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KM& Fusion, Inc., P.0O. Rox 1567, Ann Arbor, Michigan 48106

Abstract

Phase snace disnlacement is investiacated as a method of reducina enerav spread in free
electron lasers producing long-wavelength radiation (~ 1 mm) at high laser intensitv (~ 107-
10a chmz). The technicque is descrihbed and compared with the more conventional tapered
wiagler that travs electrons in decelerating phase space buckets. A band model is developed
to deacribe the movement of electrons around the phase space buckets and estimate the
resulting enerav spread. The enerqv spread obtained from the band model is compared with
that obtained from a multinarticle computer simulation. Laser gain obtained by bucket
capture is found to be comparable to gain obtained by phase space displacement at high
intensities but eneray spread is a factor of a few lower.

Introduction

KMS Pusion, Inc. is plannina to participate in a two-stage PFL experiment to be performed

at The niversity of California Santa Rarbara (UICSB) using the UCSB recirculating electro-
static acceleratorl. To ohtain adequate gain to sustain oscillation in the short-wavelength
second staae of the PPL, a high-intensity long-wavelenath pump field is needed. This long-
wavelenath vump field is produced by the first stace PFPL interaction. For the available
current and anticipated cavity losses in the experiment, a pump field intensity on the order
of 10a w/cn2 will he needed to produce laser oscillations in the second stage.

for this high pump f£ield intensity, a large eneray spread will be produced in the
electron heam as it passes through the wigdler magnet. If it is required to collect the
electron beam with hiah efficiency after it leaves the wigaler, this energy spread could
represent a serious problem. The return beam line and electron collector in the electro-
static accelerator must be designed to handle the enerqy spread. The wiggler used to

produce the high intensity field must alsc be designed to minimize the energy spread
produced.

In this paper we will investigate an amplifier design that minimizes energy spread at
high laser intensity using phase space displacement. We will compare phase space displace-
ment to the standard bucket capture technique for gain optimigation. The analysis will show
that at high intensities comparable gain can be produced using either method, but that a
lower energy spread results from phase space displacement.

Pneray spresd produced by bucket capture
The hucket formed hy the nonderomotive wave can he obtained from the eauations of motion
for an electron in an PrL2. PFor an electron with an enerday near the resonant enerday
(v = vq << 1.). aporoximate equations of motion for the electron are

%E = «N(gin ¥ - sin !') (1)
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<
o~y where
3N
5 1 + awz
’ A= c (k, *+ kw) 3 ' : (3)
. aa Y
] w,
:.:.‘1 . P = _L_L.l" (4)
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P=y= vy ¥ is the rhase anale of the electron relative to the ponderomotive wave, and ap
and s, revresent the dimensionless amplitudes of the vector potentials for the laser and
wiaqler fields respectively. The wave numbers for the laser and wigaler fields are kL and

H

R R N1

R
RN

0

kw‘

rliminating the time differential and inteqarating over ¥ , we get

e Rt

PR
e -

-
.

2N
p-/A (cos ¥ + ¢ sin v + K) (7)

2

We now choose the value of the integration constant X to give the maximum bound orbit in
- the region -x ¢ ¥ ¢ x. This defines the phase space bucket. ¥or a positive resonant
“
K anqle ¥,, the bucket equation is
\

o

2D - x

< "'/: cos ¥+ cos ¥ + (v + 9 - x)sinv¥} s0cy <3 (8)
;.) The half bucket height is obtained at (¥ = 'R) . It is proportional to the square root
'-f;.‘- of the laser field amplitude. T™e electron energy spread will be at least as large as the
_?:'.“ : full hucket heiaht when the electrons in the bucket execute a synchrotron oscillation in the
“1:' wiggler. When a number of synchrotron oscillations take place in the wigaler, the untrapped

electrons Arift away from the bucket. The synchrotron oscillation frequency is also propor-

£ tional to the square root of the laser field amplitide. Figure 1 shows the half bucket
:: heiaght for a wiaqgler with a 1 kG field on axis plotted against laser intensity for zero
1';' resonant vhase and a radiation \nvclogqth °§ 1 mm, Por a 3 MeV electron beam the full
a bucket heiaht at an intensity of ~ 10 W/em® , is about 20% of the electron energy. It
' would be 4ifficult to transport an electron beam with such a large energy spread without
larqe losses?.
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Phase srace displacement

Tn contrast to hucket canture, prhase space displacement requires an empty bucket. The

empty hucket can he accelerated throuagh the electron distribution in phase space using a
reverse-~tapered wiagaler. 1In a reverse-tapered wiggler, the resonant phase of the bucket is

negative and is in the range between 0 and - f. Flectrons going around the bucket give up

enerqgy to the laser beam. None of the electrons are trapped in the bucket. Alternatively,
the wigaler taver could be replaced by an equivalent decelerating axial electric field.
electron beam, which is initially above the bucket, would then De decelerated around the

stationary empty bucket by the axial electric field, again transferring energy to the laser
heam.

The

Xroll, Morton and Rosenbluth® first considered the avplication of phase space displace-
ment to the FFL. In their vaver, the energy svread of the incoming electron beam was
assumed to be much larger than the bucket produced by the ponderomotive wave. In our case
rhe initial enerav spread of the aslectron heam relative to the bucket height is nealiaible.

Tn order to move all of the electrons in the distribution around the bucket, a minimum
number of synchrotron oscillations must take place in the wigaler. Since the synchrotron
oscillation frequency is provortional to the square root of doth the laser field amplitude
and the wiagler maanetic field, a high laser intensity is required. Por a 3 Mev zlcetrgn
heam and 1 %XG wigaler field on axis, we need a laser intensity of at least 4 x 10 W/em™ ¢to

enable all the electrons in the distribution to move Delow the bucket in a 3-meter-long
wicaler desianed to produce l-mm radiation.

7o help understanding how eslectrons move around the bucket we use the concept of higher

order separatrices. FRigher order separatrices are an extension of the bucket trajectory to

phase ancles outside the range occupied by the bucket. PFigure 2 shows a number of buckets
and several hioher order separatrices above and below the huckets. These separatrices
divide phase space into multiple bands. Mmce an electron occupies a particular band it
stavs in that band throughout the wiagler provided the laser gain is low and the huckets do
not arow sianificantly, which will be true at hiagh intensity. I!inder these conditions the
number of bands occupied by the electron beam is a constant of the motion.
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Pigure 2. FPAigher order separatrices divide phase space into multiple bands. These

sevaratrices were ohtained for a wigaler with a 1 kXG field on axis and a resonant
chase ¥, = - 4.2°, e intensity of the l-mm-wavelenath radiation field is 108 w/cmz.

The hucket was defined as the maximum bound orbit of an electron. FRigher order

separatrices are obtained dy continuing the hucket trajectory beyond the unstahle fixed

point of the bucket. For necative resonant phase anale, we determine the intearation

constant K for the bhucket Rauation (7) in the same way as for a positive resonant anale, by
finding the value of K for which P = 0 at the unstable fixed point, which for negative

resonant phase is ¥ = -x ~ ¥, in the principal domain [=%x < ¢ < x]. The bucket equation for
a negative resonant anale then becomes

2D
P S
o = A

’

x
(cos ¥ + cos ¥, + (¥ + Y, * %) sin ¥} -5 <¥co, (9)
Since a bucket is located in every interval of 2x radians alonag the Y axis, we may
consider a bucket located in the domain -(1-2m)x ¢ ¥ < (1+2m)x. The continuation of the

trajectory for this bucket into the principal domain is then referred to as the m=-th order
separatrix and is gqiven by

P -q/%ﬁ (cos ¥ + cos Y, *+ [e + A (1-2m) } sin !,] : 0D ¢m. (10)

In the orincimal domain, the hicher order sevaratrices divide the phase space above and

below the hucket into multiple hands. Piaure 2 shows separatrices up to fourth order.

Anlv electrons in the band between the bucket and first order separtrix (lst band) have

orhits that take them directly around the hucket. Flectrons in the band between the (m=1)th

and m—-th sevaratrix must pass Dy m=1 Duckets before their trajectories takes them around a
hucket and reduce their enerav helow the rasonant energy. Those electrons in the band

bounded by the hichest order sevaratrices will reauire the lonaest time to move around a

hbucket. Figqure 3 gshows the number of bands occupied bv a monoenerdgetic electron distribu-

tion with an enerav equal to the resonant energy plus the bucket height.

The number of
hands occunied is seen to decrease rapidly with decreasing resonant phase.

All sevaratrices P, have a minimum at ¢ = -x - Yoo Therefore,

for a monoenerdetic
electron distribution, electrons initially at this resocnant phage will be located in the
highest Ddand.

The value, m,, for the highest band is the lowest value of m for which
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Relation {11) was used to obhtain the numher of occumied hands as a function of resonant
ohase in Tigure 3.
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wvigure 3. YNumber of bands occupied by an initially monoenergetic electron distribution
tangent to the top of the bucket as a function of resonant phase angle. The difference
between the staircase curves and the curve for a monoenergetic distribution represents the
number of bands electrons will descend below the bucket in the principal domain while
passing through the wiggler. The number of bands is a function of laser intensity and
resonant angle. Stepa represent transitions between bands. The intersection of the
staircase curves with the curve for the number of occupied bands gives the threshold
resonant phase angle. The example is for a 3-m=long 1 kG-field wiggler producing l-mm

radiation with a 3-meV slectron beam.

Rather than viewing the electron distribution as occupying several bvands in the principal
domain, we can view the electron distribution as occupying a2 single band over an extended
phase domain containing several buckets. 1If the slectrons occupy m bands in the principal
domain, the same distribution can de represented as a series of beamlets occupying a single
band over 2wm radians. In order for all of the electrons in a monoenergetic distribution to
ao from an energy equal to the resonant energy plus the bucket height to an energy equal to
or less than the resonant energy, the entire train of deamlets must move through this
extended phase domain. The time required for this to happen is the time required for the
beamlet farthest from the bucket to reach and move around the bucket. The snergy spread at
this time will equal the difference in energy between the first and last beamlet in the
extended phase domain.

To estimate the time required for the electron distridbution to move around a bucket we
substitute the expression for Pa in Equation (10) into Equation (2) giving

‘:-t‘ = AP = /QPA [cos ¥ + cos L {r + L x(1-2m)} sin 'R] . (12)
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r,*a Tntearatina (17) assuming nealiagible cain we obtain
[N
i L :-v, ‘ -1/7
~ T™m) = ; dY cos ¥ + cos ¥ + {¥ + ¥+ nl{l-2m)} sin ¥_° (13)
?s‘l» /3NR —g-wg‘ ] n P

- ‘-L—_ P(m,‘!n)
/2D

RO T™he intearation is taken from -x - 'n to x - ‘!R because we wish to determine the transit
:ﬁ} time of the particles in the highest band. These particles are located around -x - ¥, in
R the principal domain. All the dimensioned quantities are contained in the term preceding
i the intearal
-1/2

M) 1 . .2 2
e v [2 ek, + k,)(1 + a )
5 r— uapdy SOk, + %y w )]
)

"!

A
e K 1 <+ :
L;j - Y Ay

(14)

4 xc Z‘L‘w

Rv makina the substitution u = v + ¥ the dimensionless term hecomes

x -1/2
Pimvy) = | du [cos(u - y,) + cos ¥, + (u+ x(1-2m)} sin ¥ ] (m>1) . 1%
-%
For the hucket (m = () wa aet
'Y -1/2
P (0,7) = | du [cos (u - ¥.) + cos ¥, + (u + x) sin ¥ ] . (18)
-x
where ¥, is the value of ¥ for which P & 0 for a bucket in the interval [0,x/2). Pigure 4
shows P(n.vn) as a function of m for a number of different values of the resonant phase
andle.
Fimyg) .

Pigure 4. dGraoh of r(n,!‘) as a function of m for different values of -

N T R et Ot R S Tt T
X L e T T e e M Y
P P L L o AL N - IS R, N,y AT P
AT AR A P T T R T e I I AT MR P il . S PR IR S R, G VIR, U
. . . . ca v, i
T e




~—y " - b - o
T T 0l Y& ._.:!:t-i;‘ﬁ_i!.\.ta?.ix!-.‘.." P NI SR W R G - .

"he time required for an electron initiallv located in a hand hetween two sevaratrices at
the phase ~-x ~ ¥, to ao from its initial enerav to the resonant enerav is acproximately the
“_1, same as the time recuired for an electron located on the separatrix above it to reach the
e resonant enerav. This time is aiven hy
s m
b wme) = 1 L— p(y,v)
i - =1 /IBK
;} : A 1 4+ a 2
»f - -t st ) (17)
#® 4xc 2 ] R
g %
where

:1‘ n
3 r.(m.!‘) - 321 r(3,v) (183
;1 The actual time the electron heam interacts with the wiggler maagnet is given by
S, Wy |

" i (19)
" %
. where ¥ is the numher of pericds in the wiagler. 1In order for the electron distribution to
o move around the hucket during the time it is in the wiggler we must have
- 1w > 1‘%:!”) (20)
Al
1 or
A . 2aLa .

W
r’(nh.!,,) < 4N ——-5-1 n (21)
a,

I : When T = 1(%.!,), (This equation was used to obtain the staircase curves of Figure 3.)
N electrons from the highest band just succeed in reaching the resonant energy. PFor a given
. '
S - laser intensity this condition provides a threshold value for the resonant phase angle
¥ required to utilize phase space displacement for reducing energy spread. These threshold
B values are shown for three Adifferent laser intensities in Figqure 3.
o At intensities for which phase space displacement is advantageous for reducing enerqgy
3] spread, the electrons in the hichest band not only decrease their eneray to the resonant
4 . enerav, Mt continue to move below the bucket. To estimate the energy spread produced in
ﬂ the wiaaler we must calculate how far below the hucket electrons, initiallv in the highest
band, have moved by the time thev reach the end of the wiagler. Since the equation for the

senaratrices are symmetric above and helow the hucket

1 ’ n
5 " Ao P oY) 4 = 5-2-1 r(3,1) (22)

§ SRR

v, and 7, can be determined, so equation (22) can be solved for n, the number of bands,
electrons, initially in the hichest band, have descended below the bucket by the time they

| - reach the end of the wiqaler. In most cases Fquation (22) will not be satisfied for an
" intearal value of n. Performing a numerical integration we can determine the fraction of a
$ band needed to satisfy Pguation (22),
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; To estimare the enerav spread we assume electrons initiallv in the first band move down E
ﬂ the same number of bands as electrons initiallv in the highest occupied band. I'sing Faua- 1
! tion (10} we can then estimate the final eneraies for the highest and lowest bands. The

s values For enerav spread obtained using this hand model can be compared with the values for

i enerav spread obtained from a multiparticle simulation of an electron beam in the wigaler.

This is shown in Fiaure S5 for the 3-m-lonag wigaler we have been considering with a laser

¢

3 . intensitv of 1ﬁ7 w/em?, Agreement is reasonablv good except at low absolute values of the
I resonant nhase, which are helow the threshold value necessarv for electrons in the highest
- hand to reach the resonant enerav (see Figure 3). "There is a good deal of scatter in the
- simulation results below this threshold value, as would he expected. The divp in the eneray
spread for the hand model calculation hetween -9 and -10 dearees rescnant phase results from
Ry electrons in the highest band crossina from one band to the next. The simulation is insen-
l sitive to this artifact of the band model calculation. A similar comparison of energy
spreads obtained from the band model and multiparticle simulations at a laser intensity of
. 109 W/cm2 is shown in Piqure 6. Aagreement is not as good as in Figure 5, but demonstrates
. the same aqualitative behavior. Values for energy spread obtained using phase space dis~

u{ placement are compared with those obtained from bucket capture in Figqure 7. All results
were obtained using a multipaticle simulation. For the proper choice of resonant phase,
determined in Piqure 7 by the axial voltage gradient, it is possidble to reduce the energy
spread significantly using phase space displacement. Figure 8 compares laser gain produced
usina phase space displacement with gain obtained by bucket capture. Again the results are
from simulation calculations in which an axial electric field rather than a wiqqler taper
was assumed. Phase space displacement results are shown only for axial electric fields cor-
resvondina to resonant phases above the threshold values. For the range of values
calculated, again produced hy phase space displacement is comparable to or greater than the
sain nroduced bv trapving.
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8- 104
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x 0
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Piqure 5. P"nerav spread as a function of Pigure 6. Pnerav snread as a function of
resonant phase at a laser intensity rc-cn;nt ph;-c at a laser intensity
of 107 "/cn2 calculated using hoth a of 100 w/em”.
muletinarticle simulation and the band

model.
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absolute voltage chanqge across a 3-m
wigaler for phase space displacement (P)
bucket capture (C).

conclusions .

We arcarequiged t0 operate a long-wavelength free electron laser at very high intensi-
ties (~10 W/com") as the first stage of a two-stage F®L. This produces a larqe energy
spread in the wiagler than makes collection of the electron beam in a electrostatic accel-

erator difficult.

To reduce this energy spread we have investigated using phase space
displacement rather than bucket capture to optimize the laser qgain.

We have seen that

whereas decelerating trapped electrons in phase space buckets results in a total electron
enerav spread that is larcer than the full bucket height, using phase space displacement the
eneravy spread could he reduced to the order of half the bucket heiaght with no significant

loss of aain.
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