.025 m and a time
step of 0.25 hr.

For two depths, 0.05 and 0.20 m, the results of this analytical solution are compared to the re-
sults of ADI over 9 hr. The results are given in Table 1.

Table 1. Comparison of ADI
results to analytical results for
the one-dimensional semi-in-
finite problem.

x (m) t (hr) T (x,t) ADI

0.05 0.5 26.42 26.66
1.0 29.12 29.16
2.0 31.42 31.41
3.0 32.51 32.51
4.0 33.18 33.18
5.0 33.65 33.65
6.0 34.00 34.00
7.0 34.27 34.27
8.0 34.50 34.49
9.0 34.68 34.68
0.20 0.5 2111 21.12
1.0 21.19 21.21
2.0 21.88 21.90
3.0 22.83 22.85
4.0 23.75 23.76
5.0 24.56 24.56
6.0 25.26 25.27
7.0 28.88 25.88
8.0 26.42 26.42
9.0 26.89 26.89
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The results compare to within 0.02°C for times after 2 hr. Earlier times have temperatures that
differ by as much as 0.24°C near the top of the grid. Probably, this is because the steepest temper-
ature gradients occur in this problem soon after the step change in temperature occurs at the sur-
face. Recall that steeper temperature gradients require a smailer internodal distance; if we want
greater accuracy, the model could be again run using an internodal spacing of less than 0.025 m.
The smaller the internodal distance, the more accurate the solution.

Comparison of ADI with experimental results

As an example of the use of ADI, let us compare it to some experimental results. Data are
available from a full-scale experiment that was conducted in a 4- by 5-m container of soil that was
1.2 m deep. Of the 4-m width, only the center 1.76 m was included in the experiment; the rest
was outside an insulated boundary and was put there for support. The soil used was Lebanon sand
of 19.7% moisture content. The experiment was designed to start at an initial uniform tempera-
ture of 70°F (21.11°C) in the sand in the box, then the surface temperature was to be raised
100°F (37.78°C), and the change in the temperature distribution over time was to be monitored.
An analytical solution is available for this case, and ADI was also run for this case. The results

compare very well (see the One-Dimensional Semi-infinite Problem section, analytical comparisons).

In the comparison of the experimental data to calculated results, temperatures were used that
represent a 20-cm wide band taken vertically through the center of the box. Three strings of
thermocouples were placed in this band, as shown in Figure 17.

Olm
T
(‘
0.88m<
String A . . . . . . e o oo
K Olm
String B . ® 6 6 0 ¢ 0000 0000 0 0 0 0 @
OIm
String C| ° . . . . . e o o0
Q-TOD

Figure 17. Thermocouple locations in the experimental setup (top of soil
container on right).
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Figure 18. Surface temperatures from experiment used in ADI runs.

In the actual experiment, the initial temperatures ranged from 20.6° to 22.4°C. The initial tem-
perature distribution for ADI was taken as an average of the three thermocouple string temperatures
for each depth. It required approximately 27 hr to raise the surface temperature to 37.78°C, after
which the surface temperature remained in the range from 37.2° to 38.4°C. Because the data logger
malfunctioned, 12 hr of data are missing in a period beginning 9 hr after the start of the experiment;
however, the rest of the equipment continued to operate normally. In comparisons made with these
8, data it is assumed that the surface temperature increased linearly over time for this period. See
- Figure 18 for a graph of the surface temperature vs time for the data and that used in the compari-
son run with ADI.

Soil tests were conducted at CRREL to determine the density and thermal conductivity of the
sand. The density was determined to be 1996.25 kg/m?3; this density was assumed constant in the
. ADI comparison. The conductivity was measured at two temperatures above freezing. At 4.44°C
.‘1' the conductivity was determined to be 1.673 W/m K, and at 26.67°C it was 1.803 W/m K. Each node
in the ADI model was assigned a conductivity according to its temperature (in degrees C) for each
time step from the following equation:

k;;=0.00585T +1.647 . (73)

This equation was determined from the two conductivity tests.
The value of the specific heat was taken from measurements done on Lowell sand by Kersten

(1949). Again, cach node in the ADI model was assigned a temperature-dependent specific heat.
The equation fit to Kersten's data is

Cp. . =0.0039T +0.34927 . (74)
L)

The 2 by 48 grid used in ADI had a distance between nodes of 0.025 m. The temperature at the
surface was specified, and was taken from the data previously discussed. The time step was 0.25 hr;
the surface temperature for each time step was interpolated linearly from the data. The sides and
A bottom of the grid were assigned the zero heat flux boundary condition. The problem was modeled
259 for 48 hr.

y The graphs in Figure 19 compare the results for several times (9 hr, 24 hr and 48 hr) during the
run; they show a reasonable agreement but the model tended to underpredict the temperature
change.
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Figure 19. Results of two ADI runs using different conductivities plotted against experimental results.

The model was then run again, using conductivity measurements on Lowell sand by Kersten
(1949). The temperature-dependent equation for conductivity used for this run was

k,;=0.00585T +1.975 . (73)

These results may again be found in Figure 19. This time excellent agreement was found between
the actual data and the ADI calculations.

Each of the two runs of ADI required 2 minutes and 13 seconds of computer time on the PRIME
computer at CRREL.

VERIFICATION OF ADIPC

Comparison of ADIPC with analytical results—the Neumann solution

ADIPC was first compared to the well-known one-dimensional analytical Neuinann solution. A
semi-infinite region is initially at a uniform temperature T, which is above the fusion temperature
T;. Suddenly, the surface temperature is changed to T, a temperature below the fusion tempera-
ture. The subsequent movement of the phase change front may be calculated.

Allow p, Cp, k and 4 to represent the density, specific heat, thermal conductivity and latent heat
of fusion, respectively. Thermal diffusivity a is defined as k/pCp. Temperature T is a function of
position and time. Subscripts 1 and 2 refer to the property ot variable in the frozen and liquid
e phase, respectively. The boundary conditions follow:

L T,0,0=T, (76)
;‘ T, x,0)=T, an
o 2
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T, (X,n= T,(X,n=T; (78)
oT, oT, X
kl 37 -k2 —a—/? = pH, ar (79)

The temperatures in the liquid and solid regions must satisfy the following equations

ale l aTl
o - E sx——o (80)
22T aT,

2 1L 22 ., @1)

The solution has been given many times in the literature (e.g. Carslaw and Jaeger 1959). The solu-
tion for the location of the phase change front follows:

X=2\ \/El_t (82)
where A must be determined from the relation

— - ., A2 —
oA ky & (To-Tp) e“1/%2? ANE:
ef Xk, Ja, (T;-T)erfc Nayja, — Cp, (Tr-T)

(83)

For comparison the following values were used:

=291 W - w
by =221 ky =0.580 %
py =917 X& p, =9982 X&

m3 m3
— Whr _ Whr
Cp, =05815 T G, =116 g
W hr
Hy =9300
T, =0°C
T, =-467°C
T, =467°C

The problem was modeled for 3 hr using an internodal spacing of 0.5 ¢cm and a time step of 0.0025
hr. The depth of the 0°C isotherm is plotted with the analytical solution in Figure 20. As men-
tioned earlier, the location of the phase change front is found by interpolating between the nodal
temperatures to find the 0°C isotherm. The front progresses in a step-like pattern. This occurs
when the location of phase change moves from one node to the next and is inherent in the appar-
ent heat capacity method in a discretized space. Nevertheless, the results of ADIPC show good
agreement with the analytical solution. A more accurate computed solution could be obtained

by using a smaller internodal spacing and smaller time step. A copy of ADIPC and output for this
solution is included in Appendix B.
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:«' Comparison of ADIPC with analytical results—two-dimensional phase change verification

:’-'\'.5 Next compare the results of ADIPC with an analytical solution involving phase change around
' a pipe. This problem is two-dimensional in Cartesian coordinates and thus is a two-dimensional

:; 2 verification of ADIPC. But it is a one-dimensional problem in cylindrical coordinates, facilitating

AT an analytical solution. An exaci analytical solution is available for the case of freezing in a region,

" initially at a uniform temperature, that is suddenly subject to the effects of a continuous line
:::«," source that extracts heat at a rate of Q per unit time. The exact solution of this heat conduction
0 problem is given in Carslaw and Jaeger (1959). The results are as follows.
-';j; The location of the freezing front at any time is given by
D - E
R=2\Ja,t ‘ (84) ;
N
‘ ;&,‘;. where R is the radius of the front (7 = 0 is the location of the line source), a, is the thermal dif-
,:.", fusivity of the frozen zone, ¢ is time and A is obtained from the following relation:
o
.
e Q o arys 20710 N2 o, fa,)= N2 x, L 85
] an €xp (- ) Ei (_)\ a, /az) exp (' Q)= X, Lp ( )
.;‘I- N
.»5 where  k = conductivity
o a = diffusivity
b L
. T, = initial temneraturc

T; = fusion ternperature
Lp = latent heat per unit volume.

E; is the exponential intergral function

. * vdV
I-.i(x)=f KV .

and the subscripts 1 and 2 represent the frozen and unfrozen zones, respectively.
The temperatures in the froven and unfrozcen sones arc given by

T, =T+ 2 [ﬁ'i (. —’—2—) -, (-)\2)] 0<r-R (86)

4111(l 4ot




o - a0 Ty -r W, bl W
U A o NI - AN Sk AN LA St St M e A G P MR A et R S I B S G Ch S ORI
g SR AN RA-arh O i S S ERR PRt SO K . 3 ) |

.

ES
E,‘ et - 2T g ( n R 87
%; ' 2 =10 E, (M o Jay) i 4a2t) r>R. 87)

In order to get a solution for phase change around a pipe from this, the pipe is assigned a con-
stant radius 7,; the temperature at rp varies with time according to eq 86. A shifted time is used
so that at time ¢ = 0 in the computer run, the location of the phase change front isatr = To- For
this time, the initial temperature distribution is figured from eq 87.

For the comparison, the following values were used:

)
rﬁ -

28

‘4

a &
»
.

i
2

A
PR

_ cal _ cal
kl =0.0072 m k2 =0.0042 ————-cm s°C
2 2
a, =0.014165 & a, =0.005556
1 s 2 s
Lo=33012 —_
cm? °C
T, =4°C
T,=0°C.

Densities for all regions were assumed equal in the solution.

Equation 84 was solved by substituting a polynomial approximation for the exponential inte-
grals (Abramowitz and Stegun 1970) and then solving the equation for A by an iterative scheme
on the computer. For this case it was found that A = 0.08246,

ADIPC used an internodal distance of | ¢m and a time step of 60 s on a 30 by 30 grid. Because
of the symmetry of the problem, with the Cartesian origin at the center of the pipe, only one-
quarter of the situation was modeled. The top and right-hand edges of the grid were assigned zero
flux boundaries, and the left-hand and bottom edges of the grid were assigned the semi-infinite
condition.
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Figure 21. Comparison of ADIPC with radial analytic
freezing solution.
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The location of the freezing front over time was found in ADIPC by interpolating to find the
zero degree isotherm; this is plotted against the analytical solution in Figure 21. Excellent agree-
ment is found.

USER INSTRUCTION FOR ADI

The first step in using ADI to solve a problem is to define the boundaries of the problem and
to identify the different materials in the problem. It is important to know the dimensions of ob-
jects to be modeled as accurately as possible. Next, identify the boundary conditions in the prob-
lem. Now draw the grid, determining a nodal spacing that will accurately represent the materials
in the problem. Indicate the boundary conditions on the grid, then set these conditions in the
computer program by assigning the appropriate values of RAY (I, J, 2) to each node I, J in the
grid; the values are listed in the comment statements at the beginning of subroutine ADDATA.

Material properties such as thermal conductivity, density, etc., must be known in consistent
units. There are no dimensional constants inherent in the program, so any system may be used.
For the problems presented in this report, the following units were used: thermal conductivity
(W/m K), density (kg/m3), specific heat (W hr/kg K), temperature (°C), time (hr) and distance (m).
The units of the convection coefficient would be W/m2K. Values for the conductivity, specific
heat, density and convection coefficient must be specified by the user as indicated in the main
program (near the start of the 2001 and 2002 loops). These values may be programmed to change
with temperature or time and could conceivably be different for each node in the grid. At the
time of this report’s publication, the conductivity of a semi-infinite node in the program is assumed
equal to that of the adjacent regular interior node.

Now edit subroutine ADDATA following the directions in the comment statements in the sub-
routine to initialize the variables and arrays. Note that the variables and arrays are defined at the
beginning of ADDATA.

When editing subroutine ADDATA, the user will encounter a variable named ITRT, which is
defined as the number of time steps before the results are printed. Setting this value as five, for
example, will set a counter in the main program so that at every fifth complete time step the main
program will print the temperature distribution (RAY [I, J, 1]) into file ADITMP. Similarly, var-
iable ITPC will set a counter to call subroutine ISOTHM to locate the user-specified isotherms in
the current temperature distribution. The coordinates of these isotherms are printed into file
POINTS.

When ADl is run, it will interactively ask whether or not the user wishes to run subroutine
ADDATA. The first time the program is run, ADDATA must be run. The variables will be put
into a formatted data file, ADIDAT. If, after the program is run, a change is made in the main
program but not to ADDATA, the subroutine need not be called again; the main program will
read the data from ADIDAT.

Once the program has been run, the user should examine output file ADIOUT closely to be
sure that the initial conditions and boundary conditions are those intended, i.e., that no mistake
was made when editing ADIDAT or changing values in the main program.

Cafumama

T VY

USER INSTRUCTION FOR ADIPC
N The use of ADIPC is the same as ADI with the exception of the specification of several phase
™ change variables. When editing ADDATA, the user must specify the value of the latent heat of
; fusion, the conductivity and density of the phase change region, and the temperature range over
ne which phase change will occur. If the units indicated in the instructions for ADI are used, the
::
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latent heat will have the units W hr/kg, as does the specific heat. The value of the apparent specific
heat (discussed in the Phase Change section), known as CPPC in the program, should b calculated by
the user as follows:

L

H
CPPC=%(Cp +Cp,) + 27

where CPB = specific heat of the frozen material
CPA = specific heat of the unfrozen material
H, = latent heat of fusion for the material

AT = temperature range around the fusion temperature where phase change occurs from

AT AT
Tf - _2_ to Tf + '2— .
AT in the verifications was 1.0°C.
As in ADI, the values for density, specific heat and conductivity must be specified as indicated

in the comments near the start of the main program, ADIPC.

CONCLUSIONS

Two two-dimensional finite difference computer programs have been developed to model time-
varying heat conduction. Results of test runs of the programs show excellent agreement with an-
alytical and experimental results. The programs are easily set up to model new problems, and have
the capability to solve a wide variety of heat conduction problems.
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A facsimile catalog card in Library of Congress MARC
format is reproduced below.

Albert, Mary Remley

Computer models for two-dimensional transient heat
conduction / by Mary Remley Albert. Hanover, N.H.:
Cold Regions Research and Engineering Laboratory;
Springfield, Va.: available from National Technical
Information Service, 1983,

iv, 74 p., illus.; 28 cm, ( CRREL Report 83-12, )
Prepared for Office of the Chief of Engineers by
Corps of Engineers, U.S. Army Cold Regions Research
and Engineering Laboratory under DA Project 4A762730

AT42,

Bibliography: p. 30.

1. Centralized heating systems. 2. Computerized
simulation. 3. Computer models. 4. Heat pipes.
5. Heat transfer. I. United States. Army. Corps of
Engineers. II. Cold Regions Research and Engineering
Laboratory, Hanover, N.H. III. Series: CRREL Report
83-12.
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