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1 Table 5-2.    Summary of Pressure/Force Transducer Characteristics [5.2-1] 

tl 

SMIM Cicilltia» Outlet Level »CCUZacy 
Pressure 
(Mf* 

Frequency 
•eseaase 

Iistiiitui 

Dane« 
aid Effects 

Shack ae.« 
Vibrati.a 

Soasltlvlty suhiiit»* 

Uleer 
CaiHtraUta 

Skitt 
wit» Use 

Price 
twittl) 

Capacitance K dc 

Special 

Hi level and 

frequency 

bfidfe 

005% 0 01 to 

200psi 

OH/to 

100 Hz 

0 1500°F Poor to Good 0 05%/yr •.lO* cycle» 

with < 05% 
cal shilt 

1500-4500 

Oitleienltaf 

Iranslormer 

JC Special Hi level 

5 rolls) «'il' 

phase de- 

mode;bfidge 

0 5% 10 to 

10k psi 

100 Hz 0 165f Poor 0 25/yf •10* 
cycles 

tile 

50. 500 

roic« Balance « Lin* 

Puwer 

Hi level 
I • 10V) 

with servo 

0.05% 1   JM tO 

5kpsi 

OH; 10 

. 5 Hz 

40 IWF 

OO^/'F 
Poor 0 05%/wc- ^10» cycles 

with <05% 
cal shift 

2000-4000 

Piezoelectric Hr June ind 

sell-new- 
il.n* ar 

Medium 
level with 
amplifier 

1% 0 1 psi to 
lUkpvi 

1 H, 10 
. 100 kHz 

-450 10 

• 400 
U01XI"F 

Cicelleni 1%/yr Onmeaiur- 

able us« 
etlects 

300- 500 

Potentiometer «dc 

Reflated 
Hi Itvtl i% 5 pn to 

10k psi 
0H< to 

50 Hz 

-65 to 
+ 300nor> 

linear 

UOI'x.i  f 

Poor 0.5%/yr < 10* cycles 

life 

200- 500 

DM Gage 

— Unoonded 
*• dc 

*-e*,ulated 

lOVKdc 

low levtl 

4fl<V/V 

075% 0 5 psi lo 

'Ok Pii 

OH/to 
. 5 kHz 

uo;%/nF 
- 320" to 

+ 600'F 

'O'OOSVF 
over LCR*"I 

i.ood 0 5%/yr < 0 5% cal 

shilt after 

10«cycles 

350   700 

— Bond«« Foil OVecdc i o» level 

3mV7V 

0?5% 5 psila 
iOk psi 

OH/ to 

5 kHz 

65 F to 

. .-SO F 
i0 005%.rF 

over ICH") 

Very food ?5%/yr •10* cycles 150- 600 

dun film luv« ii 3mVV Ü/5% ,"• |»M In 

lUkpsi 

(j H/ In 

5 kHz 

l/'i   to 

-t 60'J' F 

.0 005%  "F 
jver ICrVI 

Very good 0?5/yr . I0*cycle» 

with 

<0 25% 
cal shift 

450   /uO 

tl.lluM.I 

'j«l».'»"(llllU> 

< 11 V Mriiiwin level 

JmY'VIo 

?0mV/V 

Ü 2VV. I'l P .1 lb 

5k psi 

it 11/ In 

5 kHz 

'5 F tu 

• 250 F 

0 005%!  F 

vei ICFVI 

Very good 0 25/yr .   0 25% 
calibration 

shift after 

10» cycles 

DO   250 

'• ."Of <t Ha' 

SrnoiuiKlmlui 
10 v« dc Medium level 

J mV V lo 

?0mV V 

0 25% 'i psi to 
10k DM 

n Hz In 

5 kHz 
n5'l to 

W50 F 

10 01% "F 

ovei ICIfl 

Veiy ,ood 0 5%/yr ^05% 

calibration 

shilt alter 

10*cycles 

35   240 

V-inable 

»eluclante 

*< Special 40mY'V 0 5% 1" H,0t0 
IOk psi 

0 Hz in 

1 kHz 

l'O   lo 

. 00U F 

«J 02%    F 

over LCR**i 

Very food 0 5%.'yt ;0« cycles 

hte 

250 600 

Vib<4ting Witr 

land 'uoe 
f SO« ill Hi level and 

'feguencv 
0 02% 1 PM 1» 

100 pti 

UHzto 
100 Hz 

-55 F to 
• TOG f 
icuuires 

ir-mpeiature 

.-'jntrol 

Poor 001%lyr • lO" cycles 

nf« 

1500-6000 

llJl)'..lf .trV) t   t .|)f J'»-Ii    hilt  ihtrgW tx   LUAvOfed tO»',*'t'» 

liiniie*! f omptusdjiffd 'jene 
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1 Table 5-3.    Comparative Performance Ranking of Pressure/Force 
Transducers 

' -' 
LongTeim 

Small Sue                                             Calibration Stability                                            0uiput Ltv" 

^ 
Ö 

1. Piezoelectric 
2. Diffused Semiconductor 

Strain Gage 

3. Unbonded Strain Gage 
4. Bonded Bar Sen-conductor 

Strain Gage • 

5. Thin Film Strain Gage 

6. Variable Reluctance 

7. Bonded Foil Strain Gage 

8. Potentiometer 

9   Capacitance 
10. Differential Transformer 

11. Vibrating Wire or Tube 
12. Force balance 

Fro«, nancy Ra»ponsa 

1. PiazMlectric 
2. Unbonded Strain Gage 

3. Diffused Semiconductor 
Strain Gage 

4. Thin Film Strain Gage 
5. Bonded Bar Semiconductor 

Strain Gag« 
6. Bonded Foil Strain Gage 
7. Variable Reluctance 

8. Capacitance 

9. Vibrating Wire or Tube 
10. Differential Transformer 
11. Potentiometer 
12. Force Balance 

High Temperature 

1. Unbonded Strain Gage 

2 Variable Reluctance 
3. Thm Film Strain Gage 

4 Piezoelectric 
5 Potentiometer 

6 Bonded Foil Strain Gage 

7 Diffused Semiconductor 
Strain Gage 

8 Bonded Bar Semiconductor 
Strain Gage 

9 Vibrating Wire o'Tube 

10 Force Balance 

11 Differential Transformer 

12 Capacitance 

1. Vibrat>ng Wire or Tub«: 
2   Capaci.ir.re 

3.   Thin Film Strain Gags 
4 Diffused Semiconductor 

Strain GJMP 

5 Bonded Bat Semiconductor 
Strain Gage 

6 Bunded foil Strain Gant 

7 Unbonded Strain Gaue 

8 Variable Peiuciance 

9. Differential Transformer 

10. Piezoelectric 

11 Potentiometer 

12 Force Balance 

Small Static Error 

1. Vibrating Wire or Tube 

2. Force Balance 
3. Capacitance 

4. Thin Film Strain Gage 

5. Diffused Semiconductor 
Strain Gage 

6. Unbonded Strain Gage 
7. Bonded Bar Semiconductor 

Strain Gage 

8. Bonded Foil Strain Gage 

9. Variable Reluctance 
10. Differential Transformer 

11. Piezoelectric 

600°F 1. 
600" F 2 
600° F 3 
400'F 
300'F 4 

250°F 5 
6 

250" F 
7 

250 F 8 
200" F 9 
165 F 10 
165'F 11 
ISO'F 12 

12. Potentiometer 

Operation  under 
Acceleration and Vibration 

Piezoelectric 

Bonoed Foil Strain Gaue 
Diffuser) Semiconductor 
Strain Gage 

Thin Film Strain Gage 

Unbonded Strain Gage 

Bonded Rar Semiconductor 
Strain Gaue 

Vibral rig Wire or Tube 

Potentiometer 

Variable Heluctance 
10. Capacitance 

1 I   Differential Transformer 

Force Balance 

1. Force Balance 
2. Potent ometer 

3. Capacitance 
4. Vibrating Wire or Tube 

5. Differential Translormer 

6   Variable Reiuctance 

7. Piezoelectric 
8. Diffused Sem.conductor 

Strain Gage 

9. Bonded Bar Semiconductor 
Strain GaRe 

10.  Unbonded Strain Gaue 
11 Thin Film Slrain Gaue 

12 Bonded Foil Strain GJXB 

Low Cost 
in Small Quantity 

1. Bonded Foil Strain Gage 

2. Unbonded Strain Gage 

3. Potentiometer 

4. Differential Transformei 

5. Vanabie Reluctance 

6. Thm Film Strain Gage 

7. Bonded Bar Semiconductor 
Strain Gage 

8. Piezoelectric 

9. Diffused Semiconductor 
Strain Gage 

10 Capacitance 

11. Force Balance 

12. Vibrating Wire, Tube 

Low Cost 
in Large Quantity 

1. Diffused Semiconductor 
Strain Gage 

2. Bonded Foil Strain GaRe 

3. Unbonded Slrain Gaue 
4   Potentiometer 

5. Differential Transformer 
6. Thin Film Stiam GaRe 
7 Variable Reliic'.'iH i 

8. Hio/ni'kctriL 
')    II..mied Har S' "' ' •"• '"< I 

Slum liage 

10   (.auar ilance 
I I    Fon i- (l.it.ini •• 
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ABSTRACT 

A structured approach to the design and Implementation 
of Interactive sensor referenced manipulator control sys- 
tems is proposed.  The approach separates the algorithms 
that perform the manipulator task controls from the local 
manipulator servo control.  According to this, manipulator 
control is being considered as the problem of execution of 
an action network.  Any manipulator task is treated as an 
arrangement of interconnected actions grouped into three 
categories:  primitive, composite and complex actions.  The 
software implementation of all three action categories is 
discussed.  The concept of cooperative processes and moni- 
tors has been adopted as a powerful method of software 
organization.  The control system is designed and demon- 
strated for a class of tasks that Include searching, fol- 
lowing, grasping, and stopping of slowly moving heavy 
objects so that operator and computer share the control. 
The demonstration hardware is the six-degree-of-freedom 
CURV manipulator integrated with proximity and force- 
torque sensors at the JPL teleoperator laboratory. 

Frequent Abbreviations 

HCSl  Manipulator Control System 

CACS:  CURV Arm Control System 

EE:   End Effector 

JCS:       Joint Coordinate System 

WCS:  World Coordinate System 

TCS:  Tracking (Plane) Coordinate System 

HCS:  Hand Coordinate System 

TP:   Target Plane 

APC:  Action Precedence Graph 

I .   INTRODUCTION 

A pilot control system has bean developed for a alx- 
degree-of-freadom manipulator equipped with proximity and 
force-torque sensors in the JPL teleoperator laboratory. 
The control system, implemented in a dedicated minicom- 
puter, allows an interactive manual and automatic control 
of the manipulator.  In this paper, "Interactive control" 
signifies a hybrid control capability whereby some motions 
of the manipulator in tha work space ara under manual 
control while tha remaining motions are under automatic 
compucer control referenced to proximity and  force-torque 
sensor data. "Motion in work apace" signifies the threa 
transnational and threa rotational motions of the end 
effector. The operator decidee which work space motion is 
in manual or automatic control.  In extreme cataa all 
control can be fully manual or fully automatic. The 
operator's decisions are communicated to tha control com- 
puter through appropriate function (logic) switches. As a 
consequence, the operator haa a dual (analog and logic) 

ulcatlon with the interactive control system. 

The conceptual and implemented onal intricacies of 
such an interactive Manipulator Control Syataa (MCS) can 

best be appreciated by noting that each notion of the end 
effector in the work space usually requires the coordi- 
nated control of several manipulator Joints.  In general, 
therefore, control reference inputs to a manipulator Joint 
will be compuced from commands originating simultaneously 
from manual (analog) sources and from computer algorithms 
referenced to proximity or force-torque sensor data.  The 
computation of control reference inpucs addressed to the 
individual manipulator joints will depend on the setting 
of the function (logic) switches. 

A conventional system control concept would consider 
the interactive manipulator control as a cask planning and 
decomposition problem.  (See, e.g., Refs. 1 - 6.)  That 
concept usually culminates in Che formulation of special 
computer "languages" and procedural or transformation nets 
for manipulator control, and defines operator interaction 
with the control system as an essentially off-line and 
high level programming action.  The task planning/ 
decomposition concepc is  mostly suited co cases  when the 
operator wants CO trade control (Ref. 7) with the computer. 
In contrary to that, the cases considered in this paper 
are those when the operator wants to share control (Ref. 7) 
with the computer.  In shared concrol the operator has an 
essentially on-line interaction with the control system, 
and the symbolic elements of the on-line interaction should 
preferably be reduced Co simple and discrece function or 
logic commands. 

A usual approach to the design and implementation of 
sensor-referenced Interactive manipulator control would 
treat the problem as a monolithic multivariable feedback 
control system where the dynamic and servo characteristics 
of the manipulator play an essential role in synthesizing 
the control algorithms.  (See, e.g., Refs. 8 - 12.)  Such 
an approach, however, would overshadow ehe problem of 
synthesizing the control for a multitude of manipulator 
casks.  It is noted that the Implementation of manipulator 
task concrols are mostly based on discrete events and 
logic decisions which cannot easily be considered within 
the frame of the classical continuous or sampled aata 
feedback control systems.  In this paper, therefore, 
another approach is proposed.  First, the problem of 
manipulator servo control Is separated from the task con- 
trol algorithms.  I.e., the manipulator cogether with Its 
servo controllers are considered as a device external to 
the control computer which interactively concrols the 
execution of a variety of manipulator casks.  Furthermore, 
the manipulator control tasks are regarded here as a set of 
Interconnected actions which can be more or less complex 
and which are executed sequentially or simultaneously. 

In order to synthesize ehe concrol of Interconnected 
actions, three action categories, primitive, composite and 
complex actions have been introduced.  The primitive 
actions Include elementary motions such as one-step shifts 
of the mechanical hand in a given coordinate system and 
single Increments of spacing or closing the end effector. 
Composite actions are composed of severel primitive actions 
which are executed sequentially. Examples are:  alignment 
of the end effector to a given surface, controlling the 
distance of the end effeccor from a given surface or 
object, centering on an object, ect.  Complex accions 
consist of composite actions that are executed sequen- 
tially and/or In parallel.  Examples arc:  searching for 
an object, following a moving object, capturing an oblect. 



"^» 

transfering an objecc from one place to another, etc.  The 
paper presencs a separate control software implementation 
methodology for each of the three action categories. 

Due to the Inherent parallelism of manipulator con- 
trol actions in real-time applications, the MCS software 
outlined In this paper has been designed as a concurrent 
programming system. The concept of monitors, introduced 

by Brinch Hansen ..Rafs. 13-14) and Hoare (Ref. 15), has 
been employed as the main structuring tool for real-time 
control software development. 

For demonstration and evaluacion, the real-time soft- 
ware haa bean coded for and applied to the CURV Arm Control 
System (CACS) in the JPL teleoperator laboratory.  The 
first phase of the CACS demonstration and performance eval- 

uation project is limited to relatively simple tastes: 
interactive searching, following, grasping, and stopping of 
slov.k/ moving heavy objects using data from proximity and 
for' .-torque sensors Integrated with the JFL CURV arm.  The 

Initial design of the CACS software based on a structured 
approach employing the monitor concept in its simplest form 

Is given in Ref. 16, 

The CACS software is an exploratory development aimed 
to Identify problem areas and to experiment with alterna- 

tive techniques and approaches rather than to define a 
final design solution for interactive and sensor refer- 

enced manipulator control. 

2.  MANIPULATOR CONTROL SYSTEM DESCRIPTION 

information is displayed by appropriate monitors.  Informa- 

tion from proximity, force-torque and other sensors can be 
displayed by computer driven graphic displays, using 
context-dependent formats suited to a particular class of 
tasks.  Alarm information can be displayed by labeled light 

mosaic, sound signals, etc. 

The command interface is a device that convert opera- 
tor commands to computer readable form.  The commands can 
be in the form oi a command language with a given syntax 
adjusted to a particular class of tasks.  Commands can be 
issued manually by TTY or orally by a voice command sys- 
tem.  The operator commands can also be generated in 

discrete form by switches and pushbuttons, and in analog 
form by joysticks or potentiometers. 

The control computer is the central component of the 
MCS that generates set-points for manipulator joints on the 
basis of operator commands and sensory feedback data pro- 

cessed by the MCS software.  The MCS software performs also 
parameter management. 

There are two groups of MCS parameters:  the system 

and the task related parameters.  The first group contains 
all parameters that describe the manipulator hardware and 

the constants used in the control algorithms.  The second 
group of parameters Is related to the manipulator environ- 

ment and to the particular task to be performed.  Both 
parameters are entered via the computer console; the first 

group during system installation, the second group just 
before task execution. 

2.1  General Configuration of the MCS 

In general the MCS can b« regarded as an Interface 

between the human operator and the manipulated object. 
This interface supports interactive execution of a given 
class of tasks related to a given class of objects and 
thalr environment.  As shown in Fig. 1., the components of 
the MCS are:  manipulator, information display devices, 
command interface, and control computer. 

The manipulator Itself is a feedback control system, 
usually Implemented In hardvare containing a multlllnkage 
mechanism, end-effector (EE), actuators, local feedback 

controller«, sensors, sensor support electronics, A/D and 
D/A converters. 

2.2 Specific Configuration 

The specific interactive control system haa been 
Implemented for the JPL/CURV linkage arm.  The control 
system Is labeled CACS (Curv Arm Control System).  The arm 
has seven degrees of freedom:  three for the arm, three for 
wrist and one for EE.  The mechanical details of the manip- 
ulator are given in Ref. 17.  The EE is a parallel jaw 
device with proximity sensors Integrated with it.  The 
hydraulic actuators, servo controllers and sensor support- 
ing electronics are described in Ref. 18.  The complete 

spatial position of the manipulator is defined by the fol- 

lowing seven joint variables: 

•».  - arm azimuth 

Information displays convert the video, sensory and 

alarm data Into forms convenient for the human operator in 
order to facilitate the interactive control process.  Video 

I-  - arm elevation 

arm extension 

INfO«MATKDN 

VIDEO 
DISPLAY 

SENSO»  
TNFOHMATION 

/ 
/ 

/ HUMAN \oPE»ATO« 
I OPMATO« JcomuSmT* 

\AL*»M 
INfOtMAtioN 

SINSO« 
DISPLAY 

SENSO« DATA 

' 1 

COMMAND 
INTCtFACE 

COMMAND CONT»Ot. 
COMPUTE« 

JOINT MANI- 
PULATO« 

SENSO« 

aiNnr            J 
DATA DATA MECHANIC Al     \ 

OUTPUT 

1 i 

ALA«M 
DISPLAY 

ALAIM JOINT FEEDIACK 
DATA DATA 

Fig. 1.  General Configuration of MCS 
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- wrist yaw angle 

wrist pitch angle 

- wrist roll angle 

9?  -  jaw opening. 

The manipulator is also equipped with force-torque sensors. 

(See Ref. 17.)  Other types of sensors have also been 

developed, for example touch and slippage sensors (see 
Ref. 19), but they are not used in the first phase of ehe 

CACS project. 

Proximity sensors, four of them, are integrated with 
the two jaws of the EE, one pair pointing In forward direc- 
tion, the other pair pointing perpendicular to the first 
one, downward the EE.  The sensing range of the proximity 

sensors is about three inches.  The force-torque sensor is 
mounted to the base of the EE.  The sensor measures the 

three perpendicular forces and the three perpendicular 
torques referenced to the base of the EE.  The dynamic 

range of the sensor is 0.5 to 300 S. 

The information display system contains TV monitors 
and a microprocessor-driven color graphic display.  (Ref. 

20.)  The alarm display is temporarily implemented on the 
control computer console. 

The analog commands are generated by two 3-dimensional 

joysticks, and by a potentiometer.  The discrete operator 
commands are generaced by a sec of svicches, all incorpo- 
rated into a multipurpose device called Universal Control 
Panel. 

The control computer is an Interdata M70 (or 8/16E) 
minicomputer (Ref. 18). 

3. MANIPULATOR ACTIONS 

Accomplishment of a given manipulation task can be 

considered as the execution of a set of actions invoked 
explicitly by operator commands, or implicitly by control 
algorithms that are implemented in the MCS software. 
According to their complexity, the actions can be separated 
into three groups:  complex, composite and primitive 
actions.  These groups will now be discussed separately. 

3.1  Complex actions 

Complex actions will be defined as elements of a 

manipulator task that are sufficiently general and have 
unique physical and logical characteristics.  In addition, 

it will be assumed that these actions can only be initiated 
by the operator.  Examples of complex actions are: 

• searching for object 

e following the moving object 

• grasping and stopping the object 

• transferring the object 

• mapping the object. 

Searching for an object means to bring the EE to the 

vicinity of the object measured by proximity sensors.  The 
control of this action can b« performed by the operator 
manually, or It can be performed automatically using a 
search algorithm the parameters of which are specified by 
the operator. Also, the search can be unconstrained in 
space, or constrained to a fixed surface. 

Following a moving object means to move the EE so that 
a constant distance is being kept between the EE and the 
object.  This action has also manual and automatic, uncon- 
strained and constrained options.  In addition, the object 
following action can be referenced to the front or to the 
lower proximity sensors. 

Grasping and stopping an object must be performed *o 
that once the object is grasped the notion of   tne EE *s 
referenced to the force-:urque sensors assuring i  gentle, 
"soft" stop. 

Transferring an object means co change the Location 

and orientation of the object in the work space.  This 
action can be a part of an assemblv/disassembly task. 

The goal of object mapping Is to create a topographic 

profile of a partially unknown object or of a terrain in 
the work space.  Mapping is based on proximity sensoi 

measurements. 

Using the complex actions listed above a large number 
of manipulator tasks can be accomplished, including simple 
assembly and disassembly operations, that are assisted by 
the operator in an interactive manner.  The list could also 
be extended by adding programmed actions to the control 
"menu."  These actions would be oerformed by executing 
fixed stored programs loaded from the MCS library.  Pro- 

grammed fixed actions are not considered in this paper. 

3.2 Comp osite actions 

In order to perform a complex action the control sys- 
tem will enforce the execution of a set of appropriate 
composite actions that are less complex.  Execution of 
composite actiona can be in series, in parallel, or com- 
bined, depending on the specific complex action commanded 
by the operator.  Examples of composite actions are: 

• manual control 

• roll alignment 

e pitch alignment 

• yaw alignment 

• elevation control 

• distance control 

• speed identification 

• centering 

• grasping 

• tracking 

e   stopping. 

Using manual control ehe operator controls the overall 

motion of the manipulator, affecting directiv or indirectly 
all joint coordinates via analog commands.  The manual com- 

mands are resolved Into appropriate manipulator joint com- 
mands through the MCS software.  Manual control can be 

unconstrained or constrained In •space.  The coordinate 
system corresponding to analog commands can be chosen by 

the operator.  Different coordinate systems that can be 
used will be discussed in the next section.  Manual control 
can have two modes:  position and rate control mode.  In 
position mode the manipulator control system executes 
mocion increments defined by analog commands In ehe sense 

of changing positions of the EE.  In rate mode, the manipu- 
lator control system will interpret the analog commands as 
reference Inputs for the directional speed of the manipu- 
lator EE In a given coordinate system. 

Alignment operations are referred to the equalliatlon 
of the lengths of proximity sensor beams relative to the 
alignment surface.  The alignment surface can be an object 
or a tracking surface.  In roll alignment, the lower prox- 
imity sensors must Indicate equal lengths.  In pitch align- 
ment the lower proximity sensors must have equal length In 
several successive longitudinal positions of the EE.  In 
yaw alignment, the front proximity sensor beams must indi- 
cate equal lengths relative to the alignment surface.  The 
condition for starting an alignment action Is to bring the 
EE In proximity of the alignment surface.  Alignment opera- 
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cions can be performed relative co static or dynamic align- 
ment surfaces.  A static surface has a fixed position and 

shape in the work space.  A dynamic surface is slowly 
moving or changing its profile in the work s;>ace.  In all 

alignment operations it is assumed that the alignment sur- 
face is sufficiently smooth so that it can be approximated 

by a tangent plane in the vicinity of the footprints of the 
proximity sensor beams on the surface. 

Elevation and distance control are also referenced to 

proximity sensors.  In elevation control the beam lengths 
of the lower proximity sensors must be maintained constant 

and equal to a given value.  In distance control the beam 
length» of the front proximity sensors are maintained con- 
stant and equal to a given value.  Elevation and distance 
control can also be referenced to static or dynamic 

surfaces. 

In speed identification the speed of the EE must be 
equalized to the speed of the moving object or moving 
tracking surface.  Speed identification must be accom- 
plished before starting an alignment, elevation or distance 
control operation. 

Centering means to adjust the opening and the lateral 
position of the EE relative to a given object before grasp. 

Centering can be performed on both static and dynamic 
objects.  In the case of dynamic objects, centering also 

contains a dynamic alignment operation of the EE relative 
to the object.  It means that the EE must get in the tail 

position to the object so that the motion of the EE is 
parallel co the longitudinal axis of the EE.  This Is the 
best grasping position. 

Grasping an object consists of a short programmed 
sequence of EE operations, with the final result of having 

and contacting the object within the claws of the EE.  Once 
this occurred, the motion reference is changed from proxim- 
ity to force-torque sensors. 

Tracking an object means a joint motion of the EE and 
the grasped object so that the manipulator automatically 
complies with the forces of the object exerted on the EE. 
This action is force-torque sensor referenced in the sense 
that the reaction forces exerted by the object on the EE 
must be maintained at a specified minimum level. 

Stopping an object means to stop the motion of the 
manipulator gradually, keeping the reaction forces exerted 

by the object on the EE and measured by the force-torque 
sensor below some value specified by the operator. 

The given list of composite actions is not complete. 

It can be extended by other actions, for example, edge 
tracking, scanning, etc.   , 

3.3 Primitive actions 

Completion of a complex action is accomplished by the 

sequential execution of a series of motion increments of 
the manipulator.  Execution of a motion increment vill be 
called a primitive action of the manipulator.  In this work 
two groups of primitive actions are considered: 

»   unconditional increments (shifts) 

•   conditional Increments (shifts) 

Both groups have two options:  position and rate con- 
trol mode.  Primitive actions can be referred to four dif- 
ferent coordinate systems:  joint coordinate system (JCS), 

world coordinate system (WCS), tracking plane coordinate 
system (TCS) and hand coordinate system (HCS).  The four 
reference systems are shown in Fig. 2. 

Fig. 2. Representation of Coordinate Systems 
WCS, TCS. and KCS 

WCS is a Cartesian coordinate system fixed to ehe 
manipulator environment, i.e. to the world in which the 

manipulator is acting.  In this work the origin of WCS is 
fixed to the base of the manipulator.  The point in WCS is 

(x, i, J), where x (x. z) is position of 

the wrist of the manipulator, 
position of ehe hand and - is 

a_ - (a, ft, Y) is the angular 
the opening of the EE. 

TCS represents a two dimensional space defined by the 
fixed plane TP.  The orientation of this plane in world 
space is defined by the vector i_  • iTP-  Because only 

motion increments are considered here, the origin of that 
plane can be ignored.  When the EE lies in a plane parallel 
co Che tangent plane TP of the tracking surface IS, i.e. if 
its roll and pitch axes are aligned wich the TP, chen the 
position of the EE is defined by q 

-T 

V „), where 

HCS Is also a Cartesian coordinate system defined by 
three orthogonal axes fixed to the EE.  The C-axis is the 

longitudinal axis of the EE (it is the roll axis of the 
EE) and defines the "forward-backward" direction; the 
i-axis is the lateral axis of the EE and defines the 

"left-right" direction; and the ;-axis is the orthogonal 

complement of the :. and n axes and defines the "up-down" 
direction.  A point in the HCS is defined by a vector 

SH * & 2„- V« whe" i" «• •»• ü and 5H - <v «,. V 
The HCS plays an Important role in almost all composite 
actions referenced to proximity sensor measurements. 

The unconditional shifts can be defined as increments 

in the four coordinate systems described above: 

i8 

ugT - (AJtp ia, J.u) 

where all components nt  the vectors q. (J • W,T,H) can be 

changed independently.  As Indicated in expressions (1), 
the increments of hand angles and the EE opening are 
invariant in all Cartesian coordinate svstems. 

in JCS 

in WCS 

in TCS 

in HCS 

(1) 

The point in JCS is defined by the vector t « 
8,.). where 9  are manipulator Joint variables 

already described in subsection 2.2.  It Is noted that the 

» positions of the 

cters at each joint. 

»  positions of the manipulator are measured by potentioa 

Conditional shifts imply conditions that introduce 

some interdependence between the components of ~q •  Here 

we only consider conditional shifts in the HCS, with 
conditions related to the proximity sensor beams.  Four 
examples are shown in Fig. 3.  First a conditional roll 
increment where the reflection point of the lower-left 

. . —^~ -'.->-*.- .'-. >- -*-'**—* •*Jl —•*-*• ..... '. '. '. * 1» .', I. a." 1. ..«.'> i b 
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Fig. 3.  Conditional Shifts 

proximity sensor is kept rixad.  As shown, the E£ changes 
its roll angle AY without moving the reflection point of 
the lower left sensor, and keeping the length of that 
sensor beam unchanged.  Similarly, the conditional pitch 
and yaw Increments are performed with fixed reflection 
points of the lower-right and front-right proximity sensor 
beams, respectively.  The last example shows a conditional 
EE opening where the position of the right finger of the 
EE Is kept fixed. 

Position and rate control modes are options that can 
be selected by the operator or by the control algorithms. 
Position mode corresponds to the regular execution of an 

aonredunaant, this mapping La jr.ique uitn a unique inver- 

sion J_  (q,,).  Combining (2), (3) and C*) we nave: 

increment Aq . 

be executed in a repetitive manner in order to generate 
the speed of the EE that is proportional to the increment 
v • Aq/At, where At is the time interval between two 
consecutive increments. 

Primitive actions are Invoked automatically by the 
control algorithms which Implement the composite actions. 

Implementation of primitive, composite and complex 
acclons are discussed in the subsequent three sections. 

*w c%. v -r <-sv*i<v> (5) 

Ic should be noted chat the calculation of _£ requires the 
solution of two sees of manipulator equations, £ and its 

inverse _F  .  This is so because only the positions in ehe 
JCS are measurable. 

In the case of TCS, the JCS/WCS mappings are formally 
as before 

—X   —T —o    —W  — * — o 
(6) 

where Aq,', • (Ax1, Aa, 0, 0, Aw) is an intermediate —>w    — 
incremenc defined by a simple coordinate transformation 

fix. 
Ax' *<£„> (7) 

with R being a 3*3 rotation matrix chat corresponds co  the 
angular position of the tracking plane TP In the WCS. 

Similarly, for increments HCS we can write: 

where Aq"w" (Ax", Aa, Aw) and 

Ax" - R(a )A£ . 

(8) 

(9) 

Vector a  in (9) corresponds to the temporary orientation of 

the hand in the WCS.  As seen, the transformation from the 
HCS to the WCS is based on a temporary hand orientation 
which is measured indirectly via the JCS.  Therefore, the 
current value of 3  must be calculated 

—o 
In the rate mode the given Increment Aq will 

2.0 - ±<I0>      • no) 

where 5 represents a subset of the manipulator geometry 
equations (4). 

Conditional shifts are more complex.  To give an idea 
of this, consider only the first and last examples shown 
in Fig. 3.  It can be shown that for a given AY, two 
additional shifts must be executed in the HCS in order to 
keep the reflection point oi  the lower-left proximity 
sensor fixed: 

l>.        IltPLEMENTATION OF PRIMITIVE ACTIONS 

*.l  Coordinate transformations 

An (1 - cos AY) +• (S + S ) sin AY 

(11) 

The execucion of a primitive action means to move the 
manipulator from its current position 9  in JCS to a new 
position 

9 - 6 + A9  , (2) —  —o   — 

chat corresponds to a desired Increment Aq  defined in a 

selected coordinate system ),  That is, for a given Aq  and 

9  the following coordinate transformation must be 
-o 
performed: 

48 • i, (4g.. I0>        1 * W.T.H. (3) 

For the WCS on* has to consider the equations of manipula- 
tor geometry in the general font: 

qH- KD. (4) 

where F Is a nonlinear analytic vector function that maps a 
point in JCS onto a point in WCS.  If the manipulator is 

AC sin AY - (S + S ) (1 - cos AY) 

where S » S  , w, is the EE opening, S  and UJ are fixed 
LL O       o 

parameters of the manipulator.  Similar equations hold for 
conditional pitch and jaw Increments.  The conditional EE 
operation is much simpler and require only lateral 
corrections: 

y if right finger is fixed 

(12) 
Aw 
2 

4.2 Linearization 

if left ringer is fixed. 

As seen, all coordinate transformations dt> based on 
the function *,. This can creare A  heavy computational 

burden.  Therefore, the linearization si )    is lntuduced. 

. a*. 1. .•..•••!.«..*-• .  .... ••».-<,..• _ 
• ••-•• - -.- -1- -•-- , • ..• j_i, . 1 
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ft is easy to show that for sufficiently small iq 

equations (3) and (5) can be replaced by: 

4« a £ (jo) ^3W  . (13) 

* 18.) •MI (U) 

Linearization simplifies she computations considerably, but 
introduces cummulative errors.  Fortunately, as seen later, 
the primitive actions are imbedded into iterative feedback 
loops so that cummulative error cannot occur. 

4.3 Decoupling the joint coordinates 

The complexity of the mapping (4) depends on the geo- 
metric construction of the manipulator.  If the manipulator 
geometry provides only a loose kinematic coupling between 
arm, wrist and EE coordinates, the joint vector 9_ can be 
considered as a composition of three vectors 9., 9„ and 

-E* 
The three vectors represent the arm, the wrisc and 

the EE, respectively, and their mutual dependence is 
reduced Co a simple addition of angles.  Due to the double 
parallelogram nature of the JPL CURV arm, the orien- 
tation dependence between 8 and 0„ only requires a simple 

correction of 8  for every change in 8..  As a consequence, 

the 7*7 matrix $(8 ) can be reduced to two 3*3 matrices — —o 
* (6 ), and $,,(8 ), and the equation (13) becomes: 
-A — O        —H -O 

-A  —A —o  — 

«B-JW*- ^corr 
(15) 

verts EE opening into a corresponding joint angle.  The 
matrix 5 (9 ) for the JPL CURV arm has a relatively simple 

~A "O 

formt Ret. 16). The matrix JC^ ) is a unit matrix for the. 
JPL CURV arm. 

The coordinate transformations in the CACS can be 
summarized as shown by a data flow diagram in Tig. 4. 
This diagram contains four kinds of graphic svmbois: 
arrows representing vector or ccalar data; square boxes 
representing computation of a function; arithmetic svmools 
and oval boxes representing the data buffers.  Data buffers 
play an important role in the approach described in this 
paper.  They will not be discussed in detail here, and 
will only be considered as memory locations allocated to 
the shared data that are used in different computations. 
The part of Fig. 4 fenced by dotted lines represents the 
coordinate transformations from TCS and HCS to the WCS. 
Therefore, WCS is the common coordinate system for all 
primitive actions.  The input increments on the left side 
of Fig. 4 are generated by various control algorithms 
which implement the execution of composite actions.  The 
results of the coordinate transformations are accumulated 
in the world-space buffer.  This is a transit buffer in 
the system, with the purpose to collect increments from 
different control algorithms before the final WCS to JCS 
mapping is performed. 

4.4  Superposition of the control modes 

Aa discussed previously, some composed actions are 
related to moving oojects or moving tracking surfaces. 
This means that positional shifts, generated by control 
algorithms, are relative to the moving object or tracking 
surface.  As an example. Fig. 5 illustrates the case where 
the EE is following an object. The speed of object v and —o 
the speed of the EE .v,. are equal, but the position of the 

EE relative to the object must be corrected by a lateral 
shift -in.  This shift must be added to the corresponding 
rate increment v üt. 

<*•>• i« - <vw« ** * ivVV' ^E - V 
i8 (-68 ,0,0), and L Is a scaling factor that con- 

In this work such additions are handled within the 
frame of the WCS.  Therefore, two parallel versions of 
wotld-soace buffers are introduced, the position and the 
rate world-space buffer.  As shown in Fig. b, the position 
buffer collects all positional shifts iq generated by the 
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Fig. b.  Superposition of Control Modes 

control algorithms.  Whenever an increment is sent Co the 

buffer it is added to the actual content of the buffet. 
This kind of buffer access is marked by an addition symbol 

on the diagram.  In the time of WCS to JCS mapping, the 
accumulated increment Aq   ,«that represents the position 

contribution tc the total increment Aq, must be transfered 

to the mapping routines.  The transfer procedure must reset 
the buffer after receiving its content.  Therefore, the 

buffer will be empty by the time when the next increment 
is executed, provided that it was not filled again by the 
control algorithms.  Buffer reseting is marked by "R" on 
the diagram.  The rate buffer containes the rate increment 

Aq     that corresponds to sped v, and there is no addition 

property involved in the corresponding accessing proce- 
dures.  Also, tne procedure chat reads the buffer does not 
reset the buffer.  Consequently the race contribution 

4a    exists in every iteration cycle of the mocion 
•irate 

increment execution until its content is nullified by the 
control algorltntns. 

4.5 Motion primitives 

The coordinate transformations contained in the dotted 
area of the Fig. 4. are implemented in software as a sec of 
subroutines that will be called "motion primitives.'  The 
list of motion primitives employed in this work is given 
in Table T. 

Motion primitives are subroutines called in the pro- 
grams that implement the execution of composite accions. 
All notion primitives have only input parameters.  These 
parameters define motion increments in a given coordinate 
system, the control mode and the additional condition daca 
In the case of conditional shifts.  The result of the 
coordinate transformations Is placed into the world-space 
buffer, position or rate version, depending on the control 
node identifier. 

5.   IMPLEMENTATION UF COMPOSITE ACTIONS 

As discussed before, execution of a composite action 
consists of a sequential execution of primitive actions. 

Therefore, the problem of implementing composite actions is 
the problem of generating a sequence of motion increments. 

Procedure Description 

SHIFT (Ax,CM) 

YAW(Ai,CM) 

PITCH(Aß.CM) 

ROLL(AY,CM) 

MOVEK(AS.CM) 

MOVEE(An.CM) 

MOVEZ(AC.CM) 

SLIDE (iju,CM) 

CONTR(Aw.CM) 

EXPND(Aw,CM) 

YAWC(FP,S,^,Aa,CM) 

PITCHC(FP,S,«j,AS,CM) 

ROLLC(FP,S,U,AY,CM) 

CONTRaFP,A<j,CM> 

EXPNDC(FP,Aw,CM) 

Move EE cransiatory fcr Ax in WCS. 

'Hand angles uncnanged.) 

Rotate hand for angle Aa 

Rotate hand tor angie As 

Rotate liana for angle Ay 

Move EE cransiacory tor A£ in HCS 
(forward - backward) 

Move EE translatory for An in HCS 

(left - right) 

Move EE translators for A; in HCS 
upward - downward 

-x,^ in TCS Move EE translatory Co 

Contract the EE for Au 

Expand the EE for Au* 

Rotate hand condicionaliy for 
angle la 

Rotate hand conditionally for 
angle AS 

Rotate hand conditionally for 
angle Ay 

Concract the EE conditionally 
for Au 

Expand the EE conditionally for Au, 

Notices:  CM is control .-node: CM-0 for position, CM»' 

for rate.  FP is sensor identifier:  FP«0 tor 

left, FP-1 for right proximity sensor. 

5.1  The controller and its state aquation 

Generation of a sequence of motion increments Aq 
(the coordinate system will be Ignored here) can be 
described by the following iterative equation: 

A300 -!(s(k\ c(k\i<k)). k-0.t,2,... 

(k) 

(16) 

where k denotes the iteration cycle, while SK<    and C 
are vectors of sensor data and human operator commands 

(k) 
taken in the k-th iteration cycle.  The value S   has 
been measured when the manipulator was in the position 
(k) 

£  .  The vector function i   represents the control algo- 
rithms which generally involve botft n-men. cai.-ulac:ons 
and logic decisions.  These algorithms will DP ...;ied here 

"controllers".  A controller is allocated to MCtl jomposi:* 
action.  (These cont-ollers should not be -nisinrerpr«'«a *% 
local feedback controllers In the manipulator servr lard- 
ware .  They have nothing in common.> 

3ecause the iterative equation <"'*>) Involv«* 
iteration cycle, f_  is a memorvless control!«;! 
ately, the majority o.' composite actions are not 
and cannot be implemented by MM r r:i 
control algorithms may require cd* dac.i frot rs. * *• . 

last M iteration cyclts.  Thus, the List >1 .-. 

should b« extended ^y SiK"J1, £ "" 
M-l. A mot* elegant wav to :ei; - 
Introduce state variables.  State -ir 

J  
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benefit of ehe recurrence idea, and considerably simplify 

ehe formulation of ehe control algorithms and ehe corres- 
ponding memory operations. 

The state variables are suitably chosen data chat are 
calculated additionally in each iteration cycle and memo- 

rized for use in the next iteration cycle.  The state 
variables can be grouped into a scace vector.  The dimen- 

sion of the scate vector corresponds to the number of 
iterations contained in the iterative equation.  Since the 
control algorithms contain many logic variables and logic 
decisions, the state variables for the controller can also 
be boolean variables.  Therefore, two state vectors will 
be introduced here:  a numeric state vector, r_ • (r ,r~, 

...,r_) whose components r  are numeric variables, and a 

logic state vector £• (£,, i«,..., I.) whose components I. 

are boolean variables.  The controller with memory can now 
be described by the following recurrence relation: 

lqCk) - f(r(k). iCk), 3Ck)  C(k)  eCk)) 

r(k*1) - t<r<
fc\ itk). S(W. C(k\ iCk)). k-1.2.... 

;Ck+1) - h/-<k)   (k)  <Ck)  r<k)  *(k)^ 

.(0) 

(17) 

. (0) 

According Co Fig. 3, the pitch increment will be: 

>iW arctg Fs= i 19) 

(.It)      (k-1) 
unere S_   and S, are lengths of lower proximicv sen- 

sors (one of them) m two succesive iterations wnen the 

test shift -£    has been applied.  The algorithm chat 

mp lernen 

if. 

cs  the  pitch alignment 

u   •   false       tr.en 

begin 

test* 

i:«true; 

r:-ST 

wi 11 be: 

end 

else 

begin 

where r  and are initial values of state vectors r and 

i_, and £ ana h  are numeric and boolean vector functions, 
respectively. 

L:"false 

p.: 

The iterative process (17) is illustrated in Fig. 7. 

As indicated in this figure a special buffer is allocated 
to ehe controller for memorizing the numeric and logic 
state vectors.  The coordinate transformations have already 

been described in the previous section.  The broken arrow 

at the manipulator input in Fig. 7 Indicates the delay 

(k) 
between two succesive values of manipulator inputs 9^ 

,(k+1) 
and »' This delay will be discussed later. 

Q>, jW)  (  ä'
k> ) 

1 

1 

1 
.*' 

. . 

,1 1 
i                  flrtl) 

CONTROIUR 
H. COOIDINATf 

TRANSfO«- 
MATIONS 

E 
IIMI > 

MANIW- 
UTO« 

.M 

SENSORY FEEDBACK 

Fig. 7.  Iterative Generation of Motion Increments 

Two simple examples are considered now:  roll and 
pitch alignment.  According to Fig. 3, the roll increment 
for full roll alignment is given by: 

. (k) 
•T   • arctg 

.(k)  c(k)\ 

yn-—I (18) 

This equation describes a simple memory less controller. 
Pitch alignment can be performed by constant longitudinal 

test shifts i£ This is necessary because the LE has 

only two lower proximity sensors.  (The condition co start 
pitch alignment Is to complete first the roll alignment.) 

where the initial conditions are r 0, * false. 

As seen, the controller uses two state variables, r 

and i.  The first memorizes the preceding value of the 
proximity sensor beam and the second is a boolean variable 

that controls alternation of test and correction incre- 
ments.  A more complex example is the centering procedure 

that requires ehe use of five logic state variables. 

In ideal cases, roll and pitch alignments can be per- 
formed in one and two iterations, respectively.  However, 

due to noise in the sensor signals, errors in the manipu- 
lator servo and linearization of the manipulator geometrv 

equations, it can be expected that successful alignment 
cannot be achieved in the first trial.  Therefore, rhe 
alignment process must be repeated several times until 

3ome termination criteria are satisfied.  For practical 
reasuns, therefore, the corrections i*n and 13 should be 

limited.  If the limiting value is sufficiently small, 
then Che function arctg can be linearized.  Also, some 
averaging techniques can be applied to the sensor data.  If 
the general first order filter is used, the scace equation 
of Che controller fot roll alignment will become: 

y(k> . r00 • c-S<k) 

:(k+,) - ar(k> • b,S«k> 

if  y(k> » &-( 
max max 

CO) 

r(w .; yoo if  ly(k)l (* 

1Y      if   v(k> < -ty 
max max 

L ... . .•_'.•-'. J . . - . i 
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where S*   - s5.  - $$¥ , AY   is ehe maximum value of 
L     LL    LR    max 

roll increment defined as a MCS parameter, and a, b and c 
are filtering constants.  It is noted that these parameters 

do not depend on the mechanical characteristics or rhe 

manipulator. 

5.2 Virtual Manipulator 

An important feature of the iterative process 

described by equation (17^ is chat the functions £_,  £ and h 

do not depend on the dynamic characteristics of the manipu- 

lator.  The manipulator is here considered as a device 
external to the control computer having only two obliga- 

te) 
cions:  to execute the increment At*   within an arbitrary 

but finite time interval At (k) M ' and to notify the control 

computer when the execution is completed.  The length of 

(k) 
the time interval At   depends on the current dynamic per- 

(k) 
forroance of the manipulator, on the current position V" 
of the manipulator, on the length and orientation of the 

(k) 
Increment -;   , and on ehe load currently being handled 
by the EE.  Therefore, the manipulator execution intervals 

are very complicated functions of many and partly unknown 
parameters exposed to unexpected changes.  Even for the 

(k) (k) 
same Ad   the execution time At„  can be different.  How- 

H 

ever, this is Irrelevant to the control algorithms, i.e. 
to the controller that executes the composite action.  The 

controller is synchronized so that after generating the 

j(k) 

new position 3 

increment A9_   it waits until the manipulator reaches the 
(k+D 

A* (k+1) 

'(k) 

Then, the controller reads new values 

in order to generate a new mere 

The manipulator is capable of executing any 

of sensor data £     in order to generate a new increment 

-•-_ "' due to its own local feedback controllers attached 
to all manipulator joints.  Because of this autonomous 
capability, the manipulator will be called a "virtual 

manipulator."  The degree of visualization can be lower 
or higher, depending on the sophistication and computer 
support of the local feedback control system.  For example, 

the manipulator can be supported by dedicated microproces- 
sors to improve the performance of the local feedback con- 
trol.  Also, more sophisticated algorithms can be used for 
the local feedback control. 

The concept of a virtual manipulator divorces the 
problem of the design and implementation of interactive 

manipulator Cask, control algorithms from the problem of 
manipulator local feedback controllers. 

The virtual manipulator will now be defined more pre- 
cisely. First, the position 3 of Che manipulator is said 
to be stable if the following inequalities hold: 

algorithms and the svstera synchronization is based on ;nis 

assumption. 

d°*A* rzr 

in the proper sequence. 
•il ehe manipulator 
sensor data.  Also, the 

the concroller uncii it 
This organization will 

Fig. 8.  Execution of Mot ion Increment 

5.3  Controller scheduling 

The iterative process shown la Fig. 7 must be orga- 
nized so that Che executions of the controller and the 

virtual manipulator are perfor- 
I.e., the controller must wait 

achieves stable posicion and t«ad 
virtual manipulator must wait f.:r 
generates a new mocion increment. 
be called scheduling of the controller.  There are two 
basic approaches Co  controller scheduling:  the synchronous 
and asynchronous approach.  Both are illustrated in Fig. 9. 

Synchronous scheduling is based on cyclic interrupts 

generated by the clock.  These interrupts initiate reading 
of the sensor data and execution of cne concroller.  Imme- 

diately after the controller Is executed, the new set-point 
is sent to Che manipulator.  When ehe manipulator executes 

ehe set-point, the controller is waicing for a new inter- 

rupt signal.  It is obvious that for this type of sched- 
uling Che execucion times of Che concroller and the 

manipulator must satisfy the following inequality: 

.(k) 
M     eye 

(22) 

" 8Fi(C)l S £ Jl 1.2. . ,N, (21) 

where T   is a fixed period of the clock.  This period 
eye r 

muse be chosen to satisfy the worst case, i.e., the maximal 

possible values of &tfi and BC*.*  
As d  consequence, there 

will be time intervals when both controller and manipulator 

are idle.  These intervals are indicated by the shadowed 
area in Fig. 9.  This results in wasted time and slower 
execucion of the composite action. 

With asynchronous scheduling the interrupts are 

principally generated externally by the manipulator so 
that idle Intervals do not exist.  This scheme requires 
greater complexity in the scheduling mechanism which 
increases computer overhead, i.e., the execution time of 

the controller.  Nevertheless, faster execution of compos- 
ite actions can be achieved by using asynchronous 
scheduling. 

where 8_,(t) are actual values of manipulator joints, t  is 
rl o 

Che clae when observation scares, and e.. are colerances 

given by ehe MCS designer.  The tolerances muse be In 
accordance wich Che resolution of Joints and sensors, and 
wich ehe requirements of Che particular manipulator cask. 

The virtual manipulator executes Che increment :.9 in JCS if 
lc move« fron ehe scable posicion 8 eo ehe scable posicion 

Ie is noted that the scheduling problem is much more 
complex than the brief remarks discussed above. To this 

point the execucion of only one controller was considered. 
As seen later, some complex actions require simultaneous 
execucion of more Chan one composite action. Therefore, 
concroller scheduling will Involve parallel execucion of 
more Chan one controller. 

Now, the following assumption must be satisfied con- 

cerning cha vircual manipulator:  For given c,, I» • 

(c.j E _.) , and for any 6  and 9_ belonging Co Che 

domain of all admissible positions of the manipulator, the 

tlat itw of execucion of ehe mocion Increment Ü8 " 8 - 9 
?i —  —  -o 

is finite and less than a prescribed value.  The eoncrol 

6.   IMPLEMENTATION OF COMPLEX ACTIONS 

Execution of complex actions is emorced bv explicit 
commands Issued by Che human operacor.  In order co seudy 
Che implemencacion of complex aceions for a given clasa of 

manipulacor casks, flrsc ehe corresponding command struc- 
ture is considered. 

»»ii» i  l.'i.i.-.r i. m . n. i —_ _.^»..... . - ^Lav 
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Fig. 9.  Two Ba9lc Approaches to Controller Scheduling. 
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6.'1  Command structure 

Du« to the limited repertolr of manipulator tasks 
anticipated Cor the Initial phase of the CACS project, the 

corresponding command language is quite simple.  It can 
be defined by the following expressions using the Backus- 

Naur notation: 

(command) : :- (command code)  (command options) 

(parameter assignments) 

(command code) SEARCH I FOLLOW | GRASP I STOP 

I HELP I HOLD I ABORT 

(command options) : :- (empty) < , (option code) f 

(option code) ::- MANUAL | RATE_MODE | DYNAMICjDBJECT 

I CONSTRAINED_MOTION (23) 

I HAND COORDINATE SYSTEM 

(parameter \     (empty 

assignments/     I,  (pa 

(empty) 

parameter assignment) > 

(parameter assignment) ::• (command parameter id) 

" (parameter value) 

(comouind parameter id> ::- PI I P2 I P3 I P4 I P5 i P6 I P7 . 

As seen, there are seven basic commands, four of which have 
already been discussed previously.  Command HELP enables 
the operator to interfere with controllers In order to 

support manually the automatic operations if it Is needed. 
HOLD command Immediately freezes the notion of the manipu- 

lator in emergency cases.  After abortion of this command 
the manipulator will continue the action from the point 
where it has been interrupted.  ABORT command is used in 
conjunction with other command codes.  Any command pre- 

ceded by the parole ABORT will be withdrawn and disre- 

garded until it is Issued again.  Command options are also 
discussed before.  If an option is not quoted, the corre- 
sponding default will be assumed.  Defaults are:  automatic 

operation, position control mode, static object, uncon- 
strained motion, and world coordinate system. 

The implementation of this command language was 

motivated by the following requirements: 

e   The commands must be convenient for the human 

operator, i.e., the operator should be able to 
issue them easy and fast.  This is very impor- 
tant in the case of an Interactive MCS. 

•   The commands must have parallel capability, 
i.e., certain commands will be issued 
3 imultaneously. 

e   The response of the command interface must be 
fast. 

The motives quoted above have led to the development 
of a Universal Control Panel which Is an electronic device 
that incorporates discrete and continuous command signals 

in one device.  The command codes and option codes are 
implemented by a set of "on-off" switches.  A switch has 
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been allocated co each command code.  The control parameter 

assignments are implemented by two 3-dimensional joysticks 
and a potentiometer.  These analog jevices can simuitane- 

ously generate seven analog signals. 

The human operator command Z  which appears in equa- 

tions (16) and (17) can now be expressed by three vectors: 
C • (c_, o, £), where c_  - (c , c,, .. . ,c.) and o • 

(o., o,,...,o-) ire i ~olean vectors representing command 

and option codes, respectively, and £ - (p t p~,. ..p-,) is 

a vector of real variables assigned to tra parameters.  The 
ordering of these vectors is defined by the expressions 

(23).  For example, bit c. jf c corresponds to command 
"GRASP", bit o  of o corresponds to the option code 

"MANUAL", and the component p, of p_ contains the numeric 

value assigned to oarameter P5, which is related to the 
output or the pitch channel ot   the right joystick.  Abor- 
tion of a command is done by netting the corresponding 
switch in "off" position. 

TABLE CXCS   EVENT STATUS SCHEME 

ivent 

Varlab le Description 

front-left/right proximity sensor indic-tes 
proximity distance 

Front-left/rxgnt proximity sensor indicates 

following distance 

e„ /e. 

»-/« 

V'IO 

Fronc-lett/right proximity Itttoi indicates 
collision distance 

Lower-left/right proximity sensor indicates 
proximity distance 

Lower-left/right proximity sensor indicates 

tracking distance 

Lower-ieft/right proximitv sensor indicates 
collision distance 

6.2  Event variables 

To execute a complex action some conditions must be 

satisfied.  First, the appropriate command must be issued. 
Second, the manipulator must be in a proper state relative 

co the object so that the MCS can successfully proceed 
with the commanded action.  For example, Co stare the 

FOLLOW operation, the EE must be in the proximity of the 
object; or to start the GRASP operation the MCS must corn- 

piece speed identification ai   the object and centering of 
the EE.  Therefore, the control algorithms muse in every 
moment oi   the task execution be aware of the current state 
of the manipulator relative to the object and its environ- 

ment.  For this purpose special logic variables, called 
evenc variables, have oeen introduced elsewhere 

(Refs. 20-21).  For the CACS project, the event variables 
are organized in an event status scheme shown partially 

in Table 2. 

"13 

*14 

:15 

:16 

M7 

l18 

519 

EE is roll aligned to the tracking plane 

EE.is pitch aligned to the tracxing plane 

EE is yaw aligned to the object 

Speed of the object is identified 

EE is centered to the object 

Object is grasped 

Object is stopped 

The event variables can be represented in the vector 

form e • (e,, e.,...,e ).  The components of this vector 
—    I   I m 

are boolean variables that indicate occurence of the corre- 
sponding event (when true), or absence of the event (when 

false). 

The event status vector e, together with the command 

code vector £ and the option code vector £, provide suffl- 
clenc information for making the decision when co start or 

to terminate a complex or a composite action.  Also, the 
execution of a composite action will change the event 

status vector e.  Thus, the vectors £, o,   and e play an 
essential role in the coordination of both complex actions 

and the entire manipulator control task. 

Fig. 10.  Example of An Actions Precedence Graph 

The order of indices of the condition va'iabl.es indicates 

the direction of transition when the condition seco-es 
true. 

6.3 Action precedence graph 

Execution of a complex action is determined by prece- 
dence rules that define the order of execution of the 
corresponding composite actions.  The rules also specify 

the conditions that must be satisfied to start or to ter- 
minate the execution of the actions.  These rules can he 
expressed graphically by diagrams that will be called 
Action Precedence Graphs (APG). 

An APG example is given in Fig. 10.  The figure shows 
four composite actions 1, j, k, and I, represented by 

circles.  The arrows between circles indicate the transi- 
tions from one action co another, and ...t, U'  Ji 1J 
variables corresponding to the transition conditions. 
These variables are boolean functions of command code, 
option code, and event status vectors: 

,(c, o, e) i.J.k.l (24) 

Two kinds of transitions are shown in Fig. 10: 

unblocking and blocking transitions,  unblocking transition 
occurs when an action, say J, realizes the truth of the 

condition T.., invokes the executior of the succeeding 

action i, and continues its own execution.  After that the 
two actions are in execution slmulta..jcusly.  •;,....> 
transition occurs when an action, say J again, realizes the 
truth of condicion t . , Invokes execucion of ehe succeeding 

acclon k, and Immediately terminates its own execution. 
This type of transition is Indicated by a point at the 
beginning of the arrow.  An action can also be terminated 

by itself, without transition to another action.  This is 
indicated by an arrowless point on the circle and marked 

by the condition variable t 
JJ 

As shown la Fig. 10, the 

transitions can be in a reverse order.  The ondltion 
variables for reversed transitions are •  , *  and T,, in 

Fig. 10.  A reverse transition occurs wnen an action, sav 

j, currently being in execution, loses the condition T 

for its active state and must be terminated. w.,ile ICS 
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predecessor 1 must be activated again.  In symmetric cases 
v* have 

jl 
?. ., but lc is not so in ehe general case. 

The construction of an APC, including ehe boolean 
expressions (24), must be done with special care to pre- 
sent deadlocks or instabilitv. i.e., to prevent endless 
reversed transitions between two actions. 

The APCs for four complex acclons of the CACS are 
shown in Fig. 11.  As an example, the logic expressions 
for the transition conditions of the first complex action 
are given below: 

'12 1 '1 
3  A (e v e ) 

'21   '12 

T23 * T12 Ae13 

'32   '23 

•:•  * «.- 

(25) 

'43   34 

• t  A (e A e  ) H   34  Kmt      e10; 

T34 A (e9 A e10) '14   '34   v"9 " 10 

4 V '19 

where e,, through e  are event variables defined in 

Table 2, c. corresponds to command code for searching. 

Dotted arrows in Fig. 11 indicate the transitions 
between complex actions for a particular control task: 
manual searching, following, grasping, and stopping an 
object that is slowly moving on a fixed plane. The dotted 
arrows connect an APC for the entire control task. 

Fig. II«  Action Precedence Graph of ehe CACS 

6.4 Cooperating processes 

the composite actions shown In Figs. 10 and 11 can 
be implemented in software as sequential programs to be 
executed on sequential processors.  The following questions 

arise:  how to implement an APG which requires parallel 
execution of several composite actions; how to coordinate 
act ion transitions; and how to exchange data among the 
actions, i.e., among the corresponding sequential programs. 
The answer to this is the concept of cooperative processes 
largely employed in the field of operating systems and 
real-time programming  'See Rets. 13-15, 23-26.)  The 
process will be considered here as an activity at execution 
of a sequential program on a sequential processor.  In 
general, the process has two states:  an active state when 
it is in execution by the processor, and a blocked *tate 
when it is not in execution.  Furthermore, the process nas 
a form of an endless cyclic program, where the cycling can 
be terminated if the process explicitly blocks itself, or 
if it is blocked indirectly by synchronization mechanisms. 
The synchronization mechanisms are part of a special set 
of procedures that support the parallel execution of 
processes in one or more processors.  More about this in 
the next section. 

Each composite action has an associated process.  The 
processes contain essentially two parts:  a part where 
they compute and check the transition conditions and per- 
form the corresponding transition operations, and another 
part where they execute the sequential program that imple- 
ments the controller of the composite action. 

For a transition operation two primitives are used: 
AWAKE(i) and BLOCK.  The first primitive is a procedure 
that activates process "i" quoted in the argument list, 
and the second procedure puts the calling process into the 
blocked state.  This procedure also initializes the caller 
controller, i.e., it assigns the initial values to the 
state vectors r • r  and 

—  -o 
so that the controller 

will be ready to start again if its process is activated 
again.  To give an idea how this works, consider the AFC 
in Fig. 10.  This example is sufficiently general to cover 
all complex actions of the CACS.  The actions i, j, k and I 
have to be considered now as processes.  The process "J" 
will have the following form: 

"Process j" 

begin 

repeat 

compute transition conditions; 

if  T  - true  then begin AWAKE(i); BLOCK end 

if  T  - true  then AWAKEU); 

if  T , - true  then begin AWAKE(k); 3L0CK end 

if  t,. • true  then BLOCK; 

execute controller (one iteration); 

forever 

Processes 1, k and t  have a similar form. 

To this point only processes that perform composite 
actions are considered.  But, for full implementation of 
an APG. it is necassary to communicate with the external 
world, i.e., with the command interface and the manipulator. 
These communications can be performed by additional pro- 
cesses that support various I/O functions.  These processes 
are executed independently and simultaneously with the 
action processes. 

7. SOFTWARE ORGANIZATION 

Several software components of the MCS have been dis- 
cussed in the previous sections:  motion primitives (sub- 
section 4.5), controllers (subsection 5.1), two synchroni- 
zation primitives, AWAKE and BLOCK (subsection 6.3), and 
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two kinds of processes, controller processes and 1/0 pro- 

cesses tsuosection o.4).  In thii section a new system 
component will be discussed that plays an important role 

tn the implementation or cooperative processes.  The new 
component is called monitor. 

The concept of monitors was introduced by Urinch 
Hansen (Refs. 13-14) and Hoare <vKer. 15) as a systematic 

and powerful approach to the design and implementation of 
real time systems.  This concept was later extended to 
high level languages for concurrent programming (Ref. *5- 
26).  Here the monitors will only be discussed very 

briefly.  More about monitors and their application in tne 
MCS will be given in a companion paper (Ref. 27). 

Buffers that are used to save aata for later us« by 
the same part of the program, or for simultaneous us« by 
different parts of a program nave been discussed in previ- 

ous sections.  Examples are rotation matrices R and 3.     , 

WCS and JCS buffers (Fig. 4), and controller buffers for 
handling state variables £ and l_  (Fig. 7.).  There are 

also other examples, as event variables •, command data C_, 

and sensor data S_. 

All these data are shared among different processes 
which can run simultaneously.  In such situation, the 
autual exclusion of access to shared data must be ensured. 

In other words, it must be guaranteed that the same shared 
data suffer can only be accessed by one process at a time. 

If two processes attempt to access the same buffer at the 
same time, one must wait until the other completes its 
operation on the buffer data.  It is also important to 
control the access rights to the shared data, i.e., it 

must oe explicitly declared who has the right to access 
the shared data and what it can do with these data.  The 
mutual exclusion and the access rights control of shared 
data buffers is provided by monitors. 

In general, a monitor is an abstract software object 

tnat contains the following entities:  data structure, 
procedures, initial operations, and access right defini- 
tion. The  data structure contains  the  shared data as well 
as some additional administrative data necessary for the 

functioning of the monitor.  Monitor procedures explicitly 
define all operations which the processes can perform on 
the shared data.  These procedures are called directly 

from the processes, or indirectly from other system compo- 
nents, e.g., from controllers and motion primitives.  The 

initial operations define all operations that must be 

performed during the time of creation of the monitor. 
For example, assignments of initial values r and Z, to 

the controller state variables r_  and I  are such initial 
operations.  Finally, access rights define all connections 

of the monitor to the rest of the system.  This is achieved 
by giving an explicit list of all processes or other 
monitors which can access the monitor. 

Monitors are used to protect the shared data and to 

schedule the other resources of the system, as for example 
some programs, 1/0 devices, and even a processor or pro- 

cessors.  Monitors can also be used to schedule the 
processes that are in producer-consumer relations. 
Example for this are sensor data buffers which are accessed 
by at least two processes: by an input process which pro- 

vides the sensor data, and by a controller process which 
uses these data to generate motion increments.  In this 
example, the input process is a producer, while the con- 
troller process is a consumer.  Synchronization of these 

processes can be done if the monitor data structure is 
extended by two single element queues, one for the producer 
and one  for the consumer.  The scheduling will work as 
follows.  If tha consumer tries to take the data from the 
empty buffer when the producer has not yet provided the 

data, it will be blocked and placed into the consumer 
queue.  AJ.so, if the producer tries to put new data into 

the full buffer when the consumer has not yet taken the 
previous data from it. It will be blocked and placed into 
the producer queue.  If the consumer has taken the data 
from the buffer leaving the monitor, the monitor support 

procedures will automatically check the producer queue, 

and if iC is not empty, tne producer ov >cess waitmg in 
this queue will be activated.  Also, when :he producer 

puts the new data into the buffer, the consumer ^ueue will 

be checked, and the possibly waiting consumer orocess will 
be activated.     This .-netnod of scheduling can be used for 
asynchronous scheduling of the controller discussed in 

subsection 5.3. 

A monitor is allocated to all snared jata in the 

MCS.  There i3 no other way to access shared da:a except 
by monitor procedt-res.  Some monitors are equipped by the 

consumer-producer iiciiicy, depending on the role of the 
monitor in ehe system.  The monitors are defined by the 
application programmer who nas written the MCS software. 
Functioning of the monitors, i.e., scheduling of simul- 
taneous monitor calls, management of producer and consumer 
queues, corresponding preemption and resi option of the 

processes, must also be provided by software.  However, 
this part of the software is external to the monitors and 

it is called "kernel."  The kernel is a collection of pro- 

cedures whicn support all monitors declared by the appli- 
cation programmer.  They implement also the otner synchro- 

nization mechanisms (for example AWAKE and SLOCK are kernel 

procedures), and perform scheduling of all otner resources, 
including processor or processors la case of a multipro- 

cessor environment.  Therefore, tne kernel :ea . ••   with I/O 
drivers, interrupt handlers, and other communication and 
synchronization facilities implemented in tr-.e hardware.  On 

the other hand, the kernel is completely free of :ne appli- 

cation software, and it can be written by a svstem pro- 
grammer who is familiar with a particular machine, and may 
not be familiar with the specifics of an application soft- 

ware, i.e. with the MCS.  Sc is with the application pro- 
grammer, who does not have to care about details of hard- 
ware and communication and synchronization software facili- 

ties.  The kernel hides these details, extending the par- 
ticular machine to a virtual machine with given character- 

istics, pertinent to the MCS requirements. 

The whole MCS software can be presented as a three 
level structure shown in Fig. 12.  The first (highest) 

level is the manipulator task dependent software.  It con- 
tains controller and I/O processes. This  includes  pro- 
cessing of event variables and transition conditions, and 
preparation of arguments for controllers.  The second level 

of the MCS software contains the general system components 
like motion primitives, controllers and monitors, which 

can be used for implementation of any complex action or 

manipulator taste.  This level supports the first level. 

The third (lowest) level is the kernel.  The kernel .s the 

CONTROLLER AND I/O PROCESSES 

• IMPtfMfNTING THE COMPUX ACTfONS 

• MAINTAINING THE EVENT STATUS VARIABLES 

• EVAUMTION OF TRANSITION CONDITIONS 

MCTIQN PRIMITIVES, CONTROLLERS AND MONITORS 

• IMPLEMENTING THE PRIMITIVE ACTIONS 

• IMPLEMENTING THE COMPOSITE ACTIONS 

• DATA COMMUNICATION 

• PROCESS SYNCHRONIZATION 

TASK 
0EPENOENT 

PA»
- 

KERNEL 

• SUPPORTING THE MONITORS 

• SUPPORTING THE PROCESSES 

• SCHEDULING Of THE I/O DEVICES 

• SCHEDULING OP THE PROCESSORS) 

• \/0 PROCESSING 

GENERAL 
SUPPORT 
(»ART 

HARDWARE 
•DEPENDENT 

PART 

Fig. Structure of the MCS Software 
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hardware dependent part of the MCS software, and support» 
the first two levels.  The complexity of the kernel depends 
on the synchronization method used for controller synchoni- 
zacion, on the scheduling strategies used for dispatching 
the processor, and on a numoer of processors and their 
interconnection technique. 

In general, using this approach, the changes in 
hardware will not affect the first two software levels. 
For example, if the system was running on a given computer 
and later the original computer configuration is extended 
to two or more processors, only the kernel must be 
rewritten.  The other parts of the MCS software will 
remain unchanged. 

8. CONCLUSION 

The structured approach to the design and implementa- 
tion of interactive sensor referenced MCS outlined in this     7. 
paper is related to both control algoritluns and their soft- 
war« implementation.  The control algorithms are based on 
the separation of the algorithms that perform the manipu- 
lator tastes from the local  servo control problem.  Accord- 
ing to this approach, the Interactive sensor referenced 
manipulator control is being considered as the problem of 
execution of an action network, and any manipulator task       8. 
is treated as an arrangement of interconnected actions. 

The design approach of this paper has the following 
advantages:  (a) It clearly brings out the problem of logic    9. 
decision nets aa the dominating elements in this type of 
control.  (b) It modularizes software development.  (c) It 
provides a transparent tool for both programmers and users, 
(d) It may provide design guidelines for special purpose     10. 
computing machines to improve performance in this type of 
control.  (e) The results can be generalized to similar 
control problems. 

Future work will address the following problems: 11. 
(a) Extension of the existing manipulator task repertoir 
and the corresponding command structure,  (b) Integration 
of the existing command interface with a voice command 
system developed previously.  (c) Further investigation 
of the action precedence graphs together with their appli- 
cation to more complex manipulator tasks and analysis of      J2. 
their structural properties including the inherent deadlock 
problem.  (d) Development of new system components like 
motion primitives, controllers and monitors. 

The results will be evaluated experimentally.  The       JJ 
project is still in progress, and systematic experiments 
are planned to evaluate. Improve, and justify the design 
approach. 14_ 
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NOTES ON COMPUTER-CONTROLLED ROBOTS 

J. Y. S. Luh 

School of Electrical Engineering 

Purdue University 

West Lafayette, Indiana 47907, U.S.A. 

I.  INTRODUCTION 

In the past decade, the problem of productivity attracted an international atten- 

tion. One of the possible solutions of increasing productivity is to modernize the 

manufacturing facilities by means of automation. Among others, the programmable 

automation is most suitable to handle the low volume batch production of discrete 

parts. The industrial robots which are defined as computer controlled mechanical 

manipulators used in industrial applications, fall into this category. Typically they per- 

form the tasks of arc welding, paint spraying, foundry operation, etc. One may assign a 

robot to perform a variety of job assignments simply by changing the appropriate com- 

puter program and thereby increase the capability and flexibility of the industrial 

robots. 

Typically an industrial robot has six joints, giving six degrees of freedom, with a 

gripper which is referred to as a hand or an end effector. Figure 1 shows the commer- 

cially available Cincinnati Milacron Model T3, and Unimation PUMA 600. Figure 2 

shows a Stanford manipulator [1] which is also an industrial robot by definition existing 

among research institutes in the United States. Each joint of these robots is driven 

hydraulically, pneumatically or electrically with a feedback control loop. As an exam- 

ple, a block diagram for a joint control of the Stanford manipulator at the Purdue 
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Univorsity, which has a permanent magnet motor drive [2], is shown in Figure 3. 

There are two groups of input signals to the closed-loop control system. The first 

group consists of the desired compliant torque Td, the anticipated gravity torque Ta, 

and the desired angular displacement 0d.   The values of torques Td and Ta may be 

K computed using the methods described in references [3] by Paul, [4] by Bejczy, or [5] by 

Luh, Walker and Paul, while 0A can be obtained from the scheme in [6] by Luh and 

Lin.   These signals actuate the system so that enough voltage is applied to the motor 

^ to produce sufficient torque to handle the load.   In the existing control system, these 

three input quantities are computed on a PDP 11/45 and loaded into LSI-11 micropro- 

cessor which is interfaced to the manipulator.   The second group represents the reac- 

apj tion from the physical burden to the robot, i.e., load TL, gravitational torque Tg, and 

V-; frictional torque fm of the motor-tachometer assembly.   The load TJy is transferred 

through the output shaft and geared down to the motor shaft.   The harmonic drive has 

• a gear ratio of n = 1/100.   Besides the tachometer feedback, the armature controlled 

--V DC motor also has a back emf with a gain of Kb volts/rad.  contributing to the velocity 

feedback. In addition, an optical encoder is connected to the shaft of the motor to pro- 

vide a positional feedback. In Figure 3, Kj and Ky are gains in the forward path; and 

L and R are the inductance and resistance of the motor-armature winding, respectively. 

•'.•] A backlash nonlinearity is added immediately after the gear reduction since, at the out- 

put side of the harmonic drive, there is an unavoidable backlash. Thus, an industrial 

robot is a positioning device in that each of its joints has a positional control system. 

••. 

£ 

• 

• 

. 
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n.  CARTESIAN AND JOINT COORDINATES 

In reality a robot task is naturally specified in terms of its hand in Cartesian coor- 

dinates. It consists of position, described by a position vector p_(t), and orientation, 

described by a unit approach vector a(t) and a unit sliding vector s(t), as indicated in 

Figure 4(a). All these vectors are defined with reference to the base coordinates. For 

convenience, a unit normal vector is defined as n(t) = s(t) x a(t) where x denotes the 

"cross product." The orientation may also be defined in terms of Euler angles with 

respect to the base coordinates. Initially at t = t0, let n(t0), s(t0) and a(t0) align with 

2Lo' ID 
ai,d £o> respectively, as shown in Figure 4(b). Any orientation n(t) s(t) a(t) 

may be obtained by a rotation of 7 radians about z^ SO that s(t0) aligns with s(tj); then 

a rotation of ß radians about sjft^ so that a(t0) = a(tj) aligns with a(t), and finally a 

rotation of a radians about a(t) to obtain the required n(t) and s(t). This is equivalent 

to rotate the Jn(t0) s(t0)  a(t0)| coordinate, which aligns with IXQ y_0 zJ originally, a 

radians about ZQ, then ß radians about y_0, and finally 7 radians about 2$ again.  These 

three consecutive rotations may be represented by rotational operators 

1 = R(zo,7)R(L>.0E(2o.*) 

cos 7 -sin 7 0 
sin 7   cos 7   0 

0 0       1 

cos ß   0  sin ß 
0      1      0 

-sin ß 0 cos ß 

cos a —sin a 0 
sin a   cos a   0 

0 0       1 
(1) 

Since [n(t0) s(t0) a(t0)] aligns with [x^ ^ ZQ] originally, then 

n(t) = V 

s(t) = V 

a(t) a # 

(2) 

.   ..«.   .,._«..   .c ....-r.... *   ..m . .»..-...• - .; *      . » 
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Now the origin of [n(t0) s(t0) a(t0)] is translated in the based coordinates (x0, y_0, z0) 

with an amount and in the direction of p_(t). Thus a 3 by 4 matrix, which describes the 

orientation and position of the hand at time t, may be written as 

[n(t)s(t)a(t)pjt)] =V 
1 0 0 0 
0 1 0 0 
0 0 1 0 

+  [OOOpJ (3) 

To simplify the representation of the hand and the mathematical transformation of its 

orientation and position, the above operations described by (3) may be written as 

H(t) = 
n(t)  s(t)  a(t) £(t) 
0      0      0       1 

2       £ 
0 0 0    1 

10 0 0 
0   10 0 
0  0  10 
0 0 0  1 

(4) 

i 
* 

• 

which represents the state of hand at time t in Cartesian coordinates. The 4 by 4 

matrix on the right side of the first equation of (4) is referred to as the coordinate 

frame of the hand at time t with reference to the base coordinates. The first 4 by 4 

matrix in the second equation of (4) is the homogeneous transformation in the base 

coordinates which includes both rotation and translation [7]. Since, in this case, 

[n(t0) s(t0) a(t0)] aligns with [x_o y^ zj originally, the two 4 by 4 matrices mentioned 

above are identical. More discussions on the coordinate frame and the homogeneous 

transformation are given in Appendix A. 

From (2) it is seen that the state of hand at time t in Cartesian coordinates with 

reference to the base coordinates may also be represented by a 6-dimensional vector 

p_(t)    0{t) I   where   0(t)[  s   a  ß m and ( )   = transpose of ( ).   The hand, however, 

_.  .   . -.   ...... .  .  .  . . _ ^      -.        • ,_       v        .        .        . .  : . , . . ,: 
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( is driven by the actuators at the joints.   Intuitively, if all the joint displacements are 

given, the position and orientation of the hand are determined. Let n be the number of 

joints. For i = 1, 2, ..., n, let q; be the displacement of the i-th joint with respect to its 

own reference point. Then, for any given robot with known geometrical dimensions, 

there is a relation 

£(t)' #t)'J  =f[qlf q2) -, qn] (5) 

where £(•) is a 6 by 1 vector valued function.   This relation is known, but almost always 

nonlinear which complicates the problem [8].   Since in reality, one specifies m(t)    0(t) I 

in Cartesian coordinates and desires to determine the corresponding jq|, ••*, qn  so that 

one may command the joint actuators to comply with the specification in Cartesian 

coordinates. The solution requires the inverse vector function f" (•) of n-dimension. 

This solution, if it can be found, may not be unique, for the commercially available 

robots in operation, n is usually either 5 or 6. The geometrical configuration of these 

robots with proper definitions and ranges of q; enables one to obtain a unique solution 

of equation (5) [8]. The kinematic equations and their solutions are discussed further in 

Appendix B. 

Knowing the transformation of position in Cartesian and joint coordinates, it is 

ready to examine the following simple task. As shown in Figure 5, the robot is required 

to go to the bolt magazine to fetch a bolt, and place it on top of the bolt hole on the 

beam. Intuitively one expects that the robot hand travels along the path of straight- 

line segments, as indicated in Figure 5, so that it will reach the bolt first and then 

arrive at the beam. The question is how would one control the joint actuators to 

accomplish the goal? Before one arrives with an answer, one may examine the follow- 

ing two possible specifications: 

•r. •-. 
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(a) Is the work space free from obstacles? 

(b) Must the hand follow the specified path? 

The answers to each of these two questions could be either yes or no.  They combine to 

form four different classes of problems as follows: 

Is the work space free fron obstacles? 

Must the hand 

follow the 

specified path? 

No 

Yes 

Yes No 

Class 1. Class 4. 

Positional Positional Control 

Control Plus On-line 

ProbIan Col 1 is ion Avoidance 

Travel 1ing 

Class 2. Class 3. 

Path Off-line 

Tracking Col 1 is ion-free 

Problem Path Planning 

Plus 

On-line Path 

Tracking 

These problems will be analyzed briefly in the following sections. 

- 
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III. POSITIONAL CONTROL 

If there is no path constraints and if the work space is free, then the controllers 

only have to make sure that the hand passes through all the specified corner points of 

the path. It involves the coordinates transformation, which computes the correspond- 

ing joint coordinates   q,, •••, qn  of the specified corner points in Cartesian coordinates 

by means of £"'(•), and then positionally control the robot in joint coordinates from 

point to point. A linear positional servo for each joint, such as the one shown in Figure 

3, will serve the purpose. With this elementary control scheme, the hand stops at every 

corner point (when the position error vanishes) before moves towards the next corner 

point which, from the engineering point of view, is not efficient. Since each joint moves 

with its own velocity with no coordination of motions of other joints, the traveled path 

by the hand in Cartesian coordinates does not, in general, consists of straight line seg- 

ments between corners. 

The input to the control system is the desired Cartesian corner points of the path, 

which may be numerically fed into the system, or furnished through so-called "teaching 

by doing," i.e., corner points are recorded while the hand of the robot is led through 

these points manually by an operator. 

Appendix C presents a detailed discussion on conventional controllers design for 

industrial robots. 

• *. t.i.i.».*'••.«.t. •, i   i''•  tin i   •  i 
•   -\- V '••'"   v   ••"•-••v -•-'.•• •     '.'••-•" 
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IV.  PATH TRACKING 

If the robot is required to travel along a prescribed path, the controller must keep 

up with path tracking. With positional controllers the path tracking can be accom- 

plished by dividing the Cartesian path into a number of segments. Each end point of 

the segments is transformed into joint coordinates, and then the positional control is 

applied from point to point in joint coordinates. A number of facts related to this 

approach should be mentioned. By transforming all the end points of segments of 

Cartesian path, one essentially constructs n corresponding paths in joint coordinates, 

one for each of the n joints.   If these segments,  Idpjt)'    d0(t)' , are very short, the 

increments of joint displacement, dq;, between adjacent points are very small so that 

sin dq-, ^ dq; and cos dq; at 1. Thus the transformation £(•) defined by (5) becomes a 

differential transformation which is usually linear. This transformation is the Jacobian 

matrix of the displacement, which contains trigonometric functions of the joint dis- 

placement with respect to the joint coordinates before the differential increment takes 

place [9]. Analytically, the solution dq-, in terms of dp_ and d9 can be obtained simply 

by inverting the Jacobian matrix. Although it is sometimes possible, it is usually 

difficult since the Jacobian is quite complicated. Numerical solution is also possible but 

usually requires long computing time. Moreover, the Jacobian matrix becomes singular 

when the robot reaches a degenerate position at which the solution dq-, is not unique 

(i.e., more than one value of dq; yields a same dp_ and d£.) An alternative method pro- 

ven to work successfully is to differentiate the solution of equation (5) directly [9]. This 

is possible since for a given robot with fixed dimensions, the transformation f"1 is 

known. Using this approach, one must set dq; to zero if it is physically impossible due 

to constraints, or if it is undetermined. It usually results in a simpler expression [9]. A 

detailed discussion on differential or Jacobian transformation is included in Appendix 

D. 

-•-•*-      - - *-"- ^-    '-'   '- •-   '-     -    --     - -   ^—-*--* _ fc'Alfc Jfc'-'» >m\ -fc. 
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The desired Cartesian corner points of the path may be fed into the control system 

either numerically, or through the teaching by doing procedure. The intermediate 

points of the small segments of the path are usually specified, or interpolated by the 

computer-controller, or sampled and recorded through teaching by doing. 

By controlling the robot from point to point using the positional controller, it has 

a natural tendency to stop at each point. This undesirable phenomenon may be elim- 

inated by specifying a nonzero velocity at each Cartesian point, which can be 

transformed into the corresponding nonzero joint velocities by an inverse Jacobian 

matrix of the velocity. The joint velocities are often referred to as the "resolved rate" 

[10]. For implementation a velocity control loop must be added to each controller. 

Alternatively, one may take advantage of the associated digital computer to compute 

the required joint torques which would yield appropriate velocities at fixed accelera- 

tions. The computation requires the knowledge of the dynamical equation of the robot. 

Since the robot is a nonlinear mechanism with couplings among its joints, the computa- 

tion is time consuming. 

A possible way to avoid the storage of numerous pre-computed points of joints 

paths or the computation of these points on-line is to determine the functional 

representation of n joint paths. However, the transformation / in (5) is pointwise. 

Since no transformation of a function is known, the curve fitting procedure may be 

adopted as follows [3,11]. The corner points of the Cartesian path are first transformed 

into joint coordinates. A cubic function is assigned to each segment between every two 

adjacent joint coordinate points. The adjacent cubic functions are then splined 

together with the continuity conditions of desired velocity and, if required, desired 

acceleration. Curve fitting is done by using a large number of points on the path, after 

they are transformed into joint coordinates, and applying the least square error fit to 

obtain the coefficients of the spline function. Thus one needs to store only the 

coefficients.   The points on the joint paths can be obtained by a simple computation 

•-•-.-•-•. * --»1 
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when needed. 

An alternative method to the above mentioned differential straight line motion is 

the on-line evaluation and decision making scheme developed by Paul [12]. the scheme 

is divided into three processes: (a) first the current position and velocity of the hand in 

Cartesian coordinates are evaluated for the path accuracy to decide whether a change 

in velocity is needed; (b) points on the path of hand between which the change of velo- 

city takes place, are generated and transformed into the corresponding points in joint 

coordinates; and (c) finally a quadratic interpolation between these points in joint coor- 

dinates is determined for the robot to follow. These processes are repeated frequently 

at a sampling rate not less than the structural resonant frequency of the robot. Taylor 

[13] employs the quaternion representation [14] for the coordinate frame of the hand 

instead of the homogeneous transformation representation, so that the rotational opera- 

tions require less computations. The translational operations however, do not yield any 

advantage. In his approach, enough intermediate points in the joint coordinates are 

added so that the path is determined by linear interpolation which is restricted by a 

prescribed, maximum allowable path deviation. Thus the computation is simpler than 

that for the case of quadratic interpolation. 

V.  COLLISION-FREE PATH PLANNING 

H| If the work space is not free from obstacles,  then  it is best  to determine a 

collision-free Cartesian path and then impose the path tracking requirement. Conven- 

tionally the path is created by the operator and transferred to the computer storage for 

•£ the robot by recording a sequence of path points while the operator leads the robot 

hand through the path. When the work space near the goal point is crowded with obs- 

tacles, the teaching by doing method by operator becomes insufficient, especially if 

minimum execution time or distance is imposed. 

L> 
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The subject of collision-free path planning is relatively new. Within the past, four 

or five years, only a handful people are actively working on this topic [15-20]. Essen- 

tially the robot is treated as a point by suitably expanding obstacles to compensate for 

robot body dimensions. A 2-dimensional example of robot-environment of Lozano- 

Perez is shown in Figure 6 as an illustration. A triangular cross-section of robot is 

required to move around a stationary, rectangular obstacle without any rotation. 

When the triangle touches the rectangle and slides around it, tx,c lower left corner of 

the triangle yields a hexagon around the rectangle. Thus, if the robot is treated as a 

point located at its lower left corner, the rectangular obstacle must be expanded to a 

hexagon to compensate the robot body. The concept can be extended to three- 

dimensional case with moving obstacles. One must be cautious during the final 

approach to a goal so that the expansion does not engulf the goal point. Using a set of 

heuristically derived rules, it is possible to develop an algorithm which determines a 

feasible and best (in the sense of either minimum execution time or minimum distance 

traversed) path [20]. Intuitively the algorithm should be implemented with an interac- 

tive computer graphics display of a robot in various environments which allows simula- 

tion of the robotic assembly line. However, one must be careful about the hidden lines 

of the 2-dimensional projection since they essentially indicate whether there is a colli- 

sion. 

VI. COLLISION AVOIDANCE TRAVELLING 

The problem discussed in Section V involves the conditions that the work space is 

not free from obstacles and that the collision-free paths must be followed. If the second 

condition is not imposed, then the robot is free to move anywhere in the space which 

runs a risk of collision. Thus, when the positional control is implemented, an on-line 

collision avoidance capability is needed to ensure the safety of the operation. Very lit- 

tle research results are known in this area.   A common practice is to stop the motion 
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whenever an obstacle in the path is detected. 

VII.  COMMAND LANGUAGE AND TASK DESCRIPTION 

To delegate the task of controlling a robot to a computer, it is necessary to estab- 

lish communications between the computer and the operator through a command 

language. Practically for each different product of robot, there is a different command 

language. Each was developed for its own goal tasks, and unfortunately they are not 

unified. 

The first of such language may be traced back to LISP [21]. At the Stanford 

University, Paul [22] originally developed WAVE programming language which is capa- 

ble of performing assembly by accepting force and visual sensing inputs and computing 

joint torques using Lagrangian formulation of dynamic equation. It is later elevated to 

high level language AL by Finkel [23] in which AFFDC statements are used for expres- 

sions. The drawback is the involvement of vast amount of computations. To simplify 

the implementation, POINTY [24] was developed but unfortunately it is still compli- 

cated. Based on WAVE, Shimano [25] developed the robot control language VAL for 

Unimation Inc. which simplifies the task by interpreting the program on line by line 

basis. Independently at IBM Research Center, Lieberman and Wesley developed 

AUTOPASS [26] as a model-based program automation tool while Summers, Taylor 

and Meyer created AML [27] which is a semantically interactive language. There are 

many other programming languages in use developed in U.S.A. and abroad. Each of 

them is a complete language system which includes scanners, parsers and symbol table. 

'", In Italy Gini and Gini [28] worked on a goal orientated language while Bernorio [29] et 

h' 
al. developed a quasi-natural language.   A language for part assembly, RAPT [30] was 

introduced by Popplestone et al. of University of Edinburgh, Scotland.    Falek  and 

' Parent [31] in France, and Blume and Dillmann [32] in Federal Republic of Germany 

also developed robotic languages independently.   At Purdue University, Paul [33] takes 

S 
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a different approach by embedding the motion primitives and data structure into a high 

level computer language PASCAL thereby eliminating the development of his own 

parser, etc. He combines the joint coordinates control with Cartesian coordinates task 

description to include compliance for part assembly using the joint torque sensing. The 

resulting language is called PAL [34] (Purdue Arm Language) which is in the process of 

further development, and which uses the homogeneous transformation to describe the 

variations of hand position and orientation of the robot. In the following the homo- 

geneous transformation approach of PAL is used to illustrate how the task of the robot 

is described and its motion is commanded. 

PAL is developed to suit the position-dependent structure of robots' tasks. By 

assigning a Cartesian coordinate system to each object in the work space, each object 

can be represented by a 4 by 4 matrix, similar to H(t) defined by (4), with respect to a 

chosen reference coordinates. Any specific geometry on the object can then be 

described by a 4 by 4 matrix in terms of its position and orientation with respect to its 

own objects' coordinates. Thus, when the object moves, there is no need to up-date the 

4 by 4 matrix of the geometry on that object. For convenience, all the 4 by 4 matrices 

are called the Cartesian coordinate frames. If, for some reason, the reference coordi- 

nates of a frame need to be changed, i.e. changing its position and/or orientation, it 

can be done by a simple homogeneous transformation [7], i.e., premultiply the subject 

frame by a 4 by 4 matrix which describes the old reference coordinates with respect to 

the new coordinates. 

Using an example in Reference [35J as an illustration, refer to Figure 7. The task 

of the robot hand is to lift the bracket by its handle and set it on top of the beam to 

align their bores, and then fetch a bolt and place it in the bore of bracket. To set up 

the task, select a convenient WORLD coordinates as a Cartesian base coordinates. Its 

frame is simply a 4 by 4 identity matrix. Then define 7, with respect to WORM) to 

represent the robot, define T6 with respect to Z to represent the robot wrist, and define 

..•. ^ 
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E with respect to T6 to represent the robot end-effector (or the hand in this example.) 

The objects must be specified in the same base coordinates. Thus define BEAM, 

HOLT and BRACKET with respect to WORLD. The geometries on the objects are 

defined as follows: BEAM-BORE with respect to BEAM; BRACKET-HANDLE, 

BRACKET-BORE, and BOLT-HOLE i(i = 1, -, 4) with respect to BRACKET; and 

BOLT-GRASP with respect to BOLT.  The coordinate structure is as follows: 

BE«M 

WKLD 
I 

HWKET BXT 

Objects .< 

BEM-BORE   BXT-HXE i   HTCKET-BliE   HWKET-HYSDIE   BXT-CRASP 

Robot   < 

I 
i 
i 

E 

T6 T6 

Z 
I 

WELD 

u 
I 

To make it possible for the robot to perform the task, the following position equations 

must be satisfied: 

Z * T6 * E = BRACKET * BRACKET-HANDLE (6) 

• _- J _- 
.- V.".- ••.   . 

• - - -<-% - • - •«••»-...•...• •:_.•-. •-••-. -^^L . ~_ «-..-.' T     •'•' -"    —  -' 
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and Z * T6 * E = BOLT * BOLT-GRASP (7) 

I 

These two equations allow the end-efTector making contact with the BRACKET- 

HANDLE and with BOLT-GRASP. From (6) and (7) it is seen that BRACKET can bo 

expressed as Z * T6 * E * (BRACKET-HANDLE)"1 and BOLT as 

Z * T6 * E * (BOLT-GRASP)-1. Thus Tor BRACKET-BORE contacting BEAM- 

BORE, one requires 

Z * T6 * E * (BRACKET-HANDLE)"1 • BRACKET-BORE = BEAM * BEAM-BORE (8) 

I Likewise, from (7) and (8), one obtains BOLT = Z * T6 * E * (BOLT-GRASP)"1 and 

BRACKET = BEAM * BEAM-BORE * (BRACKET-BORE)"1. The final requirement 

is to satisfy 

Z * T6 * E * (BOLT-GRASP)"1 = BEAM * BEAM-BORE 

< 
• (BRACKET-BORE)"1 * BOLT-HOLE i (9) 

. 

I    - 
Equations (6) through (9) form the basis of the positional requirement for the task.  For 

the convenience of programming, define two macro symbols 

. 
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ARM ::= NAME * Z * T6 

and TOL ::= E 

(10) 

(H) 

where 

NAME = 

(BRACKET)1 for eq. (6) 

(BOLT)    _1 Toreq. (7) 

[BEAM * BEAMBORE * (BRACKET-BORE)"1]"1 for eq. (8) 

[BEAM * BEAM-BORE * (BRACKET-BORE)"' * BOLT-HOLE i]~l for eq. (9) 

:,: 

Then the requirement becomes 

P 
ARM * TOL = 

BRACKET-HANDLE, for eq. (6) 
BOLT-GRASP, for eq. (7) 
BRACKET-HANDLE, Tor eq. (8) 
BOLT-GRASP,      for eq. (9) 

5* 

fe 

To manipulate the robot, introduce a MOV statement such that MOV<expression> 

yields a motion of positioning the robot such that 

i 

_      .     -I    _      J : fc.-*.— 
r     » - -   - » - ».-.*, •n i   -    V    V    -TW i rV     *-      *-     " 
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ARM * TOL = <expression> (12) 

Thus 

expression = 

BRACKET-HANDLE, for eq. (6) 
= = > robot contacts BRACKET-HANDLE 

BOLT-GRASP, for eq. (7) 
= = > robot contacts BOLT-GRASP 

BRACKET-HANDLE, for eq. (8) 
= = > BRACKET-BORE contacts BEAM-BORE 

BOLT-GRASP, for eq. (9) 
= = > BOLT contacts BOLT-HOLE i 

For further discussions, readers are referred to Chapters 5 and 10 of Reference [33]. 

• • 
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] APPENDIX A 

COORDINATE FRAME AND HOMOGENEOUS TRANSFORMATION 

I 
• I 

n s a £ 
0 0 0 1 

In Section II, equation (4), it is shown that the hand of the robot can be described 

by a 4 by 4 hand matrix: 

H = 

where n, s and a are orthonormal unit vectors describing the orientation of the hand, 

and 2 is the position vector. All the vectors are defined with respect to the base coordi- 

nates, hence the hand matrix represents the orientation and position of the hand with 

reference to the base coordinates. In H, the 3 by 3 orientation matrix |n,s,a] can be 

viewed as a coordinate system [x^Vj^zJ with respect to base coordinates for the joint n 

of the robot having n joints (i.e., the farthermost joint away from the base). This coor- 

dinate system is fixed on joint n so that it moves with joint n. Consequently rotating 

and then translating joint n, and hence the hand, with respect to base coordinates is 

the same as rotating and then translating [x^y^,^] with respect to the base coordi- 

nates. Thus the resulting orientation and position of the hand after some rotation and 

translation can be computed by premultiplying H by an appropriate homogeneous 

transformation corresponding to the specified rotation and translation. 

From equation (4), the first 4 by 4 matrix in the second equation is a homogeneous 

transformation.   It has the form of 

£      E 

0    0   1 

in which V is a 3 by 3 rotation matrix and p_ is a 3 by 1 translation vector.   Because T? 

is a rotation matrix, its three columns are orthonormal vectors with a unity  norm. 

--   -r   w--- __. . . . . i     » . »    .     i     »    «- •     •   •' 
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Thus the homogeneous transformations for pure rotation  and pure translation arc, 

respectively, 

> r                   i 

V    o 1   0 0 
0 
0 and 

0    1    0   £ 

0 0  1 
0 0  0   1 

1 

0 0 0   1 

so that 

1 

1    0   0   £ 
0   1   0 
0 0  1 

0 
V    o 

0 
— 

0 0  0   1 
0  10   1 0  0  0   1 

Note that 

" r              I 

V o 1 0 0 p f 

0 0  1  0 
* 

?      £ 
0 0 0  1 0 0  0   1 

0 0  01 0 0  0   1 

1 

Supposing the hand aligns with the base coordinates initially so that 

1 

10  0  0 
Xn°   Xn°   Z£   £° 0   10 0 
0    0    0    1 0 0   10 

0 0  0   1 

is the initial coordinate frame of the hand with respect to base coordinates.   Now rotate 

and then translate the hand by V and £ respectively so that the final coordinate frame 

r.-- 
* U 

• . • .   . _. • • - -   -   -   - .'• «-.»'*-• i 
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*n   In   In   £ 
0    0    0   1 

1      £ 

0  0  0   1 

1 • 

1 0 0 £ 
0 1 0 

0 0 1 
0 0 0 1 

V    o 
0 
0 

0 0  0   1 

ln°   In°   2n°   £° 

0    0    0    0 

Thus 

>                    ' 

n  s  a £ £     E 
0 0 0  1 000   1 

which is identical to equation (4). 

Let T(c[) be a translational operator which is a 4 by i matrix. If the hand is 

further rotated 9X radians about x0-axis, then By radians about y0-axis, then 6t radians 

about z0-axis, and finally it is translated <j with respect to the base coordinates; the 

final orientation and position of the hand with reference to the base coordinates is thus 

given by 

ä(lo.*) o 
n  s  a j> 
0  0 0   1 final 

= 1(9) 
0 
0 

0 0 0   1 

Eto>.«,) 0 

0 
0 

0  0  0 lj 

BJxoA) o E 
0 R 
0 

0  0  0     1 0 0 0 1 
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1 0 0 

0 1 0 a 
0 0 1 

0 0 0 l 

cos*, -sin*, 0   0 

sin*, cos*, 0   0 

0         0 10 
0         0 0    1 

cos*, 0   sin*T 0 

0 10 0 
-sin*T 0   cos*, 0 

0 0      0 1 

10         0 0 
0   cos*, -sin*, 0 

0   sin*x    cos*, 0 

0      0         0 1 

10  0 0   1 

The idea of coordinate frame may be applied to an object to describe the change 

of its orientation and position. To illustrate the point consider two identical wedges 

which are placed in a scene coordinate system [x^L,,^] w shown in Figure 8. It is 

required to relocate them as shown in Figure 9. First, the two wedges are labelled arbi- 

trary Wl and W2 in both figures. Obviously Wl may reach its required location if it is 

rotated 90° about x^ and then 90° about z^. Mathematically, coordinate systems 

[iwity-Wniwil an(* [2Lw2»IW2'IW2l w'tn reference to [x^y^zj are assigned to Wl and W2, 

respectively, as shown in Figure 10.  Then 

*wi £wi *wi 0 *W2   X.W2   zW2   0 

0 

0 
and 

5 

0 

0      0      0     1 0      0      0     1 

are the two coordinate frames for Wl and W2, respectively, with respect to [Xj^zJ. 
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Thus the final location of Wl may be achieved by the following operations 

X.W1  Iwi Iwi  £wi 
0      0      0      1 

EMO o R^OO")  0 _ 

0 0 Iwi Iwi £wi £wi 

final 0 
0 0 0     1 

0 
0 0 0      1 

0       0      0 1 

Since sin 90°   = 1 and cos 90°  =0, and in addition, £W1 = (0,0,0) and (xwi>y.wi>£wil 

aligns with [x^y^Zg] initially; then the above expression reduces to 

Iwi iwi Iwi Ew 

0      0      0 

Wl 

1  itaiS 

0-100 10   0   0 
1 

10  0  0 
10   0 0 0 0-10 0  10 0 
0   0    10 0  10   0 0  0   10 
0   0   0  1 0 0   0    1 0 0 0 1 

1 

Thus 

0 0 1 0 
1 0 0 0 
0 1 0 0 
0 0 0 1 

*wt| fln»l   - 1 •       JLwi|fln»l = >       IWI I final - Ewi   final = 2 

« which implies x.w, finally aligns with y_g, yw, with z^, zWI with x_„ and there is no trans- 

lation. 
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Assume that the wedges are rigid bodies. Then the same rotational operators 

apply to every point on the wedge. As an example, consider the corner point on Wl 

represented by the vector [-1,4,0] (see Figure 8). To apply the homogeneous transfor- 

mation, a "1" is added to the vector as the fourth element so that the final location of 

the corner point may be computed as: 

PL " 
0-100 10   0   0 -1 

1        ' 
0 

10    0 0 0 0-10 4 -1 
0   0    10 0   10   0 0 — 4 
0   0   0   1 I 0 0   0    1 1 1 

which implies 

ll 7 
o 
-l 
4 

Intuitively, for W2 to reach its final location, it may be rotated -90 ° about x,,, 

then 90 ° about £,, and finally translated 9 units in the positive Zj direction. The final 

location of W2 may thus be computed as 

*W2 JLW2 I\V2 2W2 

0     0     0     1 final 

1 00 
0 1 0 
00 1 
000 

0 
0 
9 
1 

R(x,-90') 0 
I 

0 * W2 JÜ.W2 5.W2 EW2 

0 0     0     0     1 
0 0 0     1 

R(i„90') 0 

0 
0 

0 0 0     1 

-    -•-•-    -    .   —   -   .     .. •    •    • • « -----   -— •ah« .•-••• 1 .. . «J 
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10 0 0 0-100 10   0 0 10 0  0 

0   10  0 10    0  0 0   0    10 0   10  5 

0  0   19 0   0    10 0-100 0 0   10 

0  0  0   1 0   0    0   1 0   0   0   1 0 0  0   1 

0 0-10 
10 0 0 
0-104 
0   0     0   0 

so that 

X.W2|lüi»l  = Xwlftnal - 

0 -1 0 

0 

-1 
>       5.W2| Sn»l = 0 

o 
-       £WJ|8D»I  = 0 

4 

! 

Initially, j>W2 indicates that the origin of the coordinate frame of W2 is 5 units away 

from the origin of coordinates [Xg.y^zJ along the positive y^ direction. Finally the ori- 

gin of the coordinate frame is 4 units away from the origin of [x^y^Zj,] along the posi- 

tive Zg direction. The final orientation is that xW2 aligns with y^, y_W2 
W'^D negative z,, 

and z_w2 w'th negative x^. 

In the above discussion, it is seen that an operation often involves a sequence of 

rotations. Mathematically this is represented by the product of a corresponding 

sequence of matrices in a proper order. Since the product of the rotation of matrices is 

also a rotation matrix, then the sequence of rotations in base coordinates is equivalent 

to a single rotation of an appropriate angle 0 about an appropriate axis of rotation r_ 

where r_ is a unit vector in the same base coordinates. Now the problem is to determine 

9 and r. 
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:X; 

To do this, let 

A = 
u V r 0 

0 0 0 1 where 0 = 

be a coordinate frame with reference to base coordinates. A is obtained by a rotation 

of the base coordinates such that its z-axis will align with r, the z-axis of A. The direc- 

tions of u and v are arbitrary provided u, v and r are orthonormal such that r = u x v. 

Thus A-1 = A , i.e. A inverse equals the transpose of A. By definition, then, A 

transforms the z-axis of base coordinates into r, or 

*    1 - 0 
r 7. 0 

= A = A 1 
1 1 

K     4 1 
1   , 

Conversely, A * transforms r into the z-axis of base coordinates, or 

1 r   i • 

z 

= A-» 
r 

= A' 
r 

llj 1 1 

Hence a rotation of an angle ff about r in coordinate frame A is the same as a process of 

the following three steps: 

(a) transforming the A frame back to the base coordinates (this involves an operation 

of A-1 or A'); 

(b) rotating about z-axis of base coordinates an angle $, i.e., R(z,0); and 

(c)   transforming the resulting frame 

R(z,0) 0 
0 
0 

0  0  0 1 

A  back to the A frame (this involves 

. . ^•.  .-.-.. .•. -—.i .».I-. - -•-.-•• ••  A i^'uffl ••'••''  -' - '• •—• •' •" •*      *      n"     -      -      .....J 
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an operation A). 

Mathematically, the equivalence relation can be expressed as 

R(r,0) 0 
0 
0 

0 0 0   1 

= A 

R(i,6) 0 
0 
0 

0  0  0   1 

"x  v,   r. 0 

U7    VT    TJ 0 
u.   v.   *. 0 

0    0   0 lj 

• 
COS0 -sin0 0 0 
sin6 cos0 0 0 

0 0 1 0 
0 0 0 1 

"*    Uj u,  0 
v*  VJ v,  0 

r,   r, r,   0 

0    0 0    1. 

The right side of the above equation involves multiplications of three 4 by 4 matrices. 

Through a tedious algebraic manipulation, one obtains, from above, a sum of a sym- 

metrix and a ^kew symmetrix matrix for R(r,0): 

RM) = 
rxri    V,     Ti2 

(1 - COS«) + 

cos0     -rtsin0   rysin0 

r.sinö     cos0     -r,sin0 

-Tr*inO   rxsin0     cosd 

H 

V 

h 

Now  let P = [n s a]  be a product-rotation  matrix   which  is  the product of 

w_ _ _ .  _J_. »-^ _. • . . i -   -t    , *-•*•*-*•**—*" 
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sequence of rotation matrices in an appropriate order.  By setting 

one specifies 0 and £ as the equivalent angle and axis of rotation, respectively, 

corresponding to the sequence of rotations mentioned above. To solve for 0, add the 

diagonal terms of the matrix of each side together to yield 

nx+ sy+ a, = (rx
2+ r2+ r2)(l-cos0)+ 3 cos0 

Since £ is a unit vector, the above reduces to 

cos0 = (nx+ sy+ ax-l)/2 

Although this is a simple formula for computing the value of 0, an excessive error may 

result if the absolute value of the right side is close to unity. In addition, there is an 

ambiguity so far as the quadrant is concerned. An alternative choice is to take the 

differences of off-diagonal terms to yield three equations: 

ny-sx = (rxry-ryrx)(l-cos0)+ r,sin0-(-r,sin0) 

E 
3 

= 2rlsin(? 

n,-ax = -2rysin0 

L. : .— .—. -A^ .j^: a_ -     -     -     --."•-.  .--. 
- 
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s,-ay = 2rxsin0 

Since £ is a unit vector, the components of £ in the above three equations may be elim- 

inated by first squaring each equation individually, and then adding them together. 

This yields 

VK-sJ'+K-ajH (s,-a,)72 = sin* 

where the positive sign of the square-root is chosen for 0 < 0 < 180°. Likewise, the 

ambiguity in quadrant and excessive error when the left side having a very small value 

still exist.  A third possibility is to compute the ratio of these two formulas: 

9 - tan"1 [V(ny-SX)H (n,-ax)*+ (sr^)]/(ns+ sy+ a,-l) 

The quadrant is thus determined by the sign of the denominator. 

Once 9 is determined, the axis of rotation r may be determined from the three 

equations already derived by taking the differences of off-diagonal terms.  This yields 

r* = (sJ-ay)/(2sinö) 

ry = (ax-n,)/(2sin0) 

r, = (ny-sx)/(2sin0) 

One must make sure that rx+ ry + r* = 1.  This condition, however, may be difficult to 

satisfy  when sin  9 is small.    In  this case, one may equate the diagonal  terms of 

'    .- t • M~.    ^    _. . . . * -*-"- «V* -'.'-*W -\i^ - . - . -   - ,   -    '-      -"*- ' - * -*•  - - - - - -      - --' - - -   -'-      -    •*t^.. .-    ...   *•*—* •*».. —-»,,..,« „••*.   •* 'lJ„lA.ilA.J 
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P = R(r,0) to yield 

nx = rx(l-cos0)+ cos0 

= ry
2(l- 

= r2n- 

sy = ry(l-cos0)+ cos0 

a, = r/(l-cos0)+ COSO 

so that 

rx = ^/(nx-cos0)/( 1-cosö) 

ry = \/(Sy-cos0)/( l-cos0) 

r, = \/(v-cos0)/(l-cos0) 

Whenever the hand of the robot and the object have their own coordinate frames, 

it is a simple matter to describe mathematically the contact between them.   Let 

H = 
n  s  a £ 

0 0 0  1 
and W = 

X.W2 IW2   2.W2   EW2 

0     0      0       1 

be the coordinate frames for, respectively, the hand and the wedge W2 defined previ- 

ously. Intuitively one would set H = W to describe their rendezvous. This intuition, 

however, is false since H and W are defined with reference to two different coordinate 

systems. Thus to achieve the goal of describing the rendezvous, one must have the 

coordinate frames for the hand and the wedge referring to a same coordinate systems. 

5,0 £o up £o 

Call this the world coordinates, and let the base coordinate frame 
0   0  0   1 

and the 

scene coordinate frame 
-h. & ?, n. 

0  0 0   1 
be defined in the world coordinates (see Figure 11). 

•  , • • • 
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0   0   0   1 

n  s  a £ 
0 0 0  1 
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specifies the hand in world coordinates while 

L, & L> Ü, 
0   0   0    1 

IW2   XW2   IW2   EW2 

0       0      0       1 

specifies the wedge in the same world coordinates. By equating these two expressions, 

one specifies the rendezvous. Usually the base coordinate, the scene coordinate and the 

wedge coordinate frames are either given or measured. Thus one may compute the 

required coordinate frame or location of the hand for rendezvous as 

n   s  a £ 

0 0 0   1 

lo L, h> £« 
0    0   0    1 

*2    Jj    h    £, 

0    0   0    1 

X W2   Z.WI   £W2   2W2 

0      0      0       1 

Since Xß, Vj, and z^ are orthonormal unit vectors, then the inverse matrix in the above 

equation may be computed as 

ox    zox   P 

p xoj y<>j ^oj «1 

>OI     JOI      *OI      KOI 

0     0     1 

~X] Poi*oi 
i 

yo»  y0j  y0i   "S P»*«. 

^oT       Iftt £j  poi7o 

l 

'ox      *oy      »oi £j Foi'oi 
i 

0       0       0 

Finally, it is the controller's task to drive the hand to the location 

plish the rendezvous. 

n s a £ 
000 1 to accom- 
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Figure k.     (a)  Position and Orientation Vectors of the Hand 
(b)  Euler Angles of Orientation 
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Figure 6.  Robot Sliding Around the Obstacle with No Rotation 
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Figure  7- Bolting  a   Bracket   Task 
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Figure 8.  Initial Location of Two Identical Wedges. 
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Figure 9.  Required Location of Two Identical Wedges. 
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Kinematic Control Equations for Simple Manipulators 

RICHARD P. PAUL, SENIOR MEMBER, IEEE. BRUCE SM1MANO. 
AND GORDON E. MAYER 

Abstract — The basis tor all advanced manipulator control is a relation- 
ship between the Cartesian coordinates o( the end-ellector and the manipu- 
lator joint coordinates. A direct method for assigning link coordinate 
systems and obtaining the end-effector position in terms of joint coordi- 
nates is reviewed. Techniques for obtaining the solution to these equations 
for kincmatically simple manipulators, which includes all commercially 
available manipulators, are presented. 

{ 
INTRODUCTION 

A serial link manipulator consists of a sequence of mechanical 
links connected together by actuated joints. Such a structure 

' forms a kinematic chain  and« may be  analyzed  by  methods 
developed by Denavit and Hartcnberg [10]. The results of this 
analysis are the matrix equations expressing manipulator end- 

/..". effector Cartesian position and orientation in terms of the joint 
,  ••   - coordinates. These equations may be obtained for any manipula- 

tor independent of the number of links or degrees of freedom. 
In this correspondence we first review the method of obtaining 

these equations extending the procedure of assigning coordinate 
frames to include simple manipulators which have many zero 
length links and intersecting joint axes. While we may obtain 
these kinematic equations for any manipulator it is their solution 
which is of interest. Given a desired Cartesian position and 
orientation of the manipulator's end-effector what are the neces- 
sary joint coordinates? While there is only one end-effector 
position corresponding to a given set of joint coordinates, there 
are a number of configurations of the manipulator's links all of 
which place the end-effector in the same position and orientation. 
Normally only one solution corresponding to a given kinematic 
configuration is desired (e.g., elbow up or down, etc.), rather than 
the entire set of solutions. Frequently the solution is to be 
embedded in a real-time servo loop and only a very minimum 
number of mathematical operations may be performed. 

When the manipulator geometry is simple and well understood 
a trigonometric solution may often be obtained [l]-[3], [8], [9J. 
However, six-degree-of-freedom manipulators are sufficiently 
complex that the direct trigonometric method is too difficult to 
apply. We present a method of obtaining a solution to the 

. kinematic equations based on the Hartenberg-Denavit matrices 
from which the solution is obtained explicitly in the case of 
simple manipulators. The existence of an explicit solution to the 

; kinematic equations for any manipulator is of great importance 
in evaluating the manipulator's suitability for computer control. 
Iterative solution techniques can involve an order of magnitude 
and more computation than an explicit solution Pieper [5] in his 
thesis considers a series of simple manipulators for which a 
closed-form solution is obtainable. It is to these "simple" mani- 
pulators that the solution method presented in this correspon- 
dence is applicable. We have solved the kinematic equations for 
all commercially available manipulators and find that the equa- 
tions can be readily obtained in a matter of hours. 
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COORDINATE FRAMES 

A serial link manipulator consists of a sequence of bnks 
connected together by actuated joints. For an /i-dcgree-of-freedom 
manipulator, there will be n links and n joints The base of the 
manipulator is link 0 and is not considered one of the six links. 
Link 1 is connected to the base link by joint 1. There is no joint 
at the end of the final link. The only significance of links is that 
they maintain a fixed relationship between the manipulator joints 
at each end of the link (7). Any link can be characterized by two 
dimensions: the common normal distance a„, and ot„ the angle 
between the axes in a plane perpendicular to a„. It is customary 
to call a„ "the length" and a„ "the twist" of the link (see Fig. lj. 
Generally, two links are connected at each joint axis (see Fig. 2). 
The axis will have two normals connected to it, one for each link. 
The relative position of two such connected links is given by dn, 
the distance between the normals along the joint n axis, and 6„ 
the angle between the normals measured in a plane normal to the 
axis. dn and Bn are called 'the distance" and "the angle" between 
the links, respectively. 

In order to describe the relationship between links, we will 
assign coordinate frames to each link. We will first consider 
resolute joints in which 6n is the joint variable. The origin of the 
coordinate frame of link n is set to be at the intersection of the 
common normal between joints n and n + 1 and the axis of joint 
n + I. In the case of intersecting joint axes, the origin is at the 
point <f intersection of the joint axes. If the axes are parallel, the 
origin is chosen to make the joint distance zero for the next link 
whose coordinate origin is defined. The z axis for link n shall be 
aligned with the axis of joint n + 1. The x axis will be aligned 
with any common normal which exists and is directed along the 
normal from joint n to joint n + 1. In the case of intersecting 
joints, the direction of the x axis is parallel or antiparallel to the 
vector cross product z„_|Xzn. Notice this condition is also 
satisfied for the x axis directed along the normal between joints n 
and n+ I. For the nth revolute joint when x„_, and x„ are 
parallel and have the same direction, 8„ is at its zero position. 

In the case of a prismatic joint the distance d„ is the joint 
variable. The direction of the joint axis is the direction in which 
the joint moves. Although the direction of the axis is defined, 
unlike a revolute joint, its position in space is not defined (see 
Fig. 3). In the case of a prismatic joint the length an has no 
meaning and is set to zero. The origin of the coordinate frame for 
a prismatic joint is coincident with the next defined link origin. 
The t axis of the prismatic link is aligned with the axis of joint 
n + I, The x„ axis is parallel or antiparallel to the vector cross 
product of the direction of the prismatic joint and z„. For a 
prismatic joint, we will define its zero position, with d, — 0, to be 
when x„^| and xn intersect. With the manipulator in its zero 
position, the positive sense of rotation for revolute joints or 
displacement for prismatic joints can be decided and the sense of 
the direction of the z axes determined. 

The origin of the hase link (zero) will be coincident w:,h the 
origin of link 1. If it is desired to define a different reference 
coordinate system then the relationship between the reference 
and base coordinate systems can be described by a fixed homoge- 
neous transformation [6]. At the end of the manipulator the final 
displacement rf6 or rotation fl6 occurs with respect to z5. The 
origin of the coordinate system for link 6 is chosen to be 
coincident with that of the link 5 coordinate system. If a tool or 
enj-effector is used whose origin and axes do not coincide with 
the coordinate system of link 6, the tool can be related by a fixed 
homogeneous transformation to link 6. 

Having assigned coordinate frames to all links according to the 
preceding scheme, we can establish the relationship between 
successive frames n - I, n by the following rotations and transla- 
tions. 

Rotate about zn   ,. an angle 9„. 
Translate along *„   ,, a distance d„. 

Fig   I.    Length a, and twisl o, of a link. 

Translate along rotated x„_ , = x„, a length a„. 
Rotate about xn, the twist angle a„. 

This may be expressed as the product of four homogeneous 
transformations relating the coordinate frame of link n to the 
coordinate frame of link n — \. This relationship is called an A 
matrix: 

A   = 

ce -seca SBScx aC6] 
se ceca -C8Sa ase 
0 Sa Ca d 

L o 0 0 1 

(I) 

where 5 and  C refer to sine and cosine, respectively.  For a 
prismatic joint the A matrix reduces to 

A = 

ce -seca SBSa 0 
se COCa - COSa 0 
0 Sa Ca d 
0 0 0 1 

(2) 

Once the link coordinate frames have been assigned to the 
manipulator the various constant link parameters can be tabu- 
lated: d, a, and a for a link following a revolute joint and, 6 and 
a for a link following a prismatic joint Based on these parame- 
ters, the constant sine and cosine values of a may be evaluated 
and the values for the six A, transformation matnees determined. 

KINEMATIC EQUATIONS 

Having assigned coordinate frames to a manipulator it is 
possible to obtain the Cartesian position and orientation of the 
manipulator end-effector when given the joint coordinates. 

The description of the end of the manipulator, linl coordinate 
frame 6, with respect to link coordinate frame n - 1 is given by 
U„ where * 

U=A..A. (3) 

The end of the manipulator with respect to the base, known as 
r„, is given by {/,: 

7-6=1/, = /*, * Aj» Ay • A t* A < • At (4) 

If the manipulator is related to a reference coordinate frame by a 
transformation Z and has a tool attached to its end described by 
/.', we have the description of the end of the too! with respect to 
the reference coordinate system described by X as follows (4): 

**Z.r6.£, (5) 

In Fig. 4 the PUMA arm (Ultimate 600 Robot) is shown with 
coordinate frames assigned to the links. The parameters arc 
shown in Table I. 

.• 
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Fig. 3.    Link parameters«/, a for prismatic joint. 

1 

The A matrices for the PUMA arm are as follows: 

A,» 

A,= 

c, 0 -s. 0 

s, 0 c o 
0 -1 0 0 
0 0 0 1J 

c2 -•Sj 0 a2C2 

*2 c2 0 °iSi 
0 0 1 0 
0 0 0 1 J 

c, 0 s, ajCj 

•Sj 0    - 'Ci PjSy 

0 1 0 *1 
.0 0 0 1 

(6) 

(7) 

(8) 

<••' 

A.* 

c, 0 -«. ( ) 
«4 0 C 0 

0 -1 0 d. 
LO 0 0 1 

Q 0 Ss 0 

s5 0 Q 0 

0 1 0 0 
Lo 0 0 1J 

[Q -s 0 o" 
Si rb 0 0 

0 0 1 0 
Lo 0 0 1J 

(II) 

where S, refers to sin(0,) and C, refers to cos(0,) The pitxltict of 

(9) 

(10) 

-.•-«'-.'. .- .-. . -.'   .* .- -•. .• . * * • *   - Ar~ J^«-«-«..«-J   -•-*-•-•-»--.    » *^ •'   .   . 
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Fig. 4.    PUMA manipulator. 

TABLE I 
LINK PARAMETERS FOR PUMA ARM 

Joint a"          0" a    a Range 

1 -90°        0, 0     0 B,: + /~ 160° 
2 0           92 0     a2 92: + 45- -225° 
3 90°        0, tf"3    a3 fij:225° 45° 
4 -90°       e4 <r4    0 $,: + /-170° 
5    * 90°        $i 0      0 »,. + /-135° 
6 o        et 0      0 96: + /-170° 

a,= 17 000 a, = 0.75 
</, = 4.937 d4 = 17.000 

the A matrices, starting at link 6 and working back to the base, 
for the PUMA arm are 

U4 - A4U, 

14a »*« (12) 

QQ -QS,,        S5     0* 

»^,14» S5Q 

.  0 

-5556    -C,     0 
Q            0      0 
0             0      1. 

(13) 

CiQQ    St^ QQÄ    54Q     C455 0 " 
S4C5Q + C4S6 -.s4c5s6+c4c6   S4S, 0 

-S,Q •^s^ft            Q *< 
L      0 0                    0 1 . 

(14) 

where S23 refers to sin(02 + 03) and C23 refers to cos(02 + 0,), 

(17) £/, = >• ,«ys = 

where 

", «.     a, 

"> <\     a, 

»1 °z     °. 
0 0      0 

W- S^SjQ] 

A 
ft 
A 

I J 

nx ~ C|[C23(C4C5Q - S4S6) 

-5,[54C5C6+C456] 

»,= S,[C23(C4C5C6- S4S6) - SuSsQ] 

+ Cl[S4CfC6+C4Si) 

nz= -S23(C4CjC6-S4S6) - CijSiCf, 

ox = C,[-C23(C4C556+ S4Q) + S^S,,] 

-s,i-s&$s+ Qty 
0, • SJ-CJJCQCA + S4Q) + S235,S6] 

+ C,[-S4C5S6+C4Q] 

O, = %rfQQ5 + 54Q) + C23S5S6 

flx - C,(C23C4Sj + s23c5) - s,s4s5 

a,= S,(C23CSj+ S23C5) + C,S4S$ 

ar = —S2}C4Ss + CnCs 

P* - C,(rf4S23 + ajCjj + a2C2) - S,rf3 

A = 5,(d4S23 + a3C23 + a2C2) + C,rf3 

A = -i-d&i + a3523 + a252). 

(18) 

(191 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

In order to compute the right hand three columns of 7^, we 
require 12 transcendental function calls, 34 multiplies, and 16 
additions. The first column of 7"6 can be obtained as the vector 
cross product of the second and third columns. 

If the joint coordinates are given, the position and orientation 
of the hand are obtained by evaluating these equations to obtain 
T6. The position and orientation of a tool with respect to a base 
coordinate frame can now be obtained from (5). 

SOLUTION 

In order to control the manipulator, we are interested in the 
reverse problem, that is, given X in (5), what are the correspond- 
ing joint coordinates? 

We may first obtain Tt from (5) as 

5=z~'»jr»£~' (30) 

and then the traditional approach is to solve the matrix equation 

7*6- A\ •A2»Ai*A4*Ai*Ab (31) 

U,= AJJt- 
S,(C4CjQ- SA) + CySiQ 

S4C5Q * C4S6 

0 

C^C&Si + S4Q ) + SM CjQSi + S3C5 

53(C4C5S6 + S4Q) - C355S6 S,C4S, ~ C& 

~StCiSt+ C4C(, s4si 

0 0 

d4S} + a,C) 

-d4Cy +   OJSJ 

1 

(15) 

U2 = A2U,= 

Q,(QQQ -S4S6)~ SvSiQ ~ C23(C4CtSt + S4Q) + S23S5S6 C„C4S, + S»Q 
SniQQQ - S4S„) + r235,Q -52J(C4C55fi + 54Q) - C^S.S, 5„C45, - C2iC, 

.V,c6 + c4st - SfifS, + C4Q s4s, 
0 0 0 

d4S2i 4 a^Cna2C2 

•rf4Cjj+   Oj52,  +   flj.5; 

1 

(16) 

-.-• i-J , • ••  :       -   .   •   . 
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where Tb is given numeric values. With numeric values assigned 
to the elements of 7"6, the required values o( 9l,82,9i,84,9i, and 
06 can be obtained by simultaneously solving (18)-(29). This 
approach is difficult for the following reasons: the equations are 
transcendental; we will need both the sine and cosine in order to 
determine angles uniquely and accurately; the manipulator ex- 
hibits more than one solution for a given position; and we have 
twelve equations in six unknowns. 

There are, however, six other matrix equations obtained by 
successively premultiplying (31) by the A matrix inverses: 

A^*Tt=U2 (32) 

A^*A^»Tt=U, (33) 

^,-,.4j-|.4r'»r«= u4 (34) 

A4
x*A^*A2

x*A^*Tt = l/5 (35) 

AV»Aix*A?»AZl»Tt- Ub. (36) 

The matrix elements of the left sides of these equations are 
functions of the elements of T6 and of the first n — 1 joint 
variables. The matrix elements of the right hand sides are either 
zero, constants, or functions of the nth to 6th joint variables. As 
matrix equality implies element by element equality we obtain 12 
equations from each matrix equation, that is, one equation for 
each of the components of the four vectors it, o, a and p. 
Equating elements of these matrix equations frequently results in 
equations yielding joint variables explicitly. We will illustrate the 
various forms of these equations by developing the equations for 
the PUMA arm. 

If we premultipy (31) by Ay ' we obtain 

At 
l *T6= A2*Ay*/ U- Ai*A6 (37) 

^-'.r6=i/2. (38) 

The left side of (38) is given by 

C,     5,        0    0' nx    ox "x     Pn 

V*T.= 0      0-10 
-5,     C,        0    0 

• "y    °y 
nT     0, 

°y     Py 

- L      0      0         0    1. L 0      0 0       I J 
(39) 

The inverse of a homogeneous transformation is simple to obtain 
(see Appendix I) and the product of these two matrices is 

^."'•T6 = 

/,,(«) /„(«) AM /..(/>) 
/«<•) /«(») /«<«) fn(p) 
/»(") •/„(*) /»(«) fn(p) 

0             0             0 1 

(40) 

where 

/„«C.X+S,/ (41) 

/«--* (42) 

/„--S,*+C,J (43) 

and x, y, and I refer to components of the vectors given as 
arguments \ofn,fn, and/n, for example 

fn(n) = Clnx + Slnr. (44) 

The right side of (38) is obtained from (16) and is given by 

All the elements on the right side of (45) are functions of 92. 0:,, 
d*< 9*< 0$i and fy, except for element 34. We may equate the 34 
elements to obtain 

fn(p) = d} (46) 

(47) S,px+Cip,= -<*,. 

In order to solve equations of this form we make the following 
trigonometric substitutions: 

(48) 

(49) 

where 
\'/2 

px— r cos <f> 

Py- r sin <J> 

—-IS)- 
(50) 

(51) 

As either the numerator or denominator of (51) can be zero we 
will use the arctangent function of two arguments to obtain 
values of £. This arctangent function uses the sign of the numera- 
tor and denominator to determine the correct quadrant for the 
resulting angle and is defined over the range — ir < <f> < it. Sub- 
stituting for px and py in (47) we obtain 

S4>C6t - C<t>se, = d)/r (52) 

with 
0<di/r< l. 

Equation (52) reduces to 

S(+-9l) = di/r (53) 

with 
0<4> 

We may obtain the cosine as 

9,< m. 

C(*-ei)=±]jl-(di/r)
2 (54) 

where the minus sign corresponds to a left-hand shoulder config- 
uration of the manipulator and the plus sign corresponds to a 
right-hand shoulder configuration. Finally, 

tan '(5)- tan 
:{' 

(55) 

Having determined 9{ the left side of (38) is now defined. 
Whenever we have the left side of one of (32)-(36) defined, we 
examine the right side for elements which are a function of 
individual joint coordinates. In the case of the PUMA arm, as 
with any arm with two or more joint axes parallel, the 7"6 matrix 
is expressed in terms of sums or differences of the angles relating 
to the parallel axes. In order to solve the kinematic equations, the 
sum or difference of the angles must be determined before the 
angles themselves can be found. In addition the solution for these 
sums of angles involves the sum of the squares of two equations. 
Such is the case in order to solve for 92 and 0,. The 14 and 24 
elements of (38) arc 

dtS2i + a3C2, + a2C2 = C, p, + 5, p, (56) 

- d4C„ + fljSj, + a2S2 = -p, (57) 

U2 = s»(C,QQ-SA) + c2,s,Q 
S&Q + CtSb 

0 

C23(C4C556 + S«Q) + S^S^ C2iC4Si + S2iCi d,Sn + a,C2} + a2C2 

'•S2J(C4CSS4 + StQ) - CuS<,Sb S2yC,Si - C2iQ -dtC2y + a}S2i + a2S: 

-S4C5S6+C4Q                           S.S, </, 
0 0 I 

(45) 

-^J 
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where 

C,K+S%p, = ft,, (58) 

-A»/», (59) 

Squaring, adding, and simplifying: 

fuP + ft\, - d* - a\ - a\ - 2«,rf4$ + 2a2a3C3.    (60) 

Since the left side is known and the only variables are S3 and C3, 
this equation is of the form of (47). It can be solved to yield 

d 

and 

where 

6y = arc tan —3— arc tan - 

d = ti, + flp-dl-al-aj 

e - 4ajaj+ 4a\dl        (constant). 

Evaluating the elements of (33) we obtain 

/2|(")    /21(a)     /21(a)     /2i(/>)-"2 

fai»)   f22(o)    f22(a)       /»(/>) 
/»(»)    /23(a)    /23(a)        f»(p) 

1 

(61) 

(62) 

(63) 

= t/j    (64) 

where 

/21=C2(C,J: + 5^)-52Z 

Ä2= -S;(C|* + SiJ') - C2z 

fa= -Stx + Ciy. 

Since this yields nothing, we evaluate (34) as 

f»in)    /31(a)     Ma)    hy(p)~ a2C)-a, 

fni»)    /32(a)    /32(a) /„(/») + «/, 

/33(")    /33(a)    /33(a) fa(p)-a2Sy 

(65) 

(66) 

(67) 

0 0 0 1 

= u4 

/j2= -5,x + C,^ 

/33=S2,(C1X+SI>')+C232 

equating the 14 and 34 terms we obtain 

Cllf\\p ~ snP, ~ a2C3 + ai 
suf\ip + C2yp, = dt + a2S3. 

Since C23 and S23 are the only variables, we can solve the above 
equations simultaneously to yield: 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

>2J 

Wlf\\p- W\Pl 

fL+ri 

where 

therefore 

_ "i/n,+ W2P.- 
M =   /,W 

w\ - a2Cj + flj 

»Vj = d4 + fl2S, 

02J = arctan 
»1/. ir~ W\P, 
WJ\\,+  W2P, 

02 - fljj- flj. (79) 

With the left side of (68) now defined, we check the right side for 
functions of single variables. The 13 and 23 elements give us 
equations for the sine and cosine of 04 if sin(0,) is not zero. 
When sin 05 = 0, 05 - 0 and the manipulator becomes degenerate 
with both the axes of joint 4 and joint 6 aligned. In this state it is 
only the sum of 04 and 6i which is significant. If 05 is zero wc are 
free to choose any value for 64. The current value is frequently 
assigned: 

C,s»=c0(c,«,+ *,*,)-$,«, 
s4s> 

and 

tan 

-S,*,+ Cla>, 

• 1 -S,ax + C,ay 

Cafe,** + Sf*,) - SB«, 

0<>O 

(80) 

(81) 

(82) 

and 

(83) 

C5Q -QSt Ss 0 

SsQ -s5sb -Q 0 

S6 Q 0 0 

0 0 0 1. 

(84) 

Q4=04 + 180°    iffl5<0 

Evaluating the elements of (35) we obtain 

Äl(») /«.(a) A,(a) 0 

/42(») /42(a) /42(a) 0 

/«*(») /43(a) /43(a) 0 
0 0 0 1 

where 

/4, - C,[CM(C,* + S,jr) -S2}z] + S4[~Stx + C{y) (85) 

/A2= -S2i(ClX + Siy)-C2}: (86) 

A»= -54[C23(C|J[ + S,y) - S»z] + C4[~S,x + C,>]. 

(87) 

From the right side of (84), we can then obtain equations for 55, 
C5, S6 and C6 by inspection. When both sine and cosine are 
defined we obtain a unique value for the joint angle. We obtain a 
value for 0S by equating the 13 and 23 elements of (84): 

.    S5= C4[C2i(C,ax + $,«,)- S2}a:] + S4[-Stax + C,a,] 

(88) 

C5=S23(C,a,+ S,a,) + C23a, (89) 

and obtain 05 as 

_ ..._, C4[C„(C,aj,+ 5,ay) - S23a,j + S«[-S,«, + C,a(] 

^23(C,fl,+ S,aJ + C23a, 
Ö. = tan 

(74) 

(75) 

(76) 

(77) 

(78) 

(90) 

While we have equations for both S,, and C6, the equation for S6 

is in terms of elements of the first column which involves the use 
of the n vector of T6. The n vector of Tb is not usually made 
available as it represents redundant information It can always be 
computed by the vector cross product of the o and a vectors By 
evaluating the elements of (36) wc can obtain equations for St 

and C6 as a function of the o vector: 

(91) 

hin)     /„(«,)     0    0 c -s„ 0   0" 
Ä»(»)    /52(a)    0    0 5* Q 0   0 
hin)   /M(o)    1    0 0 0 1   0 

0          0       0    I. L 0 0 0   1J 

••  - • • — 
.   . . -i_ 
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A 

where 

/,,= Q{C4[C23(C,x + S,y) - S2iz] + S4(-S,x + Cty]} 

+ Si{-S2)(Cix + Sly)-C»z) (92) 

/s2= -S4[C2y(ClX + S,,) - S23r] + C4[-S]X + Cty)   (93) 

/»= ^{C4(C23(C,x + S,/) - S23r ] + S4[-S,* + C,^]} 

+ Ci{S21(C]x + Siy) + C2)z). 

Its inverse is given by 

r-' = 
', '> /, -pi 

»>. «, m, —pm 

"* "v 
n, -p n 

L   0 0 0 1 

(99) 

where the terms of the right-hand column are obtained using 
(94)    vector dot product. That (99) represents the inverse is easily 

verified by forming the matrix product and checking that the 
By equating the 12 and 22 elements we obtain expressions for S6    result is ^ identity matrix- 
andQ: 

sb= -c5{c4[c23(c>,+ 5,oJ - S23o,] + S4[-S,ox 

+ C,oy] }+Si{S23(C,o, + V,) + C^o,) (95)        ' 

Q= -«4[C23(C,o,+ sl0y) - S„o,] + C4[-S,ox+Ctoy]. 

r = 
', ', t, -/>•/ /x m x "x P, 

Wj H. m, —p-m ', tt\y ">• Py 
1, *, ", r-pn t„ m, »J Pt 

0 0 0 1     J [o 0 0 1 J 

(96) (100) 

We obtain an equation for 6b as: 

-c5{c4[c23(c>, + v,) - S23o,] 4- Sj-^+C^oJ } + S5{S23(C,ox+ V, 
ft — tan     j ; , f z  

~S\Cli(C,ox+ Sxoy) - S^o,] + C«[-S,o« + C,«,] 

) + C23oz) 

Even in the case where 0t is undefined because the manipulator 
configuration is degenerate, once a value is assigned to 04 the 
correct values for ö} and 06 are determined by these equations. 
This solution corresponds to 16 transcendental function calls, 38 
multiplies, and 25 additions. 

EXTENSION TO OTHER MANIPULATORS 

This solution technique, demonstrated with the PUMA mani- 
pulator, is valid for kinematically simple manipulators, including 
all commercially available manipulators for which solutions have 
been obtained. There are, however, some manipulators whose 
configurations mandate a slightly different approach to the solu- 
tion. In the case of a manipulator with an offset at the hand, the 
problem was inverted and the solution to the kinematic problem 
to position the base at T6~~' was solved. 

There are two common pitfalls in obtaining solutions which 
should be avoided. One of these is division by the sine or cosine 
of an angle. The other is not maximizing the use of common 
expressions. For example, after solving for 04 from (82), a possi- 
ble method to determine 05 would be to equate the 2,3 and 3,3 
elements of (68). In order to do this, the 2,3 element (S4S5) 
would have to be divided by S4. This leads to inaccuracy when 54 
is near or equal to zero. By extending the method one more step 
and premultiplying by /43   both problems were avoided. 

SUMMARY 

We have reviewed the method of assigning coordinate frames 
to the links of a manipulator. In terms of these coordinate frames 
the kinematic equations can be developed in a straightforward 
manner. These equations can be obtained for any manipulator. If 
the manipulator is kinematically "simple," the solution to the 
kinematic equations can be obtained in a very straightforward, 
error-free manner. 

APPENDIX I 

Given a homogeneous transformation represented by four vec- 
tors l,m,n, and p 

r-'.r = 
II Im Im 0 
m-l mm m-n 0 
n-l nm n-n 0 
0         0 0 1 

As the three vectors /, m, and n are orthogonal we have 

/•/ = mm — n-n — 1 

and 

l-m = l-n = nm — 0 

and thus (101) reduces to an identity matrix. 

(97) 

(101) 

(102) 

(103) 

r« 
', «j "« Px 

h m, nv Py 
K m, »1 P, 

.0 0 0 1 J 

(98) 
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APPENDIX C 

Conventional Controllers Design for Industrial Robots 

fl (A Tutorial) 

1 
J. Y. S. Luh 

School of Electrical Engineering 
Purdue University 

West Lafayette, Indiana 47907 

ABSTRACT 

Industrial robots are serial link manipulators whose dynamic charac- 

teristics are highly nonlinear. By controlling each link or joint individu- 

ally, it is possible to employ the conventional technique to design linear 

feedback controllers for the robot. The gravitational force and force in- 

teractions between joints are suppressed by precalculated feedforward com- 

pensation. To ease, the computational burden, the compensating signals are 

either approximated or their computational formulas are simplified. 

I.  INTRODUCTION 

The number of joints of industrial robots commercially available today 

varies from three to seven. Typically they have six joints, giving six de- 

grees of freedom, with a gripper which is referred to as a hand or an end 

effector. Figures 1 and 2 show the commercially available Cincinnati Mila- 

cron Model T3, and Unimation PUMA 600. Figure 3 shows a Stanford manipula- 

tor C13 which is also an industrial robot existing among research institutes 

in the United States. Each joint of these robots is driven hydraulically, 

pneumatically or electrically with a feedback control loop. As an example, 

a block diagram for a joint control of the Stanford manipulator, which has a 

permanent magnet motor drive C2D, is shown in Figure 4. It has an optical 

encoder for positional feedback with a tachometer feedback for damping. 

Thus, an industrial robot is a positioning device in that each of its joints 

•Supported by NSF Gran-t DAR (APR 77-K533) 
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has a positional control system. 

II.  CARTESIAN AND JOINT COORDINATES 

In reality a robot task is naturally specified in terms of its hand in 

Cartesian coordinates. It consists of position, described by a position 

vector p_(t), and orientation, described by a unit approach vector £(t) and a 

unit sliding vector £(t), as indicated in Figure 5(a). All these vectors 

are defined with reference to the base coordinates. For convenience, a unit 

normal vector is defined as rKt) = £(t) X £(t) where X denotes the "cross 

product." Thus the state of hand at time t in Cartesian coordinates can be 

represented by a 4 by A hand matrix 

A 

[h(t> s_(t) a_(t) £(t>" 

"0001 (1) 

The last row in H(t) is added for the convenience of future computation us- 

ing homogeneous transformation C33. The orientation may also be defined in 

I terms of Euler angles with respect to the base coordinates. Initially at 

t = tg, let nCtg), s^t..) and aCtg) align with x«, y« and z~, respectively, 

as shown in Figure 5(b). Any orientation QUt)  s^(t) fKt)3 may be obtained 

I by a rotation of y radians about z« so that sUQ) aligns with s_(t,.>; then a 

rotation of 0 radians about sU.) so that a.(tQ) = £(t.) aligns with £(t), 

and finally a rotation of <* radians about a(t) to obtain the required n^(t) 

;• and s(t). This is equivalent to rotate the n.(tQ) s^n* a(tQ) coordi- 

nate, which aligns with x_ y« Z/J originally, <* radians about 2«, then B 

radians about ^n/ and finally Y radians about z« again. The relationship is 

fc        thus 

.-_.. ..  .. .. . ^ _. . • _• • • •••« » .1 »»1 • • •»»« 1 " . m     • 
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1 n(t) = 

cos o cos ß cos Y - sin a sin Y 

cos ä cos ß sin Y + sin a cos Y 

-cos a sin ß 

(2) 

s(t) = 

-sin a cos ß cos Y - cos a sin Y" 

-sin a cos ß sin Y + cos a cos Y 

sin a sin ß 

(3) 

1 
a(t) = 

sin ß cos Y 

sin ß sin Y 

cos ß 

(4) 

Consequently the state of hand at time t in Cartesian coordinates with 

reference to the base coordinates may also be represented by a 6-dimensional 

vector p_(t) e_(t) where (j|Kt>3 = [a J T] and ( ) = transpose of 

( ). 

The hand, however, is driven by the actuators at the joints. Intui- 

tively, if all the joint displacements are given, the position and orienta- 

tion of the hand are determined. Let n be the number of joints. For 

i = 1, 2, ..., n, let q. be the displacement of the i-th joint with respect 

to its own reference point. Then, for any given robot with known geometri- 

cal dimensions, there is a relation 

[p(t)' £<t) j' = f_[qr q2, •••, qp] (5) 

*.- 

where ft*) is a 6 by 1 vector valued function. This relation is known, but 

almost always nonlinear which complicates the problem C43. Since in reali- 

ty, one specifies p_(t) jKt) in Cartesian coordinates and desires to 

determine  the corresponding q , •••, q  so that one may command the joint 

actuators to comply with the specification in Cartesian coordinates.  The 

-1 
solution  requires the inverse vector function f  (•) of n-dimension.  This 

„"-IT. • . 'ii 
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solution, if it can be found, may not be unique. for the commercially 

available robots in operation, n is usually either 5 or 6. The geometrical 

configuration of these robots with proper definitions and ranges of q. en- 

ables one to obtain a unique solution of equation (5) [43. 

Knowing the transformation of position in Cartesian and joint coordi- 

nates, it is ready to examine the following simple task. As shown in Figure 

6, the robot is required to go to the bolt magazine to fetch a bolt, and 

place it on top of the bolt hole on the beam. Intuitively one expects that 

the robot hand travels along the path of straight-line segments, as indicat- 

ed in Figure 6, so that it will reach the bolt first and then arrive at the 

beam. The question is how would one control the joint actuators to accom- 

plish the goal? Before one arrives with an answer, one may examine the fol- 

lowing two possible specifications: 

(a) Is the work space free from obstacles? 

(b) Must the hand follow the specified path? 

The answers to each of these two questions could be either yes or no. They 

combine to form four different classes of problems as follows: 

C.-IVl"  .  .   '•.•"'.• . .  .  . ._.._•__.    j.  _.   j^u'll..;..  •'  • - «-  • -r   -    .    •        • ..-••• - 
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Is the work space free from obstacles? 

:a 
V "• 

|        Yes     |      No 
. • - 
'.- 

1 

tl 

Must the hand 

follow the 

specified path? 

Class 1.   | Class 4. 

Positional  | 

I 

Positional Control 

Plus On-line 
|     No Control    | 

Collision Avoidance 

Problem    | Travelling 

|    Yes Class 2. Class 3. 

Path Off-line 

Tracking Collision-free 

Problem Path Planning 

Plus 

On-line Path 

Tracking 

Only the problems of Classes 1 and 2 will be analyzed briefly in the follow- 

ing sections. 

III.  POSITIONAL CONTROL 

If there is no path constraints and if the work space is free, then the 

controllers only have to make sure that the hand passes through all the 

specified corner points of the path. It involves the coordinates transfor- 

mation, which computes the corresponding joint coordinates q., •••, q of 

the specified corner points in Cartesian coordinates by means of i_ (•), and 

then positionally control the robot in joint coordinates from point to 

point.  In practice, a positional servo is used  for  each  joint.   If  the 

-v -1 -•-----'•-•-'-•-•-•-»-•• -   »- - •-.--,. . -,. .'.•- -,—  — ...._._....._..-.».  i 
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robot is allowed to move only one joint at a time alternatively by locking 

all the other joints, then each of the joint controllers is very simple. 

When the number of joints in simultaneous motion is more than one, force in- 

teractions among the joints create couplings which complicate the control 

system. These topics will be discussed as follows. 

A. Single-Joint   Controller 

In the following discussion, the robot is considered to have a rigid 

body structure.  Refer to Figure 7(a), the schematic representation of an 

actuator-gear-load assembly for a single joint, in which 

2 
J  • actuator inertia of one joint (oz-in-sec / rad), 

J = manipulator (robot) inertia of the joint, 
m r 

J. = inertia of the load, 

B = damping coefficient at actuator side (oz-in-sec / rad), 

B. = damping coefficient at load side, 

f = average friction torque (oz-in), 

T = gravitational torque, 

Tm = 9enerated torque at actuator shaft, 

T. = load torque, 

8 = angular displacement at actuator shaft (radians), 

8 = angular displacement at load side. 

Let 

N ,N = number of teeth of the gear at the actuator, 
m s 

shaft and load shaft, respectively, 

r ,r = pitch radii of the gears at the actuator fir s 
shaft and load shaft, respectively. 

Then 

.'«   *• ^ . -'- -*• -**   m\  J*' .1 1.. J "-A ."-*    » " M  .'-ft . J -'   -  *- -•.•-»•-•*- « - »*- I - * - « - •  ^ ', -„^ ^1,-„ r  ', .m  r    ff|-'r ^ '.   «^ 'r -m m   W- •_   «-    ^   -    -  A»    -    .-'»—*• ^—* • A    ,  * - > •'•• 
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n = r /r = N /N < 1. 
m s   m s — 

(6) 

is the gear ratio. As indicated in Figure 7(b), the force F is transmitted 

from the actuator to the Load at the contacting point of the mating gears. 

Thus 

T, = equivalent Load torque at actuator shaft 

and 

= Fr_ 

T, = Fr 
L    s 

(7) 

which Leads to 

VTL " rm/rs " n (8) 

or 

xL = n TL (9) 

From Figure 7(c), 

6 = 2w/N 
m      m 

(10) 

6s = 2»/Ns (11) 

so that 

e =9 N/N =n6 
s   m m s     s 

(12) 

By taking time derivatives on both sides of (12), one obtains the  reLations 

between anguLar velocities and accelerations as 

•;.-,_ ££ 
. .  •v ••-«'-• ^-- -    - '• .... 

...      •> 
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9 = n 9 (13) 
s     m 

'9' = n 9 (14) 
s     m 

From Figure 7(a), it is seen that the Load torque T  is required to overcome 

the  Load inertia effect J. 0* and damping effect B. 9 . Using D'ALembert's 
L s L s 

principLe "I  torque = E(J9)", one obtains 

rL - BL9s = JL9s (15) 

AppLy the same principLe at the actuator shaft to yieLd 

Tm " T|' " Bm9m = <J. + O6"« (16) 
m   L   mm    a   mm 

If we wish to express the torque reLation at the actuator shaft, first sub- 

stitute (13) and (14) into (15) and then combine the resuLt with (9) to ob- 

tain 

T, = n2(J. 9* + B. 9) (17) L      L m   L m 

Combining (16) and (17) yieLds 

Tm " <J, + Jm + n
2J. )9  + (Bm + n

2B. )9m (18) m    am     Lmm     Lm 

2 
where   J^ = (j  + j^ + n J.)   is   the   effective   inertia   and 

B ,t  -   <B + n B. )  is  the effective damping  coefficient at the actuator 
eTT    m     L 

shaft. 

To express the torque reLation at the Load shaft, eLiminate 9  and 9 
m       m 

among (13), (14) and (18) to yieLd 

'n =   |(J     + J   )/n2 + J. | \_   a m LJ 

|(J     + J   )/n2 +  J,I |_   a        m LJ 

T»/n "   l(J,  +  iJttT   U,      ,  +   (B  /n2  + B.)9 (19) m am L    s m Ls 

is the effective inertia and (B /n + B. )  is  the 

.'  . . •_  . ..•. -•-' ••....-.   •_.-•_._..._. ..-.--    - • -      -•-.... i - i -.-.-.- - - ...  W  ...  . . .  •»  W .. -', t.. K. . A.  . , ^', 1  -,  1. ", ^-. ,   m.     m.  , iJ 
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effective damping coefficient at the Load shaft.  T /n  is  the equivalent 
m 

generated torque at the Load shaft. 

The actuators used in the industriaL robots are either hydraulic, or 

pneumatic, or eLectrical. As an example, the Unimation PUMA and the Stan- 

ford manipuLators have electricaL system using permanent magnet dc motors. 

They are armature controlled and their schematic diagram is shown in Figure 

8.  In this figure, v. (t) is the back emf in volts in the armature winding 
b 

which can be represented by 

v. (t) = K. 9(t) (20) 
b      b m 

where K. is the back emf constant in volts-second/radian. Let L and R be 

the inductance in Henry and resistance in ohms of the motor armature wind- 

ing, respectively. Then by applying the Kirchhoff's voltage law to the ar- 

mature circuit, one obtains 

v(t) - vb(t) = L di(t)/dt + RiCt) (21) 

which has an equivalent equation in frequency domain through a Laplace 

transformation 

V(s) - K. s 9 (s) = (Ls + R)I(s) (22) 
b  m 

where s is the complex frequency in radians per second. The dc motor is 

operated in its Linear range so that the generated torque is proportional to 

the armature current.  The relation in the frequency domain is 

T (s) = K.I(s) (23) 
m     i 

where Kj is the torque constant in oz-in/ampere. The motor shaft is mechan- 

ically connected to an actuator-gear-load assembly, as indicated in Figure 

, V. ....••  .......'-• •--•.•--.•-.'. •'--.._•...•• ..«-.- m_1^m . • . •, . a . 1. . ; . 1.  » i . • , 
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8, with an effective inertia J  . and effective damping coefficient B .  at 
eff eff 

the actuator  shaft.  The  relation among  the mechanical components are 

described by (18) which has a Laplace transform equivalence 

T (s) = |(J  + J  + n2J. )s2 + (B + n2B, )sl 9 (s) 
m     (_ a   m     L      m     Ljm 

= (J .- s2 + B ..  s) e (s) (24) 
eff      eff    m 

Eliminating Tm(s) and I(s) among (22), (23) and (24) yields 

em(s) KT m        _ I 
VTsi      r~     2 LUeffs2 +  (RJeff + LBeff)s +  CRBeff + WJ 

(25) 

which is the transfer function, or the feedforward gain, from the applied 

voltage to the dc motor (input) to the angular displacement of the motor 

shaft (output). 

To construct a positional controller for the angular displacement of 

the load shaft, it is necessary to convert the displacement into electrical 

voltage to actuate the dc motor. For a feedback (or closed-loop) controll- 

er, the actuating signal is the error at time t between the desired and the 

actual displacements: 

e(t) = 9 (t) - e (t) (26) 
d      s 

By means of a potentiometer or an optical encoder/counter assembly, the dis- 

placement error is converted into voltage as 

v(t) = Ke[ed<t) - 9
s(t)l (27) 

which has a transfo.med equivalence 

- 
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V(s) = K0E(s) 

([ed(s) -es(s>] Ke| 

where K is the conversion constant in volts/radian. Combine all the physi- 

cat apparatus together, one may construct a positional controller whose 

block diagram is shown in Figure 9(a). The feedforward gain, or the open- 

loop transfer function is 

e (s) n K K 
9 1 (29) 

E(s)  ~ ~T~. 2" 
sLUeffs2 + (RJeff + LBeff)s + (RBeff + KIKb>J 

which is obtained either from the block diagram, Figure 9(a), or by combin- 

ing equations (25) and (28), and the relation 9 (s) = n 9 (s). 
s        m 

Physically the inductance of the armature winding is in the order of 

tenth of milli-henries while its resistance is in units of ohms. Thus L is 

practically zero so that (29) may be reduced to 

9 (s)          n Ka KT s  8  I  ,_n. 
E(s)  * SLRJeffs + (RBgff + KJKb)] ^U' 

The unity feedback positional controller, Figure 9(a), then has a closed- 

loop transfer function 

9 (s)   9 /E 
s       s 

9 .(s) " 1+9 /E 
d       s 

nKe
KI 

(31) 

eff   S + (RB ..  + KTK.)s/(RJ ,,) + K0K./(RJÄ,,) eft   I b     eff    e I   eft 

It yields a second order system which is theoretically always stable. To 

increase the response time, one customarily increases the system gain, such 

as increasing «9, and injects some damping into the system to reinforce  the 
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effect of back emf by adding a negative feedback of the motor shaft veloci- 

ty. This can be done by either using a tachometer, or computing the differ- 

ence in angular displacements of the shaft during a fixed time interval. 

The block diagram of the resulting controller is shown as in Figure 9(b) in 

which K is the tachometer constant in volt-sec/radian, and K1 is the gain 

of  amplifier  in volts/volt.  Since the feedback voltage at the motor arma- 
• a • 

ture circuit is now K. e (t) + K.K^e (t) instead of K, 6 (t) alone, the  cir- 
bm      1tm bm 

cuit equation (21) is modified as 

• 

v(t) - (K. + K„K )e (t) = L di/dt + Ri(t) (32) 
D   1 t m 

which has a Laplace transform 

V(s) - (K. + K„K )s 9 (s) = (Ls + R)I(s) (33) 
b   1 t   m 

Thus the revised open-loop and closed-loop transfer functions can be ob- 

tained simply by replacing K. by (K. + K.IC) in (29) and (31), respectively. 
b     b    I t 

Consequently, 

es(s)   _ nK9  s9m(s) 

E(s) s    KQE(s) 

nKflKT 
 2 LJ  (3A) 
RJeffs    +  CRBeff + KI(Kb + K1Kt)]s 

e (s)         e (s)/E(s) s _ s  
9d(s)   "   1   +   9S(S)/E(S) 

• 
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a 

1 

nK9KI 

• 

RJeffS + CRBeff + K^Kh  + K1Kt)3S + nKgKj 
(35) 

For a specific robot, the numerical values of the parameters n, K_, K , K,, 

R/ J ff and B ,, are either specified (by the component manufacturer), or 

determined by experiments. As an example, Joints 1 and 2 assemblies of the 

Stanford manipulator contain respectively a U9M4T and a U12M4T dc motor with 

an integral tachometer 030/105 by Photocircuits Corp. The parametric data 

for the motor-tachometer unit are listed as follows C53: 

Model 

Kj (oz-in/amp.) 

2 
J  (oz-in-sec /rad) 
9 

B  (oz-in-sec /rad) 
m 

K. (volts-sec/rad) 

L (p-henries) 

R  (ohms) 

K (volts-sec/rad) 

f  (oz-in) 
m 

U9M4T 

6.1 

0.008 

0.01146 

0.04297 

100. 

1.025 

0.02149 

6.0 

0.01 

U12M4T 

14.4 

0.033 

0.04297 

0.10123 

100. 

0.91 

0.05062 

6.0 

0.01 

The second to the last line is the average friction torque f exists in each 

assembly which must be overcome. The effective inertia of each joint of the 

Stanford-JPL (Jet Propulsion Laboratory) manipulator is listed as C63: 
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nt No. Min. Val ue/ No Loa d  Max. Val ue/ 'No Load Max. VaLue/FuLl Load 

1 1.417 kg- m2 6.176 kg- 2 
•m 9.570 kg-m2 

2 3.590 6.950 10.300 

3 7.257 7.257 9.057 

4 0.108 0.123 0.234 

5 0.114 0.114 0.225 

6 0.040 0.040 0.040 

2 
The given values of the effective inertia is in kg-meter .  From Newton's 

second law of motion, F = ma, where mass m is in kg and acceleration a is in 

2 2 
meters/sec ; the force F is in kg-meter/sec which is defined as the unit of 

2   2 
force "Newton." The unit for torque T is Newton-meter, or kg-meter/sec . 

But T = Je where the angular acceleration 8 is in radians/sec so that J  is 

2 2 
in Newton-meter-sec /radian Cor kg-meter ). Now one Newton-meter (or kg- 

m /sec )   of   work   is   equivalent   to   0.73756   ft-lb.,   or 

0.73756 x 12 x 16 = 141.61 oz-in.  Consequently one  kg-meter  (or Newton- 

2 2 
meter-sec / radian) of inertia is the same as 141.61  oz-in-sec /radian. 

Note that the conversion constant K and amplifier gain K,,, however, must be 
8 I 

determined from the parameters corresponding to the structural resonant fre- 

quency and the damping ratio of the robot, which will be discussed in the 

following section. 

As listed above, an average friction torque f of the motor-tachometer 

assembly must be overcome by the motor. Of course, the motor must also com- 

pensate the load torque T and gravitational torque T . These quantities 

represent the reaction from the physical burden to the robot. Schematically 

they are inserted in the block diagram of the positional controller. Figure 

9(b), at the point where the torque is generated from the motor. Figure 

9(c) shows the revised block diagram of the positional controller, in which 

*•'' •". . » " * 
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F (s), T. (s) and T (c) are the Laplace transformed variables of f ,  t,  and 
•     L        g m    L 

T , respectively. 

B.  Determination of K and K„ 
 9 1 

From (35), the closed-loop transfer function can be written as 

9 (s)  nKQK. s       8 1 

1? 9d(s)   RJeff  S2 4 IRE  . + K_<K. + K„KJ 
etT   lb   it 

-(36) 
S/(RJ ,,) + nK_KT/(RJ ,,) 

eft     6 I   ett 

Thus the characteristic equation for the closed-loop controller is 

S2 + Kff+ Ki(Kb+ w] |s/(RJeff)  + nKeKj/(RJeff)  = 0 (37) 

which is conventionally expressed as 

2 2 
S + 2cu S + <o = 0 

n    n 
(38) 

where c is the damping ratio and u the undamped natural frequency. From 

(37)   and   (38), one obtains 

»n =   VnK6KI/(RJeff>  > ° (39) 

and 

2^n=   [RBeff + Ki(Kb + K1Kt)]/(RJeff) (40) 

so  that 

Kff+ Ki(Kb+ sv];[2iFw^f3 (41) 

Refer to Figure 10 in which k . . is the effective stiffness  (in oz- 
ef f 

in/rad.)  of  the joint of the robot.  The restoring torque due to stiffness 

.I,»-,..! .1.    .  | .  _*_ mmnmmmmjk \ 1m       •     b    '•      w      .n     •      • -'-'-"-     -      -       -       - --   • _. .-•.-. •. .  .--» . •*. L-.  ........... ^ . „ 
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is -k ff8.  Thus, by D'ALembert's principle 

"W = Jeff° (42) 

so that the structural resonant frequency in radians/sec. is: 

Wr " Vkeff/Jeff (43) 

Although k .. for the joint is fixed, J varies as the load varies so that 

w changes accordingly. Let w be the measured structural resonant frequency 

of the same joint corresponding to the effective inertia J, then 

• - 

* =   Vkeff/J (44) 

Thus, by  (43)  and  (44), 

»r • «   VJ/Jeff (45> 

The measured u> and its corresponding J  for the Stanford manipulator are 

listed as follows C1D: 

'•• 

Joint No. J f u(=2irf) 

I 

I 
1 5 kg- -m2 4 Hz 25.1327 rad/sec 

I 2 5 6 37.6991 

. _ 3 7 20 125.6636 

•'-• 4 0.1 15 94.2477 

1 5 0.1 15 94.2477 

^ » 6 0.04 20 125.6636 

For a conservative design with a safety factor of 200%, one set the undamped 

natural frequency u> no more than one-half of the structural resonant fre- 

quency to [73.  Thus by (39) and (45), one obtains 

• _, _- -.'_•.*.'.'-••'-*•. •.'   . -• - ......_••••.—• • • >••• ••,*..•'••. •• •• i « • »•• 
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VnK9KI/(RJeff)    1   "   VJ/Jeff    /2 (46) 

which reduces to 

Ka < (Ju> )R/(4nKT) (47) 

Relation (47) establishes the upper bound of K . It  remains to determine 
9 

the bound on K«. For practical reasons, one avoids the underdamped posi- 

tional controller for the robot. Thus c > 1# and from (41) one obtains: 

RBeff + KI(Kb + K1Kt) 1 2VnKeKIRJeff > ° (48) 

Again for conservative design, K. at the right side of (48) is replaced 
8 

2 
by its upper bound which is given by (47) as (Ju )R/(4nK ). Thus (48) 

reduces to 

K.   > R(<i>VjJ   **  " B   ,,)/(KTK  )  - K./K 1 — I    eff        eff        It b    t (49) 

Since J ,, varies as the load changes, the lower bound on K1 changes accord- 

ingly.  To simplify the design of the controller, the amplifier gain should 

be fixed. Thus the maximum value of J  . should be used in (49) to avoid 
eff 

any possibility of resulting in an underdamping system. 

C. Compensation for Steady-State Errors 

In the preceding section, the block diagram of the positional controll- 

er for a single-joint robot was presented in Figure 9(c). Because of an ad- 

dition of the physical burden f , T and t to the motor, the closed-loop 

transfer function of the controller is not the same as given by (35), and it 

must be modified to include the additions. From Figure 9(c), it is seen 

that 
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1 
(J   ,,S2  + B   „S)e    =  T   (s)   -  F   (s)   - T   (s)   -  nT, (s) 

eTT             eff       m        m               m               g                 L (50) 

But 

is,' 
T-(s)   =  KT|v(s)   -  s(Ku  +  K.K   )9   (s)/n|/R (51) 

and 

•[• V(s) = K9 e (s) - e ( •] 

Thus, after some algebraic manipulation, 

'[' 9  (s)  = <nK.KTe.(s)  - nR  F   (s)  + T   (s)  + nT. (s)   >/Q(s) s e  i d |  m g rL(s)]: 

where 

(52) 

(53) 

[RBeff + KI(Kb + W]5 + nK6KI (54) Q(s) = RJeffs • |RBeff • 

Whenever F(s), T (s), and T. (s) vanish, equation (53)  reduces to (35) 
m '    g        L 

Since the position error e(t) is defined as 

e(t) =. e (t) - e (t) d      s 
(55) 

then  (53)  can be written as 

E(s)  = e  (s)  - 9  (s) 
u S 

«RJeffSC  + [RBeff  +   'l(Kb + Wj 

[Fm(s)   + Tg(s)  + nTL(s)] 

s>ed(s) + 

)/fi(s) 
(56) 

where E(s)   is the Laplace  transform of  e(t).     For  a constant   load,     T    = C   . 

. 
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Since  f = C,, and  t = C  are  also  constant-  then  T, (s) = C, /S, 
m   f       g   g L      L 

F (s) = C,/s and T (s) = C /s.  Consequently equation (56) becomes m      f       g      g 

[RBeff + KI(Kb + K1
lc
t
>]S>,U,) + 

{Cf + Cg + nCL] 

E(s) = ({RJ ,,s2 + eff 

|/s)/«(s) C57> 

where X(s) replaces 9J(S) to represent a generalized input command. 

The steady-state error e  may be determined by the use of the Final i ss 

Value Theorem which states that 

e  = lim e(t) = lim sE(s) (58) 
s   t*-      s-0 

provided the limits exist. 

(a) Steady-State Position Error and Compensation 

If the input is a constant displacement C„, then 

X(s) = ed(s) = Ce/s (59) 

By (58), one obtains a steady-state position error 

eec„ " R<C, + C + nC, )/(KflK.) (60) SSp     f    g    L    8 I 

Since K has an upper bound given by (47), the error may not be  reduced  to 

an arbitrary small value by merely adjusting the parameter K .  However, if 

one knows the value of T  f and t  in advance, it is possible to feed for- 
L  m     g 

ward  these quantities into the controller to anticipate the burden.  Based 

on this idea, an anticipated gravitational torque signal t  and a desired 
d 

compensating torque signal T  are fed to the controller as an additional in- 
d 

V- put, as shown in Figure 11(a) where T (s) and T,(s) are Laplace  transforms 
,\\ K 3 a       d 

BJ of  T and T , respectively.  With this arrangement, the error given by (56) 

,\*  «,«'•«'•  A. i, *   -• '-• 'jr ,t '*  ',.• *  '-r -  ,-' ^ _'--. ^ J --v «T-V_ V_ .1 . V_,. y_^ -.-_-_,_,-...  . ^Y. V.V.'._ -'. • _  _  .       
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?» 
is modified to become 

1 E(s) = «RJ ,,s2 + 
eff 

RBeffs
2 • JRBeff + Kj(Kb • K1Kt)]s>X(s) 

+ nR<F (s) + T (s) + nT (s) - K_KB[T (s) + T .(s) |/R»/fi(s) 
m      g      L      IR(_a      d  J 

(61) 

m where X(s) replaces 6j(s) to represent a gereralized input signal.  For an 

input of a constant displacement X(s) = ed<s) = CQ/s, the steady-state posi- 
> * 

tion error now becomes 

e„n = Um S{R[F(S) + T (s) + nT. (s)| - K.KJT (S) + T,(s)l>/(KQKT) (62) ssp  S+Q   |_m     g      LJ   IR|_a     dj   ei 

iii* 
If T (s) = RT (s)/(K_K_)  and T,(s) = R | F (s) + nT, (s)|/(K K ), then the 

a      g     IR       d      l_m      LjIR' 

1 „"- . 

steady-state error would be zero. In practice, one may set: 

» '- . 
xa = (R/KIKR)^                                      (63) 

• and 

- 

td = <R/KIKR)(f|n + nfL) 
;                                (64) 

m to reduce the error, where T  f and f. are the estimates of t . f and t. - 
g' m     L                  g' m     L' 

£•••: 

r. «". 

respectively.  For a given task, the value t which includes the compliant 

torque, is usually known. Thus t, can be estimated directly. The measured 

value of f through experimentation is usually used for f . The value of T 
m                                     m             g 

•'-.- 

is normally computed which will be discussed in the section on Multiple 

•••;. Joint Controller. 

- ' - 
• 4 ' 
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(b)  Tracking Error and Compensation 

Quite often the robot is required to follow a moving  conveyer with a 

constant  speed, and perform a certain task on the conveyer.  In this case 

the input signal of the desired position e.(t) must  be updated very fre- 
el 

quently, say every 1/60 second, to synchronize the moving conveyer. In 

essence the input is a ramp signal C t with a constant slope so that 

X(s) = C /S .  Applying  the  Final Value Theorem to (61), one obtains the 

steady-state tracking error 

«.  =   TRB   ,,  + KT(K.   + K„K  )|c   /(nK.KT)   +  e (65) t       |_   ef f lb        1tjv 9i ssp ess 

Since the controller requires c > 1 to avoid underdamping,  (48)  holds  so 

that (65) becomes 

eoo* > 2C  \RJ ^/(nKQKT) + e (66) sst —  v i  eff   6 I    ssp 

If the controller is designed conservatively to require u < to /2, then (47) 
n — r 

holds and (66) reduces to 

esst >"V"> VJeff/J + essp   ' (67) 

which gives a lower bound for the steady-state tracking error. 

To reduce the steady-state tracking error, additional feedforward sig- 

nal v., corresponding to the desired constant slope of the ramp signal is 

fed to the controller at the same place where T and t. are injected.  This 
3        U 

is indicated in Figure 11(b) where V.(s) is the Laplace transform of v..  As 
d d 

a result, E(s) given by (61) is modified to become 

• . S  V. .-. 
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E(s)   =   ({RJ   ,,s    + 
eff <Ku +  K„K  )   s>X(s)   -  nKTK„VJ(s) b        1   t J I R d [RBeff + Kl(Kb + KlV]! 

nR-CF   (s)  + T(i)  + nT   (s)   - KTKD[T   (S)   + T ,(s)l /R»/ß(s) m g L I  R(_ a d 
(68) 

so  that   e in   (65)  now becomes sst 

!sst  • «[•»««  + Ki(Kb + W]Cv " "VR   L•  »V   <s»/(nK0K ) 
<- J s->-[) 

Consequently the first term of e   vanishes if sst 

+ e (69) ssp 

[R8eff + VKb + K1Kt)]/(nKlV V ,(s) = s(C /s ) RB ,. + 
d       v     eff 

But (Ws = X(s) represents the ramp input signal, hence 

(70) 

v . = (dx/dt) RB . . + 
d eff [RBeff + Kl(Kb + K1Kt)]/(nKIKR) (71) 

which can be obtained directly from the input terminal of the controller C7D 

as indicated in Figure 11(c). Since x(t) is a ramp input C t, or 

X(s) = C /S , then dx/dt is the constant slope C , or sX(s) = C /s. Of 

course one may obtain dx/dt by computing the quotient 

x(t^) - x(t. ,) /(t.-t. ..), where x(t.) and x(t._1) are values of two con- 

secutive input signals. These arrangements will automatically take care of 

the steady state error in the original positional control mode. When the 

controller leaves the tracking mode and enters the positional control mode, 

x(t) is a step input CQ, or X(s) = e.(s) = C9/s. Then dx/dt = CQ6(t), or 

sX(s) = C. (an impulse which is absorbed by the energy storing elements of 

the system), so that the compensation for the tracking error vanishes. 

'•r  *-» '-•• •*     -T-   -"- - .•-.-.'-. •?•-  -       -  • - •" - rf -.-.'- M-- «-."-. • - . • . .^ . • • . . . . . i • . . 1 • •  1 1 
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1 (c)  Acceleration Error and Compensation 

To minimize the travelling time of the robot, one often desires to ac- 

: celerate  it  from one desired velocity to the other in a shortest possible 

{jl time.  To do so, one usually uses the constant, maximum possible  accelera- 

1 * _ 

r 
> •' 

> * 

2 
tion.  In this mode, then x(t) is a parabolic input signal C t /2 so that 

3 

X(s) = C /s where C  is a constant.  By the  Final Value Theorem,  (61) 
3             3 

i * *. 
yields the steady-state acceleration error 

e   = «RJ  , + TRB . . + KT(KU + K„k )|/sK - nK K  lim sV .(s))/(nK KT) ssa      eff   I  eff   lb   1t|    a    I R ^   d       81 
""                                 s^o 

(72) 
ssp 

i • 

1 

If a feedforward signal v, is provided as indicated before and the controll- 
d 

er is connected as shown in Figure 11(c), then 

• 
V ,(s) = sX(s)Q(s) 
d 

?                           (73) 
= (C /s )Q(s) 

3 

i 
where 

* 
• 

Q(s) = [RBeff + Kj(Kb + K1Kt)J/(nKIKR)              (74) 

R Consequently 

I eeea = RJ ,,C /(nKflKT) + e                    (75) 
ssa    eff a   e i    ssp 

- 
For a conservatively designed controller with ID < u /2, (47) holds so  that 

n — r 

& (75) becomes 

j 
e oa > * J **C /(J^2) + e^                   (76) ssa —   eff a        ssp 

• 

This establishes the lower bound for the  steady-state  acceleration error. 

• 

. ---»•-• 
.' -                           • 
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As before, to reduce the error, additional feedforward signal a, is required 
d 

to be fed to the controller at the same point where v, is applied, as shown 

in Kigure 11(d) with A.(s) be the Laplace transform of aJ# With this addi- 
ct d 

tion, (68) reduces to: 

E(s) " [RJeff s X(s) - nKjK A (s> 

+nR<F (s) f T (s) + nT, (s) 
m      g      L 4

K
R(J T (s) + T (s) »]/»>] /0(s> (77) 

and hence 

ssa •[• J XjCC - nK K lim sA .(s> 
eff a    I R „.„  d 

s^o 
/(nKQKT) + e 

9 I     SSp 
(78) 

Again, if one chooses 

Ad<s) = s2(C /s3)RJ ff/<nK K ) , (79) 

the first term of e   will be eliminated. Since C /s = X(s), the parabol- 
ssa a 

ic  input signal, A.(s) may be obtained from the input terminal directly C7] 

2 
as shown in Figure 11(e). Since x(t) is a parabolic signal C t 12,     then 

a 

dx(t)/dt = C t  is a ramp signal with constant slope, or sX(s) = C /s4-; and 
a a 

2      2 2 
d x(t)/dt = C is a constant, or s X(s) = C /s. Again, the value of dx/dt 

3 d 

may be obtained by computing the quotient x(t.) - x(t.,) /(t. - t- -) and 

2   2 
that of d x/dt by 

n 
<[x(t.) - x<ti - tM>]/ct1 - v,) - 

|x(ti-1) - x(t._1)|/(ti_1 - ti_2)>/(ti-ti_1) 
(80) 

These arrangements also automatically handle the errors of other control 

modes.  When the controller is in positional control mode, x(t) is a step 

•I  C  and X(s) = C Is.       Then dx/dt = C/(t), 
I -/N^ 

and  sX(s) = Cn, 0' 

fl 2 
id x/dt  i C0<Sj(t), a doublet or double 

'0 d' impulse; ) 
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2 
s X(s) = sC. so that the compensations for both the tracking error and ac- 

9 

celeration error vanish. When the controller is in tracking mode, x(t) is a 

2 
ramp signal Cyt and X(s) = C /s .  Then dx/dt  is a step input C , 

2   2 2 
d x/dt =C 6(t);  or sX(s) = C Is,    and  s X(s) = C  which give a correct 

v v v 

amount of compensation for tracking error, but no compensation for accelera- 

tion error is provided. 

4 Also, in computing A,(s), one needs the value of J ,,.  This value must 

be estimated or approximated if it is not available. To avoid an over com- 

pensation which may result in an overshooting of the output of the position- 

al  controller, one normally uses the minimum value of J •  L71  since A.(s) 
eTT d 

is a positive feedforward signal. 

D.  Multiple Joint Controller 

Intuitively, it is not efficient to restrict the robot moving one of 

its joints at a time alternatively by locking all the other joints. In do- 

ing so the execution time of a given task is unnecessarily long and hence 

the operation is not economical. But to allow more than one joint moving 

simultaneously, force and moment interactions among the moving joints result 

which cause the inadequacy of the use of the above presentPd positional con- 

troller for each joint. Thus an additional compensation is needed to over- 

come the interaction. To determine the compensation for interaction, it is 

necessary to analyze the dynamic behavior of the robot, 

(a) Lagrangian Formulation of Dynamic Equation 

The discussion on Lagrangian equation can be found in most of physics 

textbooks (e.g. C83). It represents the dynamic behavior of a system of 

rigid bodies, and it has the form 

' 4 

fcf 
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d     ,3L  .        3L .  _ 
3F CT57} " "ioT" Ti    '    i " 1'2'*"'n- (81) 

3 where q.  = generalized  coordinates. 

• • 

j L = L(q1/«»'/qn,q1/.«»«,qn) = Lagrangian 

I T. = generalized forcing function . 

.• 

|  ''     The generalized coordinate q. represents the position e of joint  i.  The 

Lagrangian is also defined as 

L = (Kinetic energy of the system) - (Potential energy of the system). 

I 
By applying the Lagrangian equation to a robot with n joints (or n links), 

one obtains C6,7,93: 

Ti  = jSflA  + Jai*i  +   £Dijj(V2 + £   £   DijkVk + Di (82> 

\ where 

D 44 " £ Trlu. J-CU_4>   | (83) 13       p=max(i,j)       L-P3 -P -Pi    J 

v-   i^Hiwvv] (84) 
p=max(i/j/k) 

1 p=i     P        "P1 ~P 

Tr = trace operator, 
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( )' = 

f 

T . 
1 

m_ - 

r 
-P 

£' • 

4> 

transpose of ( ), 

input generalized force for joint i, 

mass of Link p, 

a vector describing the center of mass of Link p with 

respect to p-th coordinate system, 

CO, 0, 9.8 m/sec2, 03 is a gravitational acceleration 

vector at a sea level base, 

inertia matrix for link p, 

3TP  j 
(Io"1) ij a--^  for p> j, 

-pj " 3q.   | P_ ,  otherwise, 
(86) 

32T° 

-pjk 
o _ 

3qj3qk 

for p >. k ^ j, 

for p>_ j >_ k 

otherwise, 

(87) 

Q. 
-J 

ro 
1 

0 

0 

< 

ro 
0 

0 

0 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

01 
0 

1 

0 

if joint j is rotational, 

if joint j is translational, 

(88) 

T. • 4 x 4 matrix which transforms any vector expressed in 

k-th coordinate system to the same vector expressed 
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in j-th coordinate system. 

qk = generalized coordinate (i.e., joint displacement). 

(b) Coupling Between Joints and Compensation 

For each joint i, the required torque or force is divided into five 

groups as shown in (82). The first group represents the contribution from 

inertias of all the joints. Unlike the single-joint case in which all other 

joints are locked and inertias of all joints are lumped together, now there 

are contributions from coupling inertias between joints.  These torque terms 
n 
£ D.. q. must be fed forward in the controller for joint i, as shown in 

j=1  1* J 
i#1 
Figure 12, to compensate the interaction between joints. The second term in 

(82) represents the inertia torque of the actuator of joint i which has al- 

ready been included in J ,,-term as outlined during the discussion on the 

single-joint controller. The last term is resulted from the gravitational 

acceleration, which has also been compensated by the feedforward term T . 

This is the anticipated gravitational torque signal which must be computed 

by (63), i.e., T = (R/KTK0)/T where x is the estimate of gravitational 
a      I R  g       g 

torque T . Intuitively, one uses D. for the best estimate for T for joint 

i controller.  Thus by (85), one sets 

s* 
n 

'9 • "i • - £ v V (89) 
-pi-p 

for joint i. 

The third and fourth groups in (82) represent the contributions from, 

respectively, the centrifugal and the Coriolis forces. Again these torque 

terms must be fed forward in the controller for joint i to compensate the 

physical  interactions between  joints as shown in Figure 12.  This figure 
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depicts the complete block diagram of the controller for joint i of an in- 

dustrial robot, i=1,2,#,,,n. To implement these n controllers, the values 

of the feedforward elements D.., D..  and D. must be computed for the 
1J    1 J K 1 

specific robot, which will be discussed in the following sections. 

(c) Computation of Compensation for Coupling Inertia 

The computation of terms D.. is, unfortunately, very complicated and 

time consuming. To illustrate the difficulty, equation (82) is expanded for 

a six-joint robot, n=6, as follows: 

Ti ' Di1q1 + Di2q2 + '•' + Di6q6 + Jaiqi 

E + Di11^1 + Di22q2 + - + Di66q6 

+ Di12qlq2 + °i13q1q3 + "' + Di16q1q6 (90) 

+ ••• 

+ Di45q4q5 + •" + Di56q5q6 + V  *«1,2, — ,6 

For i=1, the term D.. = 011 is further expended as shown in Figure 13 in 

which e. = q.,i=1,2,***,6. Obviously it is not a simple computational task 

especially when the position-dependent and orientation-dependent parameters 

change as the robot moves. Therefore it warrants the effort of search for 

methods of simplifying the computation. There are three known approaches of 

simplification r.10,11,73, viz. geometric/numeric, composite, and differen- 

tial transformation. The geometric/numeric evaluation deals with the nature 

of joints whether it is revolute or prismatic. Thus the J_. matrices in 

(86), (87) and (88) can be simplified in advance. Since many elements in 

the 4 by 4 matrices are zeros, the resulting expressions for 0., 0.. and 

D... are less complicated C103.  The composite technique C11]  involves  the k i ] 
/•' comparison of all the terms in Newton-Euler formulation of the dynamic equa- 
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tion C12D in a computer. Some of the terms may be eliminated under various 

criteria. The remaining terms are then rearranged in a Lagrangian formula- 

tion. The upshot is a computer output of a simplified equation in symbolic 

form.  The differential  transformation C7]  which  converts the partial 

derivatives of the matrix transformation 3Tp/3q. into the matrix product of —o  j w 

the transformation and a differential matrix which reduces to a much simpler 

form.  The third approach will be discussed in the following.  To facilitate 

the discussion, it is necessary to introduce the homogeneous transformation 

which is a A by 4 matrix that represents the  rotation and translation of 

vectors in some coordinate systems. 

Refer to Figure 14(a)  which  shows  two aligned  coordinate systems 
iii iii 

(•L'lfl)     and  (*. 'L 'L. *• A P°int p is fastened upon (x_ ,y_ ,£ ), i.e., when 
iii 

(_x ,y_ ,z_ ) moves with respect to (Xyy_,z), point P moves with it.  Supposing 
•  i  i 

(x_ ,y_ ,z_ )  is rotated y    radians about z-axis as shown in Figure 14(b). 
•  •  i 

Since P moves together with (x ,y_ ,z_ ), its  location in that coordinates 

remains unchanged. However, the location of P in (x.'y.'£? coordinates 

changes. Refer to Figure 14(c), 

a1 = OP cos (9+Y) = OPCcosS COSY - sine siny] 

(91) 
fei = OP sin (9+y) • UPCsine COSY + cos9 sinY] 

But 

a = OP cos e 
(92) 

b = UP sin 6 

Thus 

v'„Vv>". > •..>.v-\>"-*-v«'.>".>r. 
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i 
••:• 
r.V 

i 
tei 

which  can be written as 

a1 = a cos Y " D sin Y 

b* = a sin Y + b cos Y 

c.  = c 

(93) 

•1 

b1 

c1 
* 

1 
H m 

COS Y -sin Y 

sin Y COS Y 

0 0 

0 0 

0 d] 
"a" 

0 0 b 

1 0 c 

0 1 1 
— — 

(94) 

The reason for the addition of the fourth row and fourth column in the ma- 

trix of the above equation will be clear when the translation of the posi- 

tion is introduced. In the mean  time the matrix in (94) \6 the homogeneous 

transformation which rotates the vector or point P, and hence the coordi- 

1  1  1 
nates (£ -y ,z ), Y radians about z-axis.  For convenience, the matrix is 

denoted by R(Z,Y) SO that (94) may be written as 

= R(z,Y) (95) 

Likewise, 

"I 0 0 n- 

0 cos a -sin 0 0 
fKx^a) = 

0 sin a cos a 0 

0 0 0 1 

I  I  • 

,  R<Z'ß) = 

cos ß 0 sin 8 0 

0 1 0 0 

-sin ß 0 cos 6 0 

0 0 0 1 

(96) 

Now supposing (x^ ,y_ ,z_ ) is rotated ß radians about y-axis.  Again, the  lo- 

  1 
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I  I  I 

cation of point P in (x ,£ ,z_ ) does not change but in (Xy^/i.* changes f 

(a.j,b..,c..) to (a^b-jCp) as 

rom 

•2 V "a" 

b2 b1 b 

C2 
= R(y,ß) 

C1 
= £(y,ß)RCz_,Y) c 

1 1 1 

—     m •m      m _  m. 

(97) 

or 

1 

cosß   COSY -cosß  sinY sinß 

siny COSY 0 

sinß  cosy sinß   siny cosß 

0 0 0 

Öl 
0 

0 

1 
1 
L_l 

(98) 

Thus, (97) and (98) show that coordinates (x_ ,y_ ,z_ ) is first rotated Y ra- 

dians about z-axis, and then rotated ß radians about y-axis. If it is 

further rotated a radians about x-axis, then one will have 

= R(x,a) = R(.x,a)R(.y_,&)R<iz_,y) (99) 

or 
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11 

»21 

?31 

0 

l12 

<22 

?32 

0 

l13 

<23 

?33 

0 

er ~a~ 

0 b 

0 c 

1 1 
m — 

- 33 - 

(100) 

1 
where 

R11  = cosß  COSY 

R1? = -cosß   sinY 

R15 = sinö 

R?1  =  cosa  sinY + sina  sinß   COSY 

R__ = coso COSY - sina  sinß   sinY 

R2,  = -sina  cosß 

R,,.  = sina sinY - cosa sinß  COSY 

R_? = sina COSY • cosa sinß  sinY 

R33 = cosa cosö 

(101) 

i  i  i 

Now supposing (x_ ,y_ ,z_ ) is translated t , t and t  units, respectively, 

along x-axis, y-axis, and z-axis. Then 

a4 a3 
t 

X 

b4 b3 
t 

y 

C4 
~ 

C3 
+ 

t z 

1 1 0 

11 

(21 

!31 

0 

12 

}22 

<32 

0 

13 

<23 

<33 

0 

(102) 

Let 
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L(t ,t ,t ) = 
— x y z (103) 

Hoot 

0  1  0  t 

0  0  1  t 

0  0  0  1 

u 

denotes the above mentioned Linear translation, then the 4 by 4 matrix in 

(102) may be written as 

L(t ,t ,t )RU,a)jUy,B)R^z,Y) = x y z 

l11 

<21 

l31 

0 

12  "13 

k22  "23 

32 

0 

33 

0 

(104) 

which represents a rotation of y radians about z-axis, then a rotation of ß 

radians about y-axis followed by a rotation of a radians about x-axis, and 

finally a translation of t , t , t , respectively along the x, y, and z- 
x  y  z 

axes. Thus the 4 by 4 matrix which is called the homogeneous transforma- 

tion, includes rotation as well as translation of the coordinates 

(x^ ,y_ ,z_ ). Since the matrix multiplications do not commute, the order of 

multiplying the matrices IL and R/s in (104) cannot be interchanged. Should, 

for example, R_(_x,a) and jUy_,0), or L(t ,t ,t ) and R_(.Z,Y) interchange their 
x  y  z 

places in (104), the resulting matrix, and hence the physical order of rota- 

tions and translation would be different. 

Refer to Figure 15 and suppose that the p-th joint of the robot is ori- 

ginally at the point P.  Then 

„. - • - • -  •. . •. ^. • . ...» --..-.. .»,«•• ^ - - ' ~ - - * - 



Ft^^^y^y^i.i1, . * A'A . • "V .V* .»'.T . -  "•*•* •.•"•.'•.•':-','.^'.':"'7".'.v1'..' *. •. • •- •.-•.- •- r- 

- 35 - 

TP = 
x y  z I 
-p ^-p -p -p 
o o o 1 (105) 

represents the coordinate frame with respect to the base coordinates.  Now 

rotate the joint in the following order: Y radians about z -axis, 8 radians 

about y -axis, a radians about x -axis; and finally translate t with respect 

to (x ,y ,2 ) coordinates.  Supposing the resulting orientation and position 
111 1 of the joint  is,  respectively,  (x ,v ,2,) and IL    with reference to -p'^-p'-p -p 

(x ,y ,z ). Thus the current state of the hand with reference to base coor- -o'^-o'-o 

dinates can be represented by: 

1  1 1 „11 x y 2 I 
-p -p -p -p 
0 o 0 1 

R11 R12 R13 *x 

R21 R22 R23 *y 

R31  R32 R33 *i 
(106) 

Now if T is perturbed by a small translation and rotation with respect 

to the base coordinates then t  * 6 x, t * 6 y, t  * 6 2, a •*• 6  a,  &  - &  &, x   o'y   o '  z   0      0      0 

Y • 6 Y.  But cos (6„a) = 1, sin (Ja) • 5a,  ••*,  6 a« ß = 0,  ••*,  etc. O O O       OOO 

Hence by (101), 

R11 R12 R13 
t 
X 

' 1 -v V 6 x" 
0 

R21 R22 R23 t 
y V 1 -6 a 

0 V 
R31 R32 R33 t 

z "V V 1 6 Z 
0 

0 0 0 1 0 0 0 1 
_ _ 

(107) 

On the other hand, one may express 

l.'l .,'• ,'t . > » . .  .   * i,,' %'  » * > ',  1  •_. ,_  l... M » .. L»  .  .  .  _-_    -  -  -'  -' '-• '-  -»..>»•»•». _-_'.^_ V» - j. _.  . 
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1 " 1  1  11" 
x  y  z  l 
-p H>   -p -p 
o  o  o  1 " IÜ + &J^                                                                                               (108) —o        o—o 

P. 
fcjjj          Combining (106), (107) and (108) yields the perturbation 

• »"" - 

1 I TP = 
o—o 

0  -6 Y  6 ß  6 x" 
0     0    0 

6 Y   0  -6 a  6 y 
0            0    0 

-6 ß  6 a   0   5 z 
0    0           0 

* 

J?                                (109) —o 

p - - 
0    0   0   0 

•         The matrix in (109) is the variational operator with respect to the base 

',••"".                         coordinates.  If the variation is referred to p-th joint's own coordinates, 
I* * 

>f-\-                         then it must be premultiplied by a 4 by 4 transformation matrix 

• 
I 

T° = (TP)~1                         (110) 
-P   -o 

which transforms any vectors or coordinate frames with reference to base 

•         coordinates  (x ,y_^,z  ) to the p-th joint coordinates (x ,^,z ). Thus the 

perturbation on the p-th joint coordinate frame with reference to its own 

coordinates is 

A 

I*. 

r* 

I 
f 

•:-•. 

« TP = (TP)"1 
p—o   —o 

0   -6Y    6B   «X" op   op  op 

6 Y    0    -<5a   6 y op         0 p   o p 

-6 8    5a   0    5 y op   op        op 

0   0    0    0 

TP           (111) —o 
- 

% 

! iince 

• 

fL± ,-, . ^ « * . ml  Hun »in illt "       '      1     -  •   - • • . • -   •-•---    _i_J 
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(Tpr1 = 

X X x -x   l 
px      py      pz     -p-p 

y~ y„,  "VP px    'py    'pz 

z        z z        -z   l 
px      py      pz      -p-p 

(112) 

Then 

6  TP = 
p-o 

x   (A Xx  )     x   (& Xy )     x   (A Xz  )     x  [<A  Xl )  + d ] -p-p-p      -p-p-H)      -p-p-p      -p-p-p        -p 

*P 
(A Xx  )    y   (A Xy )     v   (A Xz  ) 
-p-p      ^p -p ^p      ^p-p-p *P 

C(A XI )  + d ] 
-P -P 

z   (A  Xx  )     z   (A Xy  )     z   (A  Xz  )     z  [(4X1)   +d] 
-P -P *t> -p-p-p 

0 

where (        )'   = transpose 

-P-P-P 
0 

of 

-P -P 
0 

~P 

d ] 
-P 

(113) 

( 

d 
-P 

i 
'[ 

=     6   a     6   B      6   Y        , 
|_ o p    Op    o pj   ' 

6   6      6   Y 
p    op    o pj 

5  x    6 y    6 z       .    and    X = cross    product.      By the vector  identities 
opopopj' 

• i 
a   (bXa)  = 0,    a   (bXc)   = b   (cXa),     x Xy    = z    = -y Xx  ,   '- '-^Zp      _p        ^p -p' 

reduces to 

etc.,       (113) 

6  Tp = 
P-O 

0 -Z   A 
^o-p VP x (A X«. + d ) -p-p-p      -p 

1 

z  A 
"P-P 

0 
1 

-x   A 
-P-P 

y (A X*   + d ) •ho -p -p     -p 

VP 
• 

x   A 
"P-P 

0 z (A Xi + d ) 
-p-p-p     -p 

0 0 0 0 

(114) 

Since  6 Tp  is  the perturbation on    the    p-th     joint     coordinate    frame    with 
P—o 

reference  to   its own  coordinates,   then  based  on  the   results   in   (109),   it   can 

be  written  as 

•i .   . i .    iiri/i'taihiiilii'ii  •.' -.   I.'I.'I.'I.I.-,,:,, •* - -    -"••—   -• *   •-.'•-._•       •^•'•-». j. .   _   _    .    . 
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r- • 
b 
> J 

1 0   -5 y          6 ß   6 x" 
pop 

1 "j 6 TP = 
p-o 

6 Y     0    -6 a   5 y 
P            P     P 

-6 ß    6 a     0    6 Z 
P      P           P 

jP             (115) 
-P 

I 0     0     0    0 J 

K' •                           • 

•;•: where Tl is an identity matrix, so that 
-P 

i  - 6 a = x A 
P   -P-P 

V=VP 

91 
1 

6 Y = z A 
P   -P-P 

,                               (116) 
5 x = x (A Xj, + d ) 
p   -p -p -p  -p 

| 

• 

6  y = y (A X* + d 
p'  *-p -p -p  -p 

I 
i 

6 z = z (A X«. + d ) 
P   -p -p -p  -p 

[ Equations (115) and (116) serve as the basis for numerical computation be- 

i . cause of their reduced form. Now, if the perturbation on the p-th joint 

•..• coordinate frame is expressed with reference to j-th joint coordinates 

Hi« (x.-,/_.,£.) then it has a form 

a 
«J? = TP(5 TJ)                        (117) 
J-0  —]  p-o 

K; As a Limit, 

3TP 

-f2. dq. = Tp(6 TP)                     (118) 
3q.  Mj  -j  p-o 

a Through a lengthy algebraic manipulation, reference 7 shows that  (with the 

>. condition  that all the cross inertia terms are ignored since they are rela- 

L"- . tively insignificant by experiments C6,7]): 

£ 
--.".-"-- - '•• •- -.'•-.•   •.•.'-•.•'.'•.•.'•  •.',"•. . •   .            -".'          .'    .   '       '      i 
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•'S 

n     r 
1]  p=ma7(i,j)  P L P i 

)k2  (6 a.) + (6 ß.)k2  (6 ß.) 
pxx p j    pi pyy PJ 

(6 v,)k2 (5T.) + [a°d )'(T?d )] 
p'i pzz p'j L-i-P  -]-P J 

[P*((T?d )X(T(?A ) + (T^d )X(T?A )) 
p -1-p -]-p -J-p —p 

(119) 

where 6 a. is a small rotation of coordinates frame of joint p about x-axis 
P 1 

with respect to i-th joint's coordinates, and k   is the radius of gyration 
pxx 3 

"xx" of joint (or link) p about the origin of p-th joint's coordinates, ••• 

etc. 

(d) Computation of Compensation for Gravity, Centrifugal and Coriolis 

Terms. 

From (85) and (86) one obtains 

D. = 
i 

n   , 3-r 

- Z  • pi 1=7ip 
P*I 

p  Mi *^ 
(120) 

y 

By some algebraic manipulation, reference 7 also shows that 

' £.     i-1 D.  = P  Em (.r   ') 
i  —   .  p —p 

p=i  " ^ 
(121) 

where ?   = a vector describing the center of mass of link p with respect 

to (i-1)th coordinates, and 

r = 

• • 

C-£ y, .  ijL-_i 0 0] if joint p is revolute, 

CO 0 0  ~ä.z..j_<|3      if joint p is prismatic. 

-•*•• .•.».»•••* ..•.•-•-. ---••• ... . — -----•-• i • .«>-.. . . . .  — ..-....•» .• . .-• _ 
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a 

i 

Since the term D... contains a second partial derivative 3 TP/Oq.aq.), 
i)k -o   3k 

it is not able to simplify (84) for computation. Conventionally, one often 

ignores the centrifugal and Coriolis terms. The justification is that these 

two terms are velocity-dependent. When the robot starts to move from its 

initial location and approaches its goal location, the velocities are usual- 

ly low and hence the contributions from these two terms are insignificant. 

Once it picks up the velocity, the robot is travelling in the space and nor- 

mally the travelled path is not of importance. Should the path is impor- 

tant, such as avoiding collision with obstacles, then these two terms may 

not be ignored. They must be computed either by equation (84), or using 

Newton-Euler formulation approach £123 which is a computational scheme. 

This scheme has been proven to be computationally efficient [133. Also, 

Bejczy C6,103 used geometric/numeric approach to show that for the last four 

joints of the Stanford-JPL manipulator, which has six joints (n=6), the fol- 

lowing terms are identically zero: 

D333 D334 °335 D336 D344 °345 D346 D356 D366 

D433 D434 D435 D436 D444 D446 D455 D466 

D533 °534 °535 D536 D555 °556 D566 

D633 °634 °635 D636 °644 °666 

Thus it is possible to reduce the computational task if the geometrical con- 

figuration of the robot is known and if an analysis is carried out. 

""*•''•  -"'^--"-*--r-*^-  '-ii ' " -   - *  -  . - » .  .......  .  - • • - '-* 
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IV.  PATH TRACKING 

Refer to the questions raised at the end of Section III. If the robot 

is required to travel along a prescribed path, the controller must keep up 

with path tracking. With positional controllers the path tracking can be 

accomplished by dividing the Cartesian path into a number of segments. Each 

end point of the segments is transformed into joint coordinates, and then 

(j the positional control is applied from point to point in joint coordinates. 

This approach was briefly mentioned previously in Section II-C(b) on track- 

ing errors. A number of facts related to this approach should be mentioned. 

By transforming all the end points of segments of Cartesian path, on>» essen- 

tially constructs n corresponding paths in joint coordinates, one for each 

of the n joints. If these segments, dp_(t) djKt) , are very short, the 

increments of joint displacement, dq., between adjacent points are very 

small so that sin dq. = dq. and cos dq. • 1. Thus the transformation f(') 

defined by (5) becomes a differential transformation which is usually 

linear. This transformation is the Jacobian matrix of the displacement, 

which contains trigonometric functions of the joint displacement with 

respect to the joint coordinates before the differential increment takes 

place C14J. Analytically, the solution dq. in terms of d£ and d£ can be ob- 

tained simply by inventing the Jacobian matrix. Although it is sometimes 

possible, it is usually difficult since the Jacobian is quite complicated. 

Numerical solution is also possible but usually requires long computing 

time. Moreover, the Jacobian matrix becomes singular when the robot reaches 

a degenerate position at which the solution dq. is not unique (i.e., more 

than one value of dq. yields a same d£ and d£.) An alternative method proven 

to work successfully is to differentiate the solution of equation (5) 

directly £143.  This is possible since for a given robot with fixed dimen- 

t. 

*•'•*•*'    •' '*"   •    ••••••'• I -    . •• .     ....    ..    >•  -...•.••-.-•.'-•.•...••    .-.     ••• .     .    -   Cm  -»'"-*  -•   _ " -    --   -• 
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sions, the transformation f^ is known. Using this approach, one must set 

dq. to zero if it is physically impossible due to constraints, or if it is 

undetermined.  It usually results in a simpler expression [14]. 

The desired Cartesian corner points of the path may be fed into the 

control system either numerically, or through the teaching by doing pro- 

cedure. The intermediate points of the small segments of the path are usu- 

ally specified, or interpolated by the computer-controller, or sampled and 

recorded through teaching by doing. 

By controlling the robot from point to point using the positional con- 

troller, it has a natural tendency to stop at each point. This undesirable 

phenomenon may be eliminated by specifying a nonzero velocity at each Carte- 

sian point, which can be transformed into the corresponding nonzero joint 

velocities by a Jacobian matrix of the velocity. The joint velocities are 

often referred to as the "resolved rate" [15]. For implementation a veloci- 

ty control loop must be added to each controller. Alternatively, one may 

take advantage of the associated digital computer to compute the required 

joint torques which would yield appropriate velocities at fixed accelera- 

tions. The computation requires the knowledge of the dynamical equation of 

the robot. Since the robot is a nonlinear mechanism with couplings among 

its joints, as shown previously in Section III-D(a) on Lagrangian formula- 

tion, the computation is time consuming. 

A possible way to avoid the storage of numerous pre-computed points of 

joints paths or the computation of these points on-line is to determine the 

functional representation of n joint paths. However, the transformation f 

in (5) is pointwise. Since no transformation of a function is known, the 

curve fitting procedure may be adopted as follows £16,17,183. The corner 

points of  the Cartesian path are first transformed into joint coordinates. 

• '• - - *— *--• *-••'•-'•«-*••»•« - »• - - • -' - - • - •'-1 - • -«-1'.. .•-. - .*_. .• --'--%--•..•.. _• ---•-»— '_- -- »_ 



'—«—••.»".—> V ••• f -«••'• '.»•• •' > •% .T. ^A^":,
iT

,»,,i.T'.' .••'•<'.','l.'».i"l—CT-»—<  j- v. r. r K—T-  :—:—^- -  

- 43 - 

A cubic function is assigned to each segment between every two adjacent 

joint coordinate points. The adjacent cubic functions are then spLined to- 

gether with the continuity conditions of desired velocity and, if  required, 

I desired acceleration.  Curve fitting  is done by using a large number of 

points on the path, after they are transformed into joint coordinates, and 

applying the least square error fit to obtain the coefficients of the spline 

| function.  Thus one needs to store only the coefficients.  The points on the 

joint paths can be obtained by a simple computation when needed. 

• 

V.  CONCLUSION 

For industrial robots whose assignments are limited to usual tasks in- 

volving mainly synchronization, their controllers can be designed by conven- 

tional methods based on two factors: damping factor and structural resonant 

frequency. It is possible to reduce the steady-state position error and to 

eliminate the tracking and acceleration errors by feedforward compensations. 

For multiple joint controllers, further feedforward compensation is neces- 

sary to encounter the force interactions between joints. However, it intro- 

duces the computational difficulties so that methods of approximation or 

simplification are needed. 

REFERENCES 

1.  Scheinman, V. D., Design of a Computer Manipulator, A. I. Memo 92, Ar- 
tificial Intelligency Laboratory, Stanford University, June 1969. 

2. Paul, R., J. Luh, et al., Advanced Industrial Robot Control Systems, 
Seventh Report, TR-EE 81-8, School of Electrical Engineering, Purdue 
University, March 1981, p. 23. 

3. Roberts, L. 6., Homogeneous Matrix Representation and Manipulation of 
N-dimensional Constructs, Lincoln Laboratory Document, No. MS 1045, 
MIT, 1965. 

4. Paul, R. P., B. Shimano and 6. E. Mayer, "Kinematic Control Equations 
for Simple Manipulators, "IEEE Transactions on Systems, Man and Cyber- 
netics, Vol. 11, No. 6, June 1981, pp. 449-455. 

.. ..  .  . .• . .  . 



^»^r— •. • i. •••..•• I.J .. m i_ • p ••  i ..        i—•••vr ••—c—r—r-s-—r-^-j—s- 

- 44 - 

5. Luh, J. Y. S., W. D. Fisher and R. P. C. Paul, "Joint Torque Control by 
i a Direct Feedback for Industrial Robots," Proceedings of 20th IEEE 

Conference on Decision and Control, December 16-18, 1981, San Diego, 
California, pp.  265-270.  Also to appear in IEEE Transactions on Au- 
tomatic Control, Vo». 23, No. 3, March J983. 

•'. 

6. Bejczy, A. K., Robot Arm Dynamics  and  Control, Technical Memorandum 
I           33-669, Jet Propulsion Laboratory, February 1974. 

7. Paul, R. P., Robot Manipulators; Mathematics, Programming and Control, 
MIT Press, 1981. 

8. Goldstein, H.  Classical Mechanics, Addison-Wesley, 1959. 

9. Lewis, R. A., Autonomous Manipulation on £ Robot; Summary of 
Manipulator Software Functions, Tech Memo. 33-679, Jet Propulsion La- 
boratory, March 1974. 

:• 

10. Bejczy, A. K. and R. P. Paul, "Simplified Robot Arm Dynamics for Con- 
trol," Proceedings of 20th IEEE Conference on Decision and Control, De- 
cember 16-18, 1981, San Diego, California, pp. 261-262. 

11. Luh, J. Y. S. and C. S. Lin, "Automatic Generation of Dynamic Equations 
for Mechanical Manipulators," Proceedings of Joint Automatic Control 
Conference, June 17-19, 1981, Charlottesvilie, Virginia, pp. TA-2D. 

12. Luh, J. Y.S., M. W. Walker and R. P. C. Paul, "On-line Computational 
Scheme for Mechanical Manipulators," ASME Transactions, Journal of 
Dynamic Systems, Measurement and Control, Vol. 102, No. 2, June 1980, 
pp. 69-76. 

i 13. Hollerbach, J. M., "A Recursive Lagrangian Formulation of Manipulator 
Dynamics and a Cooperative Study of Dynamics Formulation Complexity," 
IEEE Transactions on Systems, Man and Cybernetics, Vol. 10, No. 11, No- 
vember 1980, pp. 730-736. 

^       14.  Paul,"R. P., B. Shimano and G. E. Mayer, "Differential Kinematic Con- 
| trol  Equations for Simple Manipulators," IEEE Transactions on Systems, 

Man and Cybernetics, Vol. 11, No. 6, June 1981, pp. 456-460. 
•- 

15. Whitney, D. E., "Resolved Motion Rate Control of Manipulators and Human 
Prostheses," IEEE Transactions on Man-Machine Systems, Vol. 10, No. 2, 
June 1969, pp. 47-53. 

Ö 
16. Paul, R. C, Modeling, Trajectory, Calculation and Servoing of a_ 

Computer Controlled Arm, A. I. Memo 177, Artificial Intelligence La- 
boratory, Stanford University, September 1972. 

17. Finkel, R. A., Constructing and Debugging Manipulator Programs, A. I. 
Memo 284, Artificial Intelligence Laboratory, Stanford University, Au- 
gust 1976. 

18. Luh, J. Y. S. and C. S. Lin, "Approximate Joint Paths for Control  of 
Mechanical Manipulators," prCH.. J EEE Conference on Pattern Recognition 
and Image Processing, Los Vegas, June 1*4-17, 1532, pp. £22-623. 

: 



• v • • • «—•    .« •_• •   I    .1   J» I •T»^"^"^"^ - '.•»•- 

WHAT DID WE 
NEGuaronu 
YOU ABOUT 

THE TOMORROW TOOL? 
There are plenty of facts 

we left out. And there are 
plenty of details about the 
case histories* presented. 
Then there are the ques- 
tions in your mind that we 
never even thought of. 

We'd like to answer them 
for you. We'd like to show 
you how The Tomorrow Tool 
might make your plant more 
productive, more profitable. 
And even safer. Phone or 
write us with any question. 
Industrial Robot Division. 
Cincinnati Milacron. 
4701 Marburg Avenue, 
Cincinnati, Ohio 45209. 
Phone 513/841-8386. 

SHOUIDCR 
swivei 

tmmmmmlm30K »mirtmm 
frOfK Ml •• w^v 

a•» «CM  OM MM* > • to tt«0 «Mt 

BASIC RANGE AND FUDOR 9*C£ DRAWNGS 

THE TOMORROW TOOL 
DOES WORK PEOPLE 

CAN'T DO. 

BASIC SPECS FOR THE TOMORROW TOOL. 
Floor space and net weight 
T3 Industrial robot 9 sq. ft. (0.8 sqm) 5.000 lb (2267 kg) 
Hydraulic power supply 17 sq. ft. (1.5 sqm) 1.200 lb (544 kg) 
Electrical power unit .3.4 sq. ft. (0.3 sqm) 700 lb (317 kg) 
ACRAMATIC computer 

control 10 sq. ft. (0.9 sqm) 1.100 lb (498 kg) 
Load Capacity 
Load 10" (254 mm) from tool mounting plate    120 lbs (54 kg) 
Load at tool mounting plate, max. velocity        175 lbs (79 kg) 
Load at tool mounting plate, reduced velocity, depends on 

arm and wrist attitude* 300 lbs (136 kg) 
Positioning accuracy, axis drive 

. Accuracy to any programmed point ± 0.050-in. (± l.27mm) 
Drive for each of 6 axes Direct, electrohydraulic 
Jointed arm motions, range, velocity 
Max. horizontal sweep  240° 
Max. velocity of tool center point 50 ips (1270 mmps) 
Pitch 190° 
Roll 240° 
Yaw 180° 
Power requirements    230/460 volts, 3 phase. 60 Hz. 22 KVA 
Environmental temperature* 40 to 120° F (5 to 50" C) 
Minicomputer memory capacity    400 points std. 

(additional storage optionally available) 
'Cunvni factory lot  Mionii appitcjt.of** 

Figure Cincinnati   Milacron  T3. 

•  •• •.- i - - • -   - • - ^^^. *-~*. 
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Unimatioii Inc. PUMA Robot 
I   Specifications 

m 

600 Series 

General 
Configuration 6 revolute axes 
Drive Electric DC servos 
Controller System computer 

Teaching method By teach pendant and/or computer terminal 
Program language VAL• 
Program capacity As required by application (4K RAM user memory std.) 
External program storage ploppy-disk (optional) 

Gripper control Computer-controlled, pneumatic, 0.5 cfm @ 100 psi. 
Optional accessories CRTorTTY, floppy-disk, pneumatic grippers (w/o fingers) 

I/O module (115 VAC compatible), continuous path 

' Power requirement 95-130 Vac, 50-60 Hz, 750 VA max. 

Performance Physical characteristics 
Repeatability           :t0.004 in. (.1mm) Arm weight 120 lbs. 
Load capacity          5.0 lbs. (including gripper) (2.27KG) Controller size 16.5 in. x 19.0 in. x 20.0 in. 
Tip velocity             3.3 ft./sec. max. with max. load (H x W x D) 

Static force at tip     13.2 lbs. max. Controller weight 75 lbs. 
Controller cable length 15 ft. max. 

ft: 
WAIST ROTATION 320* 

m 

»• 

* 

SHOULDER ROTATION 200' 

ELBOW ROTATION 270' 

WRIST BEND 200" 

FLANGE 
ROTATION 270' 

GRIPPER MOUNTING 

WRIST ROTATION 300" 

Unfmat/on Inc. 
Figure    2.        PUMA 600 

» CONOEC — Coupon? 

Shelter Rock Lane, Danbury, Connecticut 06810 
Unimjdon' <« a registered trademark o' Unimation inc 

(203) 744-1800 

i9. ^•oficahons subicct to r**nnn without not'CP 600 PI-10/79 
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Figure   5. 

BASE COORDINATES 

p(t) 

(a) 

a(t) 

««••to —o —    o 

s(t) 

»> f*( * 1) 

Io^oJ 

(b) 

(a) Position and Orientation Vectors of the Hand 
(b) Euler Angles of Orientation 
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Figure 6.  Simple Robot Task for Illustration 
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Figure 7-     Schematic Representation of an Actuator-Gear-Load 
Assembly  for One Joint. 
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Figure 8.  Schematic Diagram for an Electrical Drive System. 
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Figure   10.     Schematic  Diagram  for  the  Structural   Representation 
of One  Joint. 
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Differential Kinematic Control Equations for Simple 
Manipulators 

RICHARD P PAUL, SENIOR MEMBER, IEEE, BRUCE SHIMANO, 
AND GORDON E MAYER 

Abstract— The Jacobian representing the differential change in position 
and orientation of ihe manipulator end-effector in terras of differentia) 
changes in joint coordinates Hill be presented together with the inverse 
Jacobian. 

INTRODUCTION 

A general method for obtaining the kinematic equations for 
any manipulator has been developed and demonstrated for the 
PUMA manipulator [2]. The kinematic equations have the homo- 
geneous transformation representing the position and orientation 
of the end-effector as the dependent variable and the joint 
coordinates as the independent variables. In the case of simple 
manipulators, such as the PUMA arm, it is possible to solve these 
equations to obt.iin the joint coordinate* »iven the position and 
orientation of the end-effector [2]. 

In this correspondence we develop a general method for ob- 
taining the Jacobian with differential change in position and 
orientation as dependent variables and differential change in 
joint coordinates as independent variables. A method of obtain- 
ing the Jacobian was developed by Uicker in terms of the 
differential change of transform elements [4]. Groome [1] devel- 
oped the Jacobian in terms of a differential translation and 
rotation, based on vector methods. Whitney and Klumpp [3] 
adapted this method to the standard form of assigning manipula- 
tion coordinates. Their results wefe obtained in a coordinate 
frame located at the manipulator's end-effector but aligned with 
the base coordinate frame. A further matrix multiplication was 
required to obtain the manipulator Jacobian. In this correspon- 
dence we combine the matrix methods of Uicker with the vector 
representation of Groome to provide a straightforward algorithm 
to obtain the Jacobian directly from the kinematic equations. The 
method leads almost directly to equations resulting in the mini- 
mum number of arithmetic operations. 

If the manipulator has a solution obtained by the methods 
developed in [2], then the Inverse Jacobian can be obtained 
directly by differentiating the solution. This task is enormously 
simplified by performing this differentiation in terms of the 
change in the transformation elements and in terms of the 
differential change of each joint coordinate as it is obtained. This 
results in very simple expressions for the differential change. The 
equations representing the kinematic equations and their solution 
for the PUMA arm are included in Appendix I for reference. It is 
assumed that the reader is aware of their derivation and signifi- 
cance, if not, it is suggested that [2] be reviewed. 

THE: JACOBIAN 

The differential change dT, of any transformation T can be 
expressed in terms of the differential change of its elements or in 
terms of a differential translation dxi + dyj + d,k and a dif- 

Manuscripl received December 10. 1980; revised March 30, 1981. This 
material is based upon research supported by the National Science Foundation 
under Grants APR77-14533. APR75-13074, and APR74-Ü1390 Any opinions, 
findings, and conclusions or recommendations in this publication are those of 
the authors and do not necessarily reflect the views of the National Science 
Foundation 
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B Shi man.) is with Ihe West f'oait Division of Unimation Ine, 584IA 
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ferential rotation 8,i + BJ + S,k with respect to T. The relation- 
ship between the two forms is given by 

T+dT= T.(/ + Ar) (1) 

where 

(2) 

and 

dnx do. da,    dp, 

dT = 
dny 

dnt 

doy 

do, 

day    dpy 

da,    dp, 

L o 0 0       0 

0 -«r «,    d, 

*T = 
fi, 0 

fi, 

-8,    d, 

0     d, 

0 0 0      0 
Thus 

dT= T»AT. 

(3) 

(4) 

In the case of a manipulator, T6 describes the end of the manipu- 
lator. We will evaluate Ar6 as a function of changes of joint 
coordinates, and if dTb is desired then we simply premultiply Ar6 

by Tj to obtain dT6. If in the case of a manipulator we were to 
make a change with respect to a link coordinate frame n — 1 of 
4„we could find an equivalent change in 7~6, Ar6 expressed as 

.A..*.. •••At      (5) Tt*bn = At *A2* • •• * A 

or on simplifying 

*Tt={An*   •••Aiy**bK*(An.   •*Aty        (6) 

If link n follows a revolute joint then a change of joint 
coordinate d8n corresponds to a rotation about the i axis of the 
link n — 1 coordinate frame or 

0 -de 0 0 
de 0 0 0 

0 0 0 0 
0 0 0 0 

(7) 

If the link follows a prismatic joint then the change of joint 
coordinate dd„, corresponds to a translation along the z axis of 
the link,,_ | coordinate frame: 

0 0 0 
0 0 0 

pmmatic 0 0 0 
0 0 0 

If we define (/„as(/„= (An. A, 

0 
0 
dd 
0 J 

• At~) with elements 

(8) 

u• = 

Then 

and 

&T6 = 

u.a. 

0 
or 

0 
a, 
0 

Px 

Py 
P, 

1 

rcvoluie •u. 

(9) 

(10) 

Px"y 

P.°y 

P,°y 

Py", 

P>°< 
Py°> 

de. 

(ii) 
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Treating n, o, and a a.s vectors we can rewrite this in terms of the 
vector cross product: 

differential translation and rotation we may write: 

<l 

0 (oX„)i (ax„)t (pX„)i 

(mXo)t 0 (aXo)t (pXo)i 

(*Xa), (o*a)2 0 (/»*«), 

0 0 0 0 

dO . 

(12) 

V. r i ~\ 

Tidy dq2 

T.dt 

T6BX •w- dq3 

dq4 

V, dq5 

Tt6, dq6 

The cross products of orthogonal unit vectors are equal to other 
unit vectors: 

i 

0 -at o, (p*n), 

a, 0 -n2 (PXo)i 

-ot H, 0 (pXa)i 

0 0 0 0 

(16) 

where dq, = dB, if the joint is revolutc and dq, = dd, if the joint is 
prismatic. Therefore the matrix J, the Jacobian, consists of six 
columns of the form: 

d6. (13) 

- * 

In the case of a prismatic joint 

*n= U*    '•Apri.m.tic'f- 

and 

Ä»= 

0 0 0    n 

0 0 0a 
0 3 0    az. 

0 0 0     0. 

dd. 

(14) 

(15) 

revolute prismatic 

U><n); ", 
(pxo), o, 

(;x«), a, 

"/ 0 

O, 0 

a* 0 

where n, o, a, and p are the columns of U where 

(17) 

For example, using the values of U„ (62)-(79) developed for the 
PUMA arm in [2], we may evaluate tie expressions given for the 
columns of the Jacobian and obtain the Jacobian matrix for this 

If we write A7i in the form of a column vector representing a     arm: 

«i 

<".," 

<rriy 

= 

«* 

[fiTiJ 

(d4S2} + 0^ + a2C2)(S4CiCt + C4S„) - rf3[C23(C4C3Q - S4S6) - S„S5Q] 

(d4S23 + JJQ3+ a2C2)(-S4CsS„+ C«Q) - ^[-C23(C4C5St+ S4Q) + S^S,,] 

(d4S23 + a3C23 + a2C2)(S4S5) - d}(CuC4Ss + S2JC5) 

- [S23(C4C5C6- S4S6) + C^Q] 

S23(C4C,S6+S4C6) + C23S5S6 

S23C4S5— C^C} 

(d4S3+ a3C3 + a2)(S5C6) - (- rf4C3 + a353)(C4C5Q - S4Sb) 

- (d4S,+ a3C3+a2)(S5S6) + (-</4C3+ <J3S3)(C4C5S6+ S4Q) 

- (</4S3 + a3C3 + a2)C5- (~d4C,+ a3S3)(C4S5) 

54CjCj +  QSj 
-S4C5S6+QQ 

S4S5 

a3(S5Q) + 4/4(C4CsC6-5456) 

-aj(SiSi)-«/4(CCjSi+S4Q) 
-a,c5+^4(r450 

- 54C556 + C4Q 

S.5, 

0 

0 

0 

S. 

o" "</«,' 
0 </0J 

0 </0, 

0 de4 

0 de,, 
1 de. 

(18) 
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Assuming that the solution has been evaluated, the computation 
of the Jacobian requires 51 multiplies and 24 additions. Each 
solution of (16) requires 36 multiplies and 30 additions. Trie 
earlier method of Whitney and Klumpp [3] involves an additional 
108 multiplies and 72 additions to compute the Jacobian. 

DlH-HRENTlAL CHANGE IN POSITION 

In manipulation we frequently need a solution to (16), that is, 
given a desired differential change in position and orientation dx, 
dv, d., Sx, Sv, and 8. what is the required differential change in 
the joint coordinates dqt: 

(19) 

It is sometimes possible to invert the Jacobian symbolically but 
this is difficult as the expression of the elements of the Jacobian 
(18) are quite complicated. A numeric solution to (16) can be 
obtained, but this is typically far too slow and complicated by the 
Jacobian becoming singular whenever the manipulator becomes 
degenerate. An even worse approach is to invert the Jacobian 
numerically as this requires six solutions to (16). The approach 
we will follow is to differentiate the solution obtained for the 
joint coordinates given a value of 7^ [2J. This method gives us 
expressions for differential changes in the same order as we 
obtained the joint coordinates Manipulator degeneracies are 
easily identified. The expressions for each differential change in 
joint coordinates are a function of change in 7"6, and also of the 
differential joint angle changes already obtained. This frequently 
results in simpler expressions for the differential changes and if, 
due to joint constraints, a change is not possible, then the change 
may be set to zero, resulting in a correct solution for the follow- 
ing joints. We will assume that a solution has been obtained and 
that the sines and cosines of the joint angles are available. 

The equations relating to the solution for the PUMA arm are 
included in Appendix I, and we will illustrate the method by 
obtaining the inverse Jacobian for this arm. Equation (80) speci- 
fies 8,, for the PUMA arm which we may differentiate to obtain 
an expression for ddt: 

d6,= 
C,dpr- Sxdp, 

C\P.+ SiP> 
(20) 

If the denominator is zero the manipulator is degenerate and d8x 

may be assigned arbitrarily. We check, as we obtain each dif- 
ferential change, in case 8 + d6 exceeds the joint motion limit. If 
'.his happen.1) we set d8 to 

dB • limit - 8 (21) 

then 8 + dO equals the joint motion limit. As we obtain each 
differential change d8,, we also evaluate d(sin 8,) and (/(cosö,) as 

dS, = C, Ot, (22) 

iC,= -S,d6,. (23) 

We have Bi specified by (81) through (83), and we define 

v ~ 2a2d4S} + 2a2aJCj, (24) 

differentiating, we obtain 

rf. 
dO, 

2"2(</4C, - OjSj) 

where 

«f*=2/ii</>)«'/,.(I'M 2/,j(p)«//l,(p) 

(25) 

(26) 

and dlU{ p) and dfx2(p) may be obtained by differentiating (82) 
and (83). 

We now solve for d82) using (84)-(86), and define 

-V\= »ifu(p)- "tP, (27) 

o»= *'i/n(/>) 4 wiP,- (28) 

Therefore 

S2iv2 + C2Svt = 0. (29) 

Differentiating, we obtain 

dB» = - ciiv2~ suv\ 
(30) 

where dvu dv2, <twu and dw2 may be explicitly obtained by direct 
differentiation. 

Thus 

In general, if 

2 - d62i - dB). 

N sin 6 
tanö 

rVcostf 

where /V is any variable then 

N cos 6d (N sin 8 ) - N sin Bd (N cos 8 ) 
dB = 

(/Vsinö)2+ (NcosB)1 

(31) 

(32) 

(33) 

From (87) and (88), we obtain expressions for NS4 and NC4 and 
their derivatives 

NS4=-Slfll+C,a, (34) 

d(NS4) = ~dS^ax~ Sxdax + dCyay+ Cxday       (35) 

NC4= C13D4i-S2iaz (36) 

where 

D41 = Cxax + S,a, (37) 

dD4>=dC,ax + C]dax + dSxay+ S{day (38) 

so, 

d(NCt) = dC2sD4, + C2idD4l - dS2iat - S2ida,     (39) 

and dB, is then obtained from (33) as 

NC4d(NS4)~ NS4d(NC4) 
d84- 

(NS4? + {NC4f 
(40) 

Once again a zero denominator indicates a manipulator degener- 
acy and dd4 may then be assigned arbitrarily. 

In the case of 6} we have expressions for both sine and consine 
and the expression for the derivative becomes 

dB = C8d(S6)- SBd(CB). (41) 

When we have expressions for both the sine and cosine the 
manipulator cannot become degenerate. We have from (89) and 
(90): 

S5= C4NC4 • S,WS, (42) 

dSt « dC4NC4 + C4d(NC4) + dS4S'S4 + S4d( NS4) (43) 

Q= S2iD4>+C2ia, (44) 

dC, = dSnD4l + SndD4i + dC2ia, i C^dt,. (45) 

t/Oj is then obtained from (33) as 

d8>= C^dS)-ShdQ (46) 

In this case we do not need to evaluate </.9s and dC^ as they are 
given above 

• * - ' - * ,i 
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Finally, for 0„ wc have from (91) and (92): 

Q= -S4Ntu+ CtNtlii 

where 

H»l- CI°X + S\°y 

dNttll = dC,ox + Cxdo, + </$,<>, + Stdoy 

^611= ^23^6111 + C2idNbU] - dS2)0: - Sjydo, 

^6i2 = — S2jN6|n— C2-,o, 

^6i2 = -^23^6iii _ S2}dNtlu - dC2,o, - C^do, 

\i=CAf6II+ «.Af6112 

<W6I = rfC4\6ll + C4«rW6ll + </S4tf6ll2 + S4dS'bin 

then 

do; = -dCsNbl - C,dNtl - dSsNtX2 - SidNbl2 

dQ = -dS4N611- S4dN6ll + dC4NbXU + C4dNtm 

and t/06 is obtained from (40) as 

-   d0„= QdSf,-SbdC6. 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

The differentia] solution dO/dTb represents 91 multiplies and 
55 additions and no transcendental function calls, assuming that 
the solution has been evaluated. 

SUMMARY 

The Jacobian can be developed in a straightforward manner 
from kinematic equations. These equations and the Jacobian can 
be obtained for any manipulator. Further if the solution to the 
kinematic equations has been obtained, the differential change in 
joint coordinates for a differential change in position and orienta- 
tion can also be determined. 

APPENDIX 

The kinematics of any mar pulator are defined by the A 
matrices (2]. From the matrices we develop the U matrices for the 
PUMA arm as follows: 

14= SsQ 

0 

U6=A6 

Q 
o 

-c5 

0 
0 

(62) 

(63) 

</.= n= 
", ox 

a. 
"> °Y a, 

", °, a, 
0 0 0 

p, 
p, 
p, 

1 

(67) 

where 

«, = Cx\C2i(C,CiCt- S4Sb) - S2353C6] - S,[54C,Q + C4Sb) 

(68) 

ny = SJCjjCdCjQ- S4Sb) - S23S5Q] + C,[S4c:5C6+ C4Sb] 
(69) 

nz—     S23(C4C5C6     S4Sb)     C^SjCf, 

ox = C,[-4rfQC& + S4Cb) + S23S556J 

-S,[-S4C5S6+C4C61 

o,= 5,[-C23(C4C5S6+ S4Q) + 52355S6] 

+ Cx[~S4CiSb+C4Cb] 

o, = S2i(C4QSb + S4Ct) + C23S55i 

o» = C,(C2jC4S5 + S2JC5) - S,54S5 

9,- Sl(C2JC4Si + S2iCi) + CtS4Si 

at= -S2jC4S5+ C2JCj 

Px ~ C,(d4S2J + üjC23 + a2C2) - Sfd} 

Py = Sx(d4S2i + a3C23 + a2C2) + Cxd, 

P, ~ -(.~d4C23 + 03^23 + a2S2). 

(70) 

(71) 

(72) 

(73) 

(74) 

(75> 

(76) 

(77) 

(78) 

(79) 

The solution of the equations represented by T6 is presented in 
[2], the key equations in the solution are 

-Sxpx+ Cxpy=d3 

fii(.P) = C,p„+S]py 

/»(#)=   -Pz 

S2} _ "ifn(p) ~ »\Pz 

C23 w\f\\(p) + "lP, 

a\ = 2a2<j4S3 + 2a2a3Cj 

U4 = (64) 

U,= 

U,= 

C4C5Q-S4S6     -C4CsSb~S4Q    C4S,     0 
54C,Q+C456     -54QS6+C4Q    5455     0 

-SsQ 5556 C5      d4 

0 0 0        1 
C3(C4C,C6 - S4Sb) - SJSJQ     -C^C^S, + 54Q) + S3S5S6     C,C455 + 53C5 

S3(C4CsQ-S45j + CjS4Q     -S^CCJ^+^QJ-CJSJS;    5,C45S-C3CS 

»2= d4+ a2Sy 

C4Si = C2i(Cxax + S{ay) - S2}a, 

S4S$- -Sxax+ Cxay 

Si = C4[C2,(Ciax+S,ay) - Sjja,) + S4[-Stax + C,«, 

(80) 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

(87) 

(88) 

(89) 

d4S, + a3C3 

-d4C,+ a3Sj 
s4c5q + c4s„ 

o 
C»(CCjQ- S4S6) - 52,55r6 

•5j3(C4C5C6
— >S456) + C2355Q 

^QQ + C4Sb 

0 

54C556 + C4C6 

0 
-C2J(C4C5S6+ 54Q) + S2iS,Sb 

-S23(C4C556+S4C6)-C2jS5S6 

-S4C5S6+ C4Q 
0 

5455 

0 

S4S5 

0 

1 

rf4523 + tf,C:j + o2C2 

-rf4C2J+ a,S23+ a2S2 

I 

(65) 

(66) 
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t"j = S2}(C|a, + S,a() + C2\a. (90)     preparing the drawings. Richard Gray and Gordon Mayer pro- 
s~.^.~   ,~ „      , gramed the solutions. 

S»= -C^CAC^C^o, + Stot) - SJA\ + S4[Stox 

| +C|0l]}+S5{S23(C|0l+5,0,) + r2,0,} (91) REFERENCES 
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