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Derivations and program$ are presented for evaluation of the
required input signal-to-noise ratio for specified output performance
of a Greatest-0f-device folldqwed by an integrator, as a function of:
N, the number of channels in|the Greatest-0f; M, the number of independent
samples in the integrator; PJ, the false alarm probability; and P\, the
detection probability. Several numerical examples are presented, for
the special case of PP = 0.5. .
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INTRODUCTION

In an effort to minimize equipment, searching, or display require-
ments, a number, N, of channels of data are occasionally represented,
instead, by their largest member. Hopefully in this fashion, detection
of signal presence in a particular channel will still be accomplished
reliably because the largest member will exceed a threshold. However,
for N>1, the thréshold must be raised in order to maintain an acceptable
false alarm probability; this effect makes signal detection less likely.
Also, for low signal-to-noise ratio in one channel at the input to the
Greatest-Of device, virtually a random selection takes place in the
Greatest-0Of device; whether the integration that follows can make up
for this non-linear action is not clear.

Here we will derive the equations that characterize performance of
the Greatest-0f device followed by an integrator, in terms of detection
and false alarm probabilities. We also will present BASIC programs for
the HP9830A calculator so that the reader can investigate numerical
examples of his own interest. Some related past work is cited in
reference 1.

DERIVATIONS
X Sum Over
o um 2
: (}nnymﬁion "'AL""' rl'IhdepcaJeif'"""“"4= T
—
Xy Samples .

Greatest- Of In{'c.e vator

Figure 1. Greatest-Of Device Followed by Integrator

The system of interest is depicted in figure 1. Input channels
X1s...Xy are statistically independent and contain either (a) no signal
iA any yhannel, or (b) signal in one channel only. The probability
densities of x under these two hypotheses are dewoted by ﬁix) and

A .

B T
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P (x) respectively. The integrator in figure 1 sums over M independent
samples and subjects the output to a comparison with a threshold T.
The Greatest-0f device output is

y= max(X,)-yXu). »

Then the cumulative distribution of y for no signal present is

QO(Y) ] Pn\(jj(Y\ " Signal)
=Py.t(x,,..,x~<Y|u. ’igml) = ‘ﬁ'(y), (2)

where T ( ) is the cumulative distribution corresponding to density
l’-( ). Therefore, the density of y for no signal present is

B0 = 5 QL) =N () pl), 6
In a similar fashion, the distribution of y for a signal present
Q, (V)= Prob (y< Y] signal)
= Prob (X,,...,‘ ¥, < Y\ sisml) = ?:.‘(Y)’P, (Y) (4~)

since only one channel contains a signal. The density of y is

9= QL= 0-F WRTRE+T ©ply ©

In order to evaluate the statistics of the integrator output z, we
assume that M>» 1, thereby making z approximately Gaussian, Since

e= ‘%5- ) (6)

K= )

is

we have

Pot Ei2) = Mr., , 0;‘: Mo‘g'. @)




™ No.
T€-13-75

Therefore the densities of z, for no signal and signal respectively,
are

= 2-g(3ks), we- (3L, ©
where

¢ (X) = (ZTSAEX ?G X72) , (9)

and where we define for future use

B0 = atph (9

The probability of detection of the system in figure 1 is given by
‘ -T
P =f¢;r‘@ =3 l’_*_'_.__\) o)
> O
using (8) and (10). The false alarm probability is

refew- (150w

We now specialize to the case where we desire

B =05 )
In this case, {11) dictates that the threshold be set at
Then the false alarm probability (12) becomes
Pae ™ P
‘F; =..;E<: — 4;r ‘¥; = 0.S. (!5?
0
7
L e R M e SN 3 Ao S P, - - “ - -
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For a specified performance (i.e., specified PF and PD),
(15) can be solved for

Bte . §6) bBes 0

The left side of (16) is the (linear) deflection criterion at the
output of figure 1.

In order to complete the analysis, we must now relate fl‘,,"{m,
and ¢ to the statistics of y given.in (3) and (5). We have

Py =fdy y g = N“g 4 pOR (), ()

and

Po=§3s 53,09 =Jdy o[-TE Wp DT Dpte] . 09

At this point, we make the assumption that the density functions p

and p, of the inputs are Gaussian, as they might be, for example, 1f

the vériab]es x},..., XN themselves were sums of a number of independent
S,

samples. That

Po ) = -?.r#(—'lf:"-‘)» AW = S, (v

which are depicted in figurf 2. The standard deviations

¢
2
3
x
p
bt
1
3
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Figure 2. Density Functions of Input

on both hypotheses have been assumed equai; this could be easily

generalized if desired.
Substitution of (19) in (17) yields (after some

labor)
PU' =wm, +04, (20)

! where

o, = NJ dox o) T 6. (21)

The integral in (21) is a function only of N and need be numerically
evaluated only once*; as special cases we have

Q =0, Q.=#)a:=ﬁ" (22')

Substitution of (19) in (18) yields

P = m, + 5~ C, (v), (23)

* A BASIC program for the HP9830A calculator for the evaluation of ay
is presented in appendix A.
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wheve

GO =0-Dfxp0F - WB-) +fdxx@ Wb, @9

and where we have defined

re e, 29

which is a (linear) deflection criterion at the system input. As
special cases of (24), we have

C’(Y) = Y‘, (x(r)g “:YI é-r%'+ rI (‘v—;.‘—) ) QN(O) = a,, . (2‘)

Combining (7), (20), and (23), there follows
P~ Heo = MF[C“(Y)—Q;_I : (7
Finally, since from (7)
2 2
C‘!o = M 6;0 , (2')
we must evaluate
a
6y = Ei&’ Ine "3"‘} “Pys - )
But using (3), (19), and (10), we find

Efyin sigll = [ dy y* l4)
= md+2m e, v b, (%)

10
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(after some reductions) where
N-
b, = Nf de x*¢lx) & . el)

This integral is a function only of N and need be numerically
evaluated once once*; as special cases, we have

b =1, b, = |I. c3?9
Combining (29), (30), and (20), there follows
a
Tyo = o’ (BN - a:n) e2)

Then finally, the left side of (16) can be expressed (by use of (27),
29), nd (33)) as

_"3%}1*.’_- - 39

> y b,-a}

Employing this relation in (16) and solving, we obtain the form

()2 =- E R frFe0s 09

* A program for the evaluation of hh is presented in appendix A.

11
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This equation gives an explicit expression for the minimum deflection
r (defined in (25)) required for specified performance l’p,Ppa.S,
as a function of N and M. It requires the numerical evaluation of

@y, by,amd Sufy)  as given in (21), (31), and (24) respectively.
The left side of (35) can be re-arranged into the form

w9~ a4 = §x B Bl(w-) 0B + Blbl-0-NPOBR],  (39)

and has been adopted for use here.

A short table for the constants 4, and hv is given below.

N a, b, by-a]

1 0 1 1

2 0.564190 1 . .825645
3 0.846284 |  1.275664 747975
4 1.029375 1.551329 701224
5 1.162964 1.800020 .668980
6 1.267206 2.021739 .644924
7 1.352178 2.220304 .626033
8 1.423600 2.399535 .610653

Table 1. Constants @, and h, in (21) and (31).
EXAMPLES
For the example of*
M=15000, P <16 ad 107, (37)

a_tabulation of the right side of (35) follows. The numerical
*The inverse T-function of (10) is tabulated in reference 10, pages
976-7.

12
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()Y 2
- \R)Vm
N P ~3 P = -
\ .02523 NeokrYi g
2 . 02033 . 0308
3 .01887 .02903
4 .017¢9 . 02722
5 .01688 .0259¢
¢ L0162 . 02502
2 .0)580 . 02430
? .0154| .02370
Table 2. Right-Hand Side of (35)
problem is now to determine v from (36) such that (35) is satisfied.
A program for the evaluation of the integral in (36) is presented in
appendix B. The required values of r for the example of (37) is
presented in Table 3.
N ‘Rer,uivu! v
- -6
Po=10> P20
1 0252 .0J8¢
2 .0412 .06 30
3 .0553 .084)
4 L0633 . 1033
L] .080S . 1210
6 .092) L1377
1 . |°)2 . '5'34'
8 137 L1633
Table 3. Required Values of r for M = 15000, P, = .5 7
: !
E 13
B R A S P S TR e e it . stronns e
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A plot of the required SNR is given in figure 3, where the

conversion to dB is via
n-m
20 ,oar = 20 ’03 =l (33)

since the inputs to the Greatest-0f device are voltages. It is
observed, for example, that 13 dB additional signai-to-noise ratio
is required at the Greatest-Of input for 8 channels rather than 1.
The dependence on N in figure 3 is well approximated by 14.3 Tlog N.
There is a 3.4 to 3.75 dB difference in the two curves in figure 3.

To ascertain how the curve in figure 3 depends on M, a plot for
M = 1000 and 15000 is presented in figure 4 for Py =103 The
required values of r are given in table 4,

p-d

Required v for P;==lo_3

. 0977

1546
.2011

. 2426
L2737
3¢
4e
1311

% NN, N -

Table + ‘Retu'\ml Values of v for M= 1000, R =0.5

14
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The plot in figure 4 for M = 1000 is well approximated by the dependence
13 log N. The difference in the two curves is 10 log!~ = 11.8 dB at
N = 1, and decreases to 10.2 dB at N =8.

A comparison of the required signal-to-noise ratio at N=8 versus
that at N=1 is presented in table 5 and figure 5 as a function of M
from* M=10 to 15000. Thus, less than 5 dB difference exists at M = 10.

‘R\'S\d-‘\«d si de Rigbf-kﬂ«‘ side ‘Retu',rgd r
M | of (5) for N=I of 35) for N= 8 for N=3

10 9712 .5167 |.704
%0 5642 .d445 290

Lo . 3010 1837 §513
300 114 ,1090 .583)

| 000 04172 ,05967 3638
4000 .043%6 .02934 . 2064
15000 .02523 0154 | .37

~3
Table 5. Required Signal-to-Noise Ratio for Py= .5, =10 N<8

* The Gaussian approximation for z in figure 1 is being stretched at
the left end of figure 5.
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APPENDIX A
Program for (21) and (31)

The program below computes @y in (21). In order to compute Cy s
in (31), line 230 is changed by replacing the first X on the right
side by X2 . Line 10 is for inputting N; lines 20-220 is Simpson's
rule for integration with automatic halving; line 230 is the integrand
of (21); and lines 240-340 are for § of (10).
T R
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b DINER s s
e
vl Pl
e
T,
ok ' i Lo A T B |

SRR ERt A S DO o N | S A

B g A e

ST X
o R I

] e A

WY emeperer
o Sl -

i f P
‘@”P§1u33ﬂ2?44ﬁpﬁﬁ)
FefFxb 200

PFOPin THEH 240
f g -F

RETURH & o [
EXD ' ' : '

Bl el
SRRy,

LGSTAVAILABLECOPY . 20




i i S AT A S w0 s e

T™ No.

TC-13-75

APPENDIX B. 1

Program for (36) S {
The program below computes Cy(r) in (36). Lines 10-20 are for
inputting r and N; lines 30-230 is Simpson's rule; lines 240-330 is
the integrand of (36); and lines 340-440 are for § of (10). See lines

240-340 w appendix A for &,
1a pe=n, (137
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