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ABSTRACT
A mathematical model of fatigue crack nucleation is
described using the irreversible thermodynamics to quantify
the damaqge caused by plastic straining. The m»del is based

on the hypothesis that the entropy gain which results from

dynamic irreversible plastic straining is a material

constant, A tandom model of internal friction is used to
calculate the irreversible patt of the hysteresis energy
dissipation tate, enabling the quantification of uncertainty

through the variance of the dynamic plastic strain. In this
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SUMMARY OF IMPORTANT RESULTS

Structural fatigue fracture has thus far defied a
comprehensive engineering solution. Although there have been
several attempts at explaining the fundamental mechanism of
material fatigue, none has proven completely successful as
yet. In its broadest definition, fatigue is th~ gradual
degradation of strength during repeated loading and
unloading. Since the nature of this strength degradation is
unkmown, it s not possible to predict with confidence the
structural strength at some arbitrary point in the service
life. This leads to a "sudden death" nature of fatigue
fracture: a structure which passes all inspections may fail
unexpectedly, resulting in catastrophic loss of life and
resources, This report describes a mathematical model of
fatigue damage.

Fatigue fracture is known to consist »f two parts:
crack initiation whereby cracks form within the material and
crack propogation whereby cracks grow until the structure
fails. A theoretical basis for the nucleation of fatigue
cracks has been proposed, resulting in a mathematical model
of the fatigue mechanism. A new mathematical model for
material damping has also been developed which is used in the
calculation of the expected entropy rate resulting in a
stcain-level versus 1lifetime curve. Both models are
consistent with laboratory measurements. The fatigue crack
nucleation model under investigation here is based on
diffusion mechanics, and was also used tn calculate the
approximate temperature vise for fatique testing in vacuum.
That analytical temperature rise also compares favorably with
laboratory data. This model also can describe the endurance
limit. 1If the probability distribution function is truncated
at some low strain level, then strains below that level will
be elastic; the plastic part of such a low strain level
would be zern, yielding an infinite fatigue life. A clear
result is that additional support for the validity of the

critical entropy threshold of fracture has been presented. A
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mathematical model of fatigue is an important and significant
contribution, not only because it reproduces experimental
results for fatigue 1life estimates 1including confidence
intervals, but also because it has the «capability of
describing the influence of temperature and loading history |
" on fatigue.

This mathematical model of fatigue is a general one
describing the breakage of molecular bonds 1leading to
strength degradation. Figure 1 shows a typical crack which
always forms at the base of the cantilever beam fatigue
specimens after about a two percent decrease in natural
frequency. In this study, crack nucleation is viewed as a
random process whereby a microscopic crack suddenly appears
o in the material whenever the local fracture entropy threshold
o has been exceeded. This sudden appearance of a crack would
ol be described mathematically by a delta function. However,

_ the propogation of the crack would occur from the same
= phenomenon; as the 1local fracture entropy threshold |is
exceeded, the crack would extend due to the local breakage of
molecular bonds within the material. The analysis of crack
o propogation by the entropy threshold is being initiated at
this writing.
X The development of a mathematical model accurately
- describing the physical phenomenon of fatigue is a
significant advance. Once the validity of this model is
* established, the application of computer-aided design for
maximum longevity is possible. Such a design procedure might
provide more efficient engineering design and developement,
- ? testing, and evaluation for new structures, as well as more
ol accurate replacement criteria for maintenence. It is likely
that an accurate mathematical model for fatique including the .
effects of temperature, environment, and loading history

could provide significant cost savings in structural design, 3

testing, and maintenance.




Figure 1. Photograph of Crack Which Just Forms at the Base of the
Base-Excited Cantileaver Beam After About a 2% Decrease
of Natural Frequency.
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NOMENCLATURE

ENGLISH:

Di irreversible part of dissipated energy

E Young's modulus

Es storage modulus normalized to Young's modulus

J function used in selecting parameters o , € by
gradient search techniques © m

Cc ratio of calculated stress to ultimate stress

Ce arbitrary constant of proportionality between loss
factor variance and plastic strain variance

P(e) random yielding probability distribution function

S local entropy gain

B tip amplitude of vibration

d diameter of tip accelerometer

e distance from the tip accelerometer top to the beam
neutral axis

h beam thickness

I area moment of inertia of beam cross-section

JG mass moment of inertia of added accelerometer

ki eigenvalue of the beam corresponding to the ith
natural frequency; Xi=ki£

L beam length

m mass of the added accelerometer

Jeneralized time-response function corresponding
to the ith natural frequency

eigenfunction constant
positinsn along the beam
beam transverse displacement

input displacement of the beam base
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parameter describing the change of material
strength with time under dynamic lnading

strain
maximum strain
mean yield strain

dynamic strain amplitude

frequency exponent describing frequency dependence
of elastic loss factor

elastic part of loss factor

reference elastic loss factor
plastic part of loss factor
total frequency-and amplitude-dependent loss factor

total loss factor predicted by the model for random
yield at a strain near the yield point

temperature; also maximum angular vibrati~n amplitude
of the beam tip

variance of plastic strain

dynamic stress amplitude
ultimate static stress

maximum static stress predicted by the model for
random yielding

phase between stress and strain from elastic loss
factor

phase bhetween stress and strain from plastic loss
factor

frequency, radians/sec

ith mode shape function

2 2
d ¢i/dx
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f‘ w, ith natural frequency
o
u mass ratio: accelerometer to beam
u=m/pAL
Y1 radius of gyration ratio: accelerometer to beam
length
2 2 . .
JG=m< 2 ;x = accelerometer radius of gyration
vy accelerometer height ratio
vo=e/24
Vs accelerometer diameter ratio
\)3=d/22
P beam density
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ABSTRACT

A mathematical model of fatigue crack nucleation is
described using the irreversible thermodynamics to quantify
the damage caused by plastic straining. The madel is based
on the hypothesis that the entropy gain which results from
dynamic irreversible plastic straining is a material
constant. A random model of internal friction is used to
calculate the irreversible part of the hysteresis energy
dissipation rate, enabling the quantification of uncertainty
through the variance of the dynamic plastic strain. In this

manner, the mathematical model for fatigue crack nucleation

ptovides an estimate for longevity including contidence
intervals under arbitrary temperature, environment, and
loading history. The model explains the existence of an
?- endurance limit. Although this analysis was conducted for an

uncracked material leading to time estimates for <crack

nucleatinn, the theory can easily be extended to the case of

crack propogation using the methods of fracture mechanics.
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INTRODUCTION

Structural fatigue fracture has thus far defied a
comprehensive engineering solution. Although there have been
several attempts at explaining the fundamental mechanism of
material fatigue, none has proven completely successful as
yet. In its broadest definition, fatigue is the gradual
degradation of strength during repeated loading and
unloading. Since the precise nature of this strength
degradation is unknown, it is not possible to predict with
confidence the structural strength at some arbitrary time 1in
the service life. This leads to a "sudden death" nature of
fatigue fracture: a structure which passes all engineering
inspections may fail unexpectedly, resulting in catastrophic
loss of life and resoutces. This paper describes the theory
of a new mathematical model of fatigue which describes the
fundamental mechanism of local fract.ire.

There have been at least thre: main approaches to the
theoretical basis of fatigue: damage mechanisms, energy
dissipation relationships, and disl~cation dynamics. Miner([1]
hypothesized that the empirical stress-cycles diagram in
sinusoidal reversed 1loading provides the basis for the
fatigue damage mechanism. In this view, the petcent life
consumed at various different stress levels must sum to one
at failure. This hypothesis has mt proven true in general as
order and type of loading also influences fatigue life,
although the Minet criterion can provide qualitative

preliminary data.
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Enomoto[2] was among the first to hypothesize that the
energy dissipated above some non-damaging threshold is a
constant. That hypothesis is also not true in general, as
even the plastic part of dissipated hysteresis energy is
known to increase with lifetime. Finally, there have been
many approaches relating dislocation motion to fatiqgue
resulting in the gqualitative interpretation that fatigue
cracks are caused by dislocation pileups({3].

The fatigue damage interpretation persists in the recent
literature. Reference{4] describes an analytical approach
based on the Miner criterion attempting to quantify
structural fatigue life under specific loading conditions.
Reference{5] offers the suggestion that the Palmgren-Miner
rule is merely a special case of a cumulative damage theory
and that such theories are useful for specifying qualitative
guidelines. Reference[6] suggests a damage law for creep
based on fracture mechanics including a damage patrameter
which has an ambiguous physical meaning. Referencel7] is a
similar fracture mechanics interpretation where damage is
considered to be proportional to the plastic zone size in the
vicinity of a crack tip. Reference[8] describes a model for
crack propogation where failure of an element results when
damage has accumulated past a certain threshold value. The
stored damage is considered to accumulate in the form of
dislocation pileups. All of these damage apptoaches are
physically reasonable as it is intuitively obvious that load

cycling will gradually degrade strength in the form of some
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permanent structural change. However, mnmone of the damage
approaches provides a physical definition or quantitative
description for this damage quantity.

Reference[7] identifies damage as somehow trelated to
plastic strain through the plastic zone near the crack tip.
This leads to the evaluation that fatigue occurs as a result
of irreversible energy dissipated within the material,
specifically the plastic part of the energy. This recent
Q:ﬁ work is quite similar to Enomoto’'s[2] hypothesis that failure
occurs when the plastic part of the dissipated energy
accumulates past a certain amount, but that plastic strain
energy threshold still has mot been quantified. Feltner and
Morrow[9) conducted experiments on steel with favorable
agreement to such a plastic strain energy hypothesis, but
E;. Martin[l0] concluded that this plastic hysteresis energy
;} hypothesis 1is not true in general. Later, Halford[1l1l]
modified this hypothesis to allow a vatriable plastic
hysteresis energy threshold with fatigue life.

e Fatigue fracture 1s known to consist of two parts:
crack initiation whereby cracks form within the material and
: crack propojation whereby cracks qgrow until the structure
ﬁ fails. Since m failure would be expected to occur unless
8 cracks are present, the conservative approach is to evaluate
the time to propogate cracks. In the literature, there has
been an emphasis on crack propogation over the past several
years. References{12]-(16] are energy-based approaches to

s the growth of cracks. Referencel[l2] postulates that the rate
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of crack propogation is a function of the strain energy
density factor, representing another energy based approach to
fatigue fracture. Reference[l3] is an even more basic
approach to the energy transfer during fracture, extending
the Griffith fracture theory to cyclic loading using the
Gibbs free energy of solids. The irreversible thermodynamics
1s used to derive a fatigue crack propogation rate dependent
on the plastic strain,

The plastic strain energy 1is recognized as being
intimately related to fatigue damage. In a technical note,
Bodner,et.al.[14] suggest that the Paris crack growth law may
be a special case of a more general relationship which would
describe crack growth rate as proportional to the plastic
work rate. The presence of plastic deformation is known to
be essential for fatigue failures, and can be related to the
experimental determination of a fatigue limit through damping
tests([15]. Energy balance equations have also been used to
model creep deformation and for linear elastic materials the

well known J-integral can be derived[l16]. Referencell7] is a

related investigation based on molecular bonding
considerations.
With tregard to energy trelationships in fatique, there

have been relatively few thermodynamic treatments including

;

the irreversible nature »f plastic strain and the fact that

temperature is a dependent variable. This may be due to the

TeTETe

fact that irreversible thermodynamics is a more recent area

of investigation. References{18] and(19] describe a theory
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of irreversible thermodynamics of solids. Eringen{18]
dertives equations for irreversible work and entropy of
solids, and cites large deformation of elastic solids
accompanied by small irreversible changes as an example.
This is a good working definition of fatigue and provides
encoutagement for analysis of irreversible thermodynamics of
fatigue. In Referencel[l9], a mathematical approach is
described for thermodynamic analysis of elastic solids.

Any irreversible thermodynamic analysis of fatigue must
include a procedure for calculating entropy as related to the
plastic strain energy. Reference[20] describes this
relationship in terms of the yield state, elastic state, and
strain history. A transition region is defined for moving
from elastic state to yield state. References[3] and[21]
include a description of plastic strain through an analysis
of the mechanics of dislocations. Referencel[3] asserts that
plastic deformation arises from the movement and generation
nf dislocations. Equations for entropy production in terms
of plastic deformation, heat flux and strain energy are
given. Reference[21l] analyzes flow in solids and therefore
interprets plastic strain as the primary variable.
Thermodynamic equations are derived and plastic work 1is
considered to be converted to heat and expended in changing
the defect structure of the solid. Both References[3]
and[21] contain the implicit assumption that an entropy gain

accompanies plastic strain and entropy rate is positive
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definite. Reference[22] is a similat analysis of
thermodynamics nof dislocations including equatinns for
entropy and plastic strain.

The practical area of variable loading in fatigue has
only received moderate treatment in the literature. Although
there have been a few studies of fatigue undetr random
excitation, no general relationship exists at this time.
References[23] and(24] are analytical approaches to fatigue
under random excitation using the Palmgren-Miner cumulative
damage approach. Reference[25])] is a similar stochastic
approach to fatique including deformation energy.
Reference[26] is a more general approach emphasizing the
reliability of the structure. References[27])-[30] are
descriptions of a cumulative damage model using a Markov
vector and defining a duty cycle. Random excitation can be
described in the definition of the duty cycle. Referencel31]
is an analysis of random crack growth predicted by vatinus
approaches, arguing that probabilistic models ate a more
ratinonal method of accounting for variability.

This paper presents a mathematical model for fatiqgue
crack nucleation using an irreversible thermodynamic analysis
nf dynamic loading. The material is assumed to be initially
free of cracks and a basis for the appearance of local cracks
is presented. The signif{cance of this is that a theoretical
hasis for the fatigue mechanism will allow modeling and
analysis of arbitrary loading and environment, including the
affects of corrnsion and temperature. In this paper, the
theoretical basis for this hypothesis is presented along with

comparisons of model predictions with experimental results.
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THE CRITICAL ENTROPY THRESHOLD OF FRACTURE
It is hypothesized that the entropy gain at local
fracture is a material constant. The plastic hysteresis
energy trelationship of Feltner and Morrow[9] 1is a special
case of this more general theory when the temperature during
testing is a constant. Since entropy gain accompanies every
irreversible process and since fatigue damage is thought to
tesult from plastic straining which 1is an 1irreversible
ptocess, the critical entropy gain hypothesis is intuitively
pleasing as well. Fatigue is viewed as a random process
whereby irreversible deformations accumulate until molecular
bonds break down and cracks form. Entropy gain is assumed to
be a measure of this accumulated damage. This paper
describes an analysis of the formation of cracks, more
ptecisely crack nucleation. This viewpoint addresses fatigue
in two stages; crack nucleation whereby cracks suddenly
appeat in a previnously unflawed material, and crack
propogation whereby cracks grow until the part fractures.
The entitopy threshold is believed to hold in both cases, but
the theorvy »f fracture mechanics must be used to analyze the
crack propogation.

Reference[32] explains a new stochastic mathematical
model for internal friction. The 1irreversible patt of the
dissipated hysteresis energy is derived and used to generate
strain amplitude versus cycles to failure curves for 6061-Té6
Aluminum. Favorable comparisons between estimates of the
model and experimental data are indicated. That analysis was

conducted for constant temperature and was based on the




assumption that the yielding phenomenon does not change
substantially with time. 1In this paper, the critical entropy
threshnld is derived on the basis of irreversible energy lost
during static fracture and time and temperature dependence of
the fatigue phenomenon is evaluated.

The phenomena of crack nucleation, material damping, and
impurity concentration have been related to the diffusion
mechanism in References([33]-[37]. Referencel34] uses partial
differential equations for dislocation loop length
distribution which are of the same form as the Fokker-Planck
equation for the diffusion mechanism. This time-dependent
probability distribution function results in an equation
identical in form to Whiteman's[38] relationship for random
yielding. It is therefore consistent to interpret fatigue
damage as the mechanism of gradual diffusion of impurities
within the material into local flaw concentrations observable
as microscopic cracks. This diffusion of submicroscopic
flaws (impurities) is a function of stress level, time,
temperature, and initial impurity distribution. 1In this
paper, the random process of fatigue damage is hypothesized
to consist of the local concentration of flaws by diffusion
leading eventually to the sudden appearance of randomly
distributed populations of cracks.

The critical entropy threshold of fracture is defined in
terms of the irreversible (plastic) part of the static
fracture energy. This entropy threshold is assumed to be a
material constant and is simply a measure of the amount of

irreversibility (damage) a given material can withstand
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before molecular bonds break. The entropy gain of fracture
can be calculated using Whiteman's{38) equations for static
stress. In a quasi-static tensile test, the temperature
would not be expected to increase by very much so the local
average temperature is assumed to be approximately constant
during quasi-static fracture. The critical entropy threshold
of fracture is therefore related to the irreversible part of
the fracture energy by[1l8]:

°f
S.= [ “oeP(e)de/o . (1)

This entropy threshold of static fracture 1is a random
variable and the variability can be quantified by a
confidence interval. The confidence interval for the entropy
threshold just comes from the variance of the plastic stress,

v

p
°f
Sfu:of [0 exp(2v,)]eP(e)de/o (2)
f
Sf1=oj [o/exp(va)]eP(e)de/S (3)
Combining equations (1)-(3) with equation(13) of

Reference[32], the time required to exceed the critical

SR 5 § OO SRt

entropy threshold can be estimated. This is demonstrated in

Figure 1 where Nfu' Nf, and Nfl are the upper confidence

ND -

interval, mean, and lower confidence interval of the time to

crack nucleation, respectively. The result for constant

s
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temperature is shown in Figure 6 of Referencel[32], where the
upper and lower confidence intervals are qualitative in
nature and are based on the assumption that the variance of
loss factor 1is proportional to the variance of dynamic
plastic strain, The agreement of the fatigue crack
nucleation 1lifetime estimate with Fata 1is encouraging.
Although temperature increase may not strongly influence
shorter fatigue lives, it 1is necessary to investigate the
temperature rise during high-cycle fatigue. The temperature-
and time-dependence of fatigue must therefore be addressed.
Equation(l) of Reference{32] is the assumed form of the
random yielding probability distribution function as given by
Whiteman[38], but also includes additional parameters to
quantify the gradual changes in the diffusion mechanism with
time and temperature. The parameter B comes from the
Fokker-Planck equation and indicates that the mean yield
strain can be expected to decrease with time. The variance
of the random yielding during fatigue is also expected to

change with time and temperature as described below:

992=Dgexp[Ky(8-6_)/0]/811-exp[-2B(t+K Nc/£.)]1. (4)

In equation(4), Kt is a constant which makes the initial

impurity concentration yielding a non-zero initial yielding
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varliance. The choice for the parameter Xy controls the
time-dependent variance of the random yielding after 1long
fatigue lifetime. Justification for the temperature
dependence of the variance described 1in equatinn(4) 1s
discussed in References[36], [40]1-[42), along
with guidance for choosing Kge

It is necessary to analyze the effect of long time and
temperature rise on fatigue crack nucleation lifetime
estimates. it is expected that Figure 6 of Reference[32]
will be accurate for moderate fatigue lifetime and that time
and temperature effects will only be apparent after
high-cycle fatigue, It is also necessary to select values
for the parameters Kt and Ke. The thermodynamic analysis of

base~excited cantilever beam specimens excited at resonance

in vacuum will be presented in the next section, providing a

data base for these parameter selections.
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THERMODYNAMIC ANALYSIS OF FATIGUE SPECIMENS IN VACUUM

P“A

51 Figure 6 >f Reference{32] is an encouraying preliminary

{ result which indicates that assuming constant temperature

F; during fatigue based on the critical entropy threshold yields

i_ crack nucleation estimates which are consistent with data,

especially for moderate testing times, However, the
diffusion mechanism reveals that the mean and variance are
functions of time and temperature. It is therefore essential
to investigate the influence of time and temperature on
high-cycle fatique life. In this section, a thermodynamic
analysis of base excited cantilever beam specimens vibrating
at resonance in vacuum is given and predicted temperature
rise is compared to measured temperature increase. The data

were collected according to procedures described in

Reference[42].

Typical base-excited cantilever beam specimens always
fracture at the base where the strain is a maximum. However,
the tests were terminated after a two percent decrease in

natural frequency which always occurred long before fracture,

corresponding to a crack just being visible at the base.
This practice was adopted because energy dissipation rate \
increased rapidly as a crack first appeared, and resonance
became very difficult to maintain. Such a pcocedure is also
consistent with this analysis for fatigue crack nucleation.
Since the beam vibration is maintained precisely at
resonance, the kinetic energy is equal and opposite to the

elastic strain energy stored and all of the vibratory energy
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is dissipated within the material. With a full vacuum
maintained, the cnnvection heat transfer term would be zero.
For the low temperature rise typically observed in the
laboratory, the radiation heat transfer would be negligible,
and the only heat transfer present would be by conduction.
Furthermore, all of the heat developed within the material
must eventually be conducted back through the base, providing
a means of analyzing temperature rise during these tests.
Figure 2 1is a schematic depicting an infinitesemal
element of the beam at some arbitrary position x. The energy

dissipation rate at x is just:
dD=b1En_e2dy (5)

For strains in the vicinity of yielding, loss factor is also
a function of strain amplitude. It is therefore necessary to
include the nonlinear dependence of 1loss factor on strain
amplitude. For purposes of this thermodynamic analysis, mean
loss factnr was approximated as a constant plus a power of

strain:

Using Figure 4 of Referencel[32], r and K are approximated to
be 3.08 and 4.10x105, respectively. Then equation (5)

becomes:

r. 2
dD=bnE(nO+Ke ye dy
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Strain is also a function of position within the cross
section. Assuming that for moderate strain amplitudes plane
sections remain approximately plane, the infinitesemal encucqgy

rate is Just:
2 42
dD=brE([n_(2ye_/h) +K(2ye_/h) ldy

Now integrating to get the total energy dissipated at some

position x,
=2 i 2 f+2
D(x)= ﬂbE[nOth /6 + Khe /2(r+2)] (6)

To calculate the total energy dissipated in the beam,
equation (6) must be integrated along the length of the beam:
L L2
Dt-2ﬂbE[noh/60f e, dx + Kh/2(r+2)0f e, " dx
Strain will also be a function of position but is
proportional to the second derivative of the mode shape.
Letting €. be the strain amplitude measured at the base of

the cantilever beam, the total enerqgy dissipation rate is:

2 L 2
D =2"bE[n_he_ /60f (o, "(x)/¢,"(0)]) dx +
2

2 2
Khe 577 /2(e+2) [ Lo, (x) /8, (0017 ax (7)

o]
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Equation (7) represents the total energy which must be

?l converted into heat or expended in damaging the material. A
thorough i-cpzc on or equation (13) of Reference([32] reveals
o0 . that for the moderate strain amplitudes of this analysis the
plastic part of the dynamic strain amplitude is always less
than a fraction of a percent of the total strain amplitude.
e This is consistent with the traditional interpretation that
dissipated energy 1is converted into heat; for all practical
purposes the small percentage of energy expended in damaging
the material is negligible, according to this model.
Therefore, equation (7) is considered to be the total heat
. source.
Now solving for the temperature rise in the form of heat

stored in the material:

2 2 2
39/3t=21E{n he_ /6I[¢i"(x)/¢i"(0)] dx+
[o]

r+

e T /20642 (16" (60 /8,7 (001 T ax1/oc_(1en 1,)  (3)
nes RS SRR A p oo

Figure 3 is a plot of temperature increase during fatigue

tests in vacuum versus dimensionless time as compared to

3; data. The agreement between predicted and calculated
ii temperature increase is good. Figure 4 is a plot of strain
fg amplitude wversus <cycles to crack nucleation 1including
Q; temperature rise during fatigue, and verifies the assumption

that temperature rise during fatigue testing in vacuum has a

small etfect for short fatigue lives. For high-cycle fatigue
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the temperature rise increases the slope of the entropy trate
curve. The parameters used 1in this mathematical model fou
fartigue crack nucleation are summarized in Table I.

This provides experimental support for the hypothesis
that the local entropy gain during fatigue is a constant at
local failure. Although it is not possible with conventional
laboratory techniques to accurately measure this entropy
gain, experimental support has been provided for loss factor
calculations, fatigque life estimates, and temperature rise
during fatiqgue testing in vacuum. Additional experimental
support for the truth of the entropy hypothesis is expected
to develope as more research is completed.

At this point it is possible to address the temperature
dependence of fatigue life estimates. Figure 5 is a plot of
mean lifetime to fatigue crack nucleation for three different
testing temperatures. The predictions are in substantial

agreement with the trends outlined in Reference{43].
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DISCUSSION OF RESULTS

A theoretical basis for the nucleation of fatigue cracks

vy

has been proposed, resulting in a new mathematical model of

Pl e )
i
Lt

the fatigue mechanism. Experimental support for the validity
of the entropy threshold of fracture has been presented.

This mathematical mndel of fatigue is an 1mportant and

significant contribution, not only because it reptoduces
experimental results for temperatutre rise, loss factor, and
fatigque life estimates including confidence intervals, but
because it has the capability of modeling temperature
dependence of fatiqgue. In addition, this model has the
capability of modeling the endurance 1limit. Tf the
probability distribution function 1is truncated at some low
strain level, then strains below that level will be elastic;
the plastic part of such a low strain level would be zeto,
yielding an infinite fatigue 1life, In addition, an
appropriate selection of the parameter Kt can influence the
shape of the high-cycle fatigue curve. 1t Ky ls large, the
plastic part of the strain would mt change substantially
during high cycle fatique, Likewise, the patrameter Ke
influences the effect of temperature rise on the high-cycle
patt of the cuirve.

This mathematical model of fatigue is a geneval one
describing the breakage of molecular bonds leading ¢to
strength degradation. As such, it has the potential four
application to the phenomenon of crack propogation, In this
study, crack nucleation is viewed as a random process whereby

microscopic cracks suddenly appear in the material wheneve:r
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the local fracture entropy threshold has been exceeded. Tiis
sudden appearance of a crack would bhe desct ibed
mathematically by a delta function. However, the propogation
of the crack would occur from the same random yielding
phenomenon; as the 1local fracture entropy threshnld is
exceeded at the leading edge of a crack, the crack would
extend due to the 1local breakage of molecular bonds within
the material. The analysis of crack propogation by the
entropy threshold is being initiated at this writing.

figure 6 is a plot of lifetime to crack nucleation
versus strain amplitude for steel as compared to the
empirical curves of References([9], [11l], and{44]. Parameters
for steel are listed in Table ITI. The critical entropy
threshold 1is seen to compare <consistently with priot
published work, especially with Referencel[ll] which is based
on a plastic hysteresis energy trelationship. When
temperature increases during fatigue as would normally be the
case, the ctitical entropy threshold would alter the shape of
the high-cycle fatigue curve, perhaps explaining why
Martin{l0] did mt find Feltner and Morrow's 1results
universally applicable.

The existence of a mathematical model accurately
describing the physical phenomenon of fatigue is a
significant advance. Once the accuracy of this model is
established, the possibility of computer-aided structural
design for maximum longevity exists. Such a design procedute
might provide motre efficient engineering design and

developement, testing, and evaluation for new structures, as
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well as more accurate treplacement criteria for maintenance.
It is likely that an accurate mathematical model for fatiqgue
including the effects of temperature, environment, and
loading history could provide significant cost savings in
structiral desiagn, testing, and maintenance.

The choice of parameters of the random yieldinyg model
described 1in Reference(32] provides excellent agreement to
measutred data. However, the gradient search technigue
requites a lot of computer time and does not yield a direct
measurenent of the material fracture entropy. Reference(45]
shows acoustic emission rate as a function of strain yielding
a distribution funcrtion strikingly similar to the random
ylelding probability distribution function of the current
mathematical model for fatigue. Since acoustic emission is
believed to result from enerqgy release during plastic
deformation, it 1s likely that acoustic emission can be used
to measute ditectly the critical entropy threshold of
fracture during tensile tests. The significance of this
would ©he that mate:ial fatijue could then be qguantified by
this single number which would be a material property.

It i1s r=2commended that additional analysis be conducted
as a further test of the hypothesis that the crtitical entropy
thteshold is a necessary and sufficient condition for local
material failure. Although these tresults for the formation
of cracks are encouraging, a comprehensive analysis of
struciural fractudte tequires a model for crack growth. The
critical enttopy threshold is believed tn be a necessary and
sufficient conditinn  fou crack growth as well, and

experimental and analytical evidence for this is needed. The
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temperature dependence of damping, fatigue and fracture is an
important engineering application and the model's capability
of describing temperature dependence needs tn be explored.
Even more significantly, this theoretical basis for local
failure has the capability for allowing analysis of arbitrary
loading conditinns and this aspect should be tested further.
Finally, since the «c¢ritical entropy threshold of 1lncal
failure is a general relationship, other structural materials

should be studied.
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g SUMMARY

ai A mathematical model for the fatigue mechanism in metals
has been described. Physically, fatigue is explained in

f% terms of two phases: fitst, the gradual diffusion of

_‘ submicroscopic impurities into local concentrations of flaws

.S manifestea as the sudden appearance of crack populations

within the material. Second, the extension of cracks during

El dynamic loading is traditionally analyzed using the methods

of fracture mechanics and is known as crack propogation.

Both of these phases are considered to occur because of the

exceeding of a critical entropy threshold which is a constant
;; at local material failure. This mathematical model for
7. fatigue is significant since it is possible to model time and
h temperatute dependence of fatigue under arbitrary loading.

Although the present analysis was conducted for uncracked

metal specimens and therefore corresponds to crack

nucleation, the approach is a general one and can be extended
to the case of crack propogation using the methods of

fracture mechanics.
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TABLE I. SUMMARY OF PARAMETERS USED IN THE
MATHEMATICAL MODEL OF FATIGUE CRACK
NUCLEATION IN 6061 T6 ALUMINUM
Definition Source Numerical
Value
!
Thermal Capacitance | Handbook  905.04 J/kg K
3
Young's Modulus Handbook %69 X 109 Nt/m
1
- -9
Diffusion Constant References(36]&(39) | 1.919 x 10 /sec
Low-strain exponen- Reference([32] i—0.56
itial factor constant :
!
| -13
Parameter describing | References[17])&[33] 8.40 x 10 /sec
time-dependeint
decrease of strength
during high-cycle
fatigue
Material melting Handbook 855.2 K
temperature
3
tDensity Handbook 2712.5 kg/m
Constant showing | =-—~- 0.2
‘temperature
ldependence of
‘diffusion
;Constant showing | -—---- :10.0
ytime dependence of
diffusion
Initial standard Reference[32] 0.67514
deviation of
random yielding
-3
Mean yield strain Reference[32] 35.784 x 10
Maximum strain level | Reference(32] 10.02
before cracks form !
in a static tensile
test
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TABLE II.

SUMMARY OF PARAMETERS USED IN THE MATHEMATICAL

MODEL OF FATIGUE CRACK NUCLEATION FOR STEEL

TR % ¢ 0 s
PR TP

LN, SRR W

hefore cracks form
in a static tensile
test

N T A N P S P S

Parameter Definition Source Numerical
Value
Cp Thermal Capacitance Handbook 472.2 J/kg K
E Young's Modulus Handbook 196.65 x10°
~9
D, Diffusion Constant References[36]&[39] 3.305 x 10 /sec
Low-strain loss Reference[32] -0.56
factor constant
-12
8 Parameter describing | References[17]&[33] 1.45 x 10 /sec
time-dependent
decrease of strength
during high-cycle
fatigue
o Material melting Handbook 1783.0 K
temperature
3
o Density Handbook 7743.6 kg/m
Kg Constant showing | -~~--- 0.2
temperature
dependence of
diffusion
Kt Constant showing = |-=--- 10.0
time dependence of
diffusion
9, Initial variance of Reference([32] 0.67514
random yielding
_3
€ Mean yield strain Reference[32] 39.926 x 10
€¢ Maximum Strain level |Reference([32] 0.03
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ABSTRACT

A mathematical wmodel for internal friction in metals
based on random yielding is described. 1t 1s demonstrated by
compatrison to laboratory data that the model accurately
estimates strain-amplitude and frequency dependence of loss
factor. In addition, since the mndel is hased on a random
phenomenon, variability can be described. A qualitative
confidence interval is defined which agrees favorably with
experimental data. The model also accutrately predicts the
frequency dependence of loss factor at low strain amplitudes.,
The significance of this new damping model lies primarily in
its application with a new theory for the fundamental
mechanism of material fatigue. Based on the hypothesis that
fatique is modeled by exceeding the critical fracture entropy
threshnld, the familiar strain-amplitude versus cycles to

failure telationship results. Although this analysis was

based o9n an assumption that the material have no cracks
prtesent, the approach is a general one and the model fnr loss
:; factor can easily be extended to the case of cracking in the

mat=rtital. Finally, although this analysis was conducted for

metals, the general phenomenon of random yielding is thought
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to apply to other materials as well.
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INTRODUCTION

The dissipation of structural vibratory energy is due to
several different mechanisms among which are fluid viscosity
by interaction with fluid surroundings, friction in joints,
and internal friction due to microscopic rubbing. The
material damping from internal friction is usually called the
hysteresis damping and has been the subject of research for
many years. This hysteresis damping is normally orders of
magnitude smaller than other active damping mechanisms so for
the purpose of determining resonant amplitudes 1is usually
neglected. There are at least two exceptions to that.
First, in space applications, the absence of air renders the
hysteresis damping predominant in some cases. Second, for
large deflections the hysteresis damping increases
significantly since it is wusually an increasing monlinear
function of strain amplitude.

The area of vibration damping is an important one for
many reasons. In the <calculation of forced vibration
amplitude, the resonant amplitude is normally orders of
magnitude greater than the static deflection. For this
reason, the resonant amplitude is usually used to estimate
the maximum dynamic stress amplitude. Unfortunately, the
uncertainty in loss factor significantly affects the
uncertainty in vesonant amplitudes. In order to develope
accurate models for forced vibration response, it is

essential tn understand the mechanisms of structural damping.
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The practical implications of dynamic response calculations
are two-fold: first, as resonant amplitudes 1increase,
sensitive electronic components commonly installed in modern
structures are less likely to function properly, and in some
cases come apart. Second, under sustained high amplitudes of
forced vibration the structural members themselves are highly
susceptible to dynamic fracture.

Reference[1l] contains an excellent discussion of
material damping, identifying two different major mechanisms
of internal friction., First, there is a rate-insensitive
hysteresis in the elastic-plastic response of the material.
Second, there is a rate-sensitive heat flow in the material.
For torsion, only shear deformations would be present, and
Dawson[l] showed that a constitutive law of elasticity leads
to several damping coefficients. Those damping coefficients
come from a Taylor series expansion of the constitutive law
and represent dependence on stress level. The first
coefficient would be the familiar loss factor, which is
constant with 1respect to stress level. The second
coefficient would represent dependence on stress squared, and
so on, This approach is significant since no shape of the
hysteresis loop is assumed, and a description of plasticity
below the conventional yield point of the material is given.

References([2]-[4] are applications of similar kinds of
equations to describe the internal hysteresis damping of
materials. All of these include a dynamic stress-strain
relationship in terms of loss and storage modulii which gives

rise to a phase shift bhetween stress and strain. In view of
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the many different approaches to material damping analysis,
it is necessary to define coh..v:. tern.noldg, The loss
factor is nmormally defined as the ratio of energy dissipated
to energy stored per cycle, and is a material constant
relating stress to strain, independent of boundary conditions
or damping mechanism. In this paper loss factor is used as a
measure of internal friction.

The determination of resonant stress amplitudes has been
a major motivation for analysis of damping since dynamic
stress amplitudes can be orders of magnitude greater than
static amplitudes in many cases. This emphasis on dynamic
fracture is expected to continue, but lower dynamic
amplitudes of loading are also directly related to fatigue
fracture over the long term. This relationship between
dynamic stress and fracture involves more than just the
stress amplitude, however; a thermodynamic analysis of
fatigque involves the energy dissipation rate directly. In
fact, a number of papers in the open literature have related
material hysteresis damping directly to fatigue.

References{5]-{%9] relate the theory of dislocation
mechanics to material hysteresis damping. This view
attributes  hysteresis to the microscopic diffusion of
impurities within the material. Since the concentration of
impurities and their motion are vrandom, this approach
identifies internal friction as an inherently random
phenomen. n. Reference[10] presents the theory of a new
hypothesis for the fundamental mechanism of fatigue based on

this diffusion mechanism, using a model for the hysteresis
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loop by Whiteman[ll] to derive diffusion equations for random
yielding. Whiteman[ll] argued that his equation for the
hysteresis loop is intimately related to the fatigue process,
but failed to derive the precise relationship. Reference{l0]
provides the relationship that Whiteman[ll] was searching
for.

Others have 1investigated the relationship between
internal friction and fatiguell2]-[16]. Reference[l2]
analyzed internal friction as related to dislocation motion.
References[13]) andl[l4] proposed that the plastic part of the
dissipated hysteresis energy is a criterion for fatigue, but
both failed to provide a reliable theoretical relationship.
References[15] and[16] are similar applications to non-metals
and use the relationship between plastic strain rate and
permanent damage as a criterion for fatigue. Reference[10]
extends that approach to an irreversible thermodynamic
analysis of the fatigue process and proposes that it is not
dissipated plastic hysteresis energy which influences
fatigue, but the entropy gained during fracture which is
constant for a given material. This new hypothesis is
proposed as a mathematical model for the fatigue mechanism,
and is consistent with the results of previous res=ar ~hers,
The details of that derivation are found in Reference[l0],
but that analysis uses a mathematical model for internal
friction capable of calculating the reversible and
irreversible contributions t¢ energy dissipation rate. This
new mathematical model of internal friction based on random

yielding is capable of reproducing the irreversible
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contribution of dissipated hysteresis energy and is the topic
of the present paper.

Whiteman's[11] equation for the hysteresis loop 1is
modified in the present analysis to include damping below the
yield point and to define internal friction in terms of loss
factor. The fact that this approach views internal friction
as a random process is significant since expected variations
in loss factor measurements can be modeled directly. 1In
addition, the perception of internal friction damping may
mature through this approach, as the fundamental differential
equations of motion would 1include coefficients randomly
changing with time. Reference[l7] concluded that when
variations about the mean are small, the differential
equation can be approximated in terms of the mean and
variance of the randomly varying coefficient. This
assumption appears to be consistent for the present analysis
of structural damping.

In the next section the stochastic model for material
damping is derived and related to known frequency- and strain
amplitude- dependence of loss factor. It is assumed that
there are no engineering size cracks present in the material.
In this manner, a material damping model is derived which
predicts frequency, amplitude, time and temperature

dependence of hysteresis energy dissipation rate,
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INTERNAL FRICTION BASED ON RANDOM YIELDING

According to Whiteman[ll]), the probability distribution
function for vandom yielding is approximately log-normal for
Aluminum. From this equation, he <calculated a static
stress-strain relationship and hysteresis loop which include
explicitly the plastic part of strain amplitude. His
equation is modified in this paper to include phase lag
between stress and strain at low strain-amplitudes by adding

a term as given below:

P(e)=A(w)expl-ale]l+

2 2
expi-[loge—log(em)exp(-ﬂt)] /0o 3//5?00 (1)

The second term in equation(l) is identical to Whiteman'2([1l1]
equation except that the diffusion mechanics has been modeled
providing that the mean and variance change with time as
described in detail in Reference[l0]. The first term in
equation(l) is new and includes a frequency dependent elastic
hysteresis which is due to the phase lag between stress and
strain. For large a, the first term approaches a delta
function and the corresponding mean plastic strain is zero.
When the loading is a function of time, the phase
between the stress and strain can be represented on the
complex plane as shown in Figure 1. The parameters a and A

can be selected to model frequency dependence of loss factor:

ng=(a/wa)=n_(w/w;)" (2)
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Referring to Figure 1, the storage modulus due to plastic
strain <can be calculated by substituting e=e_  into

Whiteman'2[1l1l] equation for the hysteresis loop:

e €
os=[1—_£s P((n+es)/2)dn/2+ _£s nP((n+eS)/2)dn/zeS]Ees (3)
s s

Equation(3) represents the storage modulus for high strain
amplitudes and reflects the fact that the dynamic probability
structure of yielded elements is displaced[ll]. Combining

equations(l) and(3), the dimensionless storage modulus is:

Es = os/Ess (4)

The last term in equation(3) represents the irreversible, or
plastic contribution of the storage modulus in the form of

the expected value of the plastic strain. From Figure 1, the

total loss factor is:

ns(e) =n_ + n_{(¢€) (5)

When the strain amplitude is low, the dimensionless storage

modulus in equation(4) will be approximately one, and the
R loss factor is entirely due to the low-amplitude phase shift
lf described by the first term of equation(l). As strain
amplitude approaches the yield point of the material, the
dimensionless storage modulus will be less than one and an

equation for the plastic contribution to the loss factor can

0. A . e e Lo : . I . L. W s : ~ -
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be calculated:

2 2
np + Znenp - (l-Es ) =0 (6)

Equation(6) is in guadratic form and the positive root is:

/ 2 2
n. = -n_+ Y1 + n -~ B (7)

Combining equations(5) and(7), the result is:

/ 2 2
ngle) = /1 + - E (8)

ne S

Equation(8) is a <closed form expression which models
frequency-, strain amplitude-, time- and temperature-
dependence of internal friction. Reference[10] contains a
discussion of the time and temperature dependence of loss

factor. This paper will concentrate on the frequency- and

strain amplitude-dependence of loss factor. For low strain
levels, E_ goes to one and n  goes to ng according to
equation(8). As strain amplitude approaches the material
yield strain, Eg becomes smaller than one and Ng increases.
Figure 2 is a plot of loss factor versus sinusoidal strain
amplitude for several frequencies using equation(8). Figure
2 represents a dimensionless description of frequency
dependence of 1loss factor and reproduces the common
interpretation that frequency dependence is only observable
at low strains., The reason for that, according to this

model, is that the loss factor due to random yielding
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dominates at strain amplitudes in the vicinity of the yield
point and higher. Figure 3 is a plot of low-strain loss
factocr versus frequency including a least squares curve fit
to data and is the source of the frequency exponent of
equation(2).

Equation({8) represents the mean value of the loss factor
following the derivation of Whiteman[ll]. This includes the
implicit interpretation that loss factor is a random variable
since plastic strain is modeled as a random variable. It is
therefore possible to calculate the variance of loss factor
to quantify the expected variability. Since the variation of
loss factor is caused by the plastic strain, it is logical to
assume that the variance of loss factor is proportional to
the variance of dynamic plastic strain. The variance of the
dynamic plastic strain is just the difference between the

mean square and the square of the mean:

2 €s 2 €s 2
ve = [T n Pln+e)/2)dn/2 = [ [T P((n+e )/2)dn/?]
-c -€
S )

Then the upper and lower confidence intervals for loss factor

are assumed to be:

ﬂsu = ﬂe + \)s exp(Cevs/ep) (9a)

ng1 ne * vs/exp(Cevs/Ep) (9b)

Equations(3) are based on the assumption that the plastic

contribution to the loss factor is a log-nnrmal random

variable whose wvariance 1is approximately -equal to the
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X variance of the dynamic plastic strain. Figure 4 is a plot

Can ading
3 '

? of the strain amplitude dependent loss factor including
confidence intervals using equations(8) and(9), along with
data collected according to the procedures outlined 1in
F References[18] and[19]. Figure 4 is in substantial agreement
o with the trends described in Referencell2]. Note that

according to this model uncertainty in loss factor increases

as strain amplitude increases, consistent with the model for
random yielding.

The monlinear loss factor of Figure 4 is represented as
a linearized dashpot system in Figure 5. The total loss
factor of Figure 4 is represented as an equivalent
dissipation element. Since a material element would have a
common stress, the plastic and elastic dashpots are connected
in parallel. The energy dissipated per cycle in the plastic

part of the strain is therefore:

2n/wi 2
D, = | O(dep/dt)dt = TEmieg

Substituting for n,, the irreversible part of the dynamic
strain energy is related to the entropy by the first law of

thermodynamics[20]:

_ 2
- 83s/3at = m En_eg (ep/es) (10)
b
E Equation(l0) contains the entropy rate during sinusoidal
3 strain loading. 1If the temperature is approximately constant
N while testing in vacuum, equation(l10) can be integrated in

]



closed form. By calculating the time required to exceed the
critical entropy threshold of fracture described in
Reference[l1l0]), the familiar strain-amplitude versus cycles to
failure diagram in Figure 6 results. Figure 6 also indicates
favorable agreement to the empirical equation published by
Manson[21] and data collected using the procedure described
in Reference(l9]. The significance of this 1is that
structural damage by fatigue is now quantifiable by a single
material parameter, the <critical entropy threshold of
fracture.

An internal friction mathematical model based on random
yielding has been derived which demonstrates both frequency-
and strain amplitude- dependence of loss factor. Uncertainty
in the 1loss factor is quantified by the variance of the
dynamic plastic strain. Favorable agreement between the
mathematical model and experimental data is demonstrated. 1In

the next section, a description of the procedure used in

selecting the parameters of the model is given.
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PARAMETER SELECTION

The probability distribution function given in
equation(l) includes two parameters which must be selected in
order to complete the mathematical model of loss factor: the
random yielding variance 092, and the mean yield strcain €m®
Additional parameters involving time- and temperature-
dependence contained in the diffusion mechanics are described
in Reference[l0]. The procedure used in selecting €n and o
is described next.

The criteria to be used in selecting m a@nd o  ace that
the model predictions for loss factor and maximum stress
agree with experimental data. That procedure requires some
engineering judgement since the precise upper limit on the
strain is not known. This mathematical model for internal
friction is based on the assumption that there be no cracks
present within the material. Therefore, the upper strain
limit is to be selected such that the material yields without
cracking. This upper strain limit will normally vary for
different materials and is to be selected on the basis of
engineering judgement.

It is generally believed that the amplitude dependence
of damping begins to be important when the dynamic stress
amplitude approaches the two percent yield point. However,
there is no agreement as to the strain level where that
amplitude dependence begins. Dawson[1] describes the
amplitude dependence as beginning to be important when the
stress amplitude is a sizeable percent of the yield stress of

the material. Feltner and Morrowl[l3] mention a transition
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regiton between the endurance limit and high stresses without
specifying the point where amplitude dependence of 1loss
factor begins. Mason'2[12] data shows an abrupt increase in
loss factor somewhere below the yield point of the material.

Equation(7) represents the amplitude and frequency
dependent loss factor predicted by the model, including the
plastic part. The maximum static stress is:

€ ¢
o * = Eef[I—OIfP(n)dn] + E £ nP(n)dn (11)

Since some stress relief would normally be expected just
after a c¢rack appears, the 1local maximum stress would
normally be greater than the ultimate strength available from
engineering handbooks. The ratio of the maximum stress to
the ultimate strength 1is to be evaluated in selecting the
model parameters by engineering judgement.

Equation(10) is the relationship between the constant
entropy of fracture derived in Reference{l0] and the lifetime
at the endurance limit. The parameters of the material
damping model are to be selected such that this lifetime
agrees with the handbook value of Nf=5 X 108 cycles. 1In
addition, data for loss factor are available for guidance in
causing the model to correctly predict observed phenomenon.

In order to select 9, and € gradient search techniques

weve used by defining the following function to be minimized:

2 2 2
J = ["Eﬂs(ie)ﬂe (Ep/ee)Nf/erSf-l] + [ﬂs*/nm - 1] {(12)

. .
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which occurs whenever Nf=5 p 4 108 cycles and ns* = N where

"m is the measured loss factor near the transition to plastic
strain. Using eguation(8) the transition loss factor is

arbitrarily selected as:
* =
n ns(O.Sey)

The results of this procedure are summarized in Table I, and
the last row represents the best agreement to laboratory
data. Table T shows that as the maximum strain increases,
vu* increases, as do Em and co. increasing maximum strain
increases the slope of the es - Nf diagram of Figure 6. The
maximum strain which yielded the best agreement to laboratory
data without unreasonable local maximum static stress was
selected.

In this section, the procedure for selecting the
parameters of the mathematical model for internal friction
based on random yielding is described and the resulting best
parameters are given, In the next section, a discussion of
the significant results provided by this new material damping
model is presented along with recommendations for future

research.




DISCUSSION OF RESULTS

Figures 3 and 4 represent estimates of loss factor using
the frequency- and strain amplitude-dependent material
damping model. The purpose of this model is not normally the
calculation of resonant amplitudes as with many applications.
Figure 4 clearly shows that as strain amplitude increases,
damping increases. Although such an increase in damping
would decrease the resonant amplitude, it would also be
expected to result in fatigue damage. Rather, the purpose of
this damping model is to estimate the irreversible part of
the hysteresis energy dissipated per cycle in an attempt to
quantify fatigue by the entropy threshold of fracture as
described in Reference[lO0].

These results are believed to be general ones which can
be readily extended to other practical cases. Although this
analysis was for uncracked specimens, the phenomenon of
random vyielding 1is considered to be a universal 1local
condition. After a crack has appeared, random yielding would
still occur but would be significantly affected by the local
stress concentration., Damping and fatigue could be analyzed
using the methods of fracture mechanics. In addition, other
metals and non metals could be investigated from the same
random yielding viewpoint.

This material damping and fatigue model contains
implicitly the capability for investigating the random
dynamic response of structures. The time required for
nucleation of cracks under random loading can be described,

and using the methods of fracture mechanics the growth of the




crack under random vibration can also be described. A
theoretical basis for the irreversible loss of energy under
arbitrary loading can therefore be developed.

Table I provides some insight into the effect of the
parameters variations. First of all, changing Ef changes the
slope of the strain-lifetime curve of Figure 6. It is
therefore a straight-forward procedure to determine the set
of €m, Oo which satisfies equation (12) for a given €pe Then
engineering judgement should be used to select the best fit
to laboratory data. However, that procedure is complicated
by the fact that as the fit to loss factor and fatigue life
data improves, the maximum local static stress increases.
According to Table I, this stress is always greater than the
ultimate strength. It is therefore necessary to examine more
closely the phenomenon under study.

If commonly used engineering data for ultimate strength
comes from strain measuring instruments, then some average
stress is actually indicated. Therefore it is logical that
some local increase of stress would not be obvious in the
data. Furthermore, this mathematical model for dynamic local
failure is a description of the sudden appearance of a crack.
The stress just before a crack appears would be greater than
the stress just after the crack appears due to stress relief.
The local increase in stress just before a crack appears is
indicated in Table I and the most a_propriate parameters are
selected based on engineering judgement.

One final comment concerning this mathematical model of

internal friction is in order. The low amplitude frequency
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exponent, Y, in equation(2) resembles the fractional calculus
approach of Reference[22]. This impacts the form of the
differential equation where the frequency exponent
corresponds to the order of a derivative, This model for
internal friction might therefore prove useful in finite
element modeling of complex structures for the purpose of

providing a design estimate of the structural fatigue life.
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SUMMARY

A new mathematical model for internal friction based on
random yielding has been presented. The model accurately
predicts both frequency- and ctrain amplitude~ dependence of
loss factor. Since the approach is based on a random
phenomenn, the uncertainty in loss factor can be quantified,
leading to a mathematical model for fatigue, including a
quantification of uncertainty in fatigue as described in
Reference[10]. Although this analysis was carried »ut for a
material with no cracks present, the theory is a general one
and can be extended to the case where cracks are present
using the methods of fracture mechanics. Finally, the
phenomenon of random yielding is believed to be a universal
one and would be expected to apply to all structural

materials.
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TABLE [. DYNAMIC RANDOM YIELDING MODEL PARAMETERS

USING DIFFERENT UPPER STRAIN LIMITS FOR 6061-T6 ALUMINUM
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ABSTRACT

An experimental procedure for continuously measuring strain level,
temperature, and damping during resonant fatique tests is described.
The technique is based on a previous method (Gibson & Plunkett, Experi-
mental Mechanics, Aug. 1977, pp. 297-302) using base excited cantilevered

beams vibrating at resonance. The amplitude and frequency dependence of

loss factor is therefore directly included in the measurement. For beams
vibrating in vacuum, energy dissipation rate and temperature measurements
provide a basis for thermodynamic measurements of fatigue for analysis of
irreversible thermodynamics. This procedure provides a continuous

measurement of energy dissipation rate during fatique crack nucleation.

INTRODUCTICH

A new hypothesis for the fundamental mechanism of material fatigue
is presented in Reference [1]. The purpose of this paper is to describe
an experimental procedure to be used in validating that hypothesis. A
thermodynamic analysis of a base-excited cantilever beam vibrating at
resonance reveals an entropy gain term which is a measure of the plastic
(irreversible) part of the strain energy. For low strains this entropy
teri goes to zero, and provides a measure of the irreversibility of the
thermodynamic process. The new hypothesis for fatique failure is that
this entropy gain related to the fatigue damage is a constant at fatique
failure. The plastic part of the total hysteresis energy is calculated
using Whiteman's [2] probability model for yielding. Theoretical evidence
from the open literature for this hypothesis is given in Reference [1],
but experimental proof is also required.

The experimental proof of the entropy hypothesis for fatique damaqge

requires that the thermodynamic analysis given in R rence [1] be verified
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in the laboratory. This means that input strain level, temperature and
loss factor at the cantilever beam root must be continuously measured and
compared with the theoretical predictions given in Reference [1]. The
base-excited double cantilever beam has been used as a test specimen in
Reference [3] for measuring material damping. However, material damping

is known to increase during fatique, so a continuous measurement is required
[(4]. The analog computer is capable of providing such a continuous measure
of material damping during sinusoidal testing using the experimental pro-
cedure described in Reference [3]. This paper describes the details of the
continuous measurement of material damping during fatigue using the analog
computer. This laboratory data will then be compared with the predictions
given in Reference [5] in an effort to verify the entropy hypothesis of

fatique failure.

AWALYSIS

The base excited double cantilever beam test specimen described in
Reference [3] forms the basis for this experimental investigation. Although
only one side is instrumented, the double beam is used for balance to
prevent excessive rocking motion on the shaker head. For the test configu-

ration of Figure 1, the equation of motion is:

a4 35 a2 - M
El + FI “—%——-+ pA = -pAZ. 1
X ax ot at

Equation (1) includes a damping term based on the viscoelastic damping
model, but the data will be given in terms of the loss factor which is to

be measured at a single natural frequency. The :.lution to equation (1)

is known to be:




Substituting equation (2) into equation (1) and invoking the well-known

orthogonality relationships the decoupled equations of motion in terms of
the generalized coordinates result:

el e 2

Ay * 26503095 ¥ wy8y = 0,2 (3)

In equation (3), Qi is the generalized force coefficient and for the canti-

lever beam with an accelerometer at the tip can be shown to be:
. L 2 2 2
0; = -pA £¢i(x)dA/[oA fo 05 (x)dx + mo3(2) + Jcoi“(2)]. (4)

£
The mode shape is to be normalized such that j('¢§(x)dx=l. When the
()

Jw.'t

base is excited at the resonant frequency of the beam, i = ioe , and

the loss factor can be calculated from the measured base and tip acceler-

ations using equations (2) and (3):

_ Q;2,95(2)
1y-2,]

The energy dissipated per cycle is:
2n/w, 2n/w, 2

D =]0 loedt =£ Tre

Equations (5) and (6) can be implemented on the analog computer for con-

2
dt = nEnSCO (6)

tinuous measurement, but require one divider and one multiplier. A
strain gauge would normally be used to measure strain but strain gauges
fail during fatique and it is possible to calculate strain from measured
acceleration. For a vibrating beam, the strain is:
ha?' h "
L= g e ey aaglt)

dX
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g
=

= When the cantilever beam is vibrating at resonance, this is just:

- s (x) -2

. h i Z|

i € = 5 (7)
L 2 w?sﬁ](l)

Z 94 (x)]y-Z|
D = mE(Q;0; (1) =205 ¥
Combining terms,
2 Q. e
0 - ﬁi{—h [} ()12, | §-2! (8)

Equation (8) is a significant result since it reveals that the energy
dissipated per cycle can be continuously calculated on the analog computer
using just one multiplier. The mode shape function and natural frequency
are well known and can be readily calculated [6]. However, the generalized
force coefficient Qi must be calculated for the particular mode shape
function to be used. Although use of tabulated functions given in Refer-
ence [6] provides useful results when deflections are involved, since the
strain is to be calculated a more accurate procedure is required.

Equation (8) is a more convenient form for measurement since acceler-
ometers are easier to install and not subject to drift during fatique as
are strain gauges. The added mass of the accelerometer will =ffect the
natural frequency and mode shape and also the measured tip acceleration.

In order to assure accurate results it is necessary to investigate
the affect of the accelerometer mass attached to the tip of the beam. It
is logical that the smallest possible accelerometer should be used in
order to minimize that affect, but for fatigue testing, the thickness of

the beam is to be varied to allow for the various strain levels tested.
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When an accelerometer is attached to the beam tip as shown in Figure 2,
the mode shape function ¢i(x) and natural frequency w; are modified and
errors in strain measurements using equation (7) might become significant.
Figure 2 shows a free body diagram of the accelerometer attached to
the beam tip. The mass and rotary inertia of the accelerometer introduce
a dynamic boundary condition at the end of the beam which results in the

following equations for the dynamic shear and moment.

2 3 3 2
3 3 m, 2,,2y d md 3

El = J —l,z+-(e+d )—17+— (9)
9% G oxate & %3t 2 5t
3 2 3 2
P 9 md 3% me, 9 2

El =m—%+—-2-~—12-——2—(—l) (10)
X ot axat axat

Equation (10) contains a nonlinear term which vanishes when e = 0,
indicating that if the accelerometer center of mass lies on the beam neutral
axis, the resnonse will he linear, By assuming that the response is sinu-
soidal in order to solve for natural frequencies, it is possible to show
that the nonlinear term in equation (10) introduces an additional fre-
guency in the response. Based on numerous laboratory measurements, it is
apparent that the nonlinear term does not substantially effect the natural
frequency for moderate tip ampliitudes so is neglected.

The modal deflection function is well-known [6], and applying the-
boundary conditions at the root the following form results.

Qi(x) = 8[coskix - coshk,x + Ri(sinkix-sinhkix)]. (1)

In equation (11), Ri is a mode shape constant and B is the modal deflec-
tion amplitude indicated in Fiqure 3. Equations (9) and (10) are combined

with (11), and the following transcendental algebraic equations result:
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) + uki (9 v2+v3)\s1nAi+s1nnA.)

2
3 € { -\ T 1 )]
_— E?in\] VoA ) :-cosnx.(]+4»,xi
‘?. : Ld B J"-V

sxnxi(l-,.Bxiz) + sinha, (1+w3 - LA (.]+>2 3)\cosx ~-coshi, )

(12)

”
sink;, + sinhi; - . A, (cosh. -coshA, + Ao “fgin). +sint 3
5indy S j i ( 5 shA, ) RLE (sin), sinhd; )

-+

when =0, equations (12) and {13) reduce to the familiar cantilever beam
solutions. When the mass of the accelerometer is included the natural
frequency is decreased, and the mode shape function is modified. However,
equations (12) and (13) only indicate a part of the error incurred from
using equation (7) to measure strain. Referring to Fiqure 3, the actual
strain is:
h ¢;(0)B

€ = §-~5;IET',

since B is the theoretical beam deflection. The accelerometer only

measures the perpendicular acceleration, given by:

2y 4 33 2}
- J
Ag = {(~ Yy 7) - ax°t c0s0 (14)
at axat
The acceleration can be reduced to:
L LI }“—T" ; 15)
= . + v, — - v {— —
G i : 3 $i 2 94 co0sb cos%

Then the error in strain measurement is:

h¢1.(o)AG h¢1(o)B

Z;i(g) 2¢i(1)

h¢i(0)B
7% (1)

hakea® o e . . . . P . B N .
L ad 2l - ey e N N y M )
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, . . 2 ~
Ri[coski + cosuki - pki (s1nxi -s1nhxi ) - uvoxi fcosa: ~cosha: )1 = O,
id 1 1
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In dimensionless terms,
- -"2
b3 ®s
E ={1 + v # v2‘¢—;-J E%s_c} C—o—l?;J (16)
Equation (16) is plotted versus strain in Figure 4 for various sizes of
beams and accelerometers. As strain increases the error increases since
9 increases. In laboratory tests this error was found to be less than
the error in reading the voitmeter. Fiqure 4 shows that for strains less
than about 3000 us, which covers the range of interest in high cycle
fatigue 1ife studies, the error in the strain measurement using an acceler-
ometer is less than 57%.
Equation (15) can be readily used to measure strain from accelerometer
readings. Equation (7) is the basic strain-accelerometer relationship

and strain calculated from A is just:

hm;(o)coszsAG

(o) = - ) un
205 ()1 + i (fp-i)z-"—B ]
u)i'pi g V3 ¢1 \)2 ¢1 c0s?

Figure 4 s%ows that the strain measurement using equation (7) is
within about 5% for the strains of interest here. Of course, the error
is worse if a larger accelerometer is used but is still less than about
107 even at strains above the yield point of aluminum. When the analoa
computer scale factor is introduced, the measured gquantity is related to
tne theoretical quantity according to:

SDDV = D.
Even though the strain measurement is accurate, the damping measurement
at high strains inciudes a significant air damping term [2]. Therefore,

in order to accurately simulate the thermodynamic analysis presented in
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References [1] and [5], it is necessary to enclose the test specimen in
a plexiglass vacuum chamber as described in Reference [31. In this way,
the energy dissipation measurement will not be corrupted hy the presence
of air damping.

The analog computer scale factor can be calculated from Fisure 1

and equation (8):

nEn?0, 1 11 (0) 1%100¢,C, a8
= - 18

S =
D 4w1. 4¢1. (%) GZGYGD

Since equation (17) contains the generalized force coefficient, the calcu-
lation indicated in equation (4) must be carried out.

Equations (1) - (18) have been implemented in measuring strain,
temperature, and energy dissipation rate versus time for cantilever beam
specimens failed in fatique by vibrating at resonance. Typical results

of that experimental effort are described in the next section.

EXPERIMENTAL PROCEDURE

Double base-excited cantilever beams were vibrated at resonance

N in a vacuur while measuring temperature, strain level, and dampina. Figure
5 is a photoarap” of tyrical heam specimens including fraciure which always
P occurs at tne base. Cracks are present at about a one percent decrease in

- the ratural freguency. The bean specimens are 6061-TC Aluninum. A plot of

loss factor versus strain level is indicated in Fiqure 6 alung with data[]]
r57
LS‘. Figure 7 is a photograph of a beam specimen mounted inside the plexi-

glass vacuur. chamber.

The data are recorded on a four-channel strip-chart recorder.
Measurements of strain using the accelerometer were compared with measure-

ments of strain using strain gauges with favorable results except that
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the strain cauges always failed before the fatique test was complete.
Although the gauges could be moved farther out on the beam to decrease the
strain level and therefore increase the life, the accelerometers proved

to be a superior instrumentation package. A pressurized bulkhead con-
nector is indicated in Figure 7 for the electrical connections.

Figure 8 is a photograph of a typical data record. Since the tempera-
ture increase was small it is omitted. The frequency must be carefully
adjusted to beam resonance which corresponds to the minimum base accelera-
tion, as in Reference [3]. This adjustment is routine at the beginning
of the test, but as fatique progresses the natural frequency decreases
due to the modulus change and resonance must be readjusted. This procedure
can be readily identified in the data of Figure 8. As fatigue progresses,
the energy dissipation rate increases slightly until it becomes impractical
to maintain resonance as shown on the last part of the data record in
Figure &. This part of fatigue is crack propogation and can be carried
out by constantly changing the frequency to follow the modulus change.

This is impractical, however, as it is necessary to maintain chanaging
resonance while maintaining constant strain amplitude. Since the measure-
ment thecory given in the previous section only holds in the absence of
cracks, the tests were terminated after a one percent change in natural
freguency. The fatique lifetime was measured by a time-code generator

on the strip chart recorder.

DISCUSSION OF RESULTS

This procedure is a valid one as long as the modulus does not change
substantially, For studies of fatique crack initiation in unblemished
metals the results are aood. However, when cracks are present this

measurement procedure fails. When the modulus change is more rapid, it

is possible to excite the specimens with narrow-band random noise and
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accomplish this continuous measurement procedure using FFT analysis and
a microcomputer [7].
When the excitation strain level is much lower than the yield point
of the raterial, this procedure is an accurate way tc continuously
measure the enerqy dissipated during fatique and thus collect thermodynamic
data for use in irreversible thermodynamic analysis of fatique. The base
excited cantilever beam is a convenient one for faticue studies since
the maximum strain is at the base and cracks always form at the base.
Measurement of strain level on base-excited cantilever beams with
accelerometers is an accurate and reliable as well as convenient procedure.
Installation of accelerometers is much easier than strain gauges, there
is no bridge to balance, and accelerometers do not fail during fatique.
Accuracy is on the order of one percent or less as compared to strain
gauges for most beam thicknesses of practical significance. The fatigue
crack always forms at the base of the cantilever beam where the strain is
maximum, giving a predictable way to "pre-crack" specimens for crack

propogation studies.

CONCLUSIONS

An experimental procedure for continuously measuring strain level,
temperature, and energy dissipation rate during fatique tests is described.
tnergy dissipation rate and temperature are continuously measured pro-
viding a basis for thermodynamic analysis when testing in vacuum where
there is neqligible convection heat transfer. For moderate strain levels
and for materials which do not show a rapid modulus change the procedure
gives satisfactory results up to crack initiation. In the presence of

cracks a fracture mechanics analysis is necessary, but usina narrow-band




random excitation allows this procedure to be extended to the crack

propogation study. That research is being planned at this writing.
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Figure 3-1. Experimental Apparatus.
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Figure 3-2. Free-Body Diagram of Accelerometer
Attached to Beam Tip.

Ag

)

B

Figure 3-3. Geometry of the Measured Tip Deflection.
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