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- DEVELOPMENT OF A NUMERICAL SOLUTION TO THE TRANSPORT EQUATION:
Report 2 COMPUTATIONAL PROCEDURES

> PART I: INTRODUCTION

il This report develops in detail the numerical approximations to the
transport equation. In Part II, the linearized form of the equation is

the subject of investigation. The stability and truncation error char-

acteristics for the schemes proposed in the first series are developed.
In Part III, the nonlinear equation in transformed coordinates is con-
sidered. The schemes developed in the first part are extended to the
nonlinear equation. In Part IV, the numerical approximations near
boundaries, the hydrodynamic interface, and the determination of dis-

persion coefficients in terms of flow field properties are developed.

This report outlines the development of the salinity algorithm.

The next step is the numerical implementation of these procedures.
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PART II: NUMERICAL APPROXIMATIONS FOR THE TRANSPORT EQUATION
IN CARTESIAN COORDINATES

A Cartesian coordinate system is employed in all developments pre-
sented in this part. The stability and truncation error of the proposed
numerical approximations are investigated for the linearized transport
equation. In this manner the most favorable schemes may be determined
prior to programming a numerical experimentation. Unfortunately, the
transport equation is nonlinear and no formal method of analysis exists
to determine the appropriateness of numerical schemes. We follow
standard numerical practice and assume schemes which possess favorable
computational attributes for the linearized transport equation will also
be suitable for the nonlinear equation.

We therefore develop linear forms of the transport equation fol-
lowed by investigation of several numerical schemes to this form of the
equation. The schemes considered are the Leendertse [1] multioperational
scheme employing forward time and centered space derivatives (FTCS).

The use of upwind space differencing within the Leendertse multiopera-
tional scheme is next investigated. The scheme thereby obtained is

known as the forward time upwind space (FTUS) scheme. We next investi-
gate several spread time derivative (STCS) schemes and select the most

favorable for further development.

1. Linear Forms of the Transport Equation

Let us consider the two-dimensional depth integrated transport

equation as follows:
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2 (hs) + = (hus) + g; (hvs) = & (th gﬁ) + g; (hKy g% (1.1)
where
h = total water depth
u,v = depth average velocity components in the x and y direc-
tions, respectively
t = time
X,y = Cartesian coordinates
s = constituent concentration
Kx’Ky = Effective dispgrsion coefficients in thg X and y direc
tions, respectively (note the * notation has been

dropped)

Equation 1.1 represents the conservative form of the transport equation.
To derive the nonconservative form, we expand the left hand side of 1.1

to obtain (noting h =n - zb): -

o

oz
9 _ 9s , 9(hu) s d(hv) , 9s
S\at t ] th ot * ox s + hu ox ts dy * dy hv (1.2)

Since the bottom is rigid, azb/at = 0 . Using the continuity relation

an/at + 3(hu)/3x + 3(hv)/dy = 0 and collecting terms we obtain

an . 9(hu) , 3(hv) 9s 9s Qﬁ)
e Y ax Y ay JtPeetiaxtVyy (1.3)

Then finally the left hand side of Equation 1.1 becomes

s Jds Jds
h(ﬁ"‘ﬂ&"’va—y (14)
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We now rewrite the transport equation for two important special cases.

In Case I we assume h 1is constant and obtain

ds ds ds _ 9 ds 9 ds
ot TUax TV ay ~ 3x<kx ax/) * 8y(Ky dy (1.5)
This result is also obtained if |n|<<|zbl . In Case II we assume h ,
Kx , and Ky are all constant and obtain
2 2
g% +u gz +v gi = K, é—% + K 9—% (1.6)
y 9x y 3y

We note that in Equations 1.5 and 1.6, although u, v , s are depth
integrated quantities and KX and Ky are effective dispersion coeffi-
cients, the form of the equations hold for instantaneous velocity or time
averaged (over the turbulence) velocity as well. In fact Equation 1.6

or its one-dimensional form is often used since for constant velocity it
becomes a linear equation. Therefore, von Neumann stability analysis may

be employed to analyze the characteristics of numerical approximations.

2. Leendertse Multioperational Schemes: One-Dimensional Analysis

The following one-dimensional transport equation is employed to
determine the dissipative and dispersive properties <f the multiopera-

tional scheme [1].
3 3 32
——E+u—B-D~-§-O (2.1)
u, D constant

A multioperational analog to Equation 2.1 is written as follows:
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pt,l*l _ p. At [(1 + a)p _ 2upr}+l + (o - 1)pn-'-l:l
J J J
DAt [/ n+l n+l n+l)
- — . - 2p. + p. =0 2.2
2 (pJ+1 P Pj-1 (2.2a)
n+2 At n+l n+l
pI*2 - o1 A [(1 + 0p] - 2007 4 (o - 1 ]
DAt ( nt+l n+1 nt+l
- — (p. - 20, " tp._ ) =0 (2.2b)
Ax2 Jjt+1 J Jj-1
where
n .
pj = p(jAx,nAt)

a=-1, 0, 1 (Note «
a
a

-1 for backward difference in space
0 for centered difference in space
1 for forward difference in space)

The solutions to the 2.2a and 2.2b are expressed by a Fourier series

p(x,t) = mz_‘l px exp [i(o x + w t)] (2.3)

[+ ]
= p(jAx,nAt) = T pk exp [i(0 jAx + w nAt)]

where
w = frequency
0 = wave number
p; = complex constant for each m

i=J-1
Considering only one general term in Equation 2.3 due to the linearity

of Equation 2.2 and substituting in Equation 2.2a we write:

Note
i[o(j*1)Ax+w(n+1)At n+l n+l tioAx
prei[0( DAt 1)AL] mls e
8




n+l, n

We thus are in a position to determine ~" /pj Therefore we obtain
J

from Equation 2.2a:

putl p? R ggL_ﬁj R a)p?+1eioAx ) 2ap?+ v (@ - 1p n+1 -10AxJ

J
- L':2<p[.lﬂeumx - 2p™1 pt.l+le-i°Ax> =0 (2.4)
(Ax) J J
which may be rewritten as follows
A n+l _ n
175 Pj (2.5a)
pn+1
= L (2.5b)
o 1
J
. . . _ .16 -i0 .
In order to simplify A , recall sin 6 = (e - e " )/2i , therefore
i6 _ -ie\>  i2e -i20
sin2 g =18 - e - -2 +e (2.6)
- 2i -4 :
Regrouping Al , with the above relations in mind
_ udt  ioAx _ -ioAx uAt i0Ax -i0Ax _
Al = Ax (e e ) + A% o(e + e 2)
- DAL (108X _ 5 4 71OBXy Ly (2.7
sz

A, = iuAt sin {0Ax) - 2 ——E o sin ( ) 4DAt sin2 c¥§9+ 1

: 1 Ax 2
i
_ [ 4DAt _ 2uAta .2 (oAx iuAt .
Al = ;;E— Ax ] sin (.2 + Ay Sin (oAx) + 1

If we substitute a general term in Equation 2.2 in Equation 2.2b we

obtain

RALE Sanhanhal: «
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n+2 n+tl . Atu n+l i0Ax n+l nt+l -iocAx
. - p. — 1 +a)p. e - 20p. + (a - 1)p. e
P P 2h% [( )P; P; ( )pJ ]
- Qé% <P9+1eioAx _ 2pr'1+1 + pr.1+le-1an =0 (2.8)
Ax J J J
Which may be written as follows:
+1 n+2
ApT "t = pf 2.9
2P P; (2.9)
Where _ 4 _ iuAt . 2uAta . 2 (oAx\ _ 4DAt . 2 (0Ax
AZ =1 A Sin (oAx) + Ax sin _5_) —5 sin _3_)

Ax

Defining the entire transfer process as

nt+l AZ

e o 6™ = £ 0 2.10
P; 2P X, P (2.10)

We obtain the amplification factor AZ/AI = A which for stability

(Al < 1.
Thus
1+ (Zubta _ 4DAt) . 2 (gég - Ludt o (eax)
Ax 2 2 Ax
A= Ax (2.11)
4DAt _ 2ulta) . 2 (0Ax iuAt . )
1+ - sin® =) + sin (0Ax)
2 Ax 2 Ax
Ax
We observe in Equation 2.11 for centered space differences
(a0 = 0) and IAI <1 . For backward space differences (o = -1) and

u>0 |A| <1, while for u < 0 the cell Peclet number must obey the

following relation for |A| <1,

pe_ = LU&% < 5 (2.12)

For forward space differences (¢ = 1) and u < 0 IAI <1, while for

10
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u > 0 relation (Equation 2.12) must again be satisfied for A <1 .
Upwind space differences represent a combination of backward and forward
differences. For u > 0 backward space differences are employed, while
for u < 0 forward space differences are utilized. In this manner un-

conditional stability is obtained; i.e., the restriction of Equa-

P ‘T' -‘.'o. M . * . .
. PR St

.t tion 2.12 above is removed. Let a = (2uAt/Ax) sin2 (oax/2) ,

7‘ l‘ A L8 l.-\'~Y

) ‘l. 3 Ti"ﬁqur;ﬁ:‘ I/v..‘:.v v—i
S .t Lt S T ., R

b = (ADAt/sz) sin2 (cAx/2) , and ¢ = (uAt/Ax) sin (OAX)

then

1 +aa0d - b - ic
1+b-anx + ic

- \j[(l -b) + aa]z + 2
\/[(1 + b) - aa]z + c2

Leendertse notes that the general solution to Equation 2.1 may be

A =

(2.13)

expressed as

p(x,t) = p* exp [i(ox + wt)] (2.14)

Substituting Equation 2.14 into Equation 2.1 we obtain

iwp(x,t) + iuop(x,t) - Dizczp(x,t) =0

w+ uo - iDo® = 0
w = o(iDo - u) (2.15a)
and
plx,t) = p* exp [i0(x - ut)] exp (-Dozt) (2.15b)

We observe then that there is a relationship between the temporal

frequency and the spatial frequency. As a result, the complete solution
may be written in terms of the spatial frequency solely. For a time pe-
riod At , each Fourier component is decreased in amplitude by

exp (—DozAt) and is propagated a distance uAt .

11
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In the computational procedure a different relationship exists.

The eigenvalve or amplification factor may be used to study the dissipa-
tive and dispersive effect of the computational procedure by the use of
the concept of the complex propagation factor.

The propagation factor is expressed in terms of the dimensionless
parameters m = (L/Ax) , D' = (DAt/sz) , and U = (uAt/Ax) . Tt is de-
fined as the complex ratio of the computed wave to the prototype wave
after an interval in which the prototype wave propagates over its wave-
length. The modulus of the propagation is a measure of the decay of
the amplitude during computation, while the argument is a measure of the
computed phase shift.

To determine the factor we use the following previous results for
the computed solution. We consider the case a = 0 corresponding to the

use of centered space differences. We note from Cquation 2.13 for o =0

A= %‘i‘%‘i‘%& where b = iE%E sin’ Q%E and c = %ﬁ& sin (0Ax)
b = 4D sin2 9%5 ¢ = U sin (0Ax) (2.17)
nt+2 n
. = Ap.
pJ pJ

From the solution of the PDE in Equation 2.15 itself

p(jax,t + 2At)

= p* exp [i0(jAx - u(t + 2At))] exp [—Doz(t + 2At)]
p(jox,t + 2At)

= p* exp [io(ij - ut)] exp (-Dozt) exp (iCu2At)

2

+ exp (~Do“2At) (2.18)

p(jdx,t + 2At) = p(jAx,t) exp (-Do’2At) exp (iou2At)

P(jAx,t + 24t) = p(jAx,t)A_

12
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The complex propagation factor is then given by the following relation

( A n/2 Lm
= T =lx where n = TAC (2.19)
e s
.4 :
o Let us expand Equation 2.19 using Equations 2.17 and 2.18

T o= <1 - b - ic) 1 n/2

mo AL+ B+ ic/ | _pe?oat_iou2at
e e
_2n - =4 sin? (- A = 4p' sin? (®

i o=§  Ly=mx b= sin (mAxAx)—loD sin (m)
i ¢ = U sin <%%; ) = U sin Zn
N 2 2 2 2

Do2at = D (%) 20t = D 7 aat = DAL (f)—"\ = 21)'(5]—")
- m“Ax Ax /
N _ 2 - 4m uAt _ 4
- Ou2lAt = Ax (u2At) = A - m U
- /2
= 1 - 4D sin? (g) - iU sin 2 . i
‘: Tm = 2 (n 2R 2 (2'20)
"~ 1 + 4D' sin (.E) + il sin = e-20(27l/m) ei(lon/m)U

Leendertse [1] considers D' =0.01, 0.04 , and U=0.1, 0.2,

-, 0.5, 1. m is plotted on log scale for the range 2 - 100 . (Only
- two cycles are used.) In working with Equation 2.20 it is instructive
»
. to convert the first complex number to polar representation
bl
N i61
- ¢, = Pe =P (cos 61 + i sin 61)
o i8, .
{ C) = Pye =p, {cos 92 + 1 sin 62)
-: c_l_ : p_l- ei(el'ez)

2 P
.
. 13
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Note

2 ] i Lan'l [U sin (2n/m)/ (1-4D' x~:1n2 (n/n))]
e
™

[(1 - 4D' sin® (g» + ¢ g2 2

o P
‘.‘H‘.' AR
e PRI At

N
—
n

c, = [(1 + 4D’ sin2 (2»2* U2 siu2 '%_r_(

] ¢ ton”! [V sin Gr/m)/ (ean' sin? (n/m)]
e

2 . 1 U sin (2n/m) -1 U sin (2n/m) ]
o in <inl (W 2 _.22n iltan = —————5-—r— - tan = —— 2P
. (- sia® () +0* sin® 2 . [ 1-40" sin? (n/m) 144D sin? (n/m)

2 @ + 4D' sin? (s)) 2, v? sia? éﬂ

n !Hn

We therefore may rewrite Equation 2.20 in final form by defining tempo-
rary variables a =1 - 4D sin2 n/m , b=1+ 4D’ sin2 n/m , and

¢ =U sin (2n/m) . Note n = Lm/uAt = mAx/uAt = m/U .

w/2U
32+C2

T - “;FLCZ_ ot '-tan-] (c/a)-tan”} (c/b)-(4"/"")"]'“/2U (2.21a)

o =20/ (2n/m)?

~

iem
Tm = Rme (2.21b)

The plot of Rm versus m 1is known as the modulus of the propagation
factor. The plot of Bm versus m is known as the argument of the
propagation factor. An alternate means of considering Tm is given by
Leendertse as T(oL) where T[(2n/mAx)L] or T[(2n/mAx)Ax] = T(2n/m)
= Tm . L =Ax is a characteristic length equal to the grid size. Al-
though we have not shown the above plots here, Leendertse comments that
amplitude and phase characteristics of the multioperational scheme are
good for m > 10 , Lm > 10Ax .

In the simulation of Jamaica Bay Ax = 500 ft* and L, 2 5000 ft.

* To convert from feet to meters, multiply by 0.3048.
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For wavelengths less than 5000 ft the amplitudes will be amplified. The

flow conditions considered for initial testing are given in Table I.

Table I. Leendertse Flow Conditions

u 0.1 0.2 0.5 1.0 v 0.1 0.2 0.5 1.0
D 0.01’ 0.01* 0.01° 0.01 D 0.04 0.04 0.04 0.04
¥ 12 ¥ ¥ + ¥ + +
Pe 10 20 50 100 Pe 2.5 5 12.5 25
:ié 3. Leendertse Multioperational Schemes: Two-Dimensional Analysis (FTCS)
= _
The following two-dimensional transport equation is considered.
2 3 2 2%y , 92
My ud sy A= ofd4+20 (3.1)
at ax oy 2 2
ox 3y
where

constituent of concern

=
mn

u,v = constant velocity components in the x and y directions,
respectively

o = constant dispersion coefficient
X,y,t are as previously defined
Leendertse [1] employs the scheme originally proposed by Peaceman and

Rachford [2] for diffusion problems. Namely, for the X-sweep

For the Y-sweep

(1 + 0L 5y - 20t ayz)n“” = (1 - WA gy 4 2L 6x2>f]n+1/2 (3.2b)

bt
.

b
b
b
b
s
[
b

S . ~ s . \
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;{i where
&x = (n - ) 2ax &% = (n +n - 20, ) ax?
p 2,m+1 r],(’,,m-l 2,m+1 2,m-1 2,m
. 2 _ i 2
by = (n2+1,m - nE-l,m) 28y oy" = (n£+l,m * r].Q-l,m znﬂ,m) By
X = mAx .
y = Ly
t = nAt

n+1/2

If we eliminate the intermediate level 1 , we obtain

( _ VAt Sy + adt ayz)nn (1 + ‘%ti Sy - Olzﬁ 6y2)r]n+1

uit ait 2 ult adt . 2 (3.3)
(11'-—2——5}('—2—5)() (1'-—2-—6X+—2~6X)
Expanding Equation 3.3 we obtain
vAt aAt . 2 ult oAt . 2\ ntl
(1+76Y'T‘5Y) (1*75"'—2"6")”
(3.4)

() - YAt s, OBt g 2) (; LAt o L aAt o2\ o
—(1 26y+26y)(1 26x+26x)r]

Let us substitute n; o= eanAte1y2Aye1BmAx into Equation 3.4 and de-
y
S fine the following auxillary variables.

Juae vt

21 T A 2 ~ LAy

(3.5)
bl - aAtz b2 - aAt2
248x 24y

If we employ, the results of Equation 2.6, we obtain the following

expression for the eigenvalue A of the numerical approximation.
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.:_ nn+1
iﬂ A= £2,m
n
- n
= £m (3.6)
‘.‘-

’;f @ - 2ia, sin BAx - 4b, sin’ E%¥>(? - 2ia, siny Ay - 4b, sin’ 1%%)
- (1 + 2ia_ sin BOx + 4b, sin’ &)(1 + 2ia, sin YAy + 4b, sin> J—Aij
: 1 1 2 2 2 2

By
fE? We note then ,A' < 1, thus the scheme is unconditionally stable.
?:. If we expand Equation 3.4, we obtain the equivalent two-dimensional
(_ difference scheme.
= P e AL bt g2 e o w0
i 2 -7 2 A y z Y
: ast ;2 _ avat® . 2 ant)? . 2, 2Y) ntl

- - —— &6x" - 6x“by + (——) Sy“6x” J n
e 2 4 2
X (3.7)

= (; Judt g et g2 it oo uvat? oo vt oo
: - 2 T %X 2 Y A v A ¥
. adt ;2 _ auat® . 2 ant)? . 2.2} n

+ == 6y° - 6y“~ox + (f_“) 6y~ 6x ) n
2 4 2

We observe further that Equation 3.7 may be rewritten as follows
- n+l n n+l n
n (n +n) (n +10)
N th + vAt Oy 3 + uAt 6x 7
\: / n+1 n n+l n
- aAt 6y2 (%—) - aAt 62x <ﬂ—2+—q—>
S (3.8)
2 uvat? n+1l n quat? | 2 ntl n
= t—5 &6y (n " -n) - —=— %ybx (n" " -n)
A )
S 2
-\ .'.
2 - A sZsy (™ -0 ¢ (%) eyPed (0™ - 0™ = 0

7 where Gt = nn+1 - nn . We note the underlined terms are additional
17
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terms required by the factorization necessary to obtain the multiopera-

tional scheme.

4. Leendertse Multioperational Schemes: Two-Dimensional Analysis (FTUS)

— LR Jaatic o S S-sh arad aarel SN ASG SIS ARREE RN R T T e . P FTTRATERTTAT R AR, W L T W LW

A forward time upwind space scheme may be developed by considering

the following general space derivative in operator notation.

T =6 +g %5 %2 g & (-1,0,1)
(6.1)
Ty =6y +g %X 6y2
Where
Tx’Ty = general first derivative operator
6x,0y = centered first derivative operators as previously defined
6x2,6y2 = second derivative operators as previously defined
For g = -1 , backward space differences are employed. For g =10,

the previous scheme with centered space derivatives is obtained. For
g = +1 , forward space differences are developed.

If we replace Gx and Gy by Tx and Ty , respectively, in
Equations 3.2-3.4 and in Equations 3.7 and 3.8 a very general scheme is
obtained equivalent to Leendertse's [1] one-dimensional analysis. Corre-
spondingly, in Equation 3.6 it is necessary to make the following assign-
ments to obtain the relation in Equation 4.3 below for the eigenvalue of
the general scheme.

Ax
2

2ial sin BAx — 2ia1 sin BAx - 4alg sin2

(4.2)

2ia, sin YAy — 2ia

2 sin yAy - 4a_.g sin2 I%X

2

AR |

alm e e A .. aa & o M
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A [1 + (‘ulg - Iobl) sinz &?—! - Zial sin an] 1+ (bazg - lobz) Bil.z 1%1 - Ziaz sin yly
[1 + (lob1 - kalg) sinz % + Zill sin BAx] 1+ (lnbz - l.azg) sinz ’%Z + 2132 sin YA (43)
in which

l;alg - l.bl = (%.t_'.g - %)

Ax Ax2
/ (4.4)
_ - [vAtg _ 204t
4azg 4b2 kAy A—yz )

We observe that if we set At > At/2 , o +>g , D~ a in Equation 2.11,
for a, = b2 = o , we obtain the result given by Equation 4.3. Analogous
to the one dimension case, for upwind differencing an unconditionally

stable scheme is obtained which we denote as FTUS.

5. Spread Time Derivative Schemes

Let us first define the following average space operators

- ;] ]
'J -_ 2 2 (5- a)

n + N,
W= 241, m , £2-1,m (5.1b)

If one studies the relationship between Equations 3.3 and 3.6 and
replaces 1 by (2 + px)/3 or by (2 + py)/3 , appropriately, several
schemes suggest themselves. In each case, the appropriate time deriva-

tive is averaged spatially and a "spread" in space time derivative

scheme is obtained. Several such schemes are investigated in turn below..

Intermediate level differencing

If we replace 1 by (2 + px)/3 at the intermediate level we

obtain the following relation.

19
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n+l
”2 ,m
M
= (2, x _uit aldt o 2 - YéE QQE
- <3 s E - BAE gy 4 OO0 6x>(1 sy + %8t &y )n,Q,m (5.2)
If one substitutes ﬂz m = At AYRAY ifmAX Equation 5.2 and em-
?

ploys Equation 3.5, the following eigenvalue for the numerical scheme is

obtained.

A
(5 - 2ia, sin PAx - 4b sin’ pﬁ)(l - 2ia, sin yAy - 4b, sin’ 15‘1)

(5.3)
(1 + Zxaz sin yAy + Ab sm2 .LZ)(3 _Cgs_ﬁ__ + 21a sin PAx + 4b su\2 L)

A=

A <1 and the scheme is unconditionally stable. The scheme is given by

the follewing relationship.

(2  Px . uat ast . 2\ n+1/2 vAt @At . 2 n
3*3 *2 & - &)n = 1- 7%y + 5%y n
(5.4)
M
\1 s vAt 8y aAt 5y ) n+l _ (_ x ugt bx + azzxr. 6x2)q“”/2

Expanding Equation 5.2 we obtain the equivalent two-dimensional scheme

M 2
2 X ult aAt 2 vAt vAt uvAt
(5*3"’—2—’6)(-75)( "'——(5 +——6y +—4——-6x6y
avat? | 2 @bt . 2 abt 4 2 uorAt2
al e 6x“6y - 3 oy° - . Sy My - Sy 6x
2,.2
+ @ 2t éyzéx%)nn+1
(5.5)
-3+“—"-%55+‘1935 - YL oy - ¢ vats RERTUS
“\373 Y T g vVAtovHy, 5 Ox%Y
uvAtZ oAt 2 aAt 2 uAt2 o At
- 6x26y + YAt gy2 4 QAL 502, 6y26x + 6x26y2 |n"
T4 3 6 b
20
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If we combine like terms in Equation 5.5 we obtain the following
relation in which the additional factorization terms (see underlined

terms in Equation 3.8) have been omitted.

v o
o
» _-'
59
1’
e
h“
3

-
s
L

[

2+ n+l n nt+l n
< 3 ’éétnn + uAtdx (D_EI_FL> - aAtsx> (g__;_ﬂ_)
ntl n n+l n
+ % vAtSy <[L_2A_> - % aAtﬁyz (9——;—5—> (5.6)
n+l n nt+l n
+ % vAtGypxéL——§1Jl> - % aAtGyzuxGL—fEilL> ~ 0

Opposite inter-
mediate level differencing

If we replace 1 by (2 + py)/3 at time levels n and ntl and

n+1/2

employ standard time differencing at n the following relation is

\ obtained

M
2, Ty, vt _ oAt o 2 ult _ aAt . 2\ n+l
<3 Y3t Sy - Sy ) é.+ = Ox > 6x >n

Y
- _ uAt adt 2\ (2 Ty _ vAt gAt ¢ 2\ n
= (1 7 ox + = 6x> <3 t 3 - S5y + 5 6y)r] (5.7

- eanAteiyszeiBmAx

If one substitutes into Equation 5.7, the

n
nﬂ,m

following eigenvalue is obtained.

(1 - Zia1 sin BAx - /ob1 sin2 %) (% + S—OS—BYAZ - Zia2 sin ydy - /obz sin2 XAX)

A= .
(% + 5953192 + 2ia, sin YAy + 4b, sin® Iéy) (1 + 2ia) sin BAx + 4b sin’ §95>
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Since A <1, this scheme is also unconditionally stable. The scheme
is given by the following relationship.

M
(1 . u_g_g sx - 94t xz)nml/z _ <g f Y VAt 5o olt 6y2>nn

2 33 2 T2
(5.9)

M
(% e 5y2>n“” = (2 - 95 ox + %t &d)a™Y/2

Expanding Equation 5.7 the following equivalent two dimensional scheme

is obtained.

" 2
<Z+§z+ﬂ6y_w5y2+yg6x+g5xp + WAL syex

3 2 2 3 6 y 4
audt? . 2 GAt . 2 OAt . 2 avAt? . 2
-Téyéx-Téx-Téxpy-Téxéy
2 2
, @ zzt 6x26y2> o1
(5.10)

7] 2
_ {2 Ty _ vAt aAt . 2 _ ult _ ult uvAt
= <3 t 3 - oy + > Sy 3 6x 5 pry t = Sybx

2 2 2,.2
oult 2 aAt 2 | oAt 2 avAt 2 a”At 2 n
% Sy~ o6x + 3 6x° + < 6x “y al 6x“6y + — 6x Gy}n

Equation 5.10 may be written neglecting the factorization terms as

follows.

2 / \ 2 /
2 ntl . n\ 2/ n+l n\
+ 2 paesx(—+0 - 2 aAtgx 1__*1 (5.11)
3 N 3 \ 2 )
n+l n n+l n)
a0 - ancey (100 ) <
\ /
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Advanced level differencing

If one employs spread time derivatives at the most advanced levels

n+l1/2%

+
in each sweep (n and nn 1) and utilizes previous procedures, the

following eigenvalue is obtained for this scheme.

2

(l - Zia) sin fax - Abl si.n2 EAJS)‘l - Zia2 sin ydy - 6b2 siu2 18y

N -7 L 2
2 cos BAx . . .2 BAx) {2 cos yAy . . _. R (5.12)
(3 + -—J—ﬁ— + 2ia; sin Bax + l.b‘ sin 2) 3t T3 + 21a2 sin Ay + 4h2 sin 2)

Consider a stability investigation in the following manner. First, note

by trigonometric identity

sin2 ﬁ%g - 1- ;os Ax and sin2 1%2 - 1- ;os YAy

Consider YAy = (0) = BAx , then since sin (0) = 0 and

cos (0) = 1 , Equation 5.12 becomes

>
1l
£

> Al > 1

and the method is unstable. Therefore, this scheme will not be further
considered.

Retarded level differencing

If one employs spread time differencing at the most retarded time

level in both sweeps, the eigenvalue is given by the following relation.

(% + c—os—:;ﬁg - 2ial sin BAx - Abl sin2 %)(% + C-?s,i-my - 2ia2 sin yAy - lobz s.in2 ’%y)
A= L R 7B (5.13)
(1 + 2ia2 sin ydy + 4b2 sin 1-21)(1 + Zial sin BAx + lob] sin 2 )

23
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This scheme is unconditionally stable and is given by the following

relation.

(l 4+ UAL 5y - QAL ﬁxz) (1 4+ VAt 6y - a;ﬁ 6y2)r]n+1

2 2 2

(5.14)
:Z+fx-zé_t5+9§£52(3+”_x_£5x+0ﬁ5x2\n
373 2 YT Y3t 3 2 2 /”
The sweep equations then become
udt o _adt o 2\ n+l/2 _ (2 My vac abt 5 2\ n

( + 225 ox - %t 6x%)n __<3+3 YOL by + U0t o)y

(5.15)

U
(+ % oy - 4t 6y2)n“” = (% + % - WL gy 4 20t ax2>n“”/2

If Equation 5.14 is expanded the following relation is obtained.

2 2
ult oAt 2 , vAt uvAt ovAt 2
<1 + 2 6x - > 6x” + > 6y + A 6x6y - — 6x“6y
2 2, 2
SOt o2 audtT o 20 L aTALT o 2, 2) nt]
2 4 4
baZy vt a2, 2, Tl vl (5.16)
=\9g TgHy T3 VT IO T gt 6 YW :
aAt . 2 ubt uAt uvat? quat? | 2
+Téy “X-Téx-Tﬁx“y+ 4 6y6x - A Sy~ 6x
oAt . 2 oAt 2 clvAt;2 2 azAtZ 2, 2\ n
+T6x +—6—6xpy-—4—6x6y+—4—6x6yn
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Equation 5.16 may be recast into the following form (ignoring At2

factorization terms).

b+ 2(p +p ) +pp ntl (2 + p )
n+l _ X 3 y X'y r]n + vAtdy gi__ + —__ET_E_ nn
ntl (2 + p ) ntl (2 + p )
n y  n _ 2n x’ n
+ uAtédx 7t g n aAt Sy 7 * 3 n (5.17)
n+tl (2 + p_ )
- antdx® 4 " o

2 6

Complete time level differencing

If one employs spread time differencing at all time levels in both

sweeps, the scheme eigenvalue is given by the following relation

2
. ‘g . ?25~PAx - 2ia, sin BAx - 4b, sin® EA“) (? cos 1—! - 2ia, sin yby - 4b, sin’ X%’)
pax

(3 Ml + 2ia, sin yAy + 4b, sin? U) (2 iL *+ 2ia) sin BAx + 4b, sin? lzh) (518)

This scheme is unconditionally stable. Corresponding to Equation 5.18,

the scheme becomes

s H
2, P _wae oo aae o N2 My vae oo aae o 2) n
(3*3 25’”2\6")(3*3 2“53"’255’>rl
(5.19)
H M :
(2 Py v o ane o2 Px uae o oae o 2) o+l
‘(3"3“2‘S 25")(3*3*26" 26")”
In multioperational form, the scheme is given by
H H
2,y vt o oAt o2} n+l/2 _ (2 “x _ ult eés n
<3 tyt W5 GV')” ) <3 R s R S
(5.20)
H H
2, M, ult g bt g A\l (2l vat g alt g 2) e/
(3 vyt o B )” ) (3 *3 by + %35 oy')n
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If we expand Equation 5.19

4,2 vAt o gAt (2 .2 Pty WAL g - AL 52
(? toMt 3 v - Ty g gt Syp 5 OV My
uAt uAt uvat 2 auat? . 2. oAt , 2
+T6x+76xpy+T-6y6x-—Z——Gyéx-Tbx
2 2,2
oAt 2 avAt 2 o At 2, 2} n+l
3 6x py % 6x"6y + 4 6x" by )n
o (5.21)
6,2, st , wat 2 xfy _ uat ant , 2
= (? YoM T3 X TGt g g Oxu, * g Ox
- YAt sy - YA syn 4 “VAt Sybx _avae? 2 sy + %t 6%y
3 6 X 4
. g%g aysz ) auAt sy26x + & At sx26y )

Collecting similar terms (ignoring factorization terms) we obtain

4 + 2(u te) tpp
( y x)a M+ vAtéy(?——————ﬂ— + —5(nn+1 + n"))

9
n+1 n H n+1 n p
\

n+l n V]
- aAthzcl——Ei—ﬂ— + -éz(qn+1 + q09 =~ 0

Summary of spread
time derivative schemes

The following four unconditionally stable schemes have been intro-
duced: (a) intermediate level differencing, (b) opposite intermediate
level differencing, (c) retarded level differencing, and (d) complete
time level differencing. The first two of these schemes employ spread

time derivatives in only one coordinate direction, while the second
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two schemes employ spread time derivatives in both directions. For a
two-dimensional computation, the first two schemes appear less desirable
than the last two schemes. These last two schemes are therefore further

investigated within a formal truncation error analysis.

6. Formal Truncation Error, Eigenvalue, and Complex Propagation
Factor Analysis

In order to compare the schemes developed with respect to trunca-
tion error, Taylor series expansions were developed for the constituent
terms common to all schemes. In Tables II and III the expansions are
carried through third order, while in Tables IV and V the expansions are
carried through fourth order terms. Substituting the appropriate expan-
sions for the terms in each scheme, it is shown that all schemes are
consistent with the linearized transport equation. The order of the

principal truncation error is given in Table VI for each scheme.

We note that the complete time level differencing spread time
derivative scheme is truly second order. Therefore, it is the more ac-
'. curate of the two spread time derivative schemes and will be the subject
- of further numerical development.

The Leendertse multioperational schemes in tandem form a lower

order (FTUS) and higher order (FTCS) pair, which may be developed within

flux corrected transport.
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Table II. Time Level n Taylor Series

Expansions (Third Order)

Me,m = Te,m
oo, oy a%
Hlem ™ Me,m * 20 ay2
no_ 1 an , ay> 8%
O m = Zay |\ 5y * 3 o3
y
- +A_£_2§Eﬂ
pxn,Q,m ”2,m ! ax2
n 1 an , ax> 8%
%Ne,m = 28x \?* 52 T 3
X
2 42 2 .2
ppn® =gt 4 90,4y 971
x'y '£,m £2,m ! ax2 2! 8y2
éypnn =_.1_ 2Ayaj+Ax2Ay~a_33__+A_x_%
x'2,m 24y dy 3x23y 3
é n = 1 ZAx§ﬂ+AxA2_§.3_rL+é_x_3
x“ynﬂ,m T 24x x 2x3y

2
n _ ! an.
6x8yNy & = Ghxny (“AXAY 8x8y>

Q}l;:
E ()
w

A n R A ed A a e B
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Table III. Time Level n+l Taylor Series Expansions
;I (Third Order)
n 2 .2 3.3
’ ’ ¢ "ot Tt
2 .2 2 .2 2 3 3.3
y E,.m ’ T dy 14 dy ot oot
R (mx 0N | payae T 4 A0 30, a2 331)
vy £,m 24y ay Jdyat 3 ay3 8yatz
2 .2 2 .2 2 3 3.3
i ’ toax Toat 9x“ot ot
n+l _ 1 an 920 . ax> 9% 2 3%
il = —— {2ax S+ 2axAt + = + AxAt
2,m  2Ax 5x dxdt = 3 2
ax Jxdt
: 2 .2 ) 2 .2 3 43
P IRTS RSB S RS I
Xy %,m »m at 9x "oy Toat
aax® 9% | away® 33
e == N
9tdx 9tdy
n+1 / 2 3 3 3 .3
iy o = 5%—(?Ay 2 4 aayar 20+ ayac? 2 alay L4 B §—g)
)M Y y y dyat 9x“ay dy
n+l 2 3 3 3.3
ng . = Ei—x(ZAx gﬂ + 20xAt g—ﬂ—a + axat? 20 S+ Axay? 20 S+ % §—'31>
y'2,m x xot 9xdt dx3dy ax
exdyn™t! = 1[4k 2%n_ + 4AxAyAt M
XYMy m ~ 4axdy Y 3xdy XAYAt sxoyat
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Table IV. Time Level n Taylor Series Expansions
(Fourth Order)

2 2 4 4 4
x '2,m 2 2 2, 2 12 4
Ay dy 9x 9y dy
2, n 1 2 83
Sy“oxny = 5 | 26%ay —rli
' ’ 24xAy Ixdy
2 4 4
R R )
! Ax ox ox
2 4 4 4
6"2“"2 '%(MZM*AXAY 3202+A%23_2>
Y oEm L Ax ox 9x" 9y ax
2, 2 n 1 2, 2 34n
6x"6y"ny o 2 2 \Ax 4y 2
Ax” Ay 9x Jy
2, . n 1 2 33
sx“oyny = 5 | 20v8x ——']E
’ 2AyAx Jydx
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Time Level n+l Taylor Series Expansions (Fourth Order)

2 3 4 4 2.2 4
) y
5y" ”2+; G 3+ ayae <54 T T b i
i Ay Ay dyTat 3y 3y dt
2 3 2 2 4
2 +
Sy " ”2 ; 12 Ay2 3 g + AyzAt an + At éy 82n >
? Ay dy 3y 3t ot 3y
+ szAy2 34n ¥ Ay4 84n
27 2yt L2
, 3 4
6y26x nz+i = 2AxAy2 3 nz + 2AtAxAy2 —~§—3—§
? 2AxAy X3y 3t Ixdy
2 n+l 1 2 32n 2 83n Ax4 84n szAt2 84n
$° My A e e S T R A 7.2
T AX ox 9x” a3t Ix ax at
2 n+l 1 2 an 2 83n Atzsz 34n
X U nR m — Ax ——§-+ Ax At 3 + 5 7
y ’ AX X ox ot ot 3x
+ szAy2 34n + Ax4 84n
2 Gy 120
4 5
2
6x25y° n‘;)'; sx’ay? ————32” 5+ staxiay? —20 o
o AxTAy 3x 3y Atdx 3y
3 4
§x" 8y n?+; 2AyAx2 i nz + 2AtAyAx2 "—é—ﬂ—z
I 2LyAX 3y dx Jtdydx
31
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Table VI. Truncation Error Analysis Results

Order of
Scheme Equation Truncation Error*
. Multioperational
- Leendertse
: FTCS 3.7 0 (Atz, sz, Ayz)
- FTUS 3.7 and 4.1 0 (at?, Ax, by)
o
v Spread Time Derivative
2 2 2
Complete Level 5.21 0 (at™, Ax™, AyD)
2 sz A 2
Retarded Level 5.16 0 \ae”, =X S )ax
. At At
r r r k r N
* \0 Aa 1 Aa 2,...Aa k|, lim 'Lo - L ' < H.Aa.' where the
1° 2 k - ii
Aa, > o 4
i i=1
i=1,...k

Hi are bounded and Lo is the finite difference operator and L

the differential operator. 2 2

lim Ax lim Ay .
F 3 . = - -
AOx, Ay, At > o0 > A, At > 0 AT - Ay, At > 0 At o . If this con
dition does not hold the scheme is not valid.
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Atk odectie b da s

- Eigenvalue analysis g

( To facilitate this analysis, the following dimensionless quantities 4
are defined. In the general two-dimensional case, the dispersion coeffi-
cients are different in each coordinate direction and are represented by

Dx and Dy , respectively.

ey

In previous paragraphs, D and « have been used to represent,

. a constant dispersion coefficient in the one- and two-dimensional cases.
f o_2n _2n o2 y - ult v < VAL
‘n naAx L “m mAy Ax T Ay
: 6.1 .?
i 2 4" 21\ 2 Aﬂz Dot DyAt 3
- “n T2 2 T\ ‘n T 2.2 by="7 Dy == :
n-Ax “n m-Ay * Ax y Ay

General two-dimensional scheme

Consider equation (4.3) which determines the eigenvalue for the
following three schemes if wu,v > 0
(i) g = -1 : Upwind differencing (FTUS)

(ii) g = 0 : Centered differencing (FTCS)

(iii) g +1 : Forward differencing (FTFS)

Noting a, =U/4 , a

=vy/4 , b, =D'/2 , and b
1 X

1 2

= !
9 Dy/Z the

following expression is obtained. (B =0 , v =g )
m

_ ' , 2 (1[) _ . B
[1 + (gU ZDX) sin - i

Y .

s ey C2({"\, .U . (2n
[1 + (ZDX - gU) sin (m)+ i~ sin (F)]

)-

V
2

) + i v sin (gl
2 n

3

(6.2)

[1 + (gV - ZD;) sin2

X

[1 + (2D] - gV) sinzl(

Slals|a
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Spread time derivative scheme

The complete spread time derivative scheme eigenvalue given in

(5.18) may be written as follows in terms of dimensionless quantities.

cos (22) |
2y Ao/ 3 Vg (l) - 2D! sin (£>
A= L3 3 2 X m/J
s [ _f2n |
2 cos m n m
—_ —_——— i Pl \J : _—
h3 + 3 + i 5 31n.6;)-+ 2Dx sin (m)
(6.3)
cos (22) '
=+ i v sin (ZJI-) - 2D' sin (—E)
L3 3 2 n n/J _
x S = ) - A
[ sx sy
2 %%\ q v 27 2
= + — 3 iy 1 1 —
-3 + 3 i 2 sin (n)+ 2D! sin ( )
Computation
The eigenvalue of each scheme, AS , has been expressed in terms
of the x and y wave numbers, n and m respectively. The eigen-

values are compute for n and m values from 2-9 over three log

and Lm = mAy , such that the wavelengths are

cycles. Note Ln = nAx

expressed in terms of the grid spacing interval.

Complex propagation factor analysis

In order to compute this quantity, it is fir:: necessary to deter-

mine the eigenvalue of the analytical solution, Aa rConsider

2 2
M. ——32+D
X

on , , 2n -
dy X 5

= +

an
ot U 9% +v 3 (6.4)

y dy
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Then n ~ Cn exp [iBnt + i(onx + omy)J is attempted as a solution.

Calculating the derivatives:

5t = 18nn
2
an _ . 3 n_ 2
™ ic n —5 = -o.n (6.5)
9%
L 2
Jy m" 2 9"
3y
Then
(3 + uo + vo )i = —02D - 02D (b.6)
n n m n x my
or
.2 2 ]
B = i{lo D + o D - ug_ - vo (6.7) R
n n x my n m 3
Bn = on(leon - u) + om(lDyom - v)

Thus the sclution may be expressed as follows.

RAAgY  amim
. e
S TUUCRIE

Aod bt

(2 20\ _ . .

c Cn exp {[ (onDX + OmDy) 1(u0n + vom)] t + 1(onx + cmy)}

C~ C_ exp -(oZD + 02D )t exp [io (x = ut) + i0 (y - vt)]
n n x my n m

(6.8)

2 .
C Cn exp (Loant> exp [1on(x - ut)]

X exp (ﬂiDyt) exp [iom(y - vt)]

35




Therefore the analytical eigenvalue is given

t+At

(6.9)

2 . 2 . :
exp (;oanAt> exp (-10nuAt) exp \-cmDyAt) exp (-1cvat) 3
In terms of dimensionless quantities, we finally obtain:
b= e |- oy e (122 0) 4
a xp n X xp n :
(6.10) -
2
exp [_(&1) D'] exp [}i(gl)é] = A LY
m/ 'y m ax ay

The complex propagation factor, C , is computed as follows.

A o o\
C = Tsl> TS'X (6.11)
ax ay

= E = E
where M U and N v
v We note: uMAt = Lm = mAx
_: vNAt = L = nAy
1'4 n
IQ A computer program has been written to determine both the eigenvalue

and complex propagation factor for the previous schemes at different

values of x and y wave numbers, m and n , respectively. ¥

Initially the one-dimensional case with U = 0.2 , V = 0.0, ]

SR T e T
S e

D; = 0.01 , and D; = 0 was computed and results compared with

Leendertse's analysis. The results matched exactly. 8

;_‘ .
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Next, a two dimensional case with U = 1.0 = V and D; = D; = 0.1

was considered. Finally, the following prototype condition case was

considered. 1

P Y STV WO )

=0.27 = =V

F U = udt _ (3 fps) (360 sec) _
¢ T Ax (4000 ft) Ay
b

3 b At

2 D At
_ D; e (100 ft /sec)(SgO sec) _ 0.00225 = _X_E = p' (6.12)
- Ax (4000 ft) Ay y

WY S | \‘“4“ P

Results for the three cases above and the program listing are

presented in Appendices A-D.

7. Flux-Corrected Transport

In the implementation of this method, both higher and lower order
in space schemes are counsidered. The schemes are written in the follow- 7

ing flux formats. 1

I n -1{.1 1 I 1 ) R

= - - - .1 L

Tem = Mo,m T (8XAY) (F2+1/2,m Fr-1/2,m ¥ Fomi/2 = Foyme1/2/) 00D b

where t = nAt , x =mAx , y = R4y 4
nz 0 z concentration at location (2,m) at time level n

Ax Z X space step

b dininsiaia:

=g
<
"

Z y space step

-
1

: general index at time level n+l which we set equal to
H and L for the higher and lower order schemes,
respectively.

e
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3
F£+l/2 wl/2 = fluxes through the appropr}ate cell faces of cell
- — »T— (2,m). Form dependent upon the finite difference
] formulation.

We observe from (7.1) that the difference between the higher and lower

order scheme at (2,m) may be written as follows:

H _ L _ _ -l(H _ L )
"e,m T Mg,m - T(8%AY) [Fl+l/2,m Fo41/2,m

H L H L
- (Fz-l/z,m F2—1/2,m)+ (Fl,m+l/2 - FIL,m+1/2) (7.2)

- ‘(Fli-ll,m-l/Z - Ft,m—l/z)]

Note this difference is expressed as an array of fluxes between adjacent
grid points and is the condition required to implement flux-corrected
transport. We next develop the expressions for the above fluxes for the
higher (FH) and lower (FL) order schemes.

For the higher order scheme we employ the FICS scheme written be-
low in which the factorization terms necessary for the multioperational
method are underlined.

n+l n VAt n+l n ult n+l n)
= - === + -1
"H " 2 Gy(”ﬂ n ) 2 Gx("ﬂ o

art . 2{ n+l n) aAt . 2{ n+l n)
2ot i1 +
+ 2 Sy (ﬁH +n + 2 6x (pH n

(7.3)
uvAt2 n+l n auAt2 2 n+1 n
————4——6y6x(nH —n)+—-T—6y dx(nH -n)
2 2 2
avAt 2 n+l n o At 2. 2( n+tl n
ot g (et ) ol 202 (om0
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>
: Ignoring the factorization terms (7.3) may be written in the form of
Fl (7.1). The total fluxes are presented as the sum cof the advective and
M diffusive fluxes by defining:
) -.‘ v
i
~ H _ HA HO

Forr/z,m = Fexr/a,m ¥ Fodt/2m

(7.4)

: H _ _HA HO
-, FQ,mil/Z - Fz,mil/Z + Fz,mil/Z

where,
: e = higher order scheme fluxes
N W+1/2,mk1/2 © gher or schem ux
K HA o ;
Fle/Z,mj1/2 = higher order scheme advective fluxes
HO oy . .
FQil/Z,mtl/Z z higher order scheme diffusive fluxes
»32 Expanding Equation (7.3) using the definitions listed at the top of

page 16 one then obtains:

¥ +1 n+l n 7
. (n; + nn> <”H + n )
-~ HA B AY 2+1,m 2,m
. Fle/Z,m = vAtAxL —y + 5 . 2. (7.5)
[ n+1 n n+1 n T
Ny +n % +n
HA L ,mt+l 2,m
= —_— = —_— 2. 7.6
Fo mt1/2 = UAtAY| T3 + 2 ] (7.6)
h HO H n H n )
- = - - - 2 7.7
- For1/2,m OlAtAx(f‘Hl,m * %s1i,m T Maum T Me,m/ /20 7.7

:5 HO _ H n _ H _.n
- FQ—l/Z,m = aAtAx(n +n )/ZAy (7.8)

2,m




g L Magn e T 3 Y - T B R B T T T T T Ty =y .'.‘-1
-l . e e _ - P . - . P N - B - B N R Ce T e - R - L - . . - -

H n H n
L,m+l/2 '°‘AtAy(”2,m+1 T mel T Mam T ”g,m)/“x (7.9)

"y
I

HO _ H n H n
Foou1/2 = aArAy(HQ’m L T nl’m_l)//ZAx (7.10)

Next consider the FTUS lower order scheme given below. For
g = 1 s U,V Z 0 , respectively. Factorization terms are again

underlined.

g(u_ - 1)
_ ulc X n+l n aldt 2 ( n+l n)
-5 Bx-f——jg———]ck + n) A A U M

2 Sxg(u, - 1) édyg(u_ - 1)
aldt 2 ( n+l n) _ uvit y X
+ 55 (nL +n ) 7 [Syéx + Ay + i (7.11)

2
g (u, - D, -1) 2 g(u, - 1)
+ x y (nn+l _ nn) + uu:t cyz Sx + Zx nn+l _ r]n)

AxAy L L
2 gy, - 1) 2,2
avit 2 y n+l _ n) _ a’At 2,.2 ( n+l n)
+ e &x [5y + & (nL n ) v 8y“ éx n n

If, as in the previous case, the factorization terms are ignored, (7.11)
may be written in the form of (7.1). Total fluxes are, as before,

presented as the sum of advective and diffusive fluxes. Thus

L LA L0
Fot1/2,m = Far1/2,m * Fer1/2,m

(7.12)
L 1A L0
Foom1/2 = Foomasa * ¥y a2
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where,
L = lower ord heme f1
Qj—l/Z,m—fl/Z = [0} oraer scacme uxes
LA _ .
FQil/Z,mfl/Z = lower order scheme advective fluxes
LO

FQil/Z,ngl/Z = lower order scheme diffusive fluxes

Expanding Equation (7.11) one then obtains:

nn+1 + nn
uAtAy\ — -~ u >0
) 2 £,m
LA B ,
Fo,mel/2 = \ ntl | n (7.13)
ﬁL + n
uAtAy — 5 u <0
\ 9 ,m+l
\
n2+1 + nn
ulAtAy\—————— u=>0
2
LA 2,m-1
F = (7.14)
2,m-1/2 n;—!—l + nn
uAtAY\——F— u<0
2
\ . £,m

vAtAx
LA
§

F = (7.15)
+1i/2,m nE+1 + o0
vAtAx-—~—7?—'—' v<O0
2+1,m
<n

vAtAx

LA <‘

= (7.16)
FQ—I/Z,m n+l n >
Ny +n
VAtAX 77— v <O
2
L,m )
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1+1/2,m+1/2

The flux-corrected transport method is completed as follows:

are as given in (7.7)-(7.10) if one replaces H with L .

1. Compute the anti-diffusive fluxes, AQil/Z,mtl/Z
A = FH - FL
2+1/2,m+1/2 2+1/2,m+1/2 2+1/2,m+1/2

, .. . s , c
2. Determine the limited anti-diffusive fluxes, Azil/z,mil/Z

0 <¢C < 1

C
= .
Aw1/2,m1/2 T Con1/2,mi1/2 " Aati/2,m1/2 R+1/2,mH1/2

The determination of C is given by Zalesak as outlined

241/2,mtl/2
in [3].

3. Apply the limited anti-diffusive fluxes:

ntl _ L —l(c _ A€ c _.c
Neom = Mg,m ~ OXAY) "B 1/0 0™ Aper/2,m A m1y2 “z,m-l/z)
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PART 11T1:

The transport

space by means of an exponential stretch.

of the numerical approximations to the nonlinear transformed transport

equation are presen

earized transport equation becomes nonlinear in transformed coordinates.

1. Development of

NUMERICAL APPROXIMATIONS FOR THE TRANSPORT
EQUATION IN TRANSFORMED COORDINATES

equation is transformed from x-y space to o, - «

1 2

Subsequently, the extensions

ted. It is instructive to note, that even the lin-

the Tranformed Equation

The following

Then for an arbitra

afrz:i(ée)d"l
8x2 aa] ax/) dx
8_‘23-_2(@)"2
8y2 302 dy/ dy

:
doy (g&d%)i‘h_ﬂ QEBM_1+QL>_L<M_1\- -

PRI SEPSRP I S W S DA R WA WP W O

coordinate transformation is considered by Butler

1/c
1
< X - al\
=a, + b1011 = o, \ bl (1.1)
1/c¢
c [y - a,\
2 2
= a +ba —— o = —_— (1.2)
2 7 2% 2 \ b, /
ry hydrodynamic variable p(x,y,t)
do do
%p _9p _1 % _9p 2 (1.3)
Ax 801 dx dy auz dy

da, dx | dx dx 2 dx da, da,

(1.4)

‘d
o (oo X0\ M2 M a% % ap 2 ()|,
302 dy
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........

If we introduce My = dx/da1 and Hy = dy/dor2 then

9 _ 1 3p o _ 1 9p (1.5)

9x My 801 oy Hy 302

2 r a2

2p .1 {1 8% 9 8 (1 (1.6)

ax? M L“l aa% 9y Bty \H,

- -
2 2

8% _ 1 Lu+ar>__a-<L> .

ay? M2 L“z aa2 9%y 9uy \M

2 J
Considering Equation 1.4a in an alternate manner
2 da da dzu
9p _93 [op 1} _93 (3p } 1, 9p ] (1.&;
2 7 9x \da, dx / ~ 9x \du, [/ dx du 2 e
ax 1 1 1 dx
Noting 9/9x = (8/301)(dd1/dx) = (a/aal)(]/p])
2 2
2 2 do d"a
2% _ 2% (1) , 9 % U.9)
2 2 \dx du 2 ’
x da 1 dx

1

Employing previous notation, Equation 1.9 is rewritten as follows:

2 2 2 a
a_e=‘<>_e<1_> +§p_d_<1_) (1.10) :
ax?  aa® \M) %% dx W \

1 N
Note, however, from the relation between 9/3x and 8/801 we obtain i
2 2 2
?_gza_f22<1_) +§;L%<L>l_ (1.11)
ax”  aa] \M1 1 %\
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This relation is equivalent to Equation 1.4,

If we consider a hydrodynamic variable p(a],az,t) and let

i*,j%*,n be defined such that

n = i jw
Piv ju = p(i*Aa,,j*Aa, ,nAt) (1.12)

Then let i , j , n be such that

C C
n - . &3 2 i 1
pi‘j = pl:a2 + b2(1 Aaz) y oap ¢t bl(J Aal) , nAt] (1.13)

wWe employ uniform spacing in oy - uz space and irregular spacing in
Xx-y space. We may evaluate the derivatives with respect to x and y
as tollows.
n n da
ap =9 1
x| . .~ 301 dx e (1.14)
1,7 i:"’j‘.': J
where
du X - a (l-cl)/cl
1 1 “1
— = — = f(x)
dx clbl b1
<, 1 (l-C]) dul
= = = f(j*Ac
flay + by ¢ b, %1 flo) & (7%8ay)
171 3"
and
n n da
op =2 2 (1.15)
ay | . . Ja dy o
i,) 2 . o i=
17,3"
where
) ) (1-c,)/c,
,iz. = 1 Y a_g = g(y)
dy czb2 b2
c (1-c,.) da
2 1 27 _ i*Ax. )
gla, + b o = o = g(a,) ' g(i*Aa
2 272 czb2 2 2 dy i 2
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For the second derivative term we obtain

n n n
| | )k el TS a (% (1.16)
ax2 dx |-. aal dx . Bal dal dx o
i,j J i*, j% J i%, j%
where
da (1 -¢ ) -c
d 1
d°'1 (dx) [ (a +b ul)] —3 9 h(a.)
da
d 1
aa; <a;*> L = h(i*ba))
o M
Similarly, for 5 . The underlined terms in Equations 1.6 and
dy .
1,]

1.7, although they may be computed exactly, are approximated using finite
differencing on Hy and Hy -

Transforming Equation 1.1 in Part I in x-y 'space to o, -,
space we obtain the following result.

(dUS)u (dvs)a (s) (s),

4
1 2 1 1 1 2
(ds), + + = — |dK
t Hy Hy Pi | 9 M Hy | ¥ M

where d is introduced as the depth in place of h

(), =9/0t
( )0,1 = 8/801l
( )0,2 = 9/3a,

Equation 1.17 is the relation that is the subject of numerical approxi-
mation. Let us consider the space staggered grid shown in Figure 1.

The datum convention is illustrated in Figure 2.
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Figure 1. Space staggered finite difference grid in i
transformed coordinates {
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Figure 2. Datum convention employed within the space staggered
grid system
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Let us introduce the following notation as a prelude to the approx-
7‘ imations. Define for an arbitrary variable Fn m’ where t = kAt ,
R >
B vV = nAy , X = mAX :
. dk(Fk ) = pRTL/Z gk (1.18a)
“ t\n,m n,m n,m
B k(k ) k+1 K
. §! = -
: t F n,m F n,m F o,m (1.18b)
' Kk k Kk
§ = -
dl<rn,m) Fn,m+1/2 Fn,m-1/2 (1.18¢)
k _ Lk k
6az(VFn,m\) - Fn+1/2,m Fn-l/Z,m (1.18d)
o k k
- (Fn,m+l/2 * Fn,m—l/Z)
F == 5 (1.18e)
n,m
o k k
—% - (Fn+1/2,m + Fn—1/21m> 1.18
n,m 2 (1.18f)

2. Leendertse FTCS Multioperational Scheme

The following finite difference equation is considered as an ap-

proximation to the nonlinear transport equation (1.17)

4, "1 %1%
K agy + At s \gktlgktl kHl | —k—k k
t 2Au1(ul)m ul
) a 0, O
At (—3k+1—3k+1 ol 2k k>
m—)'— GOL d s v + d s v
2 72'n 2
-
a 5., (skthy oy 5., (s
—k+ —x .k %1
- _____1%%,_,__ ;. gkl K1;+1 “%ﬁ?’f"_ + 4 Kal o (2.1)
Z(Aal) (ul)m 1L 1 17m m
+ K
a, s G a8 (89
] + —]
- —-———A§—~———-a gkt kel —-%}—3—~—»+ 3 gk —7343*- =0 at (n,m
2(Aa2) (uz)n O"2._ R) Ho/n %o Ha/h
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The above equation is assumed to be contained within the following
multioperational difference equations. For the linear case obtained for
(uz)n = (ul)m =1, K“z , Kal constants in space and time, and .
u, v, d constant in space and time, the constituent intermediate

time level may be eliminated in the multioperational approach and the 1

total difference equation obtained equals the above difference equation

bt t

plus some higher order in time factorization terms. The total differ-

o

ence equation is consistent with the linear transport equation. For

the nonlinear case considered, it is not possible to eliminate the con-

P e

v

stituent intermediate time level. Thus the exact form of the factoriza-

?
D
-
-
‘L .
b
A
N
N
E
.
P- .
.

tion terms may not be determined. However, their numerical effect may
be tested.

The approximations for the X-Sweep may now be written as follows

o ] o

ot 8 1 1
1\ kH1/2% _KHL/2% ktl/2%

< \d
2A°‘1(“1)m

k
dt(ds) +

At § a S (Sk+1/2*)
_ *1 —EHL/2% kL) 2 *1
2 o (uy)
2Aa1(u1)m 1 1’m
(2.2)
%2 %2
+ At dk Skvk

;
|
b
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Expand (2.2) using (1.18) and collect all terms at time level k+1/2%

to obtain: (K = K )
X oy

kHL/2% 30 V2 S ) (Sku/z* sk+l/2')
k+1/2% + At "n,m-H. n, m+l nn,m n,m/ k+1/2*% n,m+l n,m
) 2.
m

(ds)n,m 2Aul(ul 2. un,m—ﬁ»l/Z
k+l/2% k+1/2% k#l/2% k+1/2*)
( nym-1__ hn,m-l * nn,m - h\'\,m k+1/2% sn,m-l * s\'xlm
2. Yn,m-1/2 7.
(2.3)
( k+l/2% 0 VL B ) (Sk+1/2* _ Sk+l/2*)
at n,etl nymtl C Maym n,m n,m+l n,m (kL2
- 2 2. (u,) x
1'm+1/2 ,m+1/2
230l (e n,m+1/

K+l/2% k+1/2% k+L/2% _ kel/2%
- (nn,m—l "Ml T Taym - hn,m) (sn,m %n,m-1 )Kk+1/2ﬁ
2. (ul)m-I/Z xn.m—l/2
Collecting all terms in (2.2) at time level k denoting the result as

B , we obtain: (K =Z K )
m y o
2
K k
_ Lk At n:ﬂ,m - hn«fl,\'n + nn,m - hn,_rq_ Vk (sn+1,m + sn!m)
Bt (da)n,m - 28, (uy) 2 n+l/2,m 2
k k k
_ (":-1,m - hn—l,m thm hn,m) vk (sn—llm + Sn,m)_]
2. n-1/2,m 2
(2.4)
k K k
R At (n:«’-l,m - hn+l,m + nn,m B hn,m) sn+1,m - sn,m) Kk
2(uy), (82, 2. ez Yodls2m
Kk K ) k k
_ (nn-l,m - hn—l,m * Mam ” nn,m) Sa,m sn-l,m) Kk
2. (Pnerz In-l/2m
1 i. -
n (2.3) we define A -1 A bl ? and a i m 38 follows
o
1 r
<——>k+1/2* k+1/2% k+1/2*
At\ d u (K )
-a _ n,m-1/2 | n,m-1/2 + X n,m-1/2 (2.5)
n,m-1 2A , .
m s ) |2 Boy Gupdi1/2
ay _
at\d k+1/2% uk+1/2* ( k+1/2%*
a - n,m+l/2 | n,mtl/2 Xx'n,m+l/2 (2.6)
,mt+l 2 - .
" oy Cupdy | 2 Bay () a2
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ay oy -

u k+1/2% o k+1/2% N

_ dk+1/2* At n,mtl/2 _ n,m-1/2 -

n,m n,m 2Aa1(ul)m 2 2 J
o a 2.7) :

—g Jetl/2* 3 Jirl/2x 1

+ At x/n,ml/2 + x/n,m-1/2 ﬁ

2 (up) (uy) B

ZAal(ul)m 1’m+1/2 1’m=-1/2 i

Collecting all results we obtain the foilowing interior equation g

for the X-Sweep %
R

k+1/2% k+l/2* k+l/2% _ .

n,m-1 °n,m-1 + n,m n,m + a4, mtl Snymtl Bm (2.8) _

The approximations for the Y-Sweep may now be written as follows:

st 8 % % ) e s, |a, 8, **YH
+
5:’1/2' 2 \ JoT o i) 2 | e %2

(d8) + s——3—
280y (uy) 20020, a, Gy

(2.9)

b —
280, (uy) e G)

L]
se 8, M1 1 st 8, %1 A @k
1\ gk+tl/2* GKFLIZ® kt1/2% 1 dk+1/2t Kk+1/2* _1 «0 at (n,m)
L

28a; (uy)

Expanding (2.9 by employing (1.18) and collecting terms at time level
k+l on the left hand side and leaving terms at time level k+1/2* on
the right hand side the following interior equation for the Y-Sweep is

obtained.

k+1 k+1 k+l
n-1,m Sn—l,m t an,m sn,m + an+1,m sn+l,m - Bn (2.10) J
h 2 z ' 1
where (Kx = Kd , Ky z KOl ) :
1 2 q
A
A
.
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3. Leendertse FTUS Multioperational Scheme

o
2
— Jk+1 k+1 k+1
()
. ) n-1/2,m | ‘n-1/2,m . &)n-1/2,m .11)
-1, .
nlm 200, (y), 2 By (g pe1/2
(2
— Jk+1 k+1 k+1
a - At\ d ntl/2,m| ntl/2,m _ (Ky)n+1/2,m (2.12)
+ .
ntl,m 280, (uy) 2 bay My /2
o o
(—§b>k+l (—§§)k+1
_ Lkt At n+l/2,m n-1/2,m
4 ,m dn m 24a,(p,) 2 -
’ 2'72'n
(2.13)
a o
(Tgk )k+1 < >k+l
+ At y/n+l/2,m + y/n-1/2,m
2802 (1) (M9 nt1/2 (M2)n-1/2
2°72'n
3 - (d.)kﬂlz* . At (“_ld‘_l_) k+1/2%  ktl/2% (ﬂ_1 3) .K:HIZ* k+1/2%
n nm o T 2G)aa |V 9 a2 Ve TN 98 pacly2 Yaeer2
(2.14)
— Bt (u—:‘ )kﬂ/l* (':*:ﬁ' - ‘:‘:/2. . (%K.)ku/za w
20 (a2 N YT G, aml/2 gy

The following finite difference equation is considered as an

approximation to the nonlinear transport equation (1.17):
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1 o k+1 o k
"% At B R
8 t(ds) + TR Ga d s, u + d s,u
A 1'Mn %
-
a2 k+1 a2 k
At —SkHE kel |, —kE Kk
2ha. (1) 6& d 8, + d S,V
272'n 2
a s (s5'1 a 5, (s¥y
At —k+l k+l 1 —k k1 (3.1)
) 2(8a) (1) 60‘1 ‘ K“l (i) ¥ 1(‘"1 (uy) .
(!1 Lll m m m J
., Ga (sk+1) a, Ga (sk)
T I il o My i M PP
2(Aa2) (uz)n 2 2 Holn 2 Y2)n |

The following upwind difference operators used in the above equa-

tion are defined at (n,m) as follows:

k k

fk sn,m—l/2 fn,m-z 0
= =
1 k k
Sn,m+1/2 fn,m <0
(3.2)
k k
&) S0-1/2,m fam20
; -
.. 2 k k
P> Sn+1/2,m fn,m <0
%fq For the linear case [(ul)m = (uz)n = 1.0, K“l , Kuz sy U, V.,
¢:_ and d constant], the constituent intermediate time level in the multi-

operational approach, may be eliminated. The difference equation
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obtained is consistent with the linear transport equation and equals the
above difference equations plus some higher order in time factorization
terms. For the nonlinear case considered here, it is not possible to
eliminate the constituent intermediate time level. Therefore the exact
form of the factorization terms may not be determined. However, their
numerical effect may be assessed.

This schere is similar to the standard ADI technique except that
upwind differencing is employed for the advective terms. ‘The necessary
modifications for the X-Sweep are shown in Table VII while those em~
ployed for the Y-Sweep are given in Table VIII,

Thus the FTUS scheme may be obtained from the FTCS scheme program-
ming with only modest programming modification. In CRAY-I FORTRAN three
vector functions may be employed to define the FTUS modifications as

follows:

CVMGP (xl, Xys X)) = X x, >0 (3.3)

AMAXT (xl, xz) = x; Xy Z.xz (3.4)
X XX

= .S

AMINI (xl, x2) Xy X <%, (3.5
X, X > X,

These functions eliminate the need for IF type statements.
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Table VII. X-Sweep Modifications FTUS

Equation FTCS FTUS 3
k k N

s + s K

( n+l,m n,m) k k .

2.4 2 5 Sn,m vn+l/2,m-3 0 3

E

k k <0 i

Sn+l,m vn+1/2,m

(rans )
n-1,m n,m k k
2.4 ’ 2. ’ Sn—l,m vn—l/2,m 0
k k
Sn,m vn-1/2,m 0
- e+ /2
- 4 n,m-~1/2 k+1/2%
~ 2.5 ——L—f——— max (b., un,m-l/Z
uk+i/2*
n,m+l/2 X k+1/2%
2.6 ——4—5——— min (O., Up mbl/2
“1
~du k+1/2* (al )
—_ *
2.7 ———4—E§Et£Lg max | 0., du, E+;if/2
%1
3 k+1/2% al
2.7 ___u__rlﬂi/_z_ min | O “Eu k+1/2%
) 2 i n,m-1/2
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Table VIII. Y-Sweep Modifications FTUS
Equation FTCS FTUS
vk+1
n~1/2,m ( k+1
2.11 - max (0., vn—l/Z,m)
k+1
n+l/2,m ( k+1
2.12 — 5 min {O., Vn+l/2,m)
a s
(—g—v)k+l (az )
n+l/2,m — Jk+1
2.13 2 max | 0., dv n+1/2,m
a
(__cziv)kﬂ' (az )
n-1/2,m . — Jk+1
2.13 -——-———L—Z min | O., dv, n-1/2,m
@, a @y
2.14 w i k+1/2% —kd +1/2%* Sk+1/2* uk+1/2* > 0
: n,m-1/2 n,m+1/2 “n,m n,mt+l/2 =
!
—Ek+l/2* Sk+l/2* uk+1/2* <0
n,m+l/2 “n,mtl n,m+l/2
(al al) al
— —} k+1/2% —k+1/2*  ktl/2* k+1/2%
2.14 ds n,m-1/2 dn,m—l/2 Sn,m—l l"n,m—1/2 20
*1
—k+1/2% k+1/2* u1-<+1/2* <0
n,m-1/2 “n,m n,m-1/2

Dot ol m B
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4, The Spread Time Derivative STCS Scheme

Using previous notation, the approximations for the X-Sweep may

now be written as follows

u / u At 6‘! nl gl
2.k x k+l/2% _ “y k 1 5] ktl/2% k+1/2
3Gt(ds) + 3 (ds) 3 (ds)  + ———ZA“]_(ul)m ds u

-

At 8 é k+1/2% At §
o | 2h1/0n ibrjon (8 a j(2222),
- | Ko G Y 2y ba, N (4.1)
21\«:;1(1&1)m 1 L o2 ]

At 8 @ 6y (sk)
T _dkl(k -2 =0 at (n,m)

2Ac:s§(uz)n %2 (u2)n

If we place all terms at time level k+1/2* on the left-hand side of

the equation and expand we obtain (2.3) if

k+1/2* k+1/2%
(ds) + (ds)
2 k+1/2% n,mtl n,m1 _ k+1/2%
3 (ds)n,m + 2 3 = (ds)n,m (4.2)
and (2.4) for
k k
(ds) + (ds)
2 k n+l,m n-l,m _ k
3 (ds)n,m + 3 21— = (ds)n,m (4.3)

All other terms in (2.3) and (2.4) remain the same. Equation (4.2)

necessitates the following modifications to (2.5)-(2.7).
*
dk+1/2

- = - _n,m-1
,m-1 - %n,m-1 6 (4.4)

58

Y PV SN PV B U S U A VD U P L SRR WO S SOt I — . o

VPG

e Adfrien s

KR




v

oy
t

._'i.

A
S

SRt S s ¥
BN

]

e
PR A

e

e
-

*
dk+1/2

= n,mtl
an,m+l - an,m+1 + 6 (4.5)

dk+l/2*
a Z a LT 1. (4.6)

The approximations for the Y-Sweep are as follows

K+l NS be 8 %2 %
5k+1/2*(ds) . uy(ds) ) u, (ds) . a, (J%g39 ktl kt+l
. 3 3 280, (uy)
ooae s fa, % Colp (L
2 |5+l k1 %2 L \Tag/ krl/2% kel/2x
Tadloy | m G, |TEeG) L ]
2'H2’n : "
*
pe 8, lag 8, (sK+L/ 2%
* *
— 1| Sk+1/2 KI;H/Z 1 ™ =0 at (n,m)
2Aai(ul)m 1 tm

If we place all terms at time level k+1 on the left-hand side of (4.7)
and expand we obtain relations similar to (2.11)-(2.14).

In fact for (2.11)-(2.13)

k+1
““n-1,m =- qn-1,m ~ —E%lLE (4.8)
dk+1
%n+l,m - %n+l,m + _E%LQE (4.9)
dk+1
an’m = an,m - _%}dﬁ (4.10)
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In Equation (2.14), we employ (4.2),

k+1/2% k+1/2% k+1/2%*
2(ds) (ds) L7 + (ds)
. -
(ds):+;/2 z g’m + n,mtl 3 n,ol (4.11)

We therefore note that the spread time derivative scheme may be

obtained from the standard scheme with only minor modifications.

5. Flux-Corrected Transport

As in the linear case, both higher and lower order in space
schemes are employed. For the nonlinear case, the following flux format

is needed.

k+1 I _ k k -1( I
dn,msn,m - dn,msn,m [Aal(ul)mAQZ(UZ)n] Fn+l/2,m
(5.1)
I 1 I
- Fn-1/2,m + Fn,m+1/2 - Fn,m—llz)
where t = kAt , x =§ (ul)iAal s ¥ =§ (112)iAo¢2
Sﬁ o = concentration at location (n,m) at time level k
b4
Aal(ul)m = x space step at m
Aaz(uz)n = y space step at n
I = general index at time level k+l , which we set to
H or L for the higher or lower scheme,
respectively
1
= f f cell
Fnil/Z,mtI/Z fluxes through the appropriate cell faces of ce

(n,m). Form dependent upon the finite difference
formulation,

We observe from (5.1) that the difference between the higher and lower
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order scheme at (n,m) may be written as follows:

~1
H L \_._ K+l H _ L
(Sn,m Sn,m) [Aal(ul)mAQZ(uz)ndn,u\] [(Fn+l/2,m Fn+1/2,m)
H L H L
- (Fn-l/Z,m - Fn—l/Z,m) + (Fn,m+l/2 - Fn,m+l/2) (5.2)

H L
- (%n,nrl/Z - Fn,m—l/Z)]

Note this difference may be expressed as an array of fluxes between
adjacent grid points. We next develop the flux expressions for the
higher (FH) and'lower (FL) order schemes. In order to aid in notation,

we make the following definition for an arbitrary variable, F .

Fk+1/2 - Fk+1 + Fk )//2_ (5.3)
n,m n,m n,m

For the higher order scheme we employ the FTCS scheme written in
(2.1) in which the factorization terms developed in the multioperational
method are not shown. Equation (2.1) may be written in the form of
(5.1), where the total fluxes are presented as the sum of advective

and diffusive fluxes as given in Part II (7.4) with & =n .

From Equation (2.1) one then obtains for the advective fluxes:

oA Y B st 4+ s k+1/2
ntl/2,m vnil/Z,m Y17m % 2 4. MHLm

iieal ]

(5.4)

N

(sH + sk) k+1/2
+ | — d
2 o b

’
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H

H k
A k+1/2 S + 8 k+1/2
F = At A —_— d
. n,mt1/2 = Yn,mtl/2 (up) ptiey ( 2 >n.mil n,ml
.:%: (5.5)
- H, k
L + (? + S > dk+1/2 9.
*.! 2 n,m
n,m
ﬁ;j The diffusive fluxes are then given by the following relations.
RO (K, =K ,K =K )
.- X @y y @,
Ho ke1/2 B g0%
Fn+1/2 m K 2
- yn-_i_-l/Z,m
(5.6)
H .k _ (ol ok k+1/2 k+1/2)
[(S +S )n,m (8" +s )niﬂ,uJ dnil,m + dn,m
X
Bay (ugdt1/2 2
20 - g kL2 be(uy) bay
n,ml/2  ="x 2
P n,mt+l/2
5.7)

H. .k H, k k+1/2 | k+l/2
[(s +89, - (s s )n’né;] (&n’mil +a

X

Bay (v sa

For the lower order scheme, the FTUS scheme written in (3.1) is
employed. Factorization terms generated by the multioperational method
are not considered. Equation (3.1) is written in the form of (5.1).
The total fluxes are presented as the sum of advective and diffusive
fluxes.

From Equation (3.1) one obtains the following set of advective

fluxes.
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‘ k+1/2 k+1/2 st + s\ ka2
!-:_-_ n+l/2,m 20 vn+1/2,mAt(ul)mAu1 2 dn m
L'-- LA n’m >
L Fav1/2,m = (5.8)
N TSy k+1/2 st + ¢ K+1/2
- Vot1/2,m < O Vi /2,m0t 0 gt \ T datlm
n+l, ’
) Sz k+1/2 sk 4 gk k+1/2
N n-1/2,m 2 Vo-1/2,m8t (M) pboy T3 ) do-1,m
. LA . n-1,m ’
Fa-1/2,m = (5.9)
~ Kk+1/2 k+1/2 sk + 5K
. v 0 k+1/2
. n-1/2,m ° Vn-1/2,m2t (M) pb0\ " dnm
. n,m °’
"
~
- Jeiz o JHLZ (?L + sk) JeH/2
n,ml/2 — n,m+l/2 ¥2/08% 2 am M0
R AL ’ (5.10)
. n,m+l/2
L, .k
k+1/2 k+1/2 S+ 8 k+1/2
u <0 u At(u,) Aa (ﬂ*—ﬂ) . d
n,nt+l/2 n,mtl/2 2’n"72 2 n,ml n,mtl
'~
gz AL (sL + sk) Jer1/2
n,m-1/2 = n,m=1/2°F 27089\ T3 n,m-1
LA n,m-1
- Fom1/2 " (5.11)
k+1/2 k+1/2 (sL + s“) Kk+1/2
:.‘ un,m-1/2 <0 un,m—l/ZAt(UZ)nA“2 2 a mdn.m
- ]

The diffusive fluxes are obtained from relations (5.6) and (5.7) with

g H replaced by L.

o
3 The Zalesak flux-correction procedure as reported in [3] for the
>
linear case proceeds analogously as follows:
2 First, the anti-diffusive fluxes are computed.
-_:- '
) H L H L
. _ o A A 0 0 (5.12)

v, An-_0_—1/2,m B Fni-1/2,m - Fn-l-l/2,m t Fni-l/2,m - Fn-i-l/2,m




H
A A

n,ml/2 I:n,lxr_l~1/2 - !n,rrtl/Z *

Ll M o M i AR e ChRaciute “Sie Boue feei bt e Jvehde S amh g Sagn-s

L H L
A
F 0 0

n,me1/2 " Fn,mb1/2

(5.13)

In computing the difference bet~een the diffusive fluxes (third and

k
fourth terms in the above expressions), note that the terms with Sn o

may be completely eliminated.

]

fa The above anti-diffusive fluxes are screened in the following

. manner.
An+1/2,m =0 if
and either
or
An,m+1/2 =0 if

and either

or

Next the maximum and minimum cell values are determined.

s = max(s® st

S
n,m n,m’“n,m

max a
S = max(S ,s2 ,s2 ,s2 a
n-1,m’ "n,m’"n+l,m*"n,m-1’"n,m+1

n,m

L L
An+l/2,m(.sn+l,m - Sn,m) <0

L L
An+1/2,m Sn+2,m - Sn+1,m) <0

L L
An+l/2,m<§n,m - Sn—l,m) <0

A <0

L L
n,rn—l—l/Z(Sn,nri-l - Sn,m)
L L
An,m+1/2(?n,m+2 - Sn,m+l) <0

L L X
An,m+1/2 (,Sn,m Sn,m—l) <0

) Sb = min(Sk ,SL )
n,m n,m’ n,m

(5.14)

(5.15)

(5.16)

(5.17a)
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Smin = min Sb b b b

b
n,m n-1,m’"n,m’ n+l,m’ n,m—l’Sn,m+1) (5.17b bis)

The author has also employed only quantities at time level k , obtain~

ing the following alternative relations:

max _ k k k k k
Sn,m = max Sn-l,m’ n,m’“n+l,m’°n,m1° n,m+1) (5.18a)
min _ k k k k k
Sn,m - min(sn—l,m’Sn,m’Sn+l,m’Sn,m—l’Sn,m+1) (5.18b)
Next the sum of all anti-diffusive fluxes into cell (n,m), p: o
. ?
is determined.
P’ = max(0,A ) - min(0,A )
n,m maxtystn-1/2,m " *“n+1/2,m
(5.19)
+ max(O,An’m_l/Z) - mln(O,An,m+1/2)

The maximum allowable mass into the cell, Q: m’ is then computed.
1]

k+1

+ _ f.max _ L
Qn,m - (Sn,m Sn,m) [(Ul)mAOll(uz)nAazdn’m] (5.20a)

Note S:az is as given by (5.17a). The author has employed two alter-

»

native formulations.

+ max L k+1
Q = (én,m - Snun)Eul)mAal(UZ)nAGZdn,m] (5.20b)
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where Sn is now given by (5.18a).

’

The second formulation considered is given by:

k+1

N (“‘a" (5.20c bis)

Sn,m - )[(ul) Ao (uz) Aazd

max
where S
n,m

2

is given by (5.18a).
Similarly, the sum of all anti-diffusive fluxes out of cell (n,m),

P_ , 1s determined.
n,m

P_ = max(0,A

n,m ’ n+1/2,m) - min(0,A

n-l/2,m)
(5.21)

+ max(0, A min(0,A

m+1/2) - n, m—l/Z)

The maximum allowable mass to leave the cell, Q; m’ is then computed.
»

- SL
n,m n,m

Po
[]

- min)[(ul)mml(uz) Ba,d f’ﬂ (5.22a)

Note S:i; is as given by (5.17b).

’
As in the case of Q: n’ the author has employed two correspond-
b

ing alternatives. Under the first alternative, (5.22a) is employed

with Sﬂi; now given by (5.18b). Under the second alternative,
b ]

k+1

QI-I,m - (S: m min)[(ul) LACPY nB%dn o (5.22b)

with S™® given by (5.18b).
n,m
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The following ratios are next computed

the limiting coefficients.

min (1 ,Q+ /P+ )
+ n,m/ n,m

0

min(l,Q;,m//P;’m)

0

=
fl

The limiting coefficients are then given by

min(g:+l,m’Rn,m)
Cn+1/2,m B + _
min(Rn’m,Rm_l,m)
min(R:’ mH,R;’m)
Co,m1/2 = +
min(kn,m’Rn,nﬂi)

A’n+1/2,m

An+1/2,m

n,m1l/2

n,m+l/2

|v

for use in determining

(5.23)

(5.24)

(5.25)

The anti-diffusive fluxes in (5.12) and (5.13) are limited by

multiplying by the limiting coefficients and the solution is advanced

to the next time level.
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k+l _ L k+1
Sn,m - Sn,m [;al(ul)mAaZ(HZ)ndn,a] (Cn+1/2,mAn+1/2,m
(5.26)
" Ch-1/2,0%0-1/2,m b G, m1/2%0, w172 T Cn,m-1/2%0,m-1/2)
- _ k+1 _ L
We observe that for qul/Z,m = Cn,mil/Z =0, Sn,m = Sn,m and for
_ _ k+1 _ _H
Cnil/Z,m - Cn,mtl/Z =1.0, Sn,m - Sn,m )
6. Additional Flux-Corrected Transport Limiters
minl
In conjunction with (5.18a), one could insist Sn n - max(P.O,
4
S:lg) , where Szln on the right hand side is as determined in (5.18b).
3 1
Equation (5.22a) would be employed for Q_ , where Smin would be
1 n,m n,m
min
replaced by Sn,m .

As another alternative, one could consider the following relations

for Smax and Smln .
n,m n,m
max _ k k k k k k+1
Sn,m = max(Sn_l,m, n’m9 n+l,m’ n,m—l’ n,m+1’ n,m (5.273)
min _ k k k k k k+1)
Sn,m = min(Sn_l,m, n,m,‘ n+1,m’ n,m-l’ n,m].! n,m (5-27b)

These relations could be employed with (5.20a) and (5.22a).

As an additional alternative, one could employ the second alter-
nate limiter of the previous section; e.g., (5.18a), (5.18b), (5.20c)
and (5.22b), on the first time step and the original Zalesak limiter on

subsequent time steps.
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Clearly, many different forms of the limiter are possible. We have

presented these additional limiters to outline the direction of possible

PIe_ i e A .

future research.
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PART IV: ADDITIONAL NUMERICAL CONSIDERATIONS

In order to develop a numerical model it is necessary to develop
the necessary approximations near both open and closed boundaries. This
then leads to a discussion of the tridiagonal matrix solution scheme
necessary for each sweep.

The development of flow field influence on the effective disper-
sion coefficients is presented to close the numerical model. This
closure is by no means perfect; however, it is sufficiently general to
permit model calibration. Additional approaches may be necessary to
incorporate wind effects. The approach followed here allows a determi-
nation of the anticipated range of physical dispersion. In genmeral,
the numerical scheme will also produce dispersion. The model.should be
calibrated by adjusting the dispersion coefficients to values within the
acceptable physical range.

1. Approximations Near Solid Boundaries

In the hydrodynamic equations, the convective acceleration terms
and the eddy viscosity terms must be modified in the vicinity of the
boundaries. This is due to the fact, that if the standard differencing
formulae at the boundary are used points are referenced outside the grid.
No modifications are necessary for the continuity equation. Since the
transport equation is nothing more than a constituent continuity equation,
we would anticipate no need to modify the formula. This is indeed the
case, for the difference formulae for continuity are cell centered;
namely, fluxes are evaluated at each cell face. The fluxes are merely

set to zero in the standard formulae for no flow conditions across the
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appropriate faces. Let us investigate this procedure in turn for each

difference scheme. In the X or o, sweep each column in the grid is

BUEEE % LN

1 1

4

swept from top to bottom sta.ting and ending at a boundary. In the Y “u

“4

F or a, sweep each row is swept from left to right again starting and -]
» E
" o
' ending with a boundary. »

Let us consider Equation (2.8) of Part I1I, which we rewrite below

as the standard equation for the X—al sweep .

k+1/2% k+1/2% k+1/2* _
n,m-1 Sn,m-l + an,m Sn,m n,m+l sn,m+l B Bm (1.1)
TOP BOUNDARY
1. FTCS Scheme
* *
In (2.5) of Part II1I uk+1/2 = Kk+1/2 =0 3 i.e., there is
n,m-1/2 X ?
n,m-1/2
no mass transfer through the solid boundary. Therefore a 1= 0,
’
and one obtains
k+1/2% k+1/2* _
n,m n,m %, mtl Sn,m+l B (1.2)

2. TFTUS Scheme

Exactly the same conditions hold for this scheme and (1.2) is

TR -+ B

again obtained.
3. STCS Scheme g

In this scheme referring to (4.4) of Part III -a o G
?

X *
—a ( k+l/2 )//6 and a_ = dk+1/2 ) 6 . For a true land
n,m-1 n,m-1 n,m-1 n,m-1

boundary k+1/2 )// and again (1.2) 1is obtained. For the case of

N SN

3t
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a flux restriction only at a barrier, (ﬁﬁt;{i)//6 # 0 and for this
scheme a barrier may not form the end of a computational segment.
BOTTOM BOUNDARY

All statements previously made rega;ding the top boundary hold

directly if (n,m-1) is replaced by (n,mt+l). Equation (1.1) now

becomes

* *
a SKHLIZE 4 o KHL/ZE g (1.3)
n,m-1 "n,m-1 n,m n,m m

Let us consider (2.10) of Part III, which we rewrite below as the

standard equation for the Y—az sweep .

k+1 + k+1 k+1

an—l,m sn—l,m an,m Sn,m + an+l,m sn+1,m = Bn (1.4)
LEFT BOUNDARY
1. FTCS Scheme

In (2.11) of Part II1 vﬁti/z o Kk+1 =0 ; i.e., there is
’ Yn-1/2,m
no mass transfer through the solid boundary. Therefore a 1m= o,
?
and one obtains
k+1 k+1
2a,m 5n,m + 4h41,m Bn+l,m - B (1.5)

2. FTUS Scheme

an—l,m = 0 and (1.5) is again obtained.

3. STCS Scheme

k+1

%h-1,m (én-l,m)//6 and (1.5) is obtained for a land boundary.
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RIGHT BOUNDARY
All statements previously made regarding the left boundary hold

directly if (n-1,m) is replaced by (n+l,m). Equation (1.5) now becomes

k+1 k+1 _
an—l,m Sn—l,m + an,m sn,m - Bn (1.6)

2. Approximations Near Open Boundaries

In the hydrodynamic equations, convective and eddy viscosity terms
in both motion equations must be modified in the vicinity of these type
boundaries. No modifications are necessary for the continuity equation
nor for the transport equation. However fluxes must be specified across
the appropriate cell faces. Let us investigate this procedure for each
sweep in each scheme.

TOP (-) AND BOTTOM (+) BOUNDARIES

1. FTCS and FTUS Schemes

* *
k+1/2 and l(k-‘-l/2 must be specified. In (2.8) of Part III
n,m-1/2 X
+ n,m;l/Z
*
S:+;£f must also be given.
4+
2. STCS Scheme
* * *
u§+i£i/2 . K§+1/2 and d§+l£i must be specified. In (2.8)
U n,m;l/Z |y

k+1/2%

of Part II1 §
n,m;l

must also be given,

As a result, Equations (1.2) and (1.3) are again obtained.

LEFT (-) AND RIGHT (+) BOUNDARIES

1. FTCS and FTUS Schemes
V:ti/z m and Kk+l must be specified. In (2.10) of
+0 7 yn;_l/Z,m
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Part IIl sk+1 must also be given. i

n;l,m
2. STCS Scheme
Viti/z s Kk+1 » and dsti q Must be specified. In (2.10)
o/ on n:1/2,m T
k+1

of Part III s must also be given. As a result, Equations (1.5)

n;l,m
and (1.6) are again cbtained.

The specification of s deserves further attention. In the
general case, s must be given as a function of time over the period
of concern. However, in estuarine type (oscillating) flows, it is pos-
sible to compute s based upon the values at interior points during
ebb tide. The following procedure due to Leendertse [1l] is presented
subsequently with reference to Figure 3. Diffusion is allowed only on

one face of the boundary cell.

TOP (-) AND BOTTOM (+) BOUNDARIES

k k
sn m Sn m-1
k+1/2% k - k+l/2% i T+
Sa,m~1 _ Sn,m-1 + Yn m=1/2 Ao, (u,)
* T+ ’ T+ 1'"1 1/2

s ns
+ (2.1)

ID
o

LEFT (-) AND RIGHT (+) BOUNDARIES
k+1/2% k+l/2%
%n,m - sn—l m
’ + At

Gkl ktl/2% o k+l
n-1,m n;l,m n;l/Z,m A“z(uz)n;1/2 2

+
(2.2)

k+1/2* k+1/2%
Sn m - Sn—l m
’ +? At

rd Kk+l

Yy __ 2 2
nz1/2,m [(“Z)H;l Aaz]
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Consider at an arbitrary boundary location b , ebb flow conditions

to endure over N time steps. Compute at each time step of length

At the following variables.

Me, = Sej Vel Vel = ar(@d)? (2.3)
where :
Mei * mass flux across boundary face during time step i |
Vei % volume through boundary face during time step i
Se; £ concentration at the boundary face during time step i
(VE)i % average discharge through boundary face during time step i

Compute totals over the ebb flow period as follows

N N
Mebb = z Mei Vebb = Z Veli) (2.4)
B i=1 i=1 }
_% where
f- Mebb = total mass flux across boundary face during ebb
Vebb = total volume across boundary face during ebb

For the next M time steps occurring during the flood period, compute

the following quantities.

VEp = Vepp  MEp =M
(2.5)
i-1 i-1
VE, =V —ZVeN_k ME, = M -zMe i>2
1 = Vebb b i = Mapp N-k -2
k=1 k=1

Then the boundary concentration during the flood period is given by
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((1 - rb)Mfi
. ) VE + £ Cy o Vfi.i 0
Sf; = ﬁ (2.6)
\cb ’ Vfi <0
where
Sfi = boundary concentration during flood for time step 1
Mf., = mass in ebb storage remaining prior to time step i
Vfi = ebb volume remaining prior to time step i
. 2N = exchange ratio for the boundary (0 E-rb <1
E ¢, = ocean background concentration
:j The metﬁod above represents one approach toward specifying s during
i; the flood period. Other approaches similar in concept are available.
-
Ej Usually one must select individually the most appropriate approach for
& each area to be modelled.

3. Tridiagonal Matrix Solution

Consider the following system of equations, which is termed a
tridiagonal system. We note from our previous sections on boundary con-

ditions that this system of equations is obtained.

blvl + clv2 = dl
a2v1 + b2v2 + c2v3 = d2
a3v2 + b3v3 + c3v4 = d3
.o (3.1)
aivi_1 + bivi + Civi+l = di
- AN-1"N-2 * Py-1Vn-1 t Sn-1Vn T 951
Ltf; ay-1 * Py < dy
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s A numerically effective approach in solving this system is forward
0
elimination and backward substitution. Each step is discussed in turn.

Forward elimination

) "l"l"

d c
1 1
v T - ——y (3.2)
1 bl bl 2
Substituting (3.2) into the second equation in (3.1)
d c
1 1
a2 (E—-— ST-V%> + bZVZ + C2V3 = d2
1 i
(3.3)
d, - a El -c
27 %2 %, 273
v =
2 o azcl
2 bl
Let us define Bl = bl and Yl = dl/Bl then we note (3.2) may be
written as vy =Yg o- (cl/Bl)v2 and (3.3) may be written as
I e L U A6 ) )
2 c Vo T Y2 TRV
b, - a 1 2
2 2 bl
(3.4)
U S Sl A6
2 2 2 Bl 2 82

Let us suppose that for equation i , we have the following quantities
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B 33811 4y ~83Yig
By =by -3 vy = 8
i-1 i
and (3.5)
C,
- _ 3
Vi T Yy B, Visl

For the (i+l) equation we have,

+b

341Y1 Y PiVin %V T din (3.6)

Substituting for vi , we obtain

c.
1 —
ai+l(%i - E;'Vi+%> thiVin Y iV T Y40

d - a,, .Y, = C, .V c (3.7
v __i#l i+l'i i+l i+2 _ y _ i+l v
i+l . ) a;,1% i+l Bi+l i+2
i+l Bi
where
v = di41 " 24y 6. . =b, - oaHls
i+l Bi+l i+l i+l Bi

Therefore we have obtained the general form of the recursion relations.

For proceeding to N from N-1

- ¢ I e
N-1~ YN-1 7B N N1 By 1

v

(3.8)

_ 2N-16N-2
N-1 T °N-1 B2

Substituting the above relation for v into equation N we obtain:
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N-1
(3.9)
v = v T ANVl _ y
N . A Cn-1 N
NT B

N-1

where BN = bN - (aNcN_l/BN_l) . This completes the forward elimination

step. The Yy oo Si are computed for i =1, N as summarized below.

d a.c

1 i"i-1
B, = b Y, =3 B, = b, =
1 1 1 Bl i i Bi-l

(3.10)
dy ~ 3%
Y, = i=2, N
i Bi

Backward substitution

We note vy < Yy and it is therefore possible to then employ

v for i =N,....2 (3.11)

thereby computing V-1 V1 employing the previously computed values
Yyl ? BN—l""Yl , Bl on the forward elimination step.

Let us make the following variable assignments in anticipation of

coding efforts.

Q; = vy
(3.12)

‘i

P, = —

i 8
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Thus we may reformulate our solution procedures as indicated in Table IX.
Mitchell and Griffiths [5] report that in order for this algorithm to
be implemented on a digital computer the following characteristics must

be possessed by the coefficient matrix elements.

a, <0, b,>0, ¢, <0 i=1, N
i i i

I
] (3.13)
“ bi > - (ai + ci)
-
- In this case IPiI <1 for i=1,N and the growth of errors
:f will be eliminated. The values of 8, P, and Q may be output dur-

ing preliminary computations to check the numerical formulation.

4. Hydrodynamic Interface

Within the hydrodynamics program, a three time-level stabilizing
correction scheme is employed to compute the field variables n , u ,
and v at each time step. Within the two time-level transport scheme,
u and v are employed at k , k+1/2% | and k+l . Two approaches
suggest themselves for interfacing the two schemes.

Approach 1

1. Employ AtT in the transport scheme equal to At in the

H
*
uk+l/2 = (uk+l + uk)/2. and

hydrodynamic scheme. Define
*
Vk+1/2 _ (vk+l + vk)/z.

2. Perform one sweep in the transport scheme for each sweep in

the hydrodynamic scheme.

Approach 2

1. Employ At in the transport scheme as twice AtH in the

T
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) Table IX. Tridiagonal Matrix Solution Procedure

Forward Elimination

Backward Substitution

- c d. Y
1 1 v, = Q
P = — Q = — N N
1%, 17 %)
B, = b, - a,P =
2 2 21 V-1 = -1 T Py-1Vn
. )
- 2 .
8y
Vi - vy
d; - a,Qq
Q2 = 8
L 2 y
Fa =1 -
B = B T Py )
(o}
k \
p =_k K =d,...N
de - Qg
L k /
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k+1/2% k
=u

hydrodynamic scheme. Thereby obtain up H®

k _ uk—l uk+1 _  ktl
Yt 7% Y% "%
2. Perform one sweep in the transport scheme for every two sweeps
in the hydrodynamic scheme.
Approach 2 would certainly be the mo e economical of the two approaches.
Approach 1 may be more accurdte. Numerical testing may be necessary to

determine the most suitable approach.

5. Dispersion Coefficient Determination

The effective dispersion coefficients in Equation (l.1) Part II
must be related to the flow properties to close the numerical approxi-
mations. This represents an active area of research with several
alternate approaches available.

Elder [6] has determined the longitudinal dispersion coefficient

in the open channel flow experiments to be given by the following

relation.
Kx = 5.93 h u* (5.1)
where
Kx = longitudinal dispersion coefficient
= water depth (hydraulic radius)
u* = shear velocity

For open channel flow u* = v/ghSe and from the Chezy relation

u=-cc hSe . As a result, we obtain

uy = Vg

*

0lc

(5.2)

where
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u = velocity
g = gravity
¢ = Chezy coefficient

Therefore, Equation (5.1) becomes

K = 5.93Vg (5.3)

X

|c
[eN]=2

Taylor [7] has conducted pipe flow experiments to determine the
longitudinal dispersion coefficient. By assuming the hydraulic radius
as half the pipe radius in the pipe experiments and equal to the water
depth in a uniform steady flow open channel, the coefficient in (5.1)
and (5.3) is determined to be 20.2 rather than 5.93. As a result, we
would expect a general relationship of the following form to hold.

- uh
K, = cx/g -+ ¢, € (5.93, 20.2) (5.4)

Wind and wave effects will increase the effective dispersion coeffi-

cients. The relationships are not well known. However, Swain [8] has

suggested the addition of the following term to (5.4) to account for wind

" effects

o

- - K

] wa = &c uth (5.5)
-f where

;f wa = wind effect addition

v = ratio of sediment mass transfer coefficient (es) to turbu-~
;; lent transfer coefficient (em) (1 <B<5)

E; u, = wind velocity

2
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x 3
h". ]
I.‘ L
F-' <
e ¢ = Chezy coefficient

~e 4
@ h = water depth |
tf Kk = von Karman's constant (.41)

‘,.

Vs

Elder [6] has reported a lateral dispersion coefficient similar

Y
: .

’

to (5.1) with 5.93 replaced by 0.23. For a general model formulation,

the following relations will be initially considered.

-

[A.

uh (uw)xh
K =c/§——+cw——-+K' (5.6) 3
X X c c X 1
vh (u) h ]
K =cv’g—+cw——x—+K' (5.7)
y y c c y
where c. cy £ (5.93, 20.2) or 0.23 and are spatially variable, cw 3

. equals (K/E g/6) , K; . K; are additional constants.

The above relations represent a first approach toward describing
the dispersion mechanisms. Additional approaches may need to be con-

sidered to develop suitable results in Mississippi Sound.
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