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MOMENT ESTIMATORS OF DEFECT PATTERN FREQUENCIES,
ALLOWING FOR INSPECTION ERROR

by

Norman L. Johnson and Samuel Kotz
University of North Carolina University of Maryland
Chapel Hill, North Carolina College Park, Maryland

ABSTRACT

Unbiased estimators of the mmber of individuals in a lot
possessing various patterns of types of defects are constructed.
Explicit formulas are given for cases of two and three types of
defect. Application of the formulas requires knowledge of the
probabilities of various kinds of errors in the inspection process.
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1. Introduction

In [1] [2], we introduced the term defect pattemn, to reflect the incidence
of defects of different types in the same individual. If there are k types of .

defect, in all, under consideration, then an individual's defect pattern is

represented by a binary (0,1) sequence of k digits, with the j-th digit equal

to 0, or 1 according as the j-th type of defect is not, or is, present in the

k

individual. There are 2" possible different defect patterns.

We will denote the defect pattern (gl,gz,...,gk) by (g), and the mmber

of individuals, in a lot of size N, possessing defect pattern g, by Dg.

Clearly
Lg% = N
1 1 1 k
vhere Z(g) = §J 1 “‘2 denotes summation over all 2
= §;™0 8,0 g, =0

patterns.

If a random sample of size n is chosen (without replacement) from the lot,
and Z of these are found, on inspection, to have defect pattern (g), then, if

g

inspection is perfect a natural (and unbiased) estimator of ng, obtained by

equating observed and expected values of Zg

, is Nzg/n. If inspection is

imperfect, the situation is not so simple, but the same method can be used,

provided the probabilities of correct and incorrect assigmments of defect

patterns are known. Since the resultant estimators - Dg, say - are obtained’ '

Z.'s, we

&

by equating first moments of sample and population values of the

will call them moment gstimators.
We will suppose that

(1) if a defect of type j is present, the probabili
detected is pj;
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(ii) if a defect of type j is not present, the probability that it will be
(erroneously) detected is pJ!:
and
(iii) for any defect pattern, dscisions in regard to presence or absence of

each type (or disjoint sets of types) of defect are mutually independent.

This last assumption may not always be justified, but it serves as a useful
point of reference.

With assumptions (i)-(iii), the probability that an individual with defect
pattern (f) is classified, as a result of inspection, as having pattern (g) is |

H g:f. g.(l-fj) (l-g.)fj

1-g.)(1-£)
{ij Jp5 J (l-pj) J J J }

Pois ™ 2-p3) 1)
glf j-l J
We will further assume that pj > p} for all j. This does not affect many
of our formulas, and it is a very reasonable assumption. It merely means that
an individual is more likely to be classified as possessing defect type j if

indeed it does possess this type of defect, than if it does not.

2. Moment Estimators

Our problem is to estimate the D 's from the observed values of the Zg'_s.

4
The expected value of Dg is

Eiz] = ™ Z(g)Dgpgl £ (2)

and so the moment estimators, Df, satisfy the 2k equations

-1 -
Zg = LBy ®
or, in matrix fom .
Z=wp D ™'

vhere Z and D are 2¥-rowed vectors with elements {z‘} and {i‘)“} Tespectively,
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nﬂtisazkxzkntrixwithpzlfasthe element ir the g-th Tow and £-th
colum. From (3)', o .
D=ralp; @

1

where P is the left inverse of P. Since

EZ) = B D
it follows that E[I:)] = D, so l:? is an unbiased estimator of D (E[ﬁg] = I)g for

all (g).)
However it is possible for some of the D_'s to be negative (though not

g
all of them, because Z(g)ﬁg = N). Similarly some (but not all) of the Dg's
might exceed N. This latter possibility occurs much less frequently.
For k=1 (a single type of defect) we have, of course
D, = N - D, and E[Z,] = N'In{D,p, +(¥-D)p}}
= N a{Np; + D(p,-p})}
whence ,
B, = Nepy-p'y) a2y p) ®
Since p, > p{, b, <0 if 2z, <mpj (6.1)
D, >N if 2, > mp, (6.2)
In practice, one would use a modified estimator such as
o ifd <o
b = {D) uogblgn %)
N ifN<D

This estimator is not, in gemeral, unbiased.
Table 1 shows values of | ' ' r

(1) Prid; < 0)

(ii) P!'(bl >N]

(i11) Biss (8" = E(B*] - B,
for a few sets of values of the parmmeters.
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3. Distribution Theory

Conditional on the mmbers Y = {Yf} of individuals with actual defect
pattems {(f)} in the sample, the joi;t distribution of the 2X mmbers
{Wg |f} of the Yg individuals with pattern (f) which are assigned patterns
{(g)} as a result of inspection is miltinomial with parameters (Yf;{pglf}) . For
different (f) and (f*) and any (g), (g*) (whether or not (g) H (g*)) ngf
and Wg.' g+ are mutually independent binomial variables with parameters
(Yf’ pgl f)’ (Yf*’pg* | ~f,..) respectively. Since

=l e ®
the conditional joint distribution of Z, given Y, can be represented symboli-
cally

Z|Y ~* Multinomial (Y.;{p_|c}) (9)
@ £7glf

where * stands for "convolution’ and "~ " means "is distributed as'.
To obtain the unconditional distribution of Z, this conditional distri-
bution has to be compounded with respect to Y, which has a multivariate

hypergeometric distribution with parameters n; D; N, so that
Pr(y = y] [N]-l s Dgi] ) Qo
= = ~ LYesUeilnYe=n
=TT W Ty TN

From (8) and (9), moments and product-moments of the Zg"s can be

evaluated (see [1], equations (17)).

4. Variances of the Estimators . . '
From (4) the variance-covariance matrix of § is

var®) = oo very 7’ a1

(where the superffx (T) denotes 'transpose').
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From (1] (equation (17))
var(Zg) = nig-n{ (n-l);g

+ N-mpreen Y

g

— - -1
m(zg’zg*) = -n{ (n-l)p§p§.+ (N-n)pgpg.}CN-l)

where

5. Special Case:

— .1
Pg "N LRyl feele

Uniform Accuracy of Inspection

vl e RS 2
Pg = N YPeyie P " N LinPPyle

(12.1)

(12.2)

Ifp. =p andpj = p' for all j=1,...,k - t'hat is, the accuracy of inspec-

J

tion is the same for all types of defect - then

S -] S S
Pge * P 11,7300y 02 (3.pry 90

where Sab ™ mumber of types (j) of defect for which fj = b,gj = a,

For k=2, we have

00 ( (1°P')
01 p p'(1-p")
10 ~ p'(-p')
11 | p?
and
. pZ
!
@e-p)%p! - i
~ ,_m'
'P'z
: S e N N e R

01
(1-p)(1-p")
P(1-p")
a-p)p’
op*

-p(1-p)
p(-p')
a-plp’
-p'(-p')

LIPS N
.........

......

10 11
wpa-p)  @-p?
(1-p)p' p(-p)
P-p")  pA-P)
' p’
0P a-p? )
@-pp'  -A-p)Q-pY)

p(1-p') -(1-p)A-p*)

-p'(1-p')

a-pn? |

......
--------------

(13.1)

(3.2) |

o
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Dpo = M0 1) @-p") Hp2yy P By *2y )+ AP P2yyY )
By, = (a™L) (0-p*) 2-pp' 2y *p(1-p") 20y + (1-PIP' 2 - (1-P) (1-p)Z;}
Byo = ) @-p") "A-pp' 2+ (1-D)D' 2y P (1-D")Zy - (1-P) A-P")Z; }
Dy; = 00 ) (-p*) 2tp P20y p' (1-p") (22, )+ 1-p") P2} )

b (14)

For example, if p = 0.90 and p' = 0.95 then

= -1 -
ﬁoo Nn"7{1.1212 - 0.125(Zj3+Z;4) + 0.0142

) = -1 -
Dy, = Nn™"(-0.06225+ 1.183Z, + 0.0072

B

Dy

1)

o~ 0-131Z

1 11

- Nn~1(- . '
0o =M °( 0.062200+ 0.007Z;, + 1.1832 .0.1312

10 11)

= Nn’lco.ooszoo - 0.066(Zyy42,) + 1.2492;,)

As is to be expected themajor coefficient in the expression for D, is that
of zab’ but the contributions of the other terms is not negligible.

"
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For example

Poua - .(Nn.l) -p") " 22000"’9' (1-p') (Zgg1*Zg10) - (1-P)P’ zz100

+pQ-p') 22011"' a-p)p' Q-p") (2101"’2110) -(1-p) (1'P' )22111} (16)

In these circumstances, if also D = 27k for al1 (), then

T, - 27k (pep'y®(2-p-p )k ™ (17.1)
where m(= m(g)) is the mmber of 1's in (g) ;
5; - 2% @2 1) 2o (1-p) HE D (17.2)

md T = 2Kk Rpapamen & apiapi ® a7
where
mab(s mab(g,g*)) is the mmber of types (j) of defect with gj = a, g; = b.
(myy * myg * My * Wyp = K-
The further specialization p' = 1-p, corresponding to a constant probabil-
ity (1-p) of error, leads to further simplification. In particular,
DR ;; = 2% pe1-p) 2 for a1 (g) (18.1)

i = 24P a-ph W Bizpap) O 0 a8

Note that (my, + m;;) equals the mmber of j's for which 8 -gg;'and v Y

p? + (1-p)? = 1-2p(1-p). We will use the notation L L
Bog * By = 85 P+(1-P) = A; 2p(1-p) = 1-A = B (19
From (12) and (18) L \
var(z) = n2kq - FB .2k Rl A% o <
coV(Zgs2a) = 1 z"‘c{};% « 2K Bl 079y @.2)
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.............................................
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As an example consider

< -1 -6 2
Doyy = G ) (2p-1) "{P(-P)"(Zyp9*Z101*%110) -*(1-p) (Z131*Z001*%010)

3 3
* P 23" (A-P) 7200} (1)

obtained from (16) by putting p' = 1-p .
We obtain from (20) and (21)

A - N-9n+8
(2p-1) )

(Details are given in the Appendix. Note that

var(yy) = %z ¢ @

KB = g 1va-mH)
The proportion Dyy,/N (=2°* in this case) is estimsted unbiasedly by
ﬁonlN and this estimator has variance

o ez - B8 g - A rieq-2p)"8%1) if n N
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APPENDIX: Derivation of the Variance of Do11

From (20) and (21)

o) 2 (zp-1) var ) = 0, - 3T ST - BB s, +
2p? (1-p)? (38%) wp* (1-p) 2 (3889

-p>(1-p) > B%+2AB%+4AB2+28%) -p> (1-p) 3B°

wa-p sl a-p)yt Gash
-p(-p)° (38%B)-p° (1-p) (3A%B) 1]

- %-nsz - ni%-r-a} si . n%n:l; [ASSZ
- 6(p-p)>+2p> (1-p) Sop° (1-p) 1A%B
+12fp2 a-p) *+p* (1-p)1482-8p° (1-p) 85

-G%H) sl-n 1 (A%, 3B 2,3a254 55

vhere S, = sum of squares of coefficients of Z's in (\n ) (Zp-l):"fi011
- ta-phptap? « peap® - 4
and S, = sum of coefficients of 2's in (Nn ) (2p 1) ﬁ011
- 3p(1-p) 39 a- P)“P (l'P) - (2p-1)°
~ting that since A+B = 1,
Ads, - g% + %885 = a2BD)% = (a-B)® = (2p-1)®

we obtain R

(ZP 1)

3 - - R Ll
var(Bg;)) = 5 - "f‘ —- %ﬁ' "3 3"; ({1+(2p-1) 2% « 3Dy 22y

The proportion D011/N is estiamted unbiasedly by ﬁou/N‘; this estimator l.“'s i

-

o= [1e2p-1) 735 - 10 8D

variance
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