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ABSTRACT

In the framework of Stummel's discrete approximation theory, a

perturbation theorem for inverse stability inequalities is proven. As an

application, the inverse stability of compact finite difference schemes

appoxlimating two-point boundary value problems for linear ordinary
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a.

SIGIF.ICAME AND ,XPLANATION

The normal procedure in solving a continuously defined problem

numerically consists in applying a discretization first which reduces the

original problem to one which can be treated by numerical algorithms for

solving equation with a finite number of unknowns. A fundamental question

arising in this context is the convergence of the solutions of the discretized

problem to the solution of the original one.

Zn studying these kinds of questions, it has turned out that the various

different discretization procedures can be treated in a unified manner in the

abstract setting of the so-called discrete approximation theory which is also

used in this paper. The main point in proving convergence in the stability of

the discretization. This paper deals with methods in proving stability for

linear problems. As an application of the abstract result obtained, the

stability of finite difference aproximations for linear two-point boundary

value problem on not equally spaced grids is established, a topic which has

attracted the attention of a number of numerical analysts in the last few

years.

The responsibility for the wording and views expressed in this descriptive

sumary lies with NW, and not with the author of this report.



ON PER RBATIONS 01 STABILITY INQUALITIES WITH AN APPLICATION

TO FINITE DIFFERENCE APPROXIMATIONS OF OD38

R. D. Grigorieff*

1. tzaetion. The main part in proving the convergence of finite difference

approximations for boundary value problems consists in establishing seitable stability

ipequlities. One common method in proving such inequalities is to start from an often

comparatively simple a-priori-inequality which leads to the desired stability by a

perturbation argment. The purpose of this report is to give an abstract version of this

procedure In the framework of the discrete approximation theory introduced by Stuamel

[10,11). In this way it can be clearly recognized which properties of the problem give

rise to the stability inequalities. As a further consequence one obtains fairly simple

proofs of stability results used only very indirectly in the concrete context or being

even not found there (e.g. [9,121).

As an application we establish the inverse stability of compact finite difference

approximation* for linear m-tb order two-point boundary value problems on nonuniform grids

in the maximum norm, which makes it easy to get the convergence of the schemes obtained in

[9,121. These stability inequalities have also been given in [4] using a different manner

of proof. The method developed in this report opens the possibility to treat also more

general schemes as well along with the associated eigenvalue problem. Moreover the

abstract result applies equally well to other discretization methods, e.g. to Galerkin and

quadrature methods, a fact which is mentioned only briefly here but which is wellknown to

those familiar with discrete approximations.

*Technical University of Berlin, Str. des 17. Juni 135, D-1000 Berlin 12,
West Germany

Sponsored by the United States Army under Contract No. DAA29-80-C-0041.



2. lb ttlie. Lot a denumerable sequence A0 and normed spaces 3,3 I e A0 0 be

given. The spaces are said to form a discrete approximation A(E,1E3 ) if a linear map

Lin Is defined on a linear subset of all sequences u I32' e A with range equal to

3 and the property

Lin (u 1 ,i e Ao ) - 0 <-> au I I 0 (i e A 0

(the same symbol Is used here to denote all the various norms on 3, Zt). A sequence

U 1 ,i16 As, lying in the domain of Lin Is said to be discretely convergent and we write

u, + u 0; e Ao
0

if u is Its image under the map Lin. By A1, A2  we denote final sections of

AS, by A, A' subsequences of A., not necessarily the same at different ocurrences.

The convergence of a subsequence u,, t A A, to u e 3 is defined in the obvious manner:

t + u ( e A) <-> v, I e A: v, + u (I e AS), luI-v 1
1 + 0 Ci e A).

By B we denote the closed ball of radius 1 in 3 * Let G1 , I e AO, be subset of

* Then we introduce the limit set

Limsup G 1g- {u e z I ACA, u G, I e A, u u (t A)}.

The sequence G , e A , is said to be (locally) discretely compact, if each (bounded)
1 0

sequence uI e G, e AcAo, contains a convergent subsequence.

Let also A(F,ffp) be a discrete approximation of normed spaces. A sequence of linear

mappings L1 : a, + FI, t e A0 , is said to be discretely convergent to a linear mapping

L 1 3 + F, in symbols Li * L (t e Ao), if

u* u (i e A ) -> Lut + il 0 e A ).

The sequence L, I A, is said to be consistent wlth L If

V u e 3, ul e El , I e AO t u, + u, L I U + Lu (i e A ).

The sequence L ,1 e A0 , Is said to be discretely compact if the sequence

R(LI), i e As, of ranges of L, Is discretely compact. Sometimes we use the notation

31. I e (0), to indicate the space 3, and similarly for F I, L etc.

3. Te pertuzrbtion theorem. Let A(3,11Z ), A(F,ItF A(G(j (), , () j 1,2, be

discrete approximations of norned spaces. Let

-2-
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L i 3}) * 1 , NI at 2 1 G1 I I • Ae u(O), j - 1,2

be linear mappings. We wish to conclude that the stability inequality
(1) Y2 in I 1 IL A(2) l a I 1 (2)ut1, e zV i e A2

holds if the inequality

(2) 1 I 1 IL A Mu l I +  
IN I 1

)ul I .u I z .  i e A1

is known to hold. mere y,, Y2 denote positive constants independent of u 1  and t.

For brevity we set

1 a L1 (1) - L1 (2), A 0 u(o)

(3) Lot (2) and the followina conditions be fulfilled.

(i) Khe Ience K1 , e 0 Ao , is discretely ccmact and converaent to K

(ii) The seauence N(1) (B is locally discretely compact

(Iii) n(1)) (L X is consistent with (L
)
, N

(iv) N1 (2) . N(2) ( e A

(v) (w,g) e Limp (KI(B ),G )Lim *up CL 1  K 1 ))(B3)

3 u e 2 s L(1) , (1)u

(vi) L(2)U - 0, N (2)u 0 -> u " 0.

Then Lneauality (1) holds.

keeoo. Suppose (1) not to hold. Then there exist a subsequence A C A and elements
o

u I e1 1 , i A, such that

(4) ul - 1, L 1 (2)1 + 0, 1 u(2) 0 ( e A).

Because of the assumption (i), we choose A such that also

Ku I + w o' e A)

for some w 6 F. We now distinguish two cases.

First cases The sequence N t(1)U, i e A, is bounded. Then, since (ii) is assumed,

without loss of generality

u 1 g (I A)

for some g e G" ) . 
With (w,g) given In this way we can find a u with

(5) L (1)u - W, N (1)u

-3-



Now choose a consistency sequence yfxe A, i.e.

Y, +u, L 1(1) C,+L)U (1) (1 N) u(

Replacing a~ in (2) by u - y1 f one obtains

Y1 Inu1 -YI -C IL 2 ) uI + K In- L ICMl) + IN 1 () (u 1-Y1 0 0l e A)

which shows the convergence u, + U (I e A). Fro this, (4) and CM, (1v)

K u - wo MN1(2) * x (2)a - 0 (1 e A)

and so, because of (5), We Conclude L(2 ) u - 0. which giv'es u - 0. But as a onasequence

of (4) it in seen u +' 0 and we have reached a contradiction.

Second case: The sequence N 1 ()u I, I e A, is unbounded. By renoraing u t and if

necessary passing to a subsequence which we continue to denote by A we obtain a sequence

ut e x such that

(6) Eu I + 0, L 1()U, + 0, N u2 U, 0, IN uI - I (I A)

We now proceed in the mss way as in the first case, this time knowing 9 +' 0. Since 9

N0uand u - 0 this establishes the desired contradiction.

4. Special cms. The following specialization of theorem (3) is taylorad to the

treatment of an ordinary differential operator under two different soe of boundary

conditions (see (1,2,4,71). By H(L) we denote the kernel of the mapiping L.

(7) Let linear mapping*

L I , 1+ i N 1i 31 + G, I e A (0), 1,2

be given such that with a constant TI> 0

(S) Y1 Iu1I 1 IL I uI I + IN 1()U11 u I ue 6 I, I e A

holds and let the folloving__conditions be satisfied:

Mi din H(L) -din G -

ULi) The restrictions N(J)INCL), j-1,2, are iective

(iii) The sequence ML ,N )M I6 A0  is consistent with CL,N(1 ))

(Lv) 11 *N)+1 ()(t A 0).

Then there exists, Y2 ' 0 such that

(3) y 2Iu 1 C IL u I + IN 1()U I, u I e z e A2



Preoo. We take L 1 (L 1 (2) , G: G1(l) . G1 (). G 1 1( ) G ( G, KX - 0, X - 0 in

(3) with the discrete convergence in A(GNG ) to be the convergence in G. Then (3)(1)-

(Lv),(vi) hold. But also (3) (v) is satisfied since w - 0 and NO
) 

in surjective on

N(L) due to the assumptions (7)(i),(ii).

The next specialization of (3) is motivated by the wish to start from an a-priori

inequality for the operator L i  , and so obtain a stability inequality for the operator

L (2) differing from L (1) by "lower order terms".

(12) Let the followina conditions be satisfied:

(1)
(i) Ec G1)ca I e A°  (0), algebraically and topologically, and the sequence of

natural inbeddings J I % a Ga I e A 0 , is discretely compact and convergent to the

natural imbeddi" J : 3 + G

(ii) The segoence Kra , a A, is discretely compact and convergent to K

(iii) The sequence La1, a e Aar is consistent with(1)L(1)

(iv) jU g, L a , + w(i e A) -> u L (1)u W, Jug

(2) +(2)
(v) 2 )i e A

(vi) L(2) " O, N(2)u . 0 .> U - 0.

If the a-priori ineaualitv

(13) Y11luI1 < IL uII + 131Iu I u e a * e A1 ,

holds with some Y1 
> 0, then also (1) holds with Wsme constant y2 > 0.

*Pzot. Conditions (3)(1), (iv)- (vi) directly correspond to (12)(11), (iv)-(vi). Since

(1) - J and J e A , is discretely compact, (3)(11) is satisfied. The

consistency (3)(111) follow from (12)(111) and the convergence Jt + J assumed in

(12)(1).

It should be remarked that the condition 3u - g in (12)(iv) is only notational since it

only distinguishes the element u e 3 and its imbedding into G(1 ).

The last specialization of theorem (3) we give Is connected with the study of

discretisations of equations of the second kind with a compact operator.

. . ... .....- _-



(14) Let the followin. condtions be satisfieds

(1) Yl Iut 1 I L u 1 u e t 1 A1 with some Y 0

(ii) L t 3 + P Ji urioctive

(iii) The Sequence x, % e A., in discretely compact and convergent to K

(iv) (LK-)u - 0 -> u 0

(v) The sequnce L, i e A., is consistent with L.

Then, for some '2 ) 0,

Y2 lu 1 4 I (LI-K)u 1, u 1 31, I A2

kroof. we apply theorem (3) with Lt ( 1 ) z - LI, 1t ( 1 ) - Hi(2) s -, i e A°  (0). it is

easy to check that all assumptions of (3) are satisfied.

5. Am qplicaton. In this section we wish to show how the convergence theorem contained

in (9,123 can be derived from the results of this note. Incidentally, we establish a

stability inequality which has been looked for in (12, p. 743].

in [9,12 compact, implicit difference schemes have been derived for a single w-th order

differential equation

(16) Lut) I u t) + ai(t)u ()(t), t e (A,1
ift

with boundary conditions -a %
(17) (q) u (q)u) + V(q)[u a (a u (i ()+b) (q)

1-0 1-0

for q - 0, ... , a - 1. These schemes are of the form

(IS) Lu%(t) ' - 0~ Pi%(k+i - , - 7_

(19) (q)U (q) (q) c(q) + C( q )  + f](19 uh - h  IVh + Vh  ( hl - c c • [] v,h

where k 0, ..., n-m, q 0, ... , m - I and

(q) (q) ) i (q) U-S -14
Uq'cuh [  a. iDu h c A , + H 10 ('P

1-0 i-h

C (q)f) R is 1n 6 a
(q ) 

f(to+ HE

Ii,h i01 i'V 0 a

and v"h -(h defined analogously. Here D. denotes the forward difference quotientvh

m . . . - , ,, m-6-



belonging to the underlying nonuniform grid

h I t( ti- 0 1 .... n I to A, tn 3,t, 1 - t + hit j 0,....n- 1)

and N the distance te.1-to while (J)+ means the positive part of J. The meaning of

the points Thl, Cj1  is described in the papers cited.

One of the main resulta in (9, 12] is that the difference operators can be chosen in such a

way that the resulting approximations are exact for polynomials up to a certain degree and

the coefficient of Ih, V h' Vh, Ch are bounded for h + 0 where the normalizing
ondition

(20) 1 0k, j -  , , k  - 0  ..... - .m

has been imposed. For the purposes of this section it is sufficient to assume

(21) max { ILhp(tk) - XhLp(t)l, k - 0. .... n - m) + 0 (h+o)

(22)) (~q)[(P] - i 
(q ) [

(
p ]  

- C (q)[LP]J +  
0

(22) (h + 0).I (q) (q) ELpI +

- (p - Cv,h

for polynomials p of degree 4 m and that

(23)(q) " (q) 0(q) q ) - 0(1), h + 0.
k,j' i,' i,v' j -V J,v

We are going to prove the following two stability inequalities.

(24) Under the condition. (20)-(23) there exists a constant y ) 0 such that for all

sufficiently saall h and all grid functions ub

S? k.M..,n-i I%(%)l , C IDquh(to)l a)+ k,,O,.'..,n-m'Lhh(t)l1-0 q .

(25) A (20-(23) to hold and let (16), (17) be inective. Then there exists a

onstant y • 0 such that for all sufficiently small h and all grid functions uh

X k..0! 'no-i I Diu%(tk) 1 4 M I % I +)% k.0 !.'? . - L h%(tk fl.

-7-



There are no restrictions made on the mesh ratio, of the grids Th. It is evident that

the convergence results contained in (9,121 are an Immediate consequence of (24). (25),

one even obtains the slightly more general result that the a - th order difference

quotients are also convergent.

In preparation for the proof of (24, (25), we rewrite the difference operator I. in the

form

(26) -- i ,ioiui'-(t-)' - "-,iDi",-(i-) k - 0, .... n - .

with certain coefficients ,1 .  Inserting successively p(t) - t, . - 0, ... , a, into

(21), it is seen that (21) is equivalent to (a a - 1)

(27) max { I~k';L-i(tk)l, k - 0, ... , n - a) 0 (h*0), i - 0, .... m.

We will now apply proposition (12) to prove (25). The continuous problem (16), (V its

into the general setting by taking
z - elk's], r - CIAs), G - C A 2) - 11

and defining

N (2) : Cola,b] u + (N t)u, ... tu)e

The Indexed terms are defined as discrete analogs. We write h instead of a as

Index. For uh  a grid function we introduce the norms

.,l_ z,- tax [ ID,%(t,)I, k 0, ... n I- , - m , a.
:-0

_(1)

Then Ih 0 h are taken as the vector space of grid functions on Th  equipped with the

norm I11, 1 'a -1  respectively. 
7

h is taken to be the vector space of grid functions

wh defined for tk, k - 0, ... , n -m, normed by

IwhUo s - max {Iwh(tk)l r k - 0, ... , n - a 1.
(2) .Finally % 9!

.  
The spaces defined so far are easily shown to form discrete

approximations (see(61). Evidently, Lh maps * * Ph,

(2) (o) aImEh uh uh..... )es.

-B-



we are now going to check all the conditions listed in (12). Condition (I) is proved In

(6, theorem 11. Since K - 0, Kh ' 0 condition (ii) is trivially satisfied. The

consistency (iii) follows from (27) and the fact that, for each u e 3 and j - 0,

max { IDjiU( tk) - u (J)(tk) 1, k - 0, ... , n - *0 (h+O).

(2)(2
For the same reason, the sequence Mh is consistent with N Moreover, due to the

(2)
structure of Ith we have

(2)
1 N uhi 4 r luhi , u.h e h

(2)
with r independent of uhand h, i.e. the stability of the sequence Mb

Consistency and stability together imply (v). Condition (vi) is among the assumptions of

(25). Taking (27) into account for i - m it follows that Ja~m )-a > 0 for

sufficiently small h and hence using the triangle inequality

a ID a D ~.~*+
0 MY 0 hu i. + I 0u'

Because of (27), the ok' are uniformly bounded and we obtain for sufficiently small h

o 1uhm r.I Lhhl + r whm-1 '1h e h

which is the a-priori inequality (13). It remains to show (iv). Assume

(1) ()
(28) huh + g (h+0) in A(G , 11G

(29) Lhuh + w (h+0) in A(FIflFh).

From (28), taking (27) into account,

I a., Iiu - I --u (i) (h+0) in A(F,IIph)'
i~m ift I

Then using (27) for i - a and the convergence (29) we obtain

(30) D.h+w - i.am mu (i) (h-0) in A(F,flF,).

The convergence in (28) and (30) together imply

uh u (h+0) in M(3,11%b)

and hene from (30) the desired result (iv), i.e. Lu - w, follows. Since all assumptions

of (12) have been verified, the stability inequality (1) holds, which Is just (25) in our

special case.



The proof of (24) is contained in the proof of (25) if the boundary conditions N(q) are

taken to be the initial conditions specified in (24). Of course for the initial value

problem the uniqueness assumption made in (25) is satisfied.

Ackaowle4 eat. The author thanks Professor Carl deBoor for his valuable suggestions

during the preparation of this report.

-10-



(13 Beyn, N.3., mar Stabilitat von Differenzenverfahren fur System. linearer

geohnlicher Randvertaufgaben. Numner. Math. 29 209-226(1978).

[21 Baser, H., Stabilitatounqleichungen fur Diskretisierungen von

Randvertaufgaben gewohnlicher Oifferentiali6_4ichungen. Numer. Math. 28, 69-100

(1977).

(3) Roser, f., Stability inequalities for discrete nonlinear two-point boundary value

problems. Appl. Anal. 10. 137-162 (1960).

141 geoere R. and Viederdrenke K., NichtaquidLatante Diskretisierungen von Randwert-

aufgaben. Rumr. Math. 35 465-478 (1960).

[5] Grigorieff, R.D., Die onvergenz des Rand-und Eigenwertprobleas linearer

gewohnlicher Oifferenzengleichungen. Humer. Math. 15 15-48 (1970).

(61 Grigorieff, R.D., mar diskreten Kompaktheit von Punktionen auf nichtaquidistanten

Gittern in 2. Rumer. Punot. Anal. Optiuiz. 4(4), 383-395 (1981-1982).

(7] Keller, LB. and White, A.B., Difference methods for boundary value problems in

ordinary differential equations. SIAN 3. Rumer. Anal. 12 791-802 (1975).

(8] Kreies, 8.O., Differene approximations for boundary and eigenvalue problems for

ordinary differential equations. Math. Coup. 26 605-624 (1972.

[9) Lynch, R.R. and Rice, J.R., A high-order difference method for differential

equations. Math. Coup. 34 333-372 (1980).

(101 Stumel, V., Diskrete Yonvergenz linearer Operatoren 1. Math. Ann. 190, 45-92

(1970).

(11] stimel, T., Approximation methods in analysis. Lecture Notes, Aarhus 1973.

(121 Swartz, 3., Compact, implicit difference schemes for a differential equation's side

conditions. Math. Coup. 35, 733-746 (1980).

(13] Vainikko, G., Funktionalanalysis der Dinkretisilrungsmethoden. Leipzig: Teubner

1976.

RDG/jgb

-11-



SECURITY CLASSIFICATION OF THIS PAGE (When Data lnt)_ _ _ _

REPORT DOCUMENTATION PAGE OREAD CSTRTINRs
____________________________________ BEFORE COMlPL.EING FORM

1. REPORT NUMOER 2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER

2564 4L L if
4. TITLE (and ubtlitd) S. TYPE OF REPORT 6 PERIOD COVERED

ON PERTURBATIONS OF STABILITY INEQUALITIES WITH AN Summary Report - no specific
APPLICATION TO FINITE DIFFERE4CE APPROXIMATIONS reporting period
OF ODE'S S. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(.) I. CONTRACT OR GRANT NUMBER(&)

R. D. Grigorieff DAAGZ9-80-C-0041

9. PERFORMING ORGANIZATION NAME AND ADDRESS O. PROGRAM ELEMENT., PROJECT. TASK

Mathematics Research Center, University of AREA a WORK UNIT NUMUERS

610 Walnut Street Wisconsin Work Unit Number 3 -

Numerical Analysis and-Madison, Wisconsin 53706 sepntifir, Cronni-ina
II. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
U. S. Army Research Office September 1983
P.O. Box 12211 IS. NUMBER OF PAGES

Research Triangle Park, North Carolina 27709 11
14. MONITORING aGENCY NAME a ADDRESS(II differmnt rom Coatrollane Office) IS. SECURITY CLASS. (of tis report)

UNCLASSIFIED
15s. DECL ASSI FICATION/ DOWNGRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of me abetrct entered in Block 20, it different bro Report)

"8. SUPPLEMENTARY NOTES

19. KEY WORDS (Continae an aves side If neceee end identify by block number)

Discrete approximation, inverse stability, ODE, BVP, finite differences,
nonuniform grids

20. ABSTRACT (Conlnue an revere. eie It necesary end Identify by block number)

In the framework of Stummel's discrete approximation theory, a
perturbation theorem for inverse stability inequalities is proven. As an
application, the inverse stability of compact finite difference schemes
appoximating two-point boundary value problems for linear ordinary
differential equations on nonuniform grids is established.

DO 'AN7 1473 EDITION OF I NOV*S IS OSOLETE UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (Men Date Snters


