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1. INTRODUCTION

Chaff, which 18 a countermeasure designed to reduce the effectiveness of
radar, has also been used in communications systems. Chaff usually consists
of a large number of thin, highly conducting wires dispensed in the acrmosphere
to form a "cloud" of scatterecs. Energy scattered by the cloud and received
by a radar would ideally be large enough to mask the presence of some target
for which the chaff is tu protect. The wires may have many forms but typi-
cally are cut to a length so that they become resonant dipcles at the radar's
frequency. The dipoles also will) be effective at harmonics of the radar fre-
quency. For cxample, dipoles that are tuned to half-wavelength resonance at
frequency fy will be full-wave dipoles at 2f;, three-halves wavelength at 3f,,
etc. If one dispenses dipoles of several lengths chaff can be made effective
over a wide band of frequencies. |

Chaff was first used in World War II to confuse German radar, but it re- i
mains an important countermeasure to date. Many parameters enter into the
overall effectiveness of chaff, such as physical cross sectional area of
chaff elements (dipoles), losses in the elementa, speed and extent to which
clouds form, effects of winds and turbulance on dipole shape, fall speed and
attitudes of the elements, weight, volume, clustering (birdnesting) tendencies,
and radar cross section. This paper is concerned only with the radar crosa

: section of chaff. For the reader interested in the other parameters, several
survey papers are available. [1-5]

: The literature related to scattering from chaff and from chaff elements
is voluminous; no effort will be made to give a comprehensive list of refer-
ences. For a good listing of articles prior to about 1970 the Radar Cross
Section Handbook [6] 1s a good source. Peebles [7] is a bibliography on the
subject up to about 1983. We shall, however, cite a few references considered
representative of the developments that have evolved and that related most
directly to the interests of this paper.

Early efforts to describe chaff effects centered mainly on backscatter
cross section (monostatic scattering). Bloch, Hammermesh, and Phillips [8]
gave one of the earliest analyses based on a simple, infinitely conducting,
wire model of the dipole; backscatter cross section was found for a dipole
element having any orientation relative to the incident wave. In additiom,

bf | the importance of the randomness of dipole positions and orientations was

A realized and average croass sections were determined. For chaff elements with
:H . directions uniformly distributed over the sphere, cross section was found to
SA| be 0.15822 per dipole, a value that is representative to date. For dipoles
i in the wave's polarization plane, but uniformly distributed in angle within

! the plane, cross section per dipole was found to be 0.289x2 [8].

T

&

H . ¥ References are quoted by bracketed numbers and are located at the end of

u the report.
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Apparently, using a dipole model similar to Bloch et al. [8], Chu, in
unpublished work cited in Van Vleck et al. [9], found the spherically averaged
backscatter cross section, denoted by 3, for resonant dipoles. His result can
he put ia the form

1.178(L/A) - 0.131 + 0.179 1n(22.368 L/A)
[1n(22.368 L/A)]%

/A2 = (1)

per dipole, where L is the dipole length, A is wavelength, and L must be a
multiple of A/2; t{.e., L = M\/2, M = 1,2, ... . From equation (1), § = 0.153A2,
0.166A2, and 0.184)&i for half-wave, full-wave, and l.5-wave dipoles, re-
spectively.

Much effort has bien made over the years to refine and extend the models
for dipole ascattering. One model based on induced EMF was developed [9]; it
was called '"Method A" and gave nearly the same results as Chu but was also
valid for dipole lengths between resonances and nonzero wire cross-sectional
area. A second "Method B" [9] produced better agreement with measur:d data
than Method A and was a first-order integral equation solution. Method B was
comparable with an independent development of King and Middleton [10]. Another
model due to Tai [11] applied to infinitely conducting dipoles and used a vari-
ational method. Cassedy and Fainberg [12] extended the model of Tai to include
finite dipole conductivity. Harrison and Heinz [13] have considered backscatter
for tubular and strip chaff elements as well as solid wires, all for finite
conductivicty. A model bascd on the Wiener-Hopf techniyue introduced by Chen
[14] for thin wires applies to longer dipoles and appears to fit experimental
data better than some earlier models. More complicated computer models taking
into account mutual coupling between dipoles in a cloud are described by
Wickliff and Garbacz [15]. Medgyesi-Mitschang and Eftimiu [16] have used
Galerkin Expansions to examine backscattering from infinitely conducting tubes.
Other characteristics that have been studied that are applicable to back-
scatter from chaff are statistical properties [17] and spectral properties
due to dipole motion [18, 19].

Whereas considerable effort has been made to describe backscattering, less
ef fort has been made in the more general bistatic scattering problem. One of
the earliest studies appears to be that of Hessemer [20], where reflections
from chaff were used for communications. Useful formulas were derived for
average cross sections assuming both spherical and planar random dipole dis-
tributions when using a simple thin wire model (similar to Bloch et al. (sh.
Mack and Reiffen [21] also used a thin wire model to find average bistatic
cross sections and showed how they depend on linear or circular polarization.
Some discussion of the effect of losses was also given. Unfortunately, there
has been some question as to the correctness of some results in Mack and
Reiffen [21] as pointed out by Harrington [22]. We say more about this below.
Borison [23] has also obtained some specific average cross sections, but only
for linear polarizations. Other studies of bistatic scattering from dipoles
[24-29] Puve used more exact models, but results obtained are either somewhat
difficult to apply in practical cases, or do not give explicit equations for
cross section useful to applications, or do not show the way in which geometry
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and polarizations of tranemit and receive antennas affect the scattering.
Some of thece efforts also did not cbtain the averaged cross section of chaff.

Probably the most complite study of chaff to date is due to Dedrick,
Hessing, and Johnson [30]. By applying an approach using Stokes parameters
they were able to show that. four independent quantitiss are all that are re-
quired to determin~ any chaff croas section. The results in Dedrick et al.
[30] applied to any combination of transmit-receive antenna polarizatioms,
but how to compute results for such conbinations was not shown. Results that
wvere givea were mainly in the form of graphs derived from simulations, and
these were for dipole lenzths that are not usually of much interest in prac-
tice (no apecific equations were given for sclutions of cthe four required
parsmeters).

The most recent analyses of bistatic chaff have used the polarization
scattering matrix. Heath {31] has used this approach to show the relations
between cross sections applicable to circular transmit-receive polarizations
and cross sections applicable to linear field components parallel and normal
to the plane containing transmitter, scatterer, and receiver. Other work [32]
showed the relationahip between circular cross sections and croas sections
applicable to linear transmit-receive polarizations.

' From the preceding discussion one concludes that the complete solution to
the problem of bistacic scattering from chaff, even for the simple dipole model
has not been developcd. It is the purpose of this paper to present such a

' solution !n a form that is readily applied in practice. Specifically, we shall
determine uxplicit aquations for the chrtf bistatic cross section presepted to
8 receiving antenna having arbitrary (elliptical) polarization, arbitrary lo-
cation, and viewing the chaff cloud in an arbitrary direction when the cloud
is being illuminated by a transmitter having an arbitrarily polarized (differ-
ent ellipiical) antenna. Our results are in a form that is sasy to usa;
several specific examples of practical interest are developed in detaii.

2. PROBLEM DEFINITION AND SUMMARY OF RESULTS

2.1 Problem Definition

The overall geometry applicable to bistatic scattering is shown in figure
1. A transmit antenna located at point T radiates an arbitrarily polarized
wave toward a cloud $f randomly positioned and randomly oriented dipoles rep-
resented by point D.' The transmit direction is defined by spherical coordi-
nate angles, 0;, ¢, defined in the commoa x,y,z coordinate frame. The dipole
cloud is aserumed far enocugh away that the incident wave is planar. Cloud ex-

*Clcarly, point D cannot represen’ the cloud; it is helpful to view D as a
) point toward which both transmit and receiver antennas are directed and
about which dipoles in cthe cloud are dispersed.
7
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tent is assumed to be small enough in relation to average distance, denoted
by r), so that the strength of the incident field 1s approximately the same

for all dipoles.

TR

i B ‘.‘1’

Scattering between dipoles is assumed negligible, and dipoles are pre~-
sumed sufficiently dispersed that mutual coupling is of no concern. Study
has shown [29] that dipoles spaced at least two wavelengths apart in any di-
rection produce almost no mutual coupling; average spacings down to 0.4A,
A denoting wavelength, can produce up to a 3-dB loss in bistatic cross section.
Dipoles are assumed to be infinitely conducting wires with a length that pro-
duces resonance at the tranamitter frequency; *hus, we shall assume the simple
wire model, In many practical cases dipole size and material are such that

dipole losses are negligible [33].

TR

: i

wl

A

ALR ot lal

-
- - .-------..

——

X

D AR L)

st

Figure 1. Overall geometry of bistatic scattering.

QR %

As illustrated in figure 1, a typical dipole scatters some energy in the
direction of a receiver, at point R, defined by spherical angles 65, ¢;. The
receiving antenna is assumed far enough away from all dipoles in the cloud
being viewed by the receiver antenna s0 that all dipole-receiver path distances
approximately equal the average distance, denoted by rs. The receiver is arbi-
trarily located, and the angle between its line of sight (RD) and the radar’'s
line of sight (TD) is called the bistatic scattering angle, denoted by B.

e’
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Both trausmit and receive antennas are presumed to be arbitrary; that is,
they are elliptically polarized. By employing the usual complex envelope rep-
resentation of fields, one can define the transmitted (or received) field =—~-
larization by a complex quantity Q (QT for transmitter; QR for receiver) t.at
equals the complex field in the ¢ direction (¢; for trausmitter; ¢, for re~
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ceiver) divided by the complex field in the 6 direction (8; for transmitter;
o, for receiver). Appendix A details ways of selecting Qr and QR for spe-
cific systems. The electric field of the wave incident on the dipole cloud

is denoted by'ﬁl; it has components in directions 6, and ¢;, and its polar-
ization is determined by Qr. The electric field vector, denoted by B,, of the
wave arriving at the receiver can be decomposed into the sum of (1) an elec-
tric field vector, dencted by'ﬁnl, of an elliptically polarized wave having
the receive antenna's polarization, defined by Qr, and (2) a second wave's
electric field vector, denoted by iRz: having the orthogonal polarization also
defined by Qgr.

With the above definitions we define bistatic cross section, denoted by
¢, based on the power arriving at the receiver in the receiver's preferred
polarization according to

Eg, | -
= lim Anrg l;—lg—': 4ﬂt: |ERllzll'Ell2 . (2) |
I IEll

Cross section, denoted by oyx, can also be defined for power arriving at the
receiver in the orthogonal polarization by

2
E 2 2
O = lim lmr%- %-l— = 4nr, |'§R2|2/|'E1| . 3)
1

b4 2 ad

The approximations in equations (2) and (3) are true because we have assumed

ry relatively large. These cross sections depend on the exact dipole positions
and orientations. A reasonable approach to reducing the complexity of equa-
tions (2) and (3) is to take advantage of the random nature of positions and
orientations by treating these quantities as random variables and averaging

to get average cross sections, denoted by § and &x. By using E[+] to de-
note the statistical average we have

- Y
§ = 4nrgE||Bg 1% /[E112% s (4)
Ex = 41\'1‘%E |ER2|2 /'?51'2 . (5)
- L -
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2.2 Summary of Results

In following sections we show that

- N 2 2 2
8 T+ wIDa F[erD ‘@“u ]2 +3, . |Wz|)|x1|
+ @Lton ]2 + a_ntou |"2|2)|xz|2 (6)

+ 45, Re (W;W3) Re (xlx:)’ ’

- N s 2 2 2
Bx 1+ [Qp|2)(1 + [Qg[2) {(O.Lto.l W22 + a.l.toll ln2) 1% |

+ (BJ.tol W22 + 3 Btoll |w1|?)|32|2 (7
- 43, Re (WW}) Re (xlxg), ,

vhere Re(*) represents the real part of the quantity in parentheses, * denotes
complex conjugation, and

X; = T) - T2Qr (8)
Xg = Ty + T1Qp (9)
T; = 821 0, 8in (¢; - ¢2)/sin B (10)
T2 = [sin 6) cos 6, - cos 6, sin 85 cos ($; - ¢5)]/sin B (11)
W) = R; - RpQp (12)
Wz = Ry + R)Qp a3
R; = 8in 0) sin (¢; - ¢2)/sin B8 (14)
Ry = -[8in 62 cos 8; -~ cos 65 sin 8) cos (¢) - ¢2)]1/s8in B . (15)

N is the number of dipoles being illuminated by the transmitter that exists
in the volume viewed by the receiver's antenna, and G ytoy, T g toll »
Giton » and Gp are four functions (actually are cross sections--see text)
that are defined, graphed (figures 3 through 6), and tabularized (tables

1 through 3) in the subsequent text. It results that these four functions
depend only on 8 (for a given dipole length) and are independent of other
scattering geometry involving r;, 6, ¢1, rz, 62, and ¢;3.

10
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For a given problem where the geometry ié given such that r,, 6, ¢,,

r2, 92, ¢2, B, N, and A are known, the use of equations (6) and (7) involves

mainly two things. Firast, for whatever dipole case is of interest, the
functions Gieolr Twtons Oitol » and Jp are determined either from the
tables or from the graphs given. Second, Qr and QR must be specified for
the transmitter and receiver. Table A-1 (appendix A) is helpful in choosing
the Q's for the more common cases. In the general case cf elliptical polar-
izations the relationships of appendix A may be used.

3. ANALYSIS OF SINGLE DIPOLE SCATTERING

The overall scattering geometry is given in figure 1. By proper choice
of coordinates defining scattering by the dipule at point D, the effect of
the dipole can be separated from the incident path parameters ry1, 61, ¢; and
the scattering path paremetevs rp, 65, and ¢. The choice consists of de~-
fining a scattering plane TDR. The scattering plane and dipole geometry are
shown in figure 2. A coordinate system x', y', z' is defined such that x'

and y' axes lie in the plane TDR with x' positioned to bisect the scattering
angle B. The dipole is located at the origin of the primed coordinate system

with its wire axis locaped by spherical angles 649 and ¢4, as shown.
Z' - .

X

Figure 2. Scattering plane and dipole geometry.
11
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We define E¢y and E¢R as incident and received electric field com-
ponents that lie in the scattering plane and are normal to axes TD and DR,
respectively. Similarly we define field components Egr and Eggr that are nor-
msl to the scattering plane and orthogonal to E¢r and Epp, respectively, all

as shown in figure 2. By using the polarization scattering matrix approach to
the scattering problem, we have

Bog | 911 %2|| Bor| Egr
= - [d] . (16)

E¢r dp; dao || EBeg Edrp

Here [d] is the scattering matrix of the dipole with elements dg, that are to
be determined, wherem and n =1, 2.

The field components Egyr and Egy are related to the transmitted fields
Eg, and E¢; (figure 1) that are incident on the dipole by

Egp Ty1 T2 )] Ee, - | Eey
- 17

= [T] ’
Sr)  Tor Te2 E¢1_| Eo)

where [T] is a field transformation matrix for the incident path that we sub~
sequently determine. In an analogous manner, fields Eg, and E¢, (figure 1)
at the receiver are related to Egg and E¢g by -

Eg
E¢2 Ry1 Roo || Eer EoRr

where [R] is another field transformation matrix for the receiver path. By
combining equations (16) through (18) we have

E92 Eel
= [R][d](T] . (19)

Ey, Epy

It 18 shown in appendix A that the received wave can be decomposed into
two elliptically polarized waves. One, with electric field vector we denote
by'ﬁgl, will have an "amplitude" denoted by ER; and polarization set by Qg,
which 18 that of the receiver antenna's polarization. The second wave, with
electric field vector denoted by'ﬁRz, has the polarization orthogonal to that
of the receiver. Thus, from appendix A, we write

12
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«Ep +Ep = + . 20
Rl RZ ( )

In a similar manner the transmitted wave's electric field vectoxr, denoted
by'!l, incident at the dipole can be written as

E1 - - . ’ (21)

where its “amplitude" 1§* Er and its polarization is determined by Q.

By combining equations (20) and (21) with (1S) we have
' *
-1 [R]1[d][T] Ep - (22)
1 + |qr]?

ERZ R -Qr 1 QT
From appendix A the power in the received fields in the antenna 8 preferred
polarization is proporticnal to |E |2 = (14 |Q |2) 12: the corresponding
result for the orthogonal wave is Rk = (1+ )TéR 2, At the dipole,

power in the incident wave is proport onal to |E1| + |ar|® | Er]2. From
equations (4) and (5) cross sections become

anx2(1 + |Qgl®) E[|Eg,|2]
(1 + |og|®» | By} 2

4na(1 + |Qg|2) El|Eg,!2] . 28)
a+Jor}®  |Eq|?

’ (23)

1'l‘.'-r is a complex "amplitude" and contains a factor exp(-j2wr;/}A) which
accounts for incident-path phase.

13
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Thus, by solving equation (22) we obtain average bistatic cross sections from
equations (23) and (24); its solution requires that we first determine matrices
[R], [T], and [4].

3.1 Determination of Matrices [R] and [T]

Although we shall omit details because the procedures are straight for-
ward, it is relatively easy to show that

Ty -Tp
[r] = ’ (25)
. T, Ty
% where . i
E T; = sin 67 sin (¢; - ¢2)/8in B, (26) ‘
a To = [8in 6; cos 65 - cos 81 sin 85 cos (¢1 - ¢2)]1/sin B8 , (27)
& and
Ry Ry
[R] = [ s (28)
Rz Ry
where
Ry = ain 0 sin (¢y - ¢3)/sin B , (29)
Ry = —[sin 0, cos 6; ~ cos 8, sin 8) cos (¢ - $2)]/s8in B . (30)

2L SRS T Ty AN T I S s T N A Y ST Yy

3.2 Dipole Scattering Matrix [d]

Let the dipole be locataed as shown in the primed coordinate system of
figure 2. Let & and % be angles in spherical coordinates locating an arbi-
trary direction of interest. Then for a dipoie with a sinuscidal current dis-
tribution with current IT in its center (terminal area 1f it were a center-fed
dipole), the effective leagths in directions & and ¢, denoted by hg and i
hy, are known (see Cross [35]) to be

VTR Y K K 8T

g T e e

[hg hyl = A(B, ¢)
(31)
+ [-8in 6 cos 8q + cos 6 sin 84 cos (¢ - ¢q) sin 84 sin (¢q - #)] ,

i4
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where we define

A  (\/w) cos[(vL/}2) cos Y] = cos(nL/)A)
e. = .
A®, ¢) = L/ oin? v (32)
and
cos Y = cos 9 cos 84 + sin ¢ sin.ed cos{$ - ¢q) . (33)

For the special definition of coordinates we emplcy, the two directions of
interest, to receiver and to transmitter, lie in tha x',y' plane, so0 6 = »/2
and we have

[he h¢] - A(%3 f)[-cos 8q sin 64 sin(¢q - ¢)] . (34)
where ‘

cos y = sin 04 cos(¢ - ¢4) . (35)

For a radiating dipole the electric fields are also known (see Cross [35]
p. 15). Our dipole radiates toward point R located at (r2, */2, 8/2) from
figure 2. The fields at point R become

- -

FoR =L, -jarrz/A ho(n/2, 812;

2Ary ¢ ’

hes - o

(36)

where n = 120w is the intrinsins impedance of our medium, considered the same
as free space. The radizted fields are due to the current induced into the
dipoie by the incident field. This current i3 the ratio of induced open-
circuit equivalent voltage, denoted by Vyo, to antenna impedance, denoted by
Zrad,» Wwhen the "load" on the antenna as a receiver is zero (shorted dipole).
We have

Ip = Voo/2rad
(37)

= [Egqhg(n/2, -B/2) - Egyrhy(n/2, -B/2)1/2pnq -

By combining equations (37) and (36) and writing the result in the form
of equation (16), we have the elements of [d],

15

B T T N R N T - -
.................... ~ AT S
<.

.....
-------

a o Al = e e e e . v e e e o
& e -t - -" LIRS I AL S L VA TR PR N AV VU A
b Y WL A, . T VA D TR TR R PP R S S S . U S SO SOOI,




dy; = BAg(B/2) cos? 84 (38a)
d12 = BAg(B/2) cos 6y sin 64 sin(éy + 5) (38b)
dz) = -BAg(B/2) cos 84 sin 84 sin(¢q - g) ' (38¢c)
d22 = -BAg(B/2) sin? 64 sin(¢q - §) sin(eg + § , (38d)

where we define .
B 2 [-in/(2hzpaar2)] exp(-121r2/A) (39)

Ag(8/2) & A(n/2, B/D)A(N/2, -B/2) . (40)

3.3 Bistatic Cross Sections

Average cross sections can now be found from equations (23) and (24) using
equation (22) since matrices [R], [T], and [d] are now defined. Considerable
detail is involved, so only the procedure is outlined. If we define two
matrices according to

X, Ty = T2Qp
[x] = - (41)
Xz T, + T1Qr
and
wl'l = |R) - RpQp
W] = R (42)
wz-] Ry + RyQg

then ERI from equation (22) becomes

¥ F
3 ‘T t
: R, = ——— [W*] [dl[x] . (43)
1 1+ |qg|2
o,
% :
Here [+]  denotes the matrix transpose.
N
?& The result of forming ]ERll2 by using equation (43) and expanding out the
Q: matrices is a linear sum of terms involving all possible combinations of the
S coefficients of [d] with themselves conjugated. Wher the average E[|Eg,|2] is

formed, assuming angles 64 and ¢4 are uniformly distributed in direction
over the sphere, the following averages of the coefficient products result:

16
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E[dlldl?] 40 (44a)

Eld) 1 d12] = E[d)pd,}] = 0 . (44b)
Eld)1dp1] = E[dg,4,}] = 0 (44c) J
E[d11d23] = E[d554]] = Eld124,]) = Eldp,dy5] # 0 (444)

Eld;2d)3] = E[dy,d,7) 4 0 (44e) |
Eld)dp3] = E[dypd3] = 0 (44£) |
Eldz1dz3] = Eldppd,}] = 0 (44g) {

Eldgads3] 40 . (44h)

The four nonzero quantities in equations (44) are summarized below with
appropriate symbol definitions : :

*
'J.to..Le 4nra®E[d11d);1] = 4vry2|B|2E[AG(8g, ¢q) cos* 6] , (45)
A 2
a.LtO ” - 4‘!‘1‘2 E[dlzdI;]
(46)
= 41:22|B|2E[A§(6d, ¢d) cos? 84 sin2 8q sin? (¢4 +'§)],
A 2 ,
G, = 4nry Eld)1dp3]
(47)

"41(1'22IB|2E[A°2 (8g> ¢4) cos? 64 8in? 84 sin(¢q - g‘) sin(¢q + -g-)],

- A 2 *
ou coll 4nr, E[d22d22] (48)

amey” [B|2E[AG2 (g, ) sin® 8 sin2(sq - Brstn2(sq + D1,

vhere the spherical average is defined by
2% T
E[:] = L f [-] sin B84 d0gdég - (49)

With these definitions E[|Eg,|2] from equation (43) reduces to a reasonable
number of terms, and, when it is substituted into equation (23) we finally
obtain
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1 3 2
3= G eor W12+ 8, i IW2]2)x:a|?
(1 + lQle)(l + IQRIZ) (.Lto... A toll ) |

2 -
+ (3_|.coll Wil2 + 2 ot I¥21?) %22 (50)

+ 43, Re(wlwz*)ne(xlxz*)$ .

If one repeats the above procedure, the average bistatic cross section
for the orthogonal receiver polarization becomes

(51)

- 1 2 2 2
2 e Leonlial? +a, oy Tnl?)inl

1+ log|®H 1 + |og|?)

(5o 1912 + 341 on 1W112)I%I2

- 43‘3 Re(WIWZ*)Re(Xl}Q*)s .

The use of equations (50) and (51) in a given problem amounts to using
specified transmitter and receiver antenna polarizations (they determine Qp
and Qpr), using specified geometry (which determines X;, X5, W), and Wj),
and finding the functions i), QLton s Gps and anton . We next determine
these functions.

3.4 Scattering Plane Cross Sections

It is easy to show (examples 1 through 6 below) that if transmitter, di-
pole, and receiver all lie in the x,y plane of figure 1, then §}toq4 1s the bi-
static cross section when both transmitter and receiver antennas have linear
polarization perpendicular to the scattering plane. Similarly, Tnton applies
when both are linear and parallel to the scattering plane, while 3;¢qy 18
cross section when both are linear with one parallel and the other perpendicular.
Which is which in the last case is not important since it can be shown that
Gaton ™ Tmtoys. We also show below that §p is one half of the difference be-
tween 6 and 0ox when the transmitter and preferred receiver polarizations are
linear and tilted 45° from the horizontal axis.

Since the four cross sections given by equations (45) through (48) are, in
general, difficult to analytically solve, it is fortunate that they depend only on
B and the dipole's length relative to A.T This fact allows equations (45)

*zrad required in equation (39) is set once L/A 1is chosen.
18
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through (48) to be computed by digital computer for various values of B for
selected dipole lengths and the results used for any general scattering problem
through equations (50) and (51). Computed results are plotted in figures 3,
4, 5, and 6 for dipoles of resonant lengths of A/2, A, and 3A/2. The nu-
merical data used in the plots are given in tables 1, 2, and 3. For L = A/2
the vell-known value zy,q = 73.0Q was used. For L = 31/2 the impedance pro-
cedure of Kraus [34, p. 143] was extended to obtain zyaq ™ 105.4). For L = A
our model contains an indeterminate form, since sin(wL/A) = 0 ir equation (32)
while 2p54 = * in equation (37), theoretically; in this case it 1s reasonable
that the form of the acattering determined by equations (36) and (37) remains
valid except for unknown scale. Scale was arbitrarily set to Chu's value of
0.166A2 for the backscatter point, B = O0; this operation was equivalent to
assuming zyoq 8in(wL/A) = 224.6Q in the model.

0.20 v -r v L 4 v v L

nz

1ol

0.05 p <

o
=
&}
3

8 (DEGREES)

Figure 3. Spherically averaged bistatic cross sections for
linear transmitting and receiving polarizations
perpendicular to the scattering plane. Cross
sections have even symmetry about 8 = n/2 (90°)
and B = v (180°%).
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Figure 4. Spherically averaged bistatic cross sections for
linear transmitting and receiving polarizatioms,
one perpendicular to and one parallel with the
scattering plane. Cross sections have even
symmetry about B = w/2 (90°) and B = w (180°).
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Figure 5. Spherically averaged bistatic crosa sections fcr

linear transmitting and receiving polarizations
parallel to the scattering plane. Cross sections

have even symmetry about B = w/2 (90°) and B8 = w (180°).
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Figure 6. Plots of the function 35/A? versus bistatic |
scattering angle 8. The function has odd
symmetry about 8 = w/2 (90°) and even
symmetry about 8 = x (180°).

TABLE 1. FUNCTIONS 3302 /A2, Bpeon /A2, Sieon /A2,
AND 3,/)2 FOR DIPOLE LENGTH L = A/2 AND VARIOUS
VALUES OF BISTATIC SCATTERING ANGLE f.%

4 2 H 2 2
ﬁ (pecazns) I i ¢od/A? | By eoll AZ] B ol A 8, /A |

° 0.15203 0.05067 0.15202 -0.05067

L 0.15202 0.05062 0.15113 =0.05047
10 0.15200 0.05047 0.14847 ~0.04987
13 0.15196 0.03022 0.14418 -0.04888
20 0.15192 | 0.04988 | 0.13830 ~0.04751
25 0.15186¢ 0.04947 0.13112 -0.04377
30 0.15179 0.04899 0.12283 ~0.04367
3 0.15171 0.04846 0.1137 ~0.04125
40 0.15163 0.0478y 0.10403 =0.03851
oS 0.15153 0.04731 0.09415 ~0.03549
30 0.15146 0.04673 0.08430 =0.03221
L1] 0.15138 0.04617 0.07481 ~0.02869
60 0.15131 0.04564 0.056396 ~0.02498
65 0.15124 0.04517 0.05780 -0.02108
70 0.15118 0.04476 0.05116 -0.01074
s 0.15113 0. 04A4D 0.04563 -0.01288
80 0.15110 0.04419 0.04157 -0.00864
8. 0.15108 0.04404 0.03%09 -0.00433
20 0.15107 0.04399 0.03826 0.0

’All functions have even symmetry about § = 90 deg and

$ = 180 deg except 3,/A?, which has odd symmetry sbout
8 * 90 deg and even symmetry about § = 180 deg.
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TABLE 2. FUNCTIONS 33.01/2%, B2ron /A%, B geou /A2,
AND 83/A2 FOR nrpow LENGTH L = A AND vmmus
VALUES OF BISTATIC SCATTERING ANGLE g.t
osonrss) | WLeednt| OLeall M2 ON ol Y] g
° 0.16600 0.0832 0.16397 -0.03332
[ 0.1637 0.03498 0.16373 -0.03490
10 0.18513 0.05386 0.15728 ~0.05364
15 0.16412 0.08211 ° 0.14708 -0.03162
20 0.1627 0.04979 0.13%8% -0.0489)
23 0.161% 0.04702 0.11962 -0.04368
%0 0.13909 0.04392 0.102% ~0.04202
1) 0.13698 | 0.04064 0.00602 ~0.03809
a0 0.15477 0.03729 0.07042 ~0.03402
A3 0.13293 0.03402 0.03618 -0.02992
30 0.15033 0,009 0.04320 -0.02589
1 0.14324 0.02005 0.03017 -0.02202
60 0.1463) 0.023%1 0.02461 -0.01833
. 0. 14459 0.02332 0.01791 -0.01448
70 0.1431) 0.02131) 0.01206 ~0.01158
1 014197 0.02010 v.0M24 -0.00830
0 014111 0.01909 0.00684 -0.00358
s 0.14060 0.01848 0.00547 -0.00276
%0 0.14042 0.01828 0.90503 0.0
*An fumctions hkave evan symmetry about § = 90 deg and

§ = 180 deg except 3,/A2, which has odd symmstry about

8 = 90 deg and oven symmetry about § = 180 deg.

TABLE 3. rwcnons Oleo Gieolt /A2, Taron /22,
AND BA/A FOR DIPOLE LENGTH L= 3A 2 AND VARIOUS
VALUES OF BISTATIC SCAYTERING g.t

nn:ns) ol A | 8 peall AT Y ol 12 g, /a2
° 0.183:9 0.°6121 0.18363 -0.06121
s o.18188 0.06044 0.1758% -0.03918
10 0.17663 0.05840 0.15494 -0.05343
15 0.16850 0.05574 0.12718 -0.04501
20 0.15827 0.05331 0.10032 -0,03519
25 6.14681 0.05189 0.08078 -0.02534
20 0.13499 0.05189 0.07165 -0.01649
35 0.12349 0.05332 0.07232 -0.00924
40 0.11278 0.05574 0.07950 -0.00371
45 0.10311 0.05851 0.08914 +0.00033
50 0.09435 0.06089 0.09808 0.00324
35 0.08703 0.06235 0.10504 0.00534
«© 0.08047 0.06261 0.11044 0.00678
5 0.07480 0.06172 0.11552 0.00761
0 0.07000 0.06000 0.12131 0.00766
'} 0.06611 0.05790 0.12290 0.0068%
0 0.06326 0.05594 0.13436 0.00518
1 0.06144 0.05457 0.13915 +0,00279
90 0.06084 0.05407 0.14093 0.0
"Au functions have avea symmetry about § = 90 deg and
8 ~ 130 deg sxcept §3/A2, which has odd symmatry about
§ = 90 deg and even symmetry sbout § = 180 deg.
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Data for L = 1/2 agree well with those of Mack and Reiffen [21]. How-
ever, data for L = A do not agree with those in [21] because of an error re-
cently confirmed by Reiffen [36]); the error appaars to stem ‘rom an erroneous |
equation (eq. (10) in [21]) used in computer simulation. The error has appar- i
?ntly nmui- baen corrected in the literature and it has been >ropagated ;
6, p. 302]. !

3.5 Relationship to Stokes' Parameter Method

As mentioned previously, the analysis of Dedrick, Hessing, and Johnson
{3¢] using Stokes' paramaters showed that only four parameters denoted by
é D s @Hl , @q?gb. and (ma are needed to find cross sections for
any pSlariszations transnission ardd reception. Unfortunately, their work
related to polarizations defined with respect to the scattering plane, and
general relations for geometry such as in figure 1 were not deviloped. Also,
their evaluations of the four functions were not done for the i sual resonant
dipole lengtha. PFurthermore, their numerical work relied on a computer in-
tegration method that produced significant error (observe fluc uations in their
plotted data). We can show that these difficulties are all ov rcome by use
of ths present results. The procedure is simply to show how t i@ four functions
of Dedrick et al. [30] are related to the four cross sections iound here to be
required for the general problem.

Parameters Gyton » Glroly and Typrol = Tyrol here and 'he respective
parameters 0 ytof » Oitos» &nd Oy o) 0f Dedrick et al. [ )] are defined
identically. Thus, we use the equalities and solve equatior (19) of Dedrick
et al. [30) to obtain

G = 3@ ol + BLeoll +¥Lleal) o (52)

4"&2) - -;—(3 Il coll = 28Leoll +8Leed) » (53)
1,. -

<’“12> =5 I ol -3Ltod) - (54)

To show the remaining relationship let §/r,/ denote the value of & eorre-
sponding to linear transmitted and received p~:ferred polarizations tilted 45°
from the respective ¢t and ¢p axes wher (, D, and R all lie in the x,y
plane of figure 1. For the same con’ .ions denote the value of 8 by 3 /to\°
Then it can be shown that

éum) -2, . (55)
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4. MULTIPLE DIPOLE SCATTERING

When scattering is due to many, say N, dipoles in a cloud, the received
fields arc the suns of fields caused by individual dipoles.t For a typical,
say the 1 . dipole equation (22) again applies, where now all the parameters
of [R], [d]. ['I‘Yo Qr, and even Er may, in general, depend on i. Howaever,
some reasonable assumptions will greatly simplify the developments. Let us
assume the dipoles viewed by the transmitter, in its main beam for example,
are either far enough away or are of sufficiently small range and angular ex-
tent that their incident waves are all of the same polarization and all of
about the same field strength (1/r; factor about the same for all dipoles).
These assumptions allow |Ep|, Qr, and [T] to all be approximately indepen-
dent of i. By making similar assumptions about the cloud-receiver path [R]
is approximately independent of i. These usunptions basically make equations
(4) and (5) valid provided |ER,|{? and |ER,|2 are properly determined; al-
ternatively, equations (23) and (24) are equivalent valid forms.

The, now total, received field "amplitude'" components, denoted again by
Eg, and ER,, from equation (22) are't

Ry | 1 QR 1
“Tv IR (RI[D1ITY |IEgl (56)
Ra. =Qr 1
where all terms are defined as before except
N -j2rr /A X ~jarr, 4/A
S 2 dnge 121 d)zie
n bhe i=1 - -
D21 D22 11 N 11
Z d211 @ 3, da1e
E-l i=) -

+

We shall assume that scattered fields due to multiple reflections between
dipoles are negligible.

Mine phase of ET has been incorporated into the definition of [D].
24
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Parameters dy,y for m and n = 1, 2, are now given by equation (38) with
variables 64 and ¢4 replaced by 634 and ¢4y, respectively. Variahle r;

in the exponent of equation (39) is replaced by r,j; but, because of the above
assumptions, rz in the factor 1/r; remains the nominal distance to the cloud and
does not depend on i.

The procedure for find @ and O, ,roceeds exactly as above for one dipole;
we expand equation (56) and ohtain |ER1]2 .and |ERy|2 so that suhstitution
into equations (23) and (24) can be made. The expansions again lead to ten
functions as given in equation (44) except where the Dy, replace the dpn, m

and n = 1, 2. Expectations now must include the randomness of dipole positions
because positions affect the phases of the parameters Dy, through factors
exp[-ij(rli + ra1)/A]l. By making the reasonable assumption that the phases
2n(ry3 + ro4)/X are uniformly distributed on (0, 2m) and that dipole phases are
independent, due to independent positions, we find the important result thac

the ten functions of equations (44) involving the Dy, are individually equal

to the ten functions of equations (44) involving the dy, for a single dipole
multiplied by N. Thus, all cross sections based on scattering from the N di-
poles are equal simply to N times the cross section of a typical dipole. Di-
pole cloud cross sections are simply N times the results of equat'onas (50) and
(51) which leads finaliy to equations (6) and (7).

5.  SCATTERING EXAMPLES

5.1 Transmitter—-Cloud-Receiver in x.y Plane

Several examples serve to illustrate the physical meanings of Citods
GitoNn s 3 ytop, and 3p. These examples assume the transmitter, the receiver,
and the cloud's centroid lie in the x,y plane (figure 1). Thus, 6; = n/2,

02 = /2, B = ¢z - ¢y — v and, from equations (8) through (15), we find T; = 1,
Tp =0, R; =1, and Ry =0, so X; =1, Xo =Qpr, Wy =1, and Wp = Qp. The
reduced forms of equations (6) and (7) become

= s za.Lto.l.'*' 3 eoll (JQRIZ + Q7

2 2
1+ Jop|D Q1 + |og]D) (58)

+3) tof) |rI?|Qr|2 + 28, Re(Qp) Re(QT)$ ,

= N ;— 210.12) + 5 2
Oy = 51 toll  + 1Qr|?|@Rl?) + 8 o |QR]
(a+ [er|H A + [or]?) °

(59
+3 || to lQr|? - 45, Re(QR) Re(QT)z .

25

.............................




TR

Ch 4 Ed

.

A ‘ransmitter or receiver having vertical (V; linear

N "-v‘*.‘_q

polarization has its elec-

tric field vector perpendicular (L) to the scattering plane, while horizontal (H) |
linear corresponds to a field vector parallel (N) to the scattering plane. i

Example 1--Transmit V, receive V: From table A-1, Qr = 0, Qg = O. From
equation (58), the cross section, denoted by Gyy, for the preferred receive

polarization is

- A _ -

The cross polarization corresponds to reception of H:
o é c. = NG
Oyg = Ox ™= Mol

from equation (59).

Example 2--Transmit H, receive H: From table A-1, Qy = @, Qg = . From

equation (58).cross section, Gyy, is

A= -
Oyn = 0 = NO || o] -
Cross polarization, GHV’ from equation (59) becomes

- A
Oy = Ox = NG} o] = NG Il tod-

Example 3--Transmit V, receive H: Here Qp = 0,

from equations (58) and (59), denoted by Gyy and Gyy become

- A _ -
Oy = 0 = No ) o)) >

- A _ -
Oyy = 0x = NO ) o L -

Example 4---Transmit H, receive V: Here Qr = =,
ample 3 we get

By 88 =N 0] =M || toL>

. A
Oy = Ox = N0 || ¢o| -

26
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(60)

(61)

(62)

(63)

Qr = ». Cross sections

(64)

(65)

Qp = 0. Similar to ex-

(66)

(67)
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le 5--Transmit linear tilted from horizontal by 45°, receive same.
Here QT = 1, Qg = -1. Denote by NG o/ the total cross section applicable to
the preferred receiver polarization givemn by equation (58); it is

A - N - . - - .
Noypos = C = Z[G.l.to.l. + 20 ¢oli YOl ol t ‘WA] . (68)

The cross section, denoted by N“/to\' for the receiver cross-polarization given
by Ox 18

A N -
N seo\ © Bx = z[a.uo.L *28)toll tT ol - 4oA] . (69)
By subtracting equation (69) irom equation (68) we get

% = (’/to/ “"/to‘\)/2 : (76)

Thus, Gp is half the cifference in cross sections (per dipole) seen by the re-
ceiver in preferrad and orthogonal polarizations when transmit and preferred
receiver polarizations are linear and tilted 45° with respect to the scattering
plane.

By retracing this example, we also find

3, = (3\:0\ - By ,)/2 . on

Example 6--Transmit right-circular, denoted by 03 receive vight-circuler.
Here QT = -j, Qr = 3 and

-~ A - - -
%R to 0g © 7 = (°.Lto.L + 20 o)) tT| toll )N/4 > (72)

A -
O0R to OL * Ix ™ TOR to OR (73)

where O, denotes left-circular. Here we see that a circularly polarized re-
ceiver sees the same cross section regardless of cholce of rotation sense.
Similarly it results that

S0y, toOLAB'(altoL+23.Ltoll + 3 toll )N/"' , (74)

Bop, 1o Oy & 3x  J0L to OL - (75)
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Thus, bistatic cross section is the same when both transmitter and receilver
have circular polarizations, regardless uf combinations of rotation senses.

5.2 Cloud-Receiver Not in x,y Plane, Example 7

As a final example let the transmitter have linear polarization in the 6
direction (Qr = 0) and the receiver preferred polarization be linear in the 63
direction (Qg = 0). Let the centroid of a cloud of half-wave dipoles be lo-
cated at 9) = 257/180 (or 25°) and ¢; = 75¢/180 (or 75°) at a distance
r = 5(103)m. The receiver is at a distance ro = 10% m from the cloud cen—
troid and 12.5(10%)m from the trensmitter. The receiver has an "elevation"
angle of 50° from the »,y plane as seen from the transmitter. We find bi-
static cross sections 5/(NA2) and Ty/(NA2).

From simple geometry as in figure 1, we find that 8 = 108.21v/180 (or
108.21°), @, = 59,717 /180, ¢, = 321.657/180, and ¢; - ¢2 = 113.35x/180,
From equations (8) through (15) we calculate X; = T; = 0.835, X, = T, = 0,551,
Wy = R; = 0.408, and W, = R; = -0.913, By interpolation of table 1 at
scattering angle 71.79° [90.0° - (108.21° - 90.0°)] we find ¥ | ,qy /A2 = 0.04918,
Syros /22 = 0.15116, G o /A% = 0.04464, and Ga/A2 = 0.01131" ¥inally from
equations (6) and (7) we tulculate @/(NA2) = 0.0503 and &, /(NAZ) = 0.1146.
Note for this problem's geometry the antenna with preferred polarization would
raceive less power than one with the orthogonal polarization.

6.  SUMMARY AND DISCUSSION

In this paper the spherically averaged bistatlc cross sections applicable
to a cloud of randomly positioned and randomly orlented resonant dipoles have
been found. For a transmitting antenna of arbitrarily specified polarization
(set by parameter Qr as discussed in appendix A), a receiving antenna of arbi-
trarily specified (by parameter QR) pclarization, and geometry shown in fig-
ure 1, the cross section is given by 0 of (6). The cross section applicable
to the corresponding orthogonal receive-antenna polarization is given by
8x of equation (7).

Parameters X;, X3, Wi, and Wy depend on the geometry of the problem
and are found from equations (8) through (15). The functions O4tobs
Sitol + ¥ litolt » and Tp depend on the length of the resonant dipole chosen
(half-wavelength, full-wavelength, etc.) and on the scattering angle B of
figure 1; they are plotted in figures 3 through 6 and tabularized in tables 1,
2, and 3,

Our results agree well with Mack and Keiffen [21] for half-wavelength
dipoles, coriect erroneous results in [21] for full-wave dipoles, give new
results for three-halves-wavelength dipoles, and have produced explicit ex-
pressions for cross sections for any geometry. The relationships to another
analysis method using Stokes' parameters [30] has been shown, and, by proper
use of parameters of this paper, one may compute the parameters of Dedrick
et al. [30] with better accuracy.
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Equations (6) and (7) were derived assuming perfectly conducting, thin
dipoles of resonant length, having a sinusoidal current distribution along
their length. Such a distribution is reasonable for shorter wire lengths; it
becomes questionable for longer lengths. The model used is therefore probably
not applicable for lengths longer than about three-halves wavelength.
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APPENDIX A--POLARIZATION CONSIDERATIONS

A general, elliptically polarized, plane wave propagating in ithe r di-
rection has electric field components Eg and Ey in the 6 and ¢ directions
at the origin of a spherical coordinate system ggven by Kraus [34]:

Eg = A cus wt = Re(} ejwt) ; - (a-1)

Ey =B cos(ut + a) = Re<é>ejwt+ja). (A-2)

Here A and B are peak amplitudes (positive quantities), a is a phase angle,
w is angular frequency, and t is time. The wave is completely specified by
the three quantities A, B, and a. For an observer at the origin looking in
the direction of propagation, the instantaneous electric field vector appears
to rotate in a counter-clockwise direction for 0 < a < n regardless of the
relative amplitudes of A and B; this is defined as left-elliptical polariza-
tion by IEEE standards. Tor -7 < a < 0 rotation is clockwise and we huve
right-elliptical polarization. If A = B the locus of the tip of the electric
field vector is a circle when a = +7/2; rotation is counter clockwise for

a = /2, and the wave polarization is called left-circular; for a = -1/2 we
have clockwise rotation and right-circular polarization.

Polarization Ellipses

The ellipse traced by the electric field vector is illustrated in figure
A-1 (note that positive 6 and ¢ directions are downward and left, respec-
{ tively).

o Figure A-1. Locus of tip of electric field vector
{ - for elliptical polarization.

33




IR L e e B I R e R R S A A T e e R A O e R A T

Polarization can also be defined by the three quantities shown: a and
b are ellipse minor and major axes half-lengths, respectively; § is the tilt
of the major axis from the ¢ axis. It can be shown that A, B, and a are re-
lated to a, b, and § by

2p2 2
al = 2A“B¢ sin‘ o (A=3)

(A% + B2) - ,/(A2 + B2)2 - 4A2B? sin? a

2p2 2
b2 = 2A“B° sin€ a (A=4)

(A2 + B2) + /(A2 + B2)2 - 4A2B2 gin? o

2AB cos a (A=5)

tan 2§ = B2 - AZ

The ratio a/b is often called axial ratio and is usually specified as a number
greater than uanity. Thus, if a/b < 1, axial ratio becomes b/a.

The reverse relationships are

AZ = a2 gin2 § + b2 cos? § , (A~6)
B2 = a2 cos?2 & + b2 gin? § , (A~7)
tan a = 2ab . (A-8)

(a2 - b2) sin 28

Complex Fields and Wave Decomposition

In the text fields are represented by complex quantities. The complex
field components are the exponential extensions of equations (A-1l) ant' (A-1);
that is, Eg is represented as the complex quantity, A exp(juwt). Usually, the
common factor, exp(jwt), is suppressed since this carries through all steps in
analysis. The remaining factor is called the complex envelope of the field.
With these points in mind, fields in the text are complex with components

Eg = A, (A~9)

Ey = B eJo (A-10)

34




In vector (matrix) notation these components give

A 1
ol - A . C(A-1D)

E, AQ Q
where we define a field component ratio.* tdenoted by Q, as

Q 8 Ey/Eg = B &I%/a . | (A-12)

Tahle A-1 illustrates values of Q for some typical wave polarizations.

TABLE A-1. - VALUES OF Q FOR VARIOUS WAVE POLARIZATIONS.

Wava
Polarization Q A B ]
’ arbitrary
Linear in 8 direction ....cicevennens [1] $0 0 0
arbitrary
Linear in ¢ direction .c.cevvrecccnns © 0 ¥ 0 0

Linear tilted by angle ¢ from ¢ axis |cot §g | arbitrary {A cot ¢ 0

Left circular c.cevevessesssceccnnnas ] arbitrary | = A 2

Right circular ....cccoceanssennncans -3 arbitrary | = A -x/2

I1f equation (A-11) represents electric field vector'ﬁ, the magnitude
aquared of R is

|2 = (&} E:l[ne] = |Bg|? + [By|2 = [AI2[1 + |o|2] . (A-13)
E
¢

Next, let B represent an arbitrarily polarized field given by equation
(A-11) and let two other elliptically polarized waves be described by

~rThia ratio has also been called a "polarization factor" by Beckmann and

Spizzichino [37] and given a symbol different than Q.
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- A . A
Bl - ' » 82 = : . (A—l“)
AQ Az

We show that ¥ can be decomposed into the sum of 'El. having an arbitrary
(selected) elliptical polarization set by Q;, and Ez. which has the ellip-
tical polarization orthogonal to that of £,. Since E1 and '!2 are to be or-
thogonal their inner product is zero, and

A

B - A aof] H - M, +alofn =0 (-15)

vhich requires A3 = ‘A2Q? for any A,. Thus, we require

A A -A2Q} Ay - AQY
- - K'Y
E= - El + EZ - + -
| A A Az AQ; + Ay
[ fl[a (A-16)
- L]
Q1A

After solving equation (A-16) for A, and A, we have

Al + qQP)

TR TR i

A(Q - Ql) (A-18)

Ap # ———— .
271+ |2

These results show that any elliptically polarized wave can be decomposed into
the sum of one elliptically polarized field of specified polarization and "am-
plitude" given by equation (A-17) and another wave with "amplitude" given by
cquation (A-18) with polarization orthogonal to the specified wave. This means
any received wave can be separated into the component to which a given antenna
responds plus another component to which it does not respond.
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Finally, ve note that the powers in the two received waves are pro-
portional to |B1|2 and |B,]2

8112 = |A |20 + |Quf® ‘ (A-19)

|B212 = [A2|2Q1 + |1 D) . ‘ (A-20)
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