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USE OF SHEAR LAG FOR COMPOSITE MICROSTRESS ANALYSIS - RECTANGULAR ARRAY

S. B. Batdorf* and Robert W. C. Ko**
School of Engineering and Applied Science
University of California, Los Angeles, Califorania 90024

ABSTRACT

A number of authors have employed shear lag theory
to find the stress distribution near cracks in a uni-
axially reinforced composite. Practical application of
these equations has been hampered by the fact that they
include a parameter h/d the magnitude of which is un-
known. This parameter i{s evaluated for composites in
which the fibers form a rectangular array.

NOMENCLATURE

d distance between rivet lines or distance between
rod centers

d distance between next-to-nearest fiber pair
d distance between nearest fiber pair
h vlate or shell thickness

% % of the composite in the horizontal direction

§ 3 of the composite in the vertical direction
c,v

i current density in electrolyte

jn normal component of the current density

L radius of a fiber or a rod

5] distance from a negative line force

ty distance from a positive line force

v axial displacement of the n'th fiber

2z axial coordinate

Fi force in the 1'th stiffener or fiber in a composite

*Adjunct Professor, Fellow AIAA
#*Research Assistant, Student Member AlAA
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G shear modulus of the matrix

Gh effective shear stiffness of the composite

I current generated by the power supply
Ii current in the i'th rod
« a
4,
Pe resistivity of the electrolyte
1 shear stress in matrix
$ electrical potential in rod or electrolyte
INTRODUCTION

The analysis of failure of initiélly crack-free
cont inuous-fiber composites is complicated because
such failures are not governed by weakest link consid-
erations. Instead they are a result of damage accumu-
lation. To account for crack growth we must know the
microstresses in the neighborhood of the crack tip.

At present such understanding is limited to unidirec-
tionally reinforced composites and, even there, is
somevhat fragmentary.

Most attempts to find stress distributions near
the crack tip are based on shear lag theory. This
approach simplifies elastic theory by assuming that
all displacements are parallel to the fibers and that
the matrix between the fibers carries only shear
stress. The fundamental equation of shear lag theory,
ori{ginally developed for the stiffened plates and
shells employed in afircraft, takes the form

dFy B S U S TS (1y

dz d

By analogy, the corresponding equations for
composites were assumed by Hedgepeth (1,2) and later
hy many others to take the same form in the case of a
linear array, and in the case of a square array of
fibers to take the form

dr!’ - F' -
dz 1}
- - oy v -w
Gh 1,j-1 1-1,3 1§ 4,j+1 4i+l,§ )
[




LN R A e R ML A R e e i Tl S

This would be correct for a square array if it had

a very low fiber volume ratio and the matrix was re-
placed by thin plates as shown in Figure 1. But for
high fiber volume ratio and/or conventional natrices
it is quite unclear how to estimate h/d or whether
the assumption that only nearest neighhors interact
iz 5 2ood one.

som work has already been donc on these
wuestions. Lkatdorf ggl gave an exact solution for
the interaction between two infinitely long rigid
rods immersed in an {nfinite elastic matrix with
displacements * w,. The result in this case was that

dF dF
B T P
i i G3- 2w, (3)
“here
h -
= "/l e Jl-(Zrold)*/(Zro/e)l (%)

Here rgy is the rod radius and d is the distasce petween
rod centers. It follows that h/d is a function of ro/d
varying from O for ro = 0 to = for ry, = d/2. Unfortu-
nately the technique employed cannot be exteided to
more than two fibers. This is because whereas the dis-
placement contours in the matrix surrounding two rods
of circular cross-section are circular cylinders, for
more than two rods they are not,

The interaction between nearest neighbors for the
case of a square array was found by Batdorf and
Ghaffarian (4) using an electric analogue (5). The
present papers extends this approach to the determina-
tion of interaction between nearest neighbors in a
rectangular array. To supplement the solution found
experimentally employing the electric analogue, an
analytical approach valid for very small fiber volume
ratio is also presented. The two solutions are found
to be in good agreement in the limiting case where the
analytical solution is valid.

—
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FIG. 1 HYPOTHETICAL MATERIAL OREVING CONVENTIOWL
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For the case of a rectangular arrav, two parameters
have to be taken into account a: the same time; namelvy,
for the two nearest neighbors and 4 for the next-to-
nearest neighbors. The amalysis for such an array can be
carried out by a consideration of the load transfcr due to
a set of equal but opposite for~ct dirccted ' two reore
neighbors as in Figure 2 and ro twe next-r —neare.s
neighbors as in Figure 3. The snalysis is varid ap o
limitine case of small ra/d.

4

LOADS APPLIED 70 NEARFEST NFICHROY
PAIR ~ CASE A

F1G. 2

LOADS APPLIED ™0 NEXT-TO-NLAR! -
NETGHBOR PATR - CASF R

In Case A, the shear lag equation hccomes

- erh A
Fa G[(d)c (2 Wyt W woe
h a2, - v - 1 T
(d)c,h ( SRR Wy
H
‘ {
it i e oot e B o B e 3 S 3 A 8 A '*t.f,.c'.‘,r:.f,_f.7;;:.,.:.7.-;"
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h - 5
=6 @ (w, = w) (56)

i,v

where subscript ¢ denotes the value for the 2-fiber
interaction in a rectangular array composite, and i
denotes the valye for a pair of isolated fibers. For

sufficiently small r,/d2,

F
w. ' - UC - ZTG ln (dzlro -1) (6)

The displacements of the other fibers can be obtained via

L]
1--;5%1.. (r,/t)), 1 ¥ aorc M

W

where the fiald point is the center of the fiber whose
displacement is being calculated. Thus

F'
wb - ZTG-V].*]./O.
2n Vi+l/o? (8)

a In (dz7r°—1)

€y =W {by symmetry) (9)

and

in 2

Yo TV, ln(d27r°-1) (10)

Thus, (5a) can be written as

t h ln/z_
B G[(“d-')c,v (+1/2 - ln(d27ro-1)) +

ta V1+1/0?

h
(a-)L N (1 - E;-?3;7;;:i3)] (293) (1la)

= 6() (11b)

(w - w)
fv ° c
Employing (4) for } for a pair of isolated fibers,
(h) can be replaced by
i,v
m

tal(1VA=(2r_/d,) D) /(2r_/d,) )

(12)

Again by noting that w, = -w,, the above equality be-

comes

h invZ

@ O3 e e
c,v 2o

n . @mVisjel)

3 Tn(d,/r_-1)
c,h 2" o

n

tn[(1:Vi-(2r /4,0 ") /(2 /d)) ] (13)

The above equation is s linear algebraic equation in
two unknowns (h/d). , snd (h/d). . A second equation

zan be found by lppiyin; a similar approach to Case B.

Dl el s i ar e i Sh At

For this case we obtain

h ?;ﬁilz‘w;.’___

@ Qg t
c,v 1" o

n/2

A as- )
d eh 2n(d17r°-1)
- ™
(1« V1o /d ) 1)/ (2r f4))] (4

Soiving (13) and (14) simultaneously, we obtain

h <A~ (B/F) C
@, v eEm 15
and
A B - () ‘
ry o -9 (16:
c,v
where

A=

™
n[(1 ¢ VI -(Zro/dl) )/(Zroldl)]

b = I e e o

tal(1 V1 -(zaro/dl)’)uzmo/d])]

C=1 - n Ae?
ln(dllro-l)
Lnv2
D=1,5- ml—r-;-_-f)
L AT

1- ln(d17ar0:35

inv2

Fel,5~gore—Fm——0v
ln(dllaro-l)

Theory Underlying Electric Analogue

If a set of n infinitely long rigid rods
immersed in an infinite elastic matrix are
displaced axially from their equilibrium
positions by distances w., w, ...w , the
distorted shape of every crofs-secPion will
be the same. Therefore there will be no
direct stress in the matrix, and the only
shear stresses will be Ty, = Tgy and Ty, =
Tyz. At the interface between the 1'tx rod
and the matrix the equilibrium equation is

dF
i
" § (sz dy + sz dx) an
i

where { signifies integration around the circum-
ferencé of the {'th rod. In the matrix, equi-
librium in the z-direction requires that
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Since the only displacement is w(x,y), application of
Hooke's law leads to

Yvw 4 2%, (19)
ax? Iyl
y

in the matrix, and

dF
— = § v dw
dz . (5; dx + 3x dy) (20)

at the interface with the i'th fiber.

Next consider a geometrically similar array of n
erfectly conducting rods immersed in an electrolyte of
resistivity ca. Let the potentials applied to the
cods be ¢1, ¢2 . . . ¢y. The current flowing from the
electrolyte into a unit length of the i'th rod is then

§ (4, dx + 3, dy) = a1y (21)
i dz

In the electrolyte Ohm's law leads to

>
0g 3 = grad ¢ (22)
and for steady currents

v-Jeo0 (21

Thus in the electrolyte
s t— =0 (26)

and at the periphery of a rod

d1 '

1.1 3 kL]
dz Pe fi(ig dx + M dy) (23)

Comparing (19) and (20) with (24) and (25) we see that ¢
is analogous to w, 1 is analogous to F, and p, is
analogous to 1/G.

The analogy provides a convenient means for an
experimental determination of the interaction between
fibers. If we assume the validity of (2), we can write

Ty .

h
5:5[-01.1-1-°1-1.j“oi.j-°1+1.j-°1.j+l] (26)

If we measure the total current per unit length
in the 1'th rod when known potentials are applied to
that rod and its four nearest neighbors, we can use
(26) to determine h/p,d. By measuring pe we can
find h/d for a square array. This was done in (4).

The case of a rectangular array is a bit more
complicated. The square array leads to (26), a
linear algebraic equaticn in one unknown, h/d. As
noted fn the preceding cection, in a rectangular
array there are two unkrowns, h/d for the two
aearest neighbors and h/d for the next-to-nearest
aneighbors. Thus two experiments must be carried
out, leading to two simultanecus equations in two
rnknowns.

Exgerimental Setup

The structure of tle composite was simulated
in the electric analogue by conducting rods re-
olacing the fibers and a weak electrolyte replacing
the matrix. A transparent plastic tank was used to
contain the fluid and the rods.

The experiment was carried out first by in-
serting one end of the rods into a plexiglass panel
with holes that match the size of the rods and with

spacing that meets the r,/d and o under investigation.

This set up was then loaded into the electrolyte.
Alignment of the electrodes was provided by insertinc
the other ends into a similar panel that can be

mounted at any convenient level above the electrolvte.

Two experiments were performed for each 1 and
each ro/d. The first one invelved the application of
a constant AL potential across rods a and h as in
Figure 4, The two outermost rods were connected
and thus d was at the same potential as b, while ¢
and e were left free to adopt the local potential
of the electrolyte.

The governing equation can be written as

h

e c,v .

I was obtained by measuring the current gencrated by
the power supply. =z was the submerged length of the
rods. ¢ac and ¢y werc obtained by measuring the
potential difference between a and ¢, and a and b,
respectively. By symmetry, %3¢ = %uc:

F16. 4 POTENTIALS APPLIED TO NEXT-TO-NFAREST
NETGHBOR PAIR

h
(@ (840, 4 (040, (27)
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~ In order to obtain a second equation relating the
-_‘ two unknowns, (3.) and (%) , a constant notential was
o next applied acrogivrods a I%Ehe with e connected to ¢
', as in Pigure 5. The preceding governing equation again 6.0
': applies. Similarly, I, ¢, and $,p were measured for a =11
e this case. By solving the two linear algebraic ———— EXPERIMENTAL
v equations sinultaneously, values for () and S0 r._- THEORETICAL
’ (dh) were obtained. de,v (h)
¢ |-
by e,h @ d c,h "
L] B r’ n
y » v 'l) (d)c v E)
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4 The results are summarized in Figures 6-11. g 3o (d)c‘,
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FIG. 10 h/4 FOR RECTANGULAR ARRAY
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° 0.1 02 0.3 0.4 05 06
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FIG. 11 h/d FOR EECTANGULAR ARRAY

Figure 6 gives h/d as a function of r,/d; for a square
array, i.e., ® = 1, This case was treated earlier in
Reference 4. The other figures treat the cases = l.!
toa= 1,5 For a>1 the array is rectangular and
therefore there are two curves, one representing (h/d)
for the vertical interaction and the other for the
horizontal interaction. In each case d in the abscissa
was chosen to be the longer distance d); this was of
course an arbitrary decision. 1In the case of the
ordinates d is dj for the horizontal interaction and
dy for the vertical interaction.

In every case h/d approaches zero as ro/d}
approaches zero, and in this region the theoretical
solution is valid. It is therefore used to estimate
the value of h/d at such small values of ry/dy as te
make an experimental determination difficule.

As ry/dy + 8.5, the horizontal separation be-
tween two fibers vanishes and (h/d). y + ™. This
asymptote can be used to extrapolate’the experi-
mental dats to higher values of ry/d; than can
readily be investigated experimentally. As r,/dy -
9.5 the value of (h/d). , * = because then the
vertical separation shrinks to zero. In this case
ro/d] = ro/ady = 0.5/a, which serves similarly
as an asymptote.

Discussion

In Hedgepeth's papers (1,2) no attempt was made
to evaluate h/d for a particular composite, and ne
technique was proposed for doing so. These papers
evaluated the stress concentration factors in
fibers adjacent to a crack. and it turns out that
the stress concentration factor does not depend on
the value of h/d. However to find the stresses at
which crack extension occurs it is necessary to finc
lengths of the overloaded fiber elements, and these
do depend on h/d. 1In the absence of a theoretical
technique for accomplishing this, various assump-
tions have been made. The most common has been to




\‘I\"‘"I ."‘.lr;.\"‘ b - . .‘- ..-.'. '-".".'-

"1

CACAN s
[

dssume that for the vertical interaction (intersction (6) Goree, J.G., and Gross, R.5., "Stresses in a
between closest neighbors) d = dy and h = d], while Three-Dimensional linidirectional Composite
for the horizontal interaction d = d| and h = d3, Containing Broken *ibers,"” Eng. Fr. Mech.,
Refs. (§=8). These assumptions lead to the results Vol. 13, 1980, pp. 395-405.

‘J':.'i .“.' ‘ ‘ '

At by’ 4y

a

(h/d) =-a (28a® (?) Fukuda, H., and Chou, T.W., “Stress Concen-
C,V trations Around a liiscontinuous Fiber in a
Hybrid Composite Sheet," JSCM, Vo. 7, No. 2,
(h/d), = L/a (286} 1981, pp. 37-42.

ey
o=

S har ly B0 N,

a result independent of ro/d. Comparing these results (3) Xing, J., Hsiao, G.C., and Chou, T.W., "A
with Figures 6-11 we sce that they are somevhere Dynamic Explanation of the Hybrid Effecet,”
near right for roldl = 0.2, but are too high for J. Composite Materials, Vol. 15, September,
smaller valuas of ro/d) and too low for higher values 1981, pp. 443-461,

of ro/dy. Wa note that when ro/d} 1s 0.2 the fiber

volume ratio is about a/8, a lower value than what is

usually encountered in practical applications. For a

square array having a fiber volume ratio 0.5,

to/d = 0.4, in which case the value we obtain (see

Figure 6) is about 2.5 times that given by (28).
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Concluding Remarks

During the last three decades shear lag has been
widely used as a technique for finding the stresses
in damaged uniaxially reinforced composites. The
applicable equations contain a parameter representing
the shear interaction between neighboring fibers.
Somewhat surprisingly, up to now little has been
known about how to evaluate this term for a
particular composite.

M)

v,

al's
Tacen.

A

It is shown that for small values of the fiber
diameter to fiber ceparation this parameter can be
evaluated theoretically. For larger values it can
be evaluated experimentally employing an electric
analogue.By combining the two techniques, the para-
metar is evaluated over the entire range of diameter
: to separation ratio for composites in which the fibers
-~ form a rectangular array. The results contained in

Figures 6-11 cover arrays ranging from square to
. rectangles having a side ratio of 1.5.
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