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FOREWORD

This report gives the basics of active filter design, both theory and prac-
tice. It is an update and expansion of a previous report issued in 1979. It

will be of interest to persons working in the fields of analog filter design or
signal processing.

Approved by:
W. NES, Acting Head
-Sur ASW Division
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INTRODUCTION

In the past ten years or so, active filters have become quite
popular. Probably the biggest single cause is the availability of
good monolithic integrated-circuit (IC) operational amplifiers
(op-amps). Other factors are improvements in resistors and
capacitors (both discrete and monolithic) some advances in the basic
theory, new methods for achieving certain functions, availability of
computers for analysis and simulation, and simply the need for more
exotic filters as part of more sophisticated systems.

To some extent the term "active filter" has become a magic
"buzzword", and some misconceptions about them have become
widespread. The primary advantage of modern active filters 1is that
they are the most practical solution to a large number of common
filter design problems. Most of the theory is not new at all, some
of it having been around for more than half a century. The
applications are new. In theory, active filters can't do much that
couldn't be done with passive filters and simple amplifiers. The
difference is in practicality. Active filters cannot do everything
imaginable; there are definite limits. Often on a given project,
the filter considerations are left until last and the filter designer
handed an impossible job. There is no such thing as a "best" type of
active filter. There are many tradeoffs and the designer must
realistically decide what properties he must have and what he can do
without.

Active filter design theory could fill a large book, and indeed
a number of books have sprung up recently. Some are very good and
some are not so gqood. Table 1 gqgives the author's preferences.
Number one was used as the basis for the original report.l Number two
1s another good, easy to understand book. Numbers three and four are
very thorough references on active filters and op-amps respectively.
Some of the material in this report was previously published in
numbers five and six. This report is really a companion to number
five. Number seven is a classic reference on filter theory, hut done
entirely for passive c¢ircuits. Number eight is a newer book which
can be used to replace number seven. Number nine is one of the
better simple '"cookbooks",. Number ten is a thorough book covering
the most recent techniques.

1De]agrange, A. D., An Active Filter Primer, NSWC TR 79-137, 1 Mar
1979.

1
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= 1973.

~3 .

L4 3. Blinchikoff and Zverev, Filtering in Time and Frequency Domain,

o Wiley, 1976.
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Most of the books attempt to simplify the desian to the point
where an engineer with no filter experience can build a working
filter. That will be done in this report, too; however, the 1less
one knows of the theory, the more likely it is that one will run into
problems. Therefore, this report will begin with a review of the
theory and then proceed to actual desians. The novice reader should
not be discouraged if he has trouble with some of the early sections
dealing with theory, as later examples will make some points more
clear. (On the other hand, the experienced desidner will be bored by
some of the background material.) Many of the statements will be
generalizations or approximations, but all are accurate enough for

most engineering design. The filter circuits shown have all been
tested and work. The curves shown in Appendix A are all obtained
from actual e i'newi s they are not theoretical or

computer-simulation curves.

There are several reasonable assumptions implicit in these or

any other filter desians. The filters must be driven from a low
impedance; a simple op-amp voltage follower can bhe added at the
input if necessary. A reasonable load is assumed; since all

circuits here are arranged to have an op-amp at the output, this
means, simply, a load that can be driven by an op-amp. The frequency
range must be such that the op-amps perform pretty much 1ike ideal
op-amps. Note that an op-amp with a gain-bandwidth of 1 MHz is
useless at 1 MHz; the useful range would typically be 10 KHz. And
of course the allowable op-amp voltage swing must not be exceeded.

This report is 1limited to analoa, 1linear, frequency-domain
filters. Although there are many types that fall outside this scope,
they comprise a small percentage of actual use. Note that although
digital filters are active devices, they are normally considered a
separate category and not included in the term "active filters."

This report is hopefully an improvement over the previous
edition. It has become more sophisticated, including more options
and some new, advanced material. The basic approach 1is wunchanged,
though, and it should be only slightly more difficult for beginners.
Whereas the original included only two, three and four-pole versions
of the basic filter types, this version presents a better, unified
approach where component values are listed in a table and go wup to
nine-poles. This report gives the basic filters in a more desirable
form where capacitance values are all equal and only resistors need
be selected; also the need for three-pole sections is eliminated.
E1liptic filters are wusually mentioned only as an idea; here
practical methods for building them are presented. A general method
of converting any passive prototype, including bandpass and bandstop,
to an active version s given. The original report should be
retained, as occasionally the old alternate filter forms might be
desired.
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ADVANTAGES AND DISADVANTAGES

Table 2 gives a summary of the characteristics of active filters

as compared to passive and digital. Passive filters were the
forerunners of active filters, and much of the basic theory carries
over. (Crystal and mechanical filters can be reasonably well thrown

in with passive filters here.) Digital filters are sort of the next
step beyond analog active filters, although a direct comparison is
not completely fair. For example, a digital filter usually requires
an analog prefilter anyway. Many digital filters are derived
directly from counterparts, and the theory carries over with
modification, but many others perform functions one would never
attempt with analog circuitry. 7o confuse the issue farther, there
is a <class of filters that uses both analog and digital techniques.
These will only be mentioned in passing.

A word or two of justification for the entries of Table 2:
Inductors are, of <course, the most serious handicap of passive
filters. The requirement of a power supply 1is no longer a
significant handicap; but note that active filters require better
requlation while digital usually require more power. Passive filters
have virtually no high-frequency 1imit, but become bulky below 10 KHz
and virtually unacceptahle below 1 KHz. Active filters suit the
mid-range from 1 Hz to 1 KHz, but can be used with some care to 10
KHz and in limited applications as high as 1 MHz. Digital filters
have no inherent low-frequency limit because the clock can always be
slowed down, hut are limited by sample frequency and are dgenerally
used below 1 KHz, with 1limited application to 10 KHz or 100 KHz.
Passive filters usually must be impedance-matched on both input and
output. Active filters normally have high enough input impedance and
low enough output impedance that impedance 1is not a problem. In
digital filters, 1impedance 1is not directly relevant; instead one
must observe loading rules and compatibility between 1logic types.
Some types of passive filters <can have many sections; 23-pole
crystal filters are common. Active filter design becomes difficult
beyond 10 poles. Digital filters may be expanded nearly indefinitely
by adding more hardware (or software) if possible. Similarly, with
dynamic ranqge, passive has no inherent 1limit beyond practical
considerations; active is limited by power supply on the high end
and semiconductor noise on the low end; digital can be expanded, but
note that more bits means more expense and slower operation. Passive
tends to be expensive because of inductors, and digital expensive
because of the number of parts; however, Tlarge-scale integration
(LST) will soon provide exceptions to the latter. Passive filters
often show large discrepancies between <calculated and actual
performance, while active ones tend to be good, especially if
tolerance errors are accounted for; and digital is, of course, exact
if quantization is included in the analysis.
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i TABLE 2. COMPARISON OF FILTER METHODS
Method
‘—;:;;;::;--~§§‘~"“-_, Passive Active/Analog Digital
Uses Inductors? Yes No No
Requires Power Supply? No Yes Yes
gg;;giigg;ncy Poor Fair Good
Input Impedance Matched High Irrelevant
Output Impedance Matched Low Irrelevant
Number of Sections Many Few Expandable
Dynamic Range Good Fair Expandable
Expense Medium Low High
Match to Calculations Poor Good Exact
B g emid ol S iR e Rl _L&.;J:.A‘LMI—M 2. ,\'..- 3 &.::.E.a_’.....-, A&‘J@mw donacel - NERERENERESERS VY




NSWC TR 82-552

BASIC DEFIMITIONS

The reader should be familar with the basic definitions and
facts of this section. Otherwise, difficulties are almost
inevitable.

Decibels (dB) is defined as 20 times the logarithm (base ten) of
a voltage ratio. In this report, it is always the ratio of the
output voltage, to the input voltage equivalent to gain. Attenuation
is the opposite of gain, the reciprocal of the voltage ratio or
simply the negative number of decibels. Table 3 gqives approximate
numbers for the most common conversions. By memorizing these few
numhers, most other combinations can quickly be estimated mentally.
For example, a gain of 100 is 10 squared, so the conversion is 40 dB.
An attenuation of 1/5 is an attenuation of 1/10 plus a gain of 2 of
-14 dR; a gain of 35 dB is 40 dR - 6 dB + 1 dB, or (100/2)(1.1) =
55; and so forth.

An octave is a factor of two, normally applied to frequency; a
decade is a factor of ten. Thus, a function that is directly
proportional to frequency (or the reciprocal), such as a simple
single-pole filter, has a slope of 6 dB/octave, equivalent to 20
dB/decade.
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TABLE 3. APPROXIMATE DECIBEL CONVERSION

Number of Equivalent Equivalent
Decibels Gain Attenuation
0 1 1
1 1ol 0.9
3 1.4 0.7
6 2 0.5
10 3 0.3
20 10 0. 1
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%} The radian frequency w is equal to 2nf where f s in Hertz

i; (cycles per second). The factor 2n appears often in filter theory.

M w=1/1 where T is the time constant of a simple RC; f=1/T where T s
the time period of the corresponding sine wave. So again, there is a

E{ factor of 2 m between t and T; wunfortunately, the <component values )

S50 work out in terms of w or v, bhut filter time-domain responses are

|30 most meaningful in terms of f or T. For phase, one complete cycle is

EJ equivalent to either 360 deqgrees (°) or 2n radians (rads) and again

2 the factor of 2r occurs between cycles and radians. Phase response

is sometimes plotted in terms of group delay, which is the derivative
of phase shift with respect to frequency (d¢/df), so a 1linear phase
shift curve corresponds to constant (flat) group delay.

o The Laplace transform variable S (also called generalized
"y frequency) is equal to o + jw, where j = V-1 . The real part, o, has
to do with damping or exponential decay, and 1is associated with
transient behaviour. The imaginary part, w, is the same previously
mentioned and has to do with periodic signals; in particular to
B obtain the response of a filter to a sine wave of arbitrary frequency
- (frequency response) simply take the filter transfer function and
i substitute Jjw in place of S, implying that any transients have died
out and the filter is operating in a steady-state condition.

The usual filter functions are shown schematically in Figure 1.
: A low-pass filter retains the low frequencies while rejecting the
. higher frequencies as completely as possible. A high-pass is the
exact opposite, rejecting the lower frequencies. A handpass retains
some band of frequencies while rejecting both highs and 1lows. A
&5 band-reject is the opposite of bandrass, retaining all but a specific
- band. An all-pass is <constant over all frequencies. Here the
&% amplitude is left wundisturbed; the properties to be altered are
=3 phase and time response, and further graphs are necessary.

Figure 2 shows samples of the graphs of filter performance used
= in this report. The amplitude response versus frequency, also simply
-, called the frequency response, 1is wusually the plot of interest.
L Either axis may be either linear (1in) or logarithmic (log); always
7 be careful to note which is used in any given graph, as the apparent
Y shape changes <considerably when the scale is changed. The best

method is log/loq, but unfortunately, oscilloscopes are 1linear on
both axes, and oscillators and spectrum analyzers often do not have a
log sweep capability. The plots in this report (see Appendix A) are
log/1in.

The amplitude response (see Figure 2.A; low-pass is shown) has

three regions: Response in the passhand is as flat (constant) as

i possible; the graph is usually normalized to wunity gain (0dB)
s, although the filter itself may not be. It may have droop toward the
zﬁ edge of the band and/or ripple throughout the band; the Tlatter is
L usually of constant amplitude, i.e., the peaks and valleys are all a
~ given deviation from the gain at DC. Response in the stopband will
eventually approach a straight line on a log/log (or 1in/1in) plot.
The transition band is simply the region between the two, desired to
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C. BANDPASS F
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E. ALL - PASS F

FIGURE 1. COMMON FILTER FUNCTIONS
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be as steep as possible.

The filter cutoff frequency, or simply filter frequency, is the
edge of the passband; it may be defined in at least five different
ways, which may or may not give the same point, and the wuser should
understand which is used for any given plot. By far the most common
is the 3 dB down point (fi1). However, if the filter is a type that
has ripple, the cutoff frequency may be defined as the point the
curve leaves the ripple band (f2), which is usually 1less than 3dB.
It may be defined at the intersection of the linear extensions of the
curve from the response at low and high frequency, (f3), as both will
eventually become straight lines on a 1oq/log plot. It may be some
convenient number that falls out of the mathematical analysis (fy
not shown). Lastly, it may be defined by phase, even for an
amplitude filter; for example, the frequency at which the phase
shift 1is 45° times the number of sections (fs not shown). This
report in various places uses fi, f2, and f3; fy and fg are
sometimes the same as the one used. Designs are normalized to a
cutoff frequency of 1 rad/sec.

Usually ignored, but of dincreasing interest especially 1in
feedback, correlation or direction-determining systems, is the phase
response (see Figure 2B). The vertical may be plotted in either
degrees or radians, differing by only a scale factor; in phase lag
or phase lead, differing by only a minus sign; but in any case,
linear. The horizontal may be either linear or log; linear is best,
but the graph then may not correspond to the amplitude response. On
a log frequency scale the curve will flatten out to a constant at
both high and low ends; however, phase response is wusually not of
interest in the stopband. Phase 1lag wusually increases with
increasing frequency. As noted, instead of phase, the plot may be
for group delay, which would be the derivative of the curve shown.
Actually group delay is more often the quantity of interest, but
phasemeters exist and delay-meters do not. Appendix A uses phase.

The third quantity of interest is the time domain response, also
called transient response or step response. Mathematically, the
function of primary interest is the 1impulse response, the time
response of the filter to a pulse of infinite amplitude and
infinitesimal width., Since the Fourier transform of an impulse is a
flat frequency spectrum and a flat phase spectrum, the Fourier
transform of the filter impulse response gives the amplitude and
phase response; hence the impulse response completely defines the
filter. Unfortunately, an ideal impulse cannot be generated in the
real world, so instead the step response is usually used. A unit
step is the integral of a unit impulse, so the filter response is the
integral of the impulse response; also step response often has
direct physical significance.

For a unity gain filter, the output of a low-pass filter will

eventually rise to the 1input value. It will always have a finite
slope, may exhibit a noticeahle delay and/or overshoot/ringing.

11
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Filter rise time is often of interest, and may be defined in a
number of ways. It may be the point on the curve (1-1/e),
e=2.718...(T1), the 90% point (T2), the time it crosses wunity (T3),
or the time it enters and stays within some arhitrary (1+¢) error
band (T,). Rise times are listed in some references, but not here;
however, they may be obtained approximately from the curves of
Appendix A. Step response is generally most meaningfully normalized to
2m seconds (sec) for a filter normalized to radian frequency of
unity; that is done here. Scale is, by definition, 1in/1in.

SPECIFYING A FILTER

A filter problem is usually specified as an amplitude response
curve., For instance, an ideal low-pass filter would have rectangular
characteristics (Figure 3A); the passband perfectly flat, the
transition band infinitely steep, and the reject band having complete
rejection everywhere. By Murphy's Law, such a filter cannot be
built, at 1least not with a finite number of parts. The first step
toward a more realistic filter is to add a finite slope (refer to
Fiqure 3A); however, it turns out that this is still unrealizable
because the corner is infinitely sharp. If the <corner 1is rounded,
the characteristic may be achievable, but there is no indication yet
of how to go about it. (Note that the filter is not completely
specified without adding phase response, bhut we usually don't care.)
Therefore, filter transfer functions are wusually specified by
polynomials, or more precisely by a ratio of polynomials, such as:

H(S) = 2+ 2
SSEEN 6N eRASEND

Each term after the first in either the numerator or the denominator
creates one bend 1in the amplitude response <curve, which also
corresponds to one reactive component in a circuit. Thus a ratio of
finite polynomials implies a finite number of parts. There are
techniques for deriving a filter design from this, but the polynomial
does not yet imply a realizable design, as the filter may be unstable
or some components with negative values might be required. There are
also mathematical tests for determining which polynomials are
realizable. Even so, the correspondence between the polynomials and
the shape of the curve is not obvious, hut requires plotting by hand
or by computer. To make the frequency response plot, recall that S
must be replaced by jw; the polynomial becomes:

12
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FIGURE 3. GRAPHICAL METHODS OF FILTER SPECIFICATION
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(iw) 42
(Ju)3 + 3(juw)? + 4(Juw) + 2

. This can be reduced to two terms, one real (having no j's) and the
i other 1imaginary (multiplied by j). If amplitude is of interest, the
o magnitude is found by taking the square root of the sum of the
- squares of the real and imaginary parts; if phase is required, it is

Eﬁ found by taking the arctangent of the ratio of the imaginary part to
- the real part.

3 The next step is to factor both numerator and denominator into a
N product of terms. The example above becomes
I

H(S) = (2]

S+DE+1+37)(S+T1-3)

The numerator factors are termed zeros and the denominator factors
are termed poles; the transfer function becomes zero at the zeros
and infinte at the poles. The poles and zeros may be plotted on a
o two-dimensional plot of real part versus imaginary part, called the
3 pole-zero plot, S-plane or complex plane (Fiqure 3B). -A zero is
indicated by a "0" and pole by an "X". (The word complex should be
used only to mean "having both real and imaginary parts" and not
2 "complicated"). Both axes are lin. This plot turns out to be useful

. for several reasons. The poles are the natural frequencies of the

< filter; they give the modes of oscillation and decay that will occur

E if the filter is hit with a bunch of energy (such as an impulse) and f

% then Tleft to 1{its own devices. The poles cannot be in the right
half-plane, or the natural response would be an indefinitely ,

N increasing function 1instead of eventually dying out. A practical

- filter cannot have poles directly on the imaginary (jw) axis either,

2 as this 1implies a sinusoidal response that continues forever; in

&) fact filters having poles very close to the imaginary axis may have

A problems. In a transfer function, there is no restriction on the

¢ placement of the zeros; as long as the response is zero, we don't

i really care what caused it. The poles and zeros must be placed

symmetrically about the real (o) axis (complex conjugates) so that
when the factors are multiplied out, the imaginary parts cancel;
iy otherwise the design would require components having imaginary values
. (imaginary components?). Since a sinewave at a given frequency
represents a point on the imaginary axis, the magnitude of the filter
& response at that frequency will be the product of the magnitudes of

14
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the vectors from that point to each of the zeros divided by the
product of the magnitudes of the vectors from that point to each of
the poles; the phase angle is the sum of the vector angles to the
poles minus the sum of the vector angles to the zeros (See Figure
3B). As the frequency passes near a pole, the response will become
larger because one denominator factor will become small, vice-versa
for a zero, and so forth. Thus, the frequency response can be
mentally estimated to some degree, and the effect of moving one of
the poles or zeros can be observed. Frequency may be positive or
negative; response will be the same due to the symmetry of the plot;
really only half of each need be plotted. The pole-zero plot
completely defines the filter except for gain factor.

An alternate method which is sometimes useful is to separate the
polynomial into a sum of terms instead of a product; a partial
fraction expansion. The polynomial becomes:

s (1-3)  _ o (1%))
HS) S (S+1-3) * T(5+1+J)

Again this may be plotted in the complex plane, and 1is <called a
pole-residue plot (Figure 3C). The zeros are not shown; instead
each pole has associated with it a residue, which is the value of the
function at that ©point if the "infinity" is eliminated by removing
the denominator factor. Residues must be complex conjugates so the
polynomial will be real when multiplied out. Again filter response
may be visualized by vectors, but this now requires adding
vectorially while <correcting for residues, which is difficult. The
pole-residue plot completely describes the filter, although the gain
factor may be ignored. Note that Figures 3B and 3C correspond to
each other but not to 3A.

0f course, what is actually done in 99% of the design problems
is to wuse a standard filter type that is already well-known and
well-documented. These types wusually exhibit some special
property in frequency, phase or transient response or circuit
realization, are named by that property or the man responsible for
the design, and often exhibit noticeable patterns in the pole plot.
Most texts, including this one, tabulate these filters; but wusing
the tabulations requires another element of theory which is described
in the next section.

TRANSFORMATIONS

Because of the larqe number of variables (characteristic,
function, number of sections, frequency, impedance, etc.) involved in
filter design, it is impossible to provide a complete catalog of

15
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T ready-to-use circuits. That would fill a 1library, so some
;ﬁ. generalization is necessary. What is done is to give a filter in
P “normalized" or "prototype" form, typically having a cutoff frequency
J of 1 rad/sec and an impedance level of 1 ohm, The prototype would
FG never be used directly, but a filter having the desired frequency and
NS impedance may be obtained from the prototype by simple
|

4

transformations. In some texts, the prototype is always given as a
low-pass, and an additional transformation 1is necessary if high-pass
is desired; but both are given in this report. An example of a
normalized 1 rad/sec, 1 ohm design is shown in Figure 4A.

-
]

32

vy .—!"A‘.‘
1, 0
PA

3
t,: If all capacitor values (and inductors if any) are reduced by a
o factor K, it is fairly evident that the filter will act the same way
- as before, only Kg times faster; in other words, the frequency
- characteristic will have the same shape, hut all frequencies will be

Kg times higher. This is termed “frequency scaling". Fiqure 4B
shows the same filter scaled up to 10,000 rad/sec (about 1.6 KHz).
Already the capacitor values look more reasonable.
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F‘ If all resistors (and inductors if any) are multiplied by a
o factor K; and all capacitors are divided by the same factor Ky, it
4 can be shown fairly easily that the voltage transfer vratio will be
t}: unchanged; all currents will be Ky times less, but this does not
F{u affect any voltage ratio. This 1is termed "impedance scaling"
i Figure 4C shows the <circuit of Figure 4B scaled up by a factor of
t. 10,000 in impedance. For our purposes, performance is identical for

the two. The component values are now entirely reasonable; this is
a working filter. These two transformations are all the reader need
know to use this report. However, the following additional ones are
useful at t1mes, and indeed some were used to generate some of the
circuits given.

To change a low-pass function to a high-pass function, S s
replaced by 1/S everywhere in the polynomial. It can be shown that
the new prototype circuit may be obtained by replacing each capacitor
with an inductor (and vice-versa if necessary); this is not directly
useful because the point of using active filters in the first place
was to avoid inductors. Further transformations may or may not be
possible to eliminate the inductors. Alternately, in some circuits
the resistors and capacitors may be simply interchanged; Figure 4D
is the high-pass version of Fiqure 4A. The component values are
inverted because the impedance of a capacitor is inversely
proportional to its value; they appear to interchange only because
the capacitor values in Figure 4A happen to be reciprocals for this
example. Note: Component values are given to four significant
figures to prevent possible roundoff errors when making
transformations. The usual components for filter design are 1%
tolerance (three significant fiqures) with +5% or +10% (two
significant fiqgures) allowable in some applications.

A low-pass may be transformed to a bandpass by replacing S by
§+1/S in the polynomial, which replaces each capacitor with a
: capacitor in parallel with an inductor. This is less useful to us,

16
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B. FREQUENCY SCALING
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FIGURE 4. CIRCUIT TRANSFORMATIONS
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and there is no equivalent RC transformation. Similarly, a
band-reject is generated by replacing S by 1/(S+1/S), equivalent to
replacing each capacitor with a capacitor in series with an inductor.

- -
.
» .
g o' s
a .o o

Thevenin's theorem says that any network of sources and
resistors may be replaced by a single voltage source in series with a
single resistor. An example is shown in Figure 4E; the two circuits
act identically at the output for any Ky. Norton's theorem is
similar but uses a current source in parallel with a resistor.
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Sometimes an inductor may be replaced with a synthetic inductor,
a circuit made using op-amps, resistors, and capacitors which looks
like an inductor at its terminals. It turns out this works best for
cases where one terminal is grounded. If the inductor is "floating"
(neither end grounded), a transformation wusing "“super-capacitors,"
also referred to as D-elements or FONR's (Frequency-Dependent Negative
Resistors)2 may be possible. Here each inductor is replaced with a
resistor, each resistor with a capacitor, and each capacitor with a
super-capacitor, an active circuit having an impedance of 1/DS .
Each impedance in the filter is simply multiplied by 1/S and the
voltage transfer ratio remains unchanged. An example 1is shown in
Figure 4F.
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Usually the easiest way to realize a filter characteristic is to
use a combination of standard "building block" circuits. Caution:
i There is often confusion between filter <characteristics and filter
circuits. The two are virtually independent; a given basic circuit
design might be used to realize several different characteristics by
simply changing component values; conversely, a given filter
characteristic might be realized using a number of different circuit
topologies.

-
AATACAD

The pole-zero and pole-residue plots indicate that any filter
may be built by assembiing a number of individual single real axis
poles and zeros and pairs of complex-conjugate poles and zeros
(referred to simply as pole-pairs and zero-pairs). Caution again: A
filter may be specified by the number of sections, but a section may

e have either one pole or a pole-pair. To make matters worse, a
koo pole-pair is sometimes referred to simply as a pole, particularly in
a5 bandpass circuits. Filters are often specified by the number of
) poles and zeros, but the zeros are sometimes ignored. The number of
[ poles may be also referred to as the "order" of the filter, but this

becomes less clear when zeros are added.

L- 2B\r-ut:on and Treleavan, "Active Filter Design Using Generalized Impedance Converters,"
i EON Magazine, 5 Feb 1973.
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Single real-axis poles are realized by simple RC «circuits
without feedback. Pule-pairs are obtained with circuits termed
resonators, second-order active feedback circuits which may also be
described in terms of the feedback theory parameters natural
frequency and damping ratio. In general, zeros are difficult to
generate; few filters use them. Zeros always come with associated
poles that must be accounted for, as any circuit that does something
must have a natural frequency.

Figure 5A shows the most common circuit for generating a complex
pole-pair, attributed to Sallen and Key. (They wused an
emitter-follower, but an op-amp works better except at high
frequency; this report will use op-amps exclusively.) The low-pass
version is shown; the equivalent high-pass versioii has the resistors
and capacitors interchanged. Either circuit looks somewhat like an
oscillator; indeed a resonator may be thought of as an oscillator
that can't quite maintain oscillation but exhibits a ringing which
dies out.

The universal active filter (Figure 5B), also 1in slightly
different forms known as the state-variable or bi-quad, is so called
because it simultaneously provides low-pass, high-pass and bandpass
outputs. With the addition of a summing amp it can also provide a
band-reject or all-pass output. It is indeed an oscillator circuit
with negative feedback added to damp the oscillation. It is somewhat
complicated but is becoming more popular now that a quad of op-amps

in a single package is available, sometimes with matched resistors
for this specific application.

As indicated earlier a passive LC <circuit may be adapted ¢ty
synthesizing the inductor. The dotted T1ine in Figqure 5C indictes
that it actually contains not an inductor but an active-RC <circuit.
Figure 5C then provides a high-pass pole-pair. For low-pass the
super-capacitor transformation must be used (Figure 5D); again the
dotted 1line indicates not a simple two-terminal component (which is
not possible), but an entire active RC circuit.

There are methods of making resonators wusing gyrators, GIC's
(Generalized Impedance Converters), NIC's (Negative Immittance
Converters), etc. Often a circuit using these that works in theory
will not work properly when built because of the actual limitations
of these devices. The theory is also more complicated; none are
included here,.

GAIN AND IMPEDANCE VARIATIONS

Since a frequency-domain filter by its very purpose removes part
of the energy in the signal, the output is often considerably lower
in amplitude than the input, so some gain may be desired. All
filters given here are arranged to have an op amp at the output, and
the op-amp can also provide gain.3 Fiqure 6A shows the 2-pole
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FIGURE 6. GAIN AND IMPEDANCE VARIATIONS
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‘j; high-pass of Figure 4D modified to have a gain of two (6dB). The
;k buffer is modified to be a gain-of-two amplifier, and the feedback

resistor is changed to an attenuator having the same impedance but a
gain of one-half to cancel the op-amp gain (Thevenin equivalent).
This particular example is attractive because the resistors in the RC
network happen to be all equal, whereas they would not be in the
unity gain version. In fact, since the impedar:e of the negative
feedback network is arbitrary and the resistors are equal, a trivial
change gives the <circuit of Figure 6B where now all five resistors
are equal. Figure 6C is the low-pass version having a gain of two.
Note that the negative feedback network need not be transformed to a
capacitive divider; indeed that would not work as the op-amp
requires a small DC input current. The feedback capacitor is now a
capacitive divider, which places a capacitive 1load on the op-amp;
most op-amps will tolerate this but some types will not. Again, all
capacitors are equal and all resistors are equal.
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Another way of obtaining equal capacitance values is to Tet the
amplifier gain be the variable. The <circuit of 6D has the same
characteristic as 6C, but the gain must be 1.58 for the capacitors to
be equal. Unfortunately, there is no simple transformation to obtain
this circuit from one of the others; some calculations must be done.

TINDEPENDENT RC SECTION FILTERS

The simplest possible filter is a number of independent single
RC sections (Figure 7). This really isn't even an active filter, but
we might as weil start from scratch. Fiqure 7A shows a two-pole
low-pass; Figure 7B shows a two-pole high-pass. Higher orders are
not shown because they are obtained simply by adding more sections.
(0f course a single pole may also be used; the filter characteristic
is tnen meaningless as there are no additional degrees of freedom and
211 types degenerate to the same form for a single-pole filter.) A1l

;Sf sections normally have the same frequency and hence these are
o sometimes called synchronous filters; a slight improvement in the
;&: amplitude response may be obtained by shifting the poles somewhat,
b but this isn't really worth the effort.

;;; The pole-zero plot for the low-pass is shown in Fiqure 7C. As

2 stated, all poles are on the real axis, usually at the same point.
1 The poles and zeros for the high-pass are obtained by reflecting the
o locations through the unit circle. Thus the pole-zero plot for the
- synchronous high-pass would have the same poles but also an equal

number of zeros at the origin (zero on both axes). The low-pass may
beri be said to have its zeros at infinity, but this 1is inconvenient to

Q; draw on the plot and is usually ignored.

3De1agrange, A. D., "Op-Amp in Active Filter Can Also Provide Gain,"
EDN Magazine, 5 Feb 1973.
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1" —%¢
= &
A.2- POLE LOW - PASS C.POLE - ZERO PLOT
= dB
1 -
0 -
10 el
}
B. 2 - POLE HIGH - PASS 1 RAD/SEC
D. AMPLITUDE RESPONSE
RAD
'!2 ——
0 1 RAD/SEC
E. PHASE RESPONSE
AMPL
14+
0 27 SEC

F.STEP RESPONSE

FIGURE 7. INDEPENDENT RC SECTION FILTERS
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The amplitude (frequency) response is shown in Figure 70D. It

oA exhibits Jjust a gradual bend downward. A steeper slope may be
R obtained by adding more sections, but each section adds another 3dB

]l of droop at the bandedge. Here is one of the many trade-offs that

e will be encountered. Amplitude response for the high-pass would be
X the mirror image if a log/log scale were used.

The phase response (Figure 7E) for the low-pass is an arctangent
curve. It is fairly linear near the origin only. At the bandedge it
is n/4 (45°) times the number of sections. Eventually it flattens
out to n/2 (90°) times the number of sections. Phase response for
the high-pass would be similar, but would end at a multiple of 2n
(=0°) at infinity.

The step response is shown in Figure 7F. In general for a
low-pass filter there is a delay before the filter responds, followed
by a fairly linear rise, then a settling to the final value (unity
for a completely normalized filter). The identical section
independent RC exhibits no overshoot or ringing, and 1is sometimes
used where this is critical but the other requirements are not. 1In
fact, it can be shown for a two-pole filter that if the poles are not
on the real axis, the step _response must have overshoot. The
= familiar Krohn-Hite* 3200 series% has a switch on the back to convert
s the filter to independent RC. Step response for the high-pass is

less useful; it begins at unity and falls to zero, and does exhibit
overshoot. |

The independent RC section filter is really the crudest possible
filter, and is used mostly where filterina reaquirements are minimal.
It is the simplest to design, and may be expanded, simply by adding
more sections. It 1is, however, an exact model for some real-life
situations. For example, a long transmission system having a number
of identical amplifiers. If the amplifiers are AC coupled each may
be thought of as a single-pole high-pass filter. Also, each will
have some high frequency limit; usually past some point the response
falls off at 6dB/octave, equivalent to a single-pole low-pass filter.

The sketches that will accompany each set of <circuits are not
exact. They are 1intended to point out particular features of each
type, and may not all correspond to the same number of sections. For
exact curves the reader should refer to one of the texts or Appendix
A. Responses are wusually indicated for 1low-pass only in this
section.

*Registered Trademark.

4"Solid-State Variable Filter Model 3200, Operating and Maintenance
Manual," Krohn-Hite Corp., Cambridge, Massachusetts.
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NSWC TR 82-552
BUTTERWORTH FILTERS

The most popular type of filter is the Butterworth, or maximally
flat. The latter name indicates that this type is as flat as
possible at zero frequency. The name may be misleading, for if the
requirement 1s that the filter response be as flat as possible all
the way to the cutoff frequency, this is not necessarily the best

type.

The prototype circuits for Butterworth high-pass and low-pass
are shown in Figure 8., Note that the same basic circuit also serves
for Chebyshev and Bessel (and others); only component values will
change. Component values are given 1in Table 4; frequency and
impedance scaling are then applied. The circuits are not wunity-gain
as 1in the previous report; in fact, the gain depends on the
characteristic chosen and the number of poles used. This form is
used here because it greatly reduces the paperwork. Also, the two
capacitors in each stage are equal; 1irn fact, impedance scaling can
be done separately for each stage in such a way as to make all the
capcitors not only equal but a standard value (i.e., factor of ten).
The gain can easily be corrected back to unity if desired. Each gain
setting network can be scaled to a different convenient impedance
value, or each could be a potentiometer (pot), which is often good
enough as only the resistance ratio need be stable.

Noise bandwidth 1is the width of an equivalent ideal
rectangular-characteristic filter which would pass equal noise power
for white (flat frequency spectrum) noise in. For the ideal filter
noise power out would be simply proportional to bandwidth, but for a
realizable filter some power is lost in passband droop and some is
gained in the <imperfect transition and reject bands, so equivalent
bandwidth may be efther greater or less than unity. One must also be
careful with even-order filters with ripple; if filter gain is set
to unity at DC, the peaks will be above wunity, dincreasing apparent
noise bandwidth. Noise bandwidth is meaningless for high-pass.

Characteristics and responses are shown 1in Figure 9. As
indicated, for Butterworth the poles lie equally spaced on a circle
(a unit circle for the normalized filter) except that the mirror
image poles 1in the right-half plane are absent. The poles for the
high-pass are the same for Butterworth.

The amplitude response is very flat at the 1low frequency end,
but begins to bend downward approaching the edge of the passband and
then is down 3dB at the cutoff frequency. As more poles are added,
the response remains 3dB down at that point, but the cutoff becomes
steeper and the passband stays flat <closer to the bandedge,
approaching the ideal rectangular shape.

The phase response is fairly linear at the 1lower frequencies,

but bends upward near the bandedge. The vertical axis is not labeled
because' the total amount of phase shift is directly proportional to
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TABLE 4. BUTTERWORTH VALUES

NOISE
Order Gy Go Gs3 Gy BANDWIDTH

1 1.571
2 1.5858 1.110
3 2.0000 1.047
4 1.1522 2.2346 1.026
5 1.3820 2.3820 1.017
6 1.0681 1.5858 2.4824 1.012
7 1.1981 1.7530 2.5550 1.008
8 1.0385 1.3371 1.8889 2.6098 1.006
9 1.1206 1.4679 2.0000 2.6527 1.005

Note: A1l resistors 1.0000 except gain-setting
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the number of poles used. The step response shows slight overshoot.

The Butterworth then is a good general-purpose filter, with
reasonable amplitude response, fair phase response, and reasonable
transient response. It is the most often used type. The Krohn-Hite*
Model 3200 series has a 4-pole Butterworth characteristic.

A filter having slightly improved transition band steepness is
the Legendre filter; 1in fact the Legendre has the maximum possible
steepness without having a rise 1in the passband, i.e., still be
monotonically decreasing. However, it is seldom used and will not be
included here.

CHEBYSHEV FILTERS

The Chebyshev (also spelled Tshebycheff or various other ways)
filter, also called the equiripple, achieves improved steepness in
the transition band at the expense of having ripple in the passband.
It is derived in such a way that all peaks and valleys have the same
magnitude; hence the second name. Often a filter passband
requirement will be that the response stay within some fixed Timits;
the Chebyshev fits this application well. For this reason the cutoff
frequency is best specified as the point the curve passes through the
ripple level on its way down, hence the question mark on Figure 9B2.
In this report it is specified at the ripple point. Note also that
the ripple may be specified as either peak or peak-to-peak; here it
is the latter.

The poles are located on an ellipse (see Figure 9.B.1); the
height /width ratio depends on the amount of ripple specified. The
phase response has a rather sharp bend near the bandedge. The
transient response has considerable overshoot and ringing. Note that
for the normalized filter, one cycle of the ringing takes about 2n
seconds.

Since the ripple must be specified, another variable 1is added,
making the Chebyshev more difficult to catalog. Tables (5-8) are
provided corresponding to several different values of ripple. Note
that the frequency-determining resistors are not equal to unity, and
values must be inverted for high-pass. Since the bandedge here is
given at the ripple point which is not necessarily 3dB, the relative
bandwidth at the 3dB point is listed. Note that although there is
1ittle difference for the sharper filters usually used, there is
considerable difference for the low-order 1low-ripple cases. Noise
bandwidth is correspondingly high for the 1latter cases; for
comparison to other filter types one should first divide the noise
bandwidth value by the 3dB-bandwidth value.

*Registered Trademark
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NSWC TR 82-552

There is also a characteristic called the 1inverse Chebysheyv
which has the ripple in the stopband instead of the passband. This
is seldom used and will not be included here. Chebyshev minimizes
the 1least-square error 1in the passband; a generalization called
"least-squares" may be made to incorporate a weighting function to
emphasize portions of the passband having more importance than
others.

The Chebyshev, then, is wused where better transition band
steepness is required and passband ripple can be tolerated. Larger
ripple means steeper slope, so we have another tradeoff. Note,
however, that past the transition band the slope in the reject band
is the same as for the Butterworth. This is true 1in general since
the wultimate slope is determined only by the number of poles and
zeros. Any two filters having an equal number of poles (and equal
number of zeros if used) will ultimately have the same slope. For
Chebyshev a wider spread of component values occurs than for the
Butterworth. This can <cause a problem because high and low valued
components may be made out of different materials (even within a
given type designation) and hence may not track with temperature;
however, it is minimized in this design by making the capacitors
equal, as resistors are better in this respect.

BESSEL FILTERS

The Bessel, or Thompson or maximally - 1linear-phase filter s
derived by the ‘technique that is used for the Butterworth except the
phase characteristic rather than amplitude is made as linear as
possible at zero frequency.

The poles lie approximately on an ellipse again (see Figure 4)
but relatively close to the real axis. The amplitude response falls
off very gradually; the cutoff frequency is usually taken to be the
3dB  down point for any number of poles (it may instead be specified
in terms of phase or time delay), but unlike the Butterworth for a
large number of poles, the shape approaches not a rectangular
characteristic but a Gaussian "bell" shape. Here the 3dB point is
used (see Table 9).

The phase characteristic is very linear to the 3dB point and
beyond. The step response achieves a fairly sharp rise with little
overshoot (less than 1%). (Some texts incorrectly say no overshoot.)
In fact, 1t <can- be shown that the sharpest possible rise without
overshoot is for the Gaussian frequency response. This shape is
interesting because it transforms into an impulse response which is
also Gaussian. However, this extends to infinity in both directions,
so an exact Gaussian is not possible without an infinite time delay.

The Bessel characteristic is used only where phase linearity or
transient response 1is of driving 1importance and the attenuation
characteristic is secondary. The high-pass versions are of Jlesser
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interest, as the linear phase characteristic does not transform in a
meaningful way and the step response does have significant overshoot.

There is a class of filters called transitional filters which
are a compromise between Butterworth and Bessel. These combine the
advantages of both, or the disadvantages of both, depending on how
you look at_it. These are seldom used and will not be included here.
One company® markets a type they term Besselworth* which appears to
be a phase-corrected Butterworth, having a Butterworth amplitude
characteristic but good phase linearity. Equiripple (Chebyshev) or
least-squares techniques may also be applied to phase linearity. The
filter type having the fastest realizable rise with no overshoot s
the prolate, an obscure type seldom used. An approximation to the
Gaussian filter may be made by expressing the Gaussian as a power
series and truncating at a finite number of terms, and is referred to
as a Gaussian filter.

ELLIPTIC FILTERS

An extension of the Chebyshev approach 1is elliptic filters
(Figure 10), also called Cauer or double-equiripple, which achieve
even better transition-band steepness at the expense of ripple in
both passband and stopband. The elliptic is essentially a Chebyshev
modified by adding zeros in the stopband. Strictly speaking the
number of zeros equals the number of poles, but in practice filters
having an arbitrary number of zeros are included in this category.
The poles are again all on an ellipse, although not quite the same as
for the Chebyshev, and the zeros are all on the imaginary axis. The
cutoff frequency may be specified in the same two ways as the
Chebyshev, and the amount of passband ripple must again be specified.
Additionally the height of the stopband peaks, called the stopband
rejection, must be specified, making this type doubly difficult to
catalog. (The valleys are all zero amplitude, which is minus
infinity on a log scale. ) The response at very high frequencies
falls off relatively slowly, or not at all if the number of zeros
exactly equals the number of poles.

The phase response in the passband is similar to the Chebyshev;
it eventually reverses and falls back down due to the zeros. A
filter requirement may specify that the passband response stay within
certain 1imits and the stopband response reach a certain rejection at
a specified frequency and then stay below that limit; the elliptic
filter suits such a specification well. This is often encountered
with sampled (digital) systems such as spectrum analyzers 1in which

‘5

"l inear Phase, Maximally Flat Gain, Low Pass Filter ," EIT Corp.,
no date.

*Registered Trademark.
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L the higher frequencies would be "aliased" or folded back into the
; passband. The Rockland* Model 753A Elliptic Filter 6 advertises
5 115dB/octave, but this is a misleading specification for this type of
%i filter, as the response is not down 115dB at one octave.

Circuits for elliptic filters are difficult not only to catalog,
due to the number of variables, but to design; the problem here is

- the creation of the required zeros. Each zero-pair comes with a
& pole-pair, which must be made to correspond to one of the pole-pairs
- required. Early active circuits, employing twin-tees which require
. redundant components, were clumsy. Recent texts point out that

elliptic filters may be constructed using universal active filters as
the resonator elements, but a conversion must be made between the
poles and zeros normally cataloged and the element values required;
also redundant op-amps are required.

A unified approach7 has been devised which takes advantage of
the fact that elliptic filters are easier to design in the passive
domain. Furthermore, computer programs have been written8, and
element values extensively catalogued.9 The passive low-pass
prototype is shown in Fiqure 11A. The best way to convert to an
active <circuit is to use super-capacitors, also called D-elements or
FDNR's (Frequency-Dependent-Negative- Resistors), which are active
elements that have the property that the voltage is the double
integral of the current. Capacitors in the passive prototype are
changed to super-capacitors, resistors are changed to capacitors and
inductors are changed to resistors (see Figure 11B). This gets rid
of the inductors while giving a configuration where the active
elements are grounded. Each element impedance in the passive
prototype has been multiplied by 1/S, so the overall voltage transfer
ratio is wunchanged. Extra resistors are needed to provide DC
continuity, which gets 1lost in the transformation. To convert the
passive low-pass to a passive high-pass, inductors become capacitors
and vice versa (Figure 11C). The high-pass is converted to an
active version simply by synthesizing the inductors, since they are
all grounded (Figure 11D); the active circuit within the dotted
lines appears at its input as a grounded inductor. Circuit behavior
in the saturated state is undefined; the extra resistors here prevent

*Registered Trademark

6"Dual Section High-Pass/Low-Pass Brickwall Filter, Model 753A,"
Wavetek Rockland, Inc. Apr 1982.

"belagrange, D. A., "Design Active Elliptic Filters With A

4-Function Calculator," EDN Magazine, 3 March 1982.

8Baezlopez, David Jose, "Sensitivity and Synthesis of Elliptic

Function," Ph.D. Dissertation, U. of Arizona, Tucson, 1978.

9Zverev, Anatol I., Handbook of Filter Synthesis (New York: 5
John Wiley & Sons Inc., 1967).
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circuit latch-up.

Element values have been assigned so the same table can apply to
all four cases. Tables 10-15 give a sampling of designs, taken from
Ref. 9. Note that among steepness of the transition band, passband
ripple, and stopband attenuation, any one may be traded off for any
other. The active low-pass has been arranged so all capacitors are
equal; this cannot be done for the others.

CONSTANT K-FILTERS

One of the oldest filter types is the constant-K ladder (Figure
12} the simplest form has all sections identical as shown. See
reference 10 for a more detailed explanation. These are derived by
an approximation technique, not analytical, and are not optimized
with respect to any particular variable. The original circuits were
passive (12A and 12B). The dotted lines indicate that more sections
can be added; hence the descriptor "n-pole".

The pole-plot is difficult to calculate and is not shown. The
amplitude characteristic does have ripple; the amount cannot be
controlled and depends on the number of sections wused. The
attenuation slope can be quite steep simply because many poles can be
easily added. The cutoff frequency is approximate and is calculated
from the component values. It is exact for the 3-pole (reference 10
mistakenly says 5); higher orders have more attenuation at the
cutoff frequency. The phase characteristic is fairly Tlinear most of
the way across the passband, but bends sharply upward at the
bandedge. The step response exhibits considerable overshoot and
ringing; however, it is a fair approximation to a delay line, having
a rise time noticeably shorter than the delay time.

The active circuits (Figures 12C and 12D) are similar to the
elliptic filters. These designs have been juggled so most of the
capacitors and resistors are equal; since the values on the ends of
the ladder are just different by a factor of two they may be obtained
using the same components and paralleling. These filters are a
general-purpose compromise; they are wuseful in a large number of
applications which simply require a filter with reasonable
performance for all parameters but no stringent requirements on any
one.

10petagrange, A. D., A Useful Filter Family, NSWC/WOL TR 85-170,
20 October 1975.
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TABLE 10. ELLIPTIC 0.28 DB RIPPLE 3-POLE 2-ZERO VALUES

STOPBAND/PASSBAND RATIO  1.15 1.52 2.28 5.24
STOPBAND ATTENUATION 8.8 19.9 32.5 55.2
PASSIVE  ACTIVE PASSIVE ACTIVE
LOW-PASS  LOW-PASS  HIGH-PASS  HIGH-PASS
8 R, 1/¢, 18 0.7944  1.0813  1.2382  1.3260
é!!, ts RoL 1/, 1/C,c 1.4111  0.4251  0.1469  0.0246
- 63 RaC 1/L, 1/C,.  0.4575  0.8099  1.0067  1.1172
o Ly Rs 1/C; Ve 0.7944  1.0813  1.2382  1.3260
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TABLE 11. ELLIPTIC 0.28 DB RIPPLE 5-POLE 4-ZERO VALUES

STOPBAND/PASSBAND RATIO 1.15 1.52 2.28 5.24
STOPBAND ATTENUATION 29.5 48.9 70.0 107.9
PASSIVE ACTIVE PASSIVE ACTIVE
LOW-PASS  LOW-PASS  HIGH-PASS  HIGH-PASS
- R, e e, 1.1677  1.3332  1.4084  1.4475
ks Ry 3E; 1/Coc  ©.3372  0.1511  0.0567  0.0098
€3 Rzc 1/L, 1/C;  0.9858  1.1701  1.2534  1.2972
Ls Rs 78 1/C5 1.5108  1.9056  2.1283  2.2553
B, RuL 1/Cy 1/C,c  1.3083  0.4257  0.1519  0.0258
Gy Rug iy 1/C,L  0.5458  0.9370  1.1553  1.2792
Ls Rg s 1/Cs 0.7337  1.1225  1.3216  1.4318
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TABLE 12. ELLIPTIC 0.28 DB RIPPLE 7-POLE 6-ZERO VALUES

STOPBAND/PASSBAND RATIO  1.15 1.52 2.28 5.24
STOPBAND ATTENUATION 50.9 78.0  107.5 160.6
PASSIVE ACTIVE PASSIVE ACTIVE
LOW-PASS  LOW-PASS  HIGH-PASS  HIGH-PASS

by Ry 1/C, 1/C, 1.3232  1.4204  1.4623  1.4836
Lk R, iz 1/CyC 0.2000  0.0795  0.0300  0.0052
€5 RoC Vit 1/C, 1.1584  1.2666  1.3137  1.3378
Ls Rs 1/C3 1/C, 1.6183  2.0239  2.2400  2.3612
Ly Ryl 1/C,, 1/Cyc 1.0436  0.3814  0.1411  0.0243
ﬁf Cy RyC 1/L, 1/C,.  0.7013  1.0861 13012 1.4241
ii Ls Rs 1/Cs 1/Cs 1.3663  1.8941  2.1859  2.3514
- g RelL 1/C¢  ~ 1/Ce 0.7233  0.2673  0.0985  0.0169
3€ & ReC 1/Lg 1/Ce 0.7893  1.0886  1.2413  1.3248
* b5 Ry 1/C, 1/C<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>