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ABSTRACT b 1),

Derivations and program. are presented for evaluation of the
required input signal-to-noi ie ratio for specified output perfomnce
of a Greatest-Of-device foll, wed by an integrator, as a function of:
N, the number of channels in the Greatest-Of; M, the number of idependent
samples in the integrator; Pd, the false alarm probability; and % , the
detection probability. Several numerical examples are presented, for
the special case of P = 0.5.
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INTRODUCTION

In an effort to minimize equipment, searching, or display require-
ments, a number, N, of channels of data are occasionally represented,
instead, by their largest member. Hopefully in this fashion, detection
of signal presence in a particular channel will still be accomplished
reliably because the largest member will exceed a threshold. However,
for N>1, the threshold must be raised in order to maintain an acceptable
false alarm probability; this effect makes signal detection less likely.
Also, for low signal-to-noise ratio in one channel at the input to the
Greatest-Of device, virtually a random selection takes place in the
Greatest-Of device; whether the integration that follows can make up
for this non-linear action is not clear.

Here we will derive the equations that characterize performance of
the Greatest-Of device followed by an integrator, in terms of detection
and false alarm probabilities. We also will present BASIC programs for
the HP9830A calculator so that the reader can investigate numerical
examples of his own interest. Some related past work is cited in
reference 1.

DERIVATIONS

M Sue t oft-
: -p T

Figure 1. Greatest-Of Device Followed by Integrator

The system of interest is depicted in figure 1. Input channels
x1 ,...x are statistically independent and contain either (a) no signal
i any Yhannel, or (b) signal in one channel only. The probability
densities of x under these two hypotheses are desoted by r.(x) and
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p, (x) respectively. The integrator in figure 1 sums over M independent
samples and subjects the output to a comparison with a threshold T.

The Greatest-Of device output is

Then the cumulative distribution of y for no signal present isQ.V{Y) it pr. l < Yl I ,'o ig, 1

=X XaI,,,.., - < YI- Noig.MI) = '(Y), (2)

where 'j.( ) is the cumulative distribution corresponding to density
).( ). Therefore, the density of y for no signal present is

9,h) =  o( ) N . C p~ )(3)

In a similar fashion, the distribution of y for a signal present
is isQ,(y)= Pro&,(,,4< is ,,,I)

(y)-P, (Y) +

since only one channel contains a signal. The density of y is

In order to evaluate the statistics of the integrator output z, we
assume that M) 1, thereby making z approximately Gaussian. Since

' -IL a $

we have

,, ,3.M)A ) Q.'.Mr" c-)
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Therefore the densities of z, for no signal and signal respectively,
are

)W, -)
where

+~(x) 2 "e & a)()

and where we define for future use

~00
The probability of detection of the system in figure 1 is given by

using (8) and (10). The false alarm probability is

We now specialize to-the case where we desire

In this case, (11) dictates that the threshold be set at

T 0 .. 5. 4)

Then the false alarm probability (12) becomes

I~ ~ ITI)
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For a specified performance (i.e., specified PF and PD),
(15) can be solved for

The left side of (16) is the (linear) deflection criterion at the
output of figure 1.

In order to complete the analysis, we must now relate PU )4 ij
and to the statistics of y given in (3) and (5). We have

and

At this point, we make the assumption that the density functions p
and p of the inputs are Gaussian, as they might be, for example, ?f
the viriables x ...., xN themselves were sums of a number of independent
samples. That is, '"

which are depicted in figure 2. The standard deviations
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Figure 2. Density Functions of Input

on both hypotheses have been assumed equal; this could be easily
generalized if desired.

Substitution of (19) in (17) yields (after some
labor)

eo= *1, +T-, (I')

where

The integral in (21) is a function only of N and need be numerically
evaluated only once*; as special cases we have

Substitution of (19) in (18) yields

* A BASIC program for the HP9830A calculator for the evaluation of a.

is presented in appendix A.
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eve

cm W(W)-~d I rxx)-) +4dr (24)

and where we have defined
NwI- RI.

r (2~

which is a (linear) deflection criterion at the system input. As
special cases of (24), we have

Combining (7), (20), and (23), there follows

Finally, since from (7)

- M r" (2r)

we must evaluate

30 E Ij~ .~(9

But using (3), (19), and (10), we find

Ej ftr 5304j=fj 2c ,('

M + (3D)
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(after some reductions) where

b"= 4fdX X1+b0) 'W. (31)

This integral is a function only of N and need be numerically
evaluated once once*; as special cases, we have

Combining (29), (30), and (20), there follows

Then finally, the left side of (16) can be expressed (by use of (27),

(29)) ad ( 4))5

Pat__ -a g (30)

Employing this relation in (16) and solving, we obtain the form

* A program for the evaluation of i is presented in appendix A.
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This equation gives an explicit expression for the minimum deflection
r (defined in (25)) required for specified performance 1'p,lpa.S

as a function of N and M. It requires the numerical evaluation of
go, w ,o0d ,fr) as given in (21), (31), and (24) respectively.
The left side of (35) can be re-arranged into the form

and has been adopted for use here.

A short table for the constants a. and iW is given below.

1 0 1 1

2 0.564190 1 .825645

3 0.846284 1.275664 .747975

4 1.029375 1.551329 .701224

5 1.162964 1.800020 .668980

6 1.267206 2.021739 .644924

7 1.352178 2.220304 .626033

8 1.423600 2.399535 .610653

Table I. Constants 0,, and LA in (21) and (31).

EXAMPLES

For the example of*

I ,000P 10 3 ,"1 10 (3-7)

a tabulation of the right side of (35) follows. The numerical
*The inverse t-function of (10) is tabulated in reference 10, pages
976-7.
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1 .0252 3 .0311

2 .020s3 .o)2o5
3 .oitl$! .0203
4 .01"/6 q . 02"722
5 ,o16 it 02516
(, . O!, "l.os, .

.01621 .02903
7 .01510 .0243o

.O541 .02370

Table 2. Right-Hand Side of (35)
problem is now to determine r from (36) such that (35) is satisfied.
A program for the evaluation of the integral in (36) is presented in
appendix B. The required values of r for the example of (37) is
presented in Table 3.

I .o052 , 031?i

2 .0412 ,06 -o
3 .05'53 .0141
4 .0413 . 1033

.ro 1210

12.O21 IS '3+

S11 7 , i13

Table 3. Required Values of r for M = 15000, To = .5
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A plot of the required SNR is given in figure 3, where the
conversion to dB is via

20or 210 r =
since the inputs to the Greatest-Of device are voltages. It is
observed, for example, that 13 dB additional signal-to-noise ratio
is required at the Greatest-Of input for 8 channels rather than 1.
The dependence on N in figure 3 is well approximated by 14.3 log N.
There is a 3.4 to 3.75 dB difference in the two curves in figure 3.

To ascertain how the curve in figure 3 depends on M, a plot for
M = 1000 and 15000 is presented in figure 4 for P= 1 3 The
required values of r are given in table 4.

N q3'Ai redi r i W Pp:0IO 3

4 .142

7 + 4li.
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The plot in figure 4 for M = 1000 is well approximated by the dependence
13 log N. The difference in the two curves is 10 log;"= 11.8 dB at
N = 1, and decreases to 10.2 dB at N =8.

A comparison of the required signal-to-noise ratio at N=8 versus
that at N=1 is presented in table 5 and figure 5 as a function of M
from* M=10 to 15000. Thus, less than 5 dB difference exists at M = 10.

'R(Ikt-6"*s 71 4e Fightbiawj side R~I r r
M of004 WI oforN I I 4'r N-

10 .A--12. .5-167 1.7o
30 .5 2 -3445 ,240

Io ,0107 77. 3

3oo .1,7i4 .I0'0 .51393
1000 .011"-2- o.567 ,36 8

4000 .04 M .02i42 0 6+

15000 ..01523 ,0 141 .1337

Table 5. Required Signal-to-Noise Ratio for PD= .5,P,-fi0N'I

* The Gaussian approximation for z in figure 1 is being stretched at

the left end of figure 5.
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The program below computes aN in (21). In order to compute ~N 
in (31), line 230 is changed by replacing the first X on the right 
side by Xt2 . Line 10 is for inputting N; lines 20-220 is Simpson's 
rule for integration with automatic halving; line 230 is the integrand 
of (21); and lines 240-340 are forJ of (10). 

'[ u II•····:: 
~·!j :·~,:~j······f'• '••'[) 

t'~Ci f::.!?T!t! 
;•· 11 f' :;: J Ill i i ··••• 't I 

•:!(! ':·! '" u 
l ~-·, u ::. ::· '" ,;:. 
l !. 0 ~::; 6 :::: < (:., ..... ::: .. :. . I <I:· 0 1: ~::) 

:1.:? u ~3 '? ::-.: ~~. :::: 
1 •: ~~~ F II F: ' : I T 0 ·:; '5-- J. :::: T E:F• ::: 
1 ·I:;·, :=::••1 .,·=···· 1·1 rl:: .. : :•:: :ll·:::::(;+::::::: > 
1 ~::o IIE'::T ·:•:•: 
lCf'l i·lki I i J ',., l'?C) •1:::3+2·:•::>1 ':;::::r:.··:(•:.:-·~ •:::':'i 
[,'U !-IIJ:·I·1Ili ,11,.11.:•Fl1),0 
1 ::: u ; :::=•:::. • I . J· 

~~(I ~J ,·~. ~; .:: :~, ~-. . '···· 

~=: 1 iJ : i-, c .::> ' i ' ' ' 
~: ~~~ ~~1 ,_; ~~! T 0 1 :·~: ~--l 

~=~ ~3 u 
2i:(1 

2?0 
:::=::~I 

2'~Ct 

;:it:F i :~·· · ··; · •••C 1 ·; :'~·E:.:F· < ·-0 .. '5·••: :,,::':>!:·!~liP I;...;> ·r •.: t··l ···l :' 
~.iEF-- r : jJ. •: \'l.i .' 
r:·-=AE::: .. ·. F::•, ·' 
r r=- F' THEt·l :•::·)li 
r=·=o 
:~UTO ~::::~=~ 
!)=1/ 1+0,2316419+P) 

:~: 1 0 
·~: ~:: n 
3 ::o 
:·:;40 

p ::: F' + '· i~-, !I ~: :t •) .::.~ ::: J ~3 3- p + ( (1 " :~: 5 (. ~·:: 

P=P+E~P(-0.5*P0~2)/SQR(2+i 
IF PC!·: ~1 T!IE~·I :::4 f) 

' ~·:: ~~ ~- F ·:I:· ( 1 II ;·· ::: 1 4 7.'?"'337' ····· F' ~ 
12559!8-P+1.33027443)))) 

F'::: 1-r:· 
J:;:·ETUf,:f.l :·· 
EtlD 

! ,.a;T AVAILABLE COPY 20 
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The program below computes ~(r) in (36). Lines 10-20 are for 
inputting r and N; lines 30-230 is Simpson's rule; lines 240-330 is 
the integrand of {36); and lines 340-440 are for f of (10).~ H~tS 
2-f.C)-~o ·"' o.n~ettdix A .h,., 1. 
1 C1 F: ::: 0 ' 1 J :::: '? 
20 t1::::: 
30 C1=1/SQR(2~PI> 
40 :::; 1::::--::: 
5 ~:1 ~:::; :~ :~': ::: 
60 PEM INTEGRAL OF S(X) OVER (81~82) 
?0 F·f~:: I HT 
:::: o r::·1:::: r 1·rr .. , .. , "''' .. , .. ,, .. 1~: = .. r;: 
·-:1~1 :::;::::::= ( Ftl:::; ( :;;:; 1) +FH:::; ( ::;2:: ··,) ·:~0, ~5 
1 (1(j :::;4::::0 
11 0 ~=; 5::: ~~ 
120 86=(82-81)*0.5 
130 ::::;7=2 ... :::: 
140 FOR S8=1 TO 85-1 STEP 2 
150 S4=S4+FHS(S1+S6*88) 
1 6 0 t·-1 E ::·:: T :::; ::;:: 
170 WRITE (15~180)(S3+2+S4)+S6+S7~S5 
180 FORMAT E20.11~F10.0 
1 9(1 :~=; 3::: ::; :~: + ·:; 4 
200 :~;4=0 
2 10 :::; 5 ::: ~:; ~5 ~i:· ;~ 

2 2 ~z1 :::: 6 = ~:: C ~:· 0 .. 5 
230 GOTO 140 
240 DEF Ft1:;:; ( ::-:) 
250 T 1 =Ft!F' ( ::·::) 
260 T2=EXP<-0.5*Xt2) 
27(1 TJ=:·<··· .. F.: 
280 IF N=2 THEN 310 
290 T 4=T 1'1 O·J-2) 
;;:(10 COTO ::::20 
:;:to T4=1 
:;:2'21 
:;:30 

BEST AVAILABLE COPY 


